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Abstract The presence of internal variability (IV) in
ensembles of nested regional climate model (RCM) simu-
lations is now widely acknowledged in the community
working on dynamical downscaling. IV is defined as the
inter-member spread between members in an ensemble of
simulations performed by a given RCM driven by identical
lateral boundary conditions (LBC), where different mem-
bers are being initialised at different times. The physical
mechanisms responsible for the time variations and struc-
ture of such IV have only recently begun to receive
attention. Recent studies have shown empirical evidence of
a close parallel between the energy conversions associated
with the time fluctuations of IV in ensemble simulations of
RCM and the energy conversions taking place in weather
systems. Inspired by the classical work on global energetics
of weather systems, we sought a formulation of an energy
cycle for IV that would be applicable for limited-area
domain. We develop here a novel formalism based on local
energetics that can be applied to further our understanding
IV. Prognostic equations for ensemble-mean kinetic energy
and available enthalpy are decomposed into contributions
due to ensemble-mean variables (EM) and those due to
deviations from the ensemble mean (IV). Together these
equations constitute an energy cycle for IV in ensemble
simulations of RCM. Although the energy cycle for IV was
developed in a context entirely different from that of
energetics of weather systems, the exchange terms between
the various reservoirs have a rather similar mathematical

O. Nikiéma (X)) - R. Laprise

Département des Sciences de la Terre et de 1’ Atmosphere, Centre
ESCER (Etude et Simulation du Climat & I’Echelle Régionale),
UQAM, P.O. 8888, Stn Downtown, Montreal,

QC H3C 3P8, Canada

e-mail: nikiema@sca.uqam.ca

form, which facilitates some interpretations of their phys-
ical meaning.
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List of symbols

a Average Earth radius
ap Available enthalpy
ap, ar Pressure and temperature components of

available enthalpy
Available enthalpy referred to stratification,
baroclinicity and cross both effects

dg, ap, 4c

Agm Available enthalpy for ensemble-mean

Ay Available enthalpy for inter-member
variability

B Pressure-dependance part of a,

Cy Conversion of enthalpy energy between Agy
and Ay

Cem Conversion term into the ensemble-mean state

Cr Conversion term into the deviation from
ensemble-mean state

Ck Conversion of kinetic energy between
Kgm and Ky

G Specific heat at constant pressure for dry air

Dgy Term associated with the energy dissipation in
the EM state

Dy Term associated with the energy dissipation in
the IV state

EM Ensemble-mean

F Horizontal momentum sources/sinks

Fa,, Transport term for Agy
Fa, Transport term for Ay
Fp Transport term for B
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Fg, Transport term for Kyy

Fk,., Transport term for Kgy

g Gravity constant

Gem Term associated with the energy generated in
the EM state

G Term associated with the energy generated in
the IV state

H Enthalpy

Hy,, Third-order terms of Agy prognostic equation

Hy,, Third-order terms of Ay prognostic equation

Hg,,, Third-order terms of Kgy; prognostic equation

Hg,, Third-order terms of Ky prognostic equation

Inp Conversion term between Agy and B

v Inter-member variability

K Kinetic energy

Ky Kinetic energy for inter-member variability

Kgm Kinetic energy for ensemble-mean

n Index-number of the simulation

N Total number of simulations

Ps, pr Pressure at bottom and top of atmosphere

P Pressure

P, Reference value of Pressure

Poo Standard value of pressure

Q Total diabatic heating rate

R Gas constant for air

S Entropy

S, Reference entropy

T Temperature

T, Reference value of temperature

V(u,v)  Horizontal wind vector

z Altitude

o Specific volume

w Vertical movement in pressure coordinate
(dp/dt)
Geopotential height
Latitude

Potential temperature

General atmospheric parameter
Ensemble-mean operator
Deviation operator from EM

< 6 B

Deviation operator from T,
Deviation from horizontal
isobaric surfaces

Horizontal average along isobaric surfaces

A~ N N~
o oo &
X *

average along

—~
~—

1 Introduction

During the last decade, ensembles of dynamical down-
scaling climate simulations have been increasingly used to
better understand our evolving climate at scales that are not
resolved by global climate models (GCM). Despite their
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limited area of integration, regional climate models (RCM)
are now commonly used to downscale climate-change
projections from GCM. Regional models, as well as global
models, are sensitive to initial conditions (IC) due to the
chaotic character of the climate system. In an ensemble of
simulations performed with a given RCM driven by the
same external boundary conditions, but launched from
different IC, individual simulations evolve into different
weather sequences. The spread of the ensemble’s members
around the ensemble mean (EM) provides a quantitative
measure of internal variability (IV) in RCM simulations,
which will influence the estimates of uncertainty in
downscaling climate simulations and projections. There-
fore, it seems relevant to pay a particular attention on
statistics of IV in ensembles of RCM simulations.
Numerous previous studies have demonstrated the
presence of internal variability (IV) in ensembles of nested
RCM simulations (e.g., Giorgi and Bi 2000; Weisse et al.
2000; Rinke and Dethloff 2000; Christensen et al. 2001;
Caya and Biner 2004; Rinke et al. 2004; Lucas-Picher et al.
2004; Alexandru et al. 2007; de Elia et al. 2008; Lucas-
Picher et al. 2008; Nikiéma and Laprise 2011a, b). IV is
defined as the inter-member spread between members in an
ensemble of simulations performed by a given RCM driven
by identical lateral boundary conditions (LBC), where
different members are being initialised at different times.
In autonomous coupled atmosphere—ocean global climate
models (AOGCM), 1V is equivalent to natural, transient-
eddy variability (TV) under steady forcing, in the limit of
long simulations and large ensembles, owing to the ergo-
dicity property (i.e. time and ensemble averages should all
be equal). In the context of nested models, it is important to
distinguish IV and TV because the ergodicity property is
violated due to the control exerted by LBC. Possibly a
better name for IV that avoids all ambiguity is that of
“inter-member variability”. In the following, the abbrevi-
ation IV will be referring to inter-member variability.
Recent work has been undertaken to further our under-
standing of the physical mechanisms responsible for the
maintenance of IV in nested RCM simulations despite the
control exerted by LBC, and the intermittent nature of IV
fluctuations. Working under the hypothesis that episodes of
rapid growth of IV coincide with hydrodynamic instabili-
ties of the flow, Diaconescu et al. (2012) have used singular
vector (SV) to analyse an ensemble simulations of the fifth-
generation Canadian RCM (CRCMS5) over North America.
They found that a large part of the IV growth could be
explained by the rapid growth of initially small amplitude
perturbations represented by a set of the ten leading (i.e.
most unstable) SVs. They also found a high similarity
between the structure of the first SV after 24-36 h of the
tangent-linear model integration and the IV disturbances in
the CRCMS5 simulation, the vertical structure of this SV
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revealing that baroclinic conversion is the dominant pro-
cess in the IV growth.

Nikiéma and Laprise (2011a, b) established detailed
prognostic equations for inter-member variance (ao'%v /0t)
of various atmospheric variables such as potential tem-
perature and vorticity. They applied these equations to
perform diagnostic budget studies to quantify the various
dynamical and diabatic contributions to the time variations
of IV that took place in an ensemble of 20 simulations of
the third-generation Canadian RCM (CRCM3) that differed
only in their IC. Results show that the dominant terms
responsible for the rapid increases of IV are either the
covariance term involving inter-member fluctuations of
temperature and diabatic heating, or covariance of inter-
member fluctuations acting upon ensemble-mean gradients.
By far the dominant term responsible for decreases of IV is
that of transport of 7, by the ensemble-mean flow out of
the domain. Although U%v greatly fluctuates in time, there is
no long-term trend. In a time-averaged sense, the IV budget
equation reduces to a balance between generation and
destruction terms. Nikiéma and Laprise (2011b) noted that
the dominant terms in the do7%, / Ot equation tend to con-
tribute systematically (either positively or negatively)
throughout the troposphere and most of the time. A note-
worthy result from these studies is that there appears to be
an undeniable parallel between the energetics of IV in
ensemble simulations of nested model and the energy
conversions taking place in weather systems, with gener-
ation of potential energy by diabatic processes such as
condensation, convection and radiation, and later conver-
sion to kinetic energy (e.g., Lorenz 1955, 1967). This led
the authors to conclude that RCM IV is a natural phe-
nomenon arising from the chaotic nature of the atmosphere,
and not a numerical artefact associated, for example, to the
nesting technique.

The motivation of this paper is to pursue further the
possibility of establishing a close parallel between the
energy conversions associated with time fluctuations of IV
in ensemble simulations of RCM and the energy conver-
sions taking place in weather systems. Inspired by the
classical work of Lorenz (1955, 1967) for global energetics
of weather systems, we aimed at a formulation of an energy
cycle for IV that would be applicable for limited-area
domain. Pearce (1978) and later Marquet (1991, 1994,
2003a, b) had developed a general conceptual framework
for local energy cycle that provided the sought formalism.
In this paper, the prognostic equations for ensemble-mean
kinetic energy and available enthalpy are decomposed into
contributions due to ensemble-mean variables (EM) and
those due to deviations from the ensemble mean (IV),
which leads to an energy cycle for inter-member variability
in ensemble simulations of RCM.

The paper is structured as follows. In Sects. 2 and 3, we
review the basic field equations and the different forms of
energy in the atmospheric system, respectively. Then in
Sect. 4, we establish tendency equations for EM and IV
contributions to kinetic energy and available enthalpy. In
Sect. 5, an energy cycle is built by linking the various
contributions to exchanges between the energy reservoirs,
and physical interpretations are discussed. Finally conclu-
sions are given in Sect. 6. Symbols and notations are
explained in “List of symbols”.

2 Basic equations in the atmospheric system

The equations that form the basis of atmospheric component
of climate models describe the time evolution and spatial
structure of different atmospheric variables at scales that are
resolved by the computational mesh. The momentum,
thermodynamics and continuity equations express the
principles of conservation of momentum, energy and mass,
respectively. A diagnostic relation for the hydrostatic
equilibrium and the state law for an ideal gas complete the
primitive equations. Using pressure (p) as vertical coordi-
nate and a local Cartesian system (x, y) aligned with latitude
(o) and longitude (1), these equations can be written under
the traditional approximation (e.g., Holton 2004) as follows:

aj+7.€7+wv+ﬂ%x V+VO-F = (1)

%_erv.?TerZ—Z—?—:—C%:o (2)

TV aa_f;:o (3)

6@%—}—@:0 (4)
RT

oc—7:0 (5)

where V(u, v) is the horizontal wind vector with compo-
nents u = acos ¢dl/dt and v = adp/dt, and w = dp/dt is

the pressure-coordinate vertical motion. The operators %

and V are respectively the local time derivative and the
lateral gradient, both taken along constant pressure surfaces
(vectors operations in spherical coordinates are given in
“Appendix 17). All symbols have their standard meaning: a
is the average Earth radius, f = 2Qsin ¢ is the Coriolis
parameter, Q is the Earth’s rotation rate, ® = gz is the

geopotential height, z is the altitude, F is horizontal
momentum sources/sinks, 7 is the air temperature, Q is the
total diabatic heating rate, C, is the specific heat at a con-
stant pressure and R is the gas constant for dry air.
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3 The atmospheric energy equations

In the atmospheric system expressed in pressure coordi-
nate, the basic forms of energy are naturally the specific
kinetic energy K = V.V /2 and specific enthalpy H = C,T
(the term specific will henceforth be omitted to lighten the
terminology). The kinetic energy equation is obtained by
taking the following operations:

V- (Eq.1) + (K + ®)(Eq. 3) + w(Eq.4)

resulting in the following equation (as detailed in
“Appendix 2”):
oK

5V k) V] +

3[(K + D)o
op
=0 (6)

- =
+wo—V - F

The enthalpy equation is readily obtained by taking the
following operation:

Cy[(Eq.2) + T(Eq.3)]
which gives

3(GT)
ot

a(C,,Tco) B
—, o= 0= 0 (7

+V - (6rV) +

Once integrated over the entire atmospheric column, the
sum of kinetic energy (6) and enthalpy (7) equations
expresses the change of the total energy, defined as
K+ C,T:
oK+ C,T
%+V (kK +®+C1)V]

+6[(K+CD6;—CPT)Q)]_7'?_Q:O

(8)

Upon global averaging over the entire atmosphere, noted as
{}, and with suitable lower boundary conditions (e.g.
eq. 2.12 and 2.16 of Laprise and Girard 1990), the
celebrated result of atmospheric energetics obtains:

%—i—{wa}—{v?} =0
% —{wa} — {0} =0 9)
el (7. 7) - 0 -0

The last equation expresses conservation of global total
energy {K + C,,T} in the absence of net external sources/

. . - = S
sinks of mechanical energy {V - F } and diabatic heat

{Q}. Hence {wa} represents a conversion between kinetic
energy and enthalpy (e.g., Lorenz 1967; Peixoto and Oort
1992).

In energetics studies it is useful to decompose the terms
appearing in the budget equations into contributions from

@ Springer

some mean and deviations thereof, where the mean may be
either an average taken over time, around a latitude circle
or, as will be the case in this paper, the average of the
members in an ensemble of nested model simulations. For
quadratic terms such as kinetic energy in (6), the decom-
position leads to separate contributions from mean winds
and from deviation winds. The same decomposition
applied to linear terms such as enthalpy in (7), however,
does not bring out any apparent contribution from devia-
tions upon averaging and hence it is not possible to clearly
identify contributions from mean and deviations in
exchanges between kinetic and thermodynamic energies
(e.g., Boer 1989). This and the fact that enthalpy appears to
be overwhelmingly large compared to kinetic energy for
typical atmospheric states, makes it advantageous to
modify (7) in order to operate as deviation from some
reference state, thus reducing the magnitude of the ther-
modynamic energy contribution. Casting the thermody-
namic equation in a quadratic (or some other nonlinear)
form also allows decomposing into contributions from
mean and deviations.

The most widely used approach for global energetics is
that pioneered by Lorenz (1955, 1967) of using the concept
of available potential energy (APE). APE has the advan-
tage of being a much smaller quantity than enthalpy and a
positive definite quantity. It requires however defining a
minimum potential energy reference state that can only be
established globally, and “APE is a global concept defined
for a system as a whole, not for a portion of it” (van
Mieghem 1973, section 14.8); hence APE is not mean-
ingful locally or over limited-area domains.

Following the approach of available potential energy
described by Pearce (1978), Marquet (1991, 1994, 2003a,
b) discussed the concept of locally defined available
energy. He showed that the desired properties are
obtained with using a variable called Available Enthalpy
ap=(H—-H,)—T,(S—S,) combining enthalpy H =
C,(T —T,) + H, and entropy S = C,In(0/0,) + S,, with
T,, H, and S, three constants, and where 6 = T'(p,, /p)R/ S
is the potential temperature, 0, = T,(poo/, pr)R/ % is a con-
stant with units of temperature and p, a constant with units
of pressure. An equation for a; is thus obtained from the

enthalpy and entropy equations

dH

s
Z_X2_90 11
dt T (1)
by taking the operation (Eq. 10) — 7,.(Eq. 11), which gives
dah Tr

_ —(1=ZL)o=0 12
i ( T) 0 (12)
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A L%lgrangian f(.)rm of the kin.etic _e)nergy equation may be 6ap n <. ( —>) 4 G(apco) _ Ro T =0 (19/)
obtained by taking the operation V - (Eq. 1) 4+ w(Eq.4): ot op p

dK oD
d—+7 V(I)+wa—+woc—V F=0 (13)

Taking the sum (Eq.12) +

d(K+ah) - = 0 - — T,
T+|:V-V+w§:|®—V-F—<l—?>Q
=0 (14)

(Eq. 13) gives

where the term [V Vo w%](b represents fluxes of grav-
itational potential energy. The set (12)—(14) offers an
alternative form to the conventional energy equations to
(6)—(8) and to Lorenz APE. Compared to the conventional
set, this set has the advantages that available enthalpy is a
much smaller quantity than enthalpy and it is not a linear
function of temperature, which will allow decomposing the
energy cycle into contributions from the ensemble mean
and deviations thereof, as we shall see shortly. Compared to
Lorenz energy cycle based on APE that can only be applied
globally, the set (12)—(14) is amenable to be applied on
limited-area domains (e.g., Marquet 1994, 2003a, b).

Marquet (1991) pointed out that available enthalpy can
be slit into separate contributions depending solely on
temperature and pressure:

an(T,p) = ar(T) + a,(p) (15)
where

ar(T) = G,T, [(T ;T> —n (TZ)] (16)
and

a,(p) = RT, 1n<;’—r) (17)

The equation for a, may be split into separate equations
for ar and a, as follows:

daT Rw Tr

=TT 1-Llo= 1
o)~ (1-F)e=o (18)
da, Rw

o p =0 (19)

Equations (18) and (19), together with the kinetic energy
equation (13), form a valid (and exact) local energy cycle
system for hydrostatic flow; these are the pressure-coordinate
equivalent of equations (14) of Marquet (1991). Alternatively
Egs. (18) and (19) may be cast in flux form using (3):
dar ( —>) N O(arw) Row

a_+v op p

(Fo-s

—(T-T)
(18")

We note that in pressure coordinates Eq. (19) is an
da, Oa, 2 __RT,

identity since " = 0, Vap =0and 3> = RT, aplnp =7
It is noteworthy that, despite the fact that g, is constant

locally in pressure coordinates, its integral over a finite
domain fluctuates as a result of changes in surface pressure

ps:

Pr
1d RT d
- dp = In —d
gdt aep g dt P
ps ps
RT,d[ p rf (20)
= - — |pln——p
g dt r s

RTd lnlﬁ—l
~ g a [P\

Marquet (1991) noted that the constant p, can be chosen
so that the global average of the absolute value of a, is
zero; this is achieved by defining In p, as the time and
space average of Inp, which means that p, & p,,/e if p,, is
approximately the mean of pg.

Following Marquet (1991), the temperature-dependent
component ar(T) can be written as

ar(T) = CpT, () (21)
where
S(x) =x—In(1+y) (22)
and

T—-T,
1= (23)

It is noteworthy that the function (y) is positive
definite for y> -1, which corresponds to 7 > 0; this
property is most valuable when working with available
energy concepts. The constant 7, may be chosen to
minimise the value of y over the domain of interest, as in
Pearce (1978). Marquet (1991) proposed to define it such
that 7!
T-! over the domain of interest, which would give T, =
250K if integrated over the entire atmosphere. With this
choice, the actual temperature generally deviates from 7,
only by less than +20 %, and hence y is a small quantity.
This allows approximating ar(T) by series expansion
around ar(T,), i.e. expand $(y) around (0). Noting that
I(0) =37(0) =0 and 37(0) = 1, this gives to leading
order

ar(T) ~ C”zT’ (T - T’)z (24)

corresponds to the time and space average of

@ Springer
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The positive-definite character of ar(T) is maintained
by the quadratic form under this approximation. The
consequences of the small-y approximation on the
thermodynamic equation are discussed in “Appendix
4”. Equations (13), (18) and (19), together with the
definition (17) and the approximation (24), constitute an
approximate set that can be used to establish an energy
cycle (Pearce 1978; Marquet 1991) in terms of ensemble
mean and deviations thereof, for ensembles of limited-
area, regional climate simulations. In the next section, the
approximate Eq. (24) will be used to establish the
available enthalpy energy equations associated with EM
and IV. It will be showed that the quadratic expression of
ar leads to an IV available-enthalpy that is proportional
to the inter-member variance of temperature (<T’2>, e.g.
Nikiéma and Laprise 2001a). This retains the
conventional definition of IV and allows an immediate
physical interpretation.

4 Ensemble-mean energy equations

An ensemble of simulations of an RCM will be analysed in
terms of basic statistics such as ensemble mean and vari-
ance and covariance of deviations thereof. The statistics
will be calculated from an archive of an ensemble of N-
member simulations produced with the same nested model
driven by identical LBC, but launched at different starting
times; for instance, the initial conditions (IC) of two suc-
cessive simulations will be shifted by 1 day. A represen-
tative ensemble-mean (EM) state, as well as deviations
from the ensemble mean, can be computed from the
member simulations in the ensemble. Thus, each atmo-
spheric variable W, € {T,,, u,, vy, 0y, ®p, ...} where n
represents the index number of each simulation, will be
split into ensemble-mean (¥) and deviation ¥’ compo-
nents as

Y= () + ¥ (25)

where the ensemble-mean operator () is calculated as

N
(W) = %Z ¥, (26)

and the deviations as
V=¥ - (¥)

with the property that (¥') = 0. Without ambiguity, the
index n is ignored to facilitate reading and writing of
equations.

Quadratic quantities such as the product of two variables
Y and y can be decomposed as

@ Springer

Vo= W0+ W+ )+ vy (27)
so that
W)=+ W) (28)

In particular, the ensemble-mean kinetic energy (K) =

- — .
(V - V/2) can be decomposed into two components as
follows:

(K) = Kgm + Kiv (29)

— —
where Kgy = (V) -(V)/2 is the kinetic energy of the

ensemble-mean wind and Ky = (7 . 7) /2 is ensemble-
mean kinetic energy of the deviation winds. Similarly,
using the quadratic approximation to the temperature
component ar of available enthalpy, its ensemble mean
A = {(ar) can be decomposed as

A=Apy+ Ay (30)

where Agy = ZC—T” (T — T,>2 and Ay = ZC—T” (T?)  (see
“Appendix 3” for details).

It can be noted that A;y is proportional to the inter-
member variance (U%V) for the temperature (Nikiéma and
Laprise 200la). Unlike the exact formulation of ar
(Eq. 21), the quadratic expression leads to convenient
definitions of Agy; and Ay, which are proportional to <T>2
and (T"?), respectively.

The ensemble-mean equations for kinetic energy and
available enthalpy are readily obtained by applying the
operator () on (6), (18') and (19):

?4‘?' <(K+®)7>+%<(K+®)W>+§<WT>
V. ?> -0 (31)
W0+ T (7)) + LD B
T

" p
_ 1< ;T) Q> =0 (32)

o((@@)) RT,, . _

where [ in (32) is a factor of order unity (details are pro-
vided in “Appendix 4”).

These equations embody the approximate energetics
applicable to an ensemble of regional climate model sim-
ulations. We now proceed in separating ensemble-mean
kinetic energy and enthalpy into components resulting of
the ensemble-mean variables and components resulting of
covariances of deviations from the ensemble mean. This
will reveal the physical processes responsible for conver-
sions from one type of energy to another.
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4.1 Kinetic energy equations for Kgy and Ky

The kinetic energy equation for the ensemble-mean wind
(Kgpy) is obtained by taking the following operation:

—
(V) (Eq.1) + (Ke + (®))(Eq. 3) + (@) (Eq.4)
N —
+(V)-(Vi(Bq.3 - (Eq.3)))
After a few rearrangements (see details in “Appendix 57),
the following equation is obtained:

O0Kem
ot

= Cgy — Cx — Dgy — Fk,,, — Hg,, (34)

() (7)) Sy

The kinetic energy equation due to the wind deviations
from the ensemble mean, (Kjy), can be established by
considering the definition K;y = (K) — Kgy to calculate
(Eq.31) — (Eq.34). After a few manipulations (details
are provided in “Appendix 67), and noting that

<K7> — KEM<7> = K,V<V)> + <K7>, we get

oK,
FIV :CIV +CK_D1V_FKIV —HK,V (35)
where
— —
Klvf<k>, k:V/ l/2
Cry = — (o)

4.2 Equations for the temperature-dependent part
of available enthalpy Agy and Ay

It was established in (24) that the ensemble-mean of the
part of available enthalpy arising from temperature only is
a positive-definite field A = (ar) that could be split in a
contribution Agy, arising from ensemble-mean temperature
(T) and a contribution A,y arising from the deviations 7" of
temperature from the ensemble-mean value, as in (30).
The prognostic equation for Agy, is obtained by taking the

operation @ (Eq. 7), which gives after some approximations
a%fM = Ggm +1Iap — Cegy — Cp — Fa,y, — Hy,, (36)
where
Apy = %(n)z, T.=T-T,
Gew = - (T)(0)
Cem = —(0)(2)
Ca = —<7’%> v{(c,T) - <w/ g> a(g;m
Fa, =V - (<7>AEM) + a(<wa>;EM)
Hyg, Q’:ﬁ (¢ (V')) %a(<T*>a<w'Ti>)
RT,
Lip = — ) (w)

where [/ is an order unity factor (see “Appendix 7 for
details).
The prognostic equation for A,y is obtained by taking

the operation <C;rr/ (Eq.7 — <Eq.7>)>, which gives after

some approximations

=, = G = Cv +Ca = Fay = Hay (37)
where

Ay = 2C_;r (1?)

Gy = l<? Q’>

Cry = —(0'd)

<7T’ . (@'T')3(C,T)

Cyp=— T, V<CPT> T op

Fa, =V - <<7>A/v) + a(<°gLA'V)
=5 (7 (777) < 457)

@ Springer
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where [ is an order unity factor (see “Appendix 8” for
details).

There appears to be some analogy between Eq. (37) for
local Ay and that for global APE as established in the
seminal work by Lorenz (1955, 1969). By analogy with
the work of Pearce (1978) and Marquet (2003a, b) on the
concept of APE, A;y and Agy can be assimilated to res-
ervoirs attributed to ‘eddy’ and ‘zonal’, namely ag and ag,
respectively. An advantage of the present formulation over
Lorenz’ is the absence of a division by 6@/ Op, which is
problematic in the neutral planetary boundary layer. A
disadvantage is that A;y contains not only available but
also some unavailable potential energy, due to the fact
that the basic state temperature 7, does not correspond to
the state of minimum potential energy as in Lorenz’
formulation.

4.3 Equations for the pressure-dependent part
of available enthalpy

The system of equations is completed by Eq. (33) for
a, = RT,In ([fi) Since we are working in pressure coor-
dinates, it follows that B = <ap> = a, and a;, = 0. Then
(33) simply becomes

OB

o —Fp —Ip (38)
where
Fz=V - (B<V’>) +6(Baif:°>)
Lip = — RT, (w)
P

5 Ensemble-mean energy cycle

Equations (34)—(38) constitute an approximate set of
equations describing the exchanges of ensemble-mean
kinetic and available enthalpy energies decomposed into
ensemble-mean state variables and deviations thereof,
appropriate for the study of an ensemble of simulations
performed with a same limited-area model under identical
boundary conditions. These equations could easily be
integrated over any domain of interest, as long as the lower
pressure level does not intersect the topography, resulting
in the energy cycle illustrated in Fig. 1. Boxes represent the
different energy reservoirs over the domain of interest and
arrows indicate energy exchanges between the reservoirs
and with regions outside the domain of interest. At this
stage, the direction of the arrows is arbitrary and only
reflects the choice of sign used in writing the equations.
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There are 5 reservoirs corresponding to the each of the 5
prognostic equations (34)—(38): Kgy corresponds to the
kinetic energy associated with the ensemble-mean wind,
K,y is the kinetic energy associated with the wind devia-
tions from the ensemble mean, Agy is the temperature-
dependent part of available enthalpy associated with the
ensemble-mean temperature, A;y is the temperature-
dependent part of available enthalpy associated with the
deviations of temperature from the ensemble mean, and B
is the pressure-dependent part of available enthalpy. In
global energetics cast in terms of zonal mean and devia-
tions thereof (e.g. Lorenz 1955, 1969; Peixoto and Oort
1992), there would be 4 reservoirs, namely 2 kinetic energy
reservoirs and 2 available potential energy reservoirs, each
one associated with zonally averaged variables and their
deviations. The local energy cycle renders an additional,
fifth reservoir B that reflects the fact that mass is not
constant over a limited-area domain, unlike the case when
considering the entire globe. By re-examining the formu-
lation of the concept of APE defined by Lorenz, Peace
(1978) showed that it is possible to separate the APE into
three local energy components (APE = AS + AZ + AE)
referred to as static-stability, zonal and eddy reservoirs,
respectively, resulting in 5 energy reservoirs for the global
circulation. In a similar approach, Marquet (2003a, b)
separated the kinetic energy into 3 components
(K = KS + KZ + KE), resulting to a cycle of 6 reservoirs
in addition of the 3 available enthalpy components estab-
lished by Pearce. By analogy with the separation made by
Pearce (1978) and Marquet (1991), the energy cycle
illustrated in Fig. 1 will be modified in the next section in
order to reduce the large value of the Agy energy con-
trolled by the difference between T and T,.

There are 5 terms that occur, each one, in two of the
prognostic equations, but with opposite sign: Cg, Ca, Cyy,
Cgy and I4p. These terms represent conversion of energy
between reservoirs. C4 represents a conversion of tem-
perature-dependent part of available enthalpy between its
Agy and Ajy forms, and Ck represents a conversion of
kinetic energy between its Kgy and Kjy forms. Cgy rep-
resents a conversion between the temperature-dependent
part of available enthalpy and kinetic energy associated
with the ensemble-mean state, Agy, and Kgyy, respectively;
Cjy represents a conversion between the temperature-
dependent part of available enthalpy and kinetic energy
associated with the deviation from ensemble-mean state,
Ay and Kjy, respectively. The fifth term I4p represents a
conversion between the temperature-dependent part of
available enthalpy associated with the ensemble-mean state
Agy and the pressure-dependent part of available enthalpy
B. Only the first four terms have counterparts in global
energetics.
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Fig. 1 The energy cycle of the
atmosphere as simulated by
RCM. The arrows indicate the
various fluxes of energy

The term C, represents the effect of covariance of

fluctuations (involving 7" and 7) acting in the direction of
the EM temperature gradient. Nikiéma and Laprise (2011b)
have shown that, in a CRCM simulation over a North
American domain, the horizontal and vertical components
of C4 tend to have positive and negative signs, respec-
tively, but the vertical term dominates, so C4 acts as a loss
of Agy in favour of Ajy.

The term Cg represents the effect of variance and
covariance of wind perturbations in the direction of gradi-
ents of the EM horizontal wind. By making a parallel with
the energy cycle of weather systems, we will say that this
term corresponds to a “barotropic” conversion of kinetic
energy between the reservoirs Kgy and Kjy.

The terms Cgy and Cjy represent covariances of vertical
motion and density, —(w){e) and —(w'o/), respectively. By
making again a parallel with the energy cycle of weather
systems, we will say that they correspond to “baroclinic”
conversions between reservoirs of Kkinetic energy and
temperature-dependent part of available enthalpy, between
Agy and Kgy for Cgy, and between Apy and Ky for Cpy.

Apart from conversion terms, other terms act as sources
or sink of energy in the reservoirs. Terms Ggy =

TL, (T)(Q) and Gy = Ti (T'Q') arise due to covariances of

diabatic heating and temperature, and they generally act as
sources of Ay and Ay, respectively. Nikiéma and Laprise
(2011a, b) found that G,y exhibits a large intense positive
contribution in the troposphere over a North American

. — —
domain in summer. Terms Dgy = —< V> . <F > and

— —
Dy = 7<V’ -F '> generally act as sinks of kinetic energy

Kgy and Ky, respectively, mostly due to surface friction.

The 5 terms FW’ with lp € {KEM;KIV;AEM,AIV,B},
correspond to transport of inter-member variability in . In
their study of IV in the potential temperature and vorticity
fields, Nikiéma and Laprise (2011b) have shown that the
terms Fy always contribute negatively as they correspond
to export of IV out of the regional domain.

Finally, terms H represent divergence of covariances
involving two or more perturbations from the ensemble
mean. These terms would average to zero upon integration
over the entire globe, but they must be retained locally or
over limited-area domain. Terms Hg,, and Hy, are third-
order terms, and are usually much smaller than other terms
in the budget.

6 Further decomposition in horizontal average
on pressure surfaces and deviation thereof

While a clear advantage of the proposed approach in terms
of intrinsically defined variable is that the equations possess
a local meaning; its main drawback is that a; cannot readily
be associated to some kind of available potential energy as
with Lorenz” APE. This is clearly seen in the vertical profile
of ar: from a local minimum at the level where T is close to
T, on average, its magnitude increases markedly above and
below this level as a result of the significant departure of T
from 7, owing to the stratification in the atmosphere. These
large departures do not by any means imply de facto some
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larger reservoir of available potential energy in the upper
and lower parts of the atmosphere. There is hence a clear
advantage to further splitting a7 into separate components
due to mean stratification and deviations thereof, as did
Marquet (1991) in his Section 5.

Unlike Marquet (1991), however, here we start from the
quadratic approximation to ar:
_ G
2T,

2
ar (T-T,) (39)
We introduce 7, the horizontal average on a pressure
surface, such that 7, (p, t) is a function of member m,
pressure p and time ¢, and decompose ar as follows:

ar =y b {1 =T) + (T -1,

=ap+as+ac

(40)

where

Cp ==\ 2
T (T-T)
Co = 2
oT (T-T)

aczf;2(T—T)(T—T,)

ap =

as =

The term ap is referred to as the baroclinicity component as
it depends on deviations from the horizontal averages along
isobaric surfaces; the term ags represents the effect of the
mean stratification, and ac is a cross term involving both
effects. The interpretation of the term ap most closely
resembles Lorenz’s APE, while ag is a much larger term
that exhibits a local minimum at the level where T is close
to 7, on average, with marked increases in magnitude
above and below this level. It is important to realise
however that the individual components ag, as and ac are
no more intrinsically defined, as they depend on the extent
of the domain considered in carrying the horizontal
average.For later use, we introduce the notation

0"=0-0 (41)

for deviations from horizontal averages along isobaric
surfaces, so that

CI’ X
= Sr (@) (42)

ap

A noteworthy feature of the components ag, as and ac is
that ac = 0 and ag = ag so that

T =

(43)

P 2
T 2T, 27, (T-7)

It was demonstrated earlier that the ensemble mean of the
temperature contribution ar to potential enthalpy,
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A = (ar), could be decomposed as A = Agy + Ay with a

component Apgy :2%<T— T,)* that depends solely on

: c
ensemble-mean variables, and a component Ayy = 5= (T7%)

that depends on deviations from the ensemble mean. The
aforementioned typical vertical structure of ar, with a local
minimum at the level where T is close to 7, on average, and
marked increases in magnitude above and below this level,
is only present in the term Agy, that depends on ensemble-
mean variables. Next we will proceed to further decompose
Agy into contributions from horizontal averages along
isobaric surfaces and deviations thereof, and finally we will
average these quantities on isobaric surfaces.

The term Agy = ZC—T” (T — T,}2 can be decomposed as

Apy = Apmp + Apns + Apuc (44)
where

Apmp = 2(;13 (T-T)

Apys = 2C7{’ (T-T,)°

Apc = f;rz@ _TWT-T,)

After taking the average along isobaric surfaces, the
equation becomes

Apy = Agm + Agus (45)
where Agyp = 2C—T” (T - T>2 and Agys = 2C—T” (T - T,>2

“Appendix 9” gives the algebraic details to establish a
prognostic equation for Agyp:

0A -
% = Gemp — Cems + Cemps — Cap — Fayy B
7HAEMB (46)
where
A S (T*)* and T =T —-T
EMB*ZTV an =
! /2 o/ (2)
Gana = )@= (2) = ( (%) )
l
~ L)
Cemp = — (") ()
C, /oT
CEMBS——TP 5(1% (")
—__& . rx T T _& /x/i x
Cap = Tr<VT > (1) = GE @ T (T
_ G TN sy oy O
- Tr<VT > VAT) = P 0/ ) ()
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Fayp = ? (AEMB<7>> +%(AEMB<CU>)

His = 2V - () (V1)) + 2 S T wT)

<

Using the relation Agys = Agy — Agmp, @ prognostic

equation for Agys = %(T— T,>2 can be obtained by

subtracting the equation just obtained for Apyp =

C” <T T> from that for Agy = (details

are provided in “Appendix 10”)

C 2
2_16,<T - Tr>

0 -
aAEMS = Gemps — Cems — Cemps — Cas — Fagy,s

- HAEMS (47)
where

Gews =7 { (T) - 1)@}

Cems = Cem — Cemp — Inp =

oT
Cemps = ——<5 X><TX>

65:—%{(77)€w@—%{wﬂw%@v

r

—(@)((@) — o)

Fanas = V - ((V)Asus) >AEMs + a (@)Ars
s = {7 (@7 r>> (7))}
+ L T + () (T )

“Appendix 11” summarizes the isobaric energy cycle
equations.

Figure 2 illustrates and summarizes the energy cycle
obtained by considering the average on pressure surfaces and
deviation thereof. As a consequence, there are 6 reservoirs
corresponding to four prognostic equations of Ay, Kyv, Kem
and B defined over the isobaric surfaces (see “Appendix
11”) and two equations resulting to the decomposition of
Agy into two contributions: Agy s and Agy g referred to the
stratification and the baroclinic components, respectively.
The further decomposition along the isobaric surfaces leads

to new conversion terms: Cgy gs, Cas, Cag, Cem g and Ceus.
The first one represents the conversion term between the two
new reservoirs (Agy s and Agy g), Whereas the other ones
are contributions of two main conversion terms, namely Cen
(=Cem + Cems + Iap) and Cy (=Cyp + Cas). This decom-
position is advantageous because the large values of Cgy; are
now separated in several components.

7 Conclusions

The motivation of this paper was to establish a formalism
that would allow studying the energetics associated with
the time fluctuations of inter-member spread (or internal
variability, IV) in an ensemble of simulations of a nested,
limited-area model driven by a given set of lateral
boundary conditions, when only the timing to start each run
differs amongst the members of the ensemble. This
framework implies that IV develops internally to the RCM
domain. The lateral sponge zone along the perimeter of the
regional domain constitute a transition zone between the
imposed lateral boundary condition and the free internal
domain. In the sponge zone the RCM internal solution is
forced towards the same driving data for all members, and
hence IV is suppressed there. The regional domain where
the diagnostic equations would be applied should therefore
exclude the sponge zone.

The challenge was to write a set of consistent energy
equations that could be used locally or over a limited-area
domain, unlike classical energetics studies of weather
systems following the seminal work of Lorenz (1955,
1967) that are only meaningful globally (van Mieghem
1972). Following the work of Nikiéma and Laprise (2011b)
on inter-member variance, and by analogy with the
frameworks of Pearce (1978) and Marquet (1991) for
atmospheric energetics, prognostic equations for ensemble-
mean kinetic energy and available enthalpy were approx-
imated and decomposed into contributions due to ensem-
ble-mean variables (EM) and due to deviations from the
ensemble mean (IV). This led to a set of approximate
equations corresponding to an energy cycle for inter-
member variability in ensemble simulations of a nested
model. These equations were then averaged on pressure
surfaces. Interestingly enough, several terms in the energy
cycle for IV have a form similar to that of the energetics
studies of weather systems (Lorenz 1955; Pearce 1978;
Marquet 1991, 2003a, b), including for example baroclinic
and barotropic conversions, diabatic generation of avail-
able enthalpy and friction dissipation of kinetic energy.
This study purposely used a quadratic expression of the
available enthalpy because it offers the great advantage of
separating the contribution of (ar) into Agy and Ay that
are proportional to (T)* and (T"?), respectively, thus
allowing an immediate physical interpretation and retain-
ing the conventional definition of IV (i.e. oy &~ (T")) in
regional climate modelling studies.

While most models are cast in terrain-following coor-
dinate to facilitate the implementation of the kinematic
lower boundary condition, we chose to formulate our
diagnostic equations in pressure coordinates, following a
long tradition in diagnostic studies, whose advantages have
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GL MBS

C

CLM s

-C

EMB

+C C,

EMBS

9B
K
Clypp
6= {(7)-2 )} 7= {(7)) 5 {30e) i
E s 26-(<I7>Arm)+% w>Amg )? E: —a @ i:
T2 @) ey(FF))  B=RL [iJ | o
) ) o
ot
\\Ams:&(f—ty Cous= <w>(<a>—ar)
7 2T
G = T
s = VA (V) 52 (@) —_5 <@wx><Tx>
- VA w EMBS T ap
Hyp=70V ((T )<VT >) . . S
S Yo i S s o ==K} | G =0)e)
- » '\ T Cp y X7 d x
a:?ﬂ@,_/ - wC,= : <v > >.V(T)—Tr< > >$<T )
Co =m0 FAD >
_T{ o'T >E<T>+<w T >£<T >} a=_%<V'T’>.§<T>__P<w'r’>_p<r>
) ’ )
— C
4, =—2(r") —
= %m 2L C”,:—<txa)>
F, =V ((?)Aﬂ )+a‘-’—p(<w)/1w)

Fig. 2 Regional energy cycle averaged on pressure surface

been argued for example by Boer (1982). Amongst the
reasons is that this choice avoids the presence of several
metric terms that appear in terrain-following coordinates,
which do not have an immediate physical interpretation.
When lateral averaging is applied, such averaging along
terrain-following coordinate would not lead to an easy
interpretation. Finally, we would want eventually to scale-
decompose the terms in the budget equations, and such
decomposition would be inappropriate in anything but
roughly horizontal surfaces. As mentioned briefly in rela-
tion to (20), the field equations are only valid above
ground, i.e. on pressure levels satisfying the condition
P < Ppumin, Where pyg, is the minimum value of surface
pressure encountered in the time and space domain under
study. Levels intersecting topography could in principle be
treated using the masking procedure of Boer (1982); we
will not pursue this avenue here however.

In a forthcoming work (Nikiéma and Laprise, in
preparation), the contribution of each term in the energy
cycle for IV will be evaluated for an ensemble of 50
simulations performed over an annual cycle with version

few.
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5 of the Canadian RCM (CRCMS5). Previous work
(Nikiéma and Laprise 2011a, b) lend us confidence to
obtain a quantitatively acceptable accuracy despite the
numerous approximations involved in evaluating each
term, such as interpolations from model coordinates to
pressure levels, interpolating variables from their Arak-
awa C-grid staggering in the model, calculating transport
in Eulerian flux form rather than with the semi-
Lagrangian scheme as in the model, and using only
samples of time steps that are archived, to name but a
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Appendix 1: Vector operations in spherical coordinates
(4 @, 1)

In spherical coordinates, the horizontal axes are the longi-
tude 4 and the latitude ¢, and a horizontal wind vector

V(u7 v) has components # = a cos ¢dA/dt and v = ade/dt.
The horizontal gradient of a scalar  is defined as

= 1 0
Vi = acos g [al//{ +COS(}’)—¢]:| (48)

where a represents the mean radius of the Earth following
the traditional approximation. The horizontal advection of
the scalar y by the wind vector is evaluated as

u_ oY  voy
acosq)@i aaqo

—>

Yy = (49)

The horizontal divergence of a flux 71# is written as

follow:

. (7'70) _ 1 o(uy) +6(v1//cos o)
rcosq | 04 0¢p

(50)

Appendix 2: Kinetic energy (K) equation

The kinetic energy equation is obtained by taking the fol-
lowing operations:

V. (Eq.1) + (K + ®)(Eq.3) + w(Eq.4) (51)

The first term of this expression V. (Eq. 1) gives:

o(V-V) . 1 ,0(V-V
GRARE TG GO
SV (kx V)4V TV F =0

—

Noting that fV - (k x 7) =0 and using the notation
=1(V.V)=L1(2++?), we obtain the following
2 2 ,
equation:
0K
or

— 0K —
+(V- ?)(K+cp)+w$_v.?:o (53)

The second and the third terms in (51) can be developed as
follows,

N ow ow
D)V - - =
(K+D)V V+Kap+(bap 0 (54)

d
w%—p—i—wa:O (55)

Adding the last three equations gives the kinetic energy

equation in flux form:

0K =

ot +
=0

O[(K + @)

- =
+we—V - F
op

[(K + @)7] +

(56)
Appendix 3: Decomposition of (ar)

Here we show the details of the decomposition of the
temperature component ay of Potential Enthalpy under the
quadratic approximation

_GT, (T-T\*
T2 T,

Separating T in its components 7T =
substituting in the above gives

C,T, ((T)+ T —T,\°
2 T,

_ c,,zTr <<T — 7;,r> + T’>2 (58)

C,T, ((T—T,)* T—TNT T?
_GT >+2< ) L
2 72 T, T2

ar(T) (57)

(TY+T' and

ar(T) =~

Taking the ensemble average gives

Sl (<T L), <T’2>> (59)

A= <aT> =

2 2 2

Hence we can write A =Agy +Ap
C Gy
(T —1T,)% and Ay = 3£ (T7).

Appendix 4: Effective thermodynamic equation

When using the exact definition for ar

ar(T) = C,T, [(T ;T> —In (Tz)] (60)

the prognostic equation

dClT R

-t (1-)e-o ol

is exact in the sense of resulting from the thermodynamic
equation. When the small-y approximation

C, T, (T—T,\*
~ 62
o (125) ()

is used however, the equation actually corresponds to an
approximate form of the thermodynamic equations, as we

ClT(T)
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shall show here.Starting from the small-y approximation
for ar, we have

dﬂ_Cp T_T daT

=— (T-T,)— 63
d T, ( )dt (63)
so that
G, dl R T,
—-—T-T1)———o(T-T,)- |1 -=]0=0 64
2y -Ror-1)- (1-T)e=0 (4
which gives the effective, approximate form of the
thermodynamic equation implied by the small-y
approximation for ar:

dT R

——ol,——=0=0 65

P dt pa) Q ( )

By comparing to the exact thermodynamic equation

dT R

C ——wT — 0 66
pa) 0= (66)

Pdt
we note a factor of L 7 affecting the last two terms. This
factor is of order umty in the assumed limit of small y for
which the quadratic-form approximation for ar was
obtained. For consistency the approximate form will hence
be used in the decomposition of available enthalpy.
Returning to the prognostic equation for ar

dar 7 O(arw) R
ot +V- ( )+ op p

~(1-7)e=

the equation for {(ar) is readily obtained:

6<gT>+v (< 7>)+%§’>>_§<w<r—m>

T,
— 1 _—— =
((1-7)e) -0
The last term may be approximated as follows
T, T, (T —T,
1 -2 —(Zr
((-7))-(F(57)e)
~ 1 T-T. 0
~ T

with [ = <TT> a factor of order unity that will be henceforth

o(T —T,)

(69)

considered constant equal to one, a valid approximation in
the small-y limit. Hence

a<gT> +V - ((arV)) +%§)w>) —g(w(T -T)

(59

to leading order.
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Appendix 5: Prognostic equation for K,

The kinetic energy equation for the ensemble-mean wind
(Kgpy) is obtained by taking the following operation:

(V) (Ea. 1) + (Kew + (®)){Eq. 3) + (0)(Eq. 4)
+({V)- <7(Eq. 3- (Eq.3))) (71)

By applying the ensemble-mean operator to this equation,
we obtain:

V) (.97

+ <?> —0 (72)

Applying the Reynolds rules to this equation gives:

XV) s )97+ <w>@ +rkx (V)

Taking the dot product < 7> gives

0KEem
ot

+ (V) VK + (o >m§%+<7>~€(®>

~(V)-(F)+ (V) (V- 77)

(74)

. Adding to this equation
+ (w)(Eq. 4), gives the flux form as:

O(Kgy + (D)) (w)
op

) (7)) (7 9)7)
(7). <w%—‘;> _ (75)

Taking (Eq.3 — (Eq.3)) gives:

— 0o
= 7
VovV+ > =0 (76)

And taking <7> : <7(Eq 3 — (Eq. 3>)> gives:

F)-FE () - m
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Adding (75) and (77) gives:

_ <—;_ (w/a<af>) > o (80)

Appendix 6: Prognostic equation for K,

The kinetic energy equation due to the deviation from the
ensemble-mean can be established in two equivalent ways. A
first method would consist of starting from the equation for

Wby taking (Eq. 1) — (Eq. 1), then to take the dot product of

this equation with V’}, and then to apply the ensemble-mean
operator to the resulting equation. A second way, and this is
the procedure we will follow, consists in using the definition
K = (K) — Kgy to calculate (Eq. 6) — (Eq.34). We start
with the ensemble-mean (Eq. 6) written as

agtq ¥ (k+o)7)

<7~?>:0

0
—|—§<(K + ®)w) + (wa)

and subtract (Eq. 34):

o(K)
ot ot

(K + @)}~ £ [ (Ke+ (@) 0

R G (k@) V)= T [+ (@) (V)]
)]

K=1V.v=1 [<?>2+2<7> Vv ﬂ (84)
so that
=3 [(7)-(7)+ (77 o

=K + Kgy

We note that

(KV) = (K(v) + V")
= (K)(V) + (KV')
= (V)Kem < >K1v
+;<( -v V- 7>7> (86)
Hence,
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(Vv
(87)
— —
where k = % "V =1 (w?+v?). Similarly for the terms
involving

(Koo) — () Ken = (o) Ky + (((V) -

7) a)'> + (k')
(88)

Using Reynolds decomposition leads to these relations:

(V) - (@)(V) = (oV")
(o) — (@) (0) = (@/0)
(o) — (o)) = ()

(V-F)=(V)-(F) = (V- F)

When (86)—(89) are introduced in (83), we obtain:
V(P (V) V)V + ()
+ ai (< Ky + <(<7> : 7)w’> + <kco’>)

Vs (<cb’7>) + % (@) + (o) — <7 . F”>

9 ()7 - 27 ()

(89)

7797 (7 () )
(90)
which can be reduced to:
616(1V +V - ((V)kw) + 6?7 (0)Kn) + (/o)
)57
7 9@ (7 (0752 ) o
(91)
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Appendix 7: Prognostic equation for a7 gy

We will here develop a prognostic equation for
G,

Apy = T-T, 92
EM 27~< " (92)
Working with the approximate form of the thermodynamic
equation valid for small y, we take (Eq.65) — T(Eq.3),
which gives

or = —> 0(Tw) R T, O

=+ V- (1V) ST, -2 =0 (93
ot + + op C,p @ C, T (93)

Apply the operator ()
oT) = —\  O(Tw) R T, /0
Y AT O )T, - L (2 =
ot v < V> + ap Cp ()T, C, \T
(94)

Consistently with the small-y limit, the last term can be
rewritten approximately as

(2)~(F)@-ne

where [ is an order unity factor.

(95)

This hence gives

approximately
Ty = —\  O(Tw) R 1
— . T RN L A Tr —_ l— e
AR USRS & Cp g @=0
(96)
From the definition of Agy
0 G, 0
&AEM =7 (T - T>6t (T) (97)
Multiplying the (94) by ¢ (T —T;) gives
G, or)y Cp — —
AT T) S 4 T = T)¥ (TV)
C, NTw) C, R
PP TS T T (T, (08)
1
IS - T)(Q) =0
P r
Taking (Eq.98) — C" (T — T,)T,(Eq.3) gives
0 C (T,
ot T, " op
R ; (99)
—’};<Gﬁ<7¥>-— (T Q) =0

where T, = T — T,. Using the equation of continuity, the
second and third terms can be expanded as
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T, oT. Appendix 8: Prognostic equation for «
9. <T*7> N (T, o) _ <7€T*> N <w pp g q TIV
o ap
AT, We will here develop a prognostic equation for
Ay = -2 (T"? 105
e () T 109
(100) by taking the following operations <C;f, (Eq. 65 — (Eq. 65 >)>
and (99) becomes where (65) is the appr0x1mate thermodynamic equation for
, the small y (i.e. ’ ~ 1)
0 C /=N =02, G o(T,)
) dT R T,
6taTEM+2T,<V> VAT) +2T,<w> op =0T =0 =0 (106)
G = =, G , 0T R
+ T, <T*>< VT*> + T, (T*)<w »/ p {@){T) We get the deviation equation by taking (Eq.93—
l (Eq.93)):
- (T.)(Q) =0 /
& O [(1v) = (V)] + 2y T
1o1) @ ' K >*< >}+$[( )~ (To)]

We use the equation of continuity again to rewrite this last
equation into flux form:

O({(w)arem)
op

0w'T! R
#2002 lapr)

%QTEM + v- (<7>HTEM) +
<T*)<?- (7’T;)

(T.)(Q) =0

_|_

(102)

The 4th term can be expanded as follows:

G, = /=, 0w'T,
f<T*><V (V') + 5 >

:%6’- (¢t (V'T)) +%L >a<;) )

Cp /=i N\ = C,, . O(T.)
—TF<VT>-V<T*>—Tr< W/ T ) o

. ((T*><7,T;>) + ? pAUTHOT)) >a<:) )
c, T)

: <7/T’> (T — TS

(103)

(104)

R 1 (T, T,
—— T, ——(ZLo-({Z£ =0 107
o g (e (7)) =0
Using the Reynolds decomposition
— — —
VT (V1) =Vi(T) + (V)T + VT = (VT')
oT — (oT) = ' (T) + ()T + 'T — (' T")
we get
o = o G\ | e
5V Vi) + (V) + VT = (V'T')]
a / ! e ol e ald R /
+—lo(TY+ (DT +o0T — (0T ——a'T,
0/ (T) + (@) @~
: TrQ TrQ =0 (108)
C,\T T N

Taking (Eq.96) — T'(Eq. 3) — (T){(Eq.3 — (Eq.3))) gives

,O(T)
o
o{'T")

op

ot op

T (7r)-

RT, 1 (T, T,
Cop G \T T

Now multiplying by 7’ and applying the operator () gives

121%) V) g gey , @A

oT’ — or —
St (V) VT 4 o)+ VI V(T +
d

+9- (V) +

(109)

+ <7T’> ST

2 Ot 2 2 Op
+ (T aé? +<T€> (VT)> <T’a((g;f/)>

(110)
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And multiplying by % gives

,gsz + (V) Vaw + (o >62];V + (r) ¥{(c,T)
! 6 D
+ <ng> (59 (7))

T,

)

() = (o) -0
(111)

Taking (Eq. 111) + A;v(Eq. 3) gives the flux form of this
equation:

Ay {(w) <WT,>

0 — — —
A +-5 (an(V)) + Gt V(GT)
WY CT) /G < (=,
ot (E V~(VT)
QAT [T\
+< T. o (') TQ =0
(112)

The small value of y leads to an approximate form of the
last term as:

(7o) --(Fr.(@+0))
- (T0)

where [ is an order unity factor. Using the continuity
equation for deviation, the third-order terms can be
rewritten in term of flux as

T = (=, C,T' (o' T)
< T, v (VT) + 7. Op

C, /= , 0T
T <V @ op

T/2—|-

N a(w/TQ)
A 112

(VT >+ op

<ll

<

(113)

@ Springer

Appendix 9: Prognostic equation for Agy p

We proceed to develop a prognostic equation for Agyp.
Starting from the “effective” thermodynamic equation
consistent with the quadratic approximation for ar:

oT v aT RT, 0
C VT - -T,==0 114
Aat V- Irrog) - ro-tg=o oW
apply the operator 6:
G, T 1+l Rg 7 (2)
ot op p T
(115)
Then subtract these two equations:
aTX — T = = oT

—f"w*—n{%-@}—o (116)

and add CV VT = OandC{— a—T—l—wa—T}—Oto
get:

ors — or = or
CAtV - VT +0———V -VT—0—
ot op

oT RT, | 0 0
- _T _— —_— =
+Cp—apw » ) ,{T (T)} 0

(117)
Now apply the operator () to get:
6<TX) —_— or*
o7 0y o))
= = aT oT
C<V VT >—|—C<a > (118)

T, 9_T> 0
T
and multiply by (T*)/T,:
%{(T}a<at>+< ><V VTX> (TX)<waa]:>}
)

(T*) /== T (TX> oT
_c V. VT+o2)+C, o
P 2 w ap ap (0]

(119)

The second and third terms can be expanded as
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(V.V1) + <waanX> =(V)- V) + <w>a<anX>
+ <7’ : ?T*’> + <w’ aanX’>

so that:

(120)

T @
T, \Op @

(121)

Using the definition Agy p = 2CT‘ (T*)?, the equation may be
written as:
0A gy B O0ArmB

6t < > VAsus + (©) o

) )y

~C, <7;><7 ?T+w2;>+c,,<n><2; >
R
&

: w*><TX><T*><§@> 0

and using the continuity equation:

sy S (arwn (7)) %(AEMB@»

G o 177 0wy
Fr ){V-<T V>+ap<T w)}
Y )5 =n T (T%) /oT
C, T 1% VT—l—a)—ap +C, T —apw

R, iy _ i [ 2_ (Q)
Ry - ><7—(7 >=0

Now apply the operator 6 to get:

aAaEMB+V (aus(V)) %m

CP X bV ></_>/ E X1
FT ){V-<T V>+ap<T w>}

+ ST o o) - By - ) () =

(122)

(123)

because ()7X = 0. The 4th term can be expanded as follows:

%’(Tﬂ{? : <TX/7'> + % (Tx’co’)}

_ 5_6 () (V') +%%;>T>> (125)
_ C_r:<v T></> §)<Tx> _ : < /T></> a<a];<>
Thus
@ +V- (AEMB<7>) +%(AEMB<CU>)
= % (V'Tr) - S - % (@' T¥) % (T)
+C—f§’- (0 (V') +Q%W
+ 2 (Lo yr) - By - i (2) o
(126)

Appendix 10: Prognostic equation for Agy g

Given the relation Agys = Agy —Agup, a prognostic
equation for Agys can readily be obtained using by sub-

tracting the equation for Agyp = ZC—T” <T — T>2 from that for
Apu = C” #(T =T, +)%. Hence

Apy  ~—— — — A —
5= Gem — (Cow —Tap) — Ca — Fapy — Hay, (127)
0A Con—Fi o
aE;WB = GEMB + CEMBS - CEMB - CAB - FAEMB
—Hy, 5 (128)
0 0
§AEMS =& (Aem — Aems)
= (G—EM — GEMB) +m - CEMBS
= (Com — Coup) = (Ca = Cas) (129)
- (FAEM - FAEMB) - (HAEM - HAEMB)

= Ggmps + Ias — Cemss — Cems — Cas
— Fapys — Hapys

Some details of algebraic manipulations follow.
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m-mz%m T,)? —2%@_@2 C—AmZT':{<7T'>6V<T><VT6>»V’<T>}
c —— - o) g - wr g |
:ﬁ<T—T,> = S
Cr (130) :77”{<V T’><V<T)—<V (T’—T’)>»V(T>}
=5 T~ T, 2o S - -T) Sr-1)
= Agms = —%{<7’T’> V) - (V1) )+ (VT) - i)}
Gon — Gans = LT - LT09) =Sl 1)~ (@) S+ T T+ (T )}
T[ T’ —-2{(vry v} -E{em s wm g}
= {710 - T-T){e-0)} o ’ ’
- (M@ -1 - @ - (1)) W
g Fiz 7 =7 (V) (7))
= Tir{(<7> - T, )ﬁ} Jr%{«w)AEM) - (AEMB<U’>)}
= Ggus (131) = —
=V V ) (Aem — AemB)
Cow — Cann = —{ {0} () ~ (o))} a(< > )
= —{{o)@ - fo-o) -7} 5 (@) (A — Aps)
_ {(wﬁ> - @0 () =V ((V)aems) +%<w>AEMS
+o)(@) + (@) () }
— @ s
— Cors i T (134)
Hy — Hins = 29 -{ (2(7'12)) = (0(V ) } o+ S22 {3 rmsy) - (@)
-2 (-0 (7)) - (T-(V e -7))}
+ P AT - (- -T)))}
_ %’? { T><7 T> - T,<7/T’> - <T)<V> T > + <T><7/T> —(r —T><7/T>} (135
+ 2 T = T — (D) + (D) (T - T) (0T}
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A useful list of identities concerning various means and
deviations follows:

T,=T-T,
T"=T-T
T =T —(T)

Appendix 11: Isobaric energy cycle

Here is the summary of equations and definitions of various
terms entering the isobaric energy cycle.

OB _
—=—-Fy—1 1
LI 137)
where

B=B=RT,In (5)

F=V-(B(V) 42 (B())

op
IAB = —OCr<(U>
0 o
aAEMS = Gemps — Cems — Cemps — Cas — Fagys — Hayy s
(138)
where
G 2
Apys = T, (T-T,)
l _

Gems = T { (T)-T,) (Q)}

Cems = —(@)((@) — o)
- C, /oT

— P2 X MT>
CemBs T, <6pw >< )
___% _>/_, — _& —,/g_
Ci=-2(VT) Fin) - 2 {mg M)

+'T") % <TX>}

Fis=V- (<V’>AEMS) n % (©YApys

0A .
g;le = Gem — Cemp + Cemss — Cap — Fag,
— Hy,, B (139)
where
Agup = S (T*Y* and T*=T-T
2T,
- /] —
Gems =?<TX><QX>
Cemp = — (") ()
_ C, /oT
C =22 (——w* (T~
EM BS ,<6pw >< )
- _ _@ X/ N _& 1TX! E X
Cop =~ (V') - VA1) = 0T )5 ()
— -~ 00—
Fis=V - (Aps( V) + ~ g
vown =V (Anus(V)) + 5 (o))

- ap
Ay e
FIV =Gy —Cy+Cy— FA/V - HAIV (140)
where
. C
A _ P T/Z
W =5 %)
G = L1770
T,
Cy = —(0/d)
Cr=— S <V’T’> N(T) — 2 (/' T') —(T)
T, " P
ey s e U J—
Fu, =V - <<V>A1v> +a_(<w>AIV)
P
G /T (v L L
HW_2E<V«VT)+§ﬂwT)
oK, —_— =
an :CEM_CK_DEM_FKEM _HKL-'M (141)
where
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RGRG
Cen = —(0) (=)
- I (7 ()

op dp

Ky — —— .
G—I’V=C1V+CK — Dy — Fx,, — Hx, (142)
where

_ 1/— —

Kw = 5(V-V')

2
Cy = —(0'y)

S
Il
|
<
Y
<l
<l
~—
S~
<l
~—
~—
|
T
<!
N
g,
2
~
<l
~—
N——
~——
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