
SPECIAL ISSUE
Basic Plasma Processes in Solar-Terrestrial Activities

Article

April 2012 Vol. 57 No. 12: 1449–1454
doi: 10.1007/s11434-011-4902-4

c© The Author(s) 2012. This article is published with open access at Springerlink.com csb.scichina.com www.springer.com/scp

Nonlinear dependence of anomalous resistivity on the reconnecting
electric field in the Earth’s magnetotail

WU GuiPing* & ZHANG DaoYu

Department of Physics, Southeast University, Nanjing 211189, China

Received August 24, 2011; accepted October 25, 2011; published online February 21, 2012

Based upon the observational data of the fast magnetic reconnection in the nearly collisionless magnetotail and the particle in cell
(PIC) simulations on the electron acceleration in the reconnecting current sheet with guide magnetic field, we self consistently solved
one dimension Vlasov equation with the magnetotail parameters and realistic mass ratio to explore the relationship between the
anomalous resistivity and the induced electric field. As compared with theoretic formula for the current driven ion-acoustic and
Buneman anomalous resistivity, the anomalous resistivity may result from the ion acoustic instability for small reconnecting electric
field and the Buneman instability for large reconnecting electric field. The discrepancy between the theoretic results and numerical
simulations may be caused by the high frequency instability that results from the deviation of electron distribution from Maxwellian
one. These results are consistent with the early experimental results and favorable for the fast reconnection to take place.
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In a collissioness coronal and the Earth’s magnetotail plasma,
anomalous resistivity caused by kinetic-scale wave-particle
interactions is usually assumed to trigger fast magnetic recon-
nection, which was widely accepted as the main mechanism
that converts free magnetic energy into heating and accelerat-
ing electrons and produces magnetospheric substorms [1–4].
The energetic electrons up to ∼300 keV were measured in a
rare crossing of the diffusion region of reconnecting current
sheet (RCS) by the Wind spacecraft [5]. Egedal et al. [6],
after analyzing in-situ measurements of electron distribution
functions inside the magnetotail RCS respectively from Wind
and Cluster, found that the relative energy gain of the super-
thermal electrons is the same and nearly independent of their
initial energy, while the electrons with the thermal energy are
less accelerated. Hence, they concluded that the super ther-
mal electrons are accelerated by reconnecting parallel electric
field in vicinity of the reconnection region. For other acceler-
ation mechanisms, such as Fermi acceleration of electrons in
contracting magnetic islands and stochastic acceleration, the
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relative energy gain of the electrons is a function of their ini-
tial energy. Therefore, these direct observational signatures
suggest that the electrons are accelerated to relativistic energy
by reconnecting electric field inside the diffusion region.

On the other hand, the role of the electron dynamics inside
the diffusive region of RCS is very important to understand
the collissionless magnetic reconnection [7]. The 2D and 3D
particle-in-cell (PIC) simulations was widely used to trace
the typical electron trajectories [8, 9]. It is found that, with
the guiding magnetic field or external driven reconnection in
RCS, the electrons can only be accelerated by the electric
field in the X-type region and then spread out along the sep-
aratrices. In the O-type region, no obvious electron accelera-
tion is observed.

For the generation of anomalous resistivity ηeff , it was of-
ten assumed that the current driven electrostatic ion-acoustic
instability was excited after a shrinkage of the current sheet
in the resistive MHD simulations. If the current density is
larger than the threshold of ion-acoustic instability, the re-
sistivity suddenly increases several orders above the classic
Spitz resistivity. Using its relation to the effective collision
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frequency νeff in the presence of current driven ion-acoustic
waves, i.e. ηeff = νeff/(ε0ω

2
pe) [10], we have

ηeff =
1
ε0ωpe

ε0δE2

2neκBTe
, (1)

where ωpe is the electron plasma frequency, ne is the electron
number density, Te is the electron temperature, and ε0δE2/2
is the observed wave power of the fluctuations.

Recently, one dimension (1D) Vlasov simulations with pa-
rameters appropriate to the magnetopause and low-latitude
boundary layer highlight the importance of the anomalous re-
sistivity produced by the ion acoustic instability [11]. Petkaki
and Freeman inferred non-linear dependance of anomalous
resistivity on the bulk drift velocity of electrons [12]. We
performed 1D Vlasov simulations, including the external in-
ductive field with a realistic mass ratio and parameters ap-
propriate to solar coronal for the first time, investigated the
nonlinear dependance of the anomalous resistivity on the in-
duced electric field and bulk drift velocity, and found that
the excited electrostatic waves have the characteristics of the
Buneman instability, i.e. propagating in opposite directions
with the growth rate of the order of the ion plasma frequency,
and decreasing the wave vector at the maximum growth rate
with increase of the bulk drift velocity of electrons [10–12].

As the anomalous resistivity is sensitive to the plasma pa-
rameters and the initial condition, we investigate the nonlin-
ear dependance of anomalous resistivity on the induced elec-
tric field by means of Vlasov simulations with the parameters
direct measurement from the fast reconnection in the magne-
totail by Cluster [3]. The time dependent evolution of elec-
tron distribution and the energy of unstable waves are also
presented.

1 Basic equation and simulation method

There are two approaches in the present work: (1) the recon-
necting and perpendicular components of the magnetic field
approach zero, i.e. Bx ≈ By ≈ 0, which are appropriate in
the center-plane of a current sheet near the X-type point with
guiding field, where the electrons are most effectively accel-
erated [5,6]; (2) the Lorentz force (J × B) is smaller than the
electric force, when the induced electric field is assumed to
be along the z-component of the magnetic field [8,10]. There-
fore, for the study of electrostatic waves, the only force acting
on the plasma is that of an electric field, a 1D approach may
be enough to investigate the evolution of the anomalous re-
sistivity due to the current-driven electrostatic instability in
RCS [8,10,13].

The 1D electrostatic Vlasov equation is written as

∂ fα
∂t
+ vz
∂ fα
∂z
+

qα
mα

Ez
∂ fα
∂vz
= 0, (2)

where fα is the particle distribution function (α ∈ {i, e}), mα
and qα are respectively the mass and charge of particles, Ez is

the electric field strength, including the inductive component
E0 and turbulent component ̂Ez, i.e. Ez = E0+̂Ez. The former
is assumed to be a constant in time and space, and the latter
may be integrated forward in time, using Ampere’s law given
by [17]

(∇ × B)z = μ0

(

J + ε0
∂̂Ez

∂t

)

. (3)

The electric current density is expressed by

J(z, t) =
∑

qα

∫

vz fα(z, vz, t)dvz, (4)

which may be divided into two parts of a spatially-averaged
component and a fluctuant component, the former being as-
sumed to be balanced by the gradient of an external magnetic
field B at all time, i.e. (∇ × B)z = μ0〈J〉 [11], and the latter
being related to the turbulent electric field, which is given by
̂J = J − 〈J〉 .

The anomalous resistivity may be calculated at each time
step using the following expression [14]:

ηeff =
E0

〈J〉 −
me

nee2

(

1
〈J〉

d〈J〉
dt

)

. (5)

With the periodic boundary conditions and simulation
method described in Horne and Freeman [17], eq. (2) is inte-
grated forward in time, with initial unstable waves originated
in a white noise electric field applied at t = 0 [18]. In our
simulations, the ion to electron mass ratio is mp/me = 1836,
ni = ne = 2 × 105 m−3 [3], Te = Ti = 100 eV [19],
where ni is the ion number density, Ti is the ion tempera-
ture. According to a multi-spacecraft measurement of fast
reconnection rate γrec ∼ Vin ≈(0.07∼0.15)VA and B0 = 18.9
nT [3], the induced electric field strength may be estimated
as E0 = Vin × B0=(0.862∼4.13)×10−3 V m−1. We take
E0 =(0.1∼5)×10−3 V m−1. The number of grid points is
Nz × Nve × Nvi = 2000 × 2500 × 400. The resolution of
spacial grid Δz, velocity grid Δve and Δvi are respectively
0.5λDe, 0.01ve0, 0.05vi, where vi and ve0 are respectively the
ion and initial electron thermal velocity ( vi =

√
kTi/mi,

veo =
√

kTe/me ), and λDe is the plasma Debye length. The
time step is Δt = 0.003w−1

pe . The space, velocity space, and
time numbers of grid points are carefully selected to ensure
the numeric stability and accuracy of the integration algo-
rithm [17, 18]. The initial ion and electron populations are
respectively drift-like Maxwellian distribution functions, fi =
ni/((2π)1/2vi) exp(−v2/(2v2

i )), fe = ne/((2π)1/2ve0) exp(−(v −
vd)2/(2v2

e0)), where vd is the initial bulk drift velocity of elec-
trons relative to ions. As the critical drift velocity for the on-
set of ion-acoustic instability with Te/Ti = 1 is about 1.35ve0,
we take vd/ve0 = 1.5 to save computing time [15].

2 The nonlinear dependance of the anomalous
resistivity on the induced electric field

2.1 Evolution of the electron distribution

The electron distribution at z = 0, the spatially averaged
mean drift velocity, thermal velocity, free accelerated veloc-
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ity of electrons with different magnitudes of external induc-
tive fields are respectively shown in Figures 1 and 2. It can
be seen that the whole evolution can be divided into three
stages. At the beginning, the electrons are all accelerated by
the induced electric field, and Buneman instability is excited.
Then, with the increase in the magnitude of unstable waves,
the kinetic energy of electrons is transferred into waves, and
the drift velocity decreases. As the unstable waves propa-
gate opposite directions and some electrons are scatted into a
positive region of vz-axis, a low-velocity tail appears relative
to the initial distributions and trapped by waves in Figure 1,
and their acceleration stops. Finally, after the instability satu-
rates, the untrapped electrons continue to be accelerated, and
the bulk drift velocity continues to rise [13, 20].

2.2 Anomalous resistivity

As stated in [12] that the anomalous resistivity during the
nonlinear phase is highly variable in time, and sensitive to
the initial noise fields, we numerically solved eqs. (2)–(5) for
nine different induced electric fields, and used an ensemble of
10 Vlasov simulations for each set of initial conditions, which
differ only in the initial electric field noise as that in [12].
The time evolution of the ensemble Vlasov simulations for
E0=0.00025 V m−1, 0.0025 V m−1 are plotted in Figure 3,
where thin lines mark each η of the 10 initial noise fields and
thick line denote mean η. Figure 4 shows the mean of peak
value ηmax (plus marks), and the standard deviation σ(ηmax)
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Figure 1 Evolution of the electron distribution for two induced electric
fields.
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Figure 2 Evolution in bulk drift velocity, thermal velocity, and free accel-
erated velocity of electrons for two different induced electric fields.

(dotted lines).
Previously, eq. (1) is usually used to estimate the anoma-

lous resistivity due to wave-particle scattering. Substituting
the typical values into eq. (1), we have ηeff = 4.47 × 108σe,
where σE = (ε0Ê2)/(2nekT ) is the ratio of the turbulent wave
energy to the thermal energy. Substituting the spatially aver-
aged value of σE versus time into eq. (1), we plot the evolu-
tion of the anomalous resistivity, and compare it with the one
from eq. (5) in Figure 5. It can be seen that: (1) in the rising
phase of unstable waves, the anomalous resistivity obtained
in two ways has the same order; (2) in the maximum phase of
unstable waves, the difference between them increases with
enhancement of E0; (3) after saturation of unstable waves,
because the energy exchanges among the waves and particles
stochastically, the averaged total energy of unstable waves or
particles almost changes little, and the electron distribution in
velocity space also hardly changes. Since the wave-particle
interaction is very dynamic, eq. (1) is too simple to describe
the evolution of anomalous resistivity.

As further compared with the classic resistivity due to
Coulomb collisions, the peak value of the anomalous resistiv-



1452 Wu G P, et al. Chin Sci Bull April (2012) Vol. 57 No. 12

(a)  E = 0.00025 V m−1

(b)  E = 0.0025 V m−1

ωpe
 t 

η 
(×

10
4  Ω

 m
)

ωpe
 t 

400 600 800 1000 1200

200 300 400 500 600

10.00

1.00

0.10

0.01

10.00

1.00

0.10

0.01

η 
(×

10
4  Ω

 m
)

Figure 3 Anomalous resistivity plotted as a function of time, where thin
lines mark each of the 10 initial noise fields and thick line denote mean η .
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Figure 4 Anomalous resistivity plotted as a function of the induced electric
field.

ity enhances about ten orders for E0 = 10−4 V m−1, which can

be calculated from formula of η ≈ 10−3T
− 3

2
e (eV)=10−6 Ω m

with Te =100 eV. After saturation of the unstable waves, the
peak value decreases at least two orders. Martens and Yong
also estimated the anomalous resistivity in Geomagnetic tail,
which enhances about nine orders as compared with the clas-
sic resistivity [19].

In addition, the early experiments also told us that if the
applied electric field is relatively small, the anomalous con-
ductivity is associated with ion-acoustic instability, if the ap-
plied electric field is large, the anomalous conductivity is
associated with Buneman instability. Substituting the typi-
cal coronal parameters into the formulas σ(esu) ≈ ( mp

me
)

1
3
ωpe

2
for the anomalous current driven Buneman conductivity and
σ(esu) ≈ ( mp

me
)

1
2ωpe for the anomalous current driven ion-

acoustic conductivity [21], we have 7.8 ×104Ωm for anoma-
lous Buneman resistivity, and 0.83×104Ω m for anomalous
ion acoustic resistivity. From our simulations, the anomalous
resistivity calculated is about (1.9–3) ×104Ω m for E0 =(1–
2.5)×10−4 V m−1(Figure 4), and (8.99–17.2) ×104Ω m for
E0 =(1–2.5)×10−3 V m−1(Figure 4), which is the same or-
der as the theoretical one respectively from ion and Buneman
instability. As we have demonstrated that the interaction of
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Figure 5 Comparing the anomalous resistivity calculated respectively
from eqs. (1) and (5), where solid line marks the one from eq. (1) and dotted
line denotes the one from eq. (5).

wave and electrons lead the distribution of electrons deviates
from Maxwellian one (see Figure 1), the beam-plasma in-
stabilities are excited [13], which may be the reason for the
enhancement of anomalous resistivity with the increase of the
inductive electric field. Therefore, our numerical simulations
are basically consistent with these experimental results for
different electric fields.

3 Conclusions and discussion

Based upon the observations and PIC simulations that in the
Earth’s magnetotail, the energetic electrons are accelerated
by the induced reconnecting electric field near the center of
RCS with guiding magnetic field, we performed 1D Vlasov
simulation including the reconnecting electric field with pa-
rameters of Earth’s magnetotail and real mass ratio of elec-
tron to ion, investigated the nonlinear evolution of electron
distribution, and self consistently worked out the anomalous
resistivity due to wave-particle scatting. The main results are
summarized as follows.

(1) At first, owing to the presence of a super-Dreicer elec-
tric field [19], the electrons are freely accelerated and the
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bulk drift velocity increases. Then, with the excitation of
current driven instability, wave-particle scatting causes the
low-velocity tail to be formed and the bulk drift velocity de-
creases. Finally, those electrons trapped by waves stop ac-
celerating, and the other untrapped electrons continue to be
accelerated. The bulk drift velocity increases.

(2) Substituting the parameters into theoretic formula
respectively for current driven ion-acoustic resistivity and
Buneman resistivity, we have similar simulation results re-
spectively for small and large E0. It demonstrates that anoma-
lous resistivity may result from the current driven ion acoustic
instability for small E0 and Buneman instability for large E0,
respectively. The discrepancy may caused by the high fre-
quency instability that results from the deviation of electron
distribution from Maxwellian one [13]. These results are also
consistent with early experimental results.

(3) In the rise phase of unstable waves, the anomalous re-
sistivity is the same order as the one estimated from quasi
linear theory. In the maximum phase of unstable waves, the
difference between them increases with enhancement of E0.
After saturation of unstable waves, the anomalous resistivity
decrease at least about 2–3 orders as compared with its peak
value. Since the wave-particle interaction is very dynamic,
eq. (1) is too simple to describe the evolution of anomalous
resistivity.

A number of numerical resistive MHD simulations demon-
strated that not only the magnitude of anomalous resistivity
but also its distribution decide reconnection rate. The main
conclusions are that: (1) a spatially uniform resistivity trig-
gers the Sweet-Parker reconnection to take place; (2) a locally
enhanced resistivity inside the diffusive region near the cen-
ter of X-type neutral point leads Petschek-like reconnection
to take place, and the fast reconnection drastically evolves by
a positive feedback between the global reconnection flow and
the anomalous resistivity [22, 23].

In principle, the anomalous resistivity and its distribution
in RCS may be fully understood only when the 3D self-
consistent dynamic reconnection is solved. However, due to
the limit of the run time and storage memory of computers,
a simplified model and unrealistic plasma parameters are of-
ten used to get some insight of its physical nature. Since the
most efficient electron acceleration in RCS takes place near
the X-line with externally driven RCS with guiding magnetic
field [8, 9], it suggests that the anomalous resistivity larger
near the neutral point than the one in the other region, which
is favorable for the fast magnetic reconnection to take place.

Considering that the energetic particles in tenuous and col-
lisionless space plasmas are better fitted by kappa-type dis-
tributions [18, 24–26], we substituted the initial kappa-type
ones into our simulations with E0 = 0.0025 V m−1, obtained
that the averaged peak anomalous resistivity is respectively
(1.50, 1.62, 1.72)×105Ω m, and the the corresponding peak
time is almost the same for the index κ = 3, 4,∞ (Maxwellian
distribution, see eq. (1) in [18]). It represents that the impact
is small, which may be caused by the deviation of the elec-

tron distribution from the Maxwellian one after the onset of
the unstable waves. The difference for these two distributions
in exciting the instability is the lower threshold of drift veloc-
ity for kappa-type one [18]. On the other hand, the more un-
stable waves are excited in a multi dimensional simulations,
which may play an important role in heating and accelerating
electrons in some stage [20, 27].

In addition, we emphasize that the distribution of the ener-
getic electrons in RCS could not be obtained by the present
1D simulation, because the small magnetic field component
perpendicular to the guiding field is ignored, which causes the
electrons to move outside the diffusion region without further
acceleration. Only when 3D electromagnetic simulation in
RCS is performed, can the self-consistent energetic electron
spectrum be acquired.
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