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1 Introduction

In his paper [Os{], A. Ostaszewski introduced the combinatorial principle d.
The principle is a weaker simple relative of {», and it found many applications
in set-theoretic topology, see [KuVd].

Definition 1.1. & means that there is a sequence (As : § limit < w;) such
that

(1) Each As is an unbounded subset of § and

(i) For every A € [w;]™, there is ¢ such that A; C A. (Equivalently: there
are stationarily many such §).

It is clear that ) = &, and it was already noticed in [Dsf] that &+ CH
implies <) (as explained in [Osf)], the argument is due to K. Devlin ( in [Sh 9§
also Burgess is credited)). For a while, it was open if & and < were actually
equivalent, but this was settled by S. Shelah in [Fh 9§], where a model of &
is constructed in which C'H does not hold. The proof starts with V' = L (or
just V. E CH + {(w2)), and N3 Cohen subsets of wy are added. Then ¥, is

v cal serve as a &—sequence

collapsed, and it is shown that essentially, {(ws)
in the final model.

Subsequently J. Baumgartner in an unpublished note gave a different
construction of a model of &+—C H, in which X, is not collapsed. P. Komjath
[Kd], continuing the proof in [Eh 9§ proved it consistent to have M A for
countable partial orderings +—CH, and &. Then S. Fuchino, S. Shelah and
L. Soukup [FShS 544 proved the same, without collapsing N;.

Having concluded that the principles, <> and &, are different we still may
ask to which extent the consequences of ) may be obtained from &. So,
I. Juhdsz asks in [Mi: “Does & imply the existence of a Suslin tree?” This
question is very natural, as { was formulated by Jensen in [Jd| in order to
present his proof that there are Suslin trees in L. In addition, the existence
of a Suslin tree is a long established test problem for various combinatorial
principles to agree with.

Here we answer Juhasz’s question negatively.
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The idea of the proof is to start with a model of { +2% = R, and iterate
a forcing which specializes Suslin trees, in an iteration of length ws. Our plan
is, similarly to [Sh 9§, to witness & by using <> from the ground model in an
essential way. Note that adding N; Cohen reals destroys any club sequence
from the ground model, which rules out finite support iterations.

Let x be a large enough regular cardinal, and let <} be a fixed well order
of H(x). The formulation of <) that we use is that there is a sequence

N*=(N°=(N?:i<6):6<w)

(2

where each N? is a continuously increasing sequence of countable elementary
submodels of 2t & (H(x), €, <}) with N} Nw; < 6 for i < §, and N* is
such that for every continuously increasing sequence N = (N; : i < w;) of
countable elementary submodels of 2, there is a stationary set of § < w; such
that the isomorphism type of N° is the same as that of (N; : i < §).

Let P denote our forcing order. To show that & holds in VP we show
that for every condition p € P, name 7 such that p I+ “7 € [w|M”, and a
sequence N as above with p,7 € N, there is a club of § < w; for which
there is an unbounded sequence BN“; = (0 : k <w) € V of ordinals below
d, and a condition r® > p such that r® I+ “{8, : k < w} C 7”. Moreover,
the choice of {3 : k < w} and the fact that r® exists, only depend on the
isomorphism type of (N; : i < J). Hence, if such a § also has the property
that the isomorphism type of (N; : i < 4) is the same as that of N°, then
{Br : k < w} are definable from N°. So, the sequence (A; : § limit < wy)
given by

A def Rang(Bys) if Bys is defined
L ) otherwise

is a de-sequence in V. A typical consideration to make is the following.
Suppose that p and T are as above, while N = (N,, : n < w) is an increasing
sequence of countable < 2, with N, € N, for n < w and P,p,7 € Np,
and we wish to construct 3 o By and r® as above. Let N, o Un<w Ny and
5 N, Nwi. We can find r* > p and g* € 7 such that r* IF “G* € 7”7. Now,
we can reflect 7* and 3* along NNV, and so obtain sequences (r, : n < w) and

(B, : m < w) such that r, I+ “B, € 77, while U,.«,, 3, = ¢ and each r, > p.
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If we can then find r® as a common upper bound to {r, : n < w}, we are
done.

From what we said so far, our concerns are twofold: to have a forcing in
which a certain amount of completeness is present, and on the other hand,
to have a control of the way the reals are added (of course, we need to add
reals, as we need to violate ). In the direction of our second aim, we divide
the iteration in EVEN and ODD stages, and at the EV EN stages we add
a real which dominates all the reals in the previous model. In ODD stages
we do a forcing NNR(T) which specializes an Aronszajn tree T, doing so
without adding reals. Our forcing at OD D stages is from S. Shelah’s [Sh -f, V
§6]. At EV EN stages, we use the forcing UM for adding a universal meager
set introduced by J. Truss in [I1] (there it was called “amoeba forcing for
category”), and used in S. Shelah’s [Sh 17¢]. This forcing adds a dominating
real. The forcing is ccc in a strong way, and, as shown by Shelah in [Sh 170
it has a strong completeness property, so called sweetness. This in particular
implies that there is a dense set D of conditions in UM on which there are
equivalence relations (£, : n < w), such that if a sequence p = (p" : n < w)
from D has the property that p™ E,, p* for all n, then there is an upper bound
to p. A forcing notion with this property is called a sweetness model (see §§)
for a better definition, and [Fh I7q] for a real discussion). Our problem with
completeness is then addressed by the way the iteration is done: we iterate
with countable supports, but allow a condition p; to extend a condition py
only if the set of EV EN coordinates in the Dom(pg) on which p; differs from
po is finite (see [Sh -f, XIV] for a general treatment of such iterations and
further references. An example of a such an iteration used in connection with
& is in [DIS q]). Basically because at our EVEN stages we are doing
a ccc forcing, and adding a dominating real, we can afford to do such an
iteration and still end up with a proper forcing.

Now consider again p and r* from our above described scenario. Before
choosing r*, we can construct increasing sequences p = (p, : n < w) and
(gn : m < w) which are sufficiently generic, in the following sense. We start
with py = p, and choose p, and ¢, by induction on n. We shall have that
Pn+1 and p, agree on EV EN coordinates (we say p, <pr Pn+1), while ¢, > p,



and they agree on the ODD coordinates, and Dom(p,) = Dom(qg,) (we say
Pn <apr ¢n). During the induction, we make sure that for every formula ¢
with parameters in N, there are infinitely many n such that, given p,, if we
could have chosen p,.1 and ¢,1 so that ¢(p,11,¢as1) holds and the above
description is not violated, then we have done so. We can also make sure
that p,’s don’t increase too much (for this we need to use dominating reals
added by UM'’s along the way, and the way the iteration is defined), and
thanks to a completeness-style property of NN R(T')-forcing this allows us
to, at the end of this induction define p,, as the limit of all p,,. Now we can
take 7* > p,. We can find a condition p* such that p, <, p* <o r*, and
we can arrange so that the only odd coordinates on which p* and r* differ,
are those in Dom(p,,).

The set vy of EVEN coordinates in the domain of p, where r* and p,,
differ is finite, so is contained in N, for some ny < w. The idea now is that
(rr : k < w) will be a subsequence (g, : k < w) of (¢, : n < w), constructed
by induction on k. By exhibiting at every stage k a suitable formula @y
with parameters in N,,, such that ¢(z,y) densely holds for x >, p,, and
Y >apr T, We shall be able to control various properties of r;’s. For example,
we’ll be able to say that g, ., IF “Gky1 € 77 for some fiq1 > N, Nwi. Due
to the nature of the NNR(T') forcing and the preparations we made so far,
we reduce the problem of (r, : k < w) having an upper bound, basically
to the problem of the projections of ¢;’s onto vy having an upper bound.
However, this is not exactly what happens, because these projections are not
necessarily conditions in P.

Given any condition x in P, if we consider all the conditions y such that
Y >apr T, We obtain a sweetness model, R, (we really use a variation called
RI). We shall aim at a condition ' € R, such that g,, Eyr’, where Ej
stands for the k-th equivalence relation in the sweetness model R,,. Then
we can use sweetness to assure that there is an upper bound as desired. What
do we use as 1’7

The condition we would really like to use as 7’ is 7* | Dom(p,,). However,
there are possibly coordinates of 7* which are less than sup(V, Nws) and not
in N, and names of r*(y) for v € Dom(p,,) might depend on these “ghost”



coordinates. So r* | Dom(p,) might not be a condition after all. Hence we
have a task of finding a r’ € R,,, which resembles r* sufficiently, and let r}’s
be more and more equivalent to this 7/. However, we also have to be sure
that our r;’s will be able to say something about 3*, to deliver the goods we
implored them for.

We now place the entire situation in another countable elementary sub-
model of 2, called M. We construct an increasing sequence s = (s, : n < w)
sufficiently generic for M, starting with sy = p*, and requiring s, to only
differ from p* on the coordinates outside of N,. We let ' be whatever s
forces r* to be inside of the Dom(p,,), i.e. ' = 1*/5 (see §f for a more precise
definition). As s,’s were chosen to be sufficiently generic, we’ll have that
the naturally defined join of s,, and 7’ will have the same n-th equivalence
class in Ry« as 7’ does in R,,, for all large enough n. In §f we develop a
method of saying this through a first order formula. Note that this join still
contains the relevant information about 3*. So, using again the genericity of
(pn : M < w) we are done.

Swept under the rug in the above discussion is the fact that all the choices
that we make have to be made depending only on the isomorphism type on
N, but this is easily arranged thanks to the well ordering of H ().

Taken with a grain of salt, as no proofs were given of our claims so far,
and as introductions are usually easier to understand once whatever they are
supposed to introduce is already understood, the above explanation might
have convinced the reader that what we do is sufficient to prove the desired
theorem. But is all this machinery really necessary? We can only say that
we tried several other approaches, and the difficulty that we would face in
general, is that some amount of completeness was missing. Such completeness
in the present proof is achieved through the use of sweetness. One could
presumably obtain a simpler proof that some different version of & does not
imply the existence of a Suslin tree. Saharon Shelah has notes in which a
version of the order from [BMR]| is iterated with supports similar to the ones
we are using, and the iteration shows that a weak version of & does not
imply the existence of a Suslin tree. However, by the results in [DjSh 574,
this version of & is strictly weaker than .



The paper is organized as follows. In 8@ we give some background to
NNR(T) and UM. In §f we state the Theorem. In §f] we describe the
iteration and prove various facts about it. Section §f] contains the proof of
the properness of the forcing used. In §ff we give some definitions which are
used to adapt the notion of sweetness to our situation. However, the notions
from [Bh 176] have to be reformulated to fit our needs, hence in particular
our discussion is completely self-contained. In §f] we introduce some auxiliary
partial orders, and set ground for the proof in §§. The main point of the proof
is to obtain & in V¥, This argument is presented in §f.

2 Background

The forcing needed in Section [§ will be an iteration of two kinds of individual
forcings. The first is the forcing from [Sh -f, V§6], which specializes an
Aronszajn tree T" without adding reals. We shall refer to this forcing as to
NNR(T). The other individual forcing is UM (“universal meager”), the
forcing introduced in [T and used in [Sh 176, §7]. In this section we review
some properties of these forcings that will be needed for the proof in §5-§§.

Notation 2.1. (1) For two sequences 5 and ¢, we say that Nt = () whenever
the ranges of 5 and ¢ are disjoint.
(2) Q stands for the rational numbers with their usual ordering.
(3) If T is a tree, then < denotes the tree order of T'. For z € T, we let
htr(z) < otp({y : y <r }). We may omit T in this notation, if the T we
mean is clear from the context.

If T is an w;-tree and ¢ < wy, then T; denotes the i-level of T, i.e.
{z €T : ht(z) =i}.

If z and g are two sequences of elements of T, then <7 § means that =
and g have the same length, and for every [ € Dom(x), we have x; <r y,.

If Rang(Z) N Rang(y) = 0, we say that T and ¢ are disjoint.
(4) If n and p are sequences, then 1 < p means that 7 is an initial segment
of p.
(5) Without loss of generality, all Aronszajn trees T" that we mention will be
assumed to have the property that T, C [wa,w(a+ 1)), for all @ < wy. In
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addition, we’ll assume |7T,,| = RN for all @ < wy. As we might want to consider
subtrees of T', we do not assume necessarily that 7, = [wa,w(a + 1)) for all
a.

(6) If T is an Aronszajn tree and a < wy, then {z{* : | < w} is the increasing
enumeration of T,.

(7) Suppose that T"is an Aronszajn tree and m < w, while @ < wy. We define

wle & {zj*: l <m}.

(8) We often identify a node x € Ty for limit 0 with the branch {y : vy < z}.
Also, if @ < f and x € T, then x | (aw+ 1) denotes the unique y € T, with
Yy <r .

Definition 2.2. Given an Aronszajn tree T, we define

(1)

NNR(T) déf{ (f,C): Cis a closed subset of some o 4+ 1 < wy

with the last element o & 16(C), and
[ Uiec T; — Q is monotonically increasing}.

For (f1,C1) and (fy, C2) in NNRy(T), we say (f1,C1) <nnri 1) (f2, C2)
ﬂ Cl = C2 I (lt(Cl) + 1) and f1 Q fg.
(2) T" is a T-promise iff there is a club C(I") of wy; and n = n(I") < w such
that:

(a) All elements of T" have form (xy, ..., x,_1) where (o, ..., x,_1) are such
that

(FJa e C(I)[(Vi#j <n)(x; #x;) & (Vi <n)(x; € T)].

(b)Ifa < peC(l) & z € 'N"T,, then there are infinitely many pairwise
disjoint y € "1z such that z <7 ¥.

(C) Pmn(Tmin(C(F))) 7& @



(3) (f,C) € NNR(T) fulfills a promise I' iff
(o) It(C) € C(I') and C(I") D C'\ min(C(T))..

(B) For all a < 3 € C(T)NC, and for all # € T'N™)(T,) the following
holds:

(@) For all € > 0, there are infinitely many pairwise disjoint 3 € "7}
with & <7 ¢ and such that for all [ < n(I") we have

flz) < fly) < flo) + e

The intention of fulfilling a promise is that f is guaranteed not to grow too much along the relevant

branches.

(4)

NNR(T)¥ { (f,C,0): (f,C)€ NNRy(T) and ¥ is a countable set
of promises which (f, C') fulfills}.

We let (f1,Ch, 1) < (f2, C2, Vo) iff (f1,C1) <nwnry(r) (f2,C2) and Wy is
a subset of Wy, while Cy \ €y € Npey, C(I).

Notation 2.3. For p = (f,C,¥) € NNR(T), we write f? def f, CP def C,
P = U and lt(p) & 16(C,).

Definition 2.4. [Sh -f, VIII §2] Given s an infinite cardinal. A forcing
notion P is said to satisfy x-pic* iff for all large enough x and well orders <}
of H(x), we have:

Suppose that i < j < , and N;, N; < % = (H(x), €, <}) are countable
with k, P € N; N N;, while N; Nk C j and N;N7 = N; Nj, and NN is
the Skolem hull in 2 of (N; N N;) U {l} for | € {i,j}. Further suppose that
p € PN N,;, while h : N; — N; is an isomorphism with A | (N; N N;) being
the identity, and h(i) = j.

Then there is ¢ € P such that



(a) p,h(p) < ¢, and for every maximal antichain I C P with I € N;, we
have that I N NN; is predense above q.

(b) For every r € N; N P and ¢ such that ¢ < ¢’ € P, there is ¢” € P such
that

r<q <= h(r) <q"

Fact 2.5. [Sh -f, VIII, 2.5* and 2.9%] Suppose that Q = (P,, Qo : a < a)
is a countable support iteration and x is regular. Further suppose that for
each a < a* we have IFp, “Q) has r-pic™.” Then

(1) If o* < K, then P, satisfies k-pic*.
(2) If o* < k and (Vpu < k) (U™ < k), then P, satisfies k — cc.

(3) If a* < K and (Vu < k) (1™ < k), then

Fp.. “(Vu < k) (u™ < k).

Fact 2.6. [Sh -f, V§6] Suppose V |= CH. Then NNR(T) is a proper Ra-cc,
moreover No-pic*, forcing which specializes T without adding reals.
Note that |[NNR(T)| < 2™.

Fact 2.7. [Sh-fV, 6.7.] Suppose that x is large enough and N < (H(x), €)
is countable such that 7 € N. Let 6 & N N wy and € > 0. Further suppose
that p € NNR(T) N N and for some n < w we have by, ..., b, are distinct
branches of Ty, while I € N is an open dense subset of P.

Then there is ¢ > p with ¢ € I N N, and such that for all i < n we have

fa(0i(1t(q))) < fo(bi(1t(p))) + €.

The following is well known and follows from the above Fact R.71:
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Claim 2.8. Suppose that x is large enough and N < (H(x), €) is countable
such that 7' € N, while p € NNR(T) N N. Then there is ¢ > p which is
(N, NNR(T))-generic and lt(q) = N Nwy.

Proof of the Claim. Let {/,, : n < w} enumerate all open dense subsets of
NNR(T) which are elements of N. Using Fact 2.7, we can build an increasing
sequence (p, : n < w) of conditions in NNR(T') such that

(a) po = p.
(b) pn € N.
T;
C or every n < w, I0r every x c w we nave
(c) F y f y it we h

Jonin (@) < fp (x 1 16(pp)) + 1/27.

(d) Pn+1 € [n

Now we can define ¢ by letting 1t(q) s, 00 Un<ow CP» U{d}, while f1 o
U fp”U{(a:,sgp(fp"(x P t(pn)+1])) : @ € Ts & x | [It(p,)+1] € Dom(fP")},
n<w n<w

and 071 ¥ Un<w PP It is easily seen that g is as required. p4

Definition 2.9. (1) 7 C <“2 is a nowhere dense tree iff for all n € 7, there
is p € <¥2\ 7 with n < p.

(2) T C <¥2is perfect iff for all n € T, there are p; # py both in 7 and both
extending 7.

(3)

UM« { (t,7): T C <¥2is a perfect nowhere dense tree

and for some n we have t =7 N"2 }.

For (t1,73), (t2,T2) € UM, we say (t1,71) < (to,73) iff for some n we have
tl :tQQHQ, and’]’l 27—2
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Fact 2.10. [Tr] Suppose that G is UM-generic.
Then S & U{Z : (3t)((t,7) € G)} is a nowhere dense subtree of <“2.

The following consequence of Fact P.I{ is also well known:

Claim 2.11. UM adds a real which dominates all the reals from the ground
model.

Proof of the Claim. Let S be the nowhere dense tree added by UM. We
define gs € “w by letting

gs(n) € min{m: (Vn € SN"2)3pe ™2\ S)(n<p)}

Hence gg is well defined, and we shall now see that it dominates all f € “w
of the ground model. Fix such an f, and note that the set of all conditions
(t,T) which satisfy

(3n0)(Vn = no) [min{m - (vn € "2)(3p € "2\ T) (n < p)} > f(n)]

is dense in UM. *p1]
Notation 2.12. For p = (t,T) € UM, we let t* % ¢ and 7 & T.

Definition 2.13. [Sh 176, §7] (1) A forcing notion P is sweet if there is a
subset of D of P and equivalence relations E,, on D for n < w, such that

(a) D C Pisdense, £, refines £, and E, has countably many equivalence
classes.

(b) For every n < w and p € D, the equivalence class p/E, is directed.

(c) If p* € D for i < w, and p' E; p*, then {p’: i < w} has an upper bound;
moreover, for each n < w the set {p’: n <14 < w} has an upper bound
in p*/E,.
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(d) For every p,q in D and n < w, there is k < w such that for every
v € p/Ey,

(Ir€eq/Ey) (r>p) = (3req/E,)(r=p).

(2) If (1) above holds, we say that (P, D, E,),<. is a sweetness model.

Definition 2.14. [Sh 176, §7] Suppose that 8 = (P, D% E?),..,, is a sweet-
ness model and A = (A, : e < w) enumerates {p/E° : n <w & p € D°}.

(1) For ¢ € D° we define k,,(q) as the minimal k& < w such that for every
q € q/E) we have that

(Fre A, (r>q < (F'eA,) " >q).

(2) We define
DE{(p. (D) p D& Ip (1T) € UM"}.
For n < w and (pi, (t;,7;)) € P+ UM (I = 1,2), we say that

(1, (t1,T1)) En (p2, (t2, T2))

iff the following conditions hold:

() p1 Epps,

(B) t1 = ta,

(7) for every m < n, there is p € A, with p > p; iff there is p € A,,
with p > po.

(0) suppose that m < n and there is p € A,, such that p > p;, and let
n € <"2. Then there is p € A, such that pI- “n & 7T,” iff there is
p € A, such that pI- “n & 75",

(¢) for all m < n we have k,,(p1) = kn(p2) and for all m < n we have
P1 E;gm(pl) P2-
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Definition 2.15. [Sh 176, §7] Sweetness models %, def (P, D', E}), -, and

B, (P?,D? E?), <., are said to satisfy B; < B, iff

(a) P! is a complete suborder of P?, while D' C D? and for each n we have
that E! is E? restricted to D!,

(b) For all p € D! and n < w we have p/E? C P!,

(c) If p < q and ¢q € D', while p € D?, then p € DL.

Notation 2.16. Suppose that 8 and P are as in the assumptions of Defi-
nition and D and E,, (n < w) are as defined in Definition R.14. We say
that

By« UM S (P«UM,D,E,)pe.

is the canonical sweetness model on P x UM with respect to 8 and A.

Fact 2.17. [The Composition Claim, Sh 176, §7] If % is a sweetness model
and A is an enumeration of the equivalence classes of 8, then % 5 x UM is a
sweetness model and B < B 1 x UM.

Fact 2.18. [Sh 176 ,§7] Suppose that for k& < n we have that (P*, D* E¥),,_,,
is a sweetness model and

(kaDkvElrf)n<w < (Pk+17Dk+17 E71§+1>n<w-

Then (U<, P*, Up<w PF, Upcw EX)new is a sweetness model with the property
that for all £ < w we have

(Pk7,Dk7Erl§)n<w < (U ka U Dka U Es)n<w-

k<w k<w k<w

Note 2.19. Any sweet forcing P is ccc, even is o-centered.

[Why? Let {A,, : m < w} enumerate all ¢/E,, for ¢ € D and n < w. For
m < w, let B, & {g: (3 € A,) (p > q)}, hence each B,, is directed and

P = Um<w Bm]
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3 & does not imply the existence of a Suslin
tree
Theorem 3.1. Assume that V | “O(w;) + 2% = Ry,

Then there is a proper Xy — cc forcing notion P such that IFp “d+ there
are no Suslin trees”.

The proof of this Theorem is presented in Sections §[-§B.

4 Forcing and Iteration

Notation 4.1. “7 is NW D” means that 7 is a perfect nowhere dense sub-
tree of <¥2.

Definition 4.2. By simultaneous induction on a < ws, we define items (1)—
(3) and prove Claim I3 below.

(1)

(II)For all i € Dom(p) we have

ot (I) Dom(p) is a countable C «
=D
”_P’L Lﬂp(z> e Qi”

(2) If a = 2i for some i, then IFp, “Q, = UM",

(3) If @ = 2i + 1 for some i, then IFp, “Qn = NNR(T®)", where T is
a Py-name of an Aronszajn tree, handed to us by the bookkeeping
(see Claim below.) (We emphasize that T* is a Py-name, not a
P,-name.)

(4) We say that p < ¢ for p,q € P, iff for all j € Dom(p) we have

7 and

(a) jeven = q 1jlp, “p(j) < q(4)
(b) {2i € Dom(p) : ~(q | (20) I “p(2i) = q(2i)")} is finite.

(c) j odd =lFp, “p(4) < q(4)”.
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(Note that (P,, <) is a forcing notion).

Claim 4.3. If a = 2¢ + 1 for some 7, then
IFp, “T" is an Aronszajn tree ”.

Proof of the Claim. This easily follows from the fact that UM is o-
centered (Fact and Note P.19). Namely, suppose that o = 2i + 1. We
know that

IFp,, “I'* is an Aronszajn tree”,

as T is a Py-name of an Aronszajn tree. We only have to check that Qy;
does not add any uncountable branches to 7% We work in V2. Suppose
p € UM and

2

plF “T: wp — T is increasing & (Vy < wi) (7(7y) € TY).

For v < wy, let D, be the set of conditions of UM which are above p and
decide the value of 7(). Then there is a directed subset A of UM and an
uncountable B C w; such that

ye€B= AND, #0.
It follows from the directedness of A that for all v € B, there is a unique

L, such that for all ¢ € D, N A we have ¢ IF “7(y) = :):ljj”. Again by the

[

. . T. T. ..
directedness of A, if y; < 79 € B we must have xljll <7a %127 a contradiction.

I

Notation 4.4. (1) For j < av and p,r € P; we say p <, 1 iff
(7) Dom(p) = Dom(r) and
(#1) p < r and

(ii1) (V2k 4+ 1 € Dom(p)) (r | (2k + 1) I-p,,,, “r(2k +1) = p(2k +1)”).
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(2) For j < a and p,r € P; we say p <, r iff
(a) p<rand
(b) (V2k € Dom(p)) (r I (2k) IFp,, “r(2k) = p(2k)”).

(3) For p € P, we define ¢ = p | EVEN by Dom(q) % Dom(p) N EVEN
and for § € Dom(q), by letting ¢(5) o p(0).

Observation 4.5. (1) <., and <,,, are partial orders.

(2)If pe P,,then p| EVEN € P,and p>p| EVEN.

Definition 4.6. By simultaneous induction on o < ws, we define items (1)-
(4) below and prove Claim .7 below

1
W (A)If 2 € Dom(p), then
p(24) is simple above p | 2i
P. < pe P (B)There is 6*(p) limit < w; such that
2i + 1 € Dom(p) =
|FP2¢+1 “1t(p(22 + 1)) = 5* (p)”

with the order inherited from P,.

(2) For 2i < « and p € Py;, we say that p(2i) = (t*,7%) is simple above
p | 2i iff there are Py;-names [,, (n < w) such that

pl2ilkp, “ (Yn <w)[l, C Rpiyeven countable predense &
(r € I,, = r determines
p(2i) to degree n)|”

(3) For p € P, we define
def /
R, ={q€P,: q>app}

with the order inherited from P..

2Later we shall prove that P! is a dense subset of P,, for all a < ws.
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(4) If 2i < a and 7 = (t7,77) is a Py-name for a condition in UM, while
q € Py;, we say that q determines T to degree n ift
(i) q forces in Py; a value to 77 N ="2
(ii) g forces in Py; a value to ¢7,

(iii) for all n € <"2, there is v > 1 such that
qlrp, METT = v ¢ T,
(iv) For all n € ="2, there are 1, # 1y > 7 such that

qlbp, ‘ne€T? = m,n €T,

Claim 4.7. (1)If p € P}, and 3 < a, then p | 3 € Pj.
(2) If pe P, then p| EVEN € P..

Proof of the Claim. This is easily checked, noting that the definition of
p(2i) being simple above p | 2i only depends on p [ 2i, for 2i < a. %[

Notation 4.8. (1) p >apr (Zprs >) ¢ iff ¢ <apr ($pr, <) 0.

(2) Let Q = (Pa, Qp: a <wy,f <wy) and Q' = (P, : o < wy).

B)PE P

(4) x is a fixed large enough regular cardinal, and <} is a fixed well-ordering
of H(x).

(5) EVEN stands for the set of even ordinals, and ODD for the set of odd
ones.

(6) Quantifier V* means “for all but finitely many”.

Definition 4.9. Suppose that 2i < wy and p € Py;, and p(2i) is simple above
p I 2i, while I = (I, : n < w) are as in Definition [£4(2). We say that J
exemplifies the simplicity of p(2i) above p | 2i.
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Note 4.10. (1) Suppose that @ < wy and (o, : n < w) is an increasing
sequence of ordinals with sup,,,, @, = a. Further suppose that (g, : n < w)
is a sequence such that

(i) Gn € Pa, [P),] for all n,

(11) dn+1 [ Qo = Q-

Then ¢ & U, -, ¢ is a condition in P, [P!]..
(2) For every av < wy we have IFp, “Q, is proper.”
(3) If @ < wy and p, p’ are such that p <,,, p’ € P, then

Ry ={q€R,: q>7'}.
(4) pr Sapr p/ € P/> then 6*(]9) = 5*(]3/)'

Notation 4.11. (1) Given v < wy even. We let g, be a P,-name for the
dominating real added by Q..
(2) Suppose that f < o <wy and A C P/. We define

AIBE {s1p:s€ A}
(3) For & < wy and J C P!, we say that J is <,,-open iff
(Vg € J)(Vp Zpr q) (0 € J).
We say that J is <,,-dense above p € P, iff
NgeP)lg>np= 3reld)(r>unq).l
Observation 4.12. Suppose that § < o < wy and p € P.. Further suppose

that J C P! is <,;-open and <p,-dense above p.
Then J | 8 is <,-open <,,-dense above p | (3.
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Observation 4.13. Suppose that a < ws and p < g € P,, and let as define
r as follows:

r(8) { p(B) if e (EVEN NDom(p))
q(B) otherwise,

letting Dom(r) = Dom(q). Then r € P, and r has the following properties:

(1) p <pr 7 <apr q
(i) =(q [ a IF “r(a) = ¢(a)”) = a € Dom(p).

(iii) If there is 6* such that for all 3 € Dom(q) we have IFp, “It(q) = 0%,
then for all such § we have I-p, “It(r) = 6*.

Notation 4.14. Suppose that @ < ws and p < ¢ € P,. Then r defined as
in Observation .13 is denoted by intr(p, q).

Claim 4.15. Given o < wy and p € P/,. Then

9

pl-p, “R, is a ccc partial order”.
(More is true, see Lemma [.0.)

Proof of the Claim. By induction on «, for all p € P! simultaneously.
There are two eventful cases of the induction.

a=p+1,Feven. Note that R, C Rygx {7 € UM : 7 > p(B3)} is a
dense suborder. (Or see the proof of Claim (1)¢ case a = §* + 1 and §*
even.)

cf(a) =Rg. Given {r; : i <w;} C R,. For i < w; let

o {8 € Dom(p) : =(r; I BIF “ri(B) =p(B)")}

Without loss of generality, {F; : i < w;} forms a A-system with root F™,
and now the conclusion follows by the induction hypothesis. L {E|
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Claim 4.16. Suppose that a < wy and ¢,r € P/ are such that p <., r
and p <, ¢. Let us define r + ¢ by letting Dom(r + ¢) = Dom(q) and for
B € Dom(r + q)

r(B) if BEVEN € Dom(r)
q(B) otherwise.

o)™ {
Then r +q € Ry and r 4+ q >p, 7.

Proof of the Claim. The proof is by induction on «, for all conditions in
P! simultaneously. The eventful case of the induction is
a=L+1, 3 even.

We need to prove that (r + ¢)(/3) is simple above (r 4 q) I 3.

Case 1. 3 € Dom(r).

Let (I,, : n < w) exemplify that r(3) is simple above r | #. For n < w let

Jo € {s+[(r+q) 1B EVEN : s € I,}.

By the induction hypothesis we have that (r 4+ ¢) | @ forces J, to be a
countable subset of Rj,4q)s1evEn. We finish by noticing that it is also
forced by (r+ ¢) | 5 that J,, is predense in Ry1q)8)15vEN-

Case 2. 3 ¢ Dom(r).

Let now ([, : n < w) exemplify that ¢(3) is simple above ¢ | 3. Let for
n<w

KoY {z € Rpigapvey : (3s € L)z > ¢},

and let J,, be countable predense C K,,. It is easily seen that (J, : n < w)
exemplify that (r + ¢)(() is simple above (r + q) | (.

A

Note 4.17. In the notation of Claim [.1¢, r + ¢ = (r | EVEN) +q.

Notation 4.18. Suppose that p and ¢ are as in Claim [f.I¢, and R C R,,.
Then R+q % {r+¢: r € R}.
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5 Properness

Claim 5.1. Given a < wy. The following holds.

(0)* Suppose 2i < a and g € Pj, determines 7 = (t7,77) to degree n.
Then q | EVEN determines 7 to degree n.

(1)* P! is a <,,-dense subset of P,.

(2)® Suppose that N < (H(x), €) countable, {p,a,Q,Q'} C N, where
p is some element of P!. Further assume that J € N is forced by p to be
a <pr-open <,-dense above p subset of {qg € P, : p <, ¢}, and u is finite
C ODDNDom(p), while € > 0. In addition, suppose that for v € u we have a

7

P,-name 7, (not necessarily in N) such that p [ v I “7, is finite C T'yq,,”.
_ def

Let 7T = (1,: vy €u).
Then there is ¢ € P!, such that

) q Zpe Dy
i1) ¢ is (N, P.)-generic, moreover,
i1)" ¢ is the limit of a <, -increasing sequence
Gn : n < w) such that for every I € N
forced by g to be C P! open dense,
Uncw(d N Ry, +¢N N) is forced by ¢ to be
predense above ¢,
while ¢o >, p and each ¢, € N.
(77) For all v € w and z with ¢ [ v I “z € 7,7,
Q17 fI() < PO (g | (5°(p) + 1)) + €
(1v) 0*(q) = N Nw; and
(v)geJ.

o~ N N N

(*)quvN,Jvu,ei meaning

Notation 5.2. Suppose that (x)
of a,p,q, N, J,u,€, 7, and that (g, : n < w) is a sequence as in the definition

.q.N.J ez olds for some appropriate values
of (%) g N Juer We say that (g, : n < w) evemplifies that ()5, n ju.cz
holds.

Proof of the Claim. The proof is by induction on «, proving (0), (1)* and
(2)* simultaneously. However, we shall formulate four additional statements
to help us carry the induction. These statements are denoted by (1), (1)™,

e
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(1)¢ and (2)™*. We shall prove by induction on « that (0)*, (1)¢, (1)*,

(1), and (2)** hold. As (2)™ is clearly a strengthening of (2)* and (1)
of (1), this suffices.

Description of (1)%, (1)™2, (1) and (2)™.

(1) Assume that « = 8+ 1 and [ is even, while p € P, is such that
p I B € Pj, and p forces J C P, to be <j-open and <,-dense above p.
Further assume that N < (H(y), €) is countable and {p, 5,Q,Q’, J} C N.
Suppose (*)Zﬁ,r,NJr@u,ei for some appropriate u, 7 and e.

m q déf ry {(ﬁap(ﬂ))} S P(; and q Zpr b- pr € Po/u m (*)g,q,N,J,u,e,f'

(1)** Suppose that p € P,, 3 < «a and r € Pj are such that for
some p' € Pj with p’ >, p | 8 and some appropriate N, J,e,7 we have
(*)£,7T7N7J7u767f. Then there is ¢ € P,, such that ¢ [ § =1 and ¢ >, p.

(1)% Suppose that a = f+1 and [ is odd. Given N < (H(x), €) countable
such that , Q, Q" € N and let J, u, e and 7 be as in the assumptions of (2).
Let 6 < N N wy. Let {I,, : n < w} enumerate all Pg-names of open dense
subsets of Q)3 which are elements of N. Further assume that (r, : n < w)
exemplifies that (*)gr@hN,JW,uﬂﬁ@ffﬁ holds.

Now assume that (p, : n < w) is a sequence of conditions in P/ with the
following properties:

(a) po | B =1, and p, € N.

(b) DPn Spr Pn+1-

(c) There is a series X, €, with 3, €, < €, such that for each n < w the
following statement @ is forced by Ppg:
et “fp"“(ﬁ) (2) < fp"(ﬁ)(g' F(0*(pn) + 1)) +¢,7, for all x with

P =

5
Fur bz € w08 ULy 1 (0% (pur +1)) 1 y € 75}

(e) 7 lkpy “puya(B) € 1.
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Then the following defines a condition ¢ in P.:
We let Dom(q) = Dom(r) U {5} and ¢ | § = r. Further let f‘I(ﬁ)(gs) be

fp"(ﬁ)(@

if for some j with r, I- “j € CPe0)” we have

B

«“ T * ”
ralk Sz €wt oy ULy 1 (07(pa) +1) 1 y € 75}

and let it be
Snew "D (@ 1 (6% (pn) + 1))
if 7 I “z € T,
We let ¢4 <, _, CP»®) U {6}. Let wad) &y _ grn(8),
Moreover,

(*)g,q,N,uU{ﬁ},J,e,f‘
(2)™“ For every # < aand p, N, J,u, €, T as in the hypothesis of (2)*, and

r € Pg such that (*)zﬁrrﬁ,r,Nerﬁvuﬂﬁ,eirﬁ’ there is ¢ € P! such that (x)
and g | B =r.

Proof of (0)*, (1)2, (1)**, (1), and (2)™°.

e’ (o)

@ —
p7q7N7~J7u7672—

o = 0. Trivial.

a = (*+1 and §* is even.

(0)* Without loss of generality, 2¢ = 3*. Suppose that the claim is not
true. Applying (1)7", there are ¢1,qs > ¢ | EVEN both in P, and qi, ¢
force contradictory statements about 7 to degree m, while determining it.

But then ¢; + ¢ and ¢» + ¢ both extend ¢ and force contradictory information
on a fact which ¢ already determines.

(1)¢ Hence 8 = (*. It is easily seen that ¢ € P, and ¢ >, p. By the
choice of r, in order to see that ¢ € P we only need to check that p(f3) is
simple above ¢ | 3. Given n < w. Let

I¥(se Ps : s determines p(3) to degree n}.

Hence I C Pg is forced by p | 8 to be open dense above p | 3, and certainly
TEN. Let I' @I Pj. By the induction hypothesis (1)°, it is forced by
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p | B that I’ is an open dense subset of Pj. So, by the choice of 7 as a limit
of a purely increasing sequence (r,, : m < w), (see (i7)*) we have that

LY UU'n(R,, +7) 1 EVENNN)
m<w
is forced by r | EVEN to be predense above r | EVEN. Certainly it is
also forced by r that [, is countable and consists of conditions which are in
Rip1evEN, 50 I, is as required. This shows that g € P,

Suppose that p € F,. As we have Ikp, “Qp is ccc”, it follows by the
usual arguments that ¢ is (N, P,)-generic. As we have just proved that P/
is <,,-dense C P,, by the choice of (1, : n < w) we can find a subsequence
(rn, © k < w) such that choosing g o o, U{(B,p(8))} we'll have shown
that (ii)* from the definition of (x) v ;. .- holds. If u C ODD N a, then
in fact u C /3, so (4i7) holds as well, by the choice of r. It is also easily seen
that (iv) and (v) hold, noticing that J | § is <,,-dense and <,-open above
plp.

(1)** Given p € P,. Without loss of generality, 5 = #*. Now apply (1)¢

to r U {(5", p(67))}-

(1)% Follows by the induction hypothesis, as [ is even.

(2)** Without loss of generality, 3 = 3*. We let ¢ % r U{(8,p(3))}. By
(1)g it follows that (*)5, v 4.7 holds.

a ="+ 1 and #* is odd.

(1)¢ Does not apply.

(1)*< Follows by the induction hypothesis (1)+7".

(1)& Hence * = (3. This is like the proof of Claim P.§, but we also get
to use Claim P.TT. We first show that I-p, “q(3) € Q3”. It is easily seen that

IFp, “010) ig a closed subset of § + 1 with the last element 7.

It is also easy to see, by the choice of (p, : n < w), that Ps forces that W%
is a countable set of promises, and that I' € U949 — § € C(T") (because the
promises are in N), and C(I') 2 C%® \ min(C(I')). We have to check that
Pg forces fq(ﬁ) to be a well defined function.
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All information in the next 3 paragraphs is either true or forced by r to
be true, and which one is the case is clear from the context:

For € Dom( I‘I(ﬁ)) for which Iq(ﬁ) (2) is defined by the first clause of its
definition, the fact that I‘Z(ﬁ) (x) is well defined, follows from the fact that
Pn are increasing. For those z € Dom(f4?)) for which f4¥)(z) is defined
by the second clause of the definition, we have r I “x € T? 7. Hence ¢ is a
Ps_;-name (this is where we use the fact that 77 is a Ps_;-name.) We define
a Ps_j-name h of a function from w to w by h(n) = m iff z | (0*(p,) + 1) is
the m-th element of the increasing enumeration of 7' ?* (pn)*

By the definition of gs_1 we have that for all but finitely many n, it is
forced by P that h(n) < gs—1(n). Hence for all but finitely many n we have
that @ from (c) in (1)% holds for z in question. Hence f‘I(ﬁ)(gs) is well defined.

Now it is also obvious that Iq(ﬁ) is forced to be a partial monotonically
increasing function into Q. We can also see that the domain of fq(ﬁ) is forced
to be Uiegq(m ~Tf, as this follows by the fact that Fpy_y “~g5_1 diverges to 00.”

The rest is easy to check.

(2)™ By the induction hypothesis, without loss of generality we have
3* =B and u={B*}. Forn < w let e, & ¢/27+2,

Let § ¥ N nw. By Fact B.7, we can find a sequence (p, : n < w) which
satisfies (a)-(e) in the statement of (1)¢, where we have chosen (r, : n < w)
to exemplify (*)Zﬁ,r,NJrﬁvuﬂﬁ,eirﬁ'

a a limit ordinal. Both (1)¢ and (1) are vacuously true. The following
proof proves both (1)™ and and (2)**. Given p~ € P, and § < «.

Case 1. cf(a) = N,.

Let (o, : n < w) be a sequence in N which is increasing and cofinal in
o, with ag = 3. Let p def Po >pr P~ | B3 be such that py € P5. Without loss
of generality, py € N. Let (u, : n < w) be an increasing sequence of finite
subsets of ODD NN Nws, with Uy, tn = NNODD Nws. Let § € N Nw,.
Let (0, : m < w) be an increasing sequence of ordinals, cofinal in ¢, and such
that 6y = 0*(p). We are assuming that the assumptions of (2)™“ hold.

By induction on n < w we shall construct two sequences (g, : n < w)
and (p, : n < w) such that
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A) po=pand g =r.
B) p, € P,AN and q, € P, .

)
C) 6*(pn) > 6y.
D) (x)r

)

Pnyqn, N, J [ unNam,,€,T Tan,©
E) pni1 Zpr Pn-
(F) Qn+1 [ Qp = Qn and Pn+1 Zpr Pl Qpyr and Pny1 | QO = @y
The induction goes through without problems. We now take ¢ = U, ¢n-

Case 2. cf(a) = V.
The conclusion follows by the induction hypothesis.

*E.1

Remark 5.3. Claim p.] in particular implies that P is a proper forcing
notion.

Claim 5.4. (1) For all @ < wy we have
(i) 0 Ikp, “[Qq| has Ny-pic*”
(i) O 1Fp, “2%0 =N;”.

(iii) P, {p € P : (vi € Dom(p)) [p(s) is a name from Hey, (Ord)]} is
dense in P/.

(2) P has Ny — cc.

Proof of the Claim. The proof uses Fact P.§ and is like the corresponding
proof for countable support iterations, [Sh -f VIII, §2], which we quoted as
Fact P.5. Of course, notice that ccc trivially implies No-pic*. *f4

Lemma 5.5. It is possible to arrange the bookkeeping so that
V¥ k= “there are no Suslin trees (in fact, all Aronszajn trees are special).”

Proof of the Lemma. This is standard, by V = “2" = R,” and Fact P.G.
*E.4
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6 Sweetness revisited
Notation 6.1. Suppose that a < 8 < wy and p,q € Pj. We say

(0) Suppose p < g. We write p(a) # ¢(a) iff =(q | I “g(a) = p(a)”).

(1) p <t qiff p < g and for all a even with p(a) # g(a), we have that $9(*)
is an object 7 not just a name.

(2) p <apr q iff [p Sapr q and P §+ Q]

(3) =T and >}, are defined in the obvious manner.

(4) Rf € {r e Ry: r >4, p}.

Each R; will be a sweetness model.

Claim 6.2. Suppose that o < wy and p <.y ¢ € P, Then for some g+ € P,

we have p, q <ap]r q"

Proof of the Claim. By induction on «. The only eventful case of the
induction is the case when a@ =  + 1 for some ( even. As p(f3) is simple
above p | B and ¢ | B € R, 3, we can find z € R,z with z >,,, ¢ and
such that z decides the value of *®). By the induction hypothesis we find
2zt € R} such that z* >,,, p I B,¢ I §,z. We define ¢ by letting

t Ly 2t ey e @)

and let ¢t < 2+ U {(8, (t, T*®))}. *f ]

Definition 6.3. Suppose that & < wy and p € P, with Dom(p) C EVEN.
We define:
(1) For r € R, we let Dom’(r) & {3 € Dom(p) : r(8) # p(B)}.

Domy(r) is the domain of r in Ry.
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(2) A sequence 7 is called an assignment for p if for some a > sup(Dom(p)),
which we denote by a(Z), we have

z=((A] :m<w):vyeDom(p)U{a})

and each A7, is a directed subset of R}, while U,,,, A, is dense in R _; or
if = has an initial segment with domain (Dom(p) U {a’}) which has the just
mentioned properties.

We use the notation *A7, to denote Z(y,m).

The intended meaning of an assignment is an enumeration of equivalence classes of R;LM for v in
Dom(Z).
(3) For a € [wq]=™0, we define

FAe S {((Bt): 5 <J): " <w& f; €aNEVEN & f; are

increasing & t; is a finite subtree of <“2}.

The intended meaning of FA, is to be a formal Ep-equivalence class.

(4) For y € FApom(p), we let

AV {reRY: Dom(r) = {f: (3t)((8.t) € Rang(y))} &
(8,t) € Rang(y) = t"® =t}

(5) g is a formal 0-canonical assignment for p if for some o > sup(Dom(p)),
which we denote by «(y), we have

y= " ={yn: m<w):yeDom(p)U{a})

and {y), : m < w} is a list, possibly with repetitions, of FApom(p), for
v € Dom(p)U{a(y)}; or if g has an initial segment of domain (Dom(p)U{a’})
which has the just mentioned properties.

A formal O-canonical assignment gives a list of formal Eo-equivalence classes. The main definition of
this section, Definition ., will deal with formal En-equivalence classes.
(6) An assignment Z is a 0-canonical assignment for p if for some formal 0-
canonical assignment g for p, we have A} C Agrvn, for all v € Dom(p)U{a(y)}

and m < w. We let without loss of generality o(z) & a/(%).
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Claim 6.4. Suppose that p € P, and 3 < &, while Dom(p) € EVEN.
Suppose that 7 is a formal 0-canonical assignment (assignment, 0-canonical
assignment) for p. Then ¢ is a formal O-canonical assignment (assignment,
0-canonical assignment) for p | (3.

Proof of the Claim. Check, looking at (2), (5) and (6) of Definition [(.3.
*fd

Definition 6.5. By simultaneous induction on & < w, we define the follow-
ing notions (a)—(d) and prove Lemma [.4:

(a) For a € [@]=%, sets FE,(a) for n < w. The elements of FE,(a) are
called formal equivalence classes.

These are intended as formal E,-equivalence classes.

(b) For a € [a]=™, we define

(1) For b < a € [a]=™, a function Fy, : U, FE,(a) = U, FEL(D).

F' is intended as a restriction to a smaller domain.

(2) Functions Proj;?(a) : FE,,(a) — FE, (a), for n; <ny < w.

(c) For a € [a4]=™ we define functions His, and Base, by defining

(i) His,(T) for T € U,—, FE,(a).
His stands for history.

(i) Baseq(T) for T € Uy, FE,(a).

(d) For p € P}, with Dom(p) C EVEN and an assignment z for p we define
when Z is a canonical assignment for p.

(e)

(I) For p € P4 and n < w we define typef" : RS — FE,(a), for
a € [@]=™. Here 7 is a canonical assignment for p.
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(IT) For p, Z as in (I), we define an equivalence relation EZ™ on R.

Lemma 6.6. Suppose that p € P, with Dom(p) C EVEN, and 7 is a
canonical assignment for p. Then

(1)”
ef a(x n
%Pvf = (R;_7 U Am( )7 EP )n<w

m<w
is a sweetness model.
(2)®P Suppose that 3 < &. Then B, 5z < Bz
(3)% For b < a € [&]=%, we have that F}, is a totally defined function.

*

We proceed to give the inductive definition and proof.
& = 0. In this case p =0 and a = (). We let

(a) FE.(0) % {(n,0,0,0,0,0,0,0,0)} for n < w.

(b)
(1) Fpg is the identity.
(2) Proj;2(0) : FE,,(0) — FE,, (0) is given by

PI'OJZ?(Q)(@’LQ, O> Oa ®a ®a ®a ®a ®a ®>) déf <nla 07 Oa ®a ®a ®a ®a ®a ®>7

for n; < ng < w.

(i) Hisg((,0,0,0,0,0,0,0,0)) “ {(n,0,0,0,0,0,0,0,0,0) : ny < n}

for n < w.

[N
(e

€

(ii) Baseg({n,0,0,0,0,0,0,0,0)) = 0.
(d) Any O-canonical assignment for () is a canonical assignment.
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(e)

(I) For n < w we let type%’"(@) © 0n,0,0,0,0,0,0,0,0).
(IT) For n < w, we let @Eg))’"@.

Proof of the Lemma. [B.6, case & = 0]. Trivial. %fda—o

& = 3+ 1. We first consider (a), (b) and (c) above. Fix a € []<®.
Case 1. [3 is odd] or [ is even & [ ¢ al.

(a) For n < w, let FE,(a) o FE,(an 3).

(b)
(1) For b < a € [4]5%2 and n < w, we let F,, & b3.ang-
(2) For ny < ny < w, let Proj;;?(a) o Proj2(a N 3).

()
(i) His, = His, -

(i) Base, & Base 5.
Case 2. (main case) 3 is even and 3 € a.
(a) For n < w,
FE,(a) ¥ FE,(an @) U{(n,1,3, T, t,w,u,k &) : (x) holds },

where for (%) to hold it means that the following 6 items are
satisfied:

1. T € FEk(CL N ﬂ) for some k Z 1 (the equivalence class of the initial

segment),
2. (In) (t is a subtree of <“2 of height m),
3. w Q {0, e, 1} (the places where there is an extension in the corresponding

equivalence class)
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4. u - {(n,m) ne <72 and m S ’UJ} (for m € w, the witness that the
m-th equivalence class in the enumeration produces to show that ’Z‘T(é) is nowhere

dense),
5. k= ((km, T,n) : m € w) is such that

(Vm € w) [kpm < w & Yo, € FE;, (an )]
(the sequence of k’s for the equivalence classes of the projections),
6. £ is an increasing finite sequence with Rang(¢) CanN EVEN

(the coordinates where the equivalence class lives).

We let for T € U, FE,(a),
T A (11 11 GV (T] 4IX] 7] () BT ST

(b)
(1) We define F;,, by cases:
Subcase 1. a = b.
F o is the identity.
Subcase 2. b# a and T € U, -, FE,(a N ().

A A

Fyo(T) = Fb,a\{B}(T)'

Subcase 3. None of t}le Subcases 1 and 2 hold.
Fpo(T) = Fb,a\{B}(T[T]>’
(2) For ny < ny < w we let (Pron?(a)) (To) =71, iff
Subcase 1. T, € FE,,(aNj3) and T; = (Pronf (an ﬁ)) (To).
Subcase 2. new Y5 & U, FE,(a N 3) but Ty € FE,,(a) and
T satisfies («)-(n) below, if possible:
(o) nlT1l = ny, while ol™l =1 and M) = 3
(8) T = (Proji2(a N B))(Fynpa(T2)),
(fy) 1] — zg[Tz]7
(
(
(
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(n) gl — zTa]
Subcase 3. If Fy,,(T) has not been defined by any of the two
subcases above, we leave it undefined.

()
(i) His,(T) is given by

His (T) ={Tu U His (5, (Fay g3y.0(Projis (a))(1))

n1<nl¥]
: ] 5 q
U U His, g ((Projy,” (a\ {5) ().
mewlT]
(ii) Base,(T) = {(B8,ny) : T € Hiso(T) & ny < nl1}.
We go on to define (d), () for the case & = § + 1.
(d) Let z be a 0-canonical assignment for p € P} (so we are assuming
Dom(p) C EVEN).
Subcase 1. 3 ¢ Dom(p).

Z is a canonical assignment for p iff  is a canonical assignment

~

for p | 5.

Subcase 1. 3 € Dom(p).
T is a canonical assignment for p if T is a canonical assignment
B?n_

for p | B and (*A : m < w) is an enumeration of all Egé

equivalence classes for n < w.

(e) For n < w and ¥ a canonical assignment for p, we define the func-
tion typef" : R — FE,(a) by describing typeZ”(r) for r € R}.
Subcase 1. ( ¢ Domy(r) or 3 ¢ Dom(p).

We let type2™(r) € type2®(r 1 3).
Subcase 2. § € Domy (7).

We shall have type2”(r) = T for some T € FE, (a). We define T
by defining its 9 coordinates

(11 olT1 GIT] PIT] 4171 T4, (T) RITT ATy
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We'll have nlf) & n, o7l & 1, and ﬁm e B Furthermore,
t = ¢ Arriving to the heart of the matter,

w = {m < n: [ 3 has an extension in *AJ},

ok {(n,m): ne<"2&me wg
for some g € iAfl we have ¢q I+ “n ¢ ’Z""(B)”},
R = ((kn(r 1 8), typel ™™ (r 1 B)) : m € wlT), where
b (r 1 8) < min {k - (Vg € (r 1 B)/E2P*) (3¢ €7A2) (¢ > q)}.

The fact that such numbers k,,(r | ﬁ) are well defined, is a part
of the induction hypothesis (see Definition P.T3). Let

BT Nax({kn(r 1 8) : m < n} U {n}).

We'll have )
)
Finally, 7] is the increasing list of Domy(r).

To see that the definition is well posed, notice that r | B € R;’T 5

(IT) For r', 7" € R, we let

r' EP"r" iff typel"(r') = typel™(r").

Proof of the Lemma. [f§, case & = [ + 1].

Without loss of generality, 3 = 3. We prove (2)%7, and (1) follows. By
comparing with Definition .14 (which is [Sh 176, 7.6]), we can see that
B,z is isomorphic to the canonical sweetness model on R, 3+ UM with

respect to B,;3z. Notice that UM is a homogeneous forcing notion.

The conclusion follows from the Composition Lemma P.I7 (which is
[Sh 176, 7.6-7.9]).

(3)® Follows from (2)%7. *fda=ps1

& 1s a limit ordinal.
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(a) For a € [@]=%, we consider two cases:
Case 1. sup(a) = a < 4.
FE,(a) is already defined by the induction hypothesis.
Case 2. sup(a) = a.
We let FE,(a) ¥ Uy, FEa(a N a).
(b) We again consider two cases.

Case 1. sup(a) = a < a.

(1) For b < a, we have already defined Fy,.

(2) Functions Proj;;?(a) are defined by the induction hypothesis,
for ng < ny < w.

~

Case 2. sup(a) = a.

1)
Subcase 1. b= a.
We define F, , as the identity.
Subcase 2. b # a.
Suppose that n < w and T € FE,(a). Let o < & be large
enough such that T € FE,(a Na) and b < (a N«). We let
Fyo(T) € Fyuna(T).

(2) For ny < ny < w and T € FE,,(a), we define

(Projy2(a))(T) = (Proji(an a))(T)

if T € FE,,(aNa).

()
. S . y def 1q- 9
n<w n ) a = aNa

(i) For T € U, <, FE,.(a), we define His,(T) = Hisyno(Y) for any
o < @ such that T € Uy, FE,(a N a).

ii) For T € Un<w FE,(a), we let Base, T) & Basegna T) for a

<

such that T € U, FE,(a N a).

(d) z is a canonical assignment for p € P’ iff for all 8 < & we have
that = is a canonical assignment for p | 3.
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(e)

(I) Suppose that n < w. For r € R we let

typel™(r) & type?*n(r | @)

for any a < & such that Dom,(r) C a.
(IT) For n < w and +',7" € R}, we let

TIEI:]E),TLT// iff (Tl r a)ElJFa,n(T/l [ Oé)

T

for any a < & such that Dom (') U Domy (") C a.

As a part of the inductive definition in the case & a limit ordinal, we
prove the following

Observation 6.7. Objects in items (a)—(e) above are well defined.

Proof of the Observation. We have to check several spots where
the definition in the case of & limit might run into a contradiction. We
start by (b) Case 2(1), Subcase 2. We assume that a; < ay < &, while
T e FE,(aNa1)NFE,(aNas), and b < aNay. We can prove by induction

on a € [ay, as] that Fyana, (L) = Fyana(Y). Note the definition in the
case that & is a successor ordinal, item (b)(1), Subcase 2 of Case 2.

We move on to (b), Case 2(2).
Suppose that a; < ay < @ and T € FE,,(a Noy) NFE,,(a N ay). We
can prove by induction on « € |ay, o] that

(Projy2(anar))(T) = (Projy2(ana))(T).
Observe the way the definition is set up in Subcase 1. of Case 2. (b)(2)
of the definition for the case of & being a successor ordinal.

We go to item (c), part (i), which is proved similarly, observing the set
up of the definition in the case of & being a successor ordinal, Case 2,
item (c) (i). Similarly for item (c), part (ii).
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We still have to check items (d) and (e), which is done in a similar
fashion. X[

Proof of the Lemma. [p.0, case & a limit].

First suppose cf (&) = Xg. We prove (2)%” for a given 3 < &. Without
loss of generality, 5 < &. Let (v, : n < w) be an increasing sequence of
ordinals with ap = 8 and sup,,, o, = &. Considering B4, z (n < w),
we finish by the induction hypothesis and Fact R.1§.

If ¢f(&) > W, the conclusion follows by the induction hypothesis. Jf{

This ends the inductive definition.

Claim 6.8. Suppose that & < ws and p € P.. Then

(1)® The function i given by i(r) =7 | EVEN is a complete embedding of
Rp into Rp[EVEN-

(2)* RyipvEN is a complete suborder of R,,.

Proof of the Claim. We prove (1)*-(2)* together, by induction on a. The
proof is straightforward. *p4

def

Notation 6.9. For o < ws, we let P | EVEN = {p| EVEN : p€ P.}.

Definition 6.10. Suppose that o < wy and p <., ¢ € P.. Further suppose
that p’ =p | EVEN and ¢ = q | EVEN, while Dom(q’) = Dom(p’).

Notice: ¢’ and p’ are not necessarily the same name, as the names of q(3) for 3 even might depend
on coordinates of g outside of Dom(p).

By induction on « we define (A)® and prove (B)® below:

38



(A)* Suppose that Z is a canonical assignment for ¢ with o(z) < a. We
define z : p’ by letting

z:p € (AL B € [Dom(z) N (Dom(p)] U{a(2)})),

and for 8 € Dom(Z : p'), for the unique n < w and T € FE,(Dom(p’)) such
that
AL = {z € Rl typed () = T},

we have
A0 s e Ry type%;f’n(é) =T}
(B)*

Claim 6.11. Suppose that T is a canonical assignment for ¢’ with a(z) < .
Then 7 : p’ is a canonical assignment for p’.

Proof of the Claim. Check Definition p.5. *f1j

7 More partial orders

Claim 7.1. Suppose that o < wo, while p < p* € P! and ¢1, g2 € R, are such
that ¢1, ¢, < p*. Then there is p™ > p* and ¢* € R, such that ¢, ¢ <apr ¢*
and ¢* < p**, and p** € P,.

Proof of the Claim. The proof is by induction on «. The eventful case of
the induction is when a = 4 1 for some even 5 € Dom(p) such that

(1 1 B “q(B) =p(B)" and g2 | B IF “q2(B) = p(B)").

We can find p’ > p* | 3 in Pj which forces a value to all

By the induction hypothesis, possibly extending p’, there is ¢ € R, ;3 such
that ¢1 | B,¢2 | B <apr ¢ and ¢’ < p'. We know that ¢’ | § forces the
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existence of a predense set J in R, 3 such that each condition in J forces
all of the above values. Possibly increasing p’ we can assume that there are
T0,T1,T2 € Ry, 5 forcing a value to vy, v1, va respectively, and all below p’. By
the induction hypothesis, possibly extending p’ again, there is ¢ € R,,;3 which
is above ¢’ and r¢—rq, and below p’. Let

et qU{(B,({n: g “netn@ue@y,
q = fz‘q1(ﬁ) U 'Z‘tn(ﬁ)))}’
and p ¥ ' U {(8,¢%(8))}. We need to check that ¢*(8) is simple above g
(so above p'), which follows as ¢;(3) is simple above ¢; | 8 for [ = 1,2. %[

Corollary 7.2. If o, p, 1, ¢2 are as in Claim [/}, then ¢1, g2 are compatible
in P! iff ¢1, ¢» are compatible in R,,.

Definition 7.3. Suppose that o < wy and u C Dom(p). We define
(1) GR,, ¥ {geR,: Domy;(q) Nu} = 0.
(2) RS, % {g € R/ : Dom’(q) C u}.

We make GR,, and R, into partial orders by letting them inherit the

p7u
order from R,,.

Claim 7.4. Suppose that o < ws, while p € P}, v C Dom(p) and r € R},
and s € GR,,. Then the following is a well defined condition in R,: for
B € Dom(p) we let

ot r(B) ifpe Dom;(r)
(rus)(B) = s(B) if B € Dom(s)
p(B) otherwise.

In addition, r U s >4, 1, 8.
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Proof of the Claim. The proof is by induction on «, and the only inter-
esting case is when o = 3+ 1 for some even 5 € Dom(p). Note that exactly
one of the clauses in the definition of (r U s)(3) applies. Let us work with
the first one, as the other cases are similar.

Hence 3 € Domy(r) and (rUs) | 8 IF “(r Us)(8) = r(8)”. So we
have that (rUs) [ 8 >ap 7 | fand r >, 7 [ 8. By Claim [L.14 (2)°,
rUs=[(rUs) | [ +r]is well defined, and the rest of the Claim is easily

verified. *f4

Notation 7.5. We extend our definition of “r + s” from [L.16 to apply also

to 7, s as in Claim [, letting 7 + s % r U s.

Definition 7.6. Suppose that @ is a forcing notion and M < (H(x), €, <*)
is countable. We say that an increasing sequence § = (s, : n < w) of
conditions in Q@ N M is a generic enough sequence for (Q, M) iff for every
formula ¢ with parameters in M, there are infinitely many n such that

(cv) Either there is no s > s, in @ such that ¢(s) holds, or

(8) ¢ (sn11)-

Claim 7.7. Suppose a < wy, while p € P/ and u C Dom(p).

(1) Suppose that s € GR,, and r € R are compatible. Then there are
s' € GR,, and 1" € R}, such that s < s" and r <7’ + 5",

(Hence r is compatible with every s” > s’ for which s” € GR,,,.)

(2) Suppose that {u,p,Q,Q',a} € M < (H(x),€&,<*) is countable and
5§ = (s, : n <w) is a generic enough sequence for (GR, ., M). Further
suppose ¥ € M N (a + 1) and r € R}, N M is compatible with all s,,.

Then there is 7' € R}, , N M such that for all large enough n we have
r<r' +s,.
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Proof of the Claim. (1) The proof is by induction on «. The interesting
case is when a = 4 1 for some even 3 € Dom(p).

By the induction hypothesis, there are ¢ € R} 5,5 and t' € GRp5uns
such that s | <t andr | B < ¢ + 1.

We first work in the case that (¢ +t') I “r(8) > s(8)”. If 5 ¢ wu this
means that s | § - “s(8) = p(B)” and r | 5 IF “r(8) = p(B)”. We define
I ¢ + p, which is well defined by Claim [.1¢ (2)®. It is easily seen that
v € Ry,. Similarly we define s’ Ly p, and check that r’, s are as required.

If 8 € u, we define ' % ¢/ +r (note that ¢’ € Rf4), and s' = © ¢ 4+ p, and
check that 7, s" are as required.

It remains to be seen what happens in the case that it is not true that
(¢ +t)IF “r(3) > s(3)". As r and s are compatible, we can by Claim [.1]
find z € R, such that z > r,s. By Claim [.2, we can find z* > z, hence
2" € Rf and 2" > 5. Now we can apply the first part of the proof to » and
s, and derive the desired conclusion.

If s > 5" and s” € GR,,, then r < r+ 5" and s” < r+ 5", sor,s" are
compatible.

(2) Without loss of generality, o = . Let

1€ {5 €GR,,: (3" e R (r <" +5)}.

Hence I € M. Let n be such that when choosing s, we have asked if there
was §' > s, with ¢ € I, and if possible we chose s,,+1 to be some such s'. (In
other words, either there is no s’ > s, with s’ € I, or s,,1 € I.) Asr,s, are
compatible, by (1), we have chosen s, so that for some r" € R we have
r<r' +4s,. *F1

Definition 7.8. Suppose that @ < wy and (s, : n < w) and u, M are as
above. Further suppose that r € R |, is compatible with all s, and r € M.

(1)
We define Dom(r/5) & Dom 1o(r) N, and for g € Dom(r/5)

(r/)(B)E (D, Ufn € =2: (r+s,) 181 “ne TP},

n<w
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(2) Suppose that n < w, we define Dom(r/s,) & Dom ,,(r) Nu and for
B € Dom(r/sy)

(r/52)(8) L @O, | {ne<“2: (r+sm) 1 BF neT @Y.

m<n
(3) Suppose that I is a subset of P,. We let

1/5% {q/5: qe I & q/5 defined }.

Definition 7.9. For a < wy, p € P, | EVEN and q,q € R; which are
compatible, we define ¢; & ¢y by letting

(¢1 D g2)(B) def (tql(ﬁ) U tq2(5)7 fz'tn(ﬁ) U fz'qz(ﬁ))'

Remark 7.10. If p, ¢1, g2 are as above, then ¢; ® ¢ is the lub of ¢1, ¢» in R,,.
(this can be proved by induction on «).

Claim 7.11. Suppose a < wy and § = (s, : n < w), and u, M are as above.

(> If r € Rf,, N M is compatible with all s,,, then r/5 € P/, and for all
large enough n we have r/s, € P..

(2)* Given ¢,r € R}, N M compatible with all s,, then
lg/5 =2 1/5] <= [(V'n) (¢ + s =1+ 50)].
(3)* Suppose that [ € M and r € R}, N M is compatible with all s,,, while

rI- “I countable predense C R,.”

Then
r/5I- “I/5 countable predense C R, /s.”
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(4)* Suppose that o = 41 for some 3 € Dom(r/5). Further suppose that
re RL,,NMandq € R;t)rﬁ N M are compatible with all s,, while

n < w and
r | B IF “q determines r(«) to degree n.”

Then
(r/3) | BIF “q/§ determines (r/s(«)) to degree n.”

For 7, q as above, if t is such that ¢ IF “77¥) N <"2 = ¢, then

q/g I cuz‘(r/§)(ﬁ) N <9 — ¢,

(5)* Suppose that Z is a canonical assignment for so | EVEN. Further
suppose that (p, : n <w) € M is a <,,-increasing sequence in P! with
limit p, such that p <, sy and Dom(p) = u. Then for every n < w

(‘v’*l _ w) [typegoT(EVENﬂa),n((r I 81) [ (EVEN A a)) _
typelt \EVENTQ (115 L p) 1 (EVEN N a))).

Z:p;

Proof of the Claim. We prove the claim by induction on «, proving (1)*—
(5)* simultaneously. The only eventful case of the induction is when o = G+1
for some 3 even.

(1) By (1)", we have that (r/s) | 3 € Pj. Without loss of generality,
B € Domy . (r)Nu. Given G which is Ps-generic and contains (r/3) | 3.
We have

(a) TH/PE) A <be D)9 — (8 as the corresponding statement about
77 is forced by each (r + s,) | 3.

(b) Similarly, ’[g/ 96 s perfect.

¢) We show that 7¢/¥"” is nowhere dense.
We show that 7 5/9®) here d

Given n € <2 and n* such that (r + s,-) | B IF “n € 7@,
At some stage n > n* we have asked if there is s > s, with
s € GRy, N M such that for some ¢ > 7 + s, with ¢ € R, and
v > n, we have ¢ IF “v ¢ T"@” and ¢ < ¢’ + s for some ¢ € Rf,.
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By Claim [[77(1), there was some such s which was chosen as s,,1.
In particular ¢ + s, > r + s, for any m > n+ 1. So for no m can
we have (r +s,,) [ - “v € T"@”. Hence v ¢ T30,

(d) We show that r/5 is simple above (r/5) | (3.
Let I = (I, : n < w) exemplify that r(3) is simple above r | 3.
Without loss of generality, / € M. By (3)°+(4)° we have that
(I,,/5: n <w) exemplify that r/5 is simple above (r/s) | 3.

(2)* Again without loss of generality we have § € Dom(r/5). First we prove
the direction from right to left.

By the induction hypothesis, (¢/5) | > (r/5) | 5. By the assumption,
1100 O ) Suppose that for some n large enough and 7 € <“2, we
have

(7" + Sn) fﬂ I “’f] c zz—r(ﬁ)n'

As g+ s, > 1+ s,, we have
(q+s2) 1 B1F “ne T,

Hence (q/3) | B1Fp, “T@W9E D> T/9@),

Suppose that for some 1 € <ht(™™)9 and n large enough we have

(q+5,) 1 BIF“ne T As g+ s, >r+ s, wehaven € t"®),

In the direction from left to right, by the induction hypothesis we have
that

(V*n)[(g+s2) 1 B> (r+s,) 1 0.

By the assumption, t9®) D " Suppose that for some n* large
enough, and n € <“2, we have (¢ + 8,-) | B IF “n € T"®”. Let
m Y lg(n). Let I = (I, : n < w) € M exemplify that (3) is simple
above r | 3. Hence, it is forced by r | § that for some 2z € [,, M which
is compatible with ¢ we have z IF “n € 77" Notice that such a z is
compatible with every s,. Hence z/5 is defined and by (4)” we have
z/5 Ik “n € TU/HP)”  We also have that z/5 > (q | 8)/5 > (r | 3)/3,
and
q rﬁ/g I “TI c Ir/g(ﬁ) =—=nc ’Z'Q/g(ﬁ)”_
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So z/5 I+ “n € TY*P)” As 2/5 and q + s, are compatible for all large
enough n, it must be that for some n* large enough

(q+ $ps) | BIF “n € TO”

(by the genericity of 3).

Now suppose that for some n € <ht("™)9 and n large enough we have
(q+5,) 1 BIF“ne T Hencen € TP so, as q/5 > r/5, it must
be that n € "),

(3)« Certainly /s forces I/5 to be countable, and by (2)* we also know
that r/5 1+ “I/5 C R,/5".
We show that

r/5 1k “I/5 predense C R, /5".

Let I = {q : | <w}. Suppose that z* € R, /s, and we wish to show that
z* is compatible with some ¢;/5. Without loss of generality, z* € R,Jf/g.
If q;/5 is defined and z* |  is compatible with (¢;/5) | 3, the only way
that z* and ¢;/s can turn out to be incompatible, is that one of the
following happens:

(i) Neither is #*¢¥) an end extension of ¢(@/®®) nor the other way
around,

(i) or t* is an end extension of t@/9®  but for some n € <)

which is not in *® we have
(18)® (@/5)1 8+ g € WO LT

(iii) or t5®) is an end extension of t*(¥, but for some 7 € <"

which is not in t%¥) we have
(Z fﬂ) éh (ql/g) [ﬂ = “n c ’Z"H/g(/@) U /Z'Z(,B)n

When choosing s,,, for some large enough n we have asked if there is
z € P!, with Dom(z) = Domj_,,(r) Nu and such that
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(A) 218> (r/sn) 1

(B) (¥ € Dom(2))(3) (e, “0) = t,"),

(C) For all [ <n one of the following happens
(a) z | B is incompatible with (¢;/s,) I 5,

(b) Neither +*® is an end extension of t#(® nor is t#¥) end

extension of t*(9,

(c) t*) is an end extension of % but for some 7 € <ht(t*) 9

which is not in t*¥), we have
(z18)® (q/sa) 1 BIF “ne qu/sn(ﬁ) U z’z(ﬁ)”.

(d) t2 is an end extension of t*®) but for some n € <079

which is not in t® we have
(21 8)@® (@/sn) 1 BIF “ne TB g

If after some n* the answer to the above question was never positive,
this means that z* could not have been used as a witness, which means
that z* is compatible with some ¢;/5.

Suppose that the answer was positive at some large enough n, and
let this be exemplified by some z. Without loss of generality we have
z € M. We can find m > n such that with ¢,, in place of ¢; above,
neither of the first two possibilities happen. So suppose the third one
does. Hence for some & < m we have that

1B+ (gm+s2) 1 B “n € T Y720

for some 1 € M)\ $2(9)  But this is a contradiction with z | 8 being
compatible with ¢, + s.

(4)* Similar.

(5)* For | < w let

T; < typel CPVENI (1 4 5) | (an EVEN)) and
def a n 5
T; < typeglg[&ﬁ‘;ggg\[)((’r/s +pl) [ (Oé N EVEN))
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We show that for large enough [ we have Y; = Y}, by comparing the
corresponding 9 coordinates. It is easy to see that for any [ we have
that

nTi) = X =, o) = o7 = 1, gI%il = gl = 3,

t[Tm = t[T” — tr(ﬁ) and

é¥il = Ml = Dom(r/5) N« in the increasing enumeration.
We now prove that for large enough [ we have w!Til = w[™). Given
m < n.

When choosing s;’s, we have infinitely often asked if there is 5" >, s,
and g > r such that

(i) 8" € GRsyu,
(ii) (g + ') 1 (BNEVEN) € TA?,
(iii) For some I’ > [ we have (¢/s') | (BN EVEN) g Tpl(BNEVEN) A5

and if possible, we have chosen some such s as s;,1.

Possibility 1. For some [ large enough we chose s, to satisfy (i) — (4i7)
above with s;,1 in place of s'.

Hence there is ¢ which witnesses the choice. By (2)*, we have ¢/5 > r/s,
so m € w!il N wlil,

Possibility 2. For no large enough [ could we have chosen s;,; so to
satisfy (7) — (zi1) above with s;y; in place of s'.

Suppose that [ is large enough and m € w!Yi!, as exemplified by g¢.
Without loss of generality ¢ € M. Hence ¢ >,p, (r+5;) [ (FNEVEN)
and ¢ € R snpven): We have. (q/3) 1 B > (r/5) | 3. Let q,i be
such that AP = /X1 PMEVENE WWithout loss of generality we have
z € M. Hence, by the induction hypothesis we have

a’c:pl[(ﬁﬁEVEN)A?n _ (Z/§+pl) i (/6 N EVEN)/EIBH(QOEVEN)J.

T:py

By the induction hypothesis, for large enough [ we have ¢/5 € TPt AP .
This is a contradiction. Hence m ¢ w!™i! for all large enough .
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We similarly show that m ¢ w!™! for all large enough 1.

Other parts of the claim are checked similarly.

*1

8 Obtaining & in V7’
Claim 8.1. VI = &.
Proof of the Claim.

Definition 8.2. Suppose that N is a sequence of elementary submodels of
(H(x),€,<%) and a a finite sequence in N(0). We say that an = € H(x) is
chosen canonically for (N, a), if the choice of x depends only on the isomor-
phism type of (N, a) as a submodel of (H(x), €, <% a), where a is a finite
list of constant symbols (interpreted in N(0) as a).

Main Claim 8.3. (1) Given a sequence N = (N, : n < w) of count-
able elementary submodels of (H(x), €, <}) with N,, € N, for all n, and
Q,Q', 7 € Ny and p € Ny N P such that

pIF“T € [wi]™7.

Let a = (1,p,Q, Q') and let § def Un<w(Np Nwy).

Then there is
(a) a strictly increasing sequence 3 = B(N,a) = (8, : n < w) with

SUDP,,<,, Bn = 0, which is chosen canonically for (N, a) and

(b) a condition r® =T > p, with r® - {3, : n <w} C 17.

(2) Values of 8, & 3(N,@)(n) for n < w, and the fact that there is an r® > p
such that r® I “{3, : n <w} C 77 only depend on the isomorphism type of
(N,a) as a submodel of (H(x), €, <%, a).

Proof of the Main Claim. (1).
def

Let N, U, No.
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Subclaim 8.4. Suppose that N and @ are as in the statement of the Main
Claim B3 and N, as defined above. Let &y dof otp(N, Nwy NODD) and

*

let h be the order isomorphism exemplifying this. Let (u} : n < w) be
the <}-first increasing sequence of finite sets such that w,, of h='(uy) € Ny,
and U<, uy, = &x. Let {p, : n < w} be the <}-first enumeration of the
first order formulas with parameters in N, each formula appearing infinitely
often, and such that the parameters of ¢,, are contained in V,.

Then there are sequences

P=D5a=(Pn:n<w)and §={qya(gn: n<w)
chosen canonically for N and @ such that
i) qo =p.
i) Pnt1 Zpr Pn-

V) Py @n € Npg1.

(
(
(iif) Pn <apr Gn-
(
(

v) For all n and a € w,, we have that

P Tl i@ (@) < oo 1 (5%(p,) +1) +1/27,

T6 *(Pn+1)

for all z € w 1(n)

(vi) For every n

either

() There is no p' > p, and ¢ >, P’ such that ¢, (p, ¢) and (v)
above holds with p’ in place of p, 1,

or
(B) (P> Gn) are the <;-first elements of H(x) which exemplify that
() does not happen, with p!, in place of p’ and ¢, in place of g.
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Proof of the Subclaim. The proof is straightforward. Construct p,, ¢,
by induction on n, the step at the stage n = 0 being given. At the stage
n + 1, we are given p, and we consider ¢,. If option («) holds, just let
Dntl = Qnet def pn. 1If (B) holds, then find (p,41,¢n11) as described in (3),
and note that p,.1,gur1 € Npio. *E4

Subclaim 8.5. Suppose that N, @ and p = py, are as in the Claim B4,
Then there is a canonically chosen condition p,, = py 5 such that for all
n we have p, <, p,, while Dom(p,,) = N, Nwy and 6*(p,) = N, Nwy.

Proof of the Subclaim. The same argument as the one used in Claim p.]]
to prove (2) at the stages o of countable cofinality. f3
There is » > p such that » I “3 € 77 for some 3 > §. By Observation
.13 and Claim [6.9 there are sg, r* such that
(1) pw <pr S0 <7, 7", and
(ii) [« € Dom(r*) & =(r* | a“IF r*(a) = so()”)] = a € Dom(p,,).
(iii) For some (3* > & we have r* IF “4* € 77.

Now let M be countable < (H(x), €, <%) such that {N,so,r*, 3*} C M.

Let v < {a: =(r* | a “r*(a) = so(@)”)}, hence v is finite € Dom(p,,).

Let 5 = (s, : n < w) be a generic enough sequence for (GRs, pom(p.), M)-
Let  be a canonical assignment for sg | EVEN.

Definition of 3 and r®.

By induction on n < w we shall define 3, as well as natural numbers m,,
and conditions 7,,.

n =0. We let mg = ng and 3y def Ny Nwy.

n + 1. Given is m,, and (3,.

Let m/ < m}, ., be the first large enough integer > m,, so that

We now consider the formula ¢"(zq, x1) saying that
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(I) pm/ Spr xo Sapr xl aIld
(II) xq IF “7 c Z_” for some v > {Nm’ N (.4)1} and

(I1T) We have typeZ!ZVEN" (4 | EVEN) = T,,.

i,

Let m,,1 be the first m > m’ such that ¢,, = 1,,. Hence we have chosen
(Prmni1+1 Gmngi+1) S0 that Un((Pm,,i+1, Gmpsi+1)) holds, as is exemplified by
(50, 7% + Spm).

Let r, %< (Gm, + po) | EVEN, for n < w. We shall define % so that
r® > r, for all n. Hence r® I+ “{8,: n <w} C7".

The Main Point

Why does such r? exist? All r,, are elements of R;w, and by the definition
of T,,, each has the property that r,, E25" ((r*/5+p,) | EVEN). By Lemma
P13, there must be 7* € R,,, which is a common upper bound to {r, : n < w}.
Let r® & 7 4+ po.

Proof of the Main Claim continued.

(2) It suffices to observe the following

Observation 8.6. Given N,a as in Main Claim . Let p and g be as in
Subclaim B:4. Let Z be a canonical assignment for p,, | EVEN. Suppose
that X € [w]™ is such that {g, | EVEN : n € X} has an upper bound in
B,z Suppose that f: (N,a) — (N’,a’) is an isomorphism.

Then

{f(gn I EVEN): n € X} has an upper bound in BY o), S
E
Now we can finish proving Claim B.J] and so Theorem B.]. Let
A= (H(x), € <o 1.Q.Q),

where p, 7, Q, Q' are constant symbols. We arrange <» in V in this form:

There is a sequence
(N° = (NP : i< 68): 6 <w limit )

7

such that
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1. N? is a countable elementary submodel of 2, with N Nw; < §,

(3

N° 1ie ND,.
2. N? is continuously increasing.

3. For every continuously increasing sequence (N; : i < wq) of countable
elementary submodels of 2, there is a stationary set of § such that the
isomorphism type of (N; : i < §) is the same as that of (N? : i < §).

For § < w; a limit ordinal, we choose the <}-first increasing w-sequence
(€9 n < w) of ordinals such that sup,,_, € = § and €} = 0. We define sets

Aj for such § as follows. Let NO & Ui<s N?.

If NNw =48, pN6 € PN N¢ and p™ I 70 € [wy]™”, then

As € Rang(B((NS : n < w))).

€

Otherwise, we let As be the range of any cofinal w-sequence in §.

We claim that (A; : § limit < w;) is a &-sequence in V'

So suppose that p* I+ “7* € [w]M” and p € P’. We fix a continuously
increasing sequence N = (N; : i < w;) of countable elementary submodels
of 2 such that Q = Q™ p™o = p* 7V =7, Q" = [Q']" and N | i € N;; for
all © < w;. Then

C {5 <w : 6 limit and Ny Nw, =0}

is a club of w;. Hence there is § < w; such that (N; : i < &) and (N? : i < )
have the same isomorphism type. So Aj is defined by the first clause in its

definition.
Hence, by Main Claim B-3(2), we have A; = Rang(3((Ns : n < w))),

— *77

while #(N | §) has an upper bound, say r®. Now r® > p and r® IF “As C 7*.

ol X
*.1

Remark 8.7. Note that the club sequence (As : § < w;) we obtained for
the final model, is in fact a sequence in V.
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