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In previous works, a learning law with a dead zone function was developed for multilayer
differential neural networks. This scheme requires strictly a priori knowledge of an upper bound
for the unmodeled dynamics. In this paper, the learning law is modified in such a way that this
condition is relaxed. By this modification, the tuning process is simpler and the dead-zone function
is not required anymore. On the basis of this modification and by using a Lyapunov-like analysis,
a stronger result is here demonstrated: the exponential convergence of the identification error to a
bounded zone. Besides, a value for upper bound of such zone is provided. The workability of this
approach is tested by a simulation example.

1. Introduction

During the last four decades system identification has emerged as a powerful and effective
alternative to the first principles modeling [1-4]. By using the first approach, a satisfactory
mathematical model of a system can be obtained directly from an input and output
experimental data set [5]. Ideally no a priori knowledge of the system is necessary since
this is considered as a black box. Thus, the time employed to develop such model is
reduced significantly with respect to a first principles approach. For the linear case, system
identification is a problem well understood and enjoys well-established solutions [6].
However, the nonlinear case is much more challenging. Although some proposals have been
presented [7], the class of considered nonlinear systems can result very limited. Due to
their capability of handling a more general class of systems and due to advantages such as
the fact of not requiring linear in parameters and persistence of excitation assumptions [8],
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artificial neural networks (ANNs) have been extensively used in identification of nonlinear
systems [9-12]. Their success is based on their capability of providing arbitrarily good
approximations to any smooth function [13-15] as well as their massive parallelism and very
fast adaptability [16, 17].

An artificial neural network can be simply considered as a nonlinear generic
mathematical formula whose parameters are adjusted in order to represent the behavior of
a static or dynamic system [18]. These parameters are called weights. Generally speaking,
ANN can be classified as feedforward (static) ones, based on the back propagation technique
[19] or as recurrent (dynamic) ones [17]. In the first network type, system dynamics is
approximated by a static mapping. These networks have two major disadvantages: a slow
learning rate and a high sensitivity to training data. The second approach (recurrent ANN)
incorporates feedback into its structure. Due to this feature, recurrent neural networks can
overcome many problems associated with static ANN, such as global extrema search, and
consequently have better approximation properties. Depending on their structure, recurrent
neural networks can be classified as discrete-time ones or differential ones.

The first deep insight about the identification of dynamic systems based on neural
networks was provided by Narendra and Parthasarathy [20]. However, none-stability
analyses of their neuroidentifier were presented. Hunt et al. [21] called attention to
determine the convergence, stability and robustness of the algorithms based on neural
networks for identification and control. This issue was addressed by Polycarpou and Ioannou
[16], Rovithakis and Christodoulou [17], Kosmatopoulos et al. [22], and Yu and Poznyak
[23]. Given different structures of continuous-time neural networks, the stability of their
algorithms could be proven by using Lyapunov-like analysis. All aforementioned works
considered only the case of single-layer networks. However, as it is known, this kind of
networks does not necessarily satisfy the property of universal function approximation [24].
And although the activation functions of single-layer neural networks are selected as a basis
set in such a way that this property can be guaranteed, the approximation error can never be
made smaller than a lower bound [24]. This drawback can be overcome by using multilayer
neural networks. Due to this better capability of function approximation, the case multilayer
was considered in [25] for feedforward networks and for continuous time recurrent neural
networks for first time in [26] and subsequently in [27]. By using Lyapunov-like analysis and
a dead-zone function, boundedness for the identification error could be guaranteed in [26].
The following upper bound for the “average” identification error was reported,

1 (T fo+Y ~
li — 1- ATQoAdt < Y, 1.1
Eid T.[o[ )umin(P1/2Q0P1/2)||P1/2At||]+ HQBES Jot -

where A, is the identification error, Qy is a positive definite matrix, fo is a upper bound for the
modeling error, Y is an upper bound for a deterministic disturbance, and [-], is a dead-zone

function defined as
z z>0,
[z], = (1.2)

0 z<0.

Although, in [28], open-loop analysis based on the passivity method for a multilayer neural
network was carried out and certain simplifications were accomplished, the main result about
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the aforementioned identification error could not be modified. In [29], the application of
the multilayer scheme for control was explored. Since previous works [26-29] are based
on this “average” identification error, one could wonder about the real utility of this result.
Certainly, boundedness for this kind of error does not guarantee that A; belongs to L, or L.
Besides, none value for upper bound of identification error norm is provided. Likewise, none
information about the speed of the convergence process is presented. Another disadvantage
of this approach is that the upper bound for the modeling error fo must be strictly known a
priori in order to implement the learning laws for the weight matrices. In order to avoid these
drawbacks, in this paper, we propose to modify the learning laws employed in [26] in such a
way that their implementation does not require anymore the knowledge of an upper bound
for the modeling error. Besides, on the basis of these new learning laws, a stronger result is
here guaranteed: the exponential convergence of the identification error norm to a bounded
zone. The workability of the scheme developed in this paper is tested by simulation.

2. Multilayer Neural Identifier

Consider that the nonlinear system to be identified can be represented by
Xp = fxp,up, t) +&, (2.1)

where x; € R" is the measurable state vector for t € R" := {t : t > 0}, u; € R7 is the control
input, f : R" x RT x R* — R" is an unknown nonlinear vector function which represents
the nominal dynamics of the system, and ¢ € R”" represents a deterministic disturbance.
f(x¢,u,t) represents a very ample class of systems including affine and nonaffine-in-control
nonlinear systems. However, when the control input appears in a nonlinear fashion in the
system state equation (2.1), throughout this paper, such nonlinearity with respect to the input
is assumed known and represented by y(-) : R — R°.
Consider the following parallel structure of multilayer neural network

d _ N _ -
Ext = Axt + WlftG(Vtht) + Wz,t(j)(Vz,txt)y(ut), (22)

where x; € R" is the state of the neural network, u; € R7 is the control input, A € R™"
is a Hurwitz matrix which can be specified by the designer, the matrices W;; € R and
W € R™ are the weights of output layers, the matrices Vi ; € R™" and V,; € R™" are the
weights of hidden layers, o(-) is the activation vector-function with sigmoidal components,
thatis, o(-) := [01(), ..., 0m()]T,

Elo]'
1+exp(- X ¢ojivi)

oj(v) = —-dgj, forj=1,...,m, (2.3)

where agj, ¢sji, and d; are positive constants which can be specified by the designer, ¢(-) :
R" — R™ is also a sigmoidal function, that is,

Agpij . .
ii(z) = —dgii fori=1,...,r,i=1,...,s, (2.4)
b T+exp(- S cpipz) !
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where ag;j, c4ij1, and dg;; are positive constants which can be specified by the designer, y(-) :
RT — R° represents the nonlinearity with respect to the input—if it exists—which is assumed
a priori known for the system (2.1). It is important to mention that m and r, that is, the
number of neurons for ¢(-) and the number of rows for ¢(-), respectively, can be selected by
the designer.

The problem of identifying system (2.1) based on the multilayer differential neural
network (2.2) consists of, given the measurable state x; and the input u;, adjusting on line
the weights Wy, Wy, Vi, and V, by proper learning laws such that the identification error
Ay := Xy — x; can be reduced.

Hereafter, it is considered that the following assumptions are valid;

(A1) System (2.1) satisfies the (uniform on t) Lipschitz condition, that is,

lf(x,u,t) = f(z,0,0)| < Lillx = zl| + Lolu—ol; x,z€R"; u,v e R, 0< Ly, Ly <oo. (2.5)

(A2) The differences of functions o(-) and ¢(-) fulfil the generalized Lipschitz conditions
Gl A5y < ATAGA, YT(ut)ci;tTAz%y(ut) < AtTA¢At||Y(”t)”2/ (2.6)

where
G =o(Vi'%) -o(Vi'x),  ¢ii=9(V'%) - (Va'x), (2.7)

Ay € R™M, Ny € R77, Ay € R, Ay € R are known positive definite matrices,
V) € R™" and V) € R™" are constant matrices which can be selected by the
designer.

As o(-) and ¢(-) fulfil the Lipschitz conditions and from Lemma A.1 proven in [26]
the following is true:

G, == 0 (Vyxy) — G(Vloa?t> = Davl,tfct + Vo,
(2.8)
Gy () = (p(Vasze) - (V%) )y ()

S S
= > ($iVarz) - i (Vi%:) i) = 3 (Dig Vo + vig ) yiuwr),  (29)
i=1 i=1
where
_ 9a(Y) mxm _ 9¢i(2) rar
Do = —= vt ER™M,  Dig=— e €R, (2.10)

~ 0
vs € R™ and vy € R" are unknown vectors but bounded by [[vol[3, < LlIViZely,,

2 =2 . = =
lvigll A < b||Vaxe| Ao respectively; Vy; = Vi, — Vlo, Vo= Vo — Vzo, Iy and I, are
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positive constants which can be defined as [; := 4L§,1, I := 4L§,2, where Lgq and
L, are global Lipschitz constants for o(-) and ¢;(), respectively.

(A3) The nonlinear function y(-) is such that ||y(ut)||2 < u where u is a known positive
constant.

(A4) Unmodeled dynamics ft is bounded by
S = =
”ft”m < fo+ fillxella,, (2.11)

where fNo and fl are known positive constants and Az € R™" is a known positive
definite matrix and ft can be defined as ft = flx,up,t) — Axp - Wo(Vxy) -
WP (Vox;)y(ur); Wy € R™™ and W) € R™" are constant matrices which can be
selected by the designer.

(A5) The deterministic disturbance is bounded, that is, [|&||A , <Y, Ayisaknown positive
definite matrix.

(A6) The following matrix Riccati equation has a unique, positive definite solution P:

ATP+PA+PRP+Q =0, (2.12)
where
T T _
R=2WPAT (WD) +2WOAT (WE) + AT+ AY!, Q= Ag+iiAy+Q, (2.13)

Qo is a positive definite matrix which can be selected by the designer.

Remark 2.1. Based on [30, 31], it can be established that the matrix Riccati equation (2.12) has
a unique positive definite solution P if the following conditions are satisfied;

(a) The pair (A, R'/2) is controllable, and the pair (Q'/2, A) is observable.
(b) The following matrix inequality is fulfilled:

%(ATR‘l - R‘1A>R<ATR‘1 - R‘1A>T < ATRTA-Q. (2.14)

Both conditions can relatively easily be fulfilled if A is selected as a stable diagonal
matrix.

(A7) It exists a bounded control u, such that the closed-loop system is quadratic stable,
that is, it exists a Lyapunov function V° > 0 and a positive constant A such that

ov?
AL = Al (2.15)

Additionally, the inequality A > fl | As|| must be satisfied.
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Now, consider the learning law:
Wi = - siKiPAwo! (Vi,%h) + StKlpAtftT{}thDgr

S
Wy = — s Ko PAyT () @T (Vo %) + StKZPAtk\zVZI:tZ <Yi(”t)D,~T¢>/
i=1
l . (2.16)
Vi = s;KsDIW], PAx] - st%K3A1V1,@tfctT,

. J . shu &
Vo == 5iKs Y, (1i(ur) Dfy )W, PAK] — 512 KsPo Vo %1%/,
i=1

where s is the number of columns corresponding to ¢(-), K; € R™", K, € R™", K3 € R™™,

and Ky € R™ are positive definite matrices which are selected by the designer. s; is a dead-
zone function which is defined as

[1 m ] - z z>0,
spi=(1—- ———1, z], =
t [PY2Ad ], "o z<o

3 fo +Y
K= )Lmin(P_l/zQOP_l/z) :

(2.17)

Based on this learning law, the following result was demonstrated in [26].

Theorem 2.2. If the assumptions (A1)—(A7) are satisfied and the weight matrices Wy, Wo V14, and
Va1 of the neural network (2.2) are adjusted by the learning law (2.16), then

(a) the identification error and the weights are bounded:

At/ Wl,t/ WZ,t/ Vl,t/ Vz,t S LOO/ (218)

(b) the identification error A satisfies the following tracking performance:

. 1 (" fg +Y T ~
1 = 1- A Adt < Y. 2.19
T .[0 [ Aowin (P172QuP172)]| 131/2At||]+ HQBES Jot 219

In order to prove this result, the following nonnegative function was utilized:
2 — — — — ~ ~
Vi =Vo+ [| P20 | - |+ e[ WK W] + 0 [ W K W] + [V KTV
(2.20)

+tr [VZTtK;1 Vz/t] ,

where Wy, := Wy, — Wf ; Wopi=Wo — Wg .
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3. Exponential Convergence of the Identification Process

Consider that the assumptions (A1)-(A3) and (A5)-(A6) are still valid but the assumption
(A4) is slightly modified as follows.

(B4) In a compact set Q € R", unmodeled dynamics f; is bounded by || ft||j\3 < fo where

fo is a constant not necessarily a priori known.

Remark 3.1. (B4) is a common assumption in the neural network literature [17, 22]. As
mentioned in Section 2, th is given by ft = f(oxe, up, t) — Axy — Wloo(Vloxt) - Wgci)(Vszt)y(ut).
Note that Wfo(Vloxt) and ng)(Vzoxt)y(ut) are bounded functions because o(-) and ¢(-) are
sigmoidal functions. As x; belongs to €2, clearly x; is also bounded. Therefore, assumption B4
implies implicitly that f(x;, u;,t) is a bounded function in a compact set Q € R™.

Although certainly assumption (B4) is more restrictive than assumption (A4), from
now on, assumption (A7) is not needed anymore.
In this paper, the following modification to the learning law (2.16) is proposed:

Wi = = 2ki PAGT (Vi,%) + 2k PAET VDY - gWM,

S
. - T~ X —
WZ,t = — 2k2PAtYT (ut)d)T(VZ/txt) + Zksztxszth (}f,(ut)DlT(P> - sz/t’
i=1
(3.1)

. o ~ a ~
Vl,t = - 2k3D£W}:tPAtxZ - k311A1V1,txtxtT - EVLt,

5
. ~ — S~ A [£8ad
VZ,t = — 2k4 E <yl(ut)D£>W§tPAtxf - k4slguA2V2,txtxtT - EVz,t,
i=1

where ki, ks, ks, and k4 are positive constants which are selected by the designer; P is the
solution of the Riccati equation given by (2.12); @ := Amin(PY2QoP71/2); s is the number
of columns corresponding to ¢(-). By using the constants ki, ky, k3, and k4 in (3.1) instead
of the matrices Ky, K5, K3, and Ky in (2.16), the tuning process of the neural network (2.2)
is simplified. Besides, none dead-zone function is now required. Based on the learning law
(3.1), the following result is here established.

Theorem 3.2. If the assumptions (A1)-(A3), (B4), (A5)-(A6) are satisfied and the weight matrices
Wit Way, Vi, and Vy of the neural network (2.2) are adjusted by the learning law (3.1), then

(a) the identification error and the weights are bounded:

Atl Wl,t/ WZ,t/ Vl,tt VZ,t € Loor (32)

(b) the norm of identification error converges exponentially to a region bounded given by

. R fo +Y
- <A ———. .
tlgl;:”xt x|l < A min (P) (33)
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Proof of Theorem 3.2. Before beginning analysis, the dynamics of the identification error A;
must be determined. The first derivative of A; is

I
- E(xt - Xi). (3.4)

Note that an alternative representation for (2.1) could be calculated as follows:
. 0 0 0 0 7
Xy = Axp + Wy 0'<V1 xt) + W2<,l7(V2 xt>y(ut) + fr+ & (3.5)
Substituting (2.2) and (3.5) into (3.4) yields
At = ARy + W0 (Vii2) + Wap(VaiZe)y () = Axi - Wio (Vix;)
- ng)(Vszt)Y(ut) - ﬁ - &,
(3.6)
= AAt + Wl,tG(Vl,tit) - W?O'(VP.’X}) + Wz,t(;b(VZ,tJ?t)Y(ut)

- W (Vi )y () - fi - &

Subtracting and adding the terms Wfo(Vufct), W?G(Vloft), Wg(j)(Vz,p?t)y(ut), and
Wg(i)(Vz()J?t)y(ut) and considering that Wu =Wy, - W?, Wz,t = Wy, - Wg, Oy = U(Vlofct) -

o(Vi’x), ¢ = p(V2°%) — p(V2'x), &, = o(Viu&) - o(Vi°%), ¢, y(u) = (§(Vau%) —
P(V2°%4))y (), (3.6) can be expressed as

Ar= AA -+ Wigo(Vig&) - Wio (Vi) + Wio (Vi) - Wio (Vi) + Wio (V)
- Wfo(vfxt) + Wap(VauXo)y (ur) = WRp(VasXe)y (ue) + W3h(VaXe)y ()
- WEp (V) (ur) + Wi (VI )y (ur) - W (VEx: ) yaw) = fi = &
= AN + Wi o (VigXe) + WOG! + W05, + Wi (Vo) y (ur) + WOy ()
+ WGy (w) - fi - &,
Ay = AA; + Wi (ViyZe) + Wasp(Vau i)y (r) + WOG, + WOy (we) + WG,

+ WPy (w) - fi - &

(3.7)

In order to begin analysis, the following nonnegative function is selected:

1 — 1 —
‘/t = A?PAt + m tr{W}:tWLt} + E tr{WZI:tWZ,t}
(3.8)

+ 2%{3 tr{\NflTrt\N/U} + 2ik4 tr{‘N/zT,t‘N/z,t}/
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where P is a positive solution for the Riccati matrix equation given by (2.12). The first
derivative of V; is

-6 o) o)

g p (3.9)
+_<§ {ngu})+_(§tr{vgyz,t}).
Each term of (3.9) will be calculated separately. For (d/dt) (AtTPAt),
4 <ATPA ) =2ATPA (3.10)
dr\"t Tt Leee '

substituting (3.7) into (3.10) yields

d — _ — A
T (AZPAt) =2AT PAA; +2A] PWy0(V1iXs) + 20T PWo (Vo) y (us)
+2ATPWOG, + 20T PWOGiy () + 28T PWOG, + 28T PWOy () 311

—2ATPf, -2AT Pg,.

The terms 2A] PW)G,, ZAtTPW%)'ty(ut), —ZAtTPft, and —2ATP¢; in (3.11) can be bounded
using the following matrix inequality proven in [26]:

XY +YTX <X'T'X + YTy, (3.12)

which is valid for any X,Y € R™* and for any positive definite matrix 0 < T = I'T € R™".
Thus, for ZAZPWf 0: and considering assumption (A2),

T
2ATPWIG, = ATPWG, + 5] (WY) PA,
< ATPWOAT! <W0> PA; + 5T A5, (3.13)
< ATPWOAT! <W°> PA; + ATAGA,.
For 2AT PW{¢y (us), and considering assumptions (A2) and (A3)
~ ~ ~ T

20T PWIry () = ATPWIGiy () +y" (u)§f (WD) PA,

T ~ ~
< ATPWIA (WE) PA +y" ()] Aapry () (314)

T
< ATPWIAS (WS) PA +TAT AgA,.
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By using (3.12) and given assumptions (B4) and (A5), —2AtTP ft and —ZAZPQ can be bounded,
respectively, by

2ATPf, = AT Pf, - fTPA, < ATPA'PA, + fTAs fi

< ATPAS'PA; + fo,

(3.15)
—2ATPg = A P& — ¢f PA; < ATPAJ'PA; + ¢ Asgy
< A[PAJ'PA+Y.
Considering (2.8), 2AT PWY0"; can be developed as
2AT PWOG', = 2AT PWP D,V 4% + 2AT PW v, (3.16)

By simultaneously adding and subtracting the term 2AfPW1,tDG\71,p?t into the right-hand
side of (3.16),

2ATPWOG! = 2AT PWy (D, Vi i — 2AT PW, (Do Vi 1% + 2AT PW v, (3.17)
By using (3.12) and considering assumption (A2), the term AtTPWf v, can be bounded as

2ATPWOv, = ATPWOv, +v] (Wf)TPAt < ATPWOAT! (Wf)TPAt + I Ay,
(3.18)
< ATPWOAT! <W10>TPAt + ||\71,ta?t||2A

And consequently, ZAZPW{)(;Q is bounded by

~ ~ — ~ T ~ 2
20T PWOG, <2AT PWy Dy 2 —2A7 PWy ;D ¥ %+ AT PIWOA! (Wf) PA+1; ”Vufct ||A .
1
(3.19)

For ZAfPWSqI;’ty(ut) and considering (2.9),

S
20T PWOG v () = 28T PWD Y (D@VZ,@ + vi¢>yl-(ut)
i=1
1 (3.20)
S s
=207 PW] " Dip Vo Zeyi(ue) + 2] PW3 > vigyi(we).
i=1 i=1
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Adding and subtracting the term 2AtTPW2,t i Did,\N/z,tfctyi(ut) into the right-hand side of
(3.20),

S S
2ATPWIP y (ur) = 2] PWoy > Dig Vi Zyyi(uy) = 28] PWay > Dig Vi 1 Xy (ur)
i=1 i=1

(3.21)
+20{ PW > vipyi(uy).
i=1
By using (3.12), 2A] PWY 3.7, vigyi(u;) can be bounded by
s S s T T
28T PWY Y vigyi(ue) = ATPWE S wigyi(ur) + <Zvi¢y1-(ut)> (Wg) PA,
i=1 i=1 i=1
22
T S - (3.22)
< A{PWSA? (Wg) PA; + (Zvi¢Yi(ut)> AZZvi(;,Yi(ut),
i=1 i=1
but considering that
S T S S
<;W¢Yi(”t)> Azzlviqui(ut) < Szlle(ut)Vde,szi(p (3.23)
and from assumptions (A2) and (A3), the following can be concluded:
S T ~ 2
20T PWY Y wigyi(us) < ATPWIA;! (Wg) PA; + szza”vz,@”A . (3.24)

i=1

Thus, 2AT PWO¢',y (;) is bounded by

S S
20 PWRP' y (ur) < 207 PWoy > Dig Vo Xeyi(uy) = 28] PWay > Dig Vo 1y (ur)
i=1 i=1
(3.25)
T ~ 2
+ ATPWIAS (WE) PA, + shat| Vo | -
Ay
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Consequently, given (3.13), (3.14), (3.15), (3.19), and (3.25), (d/dt)(AtTPAt) can be bounded
as

d — A — _
Z(ATPA) < AT(ATP + PA) A + 28] PWy10 (Vi) + 28] PWo,p (Vo %0)y (1)
T T
+ ATPWIAT (WD) PA, + AT A A+ ATPWIAT (W) PA,
+UAT Ay Ay + ATPA'PA; + fo + ATPAJ'PA +Y

+ 2AT PW, D, V% - 2AT PWy DV &, + ATPWOAT! <W0> PA, 526
3.26

~ 2 S ~
+ 1 ”VW@ HA + 28T PWa, Y Dig Vo (ur)
1 i=1
~ s - T
= 20T PW); > Dig Vo, %iyi(uy) + A PWIAS! <W§ ) PA;
i=1

~ 2
+ slzu || Vz/tjC\t |
As

With respect to (d/dt)((1/2k) tr{ 1T Wi,}), using several properties of the trace of a matrix,

d/ 1 1 (d/— 1 (T
dt <2k1 | W, > T2k {dt <W1tw“>} B Tltr{W“WLt +W1/fW“}
1 T IS 1 (=T
= 5% <tr{W1tW1t} +tr{wftwl,t}> = k—ltr{WUWu}.

As WU =Wy - Wlo, the derivative of W1, is clearly WU = Wl,t- However, Wl,t is given by

(3.27)

the learning law (3.1). Therefore, by substituting (3.1) into W, = Wl,t and the corresponding
expression into the right-hand side of (3.27), it is possible to obtain

d/ 1 1 o e
E( T {W1 Wy t}) =% tr{—zklo(vl,txt)AZPWM+2k1D0V1,txtAtTPWU—EW{ th}

=2tr{o(V1, %) ATPWy, | +2tr{ Do Vh 3, AT P }—Zik1 tr{ W], Wi,

=2tr{ ATPW1,0(Va %) | +2tr{ AT PW D Vi 15 }—Zik1 o { W, W, }

— . — ~ o —~ —
= —ZAZPWLtG(Vtht)+2A{PW1,tDUV1,txt— 2_k1 tI‘{le:tWLt}.

(3.28)



Journal of Applied Mathematics 13

Proceeding in a similar way for
d/ 1 —r = d/ 1 ST d/ 1 s
e emim))  GGeelin)  Hirelin)) o

it is possible to obtain

A/ 1 (eop— _ _ I
— (— fr{WzT,th,t}> = =207 PWo,(Vauxy)y (uy) + ZAZPWZ,tZDidethtYi (ur)

dt \ 2k, i=1
- %tr{wgth,t},
% <2Lk3 tI‘{ ‘717:t‘71/t }> = _2A3PW1,tDo‘71,tft — 11 ||‘71,t55t ||i1 — Zikg tr{ Vlj:t{/:l,t },
d/ 1

2 o ~T
A - 2_k4 tr{VZItVz,t}.
(3.30)

~ ~ S ~ N~
—( = tr{Vgtvz,t}> = —ZAtTPWz,ti:ZiD@Vz,txtYi () - Slzuuvz,txt

By substituting (3.26), (3.28), and (3.30) into (3.9), the following bound for Vt can be
determined:

V, < AT (ATP + PA) A + 20T PWy0(Vig%e) + 28T PWa b (Va1 %)y (1)
T T
+ ATPWIAT (W) PA;+ AT A A+ ATPWIAT (WD) PA,
+UAT Ay A + ATPAT'PA; + fo + fix! Asxe + ATPATIPA, +Y

~ — ~ T
+ 20T PWy Do Vi, %, - 28T PWy Do Vi + ATPWIAT (WD) PA,

~ 2 S ~ _ 3 ~
+ 1| Vi + 28T PWa, Y Dig Vo) - 207 PWas Y Dig Va ey ()
! i=1 i=1

_ _ 331
—2AT P, o (ViiRe) (3:31)

+ ATPWIAS! <W§>TPAt + by V| ZAZ

24

tr{ W], Wi, } - 28T PW (Vo) y ()
2k1 !

+2AT PW, DV %) —

S
—~— ~ a oy — ~
+ 20T PWo, 3 Dig Vi ey () — Z—thr{W{ th,t} — 2ATPWy D, Vi, %,
i=1

- ||\7uft ||2Al - 2% tr{ Vgtvu} - ZAtTPWZ,th,»d,Vz,ﬁctYi(ut)

Vo - e V)
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Simplifying like terms

Vi< AT (ATP+ PA) A, + 28T PWIAT! (Wf)TPAt +2AT PWIAS! (WS)TPAt

+ ATPASIPA; + ATPAJ'PA; + AT A At + UAT Ay A + fo + Y (3.32)
LY £7v7 157V G £75 4 7 VAN WLt 74 18 VAN GRS b v o v
oK tr{WUWu} % ’EI‘{WZ,tWZ,t} T tr{VLtVLt} % tr{Vz,tVzt}.

Adding and subtracting ATQyA; into the right-hand side of the last inequality yields the
expression ATP + PA + PRP + Q. That is

Vi <-ATQoA + AT (ATP+ PA+ PRP+ Q) A+ fo+ Y - zihtr{W{th}
3.33
—itr{WTWZt}—itr{\N/T\Nflt}—itr{\NfT\N/Zt}. ( )
2k2 2.t ’ 2k3 1t L 2k4 2,t 7 4

However, the expression ATP + PA + PRP + Q is, in accordance with the assumption (A6),
equal to zero. Therefore,

. a — — a —_— — a ~r
Vi < —ATQoA; - o tr{wftwl,t} a3k tr{wgtht} ok tr{vlftvl,t}
(3.34)

o ~ o~ ~
_ 2_k4 tr{szjtVZ,t} + fo +7Y.

Now, considering that ATQoA; = ATPY/2P-1/2QP~1/2P1/2A; and using Rayleigh’s inequality,
the following can be obtained:

ATQoA¢ > Amin (P-l/ZQOP-l/Z) ATPA, (3.35)
or alternatively
~AT QoA < ~Amin (PT/2QP7/?) AT PA,. (3.36)

In view of (3.36), it is possible to establish that

Vi < <A (P’l/ZQOP’1/2> ATPA, - % tr{WlT,th} - % tr{WZth,t} 637
T} g (T« o |

As & := Apin(P7/2QoP~1/?), finally the following bound for V; can be concluded:

Vi<-aVi+ fo+ Y. (3.38)
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Equation (3.38) can be rewritten in the following form
VitaVi< fo+ Y. (3.39)
Multiplying both sides of the last inequality by exp(at), it is possible to obtain
exp(at)V; + aexp(at)V; < <fo + Y) exp(at). (3.40)
The left-hand side of (3.40) can be rewritten as
d ~
2 (&P Vi) < exp(at) ( fo+ Y) (3.41)
or equivalently as
d(exp(at)V;) < exp(at) <fo + Y) dt. (3.42)
Integrating both sides of the last inequality yields
t ~
exp(at)V; = Vy < f <f0 + Y) exp(ar)drT. (3.43)
0
Adding Vj to both sides of the inequality,

exp(at)V; < Vo + It <fo + Y) exp(ar)dr. (3.44)
0

Multiplying both sides of the inequality (3.44) by exp(-at), the following can be obtained:

t
Vi < exp(—at)Vy + exp(—at) I (fo + Y) exp(at)drT. (3.45)
0
and, consequently,
fo+ Y
Vi < Voexp(—at) + fOT+(1 —exp(-at)). (3.46)

As P and Qu are positive definite matrices, then a is always a positive scalar and
therefore V; is an upperly bounded function. However, in reference to (3.8), V; is also a
nonnegative function. Consequently, Ay, Wiy, Wy, Vis, Vo € Lo, and, thus, the first part of
the Theorem 3.2 has been proven. With respect to the final part of this theorem, from (3.8),
it is evident that ATPA; < V;. Besides, from Rayleigh’s inequality, Amin(P)ATA; < ATPA;.



16 Journal of Applied Mathematics

Consequently, )Lmin(P)AtTAt < Vi Nonetheless, in accordance with (3.46), V; is bounded by
Voexp(—at) + ((fo+7Y)/a)(1 — exp(—at)). This means that

(3.47)

Voexp(-at) + <<f0 + Y) /zx> (1 - exp(-at))
< Join(D) |

Finally, taking the limit as t — oo of the last inequality, the last part of Theorem 3.2 has been
proven. O

Remark 3.3. Based on the results presented in [32, 33], and, from the inequality (3.38), uniform
stability for the identification error can be guaranteed.

Remark 3.4. Although, in [34], the asymptotic convergence of the identification error to zero
is proven for multilayer neural networks, the considered class of nonlinear systems is much
more restrictive than in this work.

Remark 3.5. In [35], the main idea behind Theorem 3.2 was utilized but only for the single
layer case. In this paper, the generalization for the multilayer case is presented for first time.

4. Tuning of the Multilayer Identifier

In this section, some details about the selection of the parameters for the neural identifier
are presented. In first place, it is important to mention that the positive definite matrices
A € R™M, Ny € R7T, Ay € R, Ay € R, A3 € R™™, and Ay € R presented throughout
assumptions (A2)—(A5) are known a priori. In fact, their selection can be very free. Although,
in many cases, identity matrices can be enough, the corresponding freedom of selection can
be used to satisfy the conditions specified in Remark 2.1.

Other important design decision is related to the proper number of elements m or
neurons for o(-). A good point of departure is to select m = n where n is the dimension of
the state vector x;. Normally, this selection is enough in order to produce adequate results.
In other case, m should be selected such as m > n. With respect to ¢(:), for simplicity, a first
attempt could be to set the elements of this matrix as zeroes except for the main diagonal.

Another very important question which must be taken into account is the following;:
how should the weights Wi, Wo0, Vi V0 be selected? Ideally, these weights should be
chosen in such a way that the modelling error or unmodeled dynamics ft can be minimized.
Likewise, the design process must consider the solution of the Riccati equation (2.12). In order
to guarantee the existence of a unique positive definite solution P for (2.12), the conditions
specified in Remark 2.1 must be satisfied. However, these conditions could not be fulfilled
for the optimal weights. Consequently, different values for W;” and W,° could be tested
until a solution for (2.12) can be found. At the same time, the designer should be aware
of that as W1°, W,%, V;°, v,° take values increasingly different from the optimal ones, the
upper bound for unmodeled dynamics in assumption B4 becomes greater. With respect to
the initial values for Wy, Wy, Vi, and Vs, some authors, for example [26], simply select
Wi = W%, Wag=W2% Vig =V’ and Vo5 = V,°.
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Finally, a last recommendation, in order to achieve a proper performance of the neural
network, the variables in the identification process should be normalized. In this context,
normalization means to divide each variable by its corresponding maximum value.

5. Numerical Example

In this section, a very simple but illustrative example is presented in order to clarify the tuning
process of the neural identifier and compare the advantages of the scheme developed in this
paper with respect to the results of previous works [26-29].

Consider the following first-order nonlinear system:

X = —x; + 1.9sin(x;) + 2.2 cos(x;) — 3sin(x;) cos(x;) + xpuy, (5.1)

with the initial condition xy = 0.7 and the input given by u; = sin(t).

For simplicity, ¢ is assumed equal to zero. It is very important to note that (5.1) is only
used as a data generator since apart from the assumptions (A1)-(A3), (B4), (A5)-(A6), none
previous knowledge about the unknown system (5.1) is required to satisfactorily carry out
the identification process.

The parameters of the neural network (2.2) and the learning laws (3.1) are selected as

1
a(z):m—l, ¢(y):1+e——0~5y_0'5’
D. - 00(z) - 4o-2Vi% Dy = opi(v) 0.5¢-05VY% (5.2)
o~ - ’ i — =,
0z z=V% (1 + e‘zvloft>2 oy y=V2%, <1 " e—O.SVZ‘)fq>2

A=-5 Ai=1, A=1, A3=1, A,=1,
Ap=1, u=1 Qy=2, W]=15, (5.3)

W)=05 V/=09, V=11

Note that Riccati equation (2.12) becomes a simple second-order algebraic equation for this
case:

RP?>+2AP+Q =0. (5.4)

As R = 2WOATT (WO +2WIA (WD) + A7 +AY, Q = A, +7Ay+Qp, and given the previous
values for these parameters, (5.4) has the following solution: P = 1. The rest of the parameters
for the neural identifier are selected as a« = 2, Iy = 4, I, = 0.0625, ki = 500, ko, = 400, k3 =
600, k4 = 800. The initial condition for the neural identifier is selected as xy = 0.1.

The results of the identification process are displayed in Figures 1 and 2. In Figure 1,
the state x; of the nonlinear system (5.1) is represented by solid line whereas the state x; is
represented by dashed line. Both states were obtained by using Simulink with the numerical
method ode23s. In order to appreciate better the quality of the identification process, the
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absolute value of the identification error A; := X; — x; is showed in Figure 2. Clearly, the new
learning laws proposed in this paper exhibit a satisfactory behavior.

Now, which is the practical advantage of this method with respect to previous works
[26-29]? The determination of fo and f1 more still (parameters associated with assumption
A .4) can result difficult. Besides, assuming that f1 is equal to zero, fo can result excessively
large inclusive for simple systems. For example, for system (5.1) and the values selected for
the parameters of the identifier, fo can approximately be estimated as 140. This implies that
the learning laws (2.16) are activated only when |A¢| > 70 due to the dead-zone function
s¢. Thus, although the results presented in works [26-29] are technically right, on these
conditions, that is, fo = 70, the performance of the identifier results completely unsatisfactory
from a practical point of view since the corresponding identification error is very high. To
avoid this situation, it is necessary to be very careful with the selection of weights WlO , WS , Vlo,
and V) in order to minimize the unmodeled dynamics ft However, with these optimal
weights, the matrix Riccati equation could have no solution. This dilemma is overcome by
means of the learning laws (3.1) developed in this paper. In fact, as can be appreciated, a
priory knowledge of fg is not required anymore for the proper implementation of (3.1).
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6. Conclusions

In this paper, a modification of a learning law for multilayer differential neural networks
is proposed. By this modification, the dead-zone function is not required anymore and a
stronger result is here guaranteed: the exponential convergence of the identification error
norm to a bounded zone. This result is thoroughly proven. First, the dynamics of the
identification error is determined. Next, a proper nonnegative function is proposed. A bound
for the first derivative of such function is established. This bound is formed by the negative of
the original nonnegative function multiplied by a constant parameter a plus a constant term.
Thus, the convergence of the identification error to a bounded zone can be guaranteed. Apart
from the theoretical importance of this result, from a practical point of view, the learning law
here proposed is easier to implement and tune. A numerical example confirms the efficiency
of this approach.
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