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A novel sufficient condition is developed to obtain the discrete-time analogues of cellular neural
network (CNN) with periodic coefficients in the three-dimensional space. Existence and global
stability of a periodic solution for the discrete-time cellular neural network (DT-CNN) are analysed
by utilizing continuation theorem of coincidence degree theory and Lyapunov stability theory,
respectively. In addition, an illustrative numerical example is presented to verify the effectiveness
of the proposed results.

1. Introduction

Cellular neural networks (CNNs) are the basis of both discrete-time cellular neural networks
(DT-CNNs) [1] and the cellular neural networks universal machine (CNNs-UM). The
dynamical behaviour of Chua and Yang cellular neural network (CY-CNN) is given by the
state equation

dx;; 1
—=——xi+ > Auyu+ Y. Buuw+Ij,

dt R C(k,)ENT(if) C(k,)ENT(if) (1.1)

1 . .
Yij =f(x,-]-) = §(|xij +1| — |xl~j —1|), i=1,...,m, ] = 1,...,n,
where I, u, y, and x denotes input bias, input, output, and state variable of each cell,

respectively. N, (ij) is the t-neighbourhood of cell C(k,[) as N, (ij) = {C(k,I) | max{|k —il, |l -
jl} < r}, iand j denote the position of the cell in the network, k and I denote the position



2 Discrete Dynamics in Nature and Society

of the neighbour cell relative to the cell in consideration. B is the nonlinear weights template
matrices for input feedback and A is the corresponding template matrices for the outputs of
neighbour cells. Non-linearity means that templates can change over time.

A large number of cellular neural networks (CNNs) models have appeared in the
literature [2—4], and these models differ in cell complexity, parameterization, cell dynamics,
and network topology. Various generalizations of cellular neural networks have attracted
attention of scientific community due to their promising potential for tasks of classification,
associative memory, parallel computation [5-9], pattern recognition, computer vision, and
solving any optimization problem [10-13]. Such applications rely on the existence of
equilibrium points and the qualitative properties of cellular neural networks.

Discrete-time cellular neural networks (DT-CNNs) have been studied both in theory
and applications. Previous results introduced many properties of DT-CNN in the two
dimensional plane. For instance, [14] has been successfully applied to investigate the discrete-
time analogues of cellular neural network (CNN) with variable coefficients in the two-
dimensional plane. However, three-dimensional structure is more accurate, specific, and
closer to real structures of CNN. Based on the above discussion, this paper proposes some
effective results of DT-CNN in the three-dimensional space.

Motivated by the constructing of continuous system (1.1), the discrete analogue of the
system (1.1) is considered as follows:

Xij [n+1] = e_hXij [n] + <1 - e_h> < Z AxYu[n] + Z BiqUy; + Iij) , Vne Zar.

C(k,)ENT(if) C(k,)ENT(ij)
(1.2)

For any h > 0, the discrete-time analogues (1.2) converge to the continuous-time
system (1.1) will be provided. Without loss of generality, (1.2) can be substituted in the DT-
CNNs model:

—-h —-h
Xij [Tl + 1] =e Xijj [Tl] + <1 —-€ <Akijhlijhykijhlijh [Tl] + Bkijhlijhukijhlijh>
C(kijulijn ) €N (kijulijn)

1.3
+L‘j[7’l], Vn € Za, (13)

xij[n] = ¢ij[n], VYneZ;={0,-1,-2,...}.

Then, the spatial structure with respect to (1.3) is shown in Figure 1, where r =
maXC(kijhlijh)ENr(ijh)(lxkijhlijh - 0Q)|), Q = {x € X C N.(ijh),|x|| < ©}, N,(ijh) is the r-
neighbourhood of a cell C(k,l) = Cy1,;,, and © will be denoted by the proof of Theorem 3.1
in Section 3.

The rest of the paper is organized as follows: in Section 2, system description and
preliminaries are developed in detail and some definitions, assumptions, and lemmas are
stated. Section 3 gives sufficient conditions for a periodic solution for DT-CNN in three-
dimensional space by utilizing continuation theorem of coincidence degree theory. Section 4
proposes global stability of a periodic solution for the DT-CNN. A numerical simulation is
given to show correctness of our analysis in Section 5 and concluded in Section 6.
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Xpym; (n+1)

Figure 1: Spatial structure with respect to (1.3).

2. System Preliminaries and Description

Consider the following model which is equivalent to the (1.3):

my My
Xij [n+1] = a(h)xi]' [n] + ﬂ(h)zz <Akijhlijhykijhlijh [n] + Bkijhlijhukijhlijh> + Iij [n],
h=1j=1
xij[n] = @ij[n], VYVne Z;={0,-1,-2,...},
kijh = k(i,j,h) € N+, lijh = l(i,j,h) S N+, i=1,2,...,m;,

j=12,....mj, k=12, my,

VneZz;,

(2.1)

where a(h) = e, p(h) = 1 - a(h),forallh > 0, ¢ij(n) are N (h)-periodic sequences, that is,

@ij(n) = ¢;j(n+ N(h)).

Throughout the paper, the following definitions and lemmas will be introduced.

Definition 2.1 (Fredholm operator). Let X and Y be a Banach space, an operator L is called
Fredholm operator if L is a bounded linear operator between X and Y whose kernel and
cokernel are finite-dimensional and whose range is closed. Equivalently, an operator L : £ —
Y is Fredholm if it is invertible modulo compact operator, that is, if there exists a bounded
linear operator S : Y — A such that Idy — SL, Idy — LS are compact operators on X and Y,

respectively, where Idy and Idy are the identity operator.
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Definition 2.2 (L-compact). An operator N will be called L-compact on Q if the open bounded
set QN () isbounded and K,,(I-Q)N : Q — A is compact, where K, is the inverse operator
of N. Since Im Q is isomorphic to Ker L, there exists an isomorphism ] : ImQ — Ker L.

The index of a Fredholm operator is ind L = dim Ker L-codim Im L, then operator L
will be called a Fredholm operator of index zero if dim Ker L = codim Im L < +oo0 and Im L
is closed in Y. Then a following abstract equation in Banach space X is defined by

Lx = ANx. (2.2)

Let L: DomL Cc X — Y be linear operator, and N : X — Y be a continuous operator.
If L is a Fredholm operator of index zero, there must exist continuous projectors P : X — X
and Q : Y — Y, such that:

P: XnNnDomL — KerL, KerL =ImP,
(2.3)
Q:Yy—Yy/ImlL, ImL =KerQ.

In other words, L|pom rakerp : Pom L NKer P — Im L is invertible, and the inverse of
the operator L is denoted by K.

Lemma 2.3 (Gaines and Mawhin [15]). Let X be a Banach space, L be a Fredholm operator of index
zero, and let N : Q — X be L-compact on Q, Q C X, where  is an open bounded set, suppose:

(i) Lx#ANx, forany (x,A) € (0Q NDomL) x (0,1);
(ii) QNx#0, forany x € 0QNKerL; (2.4)
(iii) deg(JQN,QnNKerL,0)#0.

Then Lx = Nx has at least one solution in Dom L N Q.

Lemma 2.4. If a and b are some certain nonnegative vectors, then there exists a positive constant f,
such that ab < (B/2)a> + (1/2p)b.

Proof. Assuming a and b are some certain non-negative vectors, f is a positive constant, then

2ab = 2a\/p (ﬁ)

1b<ﬁa2+1b2:«ab<ﬁa2+1b2 (2.5)
- p -2 26 '
Thus, the proof of Lemma 2.4 is completed. O

Assumption 2.5. At Brlins i @=1....m,j =1,...,mjh = 1,..,my,) are N-
periodic sequence of Z;j. For the sake of convenience, we use the following notations:
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||x||]12§2 Z Z | MaXpery | Xij [n][*. For each operator P : N,(ijh) — N,(ijh) and any
s=s(u,v, w) t =t(i,j, h) € N,(ijh), such that:

1/2
[P(s) = PO < (jmillu =i + |mj|[o = j|” + [mal o - hf*) (2.6)

< Zm,-]-h X max{dist(s, Oijh)/ diSt(t, Oijh)} < Zmi]-hr,

where 0;jp, is the spherical centre of N, (ijh) with a radius length r, m;j;, = max{|m;l, |m;|, [mx|},
then it is easy to obtain: [P(s) — P(t)| < [|P|[|(s = t)| < 2m;jpr < + co.

Assumption 2.6. There is a positive constant Cy,,, such that [yk,,1,,, [x1] = Ykt [x2]] £ Cyylx1 =
x|, for all x1 #x, € R.

3. Existence of a Periodic Solution with respect to (2.1)

In many cases, many proposed results are not ideal and therefore it is necessary to formulate
a novel and effective result for DT-CNN in the three-dimensional space. Can we obtain
the result about the existence and stability of a periodic solution for DT-CNN in three-
dimensional space? This is the topic we wish to address in this paper. The aim of the present
work is to develop a strategy to determine the existence and global stability of a periodic
solution with respect to (2.1) in the three-dimensional space. Consequently, we processed
with the following result.

Theorem 3.1. Suppose that Assumptions 2.5 and 2.6 hold, and the following condition holds:

mp - 2
Z Bkijhlijhukijhlijh —Yij > 0, (3.1)
h=1

where y;j = Zh | |Ak,Jhl,,h3/k,]hl,,;.| , i=1,....m,j=1,...,mj,nely=1{0,1,...,N -1}, then

(2.1) has at least one N-periodic solutzon.

Proof. In this section, by means of using Mawhin’s continuation theorem of coincidence
degree theory, we will study the existence of at least one periodic solution with respect to
(2.1), for convenience, some following notations will be used:

In={01,. ,N=1},  f=min{|f(]},  f=max{|fm)]}, (3.2)
where f(n) is any function. Let X = Y = x[n] = {(xu[n],...,x1m[n],..., Xma[n],...,
xmimj[n])T : xij[n] = xj[n+ NJ] € Rmm’ N e N i=1,..,m,j=1,.,m;}, and

yN C X = Y be the subspace of all N-periodic sequence; equip it with the norm ||x|%, =
Z Z | MaXpery | Xij [ ]| .Forany ¢ >0, {x;, }Z’n"zl C N,(ijh), there exists N(¢) >0and € > 0,
such that i, > N(e) = d(x,,xi,+1) < d(xi,,0ijn) + d(xi,+1,0ijn) < €. Thus, {xim}fn’ ;s a
Cauchy sequence in N, (ijh) and o;j;, is the spherical centre of N, (ijh), d(x, y) = max{ |x yl:
x € X}. By utilizing the meaning of N, (ijh) and Bolzano-Weierstrass theorem (Each bounded
sequence in R" has a convergent subsequence, here R™™i C R", dim(R™"™i) < +o0), it is easy
to know that (X, || - ||) is a Banach space.



6 Discrete Dynamics in Nature and Society

Set

T
Nx = <£11 [n]/ cee /flm]- [n]/9AC21 [n]/ e /3?2m]- [n]lfmil [n]/ cecy JACmim/- [n]> 7
Lx = (Ax11 [n],..., Ax1pm, [n], Axp[n], ..., Axom, [n], Axyya(n], ..., AXmym; [n])T, (3.3)
Px =Qx = (5511 [n],..., Xum;[n], Xa1[n], ..., Xom; (1], Xma (1], - -, Xom, [n])T,

that is

T
x[n] = (xn[n],...,xlmj (n],..., xmalnl, ..., Xmm, [n]) € X,

KerL = {x = (x[n]) e yN c L:x[n] =c € R™™,ne In}, (34)

N-1
ImL = {x: {x[n]} eyN cX: inj[n] =0,i=1,...,m,j = 1,...,mj,neIN},
n=0

where Axij [n] = Xij [n+1] —Xij [n] = _ﬂ(h) [xij [n]- :ln:1 Z;n:]l (Akijhlijhykijhlijh (1] +Bkijhlijh Ukijnlijn )]+

L“[Tl], fij [1’1] = _ﬂ(h) [xij [Tl] - Zn:hl Z:n:]1 (Akijhlijhykijhlijh [11] + Bkijhlijhukijhlijh)] + Iij [nlrf =
(1/N) IN ' x[n], for all n € Iy. Then we will learn that dim Ker L = codim ImL < +oo,

it is easy to prove that L is a bounded linear operator, P and Q are two continuous operators
such that Ker L =Im P, Im L = KerQ = Im(I - Q), and K|, _; : ImL — Dom L N Ker P, that
is

S

N-1 1 N s-1
Kp(x[n]) = 3 x(s) - 5 2 2 x(), neln, (3.5)
5=0 s=1 t=1

t
that is

ONx

_ B
~ 1+p(h)

my - 4\~
/ Z(Akllhlllhykllhlllh [n] + Bkllhlllhuk11h111h> + <1 + (ﬂ(h)) 1)Ill \

h=1

Mp

~ ~ I\~
Z<Ak1mjhl1mjh]/k1m,~hl1mjh [n] + Bklmjhllmjhuklmjhllmjh> + <1 + (.B(h)) )Ilm,-
h=1

mp

Z <Akmi1hlmi1hykmi1hlmilh [n] + Ekm,-lhlm,-lhukm,-mlm,-lh) + <1 + (ﬁ(h))_1>fmll
h=1

\Z (Akmimjhlmimjh]/k,,,imjhl,,,imjh[n] + Bkmimjhlmimjhukmiml.hlmimjh> + <1 + (ﬂ(h))71>fmimj/

h=1

neln
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K,(I - Q)Nx
= -p(h)
N-1 my, 1
/ 6 [xll [n] - Z(Akllhlllhyknhlllh [n] + Bkllhlllhukllhlllh)] + (ﬁ(h))_ I [n]> \

n=0 h=1

N s-1 my
_%ZZ < [xll (t] - Z (Aknhlllhykﬂhlnh [t] + Bkllhlﬂhuknhlﬂh)] + (ﬁ(h))_lIll [n]>

s=1t=1 h=1

N-1 my
X 6 <|:xm1m) [n] - Z <Akmim]-hlmimjh ykmimjhlmimjh [n] + Bkmimjhlm,-ml-hukmim]-hlmimjh>]

h=1

-1
+(ﬁ(h)) Ikmimjhlmimjh [n]>
np
1 i57 <|:xm,-m]- [t] - Z <Akmi"’jhl”’imjhyk’"i"‘jhl"‘im]’h [t] + BkmimjhlmiMjhukmim]-hlmim]'h>]

—— h=1
N

1
\ =1 t=1 +(ﬁ(h))_11k'nimjhlmimjh ["]) /

neln

(3.6)

where 6(p(h),n, N) is a constant, which is only depended on variables h, n, and N.

Obviously, employing the Lebesgue’s convergence theorem, we can easily learn that
QN (Q) is bounded, K,(I - Q)N(Q) is compact for any open bounded set Q C X C N, (ijh)
by using Ascoli-Arzela’s theorem (A subset ¥ of C(X) is compact if and only if it is closed,
bounded and equi-continuous). Thus, N is L-compact on a closed set Q with any open
bounded set Q ¢ X C N, (ijh).

Suppose that x[n] = (x11[n], ..., x1m (1], ..., Xma[n], ..., Xmm; [n])" € A is a solution
with respect to (2.1), for certain A € (0,1). Then the following equation can be derived by
(2.2):

Axij[n] = xij[n + 1] - xi;[n]

h=1 j=1

my M
= - )‘{ﬂ(h) [xii [n] - Z Z (Akijhlijhykijhlijh [n] + Bkijhlijhukijhlijh)] + Iij [n] }r Vn e ln.

(3.7)

Then, the following results can be derived by utilizing (3.7):

Ir{é%\)l(lxij [n]] = rr{gx|xij [n+1]]

< max [(1 = Ap(h))|xii[n]| + Ap(h)

my 1M

XZZ <|Akijhlijh Yhkijnlijn [n] | + |Bkijhlijh Ukijlijn

h=1j=1

) + |)LL] [n]|
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< max(1 = Ap(h))" |y [01] + (A1 = a(m)))"

mp

moo B
X ZZ <|Aki,-;,lz~jhyk,-,-;,1,~jh [0] |> + -/\nIij + 0y

h=1j=1

nely h=1j=1

< maX{ i [0]] + (1 - a(h))”zzzkijhzijh} +0j < +00,

(3.8)

where 0;j = maxper, (1 - a(h)) 3", Z;'Zl |§kijhlijhakijhlijh| + Tij, for all n € In. Therefore, the

solution with respect to (2.1) is bounded for certain A € (0,1). In other words,

max|x;;[n]| < max{ oy [0]] + (1 —am)"S'S ([ Aty [01])

nely nely =1 ]:1

(3.9)

my M —
+(1- “(h))zz |Bkz‘jhlijhﬁkijhlijh + Iii} = 0.

h=1j=1

Then the open bounded set €2 is presented as follows:

m; M
Q2 {x € X c N, (ijh), |1x| < ZZ@U}. (3.10)
i=1 j=1

Thus Lx # ANx for any (x,A) € (02 NDom L) x (0,1), the Q satisfies condition (i) in
Lemma 2.3.

In Figure 2, the nonlinear weights template matrices B and the boundary of Q are
shown, respectively. Then for any two dimensional plane of any spherical neighbourhood is
denoted. Thus, for any x € 8Q NKer L = 0Q N R™™i, KerL = {x = {x[n]} e yN c X : x[n] =
¢ € R™™i, n € IN}, it is easy to learn that x is a constant vector in R™" with ||x|| = ©; Thus,
we have

T
ONx = (Qlel,...,Qlem/.,...,QNxmil,...,QNxmim]) , (3.11)

where Qinj [n] = (ﬂ(h)/(l + ﬁ(h))) th:hl 272]1 (Akijhlijhykijhlijh [n] + Ekijhlijhukijhlijh) + Tij [n],
for all n € Iy. Furthermore, we can calculate the bound of QN x as follows:

) mj mi )
IONx|| =ZZmax|xij[n]|
i=1i=1 "IN
2
mj mj ﬂ(h) my M

= Zzl;lré%?f 1+ ﬂ(h) ZZ <A~kijhlijhykijhlijh [Tl] + Bkiihlijhukijhlijh> + fi]' [n]

j=li=1 h=1j=1
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mj m; ﬂ(h) 2 my UL 2
2 ZZ 1+ ﬂ(h) 8 rnré?x Z |Bkuhluhuk']hll]h + 11] [Tl] Z Akijhlijhykijhlijh
=1i=1 N =
mj m; mp o 2
> ZZ max Z Bicytin Ukl |~ Yij >0,
== N\ NS
(3.12)
where y;; = 3" IAk,/thhyk,,hll,ﬁ 1], i=1,....m,j=1,...,mj,n € Iy. Thus for any x =

0QNKerL, QNx #0, this proves the condltlon (ii) in Lemma 2.3.
In order to prove the condition (iii) is satisfied with respect to (2.1), we only need to
prove that deg(JON,QnKerL,0) #0. Define ® : DomL — X by

T T
(I)<x11/---rxlm/-/-'-/xmilr---/xm,-mj> = (xlll---/xlmj/--~/xmilr'--/xmimj> 7 (313)

where X;;[n] = (B(h)/(1+ p(h))) Ty S (Akuis Yty [1] + Bryutyy i) + Tigln], for all
nely.
Now we will prove that x € 0Q N KerL = 0Q N Rm"mf,(I)(xn,...,xlm].,...,xmil,
..,xmim].)T;é (0,0,...,0)T. If this is not true, then x € 0Q N Ker L = 0Q N R™™i,d(x13,
e XDy Xl e xmim].)T =(0,0,..., O)T, thus, for constant vector x € 0Q2, we have:

= ph) T ~ -
xif Tl 1 + ﬂ(h) ZZ( kijulijn Ykijnlijn [TL] + Bkijhlijhukijhlijh> + Iij [n] =0. (3-14)

h=1j=1

Equivalently, (3.14) can be written as the following form:

my M

ZZ <Akijhlijhykijhli}h[ ] + Bklﬂl Lijn ukijhlijh)
h=1j=1
1+ B(h) -
—————Lij[n 3.15
By il (3.15)
my My 1 +[5(h) N mp M
= ZZAkijhlijhykijhlijh [n] = < ﬂ(l’l) l] + ZZquhllﬂtukl}hll]h
h=1j=1 h=1j=1

Combining (3.12) and (3.15), the following results are obtained:

my Mj

maXZ Z | Akijhlijh Yhkijulijn

el 3

1+ h) my 1M
ﬂ(ﬂh) ZZquhlqhukx/hluh

h=1j=1

= max (3.16)

nely
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Bj,-template

The boundary of ©

Figure 2: Input B-template and the boundary of Q.

Thus, the following result is derived by calculating the (3.16):

1+ﬁ(h)~ my M my M
Tli]' + ZZBkijhlijhukijhlijh - ZZ |Bkijhlijhukijhlijh
p h=1j=1 h=1j=1
1+p(h) = =
< | VT .
< ‘ S| < |Ty| (3.17)
my Mj ~ ~
< I;é%\)]( hz:;iz_;|Bkijhlijhukijhlijh + Iij :

Obviously, (3.17) is a contradiction since ((1 + f(h))/p(h)) > 1, then for any x =
dQ NKerL, KerL = ImP, Px = (Xu(n],..., %1m[n], Zmalnl, ..., Zmm [n])" #(0,...,0)7,
D (x11, - - PESTIIVRRDUE % PR xmimj)T #(0,... ,O)T. Thus, deg(JON, QnKer L,0) #0. Therefore,
(2.1) has at least one N-periodic solution, thus the proof of Theorem 3.1 is completed. O

Corollary 3.2. Suppose that Assumptions 2.5 and 2.6 hold, and the following condition holds:

mMp

~ 2
Z |Akijhlijh Ykiulygn | — Mij > 0, (3-18)
h=1

~ 2
— mp

where Nij = Zh:1 |Bkijhlijhukijhlijh|

one N-periodic solution.

—fl?j, i=1,...,myj=1,..,mjné€ Iy, then (2.1) has at least

Proof. Similar to the proof of Theorem 3.1, so it is omitted. O
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4. Globally Stability of a Periodic Solution with respect to (2.1)

The existence of a periodic solution for the system (2.1) is derived in the Theorem 3.1. Then
global stability of a periodic solution with respect to (2.1) in the three-dimensional space is
presented in the following.

Theorem 4.1. Suppose that Assumptions 2.5 and 2.6 hold, and the following condition holds:

353 At <
Aty € (4.1)
h=1j=1 o v

wherei =1,2,...,m;, Cy,,,mj and my, are positive constants, then the periodic solution with respect
to (2.1) is global stability.

Proof. It follows from the Theorem 3.1 that (2.1) has at least a periodic solution, without loss
of generality, the periodic solution can be described by:

T
X*[n] = (;ql (], X [, X (1], X [n]) € X. (4.2)

Then we can define the following formula:
ujj[n] = |x;j[n] —x;‘j[n] , i=1,..,m,j=1,...,m. (4.3)

Now, we show that the a periodic solution x*[n] is globally stable, and the following
inequality is obtained by utilizing (2.1) and (4.3):

wij[n+1] = |xi]~[n+1] —x;*j[n+1]|

my Mj
< {“(h) Xij [n] - x;j [n] | + Cyklﬂ(h)ZZAkijhlijh Ykijulijn [n] - yltij;,li,h (1] | }

h=1j=1
< {a(h) || = oy [ | + |00 0] = 51| + cyklﬂm);;z«kﬁhzw s

X kaijhlijh [n] - Xoyji [n] | +

Xoyp [n] - x;;ijhlijh [n] ” }

my M
<2r <zx(h) + Cyklﬁ(h)mhijZAkﬁhlijh> < +00.

h=1j=1
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We design the following Lyapunov-type sequence V[n] by

m; 1M

ZZ|xl] 1] (45)

i=1 j=1
Then, we can calculate the AV [n] by combining (2.1) and (4.5):

Vin] =V[n+1]-V]n]

m; My

= 2.3 (|xln+ 11 - xjm+ 11| -

i=1 j=1

xijn] = x;;[n] |)

< ZZ{ ﬂ(h) |xl] xl] [Tl]| + Cykl:ﬁ(h ZZAkz]hlz)h Ykijulijn [n] - yk,],, uh[ ]| }

i=1 j=1 h=1j=1

IN

my Mj my M
Zzzrﬂ(h) CyklmhijZAkijhlijh -1)<0.

h=1j=1 h=1j=1
(4.6)

Thus, it is easy to obtain V [n] < V[0] by the meaning of the (4.6), and furthermore,

m; Mj my, Mj
ZZ |xl] xl] [Tl] | < ﬁ(h) { Cykzmhm]ZZAk,]hl”h -1 }supd[s]
i=1 j=1 h=1j=1 s€Zy

m; M my M (4.7)
= ZZ'x,] [n] - xj; [n]| < ﬂ(h){Cyklmhm]ZZAkz]hlz;h -1 }supd[s] <0

i=1 j=1 h=1j=1 s€Zy

= xjj[n] = xj; [n] nely={01,....,N-1},

where d[s] = maxeez; {10, [s] ~ %, [s]], xijls] - x; [s]]}. Obviously, from the proof of

hl i
Theorem 4.1, the globally stable of a perlodlc solution with respect to (2.1) is derived. Then,
existence and global stability of a periodic solution for DT-CNNs are obtained by utilizing
the conditions of the proposed theorems in an arbitrary diameter plane of a convex space.

Thus the proof of Theorem 4.1 is completed. O
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State trajectories of the neurons
x11(t), x12(8), x21(F),

x22(t), x31(t) and x3(t),

10
5
=
0 / T ——
-5 . . . . . . . . .
0 2 4 6 8 10 12 14 16 18 20
Time (t)
—_— xu(t) — xZZ(t>
— xn(h) — ()
— xxu(t) x32(t)

Figure 3: State trajectories of the neurons x11, X12, X21, X22, X31, X32.

5. Numerical Simulation

In this section, we give an example to show the effectiveness and improvement of the derived
results. Consider the following continuous cellular neural networks:

dx;; 1
Cd_tl] =-gXit > Auyu+ D, Buup+Iy,

CkDeN, (if) C(kDEN, (if) (5.1)

1 . .
yij = f(xy) = 5 ([xi + 1] = | 1)), i=1,2,3,j=12,

for t > 0, where C = 1,R = 1/2/]/kl = (1/2)(|xl] + 1| - |xij - 1|)/Akmlm = Aksnlsn =
Ak3211321 =01 Sin(Sﬂ-t)/Aklzﬂm = Akznlzn = Ak2211221 =01 COS(8‘7rt)/Bkmlmukmlm = —0.06 +
0.08sin(8rt), Byl Uk, = —0.02 + 0.06cos(8art), I = sin(8xt), I, = cos(8xt),i =
1,2,3,x[0] = (5.386,-4.836,8.863,—3.683, 6.386, —4.836)T. Then, state trajectories of x;;(i =
1,2,3,j =1,2) are denoted in Figure 3.

From Figure 3, it is easy to know that a (1/4)-periodic solution of the continuous
cellular neural networks is globally stable. Compared to the system (5.1), we design the
discrete-time analogue of the continuous cellular neural network as follows:

my My

Xij [1’1 + 1] = ‘X(h)xi]' [Tl] + ﬂ(h)zz <Akijhlijhykijhlijh [Tl] + Bkijhlijhukijhlijh>
h=1j=1

+ILij[n], neZ;, i=123,j=12,
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x[0] = (x11[0], x12[0], 221 [0], x22[0], 231 [0], x32[0])"

= (5.386,-4.836,8.863, —3.683, 6.386, —4.836)T,
(5.2)

for h > 0, by using Assumptions 2.5 and 2.6 in Section 2, each variable is denoted as:
athy=e™,  ph)y=1-e",
1 .
Akmlm = Ak3111311 = Ak3211321 = 20 (1 e > sin(8srnh),

1 . 1 _ .
Aklzllm = Akznlzn = Ak2211221 = 20 <1 e ) SIn(&ﬂ-nh)r In = % (1 —-€ 2h> Sln(&ﬂ-nh)/

1
Yiijulijn [n] = 2 <| Xkijulijn [n] + 1| |xk11hluh [n] -

1
In= 5 (1-e") cos(8rnh), By byt = ~0.02 +0.08sin(8rnh),

i=1,2,3, By tkyiy = —0.08 +0.06cos(8xnh), i=1,2,3.
(5.3)

The derived results of this paper are verified by the following steps.

(1) According to the illustrations of the neighbourhood distance r for cell C(k,I) =
Chiliy, Which is given by N, (ijh) function, and by (3.9) and (3.10), the exact values of distance
r and Q are illustrated as:

3 2
Q4 {x € X C N, (ijh),|lx|l < ZZQU}'

i=1 j=1

1 2
max|x,] [n]] < max{ i [O]] + (1 - a(h))nzz<|Zkijhlijhykijhlijh [0] |> (5.4)

h=1j=1

+(1- a(h»ZZ|Bkl,hz,,huk,,hzuh

h=1j=1

+I’]} éei]', i=1,2,3.

Then, ©;j(i = 1,2,3,j = 1,2) is calculated below,

neln el h=1 =1

+11]
h=1j=1

+(1- a(h))ZZlBkl,hzwukl,hzw
< 5.386 +4.836 + 0.05 x 4 + 0.24 = 10.662 = ©4, j=12,

12
maxlxlz ]|<max{|‘101] ] +(1 ah))nzz<|Ak1jh11jhyk1jh11jh[0]D
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12
max|x27 ]|<max{|‘102] ] +(1 ‘xh))nzz<|Ak2jh12jhyk2jh12jh[O]D

nely el h=1j=1

+12]
h=1j=1

+(1- a(h))ZZlBkz,hzz]hukz,hzz]h
< 8.863 +3.683 + 0.05 x 4 + 0.24 = 12.986 £ &, j=12,

max|xz;[n]| < gg:f{hl’sj[() | + (1 —a(h)" ZZ<|Ak3,hls,hyk3,hls,h[ ]D

nely h=1j=1

B +T3j
h=1j=1

1 2
+(1- a(h))zz|Bk3jhl3jhﬁk3jhl3jh
< 6.386+4.836+0.05 x 4+024=11.662 = 03, j=12

(5.5)
Thus, the subset Q of function N, (ijh) is derived by the following:
3 2
Q2 { xe X Nasa(ijh), x] < > >0 =3531 . (5.6)
i=1 j=1

(2) We will verify the condition of Theorem 3.1 if we want to utilize Theorem 4.1. After
strictly calculating the condition of Theorem 3.1, it is easy to obtain that the function g[n] =
|1§k,~,~11,-]-1uk,-]-11,~j1 |2 - IANkijllijlykijllijl |2 + ff] €R",i=1,2,3,j=1,2,n € Iy; therefore, the condition of
the Theorem 3.1 is critically satisfied as well.

(3) According to (4.1), the condition of the Theorem 4.1 will be derived as follows:

P ! 1
Akt li 1N = : (5‘7)
h=1j=1 S0 ST x 1x2 Cyyytmnm;

Then state trajectories of neurons x11, x12, X21, X22, X31, X3, are shown in Figures 4 and 5.

From Figures 4 and 5, we can learn that all the periodic solution converges to a unique
a 1/4h-periodic solution, then the DT-CNN (2.1) has a globally stable 1/4h-periodic solution.
Thus, all conditions of Theorems 3.1 and 4.1 are strictly satisfied; therefore all conditions of
proposed theorems are critically verified.

6. Conclusions

Existence and global stability are important dynamical properties in CNN. In this paper, we
consider the discrete-time analogues of CNN with periodic coefficients and obtain some new
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State trajectories of the neurons x11 and x15, h =1/4.

6 T T T T T T T
T 4t
g2t
ke’
g of
= 2t
&l
-6
0 5 10 15 20 25 30 35 40
(n)
—— x11
—*— X2

State trajectories of the neurons x;1 and x, h =1/4.

x21(n) and xy; (1)

X21
X22

State trajectories of the neurons x3; and x3;, h =1/4.

x31(n) and x3;(n)
o

|
a1

—0—x31
—¥—X3

Figure 4: State trajectories of neurons x11, X12, X21, X22, X31, x32(h = 1/4).

results for the DT-CNN in the three-dimensional space. Comparisons between our results
and the previous results have also been made. And it has been demonstrated that our criteria
are more general and effective than those reported in the literature.
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State trajectories of the neurons x; and x15, h =1/2.
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Figure 5: State trajectories of neurons x11, X12, X21, X22, 31, x32(h = 1/2).
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