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Abstract This paper considers two-person non-zero-sum games on the unit square
with payoff functions having a new property called poor convexity. This property
describes ‘“something between” the classical convexity and quasi-convexity. It is
proved that various types of such games have Nash equilibria with a very simple
structure, consisting of the players’ mixed strategies with at most two-element sup-
ports. Since poor convexity is a basic notion in the paper, also a theory of poorly
convex functions is also developed.

Keywords Nash equilibrium - Two-person sum game - Non-zero sum game -
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1 Introduction

The problem of existence of the solution introduced by Nash (1951) for noncoopera-
tive games, is widely studied in the literature. In particular, many of such results have
been obtained under assumptions related to different types of concavity or convex-
ity of payoff functions, possibly discontinuous. We can mention here several recent
papers like Bich (2009), Carmona (2009), Carmona (2010), McClendon (1986) and
Potowczuk et al. (2007).

The aim of the paper is to study the problem of the existence of “‘simple” Nash equi-
libria formed by so-called two-point strategies, that is such mixed strategies whose
supports consist of at most two of players’ pure strategies. We examine this problem for
two-person non-zero-sum games on the unit square with payoff functions possessing
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some new properties called poor concavity and poor convexity. It is worth mention-
ing that several results of this type were found both for finite games (Potowczuk
2006, 2003; Potowczuk et al. 2007; Radzik 2000) and for games on the unit square
(Parthasarathy and Raghavan 1975; Radzik 1991, 1993) with convex and concave
payoff functions.

Five new “existence theorems” are proposed for games in which players’ payoff
functions are poorly concave or poorly convex in various configurations. This new
notion of poor convexity is a natural generalization and extension of the classical
convexity. In the paper, we develop the theory of poorly convex functions, using these
results further in the proofs of the theorems.

The organization of the paper is as follows. Section 2 is devoted to preliminary
definitions and some background results which are a starting point for our study. In
Sect. 3 we introduce the new basic notions of poorly convex functions and discuss
them. In Sect. 4 we present our five main results about the existence of Nash equilibria
in games. Poorly concave functions and their properties are studied in Sects. 5 and 6,
while Sect. 7 contains the proofs of the theorems.

2 Preliminary results

In this section we introduce preliminary notions and quote three basic results from
the literature (Theorems A—C) which are an inspiration for our considerations in the
paper.

Throughout this paper we consider only two-person non-zero-sum games on the
unit square, that is the games with normal form

I'= ({1, 2}, {X1, Xa}, {F1, F2}) (D

where

1. {1, 2} is the set of two players;

2. fori = 1,2, X; = [0, 1] is the interval space of pure strategies x; of Player i.

3. Fi(x1,x2) and F>(x1, xp) are bounded functions on X; x X», and for i =
1,2, Fi(x1, xp) describes the payoff function of Player i, in the situation when
Players 1 and 2 use their pure strategies x| and xj, respectively.

A mixed strategy for Player i is any probability measure u; on X;,i = 1,2.
We will also write F;(ui, u2) = [ [ Fi(x1, x2)dpi(x1)dua(xz) for i = 1,2. So
Fi (w1, pup) describes the expected payoff of Player i when Players 1 and 2 use their
mixed strategies (1 and wo, respectively, and the vector (Fy (w1, (2), Fa(ie1, n2)) is
the payoff vector corresponding to the pair (i1, (2).

A (mixed) Nash equilibrium in game I" is any pair (u], u3) of players’ mixed
strategies that satisfy the inequalities

Fi(uy, u3) = Fi(ui, u3) and  F(uj, u3) = Fa(uy, na)

for all mixed strategies p1 and o of Players 1 and 2, respectively. When these two
inequalities hold up to an & > 0, the pair (u}, u3) is called an s-Nash equilibrium.
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Poor convexity and Nash equilibria in games 171

The main problem we consider in our paper is the existence of Nash equilibria
consisting of two-point strategies in game I". By definition, a two-point strategy is any
pure strategy or mixed one with support consisting of at most two pure strategies, and
will be denoted by ad, + (1 —a)d, with 0 < o, x, y < 1. Here and throughout the
paper, §; is a degenerate probability distribution concentrated at point ¢ and will be
identified with a pure strategy ¢ , 0 < ¢ < 1. So a two-point strategy ad, + (1—a)d,
prescribes a player to choose pure strategy x with probability « and pure strategy y
with probability 1 —«. It appears that two-point strategies (in spite of their simple
form) play an essential role in describing Nash equilibria in wide classes of games.

To begin with, we recall three results concerning games I" on the unit square in
which the conditions for the existence of Nash equilibria in two-point strategies are
described. These results are a starting point for our study.

First background theorem belongs to Glicksberg (1952) and relates to the existence
of Nash equilibrium in pure strategies for general n-person games. We quote his
result only in the version for a two-person game on the unit square of the form (1),
better suited for our discussion. We recall here that a real-valued function f on [0, 1]is
quasi-concave, when for each real ¢, the set {x : f(x) > c} is convex. In the analogous
way, a quasi-convex function is defined (after replacing “>" by “<)”. Of course, every
convex (concave) function is quasi-convex (quasi-concave).

Theorem A Assume that the payoff functions Fi(x1, x2) and F>(x1, x3) are contin-
uous on the unit square [0, 112, and quasi-concave in xi and x», respectively. Then
game T possesses a Nash equilibrium in pure strategies.

The second theorem belongs to Parthasarathy and Raghavan (1975) and can be seen
as complementary to Theorem A.

Theorem B Assume that the payoff functions F1(x1, x2) and F>(x1, x2) are contin-
uous on [0, 1]2, and Fy(x1, x2) is concave in x1. Then game T possesses a Nash
equilibrium of the form (8, Béc + (1 — B)éq) with0 < B,a,c,d < 1.

The third result (Theorem 2.3 in Radzik 1993), also essential for our further con-
siderations, is a “convex version” of Theorem B.

Theorem C Assume that for a = 0, 1 the payoff functions Fi(a, x2) and Fy(a, x3)
are continuous in x3, and F1(x1, x2) is convex in x1. Then game T possesses a Nash
equilibrium of the form (ado + (1 — )81, Bé. + (1 — B)éq) with0 <, B,c,d < 1.

When the quasi-concavity of the payoff functions is omitted in the assumption of
Theorem A, then there still exists a Nash equilibrium, but generally in mixed strategies.
Glicksberg (1952) showed it for general n-person games. However we quote it only
in the form analogous to that of Theorem A.

Theorem D Assume that the payoff functions Fi(x1, x2) and F>(x1, x3) are contin-
uous on the unit square [0, 11%. Then game T possesses a Nash equilibrium in mixed
strategies.

Remark 1 1t is known that the assumption about continuity of payoff functions in
Theorem A cannot be weakened by upper semicontinuity (see Example 1 in Radzik
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and Ravindran 1989). However an open question is, if game I with continuous payoff
functions F and F> and with function Fi(x1, x3) quasi-concave in x1 has a Nash equi-
librium in two-point strategies. Note that Theorem B says that when quasi-concavity
of both payoff functions in Theorem A is replaced by concavity of only one of them,
game I still has an “almost pure” Nash equilibrium. Further, Example 1 below shows
that if we remove the continuity assumption for function F>, both Theorems B and C
are not longer true, and then game I may have no Nash equilibrium at all. As far as the
“concavity” assumption in Theorem B is concerned, Example 2 shows that it cannot
be weakened by the assumption of quasi-concavity in x| for function Fi(xy, x3). The
answer is not known for the analogous question concerning Theorem C.

Remark 2 Itis worth mentioning that Theorems B and C have their generalizations (see
Theorems 2.1 and 2.3 in Radzik (1993)). Namely, it may be seen as rather surprising
that if in Theorem B the assumption about continuity of payoff functions F; and F»
is replaced by boundedness on [0, 1], then game I" has an e-Nash equilibria of the
form (a8, + (1 — a)dp, BSc + (1 — B)S4), for some 0 < «, B,a,b,c,d < 1 with
la —b| <.

Similarly, after removing “continuity” in Theorem C, game I'" also has an e-Nash
equilibrium of the form described there.

Example 1 Consider the game I' with the payoff functions F; and F; described by:
Fi(x1,x) =0for0 < xy,x» < 1,and Fo(x1,x3) =0for0 < x; < 1withx, =1
and F»(x1, x2) = xp otherwise. Since, as we easily see, each pure strategy x> € [0, 1]
is strictly dominated by another one, there is no Nash equilibrium in this game. On
the other hand, it is immediately seen that function Fj(xi, x2) is both concave and
convex in x1, and function F,( x, x2) is discontinuous. So, Theorems B and C are no
longer true when the continuity assumptions are removed.

Example 2 Consider the game I" with the payoff functions described by the following:

_[a=20p-26) if 0=xim<jory<x,m<l
Fi(x1,x2) = [0 otherwise

and
Fy(x1,x2) = x% —2x1xp for O0<xy,xp <1.

One can easily verify that both payoff functions F; and F, are continuous on [0, 1]%,
and function Fj(xq, x7) is quasi-concave in x; (but not concave), and function
F>(x1, x2) is convex in x2. On the other hand, it is easy to show that game I' does
not have a Nash equilibrium of the form n* = (8., B8; + (1 — B)dy) with ¢ < d
(the subcase ¢ = d is equivalent to ¢ < d with 8 = 0 and thereby can be omitted).
To prove it, suppose that game I' has a Nash equilibrium of the form n*, and assume
firstthat 0 < ¢ < 1l or0 < d < 1. Then F,(n*) = BF2(a,c) + (1 — B)Fa(a,d) <
max{F(a, 0), F»(a, 1)}, because function F,(x1, x») is strictly convex in x». But this
contradicts the fact that n* is a Nash equilibrium. Therefore ¢ = 0 and d = 1, and let

uh = Boo + (1= o
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Further, supposing thata # % and0 < B < 1, we have: F>(a, ,ug) = BF(a,0)+
(1 =pB)Fz(a, 1) < max{Fy(a,0), F2(a, 1)}, because F>(x1, 0) # F>(x1, 1) for x #
%. But this contradicts the optimality of strategy p.g of Player 2.

Similarly, the case [a = % and 0 < B < 1] is impossible, because for § >
0F1(5%,M§) =pFR (L0 +0-pF (L) =0<8=F (gT,,Lg), while for
— 0y 1 _ 1 _ 3 0 .. . .
B = 0F1(6%, ny) = Fy (2, 1) =0<;=F (4, Mz)’ contradicting the optimality

of strategy § 1 of Player 1.

The impossibility of the two remaining cases, (I) [a #* % and g = 0], and (II)
[a # % and B = 1], can be shown similarly. Namely, in case (I), if a < 1 then we
have: Fi (84, 13) = Fi(a, 1) < max{0, (1 —2a) - (=1} < 1 = Fi(1, 19), which
contradicts the optimality of strategy 6, of Player 1. On the other hand, if a = 1
then F> (8, ug) = F(1,1) = —1 < 0 = F»2(81, 0), contradicting the optimality of
strategy Mg of Player 2. The impossibility of the case (II) can be shown in almost
exactly the same way as for (I), and is left to the reader.

3 Definition of poorly convex functions

In this section we introduce two basic notions of poorly convex/concave functions and
pairwise poorly convex/concave families, together with a wide discussion. They play
a fundamental role in the paper. In particular, they arise in the assumptions of our five
main theorems presented in Sect. 4. The theory of poorly convex functions, needed
for the proofs of the theorems, is developed in Sect. 5.

We begin with the following definition.

Definition 1 A function f on [a, b] is poorly convex (poorly concave) if for every
(x1,x2,A) witha < x1 < x2 < band 0 < A < 1 there is a real number p =
p(x1, x2,A) with 0 < p < 1 such that

JOxr+ (1 =2x2) = (Z)px1, x2, 1) f(x1) + [1 = plxr, x2, V] f(x2). (2)

Remark 3 1t is not difficult to see that the above definition can be straightforwardly
generalized to poorly convex and poorly concave functions defined on convex subsets
U of an arbitrary vector space. It suffices only to replace the set of vectors {(x1, x2, A) :
a <x; <x2 <b,0< A < 1}bytheset {(x1,x2,1) : x1,x2 € U,x1 # x2,0 <
A < 1}. However, in this paper we restrict our attention only to such functions on an
interval of the real line which are needed to formulate our main theorems in Sect. 4.

Now we give a proposition which presents an equivalent but a little simpler char-
acterization of poorly convex and poorly concave functions, more convenient for our
further considerations. To formulate it, for brevity, we introduce the notation

i = (uy, uz, u3z),

and, for a given interval [a, b], we define the set
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Qap) :=1{u:a <uy <upy <uz <b}. 3)

Proposition 1 A function f is poorly convex (poorly concave) on [a, b] if and only
if there is a positive function T defined on the set Q[q. p), such that for all i € Qq4,p),
the following inequality hold:

Jw2) = fu) = T@Lf w3) — fu2)]. “)

Proof (=) Fix arbitrarily (x1,x2,A) witha < x; < x» <band 0 < A < 1. Let
up = x1,u3 = xp and up = Axy + (1 — A)x2, whence A = 72=-2. So we can write (2)
as dependent only on (u1, us, u3), in the form equivalent to (4) with

uz—u
1= p (w3, 12=2)
uz—u
p (ul,u3, —ui_uf)

as itis easy to verify. This equality well defines a positive function 7" on Q|4 5] because
it € Qrap), Whencea <uj <uz <band0 < % < 1.

(<) Fix arbitrarily i € Qg4 ). Obviously, forsome 0 < A < 1, u2 = Auy + (1 —
Musz. Putting now u1 = x1, u3 = xp and up = Axj + (1 —X)x; in (4), we easily check

that this inequality is equivalent to (2) with

T () = )

1

) (6)
1+ T(x1, Ax; + (1—2)x2, x2)

p(x1, X2, A) =

The value p(x1, x2, A) is well defined, because a < x1 < x» < b,0 < A < 1 and
(x1, Ax1 + (1=A)x2, x2) € Qlq,p)- This ends the proof. O

Proposition 1 allows us to give an equivalent definition of poorly convex and poorly
concave functions on an interval [a, b], which is better suited for our further consid-
erations.

Definition 2 A function f on [a, b] is poorly convex (poorly concave) if there is a
positive function 7 defined on the set Q|4 5] such that for all i € Q{,,p], inequality
(4) holds. Then function f is also called 7T-convex (T -concave) on [a, b].

Now we are ready to give our second basic definition.

Definition 3 Let X be an index set. A family {f, : « € X} of functions on interval
[a, b] is pairwise poorly convex (pairwise poorly concave) if for every paira, f € X
there is a positive function T on Q| 5] such that the functions f, and fg are T-convex
(T-concave) on [a, b].

Remark 4 One can easily see that function 7" related to a poorly convex function (in
Definition 1) neither has to be continuous nor unique. A wide analysis of poorly con-
vex functions and pairwise poorly convex families of functions is presented in Sects.
5 and 6. In particular, in Proposition 3 we give necessary and sufficient conditions
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for a continuous function to be poorly convex, which shows that the family of poor
convex (concave) functions on an interval is much richer than that of convex (concave)
ones. We also mention here the relations between convex and poorly convex func-
tions. Namely, every convex (concave) function f on an interval [a, b] is T-convex
(T -concave) on [a, b] with function T of the form T (i) = % Therefore every
family of convex (concave) functions is a pairwise poorly convex (concave) one, but
not conversely. The pairwise poorly convex (concave) families are substantially richer
and play a fundamental role in our considerations. At the end of Sect. 6 we give
two examples (Examples 3 and 4) of pairwise poorly convex families consisting of

non-convex standard functions.

Remark 5 An easy analysis of inequality (4) shows that poor convexity of a function
f on an interval [a, b] can also be defined by requiring for all a < u; < up <
u3 < b the following two implications: [f(u2) = f(u1)] = [f(u3) > f(u2)l,
and [f(uz) > f(u1)] = [f(u3) > f(uz)]. This latter definition shows that poor
convexity is indeed stronger than quasi-convexity. However, poor convexity can be
also seen as a very minor strengthening of quasi-convexity, since every continuous
quasi-convex function on an interval can be approximated by a sequence of continuous
poorly convex functions in the topology of uniform convergence (see Proposition 4 in
Sect. 5). Similar remarks can be made for poor concavity.'

4 Main theorems

In this section we discuss possible generalizations of Theorems B and C from
Sect. 2. As a result, five new Theorems 1-5 are proposed (their proofs will be given
in Sect. 7). The basic question is how far we can weaken the assumptions of Theo-
rems B and C, still having (in game I') the existence of a Nash equilibrium of the
form described there. Example 2 given in Sect. 2 shows that Theorem B is false when
we replace “concave” by “quasi-concave” in its assumptions. Hence a very intriguing
question is whether Theorem B will remain true if we replace concavity assumption by
“something between” concavity and quasi-concavity. The same question is essential
for Theorem C. Just these two questions are basic for our study and we will show that
the answer for both of them is positive.

Below we formulate the main five results of the paper. Their proofs are given in
Sect. 7 which is preceded by the two auxiliary Sects. 5 and 6, where a theory of poorly
convex functions is developed. The first two theorems generalize Theorems B and C.

Theorem 1 Assume that the payoff functions F1(x1, x2) and F>(x1, x2) are contin-
uous on the unit square [0, 112, and {F1(-,x2) : xo € [0, 11} is a pairwise poorly
concave family of functions on [0, 1]. Then game T possesses a Nash equilibrium of
the form (84, B + (1 — B)éa), for some 0 < B,a,c,d < 1.

Theorem 2 Assume for a = 0, 1 that the payoff functions Fi(a, -) and F»>(a, -)
are continuous, and {Fi(-, x3) : xo € [0, 11} is a pairwise poorly convex family of

! The first part of this remark belongs to an anonymous referee.
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functions on [0, 1]. Then game T possesses a Nash equilibrium of the form (aéy +
(1 —a)d1, Béc + (1 — B)éq), for some 0 < «, B,c,d < 1.

The next two results can be seen as a completion of Theorem 1. They show that
players’ “simple strategies” (with two-point supports) arising in Theorems 1 and 2 are
quite satisfactory for them in many game cases.

Theorem 3 Assume that F»(x1, x3) is continuous on the unit square [0, 112, and
{F1(-,x2) : x2 € [0, 11} is a pairwise poorly concave family of continuous functions
on [0, 1]. If game I" possesses a Nash equilibrium (., v) with a payoff vector ( f1, f2)
then it also has a Nash equilibrium of the form (u, Bé. + (1 — B)8q) for some 0 <
B, c,d < 1, witha payoffvector ( fll , le) having the same second component fz/ = .

Remark 6 We do not know if the assumptions of Theorem 3 guarantee the existence
of a Nash equilibrium in game I". However, it can facilitate solving this problem in
concrete cases of I'.

Theorem 3 leads immediately to the next one.

Theorem 4 Assume that the payoff functions F1(x1, x2) and F>(x1, x2) are contin-
uous on the unit square [0, 112, and {F1(-,x2) : xo € [0,1]} and {F>(x1,") :
x1 € [0, 1]} are pairwise poorly concave families of functions on [0, 1]. Then
for any Nash equilibrium in game T there is also a Nash equilibrium of the form
(a¢dg + (1 —)bp , BSc + (1 — B)ég) for some 0 < «, B,a, b, c,d < 1, with the same
payoff vector.

Remark 7 Theorem D from Sect. 2 implies that under the assumption of Theorem
4, game I' always has a Nash equilibrium in mixed strategies. Hence, the result of
Theorem 4 can be interpreted that any Nash equilibrium in mixed strategies has an
“equivalent” Nash equilibrium in two-point strategies in this game.

The last theorem is a “discontinuous modification” of Theorem 2.

Theorem 5 Assume that {Fi(-,x2) : xo € [0,1]} and {Fy(x1,-) : x1 € [0, 1]}
are pairwise poorly convex families of functions on [0, 1]. Then game T" has a Nash
equilibrium of the form (ady + (1 — )81, Béo + (1 — B)61) with0 <o, B < 1.

Remark 8 In general, Theorems 1 and 2 are no longer true when we admit for payoff
functions F| and F> to be discontinuous (the same was shown for Theorems B and C
in Example 1 in Sect. 2). Moreover, it may happen then that there are no Nash equi-
libria at all. However the author does not know whether after removing the continuity
assumption in Theorems 1 and 2, the games still have ¢-Nash equilibria for all € > 0
[we recall that this is true for Theorems B and C (see Remark 2)]. The next question
is whether Theorems 3 and 4 still remain true after changing “poorly concave” with
“poorly convex”.

Remark 9 Some “discrete” versions of poorly concave games considered in this paper
have been also studied in the literature, where the spaces of players’ pure strategies are
finite, and payoff functions are assumed to satisfy a discrete version of the pairwise
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poor concavity property. In paper Radzik (2000) some counterparts of Theorems 1-4
are presented for matrix games, while in Potlowczuk (2006) for bimatrix games. A
discrete versions of these theorems for poorly concave n-person games can be found
in Potowczuk et al. (2007).

5 Theory of poorly convex functions

Pairwise poor convexity and poor concavity are basic properties of families of functions
considered in the assumptions of our main Theorems 1-5. Having this in mind, we
devote this section to develop a basic theory of such functions. Among other things,
we find necessary and sufficient conditions for families of continuous functions to be
pairwise poorly convex. This gives us tools for constructing pairwise poorly convex
families and thereby to show that the class of such families is substantially richer than
the family of convex functions (Examples 3 and 4 in Sect. 6). We mainly study poorly
convex functions, because the results obtained can be trivially modified to analogous
ones for poorly concave functions. We do it in Propositions 2—7.

In the first proposition, functions f and g are considered to be defined on an interval
[a, b]. We list here five basic properties of poorly convex functions. Obviously, the
proposition remains true after replacing “convex” by “concave” in it.

Proposition 2 The following statements hold:

(a) afunction f is poorly convex if and only if — f is poorly concave;

(b) every convex function f is poorly convex;

(c) every poorly convex function f is quasi-convex;

(d) if f is T1- and Tr-convex then f is (aTy+ BTz)-convex for all o, B > 0 with
a+pB=1;

(e) if f and g are T-convex functions then for every a, B > 0 the function af + Bg
is also T -convex.

Proof Statements (a), (d) and (e) are simple consequences of Definition 1. Statement
(b) was justified in Remark 4. Therefore, it suffices to show statement (c).

By assumption, function f satisfies inequality (4). Letc € R,a < u; < uz <
u3 < b, and assume that f(u1) < cand f(u3) < c. Hence, we can conclude with the
help of inequality (4) as follows:

Ja)A+Tw) < flur) +T@w)fus) <c+cT(@)=c(l+Tw),

and thereby f(u2) < ¢, because T (i) > 0. Therefore the set {u : f(u) < c}isconvex
which, in view of arbitrarity of ¢, implies that function f is quasi-convex. O

The next proposition characterizes an arbitrary poorly convex continuous function.
To express it, we need to define the following two quantities for a function f on an
interval [a, b]:

Ty :=sup{x € [a, b] : f is strictly decreasing on [a, x]} (7)

and
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/= inf{x € [a, b] : f is strictly increasing on[x, b]}. (8)

Obviously, 7y < v/ . Both these quantities are basic for our subsequent considerations.

Proposition 3 A continuous function f on [a, b] is poorly convex if and only if there
are constants ¢ < d in [a, b] such that f is strictly decreasing on |a, c], strictly
increasing on [d, b], and constant on [c, d]. Then c = 1y and d = /.

Proof (=) Since this part of the proposition is obvious in the case 7y = /', we
can assume Ty < /. Suppose first that function f is not constant on [t 1 /1. Hence
there are uy < uy in the interval (tz, rf) such that f(u1) > f(uz)or f(uy) < f(uz).
We consider these two cases.

Case 1: f(u1) > f(u2).

By Definition 2, function f is T-convex for some positive function 7 defined on
the set Qq.p)- Leta < u’ < u” < uy <uz < banddenote Ty := T (', u”, u1) and
T := T (u”, uy, uz). Then (4) implies that

W —f@) <Tilf) — fWH < TDlf W) — ful,

whence we easily deduce that f(u") > f(u”)and f(u”) > f(u1),becauseof f(u;) >
f(uz)and Ty, T» > 0. But this, in view of the arbitrarity of u’, u”, proves that function
f is strictly decreasing in the interval [a, u1]. However this contradicts (7) because of
uy € (ty, r/ '). Therefore Case 1 cannot hold.

Case 2: f(u1) < f(u2).

This case is also impossible. To show it, it suffices to repeat the reasoning of Case
1, replacing parameters u’, u”, u; and up by u1, up, u’ and u”, respectively. The clear
details are omitted.

Therefore f(u1) = f(u2). Butthis, in view of the arbitrarity of u1, us, proves that
function f is constant in the interval [t , t/]. This completes the proof of part (=).

(<) We can directly verify that function f satisfies (4) for positive function 7'
defined on Q|4 5 in the following way:

HO LU 5 [f (u2) — f@)ILf w3) = f(u2)] > 0
1 otherwise.

T (i) = {

This completes the proof of Proposition 3. O

Now we give a proposition showing that poor convexity is a very minor strength-
ening of quasi-convexity.

Proposition 4 Any continuous quasi-convex function f onla, b] can be approximated
by a sequence ( f,) of poorly convex continuous functions in the topology of uniform
convergence.

Proof Forn =1, 2, ..., let us choose real numbers A, to satisfy: | f(x") — f(x")| <
A, if |x' —x"| < % in [a, b]. Since every continuous function on an interval is also
uniformly continuous, we may choose A, — 0 asn — oo.
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Let us fix ¢ satisfying f(c) = minye[q,p) f (1), and firstly assume that a < ¢ < b.

For a natural n, we define two sequences (xo, X1, ..., X;) and (yo, y1, - .., yn) by the
following:
c—a b—c
Xy =a+k—— and yy=c—k , k=0,1,...,n.
n n
Notethata = xg <x] < ... <Xy =C =Y, < Yp—1 < ... < yo = b. Now, let f,

be a function on [a, b] determined by the following two conditions:

@) fulk) = fu) = fx) — Xj_g A7 fork =0.1,....n, and
(ii) function f; is linear on all the intervals of the form [xk, xx+1] and [yk+1, yil, k =
0,1,....,n—1.

By Proposition 3, function f is nonincreasing on [a, c] and nondecreasing on [c, b].
Hence, one can easily conclude with the help of conditions (i) and (ii) that function f;,
is continuous on [a, b], strictly decreasing on [a, c] and strictly increasing on [c, b].
Therefore, Proposition 3 can be used again to conclude that function f, is poorly
convex on [a, b]. Besides we easily deduce that

n 00
1 1 1
@) = 01 = 80t 3y < Ak 3 = et

which immediately completes the proof in the case a < ¢ < b. Whena =corb =c,
the reasoning can be repeated with only the sequence {y;} or {xz}, respectively. O

In the next three propositions we discuss the question of the conditions guarantee-
ing for a pair of continuous poorly convex functions to be pairwise poorly convex.
However, for their proofs, we need the following lemma.

Lemma 1 Let f and g be poorly convex functions on [a, b]. Then the pair { f, g} is
pairwise poorly convex if and only if for every i € Q[q. p] satisfying

flu) < fua) < f(u3) and g(uy) > guz) > gus), &)

or

fu) > fuz) > f(uz) and guy) < g(uz) < gusz), (10)

there is an h > 0 such that

Jfu2) — fur) = h[fu3) — f(u2)] (11)

and
gu2) — g(ur) < hlg(uz) — g(uz)l. (12)
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Proof By Definition 2, there are some positive functions 77 () and T2(u) on Qja,p)
such that function f is Tj-convex and function g is T>-convex on [a, b].

(=) In view of Definitions 2 and 3, this part of the lemma is obvious.

(<) Let us arbitrarily fix u € Q4. If (9) or (10) are satisfied, pairwise poor
convexity of the pair {f, g} follows by the assumption. Therefore, for the rest of our
considerations, we can assume that (9) and (10) do not hold. To complete the proof of
the lemma, it suffices to show that there is a number 2 > 0 for which (11) and (12)
hold. We consider several cases.

Case 1: f(u1) < f(uz) and g(uy) < g(u2).

Hence, with the help of (4), we can conclude as follows:

1
fw3) = fuz) = m[f(uz) fu)] = max(T1 (. Tz(ﬁ)}[f(MZ) = fl,
and thereby (11) follows for h = S Exactly in the same way, replacing

L max{T1(u), T2 (u)}
f and T7 by g and T3, respectively, we show (12) for the same A.

Case 2: f(u1) > f(u2) and g(u1) > g(uz).
Now we can repeat the reasoning of Case 1 to get the validity of (11) and (12) for

h = —mmm (@), T2 ()}
Case 3: f(u2) < f(u3) and g(uz) < g(u3).
Then we have:

fu2) — fuy) < Ti@[fw3) — f(u)] < max{Ti (), @)} f(u3) — f(u2)]

and

gw2) — gu1) = Tr(w)[g(u3) — g(uz)] < max{T(u), Tr(u)}[g(u3) — g(u2)].

Consequently, (11) and (12) hold for 7 = max{T;(u), T»(u)}.

Case 4: f(uz) > f(u3) and g(uz) > g(u3).

Now we can repeat the reasoning of Case 3 to get the validity of (11) and (12) for
h = min{T; (u), T> () }.

Case 5: f(u1) > f(u2) < f(u3).

Then (11) and (12) hold for & = T, ().

Case 6: g(u1) > g(uz) < g(us).

Then (11) and (12) hold for & = T} (ix).

One can easily deduce that if (9) and (10) do not hold, then one of cases 1-6 must
hold. This ends the proof of the lemma. O

Proposition 5 Let f and g be continuous and poorly convex functions on [a, b],
satisfying [Ty, 1N [z, 78] # 0. Then the pair { f, g} is pairwise poorly convex on
[a, b].

Proof Let u € Qq,p) and suppose that (9) holds. Then Proposition 3 applied to

functions f and g implies that u» > v/ and up < Tg, whence o/ < 7,. But this
contradicts the assumption [z, 1N [te, 78] # 0.
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On the other hand, when we suppose that (10) holds, in a similar way we get
78 < 1y, contradicting the assumption again. Therefore, (9) and (10) do not hold for
i € Qlq,p]> Which by Lemma 1 ends the proof. O

The next proposition considers the second case [7, 1N [ty, 78] = @. To formu-
late it, we need to introduce the following notation:

Qg ::{ﬁ:rf§u1<u2<u3§tg}.

Proposition 6 Ler f and g be continuous and poorly convex functions on [a, b] with
o/ < 7. Then the pair { f, g} is pairwise poorly convex on [a, b] if and only if

Suz) — f(uy) - g(uz) — g(uy)
fws3) — f(uz) = guz) — g(uz)

for i € QF. (13)

Proof In view of / < T¢, Proposition 3 implies that function f is strictly increasing
in [rf , Tg], and function g is strictly decreasing in [tf , Tg]. Hence, it follows that

flun) < fua) < fus) and  g(uy) > g(ua) > g(uz) for it € Qf. (14)

(=) By Definitions 2 and 3, it follows that there is a positive function 7 on Q4.5
such that for u € Qq4,p)

Jfuz) = fluy) = T@Lf (u3) — f(u2)] 15)

and

g(u2) —g(ur) < T(u)[g(us) — gu2)l, (16)

which, by (14), immediately implies (13).

(«=) Assume now that (13) holds. To end the proof it suffices to show that there is
a positive function 7" defined on the set Q[ p] such that inequalities (15) and 16) hold
forallu e Q[a,b]~

Case l:u € Qg .

Let us define 7' () as any positive value satisfying the inequalities,

Fun) = f) o g) = fu)
fuz) — fuz) — T g(u3) — g(up)’

which is possible because of (13). But this together with (14) imply (15) and (16).

Case 2:ii ¢ Of, f(u1) < f(u2) < f(u3) and g(u1) > g(u2) > g(u3),
One can easily see with the help of Proposition 3 that

a7

of < uy < Tg. (18)

However, this implies that
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u <t/ oruz > Ty,

since otherwise, it would contradict i ¢ Qg.
Consider now the first subcase

(A):uy <t/ and u3z> 1, (19)

where one of the inequalities is strict. By Proposition 3 and the assumption 7/ < g,
function f is nonincreasingon [ug, T f1and strictly increasing on [z, #3], and function
g is strictly decreasing on [u, /7 and nondecreasing on [7,, u3]. It implies that for

’ ’
u, =t/ and u; = 7, we have

fluz) — f(ur) < fluz) — f(uy) and  g(ua) — g(uy) < g(uz) — guy), (20)
fus) — fuz) > fluz) — f(uz) and  g(uz) — g(ua) > g(uz) — g(ua), (21)

and ”/1 < Uy < u;, because of (18) and (19).

Therefore the vector i* = (u/l, uy, u/3) satisfies u* ¢ Qg and consequently, by
Case 1, for some T (u*) > 0,

fua) — fluy) < T@HLfus) — f(u)]

and

g(uz) — g(u)) < TW)[guy) — g(ua)l.

But this together with (20) and (21) imply that inequalities (15) and (16) hold for
T (u) = T (i*) in the first subcase (19) considered.

The two remaining subcases can be described by the conditions, (B): u; < f <
Uy < u3 < tg,and (C): tf<u<up < T, < u3. We can analyze them, by the exact
repetition of reasoning in subcase (A), changing only u; with u3 for subcase (B), and
u/1 with 1 for subcase (C). In both subcases, the results obtained will be the same as
in subcase (A). The clear details are omitted.

Case3:ii ¢ QF. f(ur) > f(u2) > f(u3) and g(u1) < g(uz) < gus).

This case cannot occur. Namely, then Proposition 3 would imply u; < us < v/
and 7, < up < u3 which is impossible, because of the assumption /< T,.

Now, taking into account Lemma 1 and conditions describing Cases 1-3, we easily
deduce that the pair of functions { f, g} is pairwise poorly convex on [a, b], completing
the proof of the proposition. O

One can see the verification of condition (13) as somewhat complex. The next

proposition is a special version of the previous one where verification of (13) is replaced
by a much easiercondition.
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Proposition 7 Let f and g be continuous and poorly convex functions on [a, b] with
ol < Tg. Assume that there are continuous derivatives f/ and g/ on (t/, Tg), with
g/ =# 0. Then the pair of functions { f, g} is pairwise poorly convex on [a, b] if and
only if the function G(u) = f/(u)/g/(u) is nonincreasing on (v, Tg).

Proof (=) Let f<uy<ur <uz <ug < 7,. By Proposition 3, functions f and g
are strictly increasing and strictly decreasing in interval [t/ 7, ], respectively. Hence,

fua) > fuy), f(ua)> f(uz), guz) <gy) and gug) < guz). (22)

The assumption that the pair { f, g} is pairwise poorly convex on [a, b], implies that
for some positive numbers & and &’ we have

fu2) = fQur) < hLf (u3) — f(u2)] < W[ f (ua) — f(u3)]

and, similarly, the inequality g(u7) — g(u1) < hh'[g(u4) — g(u3)]. Hence, in view of

S up)—f(uy) ’ guz)—g(uy) S u2)—f(uy) Sfug)—f(uz)
(22), we get 5=y = M = GG gty Andthereby, 05—y 2 et gt -

But this, by the classical Cauchy’s theorem, leads to the inequality, % > % for
12 34

some 012 € (u1, uz) and 634 € (u3, us). Hence, taking into account that 61o — u; as
L) o f )
g ~ g’
of uy and uy, it follows that the function G(u) = f (u)/g (u) is nonincreasing on
interval (rf ) Tg).

(<) Assume now that the function G(u) = f/(u) /g/(u) is nonincreasing in

(r/, 7,), and let us arbitrarily choose u € Qg . Then Proposition 3 implies that

uy — uy,and 634 — uq asuz — ug, we get . In view of the arbitrarity

fu) < f(uz) < f(uz) and g(uy) > g(uz) > g(us).

Suppose now that inequality (13) does not hold. Then, in view of the above inequal-

s Sfu)—f(uy) S w3)—f(uz) : s
ities, we would have 8(142)—8(1;11) < Sl —s) " But this, by Cauchy’s theorem, leads

to the inequality £.012) — £ )
© the nequatity g (012) = g (623)
tradicting the assumption that function G is nonincreasing in (rf , Tg). Therefore (13)

holds, which by Proposition 6 completes the proof. O

for some 61, € (11, u) and 63 € (up, uz), con-

6 On two properties of poorly convex functions

In this section we use the theory from the previous section to present two main results
describing some properties of poorly convex functions which are basic for the proofs
of Theorems 1-5. We also give two examples illustrating the fact that the family of
such functions are much richer than the class of convex functions.

In the first theorem we show that pairwise poor convexity of a finite family of
functions can be remarkably strengthened.
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Theorem 6 Let a finite family F = {f; : i = 1,2, ..., n} of functions on [a, b] be
pairwise poorly convex. Then there is a positive function T on Q4 p) such that all the
functions fi,i = 1,...,n, are T-convex on [a, b].

Proof Let us arbitrarily fix u = (u1, up, u3) in Q|q,p). It suffices to show that there is
an h > 0 such that

fituz) — fi(uy) < hlfi(u3) — fi(uz)], i=1,2,....n. (23)

Now, let I < k < n. Since function f; is poorly convex, there is an 4; > 0 such
that

Seu2) — fe(ur) < hil fes) — fi(u2)]. (24)

On the other hand, one can easily see that if the inequality (24) holds for two positive
numbers hy = h; and hy = h, then it also holds for every convex combination

hp = ah}(—i—(l —ot)hz, 0 < a < 1. Hence, it follows that all the sets
Ag = {hy : hy > 0 and inequality (24) holds }, k= 1,...,n,

are nonempty and convex subsets of R!. Now, taking into account the assumption
about the pairwise poor convexity of family F, we easily conclude that the class
(A1, As, ..., A,} of nonempty and convex subsets of R! has as property that AN
Ay # @ forany 1 < j k < n,j # k. Hence, by Helly’s theorem (Eckhoff 1993),
N?_,A; # (. But this implies that there is an 4 > 0 such that (23) holds, completing
the proof. O

The last theorem we give in this section completes our considerations about poorly
convex functions. It describes a nice property of families of such functions.

Theorem 7 Let 7 = {f, : @ € X} be a family of continuous functions on an
interval [a, b] such that every pair of functions in T is pairwise poorly convex. Let
Supyecx fo(u) > Oforeachu € [a, b]. Then there exista, f € X and avector (A1, A2)
withd1, Ao > 0and Xy + Ay = 1, such that Ay fo (u) + A2 fg(u) > Oforallu € [a, b].

Proof Let Ay = {uela,b]: fo(u) > 0} and By = {u € [a,b]: fo(u) < O0}. If
B, = @ for some a’ € X, then the theorem is satisfied by « = o/, A; = 1,42 =0
and arbitrary . Therefore, for the rest of the proof we can assume that B, # ¢ for
everyow € X

By assumption, every function f in 7 is continuous and poorly convex on [a, b].
Therefore, we can easily deduce with the help of Proposition 3 that for every o €
X, By has the form of a nonempty closed interval, say B, = [aq, by ], and thereby,
Aq = [a, ag) U (by, b].

The assumption of the theorem implies that U,y Ay, = [a, b]. Since each A, is an

open set in [a, b] (as a space), therefore there exists a finite cover Ag,, Aa,, ..., Aqg,
of interval [a, b] with minimal n. Consequently, fori = 1,2, ..., n we have
fa,- (M) S O fOr ue [aa,- ’ b(x,-] (25)
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and
Jfoy () >0 foru € [a,ay) U (by, bl. (26)

Without loss of generality we can assume thatay, < do, < ... < aq,,andletb, y =
minj<;<, by;. Thecaseay, < by , cannotoccur because it would imply that f, (1) < 0
for u € [ay,, baq] andi = 1,2, ..., n, contradicting the equality U?zlAai = [a, b].
Therefore, baq < ag,. We will show that the two functions f, = faq and fg = fu,
satisfy the theorem with some positive A} = A*and A, =1 —1*,0 < A* < 1.

One can easily deduce with the help of (25), (26) and Proposition 3 that contin-
uous functions fo, and fg, are strictly increasing and strictly decreasing on interval
[bg 4> o, ], respectively, and besides,

Jay,(ba,) =0 and fq,(ae,) =0. 27
Hence, one can easily deduce that there exists a ¢ such that

ba, < € < day + fu, (©) = fu,(©) > 0, (28)
faq(u) >0 for ue (baq, c] and fy,(u) >0 forue [baq, cl, (29

and

Ja, (bay) > fa,(c) and  fo, (ba,) < fa,(C). (30)

Consider now the continuous function G (u, 1) = Afq, (u) + (1 = 1) fo, (u) defined
onrectangle: a < u < b,0 < A < 1. By assumption, the pair of functions { fo,, fo,}
is pairwise poorly convex. Therefore there is a positive function 7" on Q|45 such that
functions faq and f, are T-convex. Hence, by statement (e) of Proposition 2, for
any fixed 0 < A <1, G(u, A) is a T-convex function of variable u, and thereby also
poorly convex on [a, b].

In view of inequalities (30), we have G (c, 0) =G (bq,, 0) = fo, (¢) — fa, (ba,) <O
andG(c, )=G(ba,, 1) = fo,(c)— fa, (bs,) > 0.Hence, by continuity of the function
F(1) = G(c, &) — G(bg,, 1), there exists a 1*,0 < A* < 1, such that F(1*) = 0.
But this, with the help of (27), (28) and (29) implies that

G(ba,,2") = G(c,1%) > 0
and
Gu, ") >0 for uc [bg, » €l
Hence, in view of the inequality bq, < c, Proposition 3 applied to function G (u, 1)
of variable u easily implies that for all u € [a, b] we have G (u, A*) > 0. Thus we

have proved that A* fo, (u) + (1 — &%) fy, (u) > O for all u € [a, b], completing the
proof. O
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Remark 10 Theorem 7 obviously holds for any family 7" of convex continuous func-
tions on interval [a, b] because every such family is pairwise poorly convex (with
respect to function 7T (1) = % (see Remark 4 in Section 3)). Moreover, in the
literature one can find the following more general result of Bohnenblust et al. (1950)
(applied by them in game theory): If 7 is a family of convex continuous functions
defined on a compact convex set K in R" with the property that sup ;o7 f(u) > 0
for each u € K, then there are n + 1 functions fi,..., fy+1 in 7 and a vector
(A1, ..., Ayg1) with nonnegative components such that Z;’:ll Ai fi(u) > 0 for all
u € K. With this correlation, the natural question arises, if Theorem 7 can be general-
ized to families of poorly convex functions on R"? Of course, this problem is closely

related with the theory of poorly convex functions on R” which is not studied in this
paper.

Pairwise poorly convex and concave families of functions are essential in the
assumptions of Theorems 1-5. Therefore, we end this section with two examples
presenting some of such families consisting of non-convex functions described with
the help of very standard formulas. Proposition 7 appears to be a very useful tool in
the analysis of such families. It is worth mentioning here that these examples show
that the class of pairwise poorly convex functions is substantially richer than that of
convex ones.

Example 3 Consider the family F = {fy (x) : o € [0, ﬁ]} of non-convex continuous
functions with common domain x € [0, /2], where f,(x) = — exp{—(x—ot)z}. It
can be easily verified that each function f;, (x) is strictly convex on interval [cy, dy] =

[0, ﬁ] N [oz—“/Tj, a+4] and strictly concave on interval [0, a—*/Té] oron [a—{—“/TE, \/E]
ifa > 2 2

%= ora < %=, respectively. Besides, each function fy (x) is strictly decreasing
in [0, «] and strictly increasing in [a, +/2]. Therefore, by Proposition 3, F is a family
of poorly convex functions on [0, v/2].

Now, let us arbitrarily choose two different functions f(x) = fu,(x) and g(x) =
Jap (x) from F. So We assume that 0 < o) < ap < V2. Obviously, = <
ay = 1. By direct computation we get that

|/ (x)/g’(x)]/ = —(ZZ__aZ;2 260 = an) ez = x) = 1 el emtan =2,

But 2(x — ai)(a@s — x) — 1 < 0 for x € (a1, o) (because (a1, 2) C [0, v/2]).
Therefore this implies that [ f / (x)/ g/ (x)]/ < 0for x € (a1, a2), and thereby function
Gx)=f /(x) / g/ (x) is nonincreasing in interval («, 7,). Hence, by Proposition 7,
every pair of functions on family F is pairwise poorly convex.

Example 4 Consider the family U = {fup,(x) : « € R, < 0,y € [-F, F]}
of non-convex continuous functions with common domain —% <x < %, where
Japy (x) = o+ B sin(x — y). The fact that each function in family ¢/ is poorly convex
easily follows from Proposition 3.

Let us arbitrarily choose two different functions f(x) = fu,p,,,(x) and g(x) =

faspays () from U. We easily deduce that 7y =t/ =y — Zand 5, = 18 = 5 — Z.
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When y; = y», the pair of functions f (x) and g (x) are pairwise poorly convex because
of Proposition 5. For the second case we can assume that — % <y <y» <%, whence

o < T,. Then we easily get

/ N Bisin(yz — y1)
F@rg ] =232
[ B2 cos?(x — y2)
Hence, [f, (x)/g, (x)], <O0Oforx e (rf, T,), because of 0 < y2 — y1 < m. Therefore,
by Proposition 7, every pair of functions in family I/ is pairwise poorly convex.

7 Proofs of the main theorems

In this section we prove our main Theorems 1-5 from Sect. 4.

Proof of Theorem 1 We construct two matrices A” and B" of dimension n x n with
their elements denoted by a;’; and b!';, and defined by the following: a}; = Fy (L, i)
J ij ij nn

and bf; =F (;—l, ﬁ) ,i,j=1,2,..., n. Further,let '(A", B") be the bimatrix game
with payoff matrices A” and B” for Players 1 and 2, respectively.

Let n be a natural number and consider the finite family F = {f;(u):i =1, ...,n}
of functions on [0, 1], where f;(u) = Fi(u, ”1—') for] <i <nand0 <u < 1. By
assumption, family F is pairwise poorly concave. Therefore Theorem 6 and statement
(a) of Proposition 2 imply that there is a positive function H (i1, uz, u3) on Qjo, 1]
such that forall 0 < u; <ur» <uz <1,

i i i i
Fy (uz, 7) — F (ul, f) > H(uy, up, u3)[Fi (u3, f) — F (uz, f)] fori=1,...,n.
n n n n

But this implies that for the positive constants h; = H (ZZ’ ﬂ, %) ,1<i<n-2,

n
and for all j, 1 < j < n, the inequalities hold: a;’HJ — a;’j > hi(a’ ) for

i+2,j a?ﬂ,,
i =1,2,...,n—2.Hence, we can easily see that there is a sequence 01, 6, ..., 6,_1
of positive numbers such that for all j, 1 < j <n,
91(6151.,' - Cl’fj) = 92(a§,~ - agj) E. en—l(a,n”' - aZ—l,j)'

Therefore the bimatrix game I'(A”, B") is column-concave [see Definition 1 and
Theorem 4 in Potowczuk (2006)], and consequently, it follows [by Theorem 7 in
Potowczuk (2006)] that game "' (A", B™) has a Nash equilibrium (u,,, v,,) of the form
Mn = Ayl +(1—=1,)85, 41 and v, = y,8,, +(1—=y,)8,, forsomereals0 < A,, ¥, < 1
and naturals 1 < s, < n,1 < ry,u, < n. Therefore, by the Nash equilibrium
inequality,

)Lnynas,,,rn +(1 _)‘n)ynasn+l,rn+kn(1 _Vn)as,,,un + (=21 = J/n)ax;l-Fl,u,,
> Waiy, + A=vu)ai,, fori=1,...,n,

and
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)Lnynbs,,,r,, + (1_)\n)ynbs,,+l,r,,+)tn(1_Vn)bs,,,u,, + (l_kn)(l - Vn)bs,,+1,un
> Anbs, j + (A—=A)bs,41,; forj=1,...,n

But these inequalities are equivalent to

Sn T sp+1 7 Snou
hn¥n Fi (—”,—”)+<1—xn>ynF1( - ”)H 1=y F (_" )
non n n
sp+1 u i r
+ =2 =y Fi ( - ) n) > ynF1 ( n)
n n n

+(1 — y) Fi (— u—") fori =1,...,n,
n

and

Ky sp+1 1 u
ksz(" ")+<1 myan("n ")+k(1 yn)pz(_" 7")

+(1—An)(1—yn>Fz(s”:1 ”) sz( j)

n n n

e
+(1—An)F2(S"+ ,i) fori=1,...,n.
n n

Now, letting n — 00, we can obviously choose a subsequence n — oo to have the
convergence A,; — o, y,r —> B, sn//n, — a, rn//n/ — cand un//n, — d for some
0<a,$p,a,c,d < 1. Therefore also (s, + 1)/n/ — da.

Further, let us arbitrarily choose 0 < x,y < 1. Of course, there are sequences
i j/ — 00 such that i,/n, — x and j//n, — y.

Hence, taking into account the continuity of functions F; and F», the last two
inequalities imply (after taking n = n — oo) the following: forany 0 < x,y <1

BFi(a,c)+ (1 —B)Fi(a,d) = BFi(x,¢c) + (1 — B)Fi(x,d)
and
BFr(a,c)+ (1 = B)F(a,d) = Fa(a, y).

After defining two strategies u* = 8, and v* = B85, + (1 — B)84 for Players 1 and 2
in game I, respectively, the last inequalities can be equivalently rewritten as

Fi(u*, v > Fi(x,v*) and Fu*,v*) > FKW*,y), 0<x,y<l.

Thus (u*, v*) is a Nash equilibrium in game I', which ends the proof of Theorem 1.
O
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Proof of Theorem 2 Let us define an auxiliary non-zero-sum two-person game I on
the unit square with payoff functions /7 and F, of the form

Fi(p,x2) = pF1(0,x2) + (1 — p)Fi(1,x2), 0<p,xa<]I,

and

Fa(p,x2) = pF2(0, x2) + (1 — p)Fa(1,x2). 0<p,xs <1.

By assumption, I:"l (p, x2) and I:"z(p, x2) are continuous functions on [0, 1]2. Addi-
tionally, function F (p, x72) is linear in variable p, and thereby concave in p. Hence,
the family of functions {IE 1(-, x2) : 0 < xp < 1} is pairwise poorly concave (as stated
in Remark 4 in Sect. 3). Therefore game I satisfies the assumptions of Theorem 1 and
consequently, there are 0 < «, B, ¢, d < 1 such that the pair of strategies “(1) = 8y
and ug = B8. + (1 — B)8, creates a Nash equilibrium in game I". This implies the
following inequalities:

A

Fioen, 1) < Fr(ud, ud) and Bl x0) < Bl 1) for 0<x,x < 1.
(€29
We will show that the pair (u}, u3) with ui = adp + (1 — @)8; and pj = ug isa

Nash equilibrium in game I".
First notice that

Foul, nd) = Fi(uf, p3), i=1,2. (32)

By assumption, the family of functions { F1 (-, x2) : 0 < xp < 1} is pairwise poorly
convex. Hence, for every 0 < x; < 1 there is a positive number 4 (x1) such that

Fi(x1,0) = F1(0,¢) = h(x)[F1(1, ¢) — Fi(x1, 0)] (33)
and

Fi(xi,d) — F1(0,d) = h(x)[F1(1,d) — Fi(x1,d)]. (34)
Using (33) and the definition of 17"1, for 0 < x; < 1, we have

1 h(xy)
Fi(x1,¢0) < 1—F1(0, c) +

FhGn) Trhep bo=h (

;,c).
1+ h(xy)

Besides, F1(0, ¢) = Fi(1, ¢) and Fi (1, ¢) = F;(0, ¢). Therefore, forany 0 < x; < 1
there is a number p,, € [0, 1] such that

Fi(x1,¢) < Fi(py,c) for 0<x <1

Exactly in the same way, using (34), we also get
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Fi(x1,d) < Fi(py,,d) for 0<xj <1.

But the last two inequalities imply that F7(xq, ug) < f’l (Pxy» ug) forO <x; <1.
Now, using this inequality, (31), (32) and the equality pu} = ug, we can conclude
as follows:

Fi(x1, 13) = Fi(x1, 13) < Fi(py,. 1) < Fi(ul, 1d) = Fr(uf, 13).
Consequently,
Fi(xi, u3) < Fi(uy, u3) for 0<ux; <1 (35)

Similarly, using (31), (32) and the definition of strategy u7, for all x; € [0, 1] we
have

Fa(uf, x2) = aF(0, x2) + (1 — @) Fa(1, x2) = Fa (Y, x2) < Fa(u), 19)
= Fa(uj, u3).

Therefore, F>(u}, x2) < Fa(uj, n3) for 0 < x < 1, which together with (35)
completes the proof of Theorem 2. O

Proof of Theorem 3 Assume that (i, v) is a Nash equilibrium in game I'. Let x| €
[0, 1] and suppose that Fi (i, x/z) < Fi(xq, x/z) for all x/2 € supp (v). But then this
inequality would imply that Fi(u, v) < Fi(x1, v) which contradicts the fact that
(u, v) is a Nash equilibrium.

Let us fix € > 0. Therefore for all x; € [0, 1]

sup  [Fi(u, x2) — F1(x1,x2) + €] > 0.
xp€supp(v)

Let us denote G, (x1) = Fi (i, x2) — Fi(x1, x2) + . By assumption, the family
of functions {Fj(-,x2) : 0 < xp < 1} is pairwise poorly concave. Hence, we can
easily state with the help of statement (a) of Proposition 2 that the family of functions
{Gx,(x1) : x2 € supp (v)} of variable x; is pairwise poorly convex on [0, 1] and
satisfies the assumptions of Theorem 7. Therefore, there are ¢,d € supp(v) and a
probability vector (8, 1 — ) such that for all x; € [0, 1] we have BG.(x1) + (1 —
B)G4(x1) > 0. But this, in view of the arbitrarity of ¢, implies that for each x; € [0, 1]

BFi(u,c) + (1 = B)Fi(u,d) = pFi(x1,0) + (1 = B)Fi(x1,d),
or equivalently,
Fi(u, Bde + (1 = B)éa) = Fi(x1, Bdc + (1 — B)éa). (36)
On the other hand, since (i, v) is a Nash equilibrium,

Fa(u,v) = Fa(u, x2) for 0=<xp <1 (37
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Besides, ¢, d € supp(v) and function F>(xp, x2) is continuous on [0, 1]2. This and
inequality (37) imply that F>(u, c¢) = Fa(u, d) = F2(u, v), and consequently

Fa(u,v) = Fa(u, B8 + (1 = B)da).

Now, taking into account this equality, (37) and (36), we easily deduce that the pair
(m, BSe 4+ (1 — B)dg) is also a Nash equilibrium in game I, and it satisfies Theorem
3. Thus the proof has been completed. O

Proof of Theorem 4 1t is an immediate consequence of Theorem 3. O

Proof of Theorem 5 Let us define an auxiliary non-zero-sum two-person game I on
the unit square with payoff functions Fj(p, q) and F2(p,q),0 < p,q < 1, of the
form

A

Fi(p,q) = pqFi(0,0)+ (1 - p)gF;(1,0)+ p(1 —¢q)F(0, 1)
+(1 = p)A—-q)F;i (1, 1),

fori =1, 2.

We easily see that payoff functions Fi( P, q) and F( P, q) are continuous on [0, 1
and linear in each variable. Therefore they satisfy the assumptions of Theorem A in
Sect. 2. Consequently, there are 0 < «, 8 < 1 such that the pair of strategies ,u(l) = 0y
and ug = Jg is a Nash equilibrium in game [". We will show that the pair (u7, u3)
with u} = adp + (1 — a)8; and u} = By + (1 — B)3; is a Nash equilibrium in
game [.

First notice that

]2

Bl 1) = Fiui, wy), i=1,2. (38)

By assumption, the family of functions {Fi(-, x2) : 0 < xp < 1} is pairwise poorly
convex. Now, using this and (38), one can easily see that after changing F 1 with F 1, the
reasoning given between formulae (33) and (35) can be repeated withc = 0,d = 1 to
get that Fy (x1, u3) < Fi(uj, u3) for 0 < x; < 1. On the other hand, since also the
family of functions {F>(x1, ) : 0 < x; < 1} is pairwise poorly convex, by the same
way Fo(ut, x2) < Fa(u], u3) for 0 < xp < 1. Therefore the pair (i}, u3) is a Nash
equilibrium in game I', which completes the proof. O
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