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available at the end of the article . . : . . .
sums which utilize a circle method framework and a convolution of shifted convolution

sums to obtain all of the lower order terms in the asymptotic formula for the mean

square along [T, 271 of a Dirichlet polynomial of length up to T2 with divisor functions

as coefficients.

1 Background
This paper is part 4 of a sequence of papers devoted to understanding how to conjecture
all of the integral moments of the Riemann zeta-function from a number theoretic per-
spective. The method is to approximate ¢ (s)* by a long Dirichlet polynomial and then
compute the mean square of the Dirichlet polynomial (c.f. [9]). There will be many oft-
diagonal terms and it is the care of these that is the concern of these papers. In particular
it is necessary to treat the off-diagonal terms by a method invented by Bogomolny and
Keating [1,2]. Our perspective on this method is that it is most properly viewed as a
multi-dimensional Hardy-Littlewood circle method.

In part 3 [7] we considered the type I off diagonal terms from a general perspective. Now
we look at the simplest type II sums.

The formula we obtain is in complete agreement with all of the main terms predicted
by the recipe of [3] (and in particular, with the leading order term conjectured in [10]).

2 Shifted moments
We are interested in developing a number theoretic approach to the moments of the
Riemann zeta-function on the critical line, in particular to the general “shifted” moment

given by

oo
1= | w(%)]‘[;(sw)]'[;(l—sw)dt M
0 acA BeB
where ¥ is a smooth function with compact support, say v € C*°[1,2] ands = 1/2 + it
and A and B are sets of small complex numbers, referred to as the shifts. It is useful to
consider as well the general shifted moment of a long Dirichlet polynomial. To express this
we first introduce the generalized divisor function t4 (1) by way of its generating function:
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[[e6+a=3" A0 . )

a€A n=1
Then we let
t4(n)
Dals; X) = Z p
n<X

and consider

IKB(T?X) = /000 4 (%) Da(s; X)Dp(1 — s; X) dt

=T >’

mn<X

fA(m)TB(n)I/f( log 7 )
N )

The recipe [3] tells us how to predict the behaviour of these moments. Firstly, we

- (@+p)
—1 [Ty ZATY =
21

LICA VCB
[ui=vi

xBA-U+V ,B-V+U")dt+oT)

(2)

conjecture that

where B is given by

B4, B) - i 4 (n)ta(n)
n=1 n
in the case that this series converges (for example if e, RS > O for all € A and B € B)
and is given by analytic continuation otherwise. An alternate expression is B(4, B) =
A(A, B)Z(A, B) where

Z(A,B) =[] ¢l +a+p)

a€eA
BeB

and A(A, B) is a product over primes that converges nicely in the domains under consid-
eration (see below). We have used an unconventional notation here; by A — U + V'~ we
mean the following: start with the set A and remove the elements of U/ and then include
the negatives of the elements of V. We think of the process as “swapping” equal numbers
of elements between A and B; when elements are removed from A and put into B they
first get multiplied by —1. We keep track of these swaps with our equal-sized subsets U
and V of A and B; and when we refer to the “number of swaps” in a term we mean the
cardinality |U| of U (or, since they are of equal size, of V).
The Euler product A is given by

1
A4, B) =[] 2,4 B) / Apo(A, B) db,
p 0

where z,(x) := (1 —p) Zp(A, B) = [laca zp(1 + o + B) ! and
BeB

ApGAB Hzp 0(%"‘“)1—[2[),9(%"':3)

a€eA peB

with z,,9(x) := (1 — e@)p=*)~L
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The technique we are developing in the present series of papers is to approach our
moment problem (1) through the moments IK 5(T;X) of long Dirichlet polynomials for
various ranges of X. The recipe of [3] also leads to a conjectural formula for IX (T5X). To
explain this we begin with Perron’s formula

1 xv

DA X) = —— / XD, (5) dw
2wi J, w

where we use the convenient notation
Ay ={a+w:a e A}

Thus, we have

Xz+w
I (T;X) / / (T) dw dz.
(2mi)? w W AwB

We insert the conjecture above from the recipe and expect that
UCAVCB (

I (T3 X) = / 1/’“)(2 )2 //W XZZ;W
121V

xBA, —-U,+V,;,B, =V, +U,)dwdzdt +o(T).

- (a+w+B+2)
L2 W
2

We have done a little simplification in this expression: instead of writing /. C A,, we have
written U C A and changed the exponent of (¢7'/27) accordingly.

Notice that there is a factor (X/T'41)"+Z here. As mentioned above we refer to |U]| as
the number of “swaps” in the recipe, and now we see more clearly the role it plays; in the
terms above for which X < T we move the path of integration in w or z to 4+oc so that
the factor (X/T'41)*+2 — 0 and the contribution of such a term is 0. Thus, the size of X
determines how many “swaps” we must keep track of.

Our principal aim in this series of papers is to evaluate IK 5(T;X) directly using a con-
jecture for the correlations of 74(#) and then to compare with the above formula coming
from the recipe of [3]. In [5] and [7] we considered the situation of 0 swaps which leads
to the usual “diagonal” terms and 1 swap which corresponds to the usual “shifted divisor”
problem. In [6] we considered a special case of 2 swaps. Now we look at the general case
of two swaps. This means that we are interested in the terms for which X > 7 and for
which |U| = |V| = 2.

It is helpful to review the result of [7] before proceeding. The mathematical content of
that paper is basically a conjecture and a theorem. First of all let ¢ > 0 be a small fixed
number for this discussion and let |«|, || < € foralla € A and B € B. The conjecture is
about the analytic continuation of

ta(m)tg(m + h)
mS

Sapls )=

m=1
and the sum of the residues near 1 of this:
Ras(y;h) = Z Res Sq p(s, h)y !
|s—1|<e
where we intend this notation to mean that R4 p(y; #) is the sum of the residues of
Sa,5(s, h)y*~! over all of the poles in |s — 1| < €. Let

&, ta(m)e(”)
() - 55

m=1
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and
Ra, q) = Z Res Dy (S, e (é))ygl
|s—1|<e

be the sum of the residues near s = 1, i.e. including polesat s = 1 — « for & € A. Let

o0
Rip0ih) = rg(MRa(, @) Ra(, q)
g=1
where r,() is the Ramanujan sum.

Conjecture 1 We conjecture for each fixedh > 0 that Sy p(s, h) has a meromorphic con-
tinuation tofs > % + € with all poles only in the region|s — 1| < € and that

Ras(y;h) = R g h).

The above is essentially the obvious pole structure that one would conjecture by using
the §-method for example.
Now we briefly describe the calculation of [7]. We evaluate

TA(W[)TB(”) T m

mn<X

m#n

Th \ d
2y / (eam)Tam + h)) sl (m) =

h>0
which we evaluate by differentiating Perron’s formula with respect to # and then moving

as

the s-contour to the left to give

22/ R (it I (m)

h>0

We make the change of variable v = th and rewrite this as
Th dv
R
/ JW) > Rasp ( ) ”

h< 27er

At this point we replace ‘R by R* and have
Th dav
2 [T X S R ( ) (% q) i
h< 2an q= 1
Now
= > dulg/d)

dlh
dlq

so, replacing % by hd and g by gd the above is
© . Thd Thd dv
2 d —,qd —,qd ) —.
/ OV (5 aa) Ra (51 ad)
=7

Now we express this using Cauchy’s theorem as

[ o e G

lz—1|<e

x Dy (w, e(—qid)) Dsg (z, e(_q_d)) ﬂ dz dw ﬁ

N
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Now we replace the sum over 4 by (2 + s — w — z) and the integral over v by

—s—1 00
x(w+ 22 N ) / Ip(t)tz-i-w—s—Z dt.
0

This leads to

© z+w—s—2
M(q) / / / s Tdt
g Xt —s—1) E d
/0 2mi)3 Tl Wtz—s o

|z—1|<e

1 1
XDag\w,e(——) |\ Dz e(——) ) dt dz dw ds.
qd qd

Upon comparison with the recipe we have the identity

Theorem 1
z+w—1 _ _ -
WIZ{IeE(X E u(q) E d tw+z—1)Dy (w,e( qd))DB (z,e( qd))
z=1-p =1 d=1

= B U{=8), B U {—a)).

Theorem 1 follows from the identity stated at the end of Sect. 3 of [7] and the fact that
the singular part of D4 (s, e(%)) is the same as ¢~ [[,c4 £ (s + @)Ga(s, 9), as proved in [4].

We call this theorem the “analytic version of the general shifted divisor sum.” In this
paper we prove an identity that is an analogue of Theorem 1 but for a convolution of two
shifted divisor sums. This is a step forward in this process of understanding moments.
The key theorem is a convolution identity

Theorem 2

wlqn)ulg)d? gzt

Res ¢(wi+2z1 —1)¢(wa 420 —1) Z

wi=l—a M21+W2—1NW1+22—1
z1=1-p1 (M,N)=1

wo=1—ay di,dy

z0=1—8> q1,92

N M
D , D el ——
A (W1 e( 1d1)) 42 (W2 e( 612012))
M N
Dy, (zve(—— ) ) D5, (22 (——
“h (Zl e( 611611)) b (Z2 e( 612d2))

= B(A" U {—B1, —B2}, B" U {—a1, —az}).

Theorem 2 follows from Sect. 11 because if (a, g) = 1 then the singular part of D4 (s, e(i—;))
is identical to that of g7 [[,c4 ¢ (s + @) Gals, q).

A particularly interesting feature of this theorem is the appearance of the sum over M
and N. It is these parameters which prompt us to liken this calculation to a circle method
calculation. Basically the M and N make their appearance because of a splitting of the
equation mjmy —nyny = hinto a pair of equations where m; /n; & M /N = ny/my which
gives Mmj — Nny = h1, Nmy — Mny = hy. This is the fundamental new idea of the paper.

In the next section of this paper we present the basic set up, which involves a convolution
of two shifted divisor sums. In Sect. 4, 5 and 6 we deal with the semi-diagonal case
where one of the shifted divisor sums is degenerate. In Sect. 7, 8 and 9 we motivate
heuristically the identity of Theorem 2. This identity is sufficiently complicated that we
find it convenient to recast it as an equality of certain power series. Sect. 10 and 11 are
devoted to the rigorous proof of this identity.
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3 Type ll convolution sums
To proceed we approach the moment I;{f, 5(T; X) through arithmetic means. To do this,
we consider a convolution of shifted correlation sums.
We first make use of the fact that if A = A; U Ay and B = B; U By then 14 and tp are
convolutions: 74 = 14, * T4, and g = 1B, * Tp,. We are thus interested in
Z T4, (m1)7a, (m2) T8, (M) 78, (12)
mimiy

On =

myma,n1ng <X
0<|mimy—nina|<mimy/t

< (— log((”lll’lz)/(mlmz)))

Now we embark on a discrete analog of the circle method which basically consists of
approximating a ratio, say mj/n; by a rational number with a small denominator, say
M /N, and then sum all of the terms with »1; /n; close to M/N.

To this end we introduce a parameter Q and subdivide the interval [0, 1] into Farey
intervals associated with the fractions M/N with1 < M < N < Qand (M, N) = 1 from
the Farey sequence F; see [6] for details. We define

//l1 = mlN — VllM
and
hy == myM — nyN.
We have
WllleMN — I’lll’leN = l’lﬂ’)’le + ]’lellN — h1h2

so that
miniy — niny N //11 h2 h1h2

= + _
mimy miN  moyM  mimoMN
and

lo niny N h1 T hz O( h1h2 )
gm1m2 - WllN I’ﬂzM m1m2MN ’

The error term is negligible so we have now arranged the sum as

T4, (m1) T4, (m2) T8, (M1)TB, (12) - Thy Thy
z Z Z mimy 1/[ (27rm1N + 27rsz) @)

M<N<Q hy,hy mimy <X
(MN)= (%1),(2)

where

(*1) : }’l’llN — I’llM = hl and (*2) : WIQM — I’lzN = h2

Note that for a given m, n; and /; the condition (%)) implies that m;/n; € Myn so we
don’t need to write that condition.

4 Thecaseofhy; =0
We remark first of all that the terms with /1; = 5y = 0 are precisely the diagonal terms.
Now we consider what happens if 15 = 0 and /1; # 0. We call this a “semi-diagonal” term
after [1].

If iy = 0 then moM = nyN. Since (M, N) = 1 it follows that my = N and ny = M¢
for some ¢. Thus we have

tAl mi tAz(Ne)TBl (nl)th(Me) Thy
A%, ¢( ) ( )Z Z miN{ ¢(27rm1N)

nmji, n1€
(M,N)=1 (*1)
n1=>|h1|Q
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where
(k1) : MmN — mM = hy.

In general, with * : mN — nM = h, we expect by the delta-method that

(ta(m)tp(m) L, ~ D uw * PM PN Z(A” )Z(B ) (4)
fs
1(q)(qd, M)~ (qd, N)' =
PP = Z o
d\h

o)l )
(¢qd, N) (gd, M)

where G is a multiplicative function for which

) 1 — T4 (")
Gal—a,p) = H (1 - p1+da) Z pii-o

aeA’ j=0

with A = A — {a} and where

z@ =[J¢«a+a.

acA

5 Adiversion
The ensuing calculations are about to become (more) complicated largely due to arith-
metic factors. We pause in the calculation to show what the calculations look like without
the arithmetic factors. That should help the reader when we complete this calculation in
the next section. Basically we ignore the terms with g > 2 and we replace G4(1 — «, d) by
‘CA/(d).

Altogether we now have

> Z(A)-DZ(B)-p) D (%) P (%) > M

a€A; M=<N 4
BeB (M,N)=1
5 (d, N)l_a(d; M)l_ﬁfA’ ((dN )tB’ ((dM))TAz(N)th(M) Thy du
<X MI-BN1+Byo+Bgl—a—p 2w uN
USNT dim

We make the substitution

o
" 27uN’

The above is

D Z2(AD-)Z(BY-p) D ¢ ( Q)
B

O[EAl M=<N
BeB: (M,N)=1

/ (d, N)'=(d, M) Py
Th 14

v din MI-BN1+ (

Page 7 of 24
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Now we switch the sums around; replacing /; by /1d and bringing the sum over /; and ¢
to the inside, we have

N\ , 9 (%) ¢ (%) tas (75, (M)
> () 2@z X SLT N
a€A] M<N
BeBy (M,N)=1
W) (d N)'=(d, M) Py (%) T8, (@5 ) Taa (0173, (£)
), vime=p 2, dehe™? w
dem <& 1
Using Perron’s formula we write this as
T \-aF , o (%)@ (%) wa N, (M)
> (E) Z(A)D-)Z((B)-p) D I
a€A; M=<N
BeB; (M,N)=1
/ (d, N)'=*(d, M) Py (%5) T8 (50 ) TAo (O) T3, (£)
V1 o= /3 2i @ fon ds+1£5+1h51+“+’3

2
8 ( JTXV) ds s .
T
The sum over £ and /; here is essentially
¢(s+a+ B)Z((Az)s Ba).

The sum over d, M and N we evaluate to a first approximation by looking at the polar

parts of
(e MY P, N2y () 7, () e N e (M)
dz dltspMl-BN1—«o ;
M,N
(M,N)=1

these are calculated with the help of the following table:

d|M|N |Euler term — factor
p|1 |1 m;(p)ry(p)/p“s Z((AQ)S,BQ)
Lip |1 |, (p)/p! Z(By, {—B})
1|1 |p |ta,()/p" ™ Z(Ag, {—a})
p|1 |p |8 (P)Ta, (p)/P' | Z(B), (A2)s)
plp |1 |t (0)ts,(0) /' | Z((A)s Bo)

We take the product of all of these Z factors. Now the v-integral is

V()

1—s—o—
LV s—a—f

dv=(1/2)x(1-s—a—p) /00 YOS dr.
0
Note that
xQl—s—a—pB)Xs+a+B)=¢1—-—s—a—p)

If we include the factors Z((A2)s, B2), Z((A})—a)Z((B})—p), and Z({—s — a}, {—p}) then
the product of all of these Z-factors is

Z((A’1 UAz)s U{—B}, B UByU{—s— a}) = Z((A’)s U{-B}LB U{-s— oz}).

Page 8 of 24
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Thus, altogether we have

T\ % ry@ 1 , , 27X\ ds
> (E) ttwﬂﬁ/(z)Z((A )s U{—B} B U{—s—a}) (W) .

a€Ar
BeBy

Compare this with Eq. (4) of [7] which gives the “one-swap” terms from the recipe:
o AN
[vox(5r) 2oz
0 T
acA
BeB

1 (%)S / / I /
X —— ——AA"U{-B —s}, B;U{—a})Z(A,B){(1 —a— B —s)ds.
270 Jys=a S
The only differences are that so far we have ignored the arithmetic factors and that in the
expression we just derived we have the restrictions @ € A; and 8 € B;. But as A; and
Bj vary through subsets of A and B every possible « and g will appear. Also, we have the

terms where M > N and those with 1; = 0.

6 The same calculation with the arithmetic factors
We replace m; by u;; taking into account the arithmetic considerations and also using
u1{N = mimy < X, we have that our sum is Z%ﬂ Z((A)-a)Z((B))-p)

T4, (N€)p, (ML)

< % o(g)e(5) ZZ 5
M<N
(M,N)=1

o ulq)(qd, M) P (qd, N)1—*
x 2.
u dl—a—ﬂqZ—a—ﬂ

VSR g g=1
Th duq

l—a, ——— 1-— .
XGAl( (04 (qd,N))GBl( ﬁ ( dM))I/, (277,'1/[1]\[) u1+a+ﬂ

The term with /1; = 0 just leads to diagonal terms which are easy to deal with. Now we

group the non-zero terms /; and —#; together and use ¥ (—v) = ¥ (v). We replace /1; by

hi1d. We make the substitution v; = 27{’;‘411‘]1\[ in the integral and switch the integral over v;

with the sum over /1, d and £. Then (with /1; > 0) we have that

¢NThid
=udN <X
2 V1N
implies that

21 X
thd < 2N

Thus we have

Z(i)_a_ Z(A)-DZ(B)-p) S *(1)0(3) [ enion)

2 “MI-BN1-o
a€Ar M<N
BeB1 (M,N)=1
74, (N€)Tp, (ML d, M)~ (gd, N)1—
8 Z 4, (N )73, ( )Zu(q)(q )" "P(qd, N)
hOH_ﬂKd q27ot7/3
hyed<ZXL 1 =1

G 1 qd Gs (1-p qd an
X — O, ——— — P, .
“ (gdN)) " (g, M) ) =P
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Now we use Perron’s formula to evaluate the sum over /;4d. This gives

—o— Q a
3 (;) ﬂZ((A’l)_a)Z((Bll)—ﬁ) > W;U/(z)

C(EAl M=<N
peB (MN)=1
© 2 Xv1\* t4,(N€) T8, (M0) ~— 11(q)(qd, N)'~*(qd, M)' P
<[ (mwm))( ) > v WO L <~ .
0 T i h51+a+ﬁg1+sd1+s e q2 a—pB
qd qd dvi ds
G l—a,——)G 1-5, —.
x Al( o (qd,N)) Bl( B (qd,M)) e s

The sum over /1 is ¢ (s + « + B). The integral over v; is

/0 V1—1+s+oe+/3(2mfp(v1)) dvi=x1—-s—a— ﬂ)/o 1/,(t)t—s—oz—/f; dt.

Combining these two facts and using the functional equation for ¢ we have

e . M) 4 (N
Z(%) " 2 - Z(B)-p) | et 3 *()0(2)

1— -«
aed M<N MI=PN
BeB1 (M,N)=1
1 27X \* T4, (N €)1, (ML)
— 1—s—a-p8) (222 T4, N7, (ML)
x 2ri @) ;( s—o ’3) ( tT ) Z pltsglts
1(q)(qd, N)'~*(qd, M)' P qd qd '\ ds
G l—ao, —— )G 1-5 — dt
) ,,Z; P " aw) P gamn)

This requires studying the Dirichlet series

1 T4, (N 0) T8, (ML) ~— 11(q)(qd, N)'~*(qd, M)'~F
z MI-BN1-« Z 1+sgl+s Z q2——P

(MN)=1 0d e
qd

x Gy, (1 —q i) G, (1 -6 —)
(g4, N) (qd, M)

See the appendix for the resolution of this arithmetic factor.

Regarding multiplicities, see the section on automorphisms at the end of the paper.

Taking account of the terms with /1; = 0and /13 # 0 we find that we have now accounted
for all of the one-swap terms from the semi-diagonal contributions.

7 hihy #0
Now we come to the crux of the paper, the terms where neither /; nor /4, are 0; we need
to match these up with the two swap terms.

In the formula (3) above we replace the convolution sums by their averages, i.e.

Th Thy ) duy duy

( A
/ / luﬁX(rAl(ml)rBl ()5, (T, (m2)Ts, (m2)) 52, ( e —r

ur uy
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We insert the formula (4) for these averages. After switching the ensuing sums over
h1, hy and dy, dy we have X1\ (M /Q)¢(N/Q) times
m(q1)n(q2)

D D ZUAD-a)Z((AY)-a)Z(B)-p)Z(BY) ) D ~smarp e
a1€A1 f1€B q1,di,h q2
€A Br€By q2,d2,h2

d d.
GAl(l —Qay, (qlq‘lil)lN))GAz(l — o, (qzqﬂzlzi\/f )GBl(l /317 (q?blil ;\/[))GBz(l ﬂZ; 43121221\[ )

(qrdy, N) =11 (qudy, M)~ 14P1 (qady, M) =142 (gody, N)~1+P2d) 1 P g) =2 P2

x // M71+ﬂ17ﬂ2N71+ﬁ27ﬂ1 M*O‘I*ﬂl M*“Z*ﬁz
T2§u1u2§X ! 2

A ( Th1d1 Th2d2 ) du1 dM2
XV ——

X

2nuN  2muoM ) ur uy
Let’s first assume that /23 > 0 and /3 > 0. We make the changes of variable v; = 2{:’;1‘11{,
and v, = thh;jj/[ and bring the sums over /; and % to the inside; #ju; < X implies that
4% XvivoMN
h1d1h2d2 < T
Then the sums over the g;, /;, d; are N~1tei+h2 pp—1+eat+hr times
T\ ik a1+ﬁ1 a2+ﬂ2 w(q1)n(gz)
o ]//(Vl ) — 2T 2—a1—f1 2—ar—f
L2 @4, dl m 1 1
q2,d2,h

q 924
GA1(1 al, o dl N))GAz(l o2, (qzdz AZ}V[))GBl(l ,31; (quil b\/[))GBQ (1 1327 (qzézizzN))
" (@ud, N) 151 (qudy, M) P (qady, M) 542 oy, N)- 2 RS TP

47'[2XV1V2MN
T2 dvy dvy
X ds— —.
S V1 V2

The sums over /; and /iy are ¢ (s + a1 + B1)¢ (s + a2 + B2). The other 3 cases of the signs
of i1 and %, can be taken care of similarly. Then we use

Bt = [ et + ) de
to see that
Y1+ va) + P (v1 — va) + Y (—vi + va) + Y (—v1 — va)
-/ U0 o) + e(—tv) (ele) + el—tvs) .
Also
A et + el = £ s )

and similarly for the integral over vy. This leaves us with a total for the sum over
M, N, g;, h;, d; of

00 T\ "1~ w-Ff-F 4 % ’
/0 wm(;—ﬂ) — M;(1—s—oe1—;31);(1—s—oez—ﬂz)

21i J s

Ga (I —an, ¢ nd_y

dM/Q)p(N/Q) w(q1)in(g2) @duN)
x Z 2
o Ml s—op—p1 N 1—s—a1—p2 = 2—O¢1—f31q§—az—ﬂz (q1dy, N)~ 1t
M<N q2.d2
d
GAz(l - O‘21 qzdz M))GB1( - By q?zi’ll )GBz(l B2, (qZ;Z’ZN))

ds dt.

(q1d1, M)~ 1+P1(qadn, M) =14 (qady, N) 1 HP2d [ Ho )t
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Recall that
Ga(1 —a,p) = T4 (p) + O(1/p);

we use this to calculate the polar part of

’ dl / dl ’ d2 / d2
D (@) 8 (@) % (@) %, (@8
A, NYT e (dy, M) (dy, M)~ (dy, N) 1 B ) M=o NI
(M,N)=1
M=<N

We do this by calculating the significant parts of the Euler product. The following table
is helpful; we let A} = Ay — {a1}, A}, = Ay — {2}, B] = By — {B1}, and By = By — {2}.

dq|dy|N |M|Euler term Z — factor

p |1 |11 |w (p)g (0)/p" | Z((A)s BY)

1 |p 1|1 |74, (P)Ta,(0)/P' | Z((A))s B))

L1 |p |1 |p*Ppt= | Z((—a1 = s} (=B2))
111 |p |p2tPyp'™  |Z((—a2 — s} (=B1)
p |1 lp|l @)/  |Z(BL{=p2))

p 1 |1|p |ea)/p™  |Z(A] {~a))
Lip|p |1 |/ Z(A5, {—ou})

Lp |1lp /'™ |Z(By (=B}

p |p |p |1 |14, @) )/ | Z((A))s BY)

plp |1 |p |t (), ®)/p' | Z(A)Ds BY)

If we include the factors Z((A})s, {—s —a1})Z(B}, {(—B1}), Z((A})s {—s — 2D Z(By, {—B2}),
Z({—s — a1}, {—pB1}) and Z({—s — a2}, {—B2}) then the product of all of these Z-factors is

Z((A] UAY)s U{=p1} U {=p2)}, By UBy U {—s — a1} U {—s — a2})
=Z(A=8)s+T,B—T+(S)7)
where S = {a1, ap} and T = {81, B2}

The predicted two-swap terms from the recipe are
- 2 (@)

o] tT aesS
Z /0 v (t) (E) peT

SCA,TCB
ISI=[T|=2

472X

S

1 (t2T2) _ _

X — ——AZ(A—-S)s+ T ,B—T+ S, )dsdt
21wi J) s

which matches the above except that S and T are allowed to range over all two-element
subsets of A and B in the recipe version whereas in the correlation version we first split
A = A1 UAy and B = B; U B; and then take one element from A; and one from A, to
make up our two element set S and similarly one element from B; and one from B; to
make our two element set 7.

See the last two sections for the calculation of the arithmetic factor.

8 Automorphisms

The final step of this paper is to explain the apparent over-counting that has occurred.
The explanation is that there are automorphisms that have to be taken into account. In
this section we explain these multiplicities.

Page 12 of 24
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We start with
Nmi =Mn +In
Mmy = Nny + hy

Suppose m; = p1d1, Mo = watle, n1 = viV] and ny = voVy. Multiply the first equation
by pavo and the second equation by pjv;. Let

M =vipaM; N =pvoN; iy = g miy = pifda; AL = Vivy; 7y = vpih,
Then we have
N}'ﬁl = Mﬁ] + l’;1
[ M}’flg = Nﬁz + h~2
where
M= povehy  and  hy = pyvih.

This scheme provides lots of automorphisms and explains the overcounting we have.

Basically there is one automorphism for each quadruple of divisors of m1, 73, 11 and ny.
We have m = mymy and n = niny where if |A| = k and |B| = £ then 14 is a convolution
of k and 15 a convolution of £ atomic functions. We can think of

A:{Oll,...,Olk} Bz{ﬁl,“"ﬁe}

andwith/ ={1,2,...,k}andJ ={1,2,..., ¢} wepartition/ = I; Ul andJ = J;UJ>. Then
in our decompositions A = A; UA and B = Bj UBy wehave A} = {«; : i € I} etc. These
correspond to the decompositions m = mimy and n = nyny. If we write m = g ... g
andz = vy ... vy then we can putm; = Hieh w; etc. The number of such decompositions
of A or of m is just the number of subsets of A, i.e. 2%; and the number for B is 2¢. We
can associate an automorphism as above with each such decomposition. Therefore, there
are 2K+¢ automorphisms in total. So each term is counted with a multiplicity 25*¢. Now
let’s see that this overcounting is in agreement with the number of ways of producing the
term from the recipe with, say, S = {@1, 2} and T = {81, B2}. The term from the recipe
will occur whenever we have a decomposition of A = A; U Ay and B = By U B; in which
precisely one of o1 and a3 is in A; and the other in A, and similarly for B and the 8s. How
many ways are there to do this? If we say that «; is to be in A} and &y in A3 then we have
k —2 other elements to be partitioned into two sets. There are 22 subsets and the chosen
subset can be assigned to go with o1 or with o3, so we have an extra factor of 2; then and
then another factor of 2 by putting «; in Ay and &y in A;. Therefore, a total of 2k ways to
do this. And 2¢ for the Bs into the Bs. So, we have the same amount of overcounting as
there are automorphisms. Taking this into account, we obtain just a single copy of each
term from the recipe.

9 Conclusion
We have shown how to obtain an asymptotic formula with power savings for the mean
square of a Dirichlet polynomial of length X where T? « X « T with coefficients that
are general divisor functions in two different ways: one way is via Perron’s formula and
the recipe, and the other is by calculating a convolution of shifted divisor correlations.
The two approaches give exactly the same answer.

In the next paper, which will conclude this introductory series, we will consider the
completely general situation with an arbitrary length Dirichlet polynomial.
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10 The semi-diagonal arithmetic factor

It remains to prove that the arithmetic factors agree. This calculation is surprisingly
involved. In order to carry it out with minimal notational difficulties we introduce a new
set of notation. These appendices are self-contained.

We begin by introducing a little notation. First of all, we are working locally; basically
we are identifying the local p-factor in an Euler product. As far as we are concerned p is
fixed for this discussion so we often suppress it. In fact we write X for 1/p and mostly
consider power series in X. We take the unusual step of suppressing not only the prime p
but the divisor function and so we write A(n) in place of t4(p”). Also, for a set A we let

Ay ={la+a:aec A}
A further piece of notation: AT = A U {0}. We have two important identities. The first is
AT (d) = A(d) +AT(d —1).

This is a special case of
(AU{-a})d—-1) =X ((A U{—a})(d) — A(d))~

The other identity is

R
D A(r+M)=ATR+ M) — AT(M — 1)
r=0
which follows by repeated application of the first identity.
For arbitrary sets A,B, C and D we let

C(A4,B) == D" A(M)BM)XM
M=0

and

FABCD)= > AK)BK +M)CL)DL + M)X<HHM,

KLM
Also, we let
X .
Z(A) =D AGX =[Ja x4
j=0 acA

We have alemma about F and C which is really just a formal manipulation; consequently

we state it in a more general form.

Lemma 1 For any 4 functions a, A, b, B let

F(aA;b,B) = > a(K)A(K + M)b(L)B(L + M)X 1M
KLM
and
Cla,b) =Y alr)b(r)X"
r=0

we have

F(a,A;b,B) + F(A,a;B,b) = C(Axb,axB) + C(a, A)C(b, B).
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Proof LetY = VXe(6). Then

1
F(a,A;b,B) = / > A + MY HMps)B(s + N)Y Y
0

s, M,N

do

—r+S

1
_ / S aARYRbE)BS)Y do
0 s

r<R;s<S§

= > aMARDbE)BES)X TS

r+S=R+s
r<R;s<S

The latter sum is

> aARDbESBE)X ™ — D" a(rAR)b(s)B(S)XTS

r+S=R+s r+S=R+s
r>R;s>S

= C(axB,Axb)+ C(a,A)C(b,B) — F(A, a; B, b)

as desired.

Now we address the arithmetic factor from the semi-diagonal term. The p part of

L J4
Z((A/l)_a)Z((B/l)_ﬁ) Z Ml_l zfAz(N )TBz(M)

BN1—« p1+sql+s
(M,N)=1 td
1(q)(qd, N)'~*(qd, M)' P
x Z q2—a—/3

q=1

qd qd
X G (1 e (qd,m) G, (1 — b <qd,M>) g

is (after setting s = 0)

> xMIPINCO=a " 4y (N + 0)By(M + )X
min(M,N)=0 d
> z e min(g+d,N)(1—a)—min(g+d,M)(1—B)+q(2—a—pB)

q
x > Al +q+d — min(q + 4 N))
JAS

x B (k + q 4+ d — min(q + d, M))X/ 1= +k1=H)
We use
> FMN) =D f(M0)+ D f(0,N) —£(0,0)
min(M,N)=0 M N
and get Sy + Sp — So where
So= D Aa(O)BO)u(pMA( + g + d)By (k + q + d)

Ld,q,j,k
x X4@2-a=p+t+d+j(l-a)+k(1=p)

S = ZXM(I*/” ZAZ(K)BZ(M + Z)X(er ZM@Q)X* min(g+d,M)(1-B)+q(2—a—p)

M td q

x D AV +q+d)B|(k + g+ d — min(g + d M) X/~ HA=P),
jik

Page 15 of 24
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SR — ZXN(I—(X) ZAZ(N + ﬁ)Bz(f)X“—d Zu(pq)x— min(q+d,N)(1—a)+q(2—a—ﬁ)

N Ld q
x D A+ q+d — min(g + d, N)B)(k + q + &)X/ 1~ +0=P),
Jik
We expand the g sum in Sy to get
So= D Ax(O)By(Q)A(j + d)B) (k + d)x+AH 1= Tk(=F)
4,d,jk
— D" Ag(OBy(OAL G+ 1+ d)B (k + 1+ d)x>~e-FHErdH I HkA=H),
£,d,j,k
This telescopes in j and k to give
So = D Ax(0O)By(O)A}(j + d)By ()X FHH =)
t,dj
+ D Ay(O)By(O)A (d)B) (k + d)X TP
L,d,k
— D A2(O)By(OA] (d)B; ()X
Ld

= Bz)( > XU () D XB ()

d<r

+ > X 0PB () > X AY(d) - C(A], B/l))
r

d<r

= C(As, Bo) (Z X" 4L (1) (BYa) T ()

r

+ D X" PR (r)((A))p) () — C(AY, Bg))

r

= C(A2, B2) (C((AD = (B) ) + C((BY)-p, (A1) ) — C(A), BY)).
This may be rewritten as
So = C(Ag, By)(C(A}, B} U {—a}) + C(B}, A} U{—B}) — C(A}, BY)).
Now we turn to Sg. Expanding in g we have

SL= D AyO)By(M + A} (j + d)B)(k + d — min(d, M))
M,t,djk
s X tHd+M(1—B)—min(@M)(1—B)+j(1—c)-+K(1-p)

— > AOBy(M+OA Y+ 1 +d)B(k +1+d — min(1 + d, M)
M, t,djk
s X tHd+M1—p)—min(1+d,M)(1-p)+2—a—p+j(1—a)+k(1-F)

We split this into S; = S; + Szr where S;~ denotes those terms for which d < M and Szr

contains those terms with d > M. We have

Sp = D Ay(OBy(M + DA} + d)B] (k)X HMI=Arrdf+1-a) k(1)

M,L,jk
d<M

— D" Ag(OBy(M + DAL + 1 + d)B; (k) x MU= PHABHIENA=) HkA-H)

Mtk
d<M

Page 16 of 24
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The sum over j telescopes; we are left with

S = D Ag(0)Bo(M + A (d)B; (k)X TMA=P+apk1=)

Mtk
d<M

We execute the sum over k to obtain

S; = Z((B)-p) D A2(O)Ba(M + A} (d)X+HMI-Prdp,

ML,
d<M

The sum over d gives

Sp = Z((B})—p) D As(O)Ba(M + £)((A7)p) T (M — X HMA=P)
M,

= Z((B})—p) D_ A2(O)Bo(M + £)(((A})p) (M) — (A7) (M) X HMO=F)
M,

= Z((B))—p) D_ A2(6)Bo(M + £)((A7 U {—BNM) — Ay (M)) X+
ML
= Z((B})-p)(C(A] UA2 U {—B}, By) — C(A] U Ay, By)).

Now we consider SZ‘. We have

S; = D" AyO)ByM + O)AL(j + d)B, (k + d — M)XFHHA- A=)

ML)k
d>M

— D AyO)BoyM + AL + 1+ d)

Mtk
d>M

x By(k + 14 d — M)x‘Hd+2-a=pHjl-a)+k(1=p)
This sum telescopes in j and k. We have

S; = D" Ay(O)BoM + A + d)B (d — M)X =)

M, L]
d>M

+ > Ay(OByM + OAY(d)By (k +d — M)XHATHI=H)

MLk
d>M

— " AyO)By(M + O)A (d)B(d — M)X' T,

Mt
d>M

We replace d by d + M and have
S;= D" Aa(O)Ba(M + DA\ (j + d + M)B| (d)x +4HMH A=)
M,L,jd

+ > Ax(O)BoM + DA (d + M)B) (k + d)X HATMIKI=H)
Mtkd

- Z Ay(0)By(M + £)A)(d + M)B)(d)XFI+M,
Md

In the first term we replace j + d by r and sum over d; it becomes

Z Ay(0)Ba(M + £)(AY) o (r + M)((B))a) T (r) X T HMFMe,
M,l,r
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In the second term we execute the sum over k as follows:

> Ay + M)B (k + d)x TP
kd

=D (B)-p(K) D Aj(d + M)XK
K d<K

=X"MP Z<B’> XN D (A)p(d + M)

d<K
_ X—Mﬂz )X ((ADp) K + M) — (A})p) T (M — 1)

This may be rewritten as

X~MP"(B)) - p(K)X((A))g) T (K + M)
K

—X"MP((ADp) T (M)Z(BY)—p) + X MP(AY) s (M)Z((BY)—p)-
Thus, altogether we have

SF =D As(OBsM + O)(A)—a(r + M)(BYa) T (X Hr MM
Mt

+ > Ay(O)Bo(M + 0) ( —Mﬂz p()XK((A)p) T (K + M)
M, e

— XMB (A p)T(M)Z((B))—p) + X—Mﬁ(Aa),s(M)Z((Ba)_,s))X“M

B Z Ay(0)By(M + £)A)(d + M)B)(d)XFI+M,
Mutd

In the first line notice that (((B/l)a)+)_a = B} U {—a}. Also, recall our notation:

F(4,B;C, D) = Z A(K)B(K + M)C(L)D(L + M)XK+HL+M,
KLM

Using this notation we have that

S = F(By U{—a}, A}; Ag, By) + F(B}, Ay U {—B); Az, By) — F(By, Al A, By)
—Z((B)-p)C(A} U Az U {=B}, By) + Z((B})-p)C(A} U Az, By).

We add this with our expression for S;” and have
Sy = F(B} U{—a}, A}; A, By) + F(B, A} U{—B}; Az, By) — F (B}, A}; Az, By).
The expression for Sg is obtained by the symmetry o« <> 8; A; <> By;and Ay <> By. Thus,
Sk = F(A} U{=B}, By; By, A2) + F(A}, By U {—a}; By, A) — F(A}, By; By, Aa).
Recall that
F(A B;C, D)+ F(BA;D,C)=C(AUD,BUC) + C(A,B)C(C, D).
Thus,

St + Sp = C(A] UAy U{—B}, By UBy) + C(A] UAy, By UBy U {—a})
— C(A/l U Ay, B/l UBy) + C(A/l U{-8J}, B/I)C(BZ,AQ)
+C(A}, By U {—a})C(By, A) — C(A}, B))C(B, Ay).

Page 18 of 24
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Adding this to —Sp we have

SL+ Sr — So = C(A] UAy U {—B}, B} UBy) + C(A] UAy B] UBy U {—a})
— C(A/l U Ao, B/l U By).

This is equal to
(1—X'"*7P)C(A] UAy U (—B}, B] UBy U {—a})

as desired.

11 Proof of Theorem 2
We shall it convenient to recast the identity of Theorem 2 using a set-theoretic language.

11.1 A reformulation of the identity
We begin with 4 sets A, B, C and D and 4 numbers «, 8, ¥ and §. We consider

Z X*M(V‘Fﬁ)*N(O&‘ré)El(M N)E2(M, N)XM+N
min(M,N)=0
where

DIMN) =D (~1)2X"HA 4+ q + d — min(g + d, N))

ajk
q=<1

XBfﬁ(k +q+ d— min(q +d M))X2q+d+j+k7min(q+d,M)7min(q+d,N)
and

(M N) = D (=1)1X*IC_(j + q + d — min(q + d, M))

djk
q=1

x D_s(k + q + d — min(q + d’N))X2q+d+j+k7min(q+d,M)fmin(q+d,N)‘

The problem is to express this quantity in terms of the C function, namely we want to
prove that the above is

=1-X"P)1 - X" ?)CAUCU{=B, -8}, BUD U {—a, —y}).

11.2 Initial reductions

We can decompose the sum over M and N via

> fMN)= D" f(M0)+ > f(O,N)—f(0,0).
M=0

min(M,N)=0 N=0
Thus, the sum above is S; + Sg — Sy where

o0
Sp= D x MU 5, (M, 0)Z, (M, 0)XM
M=0

o0
Sg= > XN, (0, N) (0, N)XN
N=0

and

So = 21(0,0)%2(0, 0).
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We have

So = | Do (—VIXYFPA_4 (G + g + d)B_p(k + q + d)X>THHTHE

djk
g<1

< | D (=1IXAIC G+ g+ d)D_s(k + q + d)X>4TT
djk
q=<1

The first factor here is

D XNFPA_(j + d)B_p(k + d)x T
djk

=D XA+ 14+ d)B_plk + 1 4 d)X>THTTH
djk

which telescopes in j and k. Thus, it is

ZXd(aJrﬁ)Afa(i + d)B,ﬂ(d)XdH + ZXd(“+ﬁ)A7a(d)Bﬂg(k + d)XdJrk
d,j dk

= > XA (d)B_p(d)X*.
d

The first term here is

o
S XNAPA_o(j + DB_pd)X T =D A_y(DX) D B_p(d)x AP,
aj J=0 d<J

Now
B_p(d)X¥th) = B,(d)
and

> Bu(d) = (B)0).
d<]
Thus, the above is
ZA—aU)(Ba)+(])X] =C(A—w (Bx)") = C(A, BU {—a}).
J=0

The second term is
C((Ap)*,B_p) = C(AU {—B), B)
and the third term is
C(4, B).
We can do the same with the second factor. The net result is that

So = (C(A,B U{—a}) +CAU{-8},B) —C(A4, B))

x(C(c,D U{=y}) +C(C U (=8}, D) - C(C, D))'
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Next we analyze S;. First consider X1 (M, 0):

1M, 0) = > XA+ d)B_g(k + d — min(d, M))X @ TEmin(@M)
djk
— > X¥HPA_ i+ 1+ d)B_p(k + 1+ d — min(1 + d, M))
djk
« X 2t+d+j+k—min(1+d.M)

We split this into the terms with d < M and those with d > M. We have

~(M,0) = Z X4CHB A, (j + d)B_g(k)XIHF

d<M
= D> XMHPDA_ (i + 1+ d)B_p(k) X HE

jk
d<M

=ZBp) | D XUWHPA_G+ )X = D XUHPA_ G+ 1+d)X"
alum alu

The sum over j telescopes so that this is

T (M0) = Z(B-p) D XA, (d)
d<M

=Z(B_p) D Ap(d) = Z(B_p)(Ap)" (M — 1).
d<M

Next we consider

Sr) = D XYHPDA_ (i + d)B_g(k +d — M)XTTHM
Jik
d>M
= > XMIA_L G+ 1+ d)B_p(k +1+d — M)X>TTHM,
jik
d>M

We replace d by d + M and have

2+ (M) = ZX(d+M)(a+/3)A (] +d + M)B_ ﬂ(k+d)Xd+]+k
Jkd

= XA+ 1+ d+ M)B_glk + 1 + d)X* T4,
jkd

Now the sum over j and k telescopes and we have

M) =D XUMERNA G+ d + M)B_g(d)X Y
jd
+ > XML (d + M)B_p(k + d)X4H*
kd
= > XUMErh A (d + M)B_p(d)X?
d
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We recognize a convolution in the first term and rewrite this as

@) = 3 XMEP A (r+ M)(Ba) ()X
r
+ > XEICAD A (d + M)B_p(k + d) X
kd
_ ZX(d+M)(“+’3)A_a(d + M)B_ﬁ(d)Xd
d

The middle term here may be written as

ZB_ﬁ(K)XK Z Agld + M)
K d<K
= > B_gK)X" ((Ap)* (K + M) — (Ap)" (M — 1))
K
= > B g(K)(Ap)T (K + M)X" — Z(B_g)(Ap)" (M — 1).
K

The second term of this cancels with %] (M, 0) and so we have

Z1(M, 0) = XMEHA S (By) T (K)A—a (K + M)XK
K
—XMEED " By (K)A_o (K + M)X"
K
+ > B p(K)(Ap) " (K + M)XK,
K

This may be rewritten as

1M, 0) = XMP (Z(B U {—a)(K)AKK + M)XK = >~ BIOAK + M)XK

K K

+ > BK)A U (-BNK + M)XK)

K
By symmetry

oM, 0) = XxMr ( Z(C U {—=8)(L)D(L + M)XE — z C(L)D(L + M)X*
L L

+> CDU{—y DL+ M)XL).

L

Recall that we are trying to evaluate

Sp= > XxMOr=P5, (M, 0) x (M, 0).
M

If we multiply out the three terms of X; by the three terms of X5 and then sum over M

we get a total of nine expressions the first of which is

> (BU{=a)(K)AK + M)(C U {=8)(L)D(L + M)X M
KLM
= F(BU({—a},A;C U {-8},D).
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Thus we now see Sy as a sum of nine terms of F at different arguments which we encap-
sulate in the following table for Si:

#sign K K+M L L+M
1 + BU{—-a} A CU {-4} D

2 — BU{-a} A C D

3 + BU{-a} A C DU{-y}
4 — B A CU {-4} D

5 + B A C D

6 — B A C DU{-y}
7 + B AU{-B}CU{-6} D

8 — B Au{-p} C D

9 + B AU{-8} C DU{—y}
Note that Sy is just the same as S; but with o <> 8; ¥ <> §; A <> B;and C <> D. Thus, we
have the table for Sz:

# sign K K+M L L+M

1 + Au{-8} B DU {—y} C

2 — AU{-B) B D C
3 + AU{-8} B D CuU{=8
4 — A B DU{-y} C
5+ A B D C
6 — A B D CuU{=8
7 + A BU{-a}DU{—y} C
8 — A BU{-a) D C

9 + A BU{-a} D CU{=§)

Now we pair up line x from Sy with line 10 — x from Sg and we use the lemma to express
the sum of the F-terms as C’s. We have

St +Sr=CAUCU{-8},BUDU{—a})+CAU{-B}L,B) C(DU{-y},C)
—CAUGBUDU{—a}) —C(AU{-B},B)C(D,C)
+CAUCBUDU{—a,—y})+C(AU{-B},B)C(D, CU{-5})
—CAUCU{=8},BUD)—-C(A,B)C(DU{—y},C)
+C(AUCBUD)+C(A,B)C(D,C)
—CAUGBUDU{—y})—C(A,B)C(D, CU{-8})
+CAUCU{—=8,-8},BUD)+C(A, BU{—a})C(DU{-y},C)
—C(AUCU{=B},BUD)—C(A, BU{—a})C(D,C)
+CAUCU{-BLBUDU{—y})+C(A BU{—a}) C(D,CU{-8}).

When we subtract Sy all of the terms that are products of two Cs cancel:
SL+SrR—So=CAUCU{-8},BUDU{—a})—C(AUCBUDU {—a})
+CAUCGBUDU{—a,—y}) —C(AUCU({-6},BUD)
4+C(AUCBUD)—C(AUCBUDU{—y})
+CAUCU{-B,—-8},BUD)—C(AUCU{-8},BUD)
+CAUCU{=8},BUDU{—y}).
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11.3 The final reckoning
A generalization of

At(d) =Ad)+ATd-1)
is

AU T-ad - 1) = x*((4 U (-a)@ - 4@
We apply this to the expression

o
(1 =X A =X D (AUCU (=B, =8)()(BUDU {~a, —y ()X’
r=0
and after some work find that it is equal to the expression above for S; + Sg — Sp.
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