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Abstract This paper provides an error analysis of the three-term recurrence relation
(TTRR) T,4+1(x) = 2xT,(x) — T,—1(x) for the evaluation of the Chebyshev poly-
nomial of the first kind Ty (x) in the interval [—1, 1]. We prove that the computed
value of Ty (x) from this recurrence is very close to the exact value of the Chebyshev
polynomial 7T of a slightly perturbed value of x. The lower and upper bounds for
the function Cy (x) = |Ty (x)| + [x Ty, (x)| are also derived. Numerical examples that
illustrate our theoretical results are given.
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1 Introduction

This paper proves the numerical stability of the three-term recurrence relation
(TTRR) of Chebyshev polynomials of the first kind (7},(x)):

Tn(x) =2xT,,_1(x) — T, 2(x), n=2,3, ..., @))
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where To(x) =1, T1(x) = x.

This formula often appears in practical applications. The TTRR is used in
Forsythe’s method for evaluating polynomials in Chebyshev form py(x) =
Z,Icvzo ay Ty (x). There are several algorithms for evaluating Chebyshev series (see
[1-5, 13]). Clenshaw’s and Forsythe’s algorithms are recommended. Chebyshev
polynomials of the first kind (7, (x)) are widely used in many applications (see [6,
8, 10, 14]). A desirable property for algorithms is numerical stability (see [12, 17]).
The term stability is sometimes used to refer to the forward or backward analysis of
the algorithm. An error analysis of Clenshaw’s algorithm in the general case was first
provided by D. Elliott in [9]. See also [2-5, 7, 11, 15], where the authors present the
forward error bounds for the evaluation of py(x) = Z}i\/:o ar T (x).

In this paper we study the mixed forward-backward stability of the TTRR (see
[12], Section 1.5). A precise definition of mixed forward-backward stability is now
given.

Definition 1 An algorithm W of computing Ty (x) is called mixed forward-
backward stable with respect to the data x, if the value Ty (x) computed by W in
floating point arithmetic satisfies

Tn(x) = (1 + 83T ((1 + An)x) + Oen®), I8n1, |AN| < emL,  (2)

where L = L(N) is a modestly growing function on N and €, is machine precision.

Simply, the computed value of Tx(x) by mixed forward-backward stable algo-
rithm is very close to the exact value of the Chebyshev polynomial Ty of a slightly
perturbed value of x. Throughout this paper, we will ignore the terms of order
O(ey?). Notice that (see, e. g., Lemma 4.1 in [18]) that the property (2) is equivalent
to

1Ty (x) — Ty (x)] < ey L Cn(x) + Oenr?), )
where
Cn(x) = [Ty ()] + IXT(x)] = [Ty (x)| + NIxUn—1(x)], 4

where Uy_1(x) denotes the Chebyshev polynomial of the second kind. These
polynomials satisfy the recurrence relations

Uy(x) =2xU,_1(x) — U, 2(x),n =2,3,..., ®)]

where Up(x) = 1, Ui(x) = 2x.

The paper has been organized as follows. In Section 2, we recall some basic prop-
erties of the Chebyshev polynomials. In Section 3, we will use these properties in
a derivation of the lower and upper bounds for C,(x). In Section 4, we present the
error analysis for the TTR. We prove that the TTRR is mixed forward-backward sta-
ble in the sense of (3) (which is equivalent to (2). Finally, in Section 5 we present
some numerical experiments performed in MATLAB.
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2 Preliminaries

We will need some properties of the Chebyshev polynomials (see [14, 16]). For
—1 < x < 1, we have T,(x) = cos(n®), where ® = arccosx and U,,_1(x) =
sin(n®)/sin® for0 < x < 1.

The following identities hold:

T,
U1 (x) = n(x),

Th(—x) = (_l)nTn(x)v Up(—x) = (_l)nUn(x)~

The Chebyshev polynomials of the first kind satisfy the following differential
equations;

(1 = x)T/(x) — xT)(x) + n*T,(x) =0 (6)
and
2 1 —)C2 /2
T () + ——T,°(0) = 1. ™
n

The last equality is a consequence of the trigonometric identity cos® n6+sin> nf = 1.

For —1 <x <landn =0, 1, ... we have the upper bounds
T, < |T,(DI=1, |Usx)| = |Us(D|=n+1 3
and for —1 <x <1
1
[Un(X)| £ —. )
" V1 —x2
The roots (t;) of T;,(x) are distinct and belong to (—1, 1):
2i — 1
pmeos 2 DT o (10)
2n
The roots (u;) of T, (x) (i.e. the roots of U,_1(x)) are:
wp=cos X, i=12....n—1. (11)
n
Then —1 <t, <uy_1 <...<u; <t <1land
T,w)=(-1)" i=1,2....,n—1. (12)
For—1 <x <landm =0,1,... we get
Tom+1()] < Cm + Dix|,  |Uzgnt1(x)| < 2(m + Dx|. (13)

3 Lower and upper bounds for C,(x)
Since C,,(—x) = C, (x) for all x, we restrict our considerations to the interval [0, 1].

From (8) it follows that C,,(x) < C,(1) = n? + 1for0 < x < 1. By (11)—(12), we
have C,(u;) = 1fori =1,...,n — 1.If n is odd then C, (0) = 0 (Figs. 1 and 2).
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Fig.1 Plotof y = C4(x)

30

Fig. 2 Plotof y = Cs5(x)
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Theorem 1 Let n be a natural number. Assume that s, < x < 1, where

1
Sp = ——. (14)
n?+1
Then we have
Cn(x) = T, (x0)| + |xT,, (x)| > 1. (15)

2

Proof Notice that the inequality x> > s;, 1s equivalent to x2(m* 4+ 1) > 1, hence

x2> 1= x . From this and (7) we get
2 2 272 2 1—x? 2
Cox)>T,(x)+x"T,7(x) > T, (x)+ —7 T,"(x) = 1.
The proof is now complete. O

Theorem 2 Let n be a natural number. Assume that 0 < x < s,, where s, is defined
by (14). Then

i) Cy(x) = nlx| foralln,
(ii) C,(x) =1 forevenn.

Proof We consider case (i). Clearly, by (14) 1 > n%x2, andsince 0 < x < Sn, We get
C2(x) = T2)+x T2 (x) = n> x> T2 (x)+x* T2 (x) > x* (T x)+— ! T’z(x)> .
Therefore,

Ci(x) = x*n (T (x)+ T ()>-xn2

due to (7). Therefore, C,,(x) > n|x|. This completes the proof of case (i).
Now we consider case (ii). Let n = 2m. We first prove that 7>, has no roots in
(0, s2,,). By (10), we need to show that
2m — )

tm = COS ——————— > 5oy (16)
dm

Notice that

T T .o
tymy = COS (— - —) sin —.
2 4m dm

Since 0 < ® < tan® forall0 < O < %, we have tan? ©® > ©2. From this it

follows that sin © 02

= 1 /4m in the above inequality leads to
2
2 7 1 2
o > > =s5 ,
T 1emr 4+ 4m2 41 m
SO t; > Sy, This finishes the proof of (16).
We see that Ty, has no roots in (0, sp;;). Moreover, T>,(0) = (—1)" and
T,,(0) = 0. We conclude from (10)—~(11) that 0 is the only root of 7, in the inter-
val (—s2m, $2m). Notice that Ty, and T, are even, i.e. Toy(—x) = T, (x) and
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T, (=x) =T, (x)forall x. T, isodd,thatis, T, (—x)= —T, (x).Thus we see
that the polynomials 73, and T2/m do not change the signs in (0, 52,,,).

More precisely, if m is even, then for all 0 < x < s, we have T5,(x) > 0
and T,, (x) < 0, hence Cyy(x) = Tom(x) — xT;, (x). Similarly, if m is odd then
Tom(x) < 0and T;, (x) > 0, s0 Cop(x) = —Tom(x) + xT,, (x). We see that
C),,(x) = =T, (x)if m is even and C} (x) = T, (x) otherwise.

By (6) for n = 2m, we obtain the formula

(1 —xH)Ty (x) = xTy,, (x) — 2m> Topy (x).

m
We see that for all 0 < x < s2,, we have T, (x) < 0if m is even and T, (x) > 0
if m is odd. We conclude that Cém (x) > 0 for any m, so Ca,,(x) is increasing in the
interval (0, s2,,). This gives the lower bound C»,,(x) > C3,,(0) = 1. The proof of
our theorem is now complete. O

4 Error analysis
We analyze the rounding errors in the TTRR. We start with the following lemma.
Lemma 1 Let T,,(x) denote the quantities computed by the TTRR in floating point

arithmetic fl with machine precision €. Assume that x is exactly representable in fl
(fl(x) =x)and x € [—1, 1]. Then

Ty (x) — Tn(x)| < em En(x) + O(en?), (17)
where
N
En(x) = Z Clx [ Th—1 ) + [T () D) [UN—n (X)]. (18)
n=2

Proof Note that To(x) =1, Ti(x) = x and forn = 2, 3, ... we have
Ty (x) = 2x T 1 () (L4 an) = T20)0)A+ B), N, 1Bal < €.

Therefore,

- - - - Bn
T,(x) =2xTy1(x) = Tha(x) + &4, & =2xT,1 (), + ﬁTn(x)- (19)
n
Let e, = f‘n(x) — T, (x). We observe that g = ¢; = 0 anq e, = 2xe,_1 —
en—n + &, forn = 2,3,..., N. From this it follows that ey = Ty (x) — Ty (x) =
Zfl\’:z Upn_n(x)&,. Therefore, |ey| < Z,Ilvzz |Un—n(x)|1&,]. This, together with (19),
leads to

16n] < em QIx| 1 T1 (O] + 1T (0)]) + Olen™), (20)
hence
N
len| < em Y QIXNTuo1 )+ T [Un-a ()] + Olen®.  (21)
n=2
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The proof of Lemma 1 is now complete. U
Now our task is to bound E y (x).

Theorem 3 Let Ey (x) be defined by (18). Then we have
AN(N — 1)

En() < Ex() = =———— forx e[-1.1] (22)
and
En(x) < 3W-D forx € (—1,1) (23)
ARV g o
If N isoddand |x| < sy = \/le_+l then
5(N — 1)(N +7
Eneo = 25D (24)

Proof 1t is obvious that for every x € [—1, 1] we have

N

3IN(N —1
Ev(x) <Ey()=3Y (N—n+1)= NV =D
2
n=2
This completes the proof of (22).
If —1 < x < 1 then by (8)—(9) and (18) we get
N
1 3(N -1
Eyen <33 SR

n=2\/1—x2 B «/l—xz.

This finishes the proof of (23).
Now assume that N is odd and |x| < sy. We rewrite (18) as follows

En(x) = An(x) + By (x)), (25)
where

N
An(x) = 2|x| Z |T—1 (O Un—n (x)], (26)

n=2

N
Byn(x) = Z | T O NUN—n (X)]- (27)
n=2

Notice that (9) gives

3
[Up(x)| < < 3 for x| <sny, k=0,1,.... (28)

1
/ 2
I —sy
This, together with the inequality |7,,—1(x)| < 1, gives

AN(x) < 3|x[(N = 1). (29)
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Table 1 The error (33) for the TTRR

N 8 16 32 64 128 256 512 1024

Error (33) 5.25 11.00 21.78 35.00 66.00 165.00 280.75 679.62

To estimate By (x) for N = 2m + 1, we split it as follows:

m

By (x) = Y 1T () [Un—2k ()] + Y 1Tk 1 ()] Uy~ a4 1y ().
k=1 k=1

Note that (13) implies the following upper bounds (for the polynomials of the odd
degrees):

[Unv—2k ()| < (N =2k + 1) x|, |Toak1(0)| < Qk+1)|x].

From this and (28) it follows that

m 3 m
By(x) < ,;(N —2k+1) x| + 3 ];(Zk—i- 1) |x]|.

The last inequality, together with (25) and (29), leads to
3
En(x) < BN =1 +m(N —m)+ Em(m +2)) |x].
Since m = (N — 1)/2, we immediately get (24). [

The bounds (22,23) are not new, see Barrio [2, 5]. To our knowledge, the bound
(24) is however new, and allows us to prove the mixed forward-backward stability of
the TTRR for all x € [—1, 1].

By Theorems 1-3 and Lemma 1 we obtain the following theorem.

Theorem 4 The TTRR is mixed forward-backward stable in [—1, 1]. For every N >
2 we have
AN(N — 1)

5 Cn(x) 4+ O(ey?) forx e[—1,11  (30)

Ty (x) — Ty (x)] < em
and

1Ty (x) — Ty (x)] < ey T(N — 1) Cy(x) + O(en?) forx € [-0.9,0.9]. (31)
1

Moreover, if N is odd and |x| < sy = NSk then
+
- 5(N-1D(N+7)
|Tn(x) = Tn(X)| < em By — Cn(x) + Olen™). (32)

We see that L(N) in (2) is of order N in (—1, 1) for x not to close to 1 and of
order N? near +1.
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Table 2 The relative error Ry (x)

N 10 102 10° 10* 10° 10°

Ry (0) 5 50 500 5.10° 5.10* 5.10°
Ry (0.5) 1.63 1.96 1.99 1.99 2.00 2.00
Rn(0.9) 1.33 1.61 1.48 1.50 1.48 175

Ry (cos(2m/N)) 14.70 1.51-103 1.51-10° 1.50 - 107 1.62-107 433.10°
Ry (cos(r/N)) 29.41 3.03-10° 3.03-10° 2.91-107 8.24 . 10° 1.06 - 10°
Ry (1) 1.33 1.48 1.49 1.49 1.50 1.50

5 Numerical tests

To illustrate our results, we present numerical tests in MATLAB with machine pre-
cision €yy = 2752 ~ 2.2 - 107'%. We compare the results computed by the TTRR
with the exact values of the Chebyshev polynomial Ty (x). They were obtained by
implementing the TTRR in high precision using the VPA (Variable Precision Arith-
metic) function from MATLAB’s Symbolic Math Toolbox, and then rounded to 16th
decimal digits. We compute the relative error

maxyes | T (x) — Ty (x)]

eN = (33)
€M

Here S consists of the equally spaced checkpoints #1, f2, . . ., 201 from the interval

[-1,1],ie.ti =—1+ (G —1)/100fori = 1,2, ...,201 (Table 1). In order to show

that our theoretical bounds are realistic, we evaluated Ry (x) = En(x)/Cn(x) for

particular values of x. It is clear that near x = %1 the values of Ry are of order

N2 for large N (Table 2). For example, if ¥ = u; = cos(st/N) (the root of TI’\,(x))

AN(N—
2

then x is very close to 1, so Exy(X) ~ Ex(1) = D However, Cy(®) = 1,

S0 Ry (%) ~ W(ZLU Similar conclusion can be found in [2] for a class of parallel
algorithms to evaluate Chebyshev series.
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