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Abstract In most FEM codes, the isotropic-elastic
and transversely anisotropic-elastoplastic model using
Hill’s yield function has been widely adopted in 3D
shell elements (modified to meet the plane stress
condition) and 3D solid elements. However, when the
4-node quadrilateral plane strain or axisymmetric
element is used for 2D sheet metal forming simulation,
the above transversely anisotropic Hill model is not
available in some FEM code like Ls-Dyna. A novel
approach for explicit analysis of transversely aniso-
tropic 2D sheet metal forming using 6-component
Barlat yield function is elaborated in detail in this
paper, the related formula between the material
anisotropic coefficients in Barlat yield function and
the Lankford parameters are derived directly. Numer-
ical 2D results obtained from the novel approach fit
well with the 3D solution.
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1 Introduction

In order to accurately simulate sheet metal forming
processes, it is essential to describe correctly the
material constitutive behaviors. Since most sheet
metals exhibit anisotropic material behaviors, the use
of appropriate anisotropic yield criterion is important
to predict material behaviors accurately. Moreover,
anisotropy has an important effect on the strain
distribution in sheet metal forming process, and it is
closely related to thinning and formability of sheet
metal, so the anisotropy of the material should be
properly considered to capture the realistic material
behaviors.

The influence of plastic anisotropy on sheet metal
forming has been studied with the help of FEM codes
combined with appropriate anisotropic yield func-
tions. Many such functions have been proposed. The
quadratic yield function by Hill (1948) has long been
one of the popular choices to represent planar
anisotropy and has been widely used in FEM forming
simulation. Several non-quadratic criteria were devel-
oped by Hill (1979, 1990), Hershey (1954), Hosford
(1972), Bassani (1977), Gotoh (1977), Logan and
Hosford (1980), Barlat and Lian (1989), Karafillis and
Boyce (1993), Bron and Besson (2004), Banabic et al.
(2005) and Barlat et al. (1991, 1997, 2003, 2005). In
general, Hill (1948) has been useful for explaining
phenomena associated to anisotropic plasticity par-
ticularly for steels, the others can be used to improve
the yielding description of aluminum alloys. But in
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many circumstances Y1d89 (Barlat and Lian 1989),
Y1d91 (Barlat et al. 1991) can be used for steels or
aluminum alloys. In particular, the yield criteria
Y1d89 for planar anisotropy, and Hill (1990) have
three stress components and are applicable to plane
stress condition. The analytical forms of these criteria
are relative simple. The criteria Y1d91 account for six
stress components and can be applied to general 3D
elasto-plastic continuum codes. Barlat et al. (2007)
have made detailed discussion about the relation
between these yield criteria. In fact, YId91 is a
particular case of Y1d2004-18p (Barlat et al. 2005),
Y1d89 is a particular case of Y1d2000-2d (Barlat et al.
2003), the yield function proposed by Banabic et al.
(2005) is identical to Y1d2000-2d. In some special
conditions, Y1d91 can reduce to Hill (1948), Mises or
Tresca yield function.

Section analysis provides a faster and more efficient
alternative procedure for analyzing complex part
shapes in some cases. In this procedure, a cross
section is selected from the tooling along a direction of
interest. The problem is then analyzed in 2D, assuming
plane strain or axisymmetric conditions. Although
most sections in sheet forming do not completely
satisfy such assumptions, there are still many local
sections in a complicated sheet forming process which
can be successfully simulated by 2D section analysis.
In general, this method can provide a quicker analysis
and designers can modify local geometry of tools with
experience at preliminary design stages.

The present study attempts to conduct an explicit
section analysis of 2D sheet metal forming using the
4-node quadrilateral plane strain element. In most
FEM codes, the isotropic-elastic, transversely aniso-
tropic-elastoplastic model proposed by Hill (1948) has
been widely used in 3D shell elements (modified to
meet the plane-stress condition) and 3D solid elements.
However, the above transversely anisotropic model is
not available for simulating 2D sheet metal forming
process using 4-node quadrilateral plane strain or
axisymmetric element in some FEM code like Ls-Dyna
(Hallquist 2007). In this paper, a novel approach for the
explicit analysis of transversely anisotropic 2D sheet
metal forming using 6-component Barlat yield func-
tion (Barlatetal. 1991) is proposed, the related formula
and parameters are derived directly in detail, the
numerical 2D results obtained from the novel approach
fit well with the 3D solution.
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2 Fundamental theory
2.1 Basic finite element equation

The sheet metal forming process can be treated as a
dynamic contacting problem. In the forming process,
the whole system should satisfy the following finite
element equation:

MU — Fext +FC _ Fint (1)

where F¢ is the vector of external force, F¢ the vector
of contact force, F™ the vector of internal force, and
M the mass matrix. In the explicit algorithm, Eq. (1)
can be solved as follows:

i, =M, (" + F; - ') @)
Un+1/2 = Un71/2+At'Un (3)
Upi1 =U, + At - Un+1/2 (4)

If a concentrated mass matrix is assumed, it is not
necessary to solve the assembled equations since the
mass matrix becomes diagonal. The acceleration
vector U, at 1, can be solved by Eq. (2) furthermore,
the displacement vector U, | at #,, can be solved by
Egs. (3) and (4).

2.2 Transversely anisotropic model

2.2.1 The general Hill orthotropic anisotropic
yield criteria

In 1948, Hill proposed a orthotropic anisotropic yield
function (Hill 1948) according to Mises criteria:
2f =F(a2 — 633)°+Q0(033 — a11) +H(011 — 022)’
+2Lo3; +2Ma3, + 2Nat, = 1

(5)
where F, Q, H, L, M and N are anisotropic constants
relating with the material yield behaviors. When
F=Q=H=L/3=M/3=N/3, (5) reduces to
Mises criteria. For the general anisotropic material
behaviors, they meets the follow condition:

F+H=1/s,, Q+H=1/o,, F+Q=1/c,

8527
L=1/20,, M=1/25., N=1/20,, (6)

§317

where o, , 0,,,0y,, 0,,, 05, and oy, are the tension or
shear yield stresses in corresponding directions.
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2.2.2 Transversely anisotropic criteria

For the plane strain problems, Hill’s orthotropic yield
function can be simplified:

2f = F(on — 033)" + Q03 — on1)° )
—I-H(U“ — 0'22)2 +2MO'§1 =1

For transversely anisotropic sheet material,
F =0, o5, =0,,. The following relation can be
derived from (6).

Q=1/20,; H=1/o, —1/20, (8)
The Lankford parameter is determined as follows:
R:gfl/‘%:élzjz/ég,%:H/Q:Z(’i/ai*1 9)

2.3 6-Component Barlat model

A more elaborate yield model (Barlat et al. 1991,
1997) was proposed (Y1d91) where the yield function
is formulated in the following way:

q)(Sk(O-ij,a,b,C,f,g,h,m))
= |S1 — 52|m—|—‘52 - S3|m+|S3 - S1|m: 26" (10)

In this equation S; (k = 1-3) represents the three
eigenvalues of the following matrix:

cC;bB hH gG
aA—cC
’;

Sxx Sxy S
S= Sy Sy S| = hH
3y bB—aA

Sz Syz Sz gG F 3

(11)
where

B =0, — 0y,
H=o0,

A =0y, — 0y, C =0y —0y

F=o0y, G=o,,

(12)
From (11) the characteristic equation for computing
the three eigenvalues of the matrix can be expressed
as:

P(Sk) = det|s — SkI| =0

13
Sy — 30,87 — 35,8, —21; =0 (13)

where I is the identity matrix, I, I, and I3 are the
following tensor invariants:

L = (Sxx + Syy + szz)/3 =0 (14)

L= (siz + six + sfy — SyySzz — SzzSxx — SxxSyy)/3
() + (6)° + (bt
3
| (aA - ¢C)* + (¢C — bB)* + (bB — aA)*
54

(15)
I = (25y;5.8xy + SeeSyySzz — s,(xsiZ - syysir — szzsjzry) /2

(¢C — bB)(aA — cC)(bB — aA)

= 51 + fehFGH
_ (cC = bB)(fF)’
6
_ (aA — cC)(gG)* 2 (bB — aA)(hH)? (16)
Bzarccos<52>, 0<0<n (17)
12

Therefore, the 6-component Barlat anisotropic yield
function (Y1d91) can also be expressed as:

® = (30,)"/ 2{ [2 cos (29; ﬂ)} "
S

= 25" (18)

In fact, if m = 2 or 4, Y1d91 reduces to Hill (1948)
model; it can further reduce to Mises model if
a=b=c=f=g=h=1.Ifm=1 or c, and
a=b=c=f=g=h=1, Yld91 reduces to Tres-
ca model.

1/m
O =25" =2f", f= (%) (19)

1/m—1
of 1((1)) oD 1 oD 0)

do, 2m\2) 3o, Zmo"da,

After some manipulations, Eq. (20) can be described
explicitly in details, given in Appendix.

2.4 The relation between material anisotropic
coefficients

In general, the Lankford parameters R in three
directions (i.e., 0°, 45° and 90°) should be available
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when sheet metals are provided. On the other hand,
the six material anisotropic coefficients a, b, c, f, g
and h are generally not available. In order to use
the above derived model, it is necessary to obtain
their quantitative values from the Lankford param-
eters.

The arbitrary Lankford parameters R, can be
described as:

&
where & is the plastic strain rate which is perpendic-
ular to tensile axis of the uniaxial tensile sheet
metal specimen, & the plastic strain rate which is
along the thickness direction of sheet metal, and ¢ the
angle between the tensile axis and the rolling
direction.

The stress status of a body unit in the uniaxial
tensile sheet metal specimen is shown in Fig. 1. From
Fig. 1 it can be obtained that:

(21)

Oy =0118in¢cose, on =01 cos® ¢,

Oyy = 011 sin? ¢

&l = cos qSep + sin? $&), + 2sin ¢ cos P&,

&, = sin® &, + cos® &, — 2sinpcos P, (22)

Assuming that the sheet metal material is incom-
pressible, the Lankford parameter can be derived:
& &

Ry=1— (23)
& éy+ iy
Substituting formula (22) into Eq. (23), it can be
obtained:

sin” i+ cos? i

R — — »
¢ L+ &,

— 2sin ¢ cos gL

(24)

According to the related flow criteria, the relation
between Ry and the yield function can be
derived:

sm2(j>af + cos? qS

f f
(@an + ao‘vv)

Applying formula (20), Eq. (25) can be represented in
detail as follows:

sin” ¢ aa

Ry = — “n o (25)
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W ohL W | mW oL | oW
00, 2 I, 0oy, 00y

el
D
Q
g

/Y~

mWoh | W\ oi,2
2 1, 30y + aUxx) Sin ¢

mW b ow

ﬂ aIZ _|_ ow
O | 00y 2 I, da,, ' Qayy

0
mW 0h oW
(2 I, 0oy, + 60'”) cos d)

w ol w mW oL ow
I + 6 + 2 I aan Baw

%,ﬂ (aalz sin2¢ — 812 sm ¢ — 612 - cos qb)

mW (0L 0 oW oW
25 (60” + aaw> + 001y + 00y

(aa sin2¢ — sm ¢— cos ¢>
. mw (oL _ ol W oW (26)
53 (aajx—’_ﬁi) +60 +aa)

In order to obtain the relation explicitly between R,
and the six material anisotropic coefficients a, b, c, f, g
and h, for simplicity and not losing generality, it can be
obtained by assuming m = 2:

20 20 — 20+5
W = 4cos’ +7I—|—4<:0s2 n+4c052 : n
=6
8 20 20 20 -3
K(O,n):—3<cos ;_nsin ;_n+cos 5 r
. 20 —3n 2045 . 20+ 5%
X sin sin
6 6
=0
ow o0
=K(0 =0
66,']‘ ( ’ TC) 66,~,-
alz -sin2¢ — 612 -sin 2o — 612 -Co8 2
= 612 A
00, 00y
B 18h*H sin2¢
(2@ +ab)A — (2b2 + ab)B + (bc — ac)C
B sin® [(ab — ac)A — (2b* + be)B + (2¢* + be) (]
(2a?> + ab)A — (2b> 4+ ab)B + (bc — ac)C

cos? ¢[(2a* + ac)A + (bc — ab)B — (2¢* + ac)C]
"~ (2a® +ab)A — (2b% + ab)B + (bc — ac)C
(27)

Applying formula (12) and (22), it can be obtained:
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Ry
_ 2sin*¢cos? ¢ (1812 —a® — b —4c> —2bc —2ac+ab)

 2(b?+bc)cos? ¢p+2(a?+ac)sin® ¢+ (ab—ac — be)

N (2¢®+ac+bc—ab)
2(b2+bc)cos? p+2(a? +ac) sin’ ¢+ (ab — ac — bc)
(28)

Substituting three angles (¢ = 0°, 45°, 90°) into
Eq. (25), it can be obtained:

2¢2 + ac + bec — ab

= 29

O 2B ¥ be + ab — ac (29)
1842 —a* — b* —ab

Rys = 30

7242 4267 + 2ab (30)
2¢% + ac + be — ab

Roo = (31)

" 2a2+ab + ac — be

The three Egs. (29)-(31), contain four unknown
coefficients a, b, ¢ and h. They can’t be solved
deterministically. However, it is noted that the
coefficients f, g and h represent the influences of
material anisotropy applying to the stress component
(0y;, 0., 0Oy). For isotropy materials, the six
coefficients a, b, c, f, g and h are all equal to 1.
When the anisotropy of the sheet metal is described,
it can approximately be made that f = g=h = 1. It
is now possible to solve a, b and ¢ in the assembled
Egs. (29)-(31).

For transversely anisotropic sheet metal, it’s easy to
see that:

R() = R45 = Rg() =R= 20’?3/6?1 —1 (32)

The three coefficients a, b and ¢ can be solved in the
Eq. (32).

Fig. 1 The stress status of a body unit in the uniaxial tensile
sheet metal specimen

3 Numerical example

The tool geometry data of sheet metal drawing and
bending is defined in Fig. 2, the plate is L x W x
H =210 x 40 x 0.65 mm, and the hoderforce is
32 kN. The material property of the sheet is the
isotropic-elastic transversely anisotropic-elastoplas-
tic, whose parameters are listed below:

E=21x10"MPa, v=0.3,
o5, = 05, = 330 MPa, o,, = 495 MPa
E W =E,=210MPa, u=0.15

where p is Coulomb friction coefficient. For trans-
versely anisotropic sheet metal, we assume f =
g = h =1 as discussed earlier. For BCC materials,
when YI1d91 is used, let m = 6, but the three
coefficients a, b and c can still be solved from (32)
for simplicity and almost not losing accuracy. For
this example, they are a=b =0.866,c=1.
688. A 320 x 4, mesh of 320 elements along the
length direction and 4 elements across the thickness
are used. The plane strain element in Ls-Dyna code
is used. The deformed shapes and distributions of
equivalent stress at punch depth 60 mm are shown
in Fig. 3. It can be seen from Fig. 3 that the peak
equivalent stress appears near the corner of the die.

In Fig. 4, the 3D solution using the same Barlat
model and the 3D BT shell element model is provided
by Ls-Dyna code. Figure 5 shows the punch force as a
function of the time for the 2D and 3D results. From
Figs. 3 and 4, it can be concluded that the peak
equivalent stress and equivalent stress distribution of
the 2D results are almost same as those of the 3D
results. From Fig. 5, it shows that there is a good
agreement of punch force between 2D and 3D results.

@?-75 ‘%ioo
il | GV TR

210.00

Fig. 2 Initial sheet shape and tool data
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302426971
355777466 I
[ 329.127991
302478485
275.828079
249.179504
222520000
195680508 .
169231018
142581528
115.932030
89.282539
62633041
35983561

9.334056

2D solution

Fig. 3 Deformed shapes and equivalent stress at punch depth
60 mm

ITI200878 o
MEL01733 l
320.553558
204205383
267857208

241509033

215160873
188.812608 .
162464523
136116348

109.768181

BIAZ0013

ST.OT1842
30.723671
4375501

3D solution

Fig. 4 Deformed shapes and equivalent stress at punch depth
60 mm

Therefore, the novel approach for transversely aniso-
tropic section analysis is successful and valid.

4 Conclusions
The explicit analysis of transversely anisotropic plane
strain sheet metal forming is implemented in Ls-Dyna

code using 6-component Barlat yield function. The
related formula and parameters has been derived
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4 8 12 16 20 24
Time(s) *E-3

Fig. 5 Comparison of 2D and 3D results for punch force versus
time

explicitly. The transversely anisotropic property of
sheet metal can be described by the three parameters a,
b, and c. Numerical results demonstrated the validity
of this approach.

Acknowledgments This work was financially supported by
Shanghai Leading Academic Discipline Project (J51402) and
Shanghai University of Engineering Science Scientific
Development Fund (2009xy07).

Open Access This article is distributed under the terms of the
Creative Commons Attribution License which permits any use,
distribution, and reproduction in any medium, provided the
original author(s) and the source are credited.

Appendix

It’s made that:
W =< [2cos 26+ m + |2 cos M
6 6
{ <20 + Sn)]m
+|—2cos 6

(33)
From formula (18), then:
b 3(3L)""? mj20W
- m/2 mW 612 ow
= (3I. ———t— 4

where:
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W oml, (PO (20t O _ oniG — L (6B — aryi2H (41)
do; | 3 6 f\76 00y 3

m {2 cos 20 — 371] . <29 - 371)
_ -tg .

3 6 6 References

_(_l)mm 2c0520+5n mt 20 + 57\ 00
3 c | *\ s 30,

= —z—mmﬁ cos™ ! 20+ m sin 20+ m

3 0oy 6 6

4o ! 20 — 3w\ sin 20 —3n
6 6

20+5 20+5
+(=1)"cos™! 1M G (22T (35)
6 6
3/2 3/2-1
00 1 z%]z/ _13%12/ §—f5
do; 2 3/2\?
() )
33 -2, gg
=% 36
2b\/ I — I3 (36)
where:
0L c(cC—aA)+ (b+c)(cC—bB) +b(aA — bB)
00, 27
(37)
oL  (a+c)(aA —cC)+c(bB —cC)+a(aA — bB)
ooy 27
(38)
ol 2
2 _Zp’g (39)
0oy, 3
o (k- pR)F) +(ad &) (g6)
do 26
_ (b8 —af)(hH)
6
N (% —b&)(aA — cC)(bB — aA)
54
N (cC —bB)(al — c%)(bB — aA)
54
N (cC — bB)(aA —54CC) (bZ —ald) (40)

(where:o = g, or gy, )
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