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Abstract: In this paper, we analyze the geometric structure of a Euclidean sub-
manifold whose osculating spaces form a nonconstant family of proper subspaces of
the same dimension. We prove that if the rate of change of the osculating spaces is
small, then the submanifold must be a (submanifold of a) ruled submanifold of a very
special type. We also give a sharp estimate of the dimension of the rulings.
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The osculating space of a Euclidean submanifold M™ at a point is
the subspace of Euclidean space that is spanned by the tangent and
curvature vectors of all smooth curves in M™ through that point. If
all osculating spaces along M™ coincide with a fixed subspace H, it is
an elementary fact that M™ is contained in an affine subspace parallel
to H. Thus, it is a natural problem to study for which submanifolds the
osculating spaces form a nonconstant family of proper subspaces of the
same dimension. In this paper, we show that if the rate of change of the
osculating spaces is small, in a sense to be made precise below, then the
submanifold must be contained in a ruled submanifold of a very special
type.

Let f: M™ — RY denote an isometric immersion of an n-dimensional
connected Riemannian manifold into Euclidean space. The first normal
space of f at x € M™ is the normal subspace le(m) C NyM (x) spanned
by the image of its second fundamental form « at z, that is,

N{ (z) = span{af(X,Y): X,Y € T, M}.

The osculating space of f at x € M™ is defined as f, T, M @le (z). Tt is
easy to see that all osculating spaces of f have the same dimension and
are parallel to a fixed proper subspace of R if and only if the first normal
spaces form a proper normal subbundle le that is parallel in the normal
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connection; see [1] or [7]. Then f reduces codimension to p = rank N7,
that is, it can be seen as a substantial isometric immersion into an affine
subspace R™1P of RV,

A rather simple argument shows that le must be parallel in the
normal connection if p < n and at any x € M™ the s-nullities v of f
satisfy

(1) vs(z) <m—s
for all 1 < s < p; see [1], [4] or (7) below. Recall that

vs(z) = max dimN(ays),
UsCcN{ (2)

where U® C le (x) is any s-dimensional vector subspace and
N(ay(z))={Y e T,M : ay(Y,X)=0for all X € T,M}

for ay = Ty oy and my: le — U the orthogonal projection. Notice
that v, (z) is the standard indez of relative nullity v¢(z) = dim N (af(z)),
that is, the dimension of the relative nullity subspace of f at x € M™.

Consider the subspace S(z) of N{(z) spanned by the projections
onto le (z) of the derivatives V x in the ambient space, with X € T, M,
of local sections p € (N{)+ of its orthogonal complement in the normal
bundle NyM. If all subspaces S(x) have the same dimension along M",
and thus form a vector subbundle S = Sy, we may say that the rank s
of & measures to what extent the first normal bundle le fails to be
parallel.

If S coincides with le and p < 6, it turns out that condition (1) fails
for the relative nullity, i.e., v > n —p > 0 at any point. The latter
has strong well-known geometric consequences, namely, the submanifold
carries a vy-dimensional totally geodesic foliation whose leaves are open
subsets of affine subspaces in RY.

Our main result is that there is a single class of submanifolds for which
S is a proper subbundle of le of rank s < 6, any other example being
a submanifold of an element of this class. These are ruled submanifolds,
with rulings of dimension at least n — s, for which S is constant in the
ambient space along the rulings. In particular, the rulings belong to
the kernel of ags, and therefore condition (1) is violated for s. Exam-
ples of such submanifolds, showing that the preceding estimate on the
dimension of the rulings is sharp, are constructed in the last section.
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As discussed in the next section, the results of this paper generalize
those in [5] for p < 3. We also point out that, although stated for
submanifolds of Euclidean space, our results can easily be extended to
ambient spaces of constant sectional curvature.

1. The result

In this section, we first give a precise statement of our main result
and then discuss some particular cases.

Let f: M™ — RY denote a locally substantial isometric immersion of
a connected Riemannian manifold, i.e., there is no open subset U C M™
such that f(U) is contained in a proper affine subspace of RV. Assume
that f is l-regular, i.., the first normal spaces N (z) have constant
dimension p. Thus, these subspaces form a vector subbundle le of the
normal bundle N¢M which we assume to be proper, i.e., p < N —n.

Assume p < n and let ¢: (le)L eTM — le be the tensor defined
by

¢(/.L, X) = (V)l(:u)lea

where () N/ denotes the le -component. We say that f has nonparallel
first normal bundle at x € M™ if ¢(z) # 0, i.e., if the dimension s(z) of
the normal vector subspace S(x) C le (x) given by

S(z) = span{d(p, X) : p € (le)J‘(x) and X € T, M}

is nonzero. Thus, along each connected component of the open dense
subset of M™ where s(x) = s is constant, the vector subspaces S(z) form

a vector subbundle S of NV lf .

In the following statement, that an isometric immersion F': N™ —
RN, m > n, is an extension of the isometric immersion f: M"™ — RN
means that there exists an isometric embedding ¢: M™ — N™ such that
f = Foi. Also, by f being d-ruled we understand that there exists a
d-dimensional integrable distribution in M™ whose leaves are (mapped
by f into) open subsets of affine subspaces in the ambient space.

Theorem 1. Let f: M™ — RY be a 1-reqular locally substantial isomet-
ric immersion such that s(xz) = s is constant with 0 < s <n and s < 6.
Then, either
(i) s=p and f has index of relative nullity vy > n —p, or
(ii) 1 = s < p and f has an extension F: N"TP=1 — RN such that
vp =n+p—2 and N is nonparallel of rank one, or
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(iii) 1 < s < p and there is an open dense subset of M™, the union of
open subsets U, g withd >n—s andn—d <k <qg:=n—d+p—s,
such that:

(a) flu,. is d-ruled and Sy is constant in RN along the rulings,
and

() fluea, k < g, has a ruled extension F: N"T1=F — RN such
that N{ is nonparallel of rank p + k — q and S is constant
along the rulings. The rulings have dimension n+p—k — s
and coincide with N'(ap) if k =n —d.

Moreover, if s =2 we have that Uy q =0 for k > 5.

Observe that the ruled extensions in parts (ii) and (b) of (iii) are as
in (i) and (a) of (iii), respectively.

For a ruled Euclidean submanifold, it is easily seen that for any vec-
tor X tangent to a ruling the Ricci curvature satisfies Ric(X) < 0, with
equality if and only if X belongs to the relative nullity subspace. Hence,
we have the following immediate consequence of Theorem 1.

Corollary 2. Under the assumptions of Theorem 1, cases (i) and (iii)(a)
cannot occur if Ricyr > 0. If Ricyr > 0 then flu, , in case (iii)(a) sat-
isfies vy = d.

To illustrate Theorem 1 we discuss next the cases p = 1, 2 and 3.
Notice that these are the cases that have already been considered in [4].

Example 3. The case p = 1. Here, the only possibility is that s = 1,
and hence vy = n — 1. In particular, the manifold M™ is flat.

Submanifolds as above can be easily described parametrically. For
instance, consider the image under the normal exponential map of a
parallel normal subbundle of the normal bundle of a curve with non-
vanishing curvature; see also Theorem 1 in [5].

Example 4. The case p = 2. We only have the following two possibili-
ties:
(i) s =2, and hence vy =n —2.
(ii) s = 1, in which case f admits an extension F': N**1 — R¥ such
that vp = n (hence N"*! is flat) and N{ is nonparallel of rank
one.

The submanifolds in case (i) have been studied in [2] and [3], where
a parametric classification has been obtained in most cases.
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Example 5. The case p = 3. Then one of the following holds:
(i) s =3 and f satisfies vy > n — 3.
(i) s = 1 and f has an extension F': N2 — R such that vp = n+1
(N"*2 is flat) and N{ is nonparallel of rank one.

(iii) s = 2 and either f is (n — 2)-rules and S is constant along the
rulings or f has an extension F: N1 — RY such that vp = n—1
and N{" has rank two.

Observe that F' in (ii) of Example 4 and Example 5 is as f in Ex-
ample 3. Also, the extension F' in (iv) of Example 5 is as f in (i) of
Example 4.

2. A class of ruled extensions

In this section of independent interest, we find sufficient conditions for
an Euclidean submanifold to admit a ruled extension carrying a normal
subbundle that is constant in the ambient space along the rulings. We
point out that a special case was already considered in [5].

Let f: M™ — RY be an isometric immersion satisfying the following
conditions:

(i) Its normal bundle splits orthogonally and smoothly into two vector
subbundles

NM=L&P
such that the rank ¢ of L satisfies 0 </ < N — n.
(ii) The subspaces
D(z) = N(ap(z)) C T M

have constant dimension d > 0 on M™ (thus form a tangent sub-
bundle D C TM).

(iii) The subbundle P is parallel along D in the normal connection, thus
in RY. Hence, also L is parallel along D in the normal connection.

Let v: E® P — E @ L be the tensor given by
(2) YY) = (Vywper = =AY + (Vyp),

where the subbundle £ C T'M of rank n —d is defined by the orthogonal
splitting TM = D @ E and V denotes the connection in RY.
At x € M", let I'(z) C E(z) @ L(x) be the subspace defined by

(3) I'(z) =span{y(Y,u) : Y € F and p € P}.
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Since I is spanned by the vectors A,Y for y € P and Y € E, it follows
from (2) that

(4) n—d<dml(z)<n-—d+".
Assume further that
(iv) dimI'(z) = k is constant on M™.
Let m: A — M™ be the affine vector bundle of rank r =n—d+ /¢ —k
that is defined by the orthogonal splitting

I"eA"=E"‘aL"
Lemma 6. The distribution D is integrable and A NTM = {0} holds.

Proof: Take u € P and Z,Y € D. Since P is parallel along D in RY,
we have from

(5) 0=R(Y,Z)u=VyVzu—VzVyu— Viv,z)h
that %[y’z]/.lz € P. Hence A,[Y,Z] =0, and thus D is integrable.

Take Z € ANTM. Then Z € E and

0= <27 @XW = _<AquX>

for any p € P and X € TM. Thus Z € D and hence Z = 0. O

The affine subspaces A(z) defined by

A(z) = D(x) ® Ax)

form an affine bundle over M™ of rank d +r =n+ ¢ — k.
Lemma 7. The bundle A is parallel in RN along the leaves of D.

Proof: It suffices to show that the orthogonal complement I' & P of A
in RY is parallel in RY along the leaves of D. First observe that

I ® P =span{Vxpu:X € TM and p € P}.
Then, we have from (5) that
VyVxu=VxVypu+ ﬁ[Y,X]M el'eP
for any p € P, Y € D and X € T'M, and the assertion follows. O
Define F': N™t™ — R as the restriction of the map
AeA— f(m(N)+ A

to a tubular neighborhood N™*" of the O-section j: M™ — N™*" of A
where it is an immersion. Then f = F o j and

for any x € M™.
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Lemma 7 yields that F' is ruled with A(X) := A(w())) as the ruling
through A € A. For A€ A, p € P and X € T'M, it follows from

(VxA ) = =\, Vxp) =0
that P C NgpN where P(\) = P(w())). Moreover, we have that
A = N(ak).

In fact, the inclusion A C N (a%) holds because P is constant along A.
For the opposite inclusion observe that a71;|TMxTM = ap. We easily
obtain from (6) that equality is satisfied along M™. To conclude the
proof observe that the dimension of N (ag) can only decrease along
A C N™ from its value on M™ if N" " is taken small enough.

We summarize the above facts in the following statement.

Proposition 8. Let f: M™ — RN be an isometric immersion satisfying
(i)-(iv) above. Then f admits a ruled extension F: N"t" — RN r =
n—d+ £ — k, with the following properties:
(a) The distribution A of rulings of F satisfies D¥(x) = A7 (z) N
T.M at any x € M™.
(b) There is an orthogonal splitting NeN = L @& P so that rank L =
{—r, A=N(ak) and P is constant in RN along A.
Moreover, we have:
(c) If r = 0 then f is d-ruled and P is constant in RN along the
rulings.
(d) If r =€ then A is the relative nullity distribution of F.

3. The proof

A key ingredient in the proof of Theorem 1 is a basic property of
regular elements of a bilinear form observed by Moore [6]. It is stated
below as Proposition 9.

Let 8: V x U — W be a bilinear form between finite dimensional
real vector spaces. We call Z € V a (left) regular element of § if the
map Bz = B(Z,-): U — W satisfies

dim 8z (U) = max{dim By (U) : Y € V},

and denote by RE(() the subset of regular elements of 5. It is a well-
known fact that the set RE(f) is open and dense in V.
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Proposition 9. If 5: V x U — W is a bilinear form and Z € RE(B),
then

B(V,ker Bz) C Bz(U).

With the notations from Section 1, consider a 1-regular locally sub-
stantial isometric immersion f: M™ — RY such that s(z) has a constant
value 0 < s < n.

Lemma 10. [t holds that N'(¢) = N(as).

Proof: Let 1 € RE(¢) be a globally defined unit vector field and set
Op, = ¢(p1,-). Without loss of generality, we may assume that the
subspaces S1(z) C S(z) defined by

Si(z) = Gpy (T M)

have constant dimension 1 < s; < s. Hence the tangent subspaces
D, (x) = ker ¢, (x) satisfy dim D1 (z) = n — s1. It suffices to show that

(7) Dy = N(as,),

i.e., that Y € Dy if and only if AV)L(MY =0 for any X € T'M. But this
follows from the Codazzi equation

(3) Av§5y = Av;aX

for any 6 € (le)J-. O
Lemma 11. Suppose that s < 6. Then D = N (¢) satisfies

(9) dimD >n —s.

Proof: Let p1 be as in the previous lemma. Again, we may assume that
S1(z) has constant dimension 1 < s; < s on M". In view of Lemma 10,
the assertion holds if s; = s. If s1 < s, consider the orthogonal splitting

S=85,®S5¢
and let ¢: (N{ )+ @& TM — Si- denote the bilinear form defined by
D, X) = (V)

Take ps € RE(¢) N RE(Y) and set t = dim(ug, TM). Then Sy =
Gus (T M) satisfies

d1m(Sl + 52) = 51 +t and dim Sl n SQ = 81 — t.
It follows using Proposition 9 that
(10) dim D; N Dy > dim Dy — dim S; NSy > n — 2s1 +¢.
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If t = s; then Sy NSy = 0. Thus D; = Dy. In particular (9) holds
if s1 = 1 since this forces t = 1. Therefore, we may assume

(11) S1 2 2.

We first analyze the case t = 1. In this case, we have that H =
ker t(pe, ) is a hyperplane in TM. From (8) we obtain

AV;NQX == AVJ)},LLQZ - O

for any Z € Dy and X € H. This implies that dim¢,,(D;) < 1. Oth-
erwise, there would exist a two-dimensional plane in S; such that the
corresponding shape operators would have the same kernel of codimen-
sion one. But then a vector in this plane would belong to (le ), and
this is a contradiction. It follows that dim Dy N Dy >n — s — 1.

If S =51 + Ss then (9) holds since s = s1 + 1 and D = Dy N Dy. If
otherwise, we just repeat the process and obtain subspaces S1,...,S,
and Dq,...,Dp, m = s —s; + 1, such that S = S; +---+ S, and
dimDyNn---NDp,,>n—s1—m+1—s. Then D=DyN---ND,,, and
(9) follows.

By the above, we may assume that t > 2. We argue for the case s = 6,
the other cases being similar and easier. If ¢ = s then s; = 2,3. In these
cases we have seen that D; = Dy, and thus (9) holds. Hence, in view
of (11) and ¢ > 2 we may assume that s; > ¢ > 2. Thus, it remains to
consider the cases (s1,t) = (3,2) and (s1,¢) = (4,2). In the latter case,
we have that § = S; + S2, and (9) follows from (10). In the first case,
we have dlm(Sl + SQ) = 5, dim S1 n SQ =1 and dim D1 n D2 >n— 4.
We now repeat the process and obtain S3 such that § = S7 4+ S3 + S5
and dim S; NS; = 1if 4 # j. In this case, it is now clear that dim D >
n —>5. O

Remark 12. Our proof does not work for s = 7. In fact, in this case we
may have s; = 5 and ¢t = 2. Thus § = S + 52 and (10) only yields
dimD >n — 8.

Now consider the global smooth orthogonal splitting NV f = [r=spSs.
Then, we have the global orthogonal splitting

(12) NiM =LP* @ P,
where P = S5° & (le)J-.

Lemma 13. The subbundle P is parallel along D in the normal connec-
tion.
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Proof: By the Ricci equation, we have
ViV — ViV — Viy xpp = 0.
Take Y € Dy and X € TM. Then,
Vi (Vx s, + Ve (Vi) sy = Vx Vi + Viyxi € P.

By Proposition 9, the second term on the left-hand-side belongs to P.
It follows that V}L,(S € P forany Y € Dy and § € 57. O

Proof of Theorem 1: Assume first that s = p, that is, that S = le.
Then, Lemma 10 and Lemma 11 imply that vy > n —p.

Suppose now that s < p. For each positive integer d, let U; denote
the interior of the subset of all x € M™ such that the subspace D(x) has
dimension d. It follows from Lemma 11 that d > n — s. By the lower
semi-continuity of the dimension, we have that UyUy is (open and) dense
in M™. Now let Uy, 4 be the interior of the subset of all x € Uy such that
the subspace I'(x) given by (3), with respect to the splitting (12), has
dimension k. Then (4) with £ = p — s gives n —d < k < ¢. Again by
the lower semi-continuity of the dimension, we have that UiUy, 4 is (open
and) dense in Uy.

In view of Lemma 10 and Lemma 13, we can apply Proposition 8
for fly,,. If k = g, we obtain from Proposition 8(c) that fly, , is
d-ruled and P (hence S) is constant in R along the rulings.

If £ < g, it follows from Proposition 8 that f admits a ruled ex-
tension F: N™t" - RN, r = n—d+ ¢ —k = ¢ — k, with rulings of
dimension n + ¢ — k = n+p — k — s. Moreover, there is an orthogo-
nal splitting NpN = £ @ P, where P is the parallel extension (in RY)
of P along the rulings, such that rank L = p — s — r. In particular,
rank N ' =p—r=p+k—q.

Finally, if £ = n — d then the rulings of F' coincide with its relative
nullity distribution by Proposition 8(d).

The global assertion in (ii) for the case 1 = s < p is due to the fact
that s = 1 implies d = 1, and also k = 1, as follows from (2). It is also
a consequence of (2) that k < 4 if s = 2, hence in this case Uy q = 0
for k > 5. O

4. Examples

In this section we give examples of Euclidean submanifolds satisfying
the conditions in part (iii)(a) of Theorem 1. More precisely, we construct
ruled submanifolds M?™ in R*™+6 with four dimensional first normal
bundle such that S has rank two and is constant along the codimensional
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two rulings. These examples show that the result cannot be improved
since the rulings are not in the relative nullity distribution and their
dimension achieve the minimum possible value given by the estimate.

Let g: L? — R2(™*3) ;> 2, be a substantial elliptic surface in
the sense of [2], i.e., there exists a (unique up to sign) almost complex
structure J on L? such that

ag(Z,Z)+ ay(JZ,JZ) =0

for any Z € TL. For instance, the surface can be minimal, which is
equivalent to J being orthogonal. Then, it turns out that the normal
bundle of g splits orthogonally as

NyL = ng @'.'®N5L+27
where each plane bundle N7, 1 < k < m + 2, is its k*"-normal bundle;

see [2] for details. Recall that the k*"-normal space N,?, k > 2, of an
isometric immersion h: M™ — RN at € M™ is defined as

N]?(.T) = Span{allz+1(Xla B an,-‘rl) : Xla v 7Xk+1 S TmM}7
where aﬁ: TM x---xTM — N,M, ¢ > 3, is the ¢*"-fundamental form
given by

ap(X1,..., X)) =71 (Vx, - Vx, (X2, X1)).

Here 7¢ is the orthogonal projection onto (N & --- & N} )+ N N, M.

Define f: M?™ — R2(m+3) a5 the restriction of the map

EEN @ - ®Nyy = g(m(€)) +€
to a tubular neighborhood of the O-section L? of 7: N{&---®N?,_, — L?
where it is an immersion. Given & € M?™ \ L?, we claim that
fTeM @ N{ (&) = . ToL® N{(z) & - & NS, (), = =mn(E).

Let € be a local section of NY @ ---@® NY | on a neighborhood U of =
such that £(U) € M?™ and £(x) = €. Then
(13) F&X = g X + Vi€

for any X € T, L. On the other hand, for a vertical vector V' € T M we
have

LV =V
Hence NY(z)@®--- @ N2 _,(x) C fTe¢M and fTeM C 9« T L& NY (z) &
-+ @® N (z). Regarding the local section & as a vertical vector field
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of M?™ we obtain
(14) Vxé = Ve [ € LTeM & N ().

Thus NY,(x) C f.TeM @& N{(€), hence also ¢, T, L C f.TeM & Ni(€)
by (13). Differentiating (13) yields
Ve fEX = Trvg. X + Ty Txi

for all X,Y € T,L, where X is any vector field on a neighborhood
of = with X(z) = X. Thus N{ (¢) C ¢.T.L & Ng,(z) ® N%_,(z) and
N (x) C N/ (€), and the claim follows.

Note also that the rulings of f are not in its relative nullity distribu-
tion. In fact, it follows from (14) that

(15) span{ay(Z,V): Z,V € T¢eM and V vertical}
= (T L ® N, () 1 N{ (6).

We have from the claim that NyM = N{ @ N¥, .,. Thus, the immer-
sion f is ruled by NY @ ---@® N7,_; and S = N, has rank two and is
constant in the ambient space along the rulings. Moreover, by (15) the
rulings are not in the relative nullity distribution and their dimension

satisfy the equality in the estimate given in part (iii)(a) of Theorem 1.
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