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Abstract In this article we present a different approach to some of the results
published in our recent paper (Brzezniak and Dawidowicz in Semigroup Forum,
78(1):118-137, 2009). This new approach is based on a deep result from a paper
(Ergod. Theory Dyn. Syst. 17(4):793-819, 1997) by Desch Schappacher and Webb.
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1 Introduction

The problem of chaotic behavior of solutions of von Foerster partial differential equa-
tion was considered by many authors, e.g. the second named author [3, 4], Lasota
and Pianigiani [12], Rudnicki [15], Loskot [14] and Lasota and Szarek [13]. The
most useful definition of chaos was given by Devaney [8]. According to Devaney a
dynamical system is chaotic if there exists a dense trajectory and the set of periodic
points is dense. In papers [5, 6] the existence of a periodic solution and a dense trajec-
tory of the equation %—’f +x g—)"c =Au,t >0, x €[0, 1], is proved under the assumption
that the parameter X is strictly bigger that 1. In the paper [2] this result is improved
in the sense that the existence of a periodic solutions is proved for any A > 0. In

Communicated by Markus Haase.

7. Brzezniak
Department of Mathematics, University of York, Heslington, York YO10 5DD, UK
e-mail: zdzislaw.brzezniak @york.ac.uk

A.L. Dawidowicz ()

Faculty of Mathematics and Computer Science, Jagiellonian University, ul. Lojasiewicza 6,
30-348 Krakéw, Poland

e-mail: Antoni.Dawidowicz@im.uj.edu.pl

@ Springer


mailto:zdzislaw.brzezniak@york.ac.uk
mailto:Antoni.Dawidowicz@im.uj.edu.pl

288 Z. Brzezniak, A.L. Dawidowicz

the present paper we use a different approach to the same problem. This approach is
based on applying some deep results from the paper [7]. Our main result in the most
general form, see Theorem 5.5 can be summarized as follows.

Theorem 5.5 Assume, that p € [1, 00) and that h : [0, 11 — C is a continuous func-
tion such that

1
5>0, A>——:Reh(x)>X, x€]0,4].
p

Then the Cy-semigroup on L (0, 1) generated by the following first order PDE

au au
N _— = .1
a7 +x8x h(x)u 5.1

is chaotic in the sense of Definition 2.2.

In Theorem 5.7 we formulate an analogous result for the Holder spaces. The proof
of both Theorems 5.5 and 5.7 is based on applying similar results when function &
is constant, see Theorem in Sect. 4 An anonymous referee has asked whether our
method can be used to get alternative prove of the main result from the paper [16] by
Takeo. Our results from Sect. 5 not only give an affirmative answer to this question
but in fact are stronger than the corresponding ones from [16].

In a forthcoming publication we plan to generalize results presented he to prob-
lems in multidimensional domains.

Notation By C, respectively R, we will denote the set of complex, resp. real, num-
bers. By C*, respectively R*, we will denote the set of nonzero complex, resp. real,
numbers. A subset Z of C* will be called bounded if there exists » > 0 such that
r<lz| < % for all z € Z. A function f with values in C* will be called bounded, if
the range of f is a bounded subset of C*.

2 Formulation of the problem

Let consider the following differential equation

o M . 1>0.x€[0.1] 2.1
or ax o TERAERD '
together with the initial condition
u,x)=v(x), xe[0,1]. 2.2)

The paper [2] contains results about stability and chaos of the dynamical systems
generated by this equation in various Banach spaces of functions on the interval [0, 1].
In particular we showed that for each such a space there is a threshold A, such that the
semigroup generated by (2.1) is chaotic or asymptotically stable depending whether
A > Xc or A < A.. Our approach to the chaos was based on a classical Avez method
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used earlier by Lasota and Pianigiani [12] and the second named authour [4] to study
the problem of the existence of chaos in the space of Lipschitz functions. The main
aim of the present paper is to present an alternative proof of our results from [2] based
on the aforementioned paper [7] by Desch, Schappacher and Webb. In that paper the
authours proved the following fundamental result.

Theorem 2.1 Let X be a separable complex Banach space and let A be the infinites-
imal generator of a strongly continuous semigroup {T (t)};>0 on X. Let U be open
subset of the point spectrum of A which intersects the imaginary axis iR. For each
y € U let u, be a nonzero eigenvector of A, i.e. Au, = yu,,. For each ® € X*, let us
define a function Fg : U 3 y +— (@, u,, ) € C. Assume, that for each @ € X*\ {0}, the
function Fg is analytic and it does not vanish identically on U. Then the semigroup
{T (t)}i>0 is chaotic on X.

Before formulating the theorem we recall the definition of chaos formulated in
[8, p. 117], see also Appendix A of [2].

Definition 2.2 Let ¢ = (¢;);>0 be a Cp-semigroup of bounded linear operators on a
normed vector space (X, | - |). It is said that ¢ is chaotic iff it satisfies the following
three properties:

(1) ¢ is transitive, i.e. for all x,y € X and ¢ > 0 there exists z € X such that
dist(x, y*(2)) < ¢ and dist(y, y T (z)) < &, where yT(z) is the positive orbit
of ¢ through z, i.e. y*(z) := {1 (z) : t > 0}, see e.g. [10].
(i1) ¢ depends sensitively on initial data, i.e. there exists 8 > O such that forall x € X
and ¢ > 0 there exists y € B(x, ¢) and ¢ > 0 such that |¢; (x) — ¢;(¥)| > B.
(iii) the periodic points of ¢ are dense in X.

Let us now assume that X is a certain Banach space of functions defined on the
interval [0, 1] and an operator A defined informally by the following formula

ou
Au=Au—x—.
0x

For a given complex number y let us define a function u,, by the following equality
u, () =x"7, xe(,1]. (23)

The function u,, is a candidate for the eigenvector u, from Theorem 2.1. Clearly
if u, € X and @ € X*, then the function Fg introduced in Theorem 2.1 has the
following representation

o0

1
Fo(y)=) @(for, veC (24)
k=0 "

where, for k e N,

fix) =x*(—=Inx)*, xe(,1].
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Hence to prove the chaos property of the semigroup generated by the operator A
(whose domain is denoted by D(A)), it is sufficient to show that the following three
conditions are satisfied.

(i) The set {y € C:u, € D(A)} contains an open set with nonempty intersection
with the imaginary axis.
(ii) The set {fx:k=0,1,2,...}is linearly dense in X.

(i)
5 o | Sl

msup,/ —— <00
k—o00 k!

In the following sections we will show how this program will be realized in the
cases when X = LP(0,1) or X = Cg([O, 1]),a € (0, 1).

3 The case of the space L?

In the first we consider our problem in the space L? (0, 1), p € [1,00). Asin [17] it
can be shown that in this case

D(A) = {u € LP(0, 1) : u is almost everywhere differentiable
| 3.D
and / lxu' (x)|P dx < oo}.
0

The function u, defined by formula (2.3) is an element of the space L” (0, 1) if and
only if

1 1
/ lu(x)|Pdx :/ x PRI Py < 00,
0 0

Since fol x"dx is finite iff r > —1, we infer that u,, € L? iff (A —Re(y)) p > —1.
The last condition is equivalent to the following one

Rey <)\+l. 3.2)
p
Moreover, if the condition (3.2) is satisfied, then the function u, is differen-
tiable on (0, 1] and u;/(x) = (A — Re (y))x*Re)=D  Therefore xu;/(x) = -
Re ())x?*~Re() and in view of the equality (3.1) we infer that u, € D(A). Hence
we proved that u,, € D(A) iff condition (3.2) is satisfied.

We are ready to state the main result of this section.

Theorem 3.1 For A > —% the semigroup {T (t)} on the space L? is chaotic.

Proof of Theorem 3.1 Let us fix A € R such that A > —1.
Then the condition (i) is an obvious consequence of condition (3.2).
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Next we shall show that the set of functions of the form
{(0,1]12x > x*(=Inx)"}, neN (3.3)

is linearly dense in L?((0, 1]).
We begin the proof by observing, that each of these functions belong to L? (0, 1].
Indeed, since Ap + 1 > 0 we have

1 oo 00
f X (=Inx)"Pdx :/ e M e s :/ e~ OPTDs b s < 0.
0 0 0
For a function f € L?(0, 1) define a function / f by the formula

If)=f(e™)e 7, xe(0,00).

One can easily show that I f belongs to L? (0, co) and that the map 7 : LP(0,1) —
L?(0, 00) is an isometric isomorphism.
Moreover, the image by I of the set defined in (3.3) is equal to the set

1 )
{y> e 97 n e Ny,

which, by [11, Proposition on p. 160], is linearly dense in L? (0, co). This proves that
the condition (ii) holds.
It remains to show the condition (iii) holds as well. For this aim we notice that

1

1 P
Il fill o = < / x*P(—lnx)dex)
0

Using the change of variables z = —(Ap + 1) Inx we obtain the following equality,
fork e N,

1

1 00
1

1 kpd =—/ kp_zd =—— —T'(kp+1).

/ox (I = e Jy 2 = e Gt D

Hence, we have

1

?
I fiellLr = F(kp+1)> , keN

1
((Ap — Dkt

and consequently

1 1

W I fillr 1 NG R 1 Ckp+ D)%

kK 14L& N 1+ [
p+1) 7w (kDE p+1D'FTw Lk+ Dt

lim 4 fallr p
im = < 00,
k—o00 k! Ap+1

which concludes the proof of condition (iii). In view of Theorem 2.1, Theorem 3.1
follows. O

Therefore
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4 The case of the Holder spaces

Let us assume that « € (0, 1]. By C*([0, 1]) we denote the Banach space of all com-
plex valued Holder continues functions with exponent « equipped with the standard
norm:

[vlceqo,1)) = [vlLe0,1) + Hi,a(V),
where

H,,a(v)=sup{M:x,ye[o, 1],0<|x—y|<r}. 4.1)

lx — y[*

By ¢*([0, 1]) we denote the closed subspace of the Banach space C*([0, 1]) consist-
ing of those v € C¥([0, 1]) which satisfy

lim H, o (v) = 0. (4.2)
r\0

As in [2] we put
Vo =v € c*([0, 1]) which satisfy the conditions: v(0) = 0.

Obviously, V, is a closed subspace of ¢* ([0, 1]).

The restriction of the function Hj o to the space V, is a norm on that space
which is equivalent to the norm induced by the original norm induced from the space
([0, 11).

As in [17] it can be shown that in this case

D(A) ={ueVy:uecC'([0,1]) and u'(-) € V,}. 4.3)

Before we formulate the main result in this section let us introduce some auxiliary
notation. We begin with recalling that the Sobolev space OWI’p ([0, 1]) is the Banach
space of all f € L?(0, 1) such that the weak derivative f’ belongs to L?(0, 1) and

f(0) =0. Alternatively, Wl’p ([0, 1]) is the Banach space of all absolutely continu-
ous functions f : [0, 1] — R such that f(0) =0 and the derivative f’ (which exists
as f is differentiable almost everywhere), belongs to L?(0, 1). The classical norm

on OWl’p([O, 1), the one inherited from W7 ([0, 1]), is equivalent to the following
one

1
11 s ::f0 £ O d.

Moreover, the space wh? ([0, 1]) is isometrically isomorphic to the space L? ([0, 1])
and the corresponding isomorphism is the derivative map

D:yWhP([0,11) 3 f > f € LP([0, 1]).

Let us recall that according to the Morrey’s inequality, see [9, Sect. 5.6, Theorem 5],
ifl —a> %, then OWl’p ([0, 1]) is continuously embedded into the space V,,. More-

oVver, OWl’p ([0, 1]) is a dense subset of V. Indeed, if u € V, then we can define
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a piece-wise linear function on u, : [0, 1] — R such that un(%) = u(%) for every
k=0,...,n.Itis easy to notice, that

|Un(x)_vn(y)|<4 sup (&) —u(m)l

|x — y|*

: (4.4)
o<l—pi=t &7

where v, =u — u,. Since the functions u, belong to W , for every p > 1 and by
(4.2) Hy o (up — u) — 0, the proof of our claim is complete.

Theorem 4.1 If A > « then the semigroup {T (t)} is chaotic in the space V.

Proof Analogously to proof of the Theorem 3.1 we notice, that the function u,,
defined by (2.3) belongs to V,, if and only if Re (A — y) > «. Since the function
[0,1] > x = x” belongs to V, if and only if Rep > « we infer that u, € V, for
Rey < A — a. Moreover, by (4.3) it follows that in this case u, € D(A) as well.

Let us now fix A € R such that A > «. Let us choose an auxiliary number p such
that A — 1> L.

First we shall prove, that the set of the functions

{[0,1]3x —~ x*(=Inx)" :n e N}

is linearly dense in V.
Let us define a function gé by

g ) =x*(=Inx)", xe€(0,1].

We can notice, that

Dgl=xrgt ' —ng~|.

n

Since D : OWl’p([O, 1]) — LP([0, 1]) is an isomorphism and the set {g,kl_1 :n €N}
is linearly dense in L” ([0, 1]), we infer that the set {g,),‘ :n € N} is linearly dense
in OWI’[’([O, 1]). Since Wl’p([O, 1]) is dense in V,, it follows, that the set {g,kl :neN}
is linearly dense in V,, as well. This completes the proof of condition (ii).

Now, we shall prove, that

. i L fxll
limsup ./ —— < 00,

k—00 k!

where || - | = - [lv,. Clearly

fe)E =xa(—Inx)e, xeO,1].

k
Atk 1 1 k\ «
= "XP("‘(E‘X))(X) o xe@ A
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_ itk NERRAYL: §| |
exp| —k|——— - x-
Y P o A A Y

. . 1. .. .
Since o < 1 the function x — x« is convex and vanishing in 0,

Hence, for all x, y € [0, 1]

)T — fy)e

0 = O = | fe@s = fl)F|, xy €01,

Therefore, for all x, y € [0, 1],

| fi0) = i)l = (Aaﬂ)aexp(—k (1-3)) (; =l

Hence

I fellv, < (#)aexp(—" (1-3)) G)k

from which it follows that

and thus

This completes the proof. O

5 The case of non-constant function 7

In the paper [16] a theorem similar to our Theorem 3.1 has been proved but with
the constant A being replaced by a continuous function % : [0, 1] — C satisfying the
following two conditions.

1. There exists a number § > 0 such that Re 2(x) > 0 for x € [0, §].
2. Reh(x) > —4,x €0, 11.

Takeo’s result is different from ours, because for A < 0, a constant function 4 = A
does not satisfy condition (1). We will prove a result stronger than Theorem 3.5 in
[16]. For this purpose let us consider the following first order partial differential equa-
tion.

—t—i—x—u:h(x)u (5.1)

At first we will show that the asymptotic behavior of the Co-semigroup generated by
equation (5.1) depends only on the behavior of the function % in the neighborhood of
0. To be precise we will prove the following.
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Proposition 5.1 Let X be a Banach space consisting of complex valued functions
defined on the interval [0, 1]. Assume that h and h the two continuous C-valued
functions defined on [0, 1] such that for some § > 0

h(x) =il\(x), for every x € [0, §].
Consider also the following differential equation
u ~
— +x— =hx)u. 5.2)
x
Assume, that both equations (5.1) and (5.2) generate Cy-semigroups on X denoted

by, respectively, {T;};>0 and {T}}tzo.
Then, there exist such ty > 0 and a continuous function g : [0, 1] — C*, such that

gx)=1 forxel0,e ] 5.3)
and

Tou=gTiu foreveryt > to. (5.4

Proof Let us begin with the observation that for every u € X we have

0
T;u(x) =exp (/ h(x es)ds> u(xe™), xel0,1] (5.5)
'

and
o~ O/\
Tiu(x) = exp (/ h(x es)ds) uxe™), xel0,1]. (5.6)
—t

Let us next choose fy > 0 such that e < §. Let us then take ¢ > t3. Then we have
the following train of equalities for every x € [0, 1].

0
T;u(x) = exp (f h(x es)ds> u(xe™)

—t

i 1

=exp (f Oh(xe“)ds—i—/ h(x es)ds> u(xe™)
—t —to
—toA 0

=exp (/ h(xes)ds+/ h(x es)ds> u(xe™")
—t —1y

—1 0 1
exp (/ sz\(xey)ds—i—/ ﬁ(xes)ds—/ h(xe')ds

—t —1y 0

1
+/ h(xes)ds>u(xe_’)

fo
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0 0
= exp ( / (h(xe') —h(xe")) ds> exp ( / (x eS)ds) u(xe™)
—1p —t

0
=exp (f (h(x ') — h(x es)) ds) Tu(x).

—tp

This implies that with a function g defined by the formula

0
g(x) =exp (/ (h(x e’ —h(x es)) ds) , xe€[0,1]. 5.7
—t
we have, for every ¢t > 1y,
Tou(x) = g Tux), xe[0,1]. (5.8)
The proof is complete. O

Remark 5.2 1If the operation of multiplication by the function g is an isomorphism of
X, then the chaos property of the system generated by (5.1) is equivalent to the chaos
property of the system generated by (5.2).

Justification of the claim made in Remark 5.2 Let us denote by € the linear operator
of multiplication by g. It follows from formulae (5.5) and (5.6) that the functions 7;u
and ﬁu depend only on the values of u on the interval [0, e *]. Therefore, assumption
(5.3) implies that g(x)u(x) = u(x), on this interval, provided that # > 3. Hence, we
infer that 7,€ = T; for ¢t > ty. On the other hand, in view of Proposition 5.1, from
assumption (5.3) implies that 7;¢€ = (’lﬁ. [l

Example 5.3 Let X = L ([0, 1]). If a function g : [0, 1] — C*- is bounded, then the
linear operator & of multiplication by g is an isomorphism of L ([0, 1]). Since the
function g : [0, 1] — C* defined by equality (5.7) is continuous and hence bounded,
we infer that the corresponding operator & is an isomorphism of L7 ([0, 1]).

Example 5.4 Let X =V for some « € (0, 1]. Assume that both functions 4 and n
belong to the space ¢* ([0, 1]). Then both equations (5.1) and (5.2) generate a Cp-
semigroup on V,, and, by Proposition A.1, the operator € is an isomorphism.

Now we shall prove the theorems analogous to 3.1 and 4.1 in the case if / is not
constant.

Theorem 5.5 Let h : [0, 1] — C be the continuous function satisfying the following
condition

(H) There exist numbers § > 0 and A > —% such that
Reh(x) > A forx €][0,4].

Then the Cy-semigroup generated by equation (5.1) on the space LP is chaotic.
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Remark 5.6 It is obvious, that if a continuous function % : [0, 1] — C satisfies condi-
tions (1) and (2) from the beginning of this section, then /4 also satisfies our assump-
tion (H). Hence our theorem 5.5 is stronger, than that in [16]

Proof Let us choose A and § > 0 so that assumption (H) holds. Hence, the function
p: [0, 1] — C defined by

1 _
p(x) =exp (—f Mds) , xe€l0,1], 5.9)

N

is well-defined, continuous and p(0) = 0. In particular, p is a bounded function.
Therefore, the multiplication by p defines a bounded, injective linear operator R on
the space L?. It is easy to verify that if u is a solution to problem (2.1), then & defined
by the following formula

u(t,x) = p@@u(t, x)
is the solution to problem (5.1). Moreover, the diagram

T;
Lp—>Lp

LP —— L?
where {ﬁ}zzo, resp. {T;};>0, is the dynamical system generated by (5.1), resp. (2.1),
is commuting.

To complete the proof it is sufficient to show that the range of R, i.e. the set R(L?),
is dense in L?. To prove this let us notice that for every ¢ > 0 there exits § > 0 such
that p(x) € [8, §] for all x € [¢, 1].

Take now u € L” and let define an L7 (0, 1)-valued sequence (u,),_ by

u(x), ifxe 1],

n’

Unp(X) =
=10, if x € [0, 1.

Clearly lim,,_,  ||tt;, — u|| L» = 0 and by the property of p the functions '%” belong
to L?. Therefore, u, = R(%) € R(L?) what completes the proof. O

The above Theorem 5.5 can be generalized to the framework analogous to the one
studied in [16].

Theorem 5.7 Assume that o € (0, 1]. Assume that h : (0, 1] — C is a Lebesgue mea-
surable function satisfying the following condition.

(H2) There exist a real number A such that A > « that

[

Then the Cy semigroup generated by equation (5.1) on the space Vy is chaotic.

Reh(x) — A
x

‘ dx < oo. (5.10)
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Proof From the condition (5.10) it follows that

i

Define next a function p : [0, 1] — C by the following formula

1 J—
p(x) =exp <—/ h(s)s7)»ds> , xel0,1].

It follows from the above formula that

1 _
L :exp / Mds . X € [01 1]
p(x) X s

and hence, in view of (5.11), both functions p and % are bounded and Lipschitz on
[0, 1]. Hence by Proposition A.1 the operator R of multiplication by p is an isomor-
phism of V. We can complete the proof by following the same argument as in proof
of Theorem 5.5. d

Reh(x) — X
x

dx < o0. (5.11)
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Appendix A: Multiplication operators in the space V,

We will prove the following result.

Proposition A.1 Assume that o € (0, 1]. Then for all g € c*([0, 1]) and u € V, the
product gu belongs to V. Moreover,

Hy o (gu) < |8|L0,1)Hr,a(u) + Hy o ()L (0,1)- (A.1)
Proof Take and fix g € ¢*([0, 1]) and u € V,,. Obviously gu € L*°(0, 1) and
lgulpoe < [glroelulroe.
Moreover, for x, y € [0, 1] such that x # y:

8@ — 8O _ ) w8 g0
RS byl eyl T

Hence, for every r € (0, 1], we have

Hr,a(gu) =< |g|L°° Hr,a (u) + Hr,ot(g)|u|L°°' (A2)
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In particular, taking » = 1, we deduce inequality (A.1). It remains to prove that gu €
V- But, taking the limsup,_, in (A.2) we infer that

lim sup Hr,a (gu) = |g|L°° lim sup Hr,a (u) +lim sup H}’,Ot(g) |u| oo

r—0 r—0 r—0

The last inequality concludes the proof. g

Remark A.2 As far as we are aware Proposition A.1 is known in the case of spaces
C*, see for instance [1]. Another proof of Proposition A.1 would be to use this result
together with the fact that the spaces ¢* and V, are closures in the C* space of
appropriate spaces of smooth functions.
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