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Abstract

This dissertation deals with proper consideration of stability regions of well known nu-
merical methods for solving fractional differential equations. It is based on the algorithm
by Diethelm [15], predictor-corrector algorithm by Garrappa [31] and the convolution
quadrature proposed by Lubich [3]. Initially, we considered the stability regions of nu-
merical methods for solving ordinary differential equation using boundary locus method
as a stepping stone of understanding the subject matter in Chapter 4. We extend the
idea to the fractional differential equation in the following chapter and conclude that each
stability regions of the numerical methods differs because of their differences in weights.

They are illustrated by a number of graphs.

Key words.  Fractional differential equations, ordinary differential equations, finite
difference method, stability regions, Mittag-LefHler function, Riemann-Liouville fractional

derivatives, Caputo fractional derivatives.
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Chapter 1

Introduction

The main purpose of this dissertation is to investigate the stability regions of numerical

methods for solving fractional differential equations (FDEs).

Fractional derivatives and fractional integrals may not be new in the household subject
area of mathematics, but have drawn a huge interest in recent years because of its vast
areas of application. As mentioned in [32], the list of great mathematicians who have
made significant contribution to FDEs includes P.S. Laplace (1812), J.B.J. Fourier (1822),
N.H. Abel (1823-1826), J. Liouville (1832-1873), B. Riemann (1847), H. Holmgren (1865-
1867), A.K. Grunward (1867-1872), A.V. Letnikov (1868-1872), H. Laurent (1884), P.A.
Nekrassov (1888), A. Krug (1890), J. Hadamard (1892), O. Heaviside (1892-1912), S.
Pincherle (1902), G.H. Hardy and J.E. Littlewood (1917-1928), H. Weyl (1917), P. Levy
(1923), A. Marchaud (1927), H.T. Davis (1924-1936), A. Zygmund (1935-1945), E.R.
Love (1938-1996), A Erdelyi (1939-1965), H. Kober (1940), D.V. Widder (1941), M. Riesz
(1949).

However, FDEs have been used successfully to model frequency dependent damping
behaviour of many viscoelastic materials [30], electrochemical process [27], a radial flow
problem [28]. Many papers have also been involved in illustrating the application of FDEs

in dielectric polarization [9], control of viscoelastic structures [35] etc..

Several analytical methods have been proposed to solve FDEs, for example Laplace

transform, Mellin transform, Fourier transform, modal synthesis, eigenvector expansion
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etc.. Most of these methods can only be applicable to solve linear FDEs but cannot be

applied in non-linear FDEs.

Recent developments have seen a tremendous interest in approximating numerical so-
lution for FDEs which can be effectively applied to both linear and non-linear FDEs (see
Diethelm [15, 18], Lubich [5]). As pointed by Diethelm [18], most of the techniques of
solving initial value problems (IVPs) of FDEs are equivalent to Volterra integral equation.
Therefore the numerical schemes for Volterra integral equations can be applied to FDEs.
Lubich [3, 4] took the advantage for the fact FDEs can be converted into Volterra integral
equations to produce a stabilty analysis of convolution quadratures and fractional linear
multistep methods for Abel-Volterra equations of the second kind. Diethelm et al. [19]
presented extrapolation method for numerical solution of FDEs. These was based on the
algorithm of [15] where the application of extrapolation were justified. The algorithm
used the Hadamard finite-part integral stated in [20] to determine the weights of the nu-
merical solution. Diethelm et al. [18] presented a predictor-corrector method for solution
of numerical FDEs. It was demostrated that Adam-Moulton predictor-corrector method
of ODEs can be extended to predictor-corrector method of FDEs and produced a detailed

error analysis for fractional Adams method.

Garrappa [31] considered the linear stability of predictor-corrector algorithms for FDEs.
He took the advantage that FDEs can be converted into Volterra integral equations and
used the idea in [4] to establish the stability analysis for convolution quadrature. Similar
approach were used by Galeone and Garrappa [26] to produce the stability for an explicit
methods for FDEs. There are other papers which deals with the numerical methods for
FDEs, for example, multi-order FDEs and their numerical solution [22], the numerical
solution of linear multi-term FDEs: systems of equations [12], numerical analysis for
distributed-order differential equations [21], numerical treatment of differential equations
of fractional order [25], some numerical methods of fractional calculus [33], stability and
convergence of the difference methods for the space-time fractional advection-diffusion

equation [8] etc..
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In this dissertation, we will consider the stability regions of some numerical methods
for solving FDEs. As with ordinary differential equations (ODEs), numerical method is
stable if small changes or perturbation in the initial conditions produce correspondingly
small changes in a numerical approximations. In other words, a stable method is one

whose results depend continously on the initial values.

This dissertation is organised as follows. In Chapter 2, some prelimenaries and funda-
mentals for FDEs are introduced. Some numerical methods of linear FDE in Chapter 3
are investigated. The stability regions of numerical methods for ODEs are introduced in
Chapter 4. In Chapter 5, we investigate the stability regions of numerical methods for
FDEs. In Chapters 6 and 7, we introduce some future works and draw some conclusion
respectively. Finally, we present all the MATLAB codes for our Chapter 5 experiments

in appendix.



Chapter 2

Prelimenaries and fundamentals

In this chapter we introduce some basic knowledge for fractional differential equations.

2.1 Gamma function

According to Podlubny [11], Euler’s gamma function I'(z) is one of the main functions of
the FDEs which generalizes the factorial n! and allows n to take non-integer and complex

values.
Definition 2.1.1. The gamma function I'(z) is defined by the integral
r(z) = / gt Re(2) > 0.
0
Furthermore, in order to give a reasonable account of this function, we state the prop-

erties of this function from Podlubny [11] and Diethelm [16]. It is shown that gamma

function satisfies the following functional equation
Nz+1) = z2[(2) (2.1)
Here I'(1) = 1 and therefore by applying (2.1) gives for z = 1,2,3, ... i.e. I'(2) = 11,T'(3) =

2,1'(4) =3, ..., T(n+1) =nl

Another important properties of gamma function is that it has simple poles at the

points z = —n, where n =0, 1,2, ...
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2.2 Beta function

Definition 2.2.1. The beta function which has an upper limit one and lower limit zero

is defined by [11, 14] the following expression:

1
Blzw) — /t“u—t)wldt, Re(z) >0, Re(w) > 0.
0

From this definition, we can use the convolution theorem of Laplace transforms to
establish that the Beta function can be expressed in terms of Gamma functions. This
is possible by replacing the constant one in the upper limit of integration in definition

(2.2.1) and the one in the second term with v. It is effectively possible now to interpret

1 w—1

the Beta function as a convolution integral involving two power functions v*~" and v

such that
B(z,w) = / Yo —t)""'dt, Re(z) >0, Re(w)>0.
0
Then taking the Laplace transform of the integral to obtain

UB(zw)w)} = o e )
_ T(x)T(w) _T(E)(w)

§% sw Serw

Now taking the inverse Laplace transform gives

F(z)F(w)UZerf1
I'(z+w)

("H{B(z,w)(v)}

and setting v = 1, we obtain following result

which gives the relation between gamma and beta functions.

2.3 The Mittag-Leffler function

Definition 2.3.1. The Mittag-Leffler function is defined by [10]

oo k
z
E.(z) = E Tlah 1 1) aecC, zeC, Re(a)>0. (2.2)

k=0
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The general Mittag-Lefler function is defined by

oo
Zk

Eop(2) m,

a,€C, z€C, Re(a)>0, Re(f)>0. (2.3)

k=0
where C is the set of complex numbers. Prabhaker (1971) defined a generalized Mittag-
Leffler function by

b = S
p — I'(ak + B)k!

where o, 8,v € C, R(a) > 0 and Ef, 5(2) is an entire function of order Re(a).

2.4 Definitions of fractional order derivative

In this section, we will introduce definitions of fractional derivatives and integrals.

Definition 2.4.1. Gorenflo and Manardi [32] defined the Cauchy formula by

O i i /0 (t—7)""'f(r)dr, t>0, neN.

JUf() =
where N is the set of positive integers. Extending from positive integers values of index to
any positive real values leads to the definition of Riemann-Liouville integral of fractional
order, with o > 0:

1

JOE() = m/o(t—T)O‘_lf(T)dT, £>0, acR. (2.4)

where R is the set of positive real numbers. In particular where @ = 1, we have

TFt) = ﬁ/otf(T)dT, >0

assuming that function f is well behaved sufficiently.

Moreover, we can write the intgral semi-group property as follows according to [32]
Jegb = JOH-B, a,>0

which gives the commutative property, J?J* = J*J? and the effect of the operator J°

on the power functions

r 1
JuB = ﬂt“a, a>0, B>-1, t>0.

IF'(f+1+«)
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Also, the formula a > 0,
DJ* =1
which implies that
DJf() = fO)] = [f(t) = f(0)]

Definition 2.4.2. ([32]) The Riemann-Liouville fractional derivative of order o > 0 with

lower limit zero for a function f is defined as

o DR f(t) = D" f(1)

namely
d—n[ f(T) dr|, n—1<a<n, neN
é%Dtaf(t): dt: I'n—a) fO (t—1)ot1l=
am (), a=n
Note that D*J* = D*D~* = I, J*D* # I where [ is the identity for all « > 0 and
r'(p+1) .
DY = ———2 P a>0, B>-1, t>0. 2.5
T(B+1-a) b (2:5)

Definition 2.4.3. ([32]) The Caputo fractional derivative of order o > 0 for a function
f is defined as

o Df(t) = JOD f(t)
namely

F(r)
OCDtaf(t)z F(na 0t7‘1+1 —dr, n—1<a<n, neN

Lof(t), a=n

Note also in general that
oDy f(t) =D I f(t) # D f(t) = §Df(t)

forallm—1 < a <nandt > 0, one observe that the relation between Riemann-Liouville

fractional derivatives and Caputo fractional derivatives is given by:

f(k k—a

—a —I— 1) (2:6)

n—1
GDL0) = SDRIO+ ) m—arD)
k=0
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and

cors) — fops - 30 LW 1)

where n is the positive integer uniquely defined by n — 1 < o < n which provides the
initiaal value f®)(0) = py, k =0,1,2,......,m — 1.

Definition 2.4.4. ([15]) Hadamard finite-part integral is defined as follows:

l14a]-1

b O (q)(h — g)i+1—a—1 b
}{(x—a)_a_lf(x)dx = Z fAa)b=a)™ —i—/ (z —a) * 'Ru(z,a)dx

(l+1—p)e!

Here

Rya,0) = / "o — ) P )y

|1+ «a is the largest integer not exceeding 1+ «. For example, in the case of 0 < a < 1,

|1+ af =1, we have

%b(:v —a) * f(x)dr = J@)b=a)™ + /b(m —a) " Ro(x, a)dx

—Q

where Ro(z,a)dz = [ fM(y)dy and ¢ is the Hadammard part finite integral symbol.

2.5 Existence and Uniqueness of the solution

Diethelm and Ford [17] described the existence and uniqueness of the single term equa-

tions with following theorems.

Theorem 2.5.1 (Theorem 2.1 [17] Existence). Assume that I := [0, x*] x [y{” — v, 5{” +
a] with some y* > 0 and some « > 0, and let the function f : D — R be continous.
Furthermore, define y := min{x*, (aI'(g + 1)/||f|loc)*/9}. Then there exists a function

y : [0, x] = R solving the initial value problem single term equations.

Theorem 2.5.2 (Theorem 2.2 [17] Uniqueness). Assume that D = [0, x*] x [5{” —
«Q, y(()o) + a] with some y* > 0 and some « > 0. Furthermore let the function f: D — R
be bounded on DD and satisfy a Lipschitz condition with respect to the second variable;

ie.,

|f(z,y) — f(z,2)] < Lly— 2|



CHAPTER 2. PRELIMENARIES AND FUNDAMENTALS 14

with some constant L > 0 independent of x,y and z. Then denoting x as in Theorem
2.5.1, there exist at most one function y : [0, x] — R solving the initial value problem for

single term equations..

Proof of Theorem 2.5.2. The details of the proof can be found in Diethelm and Ford [17].
For the later reference, we extract and summarize the ideas of the proof here. We have

the following Volterra equation,

yt) = %m+Fél£@—TwlﬂﬂMﬂM1

Let the set
U = {yeC0,x:|ly— 9V < al, (2.8)

where (2.8) is a closed subset of the Banach space of every continous function on [0, ],

equispaced with the Chebyshev norm. We define operator A on U by

1

A0 = o+ 57 / (t — 1) f(r, y(r))dr (2.9)

From this operator, we consider

y = Ay,

such that we can show that A has a unique fixed point.

Next we consider the properties of operator A. For 0 < t; <ty < ¥,

(Ay)(h) — (Ag)(ts)] = ﬁ / (1 — 1) ()
1 [t -
- / (ts — 1) f (. y(r))dr

1
I'a

)
n / 1y — 1) f ()

A1
INE)!

/0 (= 1) = (g — 1) f () dr

/ (= 7)™ — (ty — 7)™ ) dr

0

to
+ / (ty — 1) tdr
t1

_ %?%ﬁ@m—mﬁ+ﬁ—@y
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showing that Ay is continous. For y € U and t € [0, x|, we get

(O -] = g | [ < e

o o Iflle BT(@+1)
Mot D) ST+l e

This proves that Ay e U if y € U.

Now we need to show that for every n € Ny and every ¢ € [0, x|, we have
o

- T(an+1)
By induction, for n = 0, (2.10) is trivially true. For n — 1 — n, we have

[|A" — A™|| Logjo g 1y = 9l scf0,4- (2.10)

|A" = A"Y[|Locoy = [|A(A™y) = A(A™ ')l Locjoyy
- r(la) 02wt /0 (=7 [f(r, A Ny(r) = f(r, A ()] dr

Using Lipschitz assumption on f and induction hypothesis, we get

L w
Ay — A™) Loo < a1 Anfl A l d
A"y Ul Locjoy < o) oiliit/o (w—7)" y(7) — (1)| dr
L w
< w—7)" su A"_l A" 1 )| dr
- F(Oé)/o ( ) ongt} )= @)
< L [t sup lyw) )l n
T Tl +a(n—1)) J 0<w<r
Ln
< a 1 a(n 1)d
< FTT e e, ) i) [ e~ T
o L ~ F( )F(l + &(n - 1))tom

= Taritam_m ¥ = dle=ea=—Fa50n ’
which is the result of (2.10). By taking Chebyshev norms on the interval [0, x|,

. (Lx*)" R
|[|A™y Ulloo < F<1Jrom)lly yl|

It is clear to see that operator A satisfies the assumptions of Theorem 2.3 in [17] with
By = (Lx*)"/T'(1 4 an). To apply that theorem, we need to show that the series >, 5,

converges. In fact with this series, we can say that our solution is unique. O

Proof of Theorem 2.5.1. The comprehensive details of the proof can be found in Diethelm
and Ford [17]. Using operator A in (2.9) which maps the nonempty, convex and closed

set

U = {yeClo,x]:ly— v e < B}
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to itself. Assume that f is continous on the compact set D, then for € > 0, we get d > 0

such that

flty) — ft, 7] < %m +1), ly—7l<é. (2.11)
Let y,9 € U such that ||y — ¢|| < 0. Then in view of (2.11),

F(ty(1) — f(t,9())] < X—ZF(a +1) (2.12)

for all ¢ € [0, x]. Hence

(Ap)() — (A ()] = —

a7 || =D ) — sei)ar

r 1 t e
(Oé+ )6/(t—T>a1dT:€_§€,
x°T'(a) Jo X

which shows the continuity of operator A. Next we consider the set of functions

AU) = {Ay:yeU}.
For 7 € A(U) we have for all ¢ € [0, x],

1 t ol
e / (t — 1) | f(ryy(r) | dr

1 (07
+m“f”oox ,

which means that A(U) is bounded. For 0 < t; <ty < y we get in the proof of Theorem

0 = 1A < [s”

< ‘yéo)

2.5.2 that
(D)~ ()] = [t — )+~ )
< 2%@241)“.

ThUS, if |t2 — tl‘ < (5, then

(Ay)(t) — (Ay)(ts)] < 2%50«
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2.6 Analytical solutions for FDEs

Definition 2.6.1. ([11] Laplace transform) Suppose f(t) is a function of ¢ € [0, o0},
then we define Laplace transform of f(¢) by

F(s) = ({F}(s) / T e ()t

0

where s is a complex number, s € C. To ensure that (2.13) makes sense, we require that

f(t) must be of exponential order a € R and Re(s) > a i.e.
Ilf()| < Me™, a€R.
Thus, for s = x + iy, * = Re(s) then
F(s) = /oo et f(t)dt = /OO e~ @t £(1)dt = /Oo e~ e W (t)dt
0 0 0
/0 et et () dt = /0 et 1 £ (1)t

< M/ ezt.e“tdt:M/ eIt < o
0 0

[F(s)] <

ifz—a>0o0ra<zx.

In other words, for any complex number s € C, if Re(s) > a, then we guarantee that

|F'(s)] < oo, where the range of s depends on the properties of f.

Definition 2.6.2. The Laplace transform of an n'* derivatives is defined by the formula

Doetsch (1961)

n—1

{D"f} = s"f(s) =) Drfms !

k=0

where £(f) = f.

The theorems below gives the definitions of Laplace transform for Mittag-Leffler func-

tions.

Theorem 2.6.3. The Mittag-Leffler function E, (F(zt)%) is the inverse Laplace transform

of the function =—.
stz

Theorem 2.6.4 (Generalized). The Mittag-Leffler function t°~'E, 5(—(2t)?) is the in-

s2—P
5428 "

verse Laplace transform of the function



CHAPTER 2. PRELIMENARIES AND FUNDAMENTALS 18

Next, we will solve the following FDEs analytically.

§Diy(t) = By(t), y0) =y, O<a<l

From Definition 2.6.2, the Laplace transform of Caputo derivatives gives
s°Y(s) = sy = BY(s)

which implies that
5" o
(S) - gY — ﬂ

Using Theorem 2.6.3 the inverse Laplace transform gives

y(t) = yoEa(pt”) (2.13)

where function E,(z) is defined by (2.2).

Let us consider one more example with 1 < a < 2,

OCDtay(t) = _ﬂay(t) + t27 y(o) = Yo, y/(()) = Yo, I<a<?2

From Definition 2.6.2, the Laplace transform gives

@)

53

52y (s) — (so‘_lyo + so‘_gy(’)) = —B%Y(s) +

which implies that

T G
so + Ba s + Ba 83(80‘ + ﬁa)

yls) =

Using Theorem 2.6.4 and the convolution of inverse Laplace transform we have

y(t) = yoEa(—(B8)%) + yotEaa(—(Bt)") + 2 x (t°7 Eaa(—(81)%))

where E, 3(2) is defined by (2.3) and the symbol ‘*’ denotes the convolution of two

functions.



Chapter 3

Numerical methods for FDEs

It is very difficult to find the exact solutions of FDEs according to Diethelm [16]. This
is why numerical method is essential to illustrate the behaviour of the solutions of FDEs.

Let us consider the non-linear FDEs given by

§Dfy(t) = f(ty(t), 0<a<l, (3.1)

y(0) = o (3.2)

where f is a given function on the interval [0,1] and 0 < « < 1 is the order of the
derivative. The existence and uniqueness of the solution for the linear FDEs have been
discussed in Diethelm and Ford [17], Diethelm [16] and Podlubny (1992). Many au-
thors have considered the numerical methods for solving FDEs. Lubich [3] applied the
convolution quadrature method to approximate fractional integral and obtained the ap-
proximate solutions since FDEs can be replaced by an Abel-Volterra equations. Diethelm
[20] wrote the fractional Riemann-Liouville derivative by the finite-part Hadamard inte-
gral, then approximated the integral by using quadrature formula approach and obtained
an implicit numerical method for solving FDEs. Diethelm, Ford and Freed [23] intro-
duced an algorithm to solve FDEs by using predictor-corrector argument. Diethelm and
Luchko used the observation that FDEs has an exact solution which can be expressed
as a Mittag-Leffler function. Both authors used convolution quadrature and discretized
operational calculus to produce approximation to this Mittag-Leffler function. Blank [25]
used collocation method to approximate FDEs. Podlubny [11] and Gorenflo [33] used

the finite difference method to approximate the fractional derivative and obtained the

19



CHAPTER 3. NUMERICAL METHODS FOR FDES 20

approximation scheme of FDEs.

The convergence orders of the different numerical methods are worth mentioning. Pod-
lubny used Grinwald-Letnikov to approximate fractional derivatives of Caputo type, de-
fined an implicit finite difference method for solving the initial value problems and proved
the convergence order is O(h). Gorenflo [33] intoduced a second order O(h?) difference
method for solving (3.1)- (3.2) but the condition to achieve the desired accuracy are re-
strictive. Diethelm (1997) proved the convergence order is O(h*~®) for the backward
difference method of solving (3.1)- (3.2). The author also pointed that the convergent is

also the same for 1 < a < 2.

In this chapter, we will construct a numerical method of solving (3.1)- (3.2) based on the
methods of Lubich convolution quadrature and Diethelm algorithm. We will also extend

our approach to predictor-corrector methods based on Diethelms [18] and Garrappa [31].

3.1 Diethelms method

In this section we review Diethelm’s method (1997) for solving fractional differential
equations where the finite-part Hadamard integral is approximated by piecewise linear

interpolation polynomials.

Consider
6 Diy(t) = By(t) + f(1), (3.3)
y(0) = o (3.4)

such that systems (3.3)- (3.4) can be replaced by
oD [y(t) —wol = Byt + f(t), 0<a<l, 0<t<1 (3.5)

where « is the order of the derivative, f is a given function on the interval [0,1], 8 < 0 and
y is the unknown function. From the definition of Riemann-Liouville fractional derivative
in Chapter 2, for 0 < a < 1 we get

IDEN0) = e [ =) e (3.6
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Kumar and Agrawal [30] mentioned that Riemann-Liouville derivatives is more com-
monly used in pure mathematics than the Caputo derivatives. Let us consider the follow-
ing lemmas and their proofs from Diethelm [15]. These lemmas will help us to understand

the algorithm of numerical method for solving FDEs.

Lemma 3.1.1 (Elliot 1993 [6]). The Hadamard finite part integral for the Riemann-

Liouville derivative (3.6) can be written as

1 ! —1l-a
myﬁ (t—1) y(T)dr

where 0 < a <1, ¢ represents the symbol of Hadamard integral.

SDMy(t) =

Lemma 3.1.2 (Diethelm 1997). Assume that 0 =ty < t; <ty < ... <t < ..... <ty =
is the partition on the interval [0,1] and 0 < o < 1, then at ¢ = t;,

—

o Df ly(t)] = he iwkjy(tj — t) + %Rj, j=1,2,3,..,N.
k=0
where R; is the remainder term given by
Rl < Cj*Plla"(t; — tjw)llee, O<w<1,
where h is the time-step size and wy; satisfy

1, k=
[2—-a)wr =9 =2k + (k- D'+ (E+ 1), E=1,2,...,7—1
—(a =1k >+ (k= 1) — k1o, k=j

The proof for this Lemma 3.1.2 is straight forward and requires a piecewise linear

Lagrange interpolation polynomial.
Proof. We have
L[ y(r)
R o
Diy(t;) = d
0 t?J(y) F—a)jg (t — 7)ot T

<
_ t] “ ! 17(tj - tjw) .
T >i’éo d

I —« watl
By substitution i.e. g(w) = z(t; — t;w), we have
ot Clw
EDfy(t;) = F(j—oz)jg g(w)w™ e dw
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Let 0 =t < t; <ty < ...<t; <..ty =T be a partition of [0,7], let N be a fixed
positive integer and h = T'/N the step size. We have at t; = jh where j =0,1,2,.., N,
0 Dy D} [y(ty) —wo] = Bylty) + f(t;) (3.7)

Using Lemma 3.1.1 we get
1

I'(—a)
and by change of variables we get

J{ (t; — 1) y(r) — woldr = ﬁjﬁ g(w)w= @Dy

where g(w) = y(t; — tjw).

]gj(tk =) y(r) —woldr = By(ty) +9(t), j=1.2,...N.  (3.8)

For every j, we replace the integral by a piecewise interpolation polynomials with equi-

spaced nodes 0,1/5,2/7,3/7,.....,7/7. That is,

1 1
j{ g(ww ™ tdw = 7{ g1 (W)w ™t dw + R;
0 0
where g1 (w) is the piecewise linear interpolation polynomial of g(w) with the equispaced

nodes and R; is the remainder term.

Note that,

1 1
74 g(w)w 1 ~ f (@)oo = Q4 (g)
0 0

Here we observe generally that

1 1 j k
Q;(9) :7{ g1(w)w™ T dw Z]{ gl(w)w‘(1+a)dw+2£ (@)
’ 0 k=2 "5

and in particular

j—1

Qilg) = j{ g(w)w T dy + j{j gw)w™ Fdw + . +j§ T g(w)w 9w (3.9)
0 .

Sl

J
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Applying the Lagrange interpolation polynomial on each intgral on the right hand side of
(3.9) gives

1
0

QN SR,

Se—
<l

& ol &
| |
QL=

Q
—~
=

+
S| &
[ ]|
oo
Q
N
(SE -
N———

[ SEN)

E|

5}

+

o
| — |
I~
RIS
—
| |

[
Sl
e
/\ \_/
.
<.| |
—_
~_
+
[
| |
< <
| m|\
—
Na}
Y
(N
~_
|
L
Q
_l’_
=

2_
l_

J
i—1 i—
J

% - g(w)w_(l_l,_a)dw _ %j

J J

trﬁ;‘s
<l
[y
[ ]
SN
N
Y
(.

By Definition 2.4.4, we can deduce that

1—(14a)
% —(1+oz)d 91(0) <%> % -
fg g(w)w YT (0+1—(1—|—a))0!+/0 0!

&
-
+
L
—_
| u— |
é?“‘s
A€
&
|
<
S~—
=
Q
——
—_
<
S—
QL
<
—_
=8
&
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Thus we have

ot - () s SO [ ) ()
) () @[
() ) )
= kgj%akjy(tj — t), (3.10)

where ay; satisfy the following:

when k& = 0,

1

and when £k = j,

O ) Y
Qg5 = = ——\ = - — + | —
l—a\y —a \J l—«a J —« J

j il G- G-

l—a  —a (1-a)j ()™
a4 (1) -1 e~ ) 4 (e - D1
all —a)j—@
_ ajl—a+<1_a)j1—a_(1_&)—a_(j_1)1—a
all —a)j—@
IR ) et U i s
all —a)j—« '
For k =1,2,3,4,.....,7 — 1, we have
k1l RN E+1\™"  k+1 (k"
Wi = — 7 11—« 7 —a \J
N ] E lfa—{_ j k lfa_k_l E fa_ j E—1 1—a
1—a\yJ 1 -« —a \J 11—« J
k—l(k—l)a
_l’_ [ [
1 1 l1—a |: 1 1 :| l-o
= — = . k+1)""+ |- — + k—1
{—047‘“ (1—06)J‘a}< ) (1—a)j—= (—a)Ja( )
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+

_k——txl G) - k—_al G) ‘“] + {(1 — L)j—a Tz ;)j—a ke
= Gt _a?lt(Z)j_'—la)

2% [k 2 . (k+ 1)@ (k — 1)t okl
+ k' = — — — T ~
(1—a)j— a(l—a)j= a(l—-a)j > ol —a)j@

(k—1)t

1

W[zk*a—(k—l) = (k+ 1)t

Further we write

i i
Qj(g) = Zakjy(tj — k) =h"" Zwkjy(tj —t1),
k=0 oy

where
1, k=
F2—-a)w =9 -2k +k-D"+(k+D'" k=1,2..,7—1
—(a =1k >+ (k= 1) — k1o, k=j
Together, these estimates completes the proof of Lemma 3.1.2. O

It was shown in [15] that the remainder term R;(g) satisfies

[Ri(9)] = ]{1 gw)o™ M+ dw — z]:akjg <E) < ¢’
0 =0 J
Thus we can write (3.8) into
1 J J
y(t;) = a0y — T (—a)f [t?r(—a)g(tj) ;akjy(tjk) + Yo kzzoakj - R;| (311)

Let y; ~ y(t;) denote the approximate solution of y(t¢;), j =1,2,3,....., N, then based on

(3.11) we can define the following numerical method for solving (3.5) as

1 X d ’
YT e — T (—a)B t50(=a)g; Z OkjYj—k T Yo Z Okj (3.12)
J 7 k=1 k=0
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We remark that Lemma 3.1.2 for 0 < o < 1 can be extended to the case for 1 < oo < 2

to yield the following weights,

(

—1 k=
« k=1,7=0
ol —a)j Yoy =< 2—2-@ k=1,>1

\

2kt — (k— 1) —(k+ 1) k=1,2,..,j—
(a—Dk™— (k=17 >+k" k=jj>2

Lj=3

These weights are obtained by following the same process from Lemmas 3.1.1 and 3.1.2.

The only difference lies from the Hadamard finite part integral. An error estimate for the

scheme (3.12) can be performed by means of the following result whose proofs are similar

to those in [15].

Theorem 3.1.3. Assume y(t;) and y; are the exact and approximate solutions of (3.11)

and (3.12) respectively. Also, assume that the function involved is sufficiently smooth,

then there exists a constant C' = C(«, g, 3), such that
ly(t) —yl < CR Y lor F=1,2,0c,m.
Proof. Assume

e; = y(tj) — v,

then we have the error equation, substracting (3.11) from (3.12),

Note that

apg; = — <0, [(-a)<0, [B<0, a4 >0.

then we have

|€j| < (Zak] |e] k|+|R ‘)
_a[)j
< all-a)j” <Z% ekl + 57 2tQH@/’H«»)
k=1
< a(l - o)y + a1 — )5 Z%lej g
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By denoting a = a(1 — Oz)h2\|y”]|oo and assume for simplicity that ey = 0 then we get

le;l < a+a(l—a)j Zak]|e] kl, 7=12,....m
which implies that
|€j| S CLdj, j: 1,2,....,777,

where

dy =1

dj =1+ a(l —a)j= 3}, aid;y
Lemma 3.1.4 (Gronwall). Let 0 < a < 1 be the order of derivative and the sequence
(d;) satisty

d =1

dj =1+ a(l—a)j~ Y] _, and; .
Then, we have

1 < d; <C.j® j=12..N.

Applying Lemma 3.1.4, we have

lej| < adj=a(l—a)n? |y (t)], jhhT < R

The proof of Theorem 3.1.3 is complete. O]

3.2 Predictor-Corrector method

It is proposed in [18, 23, 31] that a more accurate solution can be calculated using
the predictor-corrector method. To make our discussion more consistence, it is worth
understanding what we meant by predictor-corrector method. In simplicity, a predictor-
corrector method is an algorithm that proceeds in two steps. First, the predicton step
calculates a rough approximation of the desired equation. Second, the correction step
refines the approximation from the prediction step using another means. The use of
suitable combination of an explicit and an implicit technique is the idea behind predictor-
corrector method. Therefore, one can say the combination of an explicit and an implicit
technique is called a predictor-corrector method where the explicit method predicts an

approximation and the implicit method corrects this prediction.
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Alfeld [7] noted that these methods have been successful because they occur in naturally
arising families covering a range of orders. They have a better convergence characteristics
and a good stability properties. They also allow for easy error control via proper step size

changing techniques.

In most papers like [23], the combination of forward Euler (FE) and the classical one-
step Adams-Moulton (AM2) or Trapezoidal method of ODEs is employed. The FE serves
as the predictor approximation denoted by yj 41 and subsequently AM2 serves as a cor-
rector approximation to get the final computed solution, y;.,. However, we can refer this

method as Euler-Trapezoidal method given by

Y1 = Yk + f(teY) (3.13)
h
Y1 = Yk + 5 Lf (s i) + f (Wi trs) ] (3.14)

where (3.13) and (3.14) are the predictor and corrector equations respectively. We note
that (3.14), the implicit term for the AM2, f (yg+1,tr+1) is replaced with f (y’,zﬂ,tkﬂ)
which is the value of f evaluated at the predicted v, is used. It is also observed in [18§]
that this method is of PECE type where P stands for Predict, Es stands for Evaluate, C
stands for Correct. This is because we would start by calculating the predictor in (3.13),
then evaluate f (yé7 1) tk+1), use this evaluation to calculate the corrector in (3.14), and

conclude by evaluating f (Y11, tkr1). The result is stored for more iterations.

Next, let us consider the following example.
y(t) = —My(t), a>0, A>0,
y(0) = L

The predictor gives

Yos1 = Y+ hf(trye)

Yo = (=AY
The corrector gives

h
Ye = Y1+ §[f(tk—1, Ye—1) + f(tryp)]

Ah Ah
= (1 - 7) Yre—1 — 795
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The predictor-corrector method iterations can be computed for £ =1,2,3,...N.

Having explained the predictor-corrector method in an ODEs sense, we now carry the
basic ideas to fractional order problems. A recent and thorough discussion on predictor-
corrector method for FDEs can be seen in Diethelm, Ford and Freed [18, 23] and Garrappa

[31]. We will extract some main points from these papers.

Let us consider

(Dfy(t) = flty(t), 0<a<l (3.15)

y(0) = wo (3.16)

where 0 < o < 1 is the order of derivative. We assume that f satisfies the Lipschitz
condition with respect to the second variable stated in Theorems 2.5.1 and 2.5.2. It is

noted in [18] that (3.15)- (3.16) can be written as a Volterra integration equation,

y(t) = yo+ﬁ / (t — 1) f(r, y(r))dr (3.17)

in the sense that the continous function is a solution of (3.15)- (3.16) if and only if it is
a solution of (3.17). In [18, 23], product trapezoidal quadrature (PTQ) was introduced
to point these straightforward rules that generalizes the Adams method to fractional

differential equations.

Let 0 =ty <t <ty < ........ <t <o < ty =T be the partition on t € [0, 7] with
the equispaced grid t; = jh, h denotes the time step size and f; = f(¢;,y;) where y; is
the numerical approximation to y(¢;). The PTQ algorithm is given [18] by

k+1
Ye = Yot Zﬂj,k+1fj (3.18)
5=0
where
.
1 j=k+1,
h® (Kt = (k= a)(k + 1)) j=0,
Mjk+1 = —F7 =~
j ala+1) ((k—j +2)° + (k — j)o*!
\ =2(k—j+ 1)) 1<j<k
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such that the corrector formula [23] is given by

k41

1

Yk+1 = Yo+ m <§ Wik+1Si + 1k f (9Z+1=tk+1)> : (3.19)
j=0

Next, the product rectangle rule algorithm is given [18] by,

k1
Yo = Yot Z Gik+1f; (3.20)
=0
where
h* o o
Grar = (b +1=7)% = (k=j)%) (3.21)

such that the predictor y;,, which is calculated by fractional forward Euler method is

given [18] by
) K
Yisr = Yot (o) (Z Cj,k+1fj> : (3.22)
=0

The algorithm of this method have been studied by other authors. Garrappa [31], states

the product rectangle rule as

k-1
v = Yo+ il (3.23)

=0
where

kOé

= (k+1)* = —— 3.24
while the product trapezoidal rule is given by
k
Ye = Yo+ h" <Ck,ofo + Z ﬂk—jfj) (3.25)
j=1
where
E*(k —a—1)
= (k-1 - —— — "~ 2
and
1 _
ﬂk _ F(O{+2) k -
()2 2k o (k)2 k=1,23,...

T(a+2)



CHAPTER 3. NUMERICAL METHODS FOR FDES 31

It is also stated in [31] that predictor-corrector method algorithm is given by

a k-
Yp =Y+ h Zj:é Pr—j—1f;

(3.27)
v = o+ b (Cuofo + 252 Busfi + Bof (b 1))

and that the k—step implicit Adams product trapezoidal rule converges like h**! as long
as the exact solution is sufficiently smooth while that of the k—step explicit product

rectangle rule converges like h¥.

3.3 Lubich’s method

In this section we will consider fractional linear multistep methods for Abel-Volterra
integral equations. The idea of this method has been presented by Lubich [4]. The method
is said to be convergent of the order of the underlying multistep method and the stability
properties are related to linear multistep methods. We begin our investigation of this

method by extracting some main points from [4] and mostly use the same notations.

Let us consider the Abel-Volterra equation of the second kind of the form

y(t) = f(t)+ ﬁ /Ot(t — ) 'K(r,y(r))dr, t€[0,T], a>0. (3.28)

where the forcing term f is a known function of ¢, K (the kernel) is a known function of
two variables and y is the unknown function to be evaluated. We define Lubich’s method

by the convolution quadratures

o = ftn) + DY wn jK () + 0™ wn K(t, y5) (3:29)
§=0 5=0
where w,, are the convolution weights, w,; are the starting weights and whose errors
satisfies
_ _ p—e
ngaé(]v ’yn y(tn)‘ O(h )

where € > 0.
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The convolution weights w,, in (3.29) are given by the generating function

e _ (TWOY"
0 = (579 (330

where (p, o) are the well known linear multi-step methods characteristic polynomial and

starting weights are shown by [29] (since starting weights do not play any role in stability
regions, which is our main purpose in this dissertation, therefore we will not consider

them). We remark that (p, o) are practically muti-step methods of ODEs

y(t) = flty)

given by

p p
Z%‘yn—j = hZﬁjf(tn—jayn—j)
=0 =0

where n = p+1,p+2,..., B; is the attached coefficient to generate a better accuracy and
p&) = ;& o(&) =) B
=0 j=0
For convenience reasons the starting weights w,,; are given [29] by

m k

, I'(1+7) .

i Yo — N T ety i Y clU 3.31

S o
j=0 7j=1

with

U = {v=k+jajk,jeNg,v<p—1}.

Let us consider the fractional differential equation. Suppose o > 0 and s = |«], we

have
SDey(t) = f(tyt), DFy(0)=1by, k=0,1,2,..5—1 (3.32)

which can be written as Abel-Volterra integral equation

y(t) = yo+ﬁ/o(t—T)“_lK(T,y(T))dﬂ te[0,7].

Thus we can define the following numerical method for solving (3.32), with y,, = y(t,)

Yo = Yo+ h D wa Kty y) + 0y wnK (1, ;) (3.33)
=0

J=0
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where n = 1,2, ..., N and the convolution weights w,, are given by the generating function

w(€) = <Zl<1—£>j) , w<£>:§jwj£j,

=17

and the starting weights w,,; are given by the solution of the linear equation (3.31).



Chapter 4

Stability regions of numerical

methods for solving ODEs.

4.1 One-step methods

In this chapter, we will study the stability regions of numerical methods for solving
ODEs. Runge-Kutta method is one of the many types of one-step methods for solving
ODESs numerically. These methods are classified into explicit and implicit methods which
we will only state their definitions and show how to determine their stability regions. Some
other definitions we deemed necessary on this chapter includes consistence, convergence,

truncation error and global error for the numerical methods.

Consider the following non-linear equation
y(t) = fty@®), t>0 (4.1)
y(0) = o, (4.2)

Let N be a fixed positive integer. Let 0 = tg < t; <ty < ... <t < .. <ty =1bea
partion of [0, 1] and h the step size. At the t, = k/N,j=1,2,..., N, we can now proceed

to summarize the Runge-Kutta methods in the following sections.

34
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4.1.1 Explicit second order Runge-Kutta method
The explicit second order Runge-Kutta method is given by
Ynt1 = Yo+ h(wiki + waky), (4.3)
kl = f(tm yn)
s k2 - f(tn + a2h7 Yn + 621hk:1)7 (44)
or
Yn+1 = UYUn Tt h(b(xm Yns h’)7 (45)
y(0) = o, (4.6)
where
Qb(tm Yn, h) - wlf(tn7 yn) + w2f(xn + a2h> Yn + 521hf(tn7 yn)) (47)

Now let us study the truncation error, consistence, error estimates, conver-

gence and stability of the numerical methods.

Definition 4.1.1 ([34] Truncation error). The truncation error of (4.5)- (4.6) is defined
by

Y(tni1) —y(tn) — ho(tn, y(tn); h)
h

To(h) =

where ¢(t,,, yn; h) is given by (4.7).

In theory, truncation error is the residual that is obtained by inserting the solution
of differential equation into the numerical methods. These errors are also the errors
committed when a limitting process are broken off before one has come to the limitting
value. It occurs for example when a finite series is cut-off after a finite number of terms

or when a derivatives is approximated with a different quotient.

Remark 1. Replacing y,, by the exact solution y(t,) in the numerical method (4.5)- (4.6),

we obtain the truncation error.
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Definition 4.1.2 ([34]). The numerical method (4.5)- (4.6) is consistent if, for fixed
t, = nh,

lim |7,,(h)[ = 0

Definition 4.1.3 ([34]). The global error is defined by
en=yY(tn) —Yn, n=0,1,2 ...

where y(t,) is the exact solution, y, is the approximate solution.

Definition 4.1.4 ([34]). The numerical method (4.5)- (4.6) is convergent if the global

error goes to zero as h goes to zero, i.e.
lenl = |y(tn) —yul =0, as h—0

Definition 4.1.5 ([34] zero-stability). The numerical method (4.5)- (4.6) is zero-stable if
there exist a constant M > 0 such that for two sequences y,, and z,, generated by different

initial values yo and zy, we have
|yn - Zn| < M|y0 - ZO|'

To prove zero-stability of a numerical method is quite easy as we need to apply the

root condition.

Theorem 4.1.6 ([34]). For a consistent numerical method, the numerical method is

zero-stable if and only if the numerical method is convergent.

Definition 4.1.7 ([34]). The characterisitic polynomial of the one-step explicit second
order Runge-Kutta method is given by

p(z)=2z—-1

Here the root of the characteristic polynomial is z = 1 which is a simple root and lies
on the unit circle. By root condition, the second order Runge-Kutta method is zero-stable.

Assume f(t,y) satisfies the Lipschitz condition with respect to y, i.e.

|f(t, ) — f(ty2)] < Liys — w2l
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The exact solution of (4.1)- (4.2) satisfies
y(tn-‘rl) - y(tn) = h¢<tna y(tn); h) + Tn(h)
Yn+1 — Yn = h¢<tna Yn; h) (48)

Assume that e,, = y(t,) — yn, then we have

En+1 = € + h (¢(y(tn)7 tn; h) - ¢(ynv tn; h)) + th
Thus

lent1| < len] + hLlen| + b7

= (14 hL)|e,| + h|T,|
that is

len] < (I+hL)"eo|+ [1+ (1 +hL)+ ...+ (1+hL)" T
(1+hL)"—1
hL

eL(tn—to)—l

< (1+hL)" ———T.
S e

= (1+hL)"|eo| + T,
Suppose t,, = nh, then we get the error estimate,

T
eal < (1+RLY e + 5 [eHo) — 1],

Next, we need to study the stable regions for the numerical methods and plot the

stability regions by using boundary-locus method. To understand the idea, let us consider

the test equation,

y'(t) = By(t), t>0,

?J(O) = Yo

(4.9)
(4.10)

where 8 € C is a complex number. The exact solution of (4.9)- (4.10) is y(t) = e’yo. It

is easy to see that, for § < 0 or Re(f) <0
lyl = "yl =0

as t — 00.
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Assume that Re(f) < 0 and the parameters in (4.3)- (4.4) are given by w; = wy = 1/2
and ay = 51 = 1. Let us consider the stability region of the second order Runge-Kutta
method. Applying the second order Runge-Kutta method into the test equation (4.9)-
(4.10), we get

AR)?
Yni1 = <1+/\h+< 2) )yn. (4.11)

Assume that z = MAh and Q(2) = 1 4 2z + %, then the absolute stability region of the
numerical method (4.3)- (4.4) is

2
Z
Q(2)| = ‘1+z+5 <1.

Let us use the boundary locus method to find the stability region of (4.11). Assume
that (4.11) has the solution ¥, = £", then we have

2
€n+1: (1"’2"’%)5”

or

2
& = 1+z+%.

The stability region of second order Runge-Kutta method satisfies || < 1. Thus the

boundary of the stability region is

2
{zEC:l—FZ—i—%:ew,OSQgQW}. (4.12)
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Thus in order to obtain the stability region shown in Fig.(4.1) below, we need to plot
the roots of the quadratic equation 22 + 2z + 2 — 2¢% = 0.

&

(i

-

0.5-

0

05-
-1-

- \_/

2 . 1 L 1 1 . ) 1
= 252 A 5 45 0 0.5 1 1.5 2

Figure 4.1: Stability region (shaded) of second order Runge-Kutta method

4.1.2 Implicit second order-Runge-Kutta method

Here we define the implicit second order Runge-Kutta method

Un+1 = Yn + h(wik; +waks) (4.13)
ki = f(zn+ hoa,yn + h(Auks + Ai2ks)) (4.14)
ky = f(zn+ a2h, yn + h(Xarky + Axoks)) (4.15)

Example 2. Applying the general two-stage implicit Runge-Kutta method into the test
equation gives

kio= [+ Bh(A2 — A»)|Byn/A

ka = [1+ Bh(Aa1 — A1)lByn/A
where A is the determinant of the matriz I — \hA and with

)\11 )\12
)\21 /\22

A:

Using test equation into (4.14) and (4.15), we have

ki = B(yn + h(A11k1 + Ai2kz))
ka = B(yn + h(Xarkr + Aa2ks))
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which gives

(1 — ﬁh)\n)kl — ﬁh)\12k2 = ﬁyn

(1 = BhAn)ks — BhAaiki = Byn (4.16)
Here we write the form of Ak = b,

1 —Bh 1 —BhA k1 B BYn
—BhXar 1 — BhAg ko BYn

Inverse matrix gives

A1 11- BhAzz  BhAr

Al Bhan 11— BhAy

where

A = 1- lﬂh + i(ﬁh)2 (4.17)

B 2 12 '

Now A~'b = k gives

1 1 — BhAy  [BhA BYn B k1

A BhAs 1 — BhAn BYn ko
Thus,

ki = [1+4 Bh(Aa2 — A22)]Byn/A (4.18)

ka = [1+ Bh(Aa1 — A1)]Byn/A (4.19)

Example 3. For the method defined by the Butcher tableau,

153 —2V3)

(]
=
N—
D= [ =

It is possible to deduce that y,1 = R(Ah)y,, where

LI+ Laen?

R(\h) =
(Ah) 1 — 2Ah+ £A2R2

The solution to Example 3 is straight-forward and is left as an excercise.
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Definition 4.1.8 (absolute stability). A linear one-step method is said to be A-stable if

the absolute stability region contains the negative (left) complex half-plane.
Lemma 4.1.9. The implicit second-stage Runge-Kutta method is A-stable.

Proof. By writing R(z) in the factorized form, we have

+p)t+a| |2 +2(p+q) +pq'
(z=p)z—q)| [22=2(p+q) +pq

Let z =2+ 1y, p+ q = p and pq = q, then

(z+iy)® +ple+iy) +q

[R(2)| =

BN = (:c+iy>2—p(:c+iy>+q‘
VE+pr -y +07+ e +p)° _ |
Vi —p)r—y?+q)* + (y(2z — p))?
for any Re(z) < 0. O

The implicit second order Runge-Kutta method is A-stable. The stable region of the
second order implicit Runge-Kutta method is the left half plane as shown in Fig.(4.2)
below. Notice that the absolute stable region of the explicit second-stage Runge-Kutta

2

15§

1k

05F

0

05

Figure 4.2: Stability region (shaded) of implicit second order Runge-Kutta method

method is ‘1—1—24—% < 1.
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4.1.3 Explicit third-stage Runge-Kutta method
We define the third order Runge-Kutta method

Ynt1 = Yn + h(wiky + woky + wsks) (4.20)
ki = [(@nyn)
ke = f(xn + ah, y, + Bahk:)
ks = [(%n+ ash,yn + h(Bsiki + Baaka))
where (4.20) is given as (4.5)- (4.6) and
O(@n, ynih) = w1 f (@0, yn) + wof (X0 + a2k, yn + Baahf (0, yn))
+ wsf (xn + azh, yn + h(Bs1f (zn, yn) + Baaf (xn + ash,

+ Yo+ 621hf(xn> yn))))

The parameters are given in the Butcher tableau below,

-1 2

=

12
6 3

Applying (4.20) into the test equatlon we have

Yn+1 = Yn - (421)

For gy, given,

1+)\h+ Yo

- )
<1+>\h+ 6 >y0
( )

A2 (AR

por = (1w QD I
2 6

where Q(z) = 14+ z + % + %, then |y,41| — 0. Otherwise |y,.1| — oo. The absolute

stability region of the explicit third order Runge-Kutta method which is shown in Fig.(4.3)

below, is given by

2 3
Q) = ‘1+z+z——|—z— <1.

2 6
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Again, we consider the use of boundary locus method to determine the stability region

of (4.21). Asssume that (4.21) has the solution y,, = £", then we have

2 3
n+1 z z n
= (1424212
¢ ( : 2 6>5

or

2 6
The stability region of third order Runge-Kutta method satisfies |{] < 1. Thus the

22 23
£ = (1+z+—+—)

boundary of the stability region is

22 2
{ZG(C:1—|—Z—I—E+E:ew,0§6’§2ﬂ}. (4.22)

Thus in order to obtain the stability region shown in Fig.(4.3) below, we need to plot the
roots of the polynomial 23 + 322 + 6z + 6 — 6/ = 0.

1 4

1561

1k

05

0

N6+

Figure 4.3: Stability region (shaded) of third order Runge-Kutta method

4.1.4 Explicit fourth-stage Runge-Kutta method

Here we define the fourth order Runge-Kutta method as.

Unt1 = Yn + h(wiky + woko + wsks + waky) (4.23)
ki = f(zn,yn)
ke = f(xn + ash,y, + Bahk)
ks = [(%n+ ash,yn + h(Bsiki + Baoka))

f(
ki = f(zn+ ash,yp + h(Barks + Backs + Basks))
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where (4.23) is given as (4.5)- (4.6) and

O(Trs Yns B

+ o+ o+ o+

W1 f (T, Yn) + w2 f (0 + 2k, Yo + Borhf (2, Yn))

ws f((xn + ash, yn + h(Bs1k1 + Paakz))

Wa f(Tn + sl Y + h(Bar f (@0, yn) + Bao f (2 + ash, yn +
Borh f (2, yn)) + Basf (2 + ash, yn + h(B31.f (20, Yn)

Bao f(xn + a2l yp + Barhf (20, yn))))))

This particular method is also called the Classical fourth-order Runge-Kutta method.

It is popularly used compared to other Runge-Kutta methods because it gives a better

convergence. The parameters are given in the Butcher tableau below

1/2 | 1/2
121 0 1/2
1|0 1
1/6 1/3 1/3 1/6

Similarly we begin by applying the general form into the test equation such that

Yn+1 = <1+)‘h+

(AR)? (AR (AR)
2+6+24)y"

Thus, for yo given we have

o= (1—|—)\h+
Y = <1+)\h+

Yn+1 = <1+)\h+

Let z = Ah, we get

(AR)? | (AR)*  (AR)!

2 6 2 >y0
(AR)? (AR (AR)'\"

> "6 24 ) v
(AR (AR (A"

2 Z3 24

Qz) = l+2+4=+=+=

2 6 24

The absolute stability region for this numerical method is defined by

QM=) =

2 3 24

I+ M+ 2+ 242 | <1

2 6 24

(4.24)
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We consider the use of boundary locus method to determine the stability region of

(4.24). Asssume that (4.24) has the solution y, = £", then we have

2 23 24

z
= 1 SN T I
§ +z+ 2-+ G +—24

The stability region of the fourth order Runge-Kutta method satisfies |{| < 1. Thus the

boundary of the stability region is

2 6 24
Thus in order to obtain the stability region shown in Fig.(4.4) below, we need to plot the

22 23 A ,
{ZE(C:1+z+—+——|———ew,0§9§27r}. (4.25)

roots of the polynomial z* + 423 4 1222 + 242 + 24 — 24¢% = 0.

2

15+

1+

05+

0

N6+

1+

15+

_2 1 1 1 1 1 1 1 1
L =2 15 -1 0.5 0 0.5 1 1.5 £

Figure 4.4: Stability region (shaded) of fourth order Runge-Kutta method

4.2 Multistep methods

In this section, we will consider the multistep method for solving initial value problem

y(t) = [fltyt), t>0 (4.26)

y(0) = wo, (4.27)

Let 0 =ty <t <ty < ... <ty <..<ty =T be a partition of [0,7]. Let h be the

step size. We consider the linear k—step method
k k
Syt = Y Bif(tnisUnis), (4.28)
§=0 J=0
where yo,y1, Y2, ..., Ys—1 are given. (4.29)
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Here g, a, ..., oy, and Bo, B, ..., B1, are real constants. We assume that oy, # 0, ag+32 # 0.
If 8, = 0, then the k-step method is then said to be explicit. If 8y # 0, the k-step method

is then said to be implicit.

4.2.1 Explicit Adams-Bashforth methods
This explicit numerical method with k = 1,2, 3,4 are defined as follows:

For k = 1, the method is forward Euler methods,

Yntl = Yn T+ hf(tm yn) (430)

For k = 2, we have
3 1
Ynt2 = Yns1 T I §f(tn+17 yn+1) - §f(tm yn) (431)

For k = 3, we have

23 16

5
Yn+3 = Yns2 T h (Ef(tmz, Unt2) — Ef(thrla Ynt1) + ﬁf(t"’ yn)) (4.32)

For k = 4, we have

55 59 55
Yntd = Yngz+h (ﬂf(tn-‘r?n Ynts) — ﬂf(tm% Yn+t2) + ﬂf(tn—&-l? Ynt1)
5
— 2ty 4.33
) (4.33)

4.2.2 Implicit Adams-Moulton methods

This particular numerical methods are similar to Adams-Bashforth method in the sense
they have the same o’s coefficients. As we said in the begining of our discussion, if 35, # 0,
then the numerical method is implicit. This effectively means that the k-stage Adams-
Moulton can attain order k + 1. In contrast, k-stage Adams-Bashforth method can only

attain order k.

The Adams-Moulton methods with k£ = 0, 1,2, 3,4 are defined as follows: [34]
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For k = 1, we have

Yn = Yn—1 T hf(tna yn) (434)
For k = 2, we have

1 1

Yn+1 = YUn + h §f<tn+17 yn+1) - §f<tn7 yn) (435)

For k = 3, we have
5 2 1

Ynt2 = Yns1 T D Ef(t”-‘rQ? yn+2) + gf(tTH-lv yn+1) - Eﬂtm yn) (436)

For k = 4, we have
3 19 5
Yn+3 = Yn42 + h éf(tn+37 yn+3) + 2_4f<tn+27 yn+2) - 2_4f(tn+17 yn+1>
1
+ gty )> (4.37)

Remark 4. Numerical methods with £ = 1, 2 are one-step methods and those with k£ > 2
are k — l-methods. The methods (4.34) and (4.35) are called the backward Euler and

Trapezoidal methods, respectively.

Having both explicit and implicit numerical methods to our disposal, it is worth defining
the truncation error,and stability of the multistep methods. The definition of consistence,

error estimates is the same as in single-step methods.

Definition 4.2.1. The truncation error of the multi-step methods (4.28) is defined by

>0y (Enig) = Yo Bif (Tnsg, y(Tnss))
h

Ta(h) =

Note that in some books, the truncation error is defined by

>0y (Enig) = Yo Bif (Tnsg, y(Tnss))

To(h) =
( ) h2§:oﬁj

k .
where > 5, 3; is a constant.



CHAPTER 4. STABILITY REGIONS OF NUMERICAL METHODS FOR
48
SOLVING ODES.

Definition 4.2.2. The numerical method (4.28) is said to have order of accuracy p > 1,
if

|7, < ChP; 0<h<hy,

where

E?:Oajy(xnﬂ) hZ —0 B f(Tntjy (l’nﬂ')).

Ta(h) = A

Before we could consider the stability regions of this method, let us recall that in
the one-step methods, it is proved that consistence and convergence guarantees stability.
Unfortunately, it is not always the case with linear multistep methods. The outcome is
not really simple to determine. Though it is possible for a convergent multi-step method

to be consistence, but consistency alone is not sufficient to guarantee convergence (et al

(34]).

4.2.3 Stability regions of multistep methods

The solutions of one-step method only depend on the initial value 3,. However the
solutions of linear multistep methods depend on wg,y1,¥2,.....,yx_1. These values are

mostly negotiated by the one-step methods.

Definition 4.2.3 ([34] Root condition). A linear multistep method (4.28) is zero-stable

if and only if all the roots of the first characteristic polynomial

are inside the closed unit disc in the complex plane, with any which lie on the unit circle
being simple. Infact, linear multi-step methods (LMMs) are zero-stable if and only if the

root conditions above are satisfied.

Applying (4.28) into the test equation (4.9)- (4.10) we have

M»

Zﬂ] Yntj = 0 (4.38)

J=0
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where z = Ah. Assume that (4.38) has solution y,, = £", then we have

k
D (o —2p)¢ = 0
=0

or
k .
> (- 28)¢ = 0.
=0

The region of absolute stability is the set of all z € C for which the numerical method
satisfies || < 1. If this condition contains left-hand complex plane, the multistep method

is said to be A-stable.

Definition 4.2.4 ([34] Absolute stability). A linear multistep method is said to be ab-
solutely stable for a given value z if each root w, = w,(z) of the associated stability

polynomial Q(w; z) satisfies |w,(2)| < 1.

Theorem 4.2.5 ([34] First Dahlquist’s Barrier theorem). The zero-stable and linear s-
step multistep method cannot exceed an order of convergence greater that k£ + 1 if k is
odd and greater than k£ + 2 if k is even. If the method is explicit, it cannot exceed an

order greater than k.

Theorem 4.2.6 ([34] Second Dahlquist’s Barrier theorem). There are no explicit A-
stable and linear multistep methods. The implicit ones have order of convergences at
most 2. The trapezoidal rule has the smallest error constant amongst the A-stable linear

multi-step methods of order 2.

Theorem 4.2.7 ([34] Dahlquist equivalence). Suppose that a consisitent linear multistep
method is applied to a sufficiently smooth differential equation and that the starting
values y1, Yo, -..... ,Yr—1 all converge to the initial value yy as h — 0. Then the numerical

solution converges to the exact solution as h — 0 if and only if the method is zero-stable.

Definition 4.2.8 ([34] absolute stability). The region of absolute stability of a linear
multi-step method is the set of all points Ak in the complex plane for which the method
is absolutely stable.
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The region of the absolute stability of a numerical method must admit the values of A,

Re(\) < 0, so as to ensure that there is no limitation on the step sizes, h for any large

[Al-

Example 5. Consider the explicit second-stage Adams-Bashforth method

3 1
Yn+2 = Yn+1 T h (éf(xwrla yn+1> - §f(xm yﬂ))
Applying test equation (4.9)-(4.10) gives
3 1
Ynt+2 = Yn+1 + éh)\yn-&-l - §h>\yn

which can be simplified to

3 1

where z = Ah. Using the same process as previous section, we assume that (4.39) has the

solution y, = £™. Then we have

1
gt _ (1 + gz> &t 4 §Z€n =0

1
£ = §<1+;zi\/§z2+z+1> (4.40)

The stability region of explicit second stage Adams-Bashforth method satisfies €| < 1.

or

Thus the boundary of the stability region where & = €' is

1 .
{ZGC:§<1+§Z:|:H222+Z+1> :619,0§9§27r}.

Thus in order to obtain the stability region shown in Fig.(4.5) below, we need to plot the

roots of the equation (1 + %z + 4 /%z2 + 2+ 1) — 92¢i0 — (.
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15
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05+
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Figure 4.5: Stability region (shaded) of second order Adams-Bashforth method.

Example 6. Consider the second-stage Adams-Moulton method which is also known as

the trapezoidal rule.

Applying test equation we have

Ah
yn+1:yn+7(yn+1+yn)7 A<0

Simplifying, where z = \h, we have

1 1

We assume that (4.41) has the solution y, = £". Then we have
1 1
(L) (12 -

£ = (Héz) (4.42)

1
12z

or

The stability region for this numerical method satisfies |{| < 1. Thus, the boundary for

the stability region where & = €% is

141 |
{ZEC:( +§Z):ew,oge§2w}.
1—52

We remark that this numerical method is absolutely stable and A-stable as shown in

Fig.(4.2).

Example 7. Consider the third-stage Adams-Moulton method defined by (4.56)
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Applying test equation we have
= + > hA + 2h)\ L hA
Yn+2 = Yn+1 12 Yn+2 3 Yn+1 12 Yn
which can be simplified to

5 2 1
(1 - EZ> Ynt2 — (1 + gz) Ynr1t 19°Yn = 0

where z = Mh. Applying the same process in FExample 6, we define the boundary stability

region for this numerical method by

6 2 / 7 .
: 1+ =2+4/1 2= 0<9<2
{ZE(C 12_5Z<+3z +z+122> e, 0<60< ﬂ}

Remark 8. Explicit multistep methods can never be A-stable, just like the explicit

Runge-Kutta method we have discussed in the previous chapter (see Theorem 4.2.6).
Also in our previous section, we see that implict Runge-Kutta methods are A-stable but
not all implicit multi-step methods are A-stable. Implicit multistep methods can only be
A-stable if their order is at most order 2. An example of a second-order A-stable method
is the trapezoidal method, which is also known as implicit Adam-Moulton second-stage

method. Note also that trapezoidal method is an implicit one-step method.



Chapter 5

Stability regions of numerical

methods for solving FDEs

There are different ways to find the stability regions of the numerical methods for
solving fractional differential equations. In this chapter, we will consider three ways: (1)
Lubich convolution quadrature method. (2) Garrappa predictor-corrector algorithm. (3)

Discrete stability polynomial method.

5.1 Lubich’s convolution quadrature method [3].

Let us consider

SDoy(t) = g(y(t), O0<a<l, t>0 (5.1)

y(0) = o (5.2)

It is well known that (5.1)-(5.2) is equivalent to the Volterra integral equation

1 t

W) = wot o [ =9 ) 53
( I'(a) Jo

In [3], Lubich studied the stability region of the numerical method for solving the general

Volterra integral equation

1

y(t) = f(t)+ m/o (t—s5)*tg(y(s))ds, 0<a<1, t>0. (5.4)

93
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Let 0=ty <t] <ty < ... <ty < ... <ty =T be the partition on [0,7]. Let h be the

step size. Then we have

1 ) /otk(tk — )" g(y(s))ds. (5.5)

y(te) = f(tk)er

The integral can be discretized by a product quadrature rule,

1 2% B -1 k
m/ (t =) gw()ds ~ h” ( > wigly(ty) + Zwk-jg@(tm) (5.6)
‘ Jj=—-m j=0
where m is fixed and y(t_,,), ....,y(t_1) are given starting values which are usually com-

puted by a difference method.

Assume that yp ~ y(tx) denotes the approximate value of y(tx), then we define the
finite difference method of (5.3) by

k
ye = fe+h*D wegly), k>0 (5.7)
j=0
with
fo = flte)+h° Z wiig(y;) (5.8)

where t, = mh + kh, t_,, = 0, to = mh,......k > 0. It is noted that there are also
many ways to determine convolution and starting weights. As we are concentrating on

the stability regions, we will not pay much attention on the starting weights.

Let us consider the test equation,

1

WO = 0+ e / (t — 5)° By(s)ds (5.9)

and when applied to (5.7), we have
k
v = frthB> wijy;, (5.10)
§=0
Assume that z = A, then we have
k
Y = fk+ZZWk—jyja (5.11)
=0

Next we consider the stability region such that y, — 0 as & — oco. To accomplish this,

we intoduce some lemmas and definitons.
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Lemma 5.1.1 (Lubich [3]). Assume that f € C]0, 00| and suppose f(t) has a finite limit

as t — 0o, then the solution of (5.9) satisfies y(t) — 0 as t — oo where

{6+ taus(s) 7l < (1 5a) 7}

Definition 5.1.2 (Definition 1 [3]). The numerical method (5.11) is A—stable if y, — 0

as k — oo and for every A > 0 and
1
B e {B: larg(p) — 7| < (1—§Oz> 7r}
the analytical stability region of (5.9).

Definition 5.1.3 (Definition 2 [3]). The stability region S of fractional difference methods
(FDMs) (5.11) is

S = {z=h"B:ye =0, k— o0}

The method is called A(6)—stable if S contains the sector
{z: |arg(z) — 7| < 6}.

Theorem 5.1.4 (Lubich [3]). Assume that

W = (—l)k (—kOé) + vg, k Z 0

where (vy) € 1, 0 = {(vg), > p; |vk| < oo}, then the stability region of (5.11) is
§ = {zeC:l-z0()#0, [[[<1}

and

Proof. Suppose z = h®3, z # 0 then (5.11) can be written into

y(&) = S&)+zw(&)-y(E)

or

B &) (1=8f(&)
VO = @ T U0 - @) (5.12)
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Here
o0 ' 00 ' o0 4
y©) = Dy, FO=)_5 w@ =) wt.
=0 =0 =0
We first show that
S DO {zeC:1—-zw() #0, |£<1}.
Assume that
cefzeCil— (@) A0, <1},

we will show that

- -] # 0, ld<L

If ¢ #1 and [£| < 1, then

g(&) = (1—=9°[1—2w(&)] #0.
Note that

W = (—1)k (_ka) +vp, k>0, v, € A

implies that w(¢) = (1 — &)* + v(&) is continous on {£ € C : |§] < 1, & # 1} and
w(l) = lime_y1_o w(§) = 00. Suppose = 1, then

9(§) = 1= "N —z2w(@)] =1 =& L —z0()] —2z2=—2#0,
since v(§) = ;;OS v;&7 converges at £ = 1 and (v,) € ¢'. By Wiener’s inversion theorem

in [3], we have
1
(1 =&l = 2w(&)]

Furthermore, we claim that (1 — &)®f(€) converges to zero. Suppose fr = fi — foo — 0,

c 0 <.

we have

=907 = -9 | i)

= 1=t (1-0f(&)

We note that

(1- "' f() = f(—l)’f(‘;)gk
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and

() = e rou),

Here the coefficient sequence of (1 —£)*~! tends to zero. We also note that (1 — &)* is

convergent for [£| < 1. Thus the coefficients sequence of (1 — £)* is in 1.
Lemma 5.1.5 (Lubich [3]). Let (¢) € ¢*, let (c,,) be the space of the sequence convergent
to zero, then

fn 2 tiees = 20 i ey =0
J

J

A

By using Lemma 5.1.5 the coefficient of the sequence gives (1 —¢&)® f(£) which converges
to zero. This effectively shows that (1 — &)®f(£) holds. Therefore by (5.12), we can see
that the coefficient sequence (yx) of y(§) tends to zero. Hence z € S. Lastly, we prove
that S is exhausted by

zeCil—z(6) #£0, |g<1}.

Assume that 1 — zw(&) = 0 for some || < 1, then we will show that z ¢ S. If we choose

Q-9 - (&) . 1
VO = T T iy TR

Lemma 5.1.6 (Lubich [3]). Assume that the coefficient sequence of a(£) is in ¢'. Let

|€0| < 1, then the coefficent sequence of

a(§) — a(&o)

oe) £ g

converges to zero.

Again by Lemma 5.1.6 we get the coefficient sequence of
(1-8)*—(1—-&)"

£€— &
while the coefficient sequence of

1 _ _oo —k—1¢k
-4 = kzzofo §¥ — oo

— 0
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since |£577Y| — 0, |€] < 1. Hence y;, diverges. Again we chose

&) = [L=2w(@]y(€) = (1 - &1 — 2w(&](L - &) y(¢)
{1 =&)L — 2w(&)] — (1 — &)*[1 — 2w(&)]}
(& — &) '
The coefficients of f(§) — 0 by Lemma 5.1.6, y,, does not tend to zero. Hence z ¢ S. [

5.2 Garrappa predictor-corrector algorithm [31].

In [31], Garrappa studied the stability region of predictor-corrector algorithm for solving

fractional differential equation.

Let us consider the following test equation

SDoy(t) = My(t), MeC, 0<a<l, (5.13)

y(0) = o (5.14)

The exact solution of (5.13)- (5.14) discussed in [11] has the form

y(t) = yoFEa(A?),

ZFak‘—i—l

k=0

It is noted in [3] that y(t) — 0 as t — oo when A lies in
{zeC:|arg(z) — 7| < (1 —a/2)7}

This set is called the analytic stability region of (5.13)- (5.14).

Applying the predictor-corrector 1-step Adams product quadrature (APQ) method to
(5.13)-(5.14), we get, [31],

Y = fk+zwk—jyja k>n (5.15)

Jj=n
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where z = h*)\ and
(
fe = (1 + 2Cko + 280 + 2%Bottk—1)Yo,
wo = 0, (5.16)

| wn = 20k + 2Bopr—1, k>1.

for some suitable coefficients Sk, (.0, ftk—1-

Recall that in Chapter 4 the stability regions of those numerical methods is the set of
all z = Ah for which the numerical solution y; of the test equation behaves as the exact
solution and tends to zero as k — oo. In fact the same statement is applicable on the
fractional order except that z = h*A. In a nutshell, we are concentrating on the set of
z € C for which the zero solution of (5.15) is uniformly asymptotically stable [31]. Next
let us consider the main result in Garrappa [31] about the stability region of the numerical

method.

Theorem 5.2.1 (Garrappa [31]). Let the sequence f; of starting terms be convergent

and let the quadrature weights wy, satisty

a—1
W = ——+v, kE>n+1

()

with
Z lug| < oo.
k=1

The stability region of the convolution quadrature (5.15) is given by
S = [eCi1-w(©)£0,l8 <1)

where w(€§) = >0, wk" is the generating power series of w,.

It appears that with Theorem 5.2.1, u(&) = > 07, u€* and B(€) = > p, Bré® will

serve as generating power series for p; and [ respectively.

Proposition 9 (Garrappa [31]). The stability region of (5.15) shown in Fig.(5.1) is
S = {2eC:1—2(B(E) — fo) — 2BEul&) # 0,]¢] < 1)

where 3(§) = 32,2, Be€*, m(&) = > heo 1 &,
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Proof. We note that
wp = 2B+ 2250/%4
1 1
_ k,oz—l 19) ka—B 2 E—1 a—1 10) k,oe—Q
[ 0w+ [ - vt o (e
1 oo
= — —ka—l —+ Vi, ’Uk‘ < 0Q.
I(a) 2
We further note that w(&) = z(8(£) — Bo) + 2%Boéu(€). The proof is complete. O

Next, we use the boundary locus method to justify Proposition 9. Let £ = ¢, 0 < 6 <

27, we can then find the roots of

1 —2(B(§) — Bo) — 2°Boép(€) = 0.

In Fig.(5.1) below, we choose a = 0.7, B(&) = Sop, Bx€*, N =2000 and § = 0 : h : 27
We plot the boundary of the stability region. The stability region of this numeical method
is inside of the boundary.

Stability region of Garrappa method

-1.5 1 1 1 1 1 1 I 1 1
16 -14 -12 -1 -08 -06 -04 -02 0 02 04

Figure 5.1: Stability region of Garrappa algorithm

5.3 Discrete stability polynomial method

In this chapter, we will consider the stability region of the finite difference method of
fractional differential equation by using discrete stability polynomial method. The idea
is similar to the method previously discussed in Chapter 4. We first find the discrete
stability polynomial of the numerical method for solving FDE. Then we use the boundary

locus method to determine the stability region.
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5.3.1 Diethelm’s method

Let us consider
o Diy(t) = By(t),  y(0) = yo. (5.17)
The equivalent form of (5.17) is
0 DRly(t;) —wl = By(ty)

The Diethelm’s method is
« 1 - —a
o Dry(ty) = 7o > wiy(ty — ty) + O(R*™)
k=0

Assume that y; is the approximate solution of y(¢;), then

1< .
ﬁzwkjyjfk"i‘Dt Yo = Py (5.18)

We note that

Yo -
rl—a)?’’

such that (5.18) can be written by

URDta (yo)

Yo _
Zwk]y] —a)t = Py,

or

'—Oé

Zwkgyg (1_a)?/0 = h"By;.

Assume that z = Sh®, then

‘—Oé

Zwk]y] 1 _ O{) a Y0 = Zy]

or

(woj = 2)y; + wijyj—1 + W2+ o+ Wio1

J B

Let y; = &7, we obtain the discrete stability polynomial

(Cdoj — Z)fj + wljg‘jil + w2j£j72 4+ ...+ wj*LjE
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If we let ¢ = e with 0 < 0 < 27 we get
(woj — 2) (eie)j + wy;j (eie)j_l + wa; (ew)j_z +..+ (wjj - F(i;—aa)) = 0,

then the stability region shown is

wid T wyT 4+ <wjj - F(jl;ja)

& L E=¢€"Y 0<62n.

S = z:z:fjwoj—O—

In Fig.(5.2), we choose a = 0.7, j = 160 and 6§ = 0 : h : 27 with h = 0.005, and plot the

stability region which lies outside of the boundary.

Stability region of Diethelm method

0.5¢

0.5

1 1 1 I 1
-0.5 0 05 1 15 2

Figure 5.2: Stability region of Diethelm method

5.3.2 Grunwald method

We consider this particular method which is similar to Diethelms’ approach.
§Dyy(t) = By(t),  y(0) = yo. (5.19)
The equivalent form of (5.19) is
SO ly(t) — ol = Bylty)
Then the Grinward method is
o DRy(t;) = Ta > wiy(ty — t) + O(h) (5.20)
k=0

where
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We denote that y(t;) ~ y;, then
1 J
ha Zwﬂ/j—k + Diyo = By;, (5.21)
k=0
such that

—Q

j .
J oY

> wiyik — Ta—a)” = he By;.

k=0

Assume that z = Sh®, then

—Q

J .
J
Zwﬂ/jfk - myo = RYj
k=0
or

(y] —+ yjfl — yj,Q)Wj + ...+ (UJ] — _F(J;_aa)) Yo
Yj

A =

Let y; = &/, we obtain the characteristic polynomial
€+ =2y + ot (w5 - i)
gj
Assume that & = € with 0 < 6 < 27 we get the stability region

(7Y + (P = (P 2y + ot ()~ i) W0

(@

z =

S = z:z=

In Fig.(5.3), we use the same parameters as in Section 5.3.2, we obtain the boundary of

the stability region. The stability region is outside of the boundary.

Stability region of Grunwald method

Figure 5.3: Stability region of Griinwald method



CHAPTER 5. STABILITY REGIONS OF NUMERICAL METHODS FOR
64
SOLVING FDES

5.3.3 Lubich’s method

Using equation (5.19) and its equivalent, we get

y(t) = Z/o+ﬁ/o(t_7')alﬁy(7)dﬂ

The Lubich’s method applied to the test equation reads
k !
Yo = o+ BhY Wiy + Bh Y wily; (5.22)
j=0 Jj=0
Assume that z = h®(, then

k l
Ye = Yotz Z w,(i)jyj +z Z W;(J;)yj
j=0 3=0

Y — Yo
k (a) 2 (@),
ijo WY + ijo Wrs Yj

Suppose 1y, = £¥, then we obtain the discrete stability polynomial
& -1
k Q) i 2 o) i’
Zj:g W](c_)jfj + z]‘:o w](fj)gj

If we let € = e for 0 < 6 < 27 we get the stability region

(") -1
S = NPT @ e s @ [
D im0 Wiy (€0)) + 370 gwps’ (€%)
Again, we obtained in Fig.(5.4) by choosing a = 0.7, j = 1000 and 6 = 0 : h : 27 with
h = 0.0001, the boundary of the stability region. The stability region is outside of the
boundary.

Stability regions of Lubich method

Figure 5.4: Stability region of Lubich method
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Further works

In Section 3.1 via Chapter 3, we reviewed Diethelm’s method [15] where the finite-part
Hadamard integral is approximated by using piecewise linear interpolation polynomials.
We see that the first-degree compound quadrature formula was used to approximate the
integral and the order of convergence of the proposed numerical method is O(h?*~®). The

stability regions of this numerical method was investigated and determined.

It is natural to consider the approximation of the finite-part Hadamard integral by a
piecewise quadratic polynomial. Then we can define a numerical method for soving FDE

and study the stability properties and convergence for such numerical method.

For a start, assume that N = 2m, where m denotes a fixed positive integer. Let
0=ty <t; <. <ty <tyjy1 < ... < tam = 1 be a partition of [0, 1] and h be the step

siz. At point to; = 2j/2m, the equation (3.5) can be written into

ORDta [y(tQj) - yO] = ﬁy(tQj) +g(t2j)v ] = 172a -y M, (61)

and at point ¢5,41 equation (3.5) can be written into

oD [y(tajs1) —yo] = Byltaje1) +gltaje1), 7=1,2,...,m—1. (6.2)

Firstly, let us consider the discretization of (6.1). Note that

« 1 2 —1l-a
0 Diy(ty;) = T(—a) 7€ (to; — ) " y(r)dr
t;Ja ' —1l-a
= F(—a) p w y(tgj — tgjw)dw.

65
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For every 27, we replace the integral by a piecewise quadratic interpolation polynomial

1 2

with the equispaced nodes 0, 35 350 g—z We then have, for smooth function g(w),

1 1
j[ w ' T(w)dw = j[ W™ s (w)dw + Raj(g),
; 0

where go(w) is the piecewise quadratic interpolation polynomial of g(w) with the equis-

paced nodes 0,1/235,2/27,...,2j/2j and Ry;(g) is the remainder term.

Lemma 6.0.1. Let 0 < o < 1. We have

1 23
o k
]g w ' T(w)dw = ;akw (z) + Ra;(9),

where
( 27%a+2), [ =0,
(—a)227, 1=1,
(—a)(1-a)(2-a) ) Caqay = { | 2 Tt =R |
—Uy(k), 1=2k—1, k=2.3,..7,
L(Ua(K) + Up(k + 1)), =2k k=23,..j—1,
| 3(U2(k), I =2j,
and
Us(k) = (2k—1)(2k) ((2k)™ = (2(k = 1))™*) (1 = a)(~a +2)
— ((2k = 1) +2k) ((26) 7" = (2(k = 1))™*) (—a) (- +2)
+ ((28)77 = 2(k = 1)) (—a)(~a + 1),
Ui(k) = (2k—2)(2k) ((2k) = (2k—=2)") (1 —a)(—a+2)
— ((2k —2) +2k) ((2k)™ " = (2(k — 2))**") (—a)(—a +2)
+ ((26)7F = 2(k = 1)7) () (—a + 1),
and

Us(k) = (2k—2)(2k—1)((2k) ™ = (2k—2)"*) (1 —a)(—a +2)
— ((2k=2)+ 2k — 1)) (2k) " = (2(k = 2))**") () (—a + 2)

+ (277 = (2(k = 1))7*") (—a)(—a + 1),
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Next we consider the discretization of (6.2) at ty;41 = %, j=1,2,....,m—1. We have

25+1
0Dy y(tyjn) = F(—a)jg (tajer — )" " y(r)dr

1 " —1-a
= m}g (t2j+1 —-7) y(r)dr

G [ )
+ = w Yty — toiw)dw
F(—CY) \%il y( 2j+1 2j+1 )

For every 25 + 1, 7 = 1,2,...,m — 1, we replace the integral by a piecewise quadratic

interpolation polynomial with the equispaced nodes 0, 2j1+1, 2j2+1, e 23'211' We then have,

for smooth function g(w),

23 2

S TN L1 _q
7{ w gw)dw = j{ w go(w)dw + Ra;11(9),
0 0

where go(w) is the piecewise quadratic interpolation polynomial of g(w) with the equis-

1 2 25
P 25410 25410 0 2541

paced nodes 0 and Ryj11(g) is the remainder term.

Lemma 6.0.2. Let 0 < o < 1. We have

2 2j
25F1 k

j{ wTg(w)dw = Z k219 | 55 | + Rajri(9),
0 =0 2]

where ag i1 = oo, K =1,2,...,25 and ay; are given by Lemma 6.0.2.

Our future works will focus mainly on the stability regions of Diethelm’s method by us-
ing quadratic interpolation polynomial. We will also consider the finite difference method
for fractional partial differential equation and discuss the stability, convergence, error

estimates for such numerical method.
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Conclusion

The purpose of the study was set out to explore the concept of stability regions of well
known numerical methods for FDEs. The discussion has sought to understand whether
numerical methods for FDEs can result in the same or different stability regions especially

when a small sufficient step size is chosen. The study sought to answer these questions:

1. Do the stability regions of these numerical methods for solving FDEs differ because

of their difference in weights?

2. Diethelm’s method has a higher rate of convergence than the other numerical meth-

ods. Therfore, does this factor has any effect in determining their stability regions?

The actual findings for this project are specified in Chapters 3 and 5 respectively and
were specified within the respective sections in each chapters. Here, we will synthesize

the findings to answer the two study research questions.

1. Do the stability regions of these numerical methods for solving FDEs differ because

of their difference in weights and the rate of convergence?

e The expereiments we presented in Fig.(5.1)- Fig.(5.4) speaks a great volume
and have demonstrated that the stability of each numerical methods for FDEs
differs because of the difference in weights and convergences. Though clear

observation shows that Fig.(5.2) and Fig.(5.3) have a slight difference.

e We also observe that Diethelm’s method and Gunward are A-stable. But
Lubich’s method are not A-stable.

68
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e The stability region of Diethelm’s method by using linear interpolation is larger

than the Diethelm’s method by using quadratic interpolation polynomial.

The study has offered an evaluative perpective on an important aspect of numerical
methods. As a direct consequence of this methodology, we will not forget to mention that

the study encountered a number of limitations, which need to be considered.

Among all the concepts of numerical methods, stability appears to be the brain box
among all. The benefit of stability region of the numerical methods is that it determines

which numerical methods may be suitable in application of sciences and engineering.
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Appendix

8.1 Figure 5.1 MATLAB programme

T

h
b
b
h
h
b
h
h
h
b
h
h
b
h
h
b
h

Figure 5.1 in the dissertation

Check the stability region of numerical methods for fractional

differential equation by using lucus method

Produce Figure 1 in the following paper based on Proposition 3.2:
Roberto Garrappa, On linear stability of predictor-corrector algorithms
for fractional differential equations, International Journal of Computer

Mathematics, 87(2010), 2281-2290

The stability region is:

S_{RT} = \{ z \in C | 1- z ( \alpha(xi)-\alpha_{0}) - z"2 \alpha_{0} \xi
b(\xi) \ne 0 : | \xi | \leq 1 \}

The lucus method:

Step 1. Let \xi = e”{i \theta}, \theta \in [0, 2x*pi]

Step 2. Find z such that

1- z( \alpha(\xi) - \alpha_{0}) - z"2 \alpha_{0} \xi b(\xi) =0

70
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% by using MATLAB build in function ’roots’
% Step 3. plot all roots by using

yA plot(bdy, ’*’)

b

clear

N=2000;
n=0:1:N;

n=n’;

bt=0.7;

alph=1/gamma (bt+2)*(n." (bt+1) -2*(n+1) .~ (bt+1) +(nt+2)." (bt +1));
alph=[1/gamma(bt+2) ;alph];

alph=alph(1l:end-1);

a=1/gamma (bt+2)*(n.” (bt+1)-(((n+1) .~ (bt)) .*(n+1-bt-1)));
ha=n.” (bt+1)-(((n+1) .~ (bt)) .*(n+1-bt-1))/gamma (bt +2);
b=1/gamma (bt+1)*((n+1) .  (bt)-n." (bt));

%b=(n+1) .” (bt)-n." (bt)/gamma(bt+1) ;

M=2000;

h=2%pi/M;

theta=0:h:2*xpi; theta=theta’;

exp_theta = exp(i*n*theta’);

b_xi=b’*exp_theta;

xi_b_xi=exp(i*theta’) .*b_xi;
alph_xi=alph’*exp(i*n*theta’);

c=ones(size(alph_xi));

coeff_poly=[alph(1)*xi_b_xi; alph_xi-alph(1);-c];
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%iplot

bdy=[1;

for i=1:length(theta)
bdy=[bdy;roots(coeff_poly(:, 1))];

end

plot(bdy, ’*’)

title(’Stability region of Garrappa method’)

8.2 Figure 5.2 MATLAB programme

%Figure 5.2 in the dissertation

%#Check the stability region of the numerical method

hfor fractional differential equations

h

h

%iConsider

% D~{al} y (t)= lambda * y(t)

% y(0) =0

b

b

7By using Diethelm’s method, we have, with z= h *lambda

% (w_{0,n} - z) y_{n} + w_{1,n} y_{n-1} + w_{2, n} y_{n-2}

h+ ... +w_{n-1, n} y_ {1} + ( w_{n,n} - n"{-\al}/gamma (1-al) ) y_{0} =0.
h

b

% Let y_{n} = xi"{n}. Then we get

%hw_{0,n} - z) xi“{n} + w_{1,n} xi_{n-1} + w_{2, n} xi_{n-2}

ht+ ... +xi_{n-1, n} y_{1} + ( xi_{n,n} - n~{-\al}/gamma (1-al) ) y_{0} =0.
b

b
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% The stability region is

hS=

% \{ z\in C: z= g(xi), Ixil=1 \}

Jwhere

h g(z) = (1/xi"{n}) * (w_{0,n} xi"n + w_{1,n} xi~(n-1) +
% o... + w_{n-1,n} xi + (w_{n,n} - n"(-al)/gamma(i-al)).
YA

b

% Let xi= 0:0.001:2+pi

% We can plot all z

%Then we get the stability region of the numerical method.

clear

n=1000;
al=0.7;

theta=0:0.005:2%pi;

xi=exp(i*theta) ;

z=0;

w_d=[];

for k=0:n

z=z+ w_alpha(k,n,al)*xi." (n-k);

w_d=[w_d;w_alpha(k,n,al)];

end

z=z-n" (-al)/gamma(1-al);
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z=z./(xi. n);

x=real(z);

y=imag(z) ;

figure
plot(x,y,’b*’)
hplot(w_d, bx’)

title(’Stability region of Diethelm method’)

%hcoefficients of w_{kj}
function [ y ] = w_alpha(k,j,al)
if k==0
y=1/gamma(2-al) ;
else if k==j
y=(-(al-1)*k"~(-al) +(k-1)"(1-al)-k~(1-al))/gamma(2-al);
else
y=(-2*%k~(1-al) +(k-1)"(1-al) + (k+1)~(1-al))/gamma(2-al);
end

end

8.3 Figure 5.3 MATLAB programme

% Figure 5.3 in the dissertation
% Check the stability region of the numerical method
% for fractional differential equations
h
h
%Consider

%» D~{al} y (t)= lambda * y(t)
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% y(0) =0

b

h

%By using Diethelm’s method, we have, with z= h *lambda

% u_{0,n} - z) y_{n} + w_{1,n} y_{n-1} + w_{2, n} y_{n-2}
h+ ... +w_{n-1, n} y_{1} + ( w_{n,n} - n~{-\al}/gamma (1-al) ) y_{0} =0.
h

h

% Let y_{n} = xi"{n}. Then we get

hw_{0,n} - z) xi~{n} + w_{1,n} xi_{n-1} + w_{2, n} xi_{n-2}
%+ ...+ xi_{n-1, n} y_{1} + ( xi_{n,n} - n"{-\al}/gamma (1-al) ) y_{0} =0.
h

b

i The stability region is

%S=

% \{ z \in C: z= g(xi), Ixil=1 \}

Jiwhere

% glz) = (1/xi"{n}) * (w_{0,n} xi"n + w_{1,n} xi~(n-1) +

h ... + w_{n-1,n} xi + (w_{n,n} - n~(-al)/gamma(l-al)).

b

h

% Let xi= 0:0.001:2%pi

% We can plot all z

%Then we get the stability region of the numerical method.

clear

n=160;
al=0.7;

theta=0:0.005:2x*pi;
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xi=exp(i*theta);

z1=0;

w_g=[1;
for k=0:n

z1=z1+ w_grunwald(k,n,al)*xi." (n-k);

w_g=[w_g;w_grunwald(k,n,al)];

end

z1=z1-n"(-al)/gamma(l-al);

zl=z1./(xi. n);

xl=real(zl);

yl=imag(z1);
figure
plot(x1l,yl,’b*x’)
hplot(w_g,’go’)

title(’Stability region of Grunwald method’)

hcoefficients of w_{kj}

function [ y ] = w_grunwald(k,j,al)
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A=al-([1:k]-1);
y= (-1)"k * prod(A)/factorial(k);

end

8.4 Figure 5.4 MATLAB programme

% MATLAB program for Figure 5.4 in the dissertation.
%#Check the stability region of the numerical method
hfor fractional differential equations given by Lubich’s method by using
hdifference equation
% The program is only for p=2. But we can solve all the backward
% difference formula (BDFp) for order p=1,2,3,4,5,6.
h
%Consider
% D~{al} y (t)= lambda * y(t)
% y(0) =1
h
b
b
% Let z= lambdaxh~{al}. Then
h
% y_{m} = y_{0} = z \sum_{j=0}"{m} w_{m-j}r"{@L)} y_{j} + z \sum_{j=0}"{p}
how_{m, jr{@L)} y_{j}.
h
% Let y_{m} = xi"{m}.
b
% The stability region is
hS=
% \{ z\in C: z= g(xi), Ixil=1 \}

Y%where
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hgxi) = (xi~{m} -1)/(C \sum_{j=0}"{m} w_{m-j}~{al} xi~{j} + \sum_{j=0}"{2}
b ow_{m, jr~{al} xi~{j})

h

% Let xi= exp(ix*theta), where theta=0:0.001:2*pi,

% We can plot all z

% Then we get the stability region of the numerical method.

clear

n=1000;
al=0.7;

theta=0:0.0001:2*pi;

xi=exp(i*theta);

cz=0; % convolution part

cw=c_w(n+1l,al);
for k=0:n
cz=cz+ cw(n+1l-k)*xi.  (k);

end

sz=0;  Ystarting part

sw=s_w(n,al);

for k=0:2
sz=sz+sw(n,k+1)*xi. k;

end

z=(xi."n -1)./(cz+sz);
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x=real(z);

y=imag(z) ;

figure
plot(x,y,’*’)

title(’Stability regions of Lubich method’)

hcoefficients of w_{kj}

function [cw] = c_w(N,al)

p=2; % order of BDF
% Calculate aggregated Taylor polynomial coefficients
un=[3/2;-2;1/2]; % P=2;

%Calculate convolution weights for each interval node

cw(1)=1/(un(1)"al); % Interval node O
% Interval nodes 1 to p
for k=1:p
cw(k+1)=0;
for j=0:(k-1)
cw(k+1)=cw(k+1l) +(-al*x(k-j)-j)*cw(j+1)*un(k-j+1);
end %j
cw (k+1)=cw(k+1)/(k*(un(1)));

end %k

%hInterval nodes p+l to n
for k=(p+1):N
cw(k+1)=0;
for j=(k-p):(k-1)
cw(k+1) =cw(k+1l) + ( -al*(k-j)-j)*cw(j+1)*un(k-j+1);
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end hj
cw(k+1)=cw(k+1)/(k*un(1));
end hk

hcoefficients of starting weights;
% Let p=2

%o osw=[w_{10}, w_{11}, w_{123};

pA w_{20}, w_{21}, w_{22};

pA w_{30}, w_{31}, w_{32};

b

h w_{NO}, w_{N1}, w_{N2}]

function [sw] = s_w(N,al)

p=2; 7% order of BDF

alpha=al;

while gam<r
g(i)=k+j*alpha;
gam=k+(j+1)*alpha;
j=3+1;
i=i+1;

end hgam <r

k=k+1;
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J=0;
end %r
end %if p<>1

g(1)=p-1;

un=[3/2;-2;1/2]; h p=2;

%Calculate convolution weights for each interval node
cw(1)=1/(un(1)~alpha); % Interval node O
% Interval nodes 1 to p
for k=1:p
cw(k+1)=0;
for j=0:(k-1)
cw(k+1)=cw(k+1) +(-alpha*(k-j)-j)*cw(j+1)*un(k-j+1);
end %j
cw(k+1)=cw(k+1)/(k*x(un(1)));
end Ik

%Interval nodes p+l to N
for k=(p+1):N
cw(k+1)=0;
for j=(k-p):(k-1)
cw(k+1l) =cw(k+1) + ( -alpha*x(k-j)-j)*cw(j+1)*un(k-j+1);
end %j
cw (k+1)=cw(k+1)/ (k*un(1));
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end %k

%Calculate starting weights for each interval
#Number of starting weights (s+1) at each interval node
s=p; % Choose ANY p+1 gamma values from the possible big set \mathcal{A}
%Starting weights for all interval nodes
sw=zeros(N, s+1);
hStarting weights for current interval nodes
w=zeros(1l, s+1);
%Calculate (s+1) starting weights for each interval
%Calculate (s+1) terms for the convolution weights (for starting

%weights) and store in array

% Calculate (s+1) gamma terms for the interval node

%Set up the calculation arrays for each interval

rA=zeros(s+1,1);
RR=zeros(s+1,1);

%Calculate starting weights in turn for N interval nodes

for k=1:N
%Calculate (s+1) starting weights for each interval node
rB=zeros(s+1,1);
for ja=1:(s+1)
for j=1:k 7 original
rB(ja, 1)= rB(ja,1) + cw(k-j+1)*j~(g(ja));%Calc convolution weight te:
end % j
for jb=1:(s+1)
1B(ja, jb)=(jb-1)"(g(ja)); %set up starting weight gamma power terms
end % jb
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%set up interval gamma terms
rA(ja,1) = gamma(l+g(ja))*k~(g(ja) + alpha)/gamma(l+g(ja)+alpha);
RR(ja, 1) = rA (ja,1) - rB(ja, 1); % calculates RHS of equation
end %ja
w=1B\RR; Ycalculate starting weights for the current interval node
%Save starting weights for current interval node
for j=1:(s+1)
sw(k, j) = w(j);
end %]

end %k
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