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The low-dimensional periodic Klein-Gordon lattices are studied for integrability. We prove that the periodic lattice with two
particles and certain nonlinear potential is nonintegrable. However, in the cases of up to six particles, we prove that their Birkhoft-
Gustavson normal forms are integrable, which allows us to apply KAM theory in most cases.

1. Introduction

In this article we deal with the periodic Klein-Gordon (KG)
lattice (see, e.g., [1] and references therein) described by the
Hamiltonian

P? C 2
H= —+—=(91-9;) +VIqi)|,
j%nz 5 T3 (q1+1 q]) (q,) W

pj=4q;
The constant C > 0 measures the interaction to nearest
neighbor particles (with unit masses) and V'(x) is a nonlinear
potential.

We study the integrability of (1). When C = 0 the
Hamiltonian is separable and, hence, integrable. There exist
plenty of periodic or quasi-periodic solutions in the dynamics
of (1). It is natural to investigate whether this behavior persists
for C small enough (see, e.g., [2]). Here we assume that C is
neither very small nor too large.

We are interested in the behavior at low energy; that is
why the following main assumptions are in order:

a s by
Vix)= = ~xh 2
(x) 2x +2x (2)
a >0 irrational. (3)

Remark 1. Such types of potentials are frequently used in the
literature [1]. As it can be seen below the choice of a simplifies
considerably the calculations.

We can also assume that C = 1 which can be achieved by
rescaling of t. Then our Hamiltonian takes the form

H

2
P 1 2 a 2 b 4
Z+-@m-a) +5@) +5(@) |» @

je;nz 2 o\t J 2\l 2\
pj=4;

Our first result concerns the Hamiltonian with two degrees of

freedom (g, = q,); that is,

H =2 (p}+£2) + 5 (20 - 4010, +260)
(5)
b
w2 (@ az) + 5 (a+ ad).

It simply says that the corresponding Hamiltonian system is
integrable only when it is linear.

Theorem 2. The periodic KG lattice with n = 2 is noninte-
grable unless b = 0.

The above result suggests that generically the periodic KG
lattice is nonintegrable for n > 2. Still there might be some
special cases of integrability, while the opposite is not proven
rigorously.

Motivated by the works of Rink and Verhulst [3, 4], who
presented the periodic FPU chain as a perturbation of an
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integrable and KAM nondegenerated system, namely, the
truncated Birkhoft-Gustavson normal form of order 4 in the
neighborhood of an equilibrium, our aim is to verify whether
this can be done for the low-dimensional KG lattices.

One should note that Rink and Verhulst’s result is due to
the special symmetry and resonance properties of the FPU
chain and should not be expected for lower-order resonant
Hamiltonian systems (see, e.g., [5]).

We summarize our second result concerning the integra-
bility of truncated resonant normal forms of the periodic KG
lattices up to six particles in the following.

Theorem 3. The truncated normal form H = H, + H, of the
periodic KG lattice is

(i) completely integrable and KAM nondegenerated for
n=234

(ii) completely integrable and KAM nondegenerated when
n =5 for all a but one;

(iil) completely integrable for n = 6.

As a consequence from this result, we may conclude for
the low-dimensional KG lattices when KAM theory applies
that there exist many quasi-periodic solutions of small energy
on a long time scale (see Section 2 and for more detailed
explanation [3]) and chaotic orbits are of small measure.

The paper is organized as follows. In Section 2 some
notions and facts used in the paper are given. We discuss
also the appearance of some additional resonant relations.
In Section 3 we calculate the Birkhoff-Gustavson normal
forms for the cases up to six particles and show that they
are integrable in most cases. We finish with some concluding
remarks as well as some possible lines of further study.

The proof of Theorem 2 is based on the Ziglin-Morales-
Ramis theory and since it is more algebraic in nature, it is
carried out in the Appendix.

2. Resonances and Normalization

In this section we recall briefly some notions and facts about
integrability of Hamiltonian systems, action-angle variables,
perturbation of integrable systems, and normal forms. More
complete exposition can be found in [6-8].

Let H be an analytic Hamiltonian defined on a 2#u-
dimensional symplectic manifold. The corresponding Hamil-
tonian system is

X=Xy (x). (6)

It is said that a Hamiltonian system is completely integrable
if there exist n independent integrals F, = H,F,,...,F, in
involution, namely, {F;, F;} = 0 for all i and j, where {,} is
the Poisson bracket. On a neighborhood U of the connected
compact level sets of the integrals M, = {F; = ¢;, j =
1,...,n} by Liouville-Arnold theorem one can introduce a
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special set of symplectic coordinates, I;, ¢;, called action-
angle variables. Then, the integrals F, = H,F,,...,F, are
functions of action variables only and the flow of X, is simple

I;=o,
. OH
¢;= a_Ij’ (7)

j=1...,n

Therefore, near M, the phase space is foliated with Xp

invariant tori over which the flow of X; is quasi-periodic

with frequencies (w, (I),...,w,(I)) = (0H/0I,,...,0H/dL,).
The map

) <8H OH aH> ®)

I,L,....L) — | = =y =
(5 1y g oI, oI, al,

is called frequency map.

Consider a small perturbation of an integrable Hamil-
tonian H;. According to Poincaré the main problem of
mechanics is to study the perturbation of quasi-periodic
motions in the system given by the Hamiltonian

H=H,(I)+eH, (I,9), e< 1. 9)

KAM theory [9-11] gives conditions on the integrable
Hamiltonian H,, which ensures the survival of the most of
the invariant tori. The following condition, usually called
Kolmogorov’s condition, is that the frequency map should be
a local diffeomorphism, or equivalently

o*H,
det ( 3101, ) #0 (10)

on an open and dense subset of U. We should note that the
measure of the surviving tori decreases with the increase of
both perturbation and the measure of the set where above
Hessian is too close to zero.

In a neighborhood of the equilibrium (g, p) = (0,0) we
have the following expansion of H:

H=H,+H;+H,+--,

H2=ij(q§+pf), w; > 0.

We assume that H, is a positively defined quadratic form. The
frequency w = (w,,...,w,) is said to be in resonance if there
exists a vector k = (ky,...,k,), k; € Z, j = 1,...,n, such
that (w, k) = ijwj = 0, where |k| = ) ijI is the order of
resonance.

With the help of a series of canonical transformations
close to the identity, H simplifies. In the absence of reso-
nances the simplified Hamiltonian is called Birkhoff nor-
mal form and, otherwise, Birkhoff-Gustavson normal form,
which may contain combinations of angles arising from
resonances.

Often to detect the behavior in a small neighborhood of
the equilibrium, instead of the Hamiltonian H one considers
the normal form truncated to some order

H=H,+---+H,, (12)

(1)
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TABLE 1

Q

Va+4, \a
Va+3, Va+3, \a
Va+2, Va+4, Va+2, \a

A U1 W NI

Va+ G- V32, Va+ G+ V32 Va+ G+ V32 Va+ (G- V32 va

Va+1, Va+3, Va+4, Va+3, Va+1, Va

It is known that the truncated to any order Birkhoff normal
form is integrable [8]. The truncated Birkhoft-Gustavson
normal form has at least two integrals—H, and H. Therefore,
the truncated normal form of two-degree-of-freedom Hamil-
tonian is integrable.

In order to obtain estimates of the approximation by
normalization in a neighborhood of an equilibrium point we
scale g — &G, p — ep. Here € is a small positive parameter
and &” is a measure for the energy relative to the equilibrium
energy. Then, dividing by ¢* and removing tildes we get
(13)

me

H=H,+eH;+---+¢"°H

Provided that w; > 0 it is proven in [12] that H is an

integral for the original system with error O(¢™ ') and H,
is an integral for the original system with error O(e) for the
whole time interval. If we have more independent integrals,
then they are integrals for the original Hamiltonian system
with error O(¢™2) on the time scale 1/e. .

The first integrals for the normal form H are approximate
integrals for the original system; that is, if the normal form is
integrable, then the original system is near integrable in the
above sense.

Returning to the Hamiltonian of the periodic KG lattice
(4) we see that its quadratic part H, is not in diagonal form:

1 1
H, = EPTP + E‘JTLM- (14)

Here L, is the following n x n matrix:

2+a -1 -1
-1 2+4a -1
L,= . (15)
-1 2+a -1
-1 -1 2+a

The eigenvalues of L, are of the form Q} = a + w}, w; =
2sin(km/n). In order to obtain the corresponding eigenvec-

tors y*, following [3] we define

(1,1,...,»)7" (16)

and if n is even,

1
Y= — (1,-1,1,-1,...,-1)7.

Jn

Further, for 1 < k < n/2, we define y* and y"™* via their
coordinates
x \/7 < 2kjm )
. = — COS S
Y n n

2 . (2kj
Y= \/%sin( r{ﬂ>

It is easily checked that {y',..., y"} is an orthonormal basis
of R", consisting of eigenvectors of L,. Let Y be the n x n
matrix formed by the vectors y* as columns; then Y'Y =
Id, Y'L,Y = Q = diag(Q},...,Q}). The symplectic
Fourier-transformation g = Ygq, p = Yp brings H, in
diagonal form

17)

(18)

1 1
H, = EPTP + EQTQQ- (19)

The variables (g, p) are known as phonons.
We need one more definition.

Definition 4 (see [3]). It is said that w € R”" satisfies the
property of internal resonance if for any k € 7" with (k, w) =
0, |k| = 4, we have kj = —kn,j when 1 < j <n/2.

In Table1l we list the frequencies Q; of some low-
dimensional periodic KG lattice.

As itis seen from the table we almost always have internal
resonances. In general, 0 = Q; holds if only if j = n - k.
There are plenty of resonances when a € Q.

Nevertheless, the assumption on a (3) does not prevent
the appearance of more complicated resonances. Indeed, in
the case of 4 particles there exists unique a > 0 irrational,
for which the following resonant relations are fulfilled (Q; =
Q)

0,-0;-Q, =0,
(20)
0,-0,-9,=0.

There are many like them and in particular for n = 5 and
n = 6. Luckily, these resonances are of no importance for our
considerations, because they produce third-order resonant
terms and none of them appears due to the assumption on
V(x) (2).



The resonances we have to worry about are the forth-
order ones. Trivial inspection shows that for a in the domain
(3), there are no such resonances when n = 2, 3, 4, 6. However,
there are some of that kind whenn =5 (Q, = Q,, Q, = Q,);
namely,

(1) for a, = (5 — V/5)/16 the following resonant relations
are fulfilled:

Q, -3Q5; =0,
(21)
Q, -305=0;

(2) for a, = (5 + 1/5)/16 the following resonant relations
are fulfilled:

0, -3Q, =0,
(22)
0, -30Q, =0,

(3) for a; = 5(3V5 — 5)/16 the following resonant
relations are fulfilled:

20, -0, -Q; =0,
(23)
20, -Q, - Q; =0,

20, - Q, - Q, =0,
(24)
20, - Q, — Qg = 0.

We will see how these additional resonances affect H, in the
end of Section 3.4.

3. Low-Dimensional Lattices

In this section we calculate the normal forms for the periodic
KG lattices with particles up to six and in this way we prove
Theorem 3. We do not use ¢ in the fourth-degree expression,
but keep in mind that we are close to the equilibrium. Of
course, it is assumed that b # 0.

3.1. Two Particles. This case is easy. It is well known that
the truncated to any order normal form of a two-degree-of-
freedom Hamiltonian is integrable. It remains only to verify
the KAM condition.

We have already brought the quadratic part of the
Hamiltonian in diagonal form. It is important that it is written
in the phonons (g, p).

1,5, 1 — —
H= L () [ara @ )
5 (25)
@ rea g+ 3).
Further, we perform a scaling

_ 1 _

SN —
ql 4a+4q1
P, — Va+4p,,
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_ 1 _
94— %42’
Py — %ﬁz’
(26)

which preserves the symplectic form. The Hamiltonian (25)
becomes

H= Y5 g) (R )

(27)

S

+_(a‘i , S0 j)
4 \a+4 va(a+4) a

Usually at this place one makes the following change of
variables:

(2 - w)), 9

j=1.2.
Since the frequencies Q; = Va+4, Q, = +/a are incom-
mensurable, the only resonant terms which remain are
2 .
zwj, (zjw;)" j = 1,2, zyw, 2w,

The other terms can be removed via symplectic near-identity
change. Therefore, the normal form of (25) up to order four

H=H,+H,is

— a+4 a
H= 2 zZyw; + TZzw2
(29)
2 2
N % (lel) + 4zlw1z2w2 (Zzwz)
32 a+4 \a(a+4) a

or, returning to the (g, p) coordinates, we get

Y g eg) s (5 2)

E:

b [(ﬁi @) (B3 (74 3)

Va(a+4) (30)

32 a+4

a

(B 3) ] |

This normal form is clearly integrable with quadratic first
integrals I; = fi + Q§, j=12.

Finally, introducing symplectic polar coordinates, which
are action-angle variables

q; = V2 cos @;,
ﬁj = \/211. sing;, (31)

j=12
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we get
H = Va+4I, + Val,

J®[ 4, L L (32)
8 |a+4 va(a+4) a

It can easily be checked that Kolmogorov’s condition is valid.

3.2. Three Particles. First, we make use of the phonons (g, p)
(as explained in Section 2) to transform the quadratic part of
the Hamiltonian (4) n = 3 in diagonal form

R 3,5 oy a
H= (B +B+p)+ 5= (@ +3) + 53

b 19 3 o2

T [E (q‘l‘ + c_le) +3qs + 6N24,q5 + 99,0 (33)
+18 () +33) % - 18V24,334; |

Further, the scaling

_ 1 _
dip — ﬁ‘h,z’

Py — 4V“‘*3pl,2’
(34)
_ 1 _
9 — %‘13’
Py — %pa
results in
Na+3, 5 5 5 _ N
H=———= P+ +p>+3)+~ (P5+3)
b |2@+%) @ evaga, | g
18| 2(a+3) a la(a+3) a+3  (35)
L@+ 3)a@  18v23,3,3,
Va(a+3) f/a(a+3)3

Passing to the variables (z;,w;), j = 1,2,3 (28), we notice

that there is an internal resonance between the frequencies

Q, and Q,. Therefore, the generators of the normal form are
zwj, j=1,2,3, and zyw,, z,w;.

After removing the nonresonant terms, the normal form of
the (33) up to order four H = H, + H, is

— +3
H= 2 (zyw; + zyw,) + —az3w3
2 2
2 2
+ b 27 (zyw; + zwy)" 9 (z3w5)
18 16 (a +3) 8a (36)

2
9(z,w, - zw, )
16 (a + 3)

9 (z,w; + zyw,) z3w;

2+/a(a+3)

>

5
or, returning to (g, p), we get
— Na+3,, 5 5 _ Na o,  _
H=——=(pi+q+p+4)+~ (P +4)
2 2 2 N2 2 N2
L30T rd)  (Pd)
2 16 (a + 3) 8a
(37)

P+ B+ a) (7 + )
2+/a(a+3)

(ﬁﬁz B z]lﬁz)z ] )

4(a+3)

This normal form is integrable with the following quadratic
first integrals:

—2 2 =2
Fy = p; +‘ﬁ+P2+‘1§>
G, = 51212 - %ﬁp (38)

2
I; = p3 +q;.

In order to introduce action-angle variables, we need to find
the set of regular values of the energy momentum map

EM: (q,p) — (F,G, I3). (39)

In fact, this is done in [4]. Denote by U, = {(F,,G;,1;) €
R? F, >0, |G,| < F,, I, > 0}. Then for all (F,,G,, I;) € U,
the level sets of EM ™' (F,, G,, I;) are diffeomorphic to 3-tori.

Let arg : R?\ {(0,0)} — R/27Z be the argument
function arg(r cos @, r sin @) — . Define the following set
of variables (F,, G,, I5, ¢, ¥, @3) Fy, G, I; as above and

1 — _ — _
¢ = 5 arg (_pz 9P %)
1 — _ — _
+ 5 arg(Pz —qppi t %) >
1 — = _
Yy = 3 arg (_Pz —qp P~ ‘b) (40)
1 — _ — _
3 arg(p, =G, Py +G5)»
Ps
(3 = arctan —.
’ qs

Using the formula darg(x,y) = (xdy — yclx)/(x2 + yz),
one can verify that (F;, G, I3, ¢, ¥, ;) are indeed canonical
coordinates ), dp; Aq; = dF, Ad$, +dG, Ady, +dI; Ndgs.

Then the truncated up to order 4 normal form as a
function of actions is

a+3 Va b[ 3F}

Fi+ —L+—|—02L
2 ' 277 2016@a+3)

E:

(41)

B Gk
2yJa(a+3) 4(a+3) 8a



Then one can easily check up that Kolmogorov’s condition is
valid.

Remark 5. If we seta = 1, we get
—2 | =2
(Pa + %)

— _ — _9\2 . _9\2
3@ @ P T)  (p+T)
2 64 8

N | =

— 2,2 5 — _
HZE(P1+‘1%+P2+‘1§)+

~—

(42)

L@ p+3) (P + 7))
4
_ (plqz — %Fz)z
16 ’

which is an example of an integrable KAM nondegenerate
normal form of 2:2:1 (or 1:2:2) Hamiltonian resonance
(see, e.g., [13]).

3.3. Four Particles. It turns out that the normal form of the
periodic KG lattice in the case of four particles is surprisingly
simple, no matter the internal resonance.

After transforming the quadratic part in diagonal form
and scaling

_ 1 _
——a

q13 ) 2‘11,3

2R Va + 2P, 5

_ 1 _
— —0,,
& a + 4q2 (43)

P, — Va+4p,,

_ 1 _
qy — %‘Iy

Py — \4/554

the Hamiltonian (4) n = 4 takes the form

va+2(§2 _2)+ \/a2+4

Va+2 5 a
+ ( )+

(73 + D)

B

B
> P3;t+4q; 5 (P4 + 613)
Lb|2@ra) @ a
8 (a+2) a+4 a
_ i,
129,954, 12q19,4,

{Ja(a+4)(a+2) ) YJa(a+4)(a+2)
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67, (7 +33)
Va(a+2)

6, (7 +33)
\(a+2)(a+4)

—2—2

6459,

! va(a+4)

(44)

There is an internal resonance between the frequencies (),
and Q5. In variables (zj,wj), j = 1,2,3,4, the generators of
the normal form are

zZ,w

jwj, and z,w;, zZ3w;.

However, as it is seen from (44), the variables g, and g, do
not couple, so the last two generators do not appear in the
normal form as if there are no resonances. After removing
the nonresonant terms, the normal form of (44) up to order
four H = H, + H, reads

(S}
Q
—+
S
Q
—+
(S}

+
2

N}

H= Zyw; +

3 (lel)z 3 (z2w2)2
4(a+2) 8(a+4)

b
t AWt g

45
3 (Z4w4)2 “

4(a+2) 8a

3z,w, (2w, + z;w;)
V2(@+2)(a+4)

3z,w,z,w,

Va@+4) |

3z,wy (z,w; + z3w;)

V2a(a+2)

or, in (g, p) variables,

EE )

va+2
+ 5 (p3+

(B3

63)+\/TE

H:

(Pi+a)

b[3@ @) 3@ea) ()
8 4(a+2) 8(a+4) 4(a+2)

Eew) 3@R) piraeriez)
8a V2 (a+2)(a+4)
+ﬂﬁ+ﬁﬂﬁ+ﬁ+%+%)
V2a(a+2)
L3 (7 +a) (Pa+as)
\2a(a+4) )

This normal form is integrable with integrals I; = ﬁ? +

q;, j = 1,2,3,4 and the action-angle variables are clear. The
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truncated normal form up to order 4 as a function of the
action variables is

VaiZ, Vavd  VavZ, &
1 2

H =
2 2 2 2
p[3(L+E) 35 3L
8| 4(a+2) 8(a+4) 8a
(47)
3L(I +I3) 3, (I + I5)
V2@+2)(a+4) +2a(a+2)
. 3L1,
V2a(a+4) ’

and the verification of the validity of the Kolmogorov’s
condition is straightforward.

3.4. Five Particles. There is a close resemblance between the
two cases of tree and five particles.

We transform the quadratic part of the Hamiltonian (4)
n = 5 using the phonons (g, p) and scale in the usual way.
Further, we use the notations Q) i for short. Recall that

-0, Yas )

2
\/ (5+5) (48)
Q,=0;=\a+ ——,
2
QS=\/E;

that is, Q) contains two internal resonances. The generators of
the normal form in (z, w) variables are

zZwj, j=1,...,5, and z wy, z,w;, 2,W;3, Z3W,.

Then the truncated up to order 4 normal form H = H, + H,
for (4) n = 5 reads

Qs

— O Q
H= 71 (zyw, + zyw,) + 72 (zyw, + zyw;) + <

b 2
T Z5Ws + T (2w, + z,w,)

o

1607

L0
16023

3
> (sts)

(2w, + Z3w3)2 + o3
80z

3 2
+ 1602 (7w — zgwy)” + —— 1602 (z3w5 — z3w2) (49)

+ m (zyw; + z,wy) (2w, + Z3w;)

3
+
20,04

(zyw, + z,w,) z5ws

3
20,0,

+

(23w, + z3w;) Z5Ws

or, written in the coordinates (g, p), it is
(P1+q1+P4+q4) 2(§§+ZI§+§§
Qs (o _

- (P +3:)

(B+@+P+q)

9
1602

9 /2 2 2 a\2
+ 160% (Pz +q, tp3t q3) + = 802 (Ps + qs)
50
2 Ga-an) - 2 Ga-an)
Y P94 —491P4 402 P93 — 9,P3

3 2 2 =2 2\ (=2 -2 —2

t o PP d) (R T Pt )
3 2

0.0, o (P1 +‘11 +P4 + ‘h) (Pg + qﬁ)

3
+
20,0,

(Br+@m+p5+35) (P + )

As it is seen, the above normal form is integrable with the
following first integrals:

R e
Fi=p+q,+p,+4y

—2 2 =2 2
F,=p,+q,+p;+q;

G, = 5154 - %54’ (51)
G, = pz‘_la - leﬁa’
I = ?é + ﬁg

In a similar way as in [4] and above treated case of tree parti-
cles, in the domain where the first integrals are independent,
we can introduce action-angle variables

(@ P) — (F1, By, G, Gy, Iss 1, 60, W1, V2o 95) (52)

where F;,G;, j=1,2areas above and

1 _ _ — _
¢] = E arg (_pS—j - q]’P] - qS—j)

1 - - - .
+5arg(P5—j_‘1j’Pj+%—j)’ j=12

1

vy = Larg (B

5 j=dp P~ qs—j) (53)

1 _ - = .
- zarg(p5,j ~4pP; +‘157j)> j=L2

@5 = arctan I_ﬁ

qs

As above one can verify that (F,,F,,G;,G,, L5, ¢, ¢,
Y1, ¥y, @5) are canonical coordinates. Then the truncated up



to order 4 normal form as a function of the action variables
is

—_ QO Q Q b 9 2
H=-F + 22F, + =] F
2 b g2t 10[1602(1)
9 2 3
E) + — (I G
160% ( 2) 80% ( 5) 492 ( 1)
X , (54)
2
— + F F,1
495( 2) 20,0, V2 20,0, 17
3
+—F215].
20,Q;

It is straightforward to check up whether the Kolmogorov’s
condition is valid.

Remark 6. Now, let us study the normal forms for the
exceptional cases, listed in the end of Section 2. Surprisingly,
the resonant terms corresponding to the resonant relations
(21), (22), and (24) are missing in H,. Solely the resonant
terms corresponding to the resonant relations (23) appear in
H, in the following way:

1542
80, /0,0

Therefore, the truncated normal form H = H, + H, for (4)
n=5anda =a;is

2 2 2 2
(zlwzw5 + Wy 2,25 — Wy2Z,25 — z4w2w5) . (55)

— Oy /0 5 2 _ Q,
H=t(pi+a+pi+d)+ 5 (P + 3+ P

9
1602

— Qs a0 _ b 2 —
+;) + 2 (P + ) + 15 (Pr+a+7;

—2\2 9 —2 2 —2 _2\2
+q4) + 160% (p2+q2+p3+q3) +802 (pS

—2\2 3 _ __\2 3 _
+ qs) - 40% (qu4 - Q1p4) - @ (qu3

~5,5) 5o o, (P a R @) (R+ 3 se)
+?§+ﬁ ) 2039 (P1 +q; +P4+Q4)(P2

_ 3 2
+CI§) ZQQ (P2+Q2+P3+Q3)(P§+qg)

+ i [2 (@205 + P245) (4191 — GaPs)
40, /0,0,

+ (9295 — P2Ps) (‘ﬁ - P? + Pﬁ - qi)]

It can be easily checked that the expressions (51) are no longer
first integrals for this normal form. The known integrals are
H, and H and that makes the integrability of this particular
resonant normal form unclear.
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3.5. Six Particles. In the diagonalized Hamiltonian system (4)
n = 6 we scale

1
Qs — W‘hs’

_ . _
Pis — Va+1ps

_ 1
Dy — \/aqu 4

Pag — Va + 3Ps4
(57)

1 _
T
Py — Va +4p;,

1 _
%%’
Ps — %56'

Recall that Q; = Qs = Va+1, Q, = Q, = Va+3, Q; =

Va +4, Qg = +/a; that is, in these cases we again have two

independent 1:1 resonances. In the variables (z;,w;), j =
., 6, the generators of the normal form are

zjw; and z,ws, W, 25, 2,Wy, Z4W,.

We normalize and find that the normal form H = H, + H,
up to order 4 is

— O Q Q
H= 71 (zyw, + z5ws) + 72 (zyw, + zyw,) + 73

6 b 27
= %W T 802 (lel + szS)

*Z3Wws + 5

2 2
+ = 802 (z,w, +Z4w4) + QZ (z3w;)

(st6)2 + 9 (z3w;3) (z5ws)

N 9 9z3w; (
402 Q0

QIQ3 !

9zswg

9
=% (23w, + z4wy) +
QIQG (58)

+ zZsws) +
5 5) QZQ

9zgwy
+ Z5Ws) +
5Ws) Q.0

(2w, + z4wy)
6

2
N 9 <z1w5 W Z5  ZW, — wzz4>
8 Q, Q,

9
+
20,0,

(zlwlz4w4 + Z,W,Z5Ws5 + 3z, W, 2, W,
+3z,w,z5ws — (zyws + W, 25) (Zw, + W,z,)

1
+ 5 (z1ws —w,25) 2wy — wzz4)>] .
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Before returning to the variables (g, p) we denote
=2 2 =2 =2
Fy=pi+q+ps+3s
-2 2 =2 =2
Ey=pytqy+py+d,
, (59)
-2, =2
I = p3+ 45
—2
Iy = Pg + Ge-

Then the truncated normal form H = H, + H, becomes

— Q Q Q Q 3F?
H:—1F1+—2F2+—3[3+—616+lz =
2 2 2 278|802
2 2
. 3_13222 + 1_32 + 1_62 FF, 4 L + LF,
8Q; 405 4Q; 20,0, O30, Q04
. LF, N IGF, N IeF, _l(fﬁs_%fs
0,0, Q0,0 Q0,0 2 Q,
TR 0
294 — “12r4 =2 | =22\ (72, =2
- Q, ) + 0,0, ((P1 + ql) (Pz + ‘12)
—2 2\ (=2 , =2
+ (P4 + ‘14) (Ps + QS)

-2 (qlqs + 5155) (5254 + 5254)
- (ﬁlqs - qlﬁs) (5254 - 5254))] .

This normal form is integrable: the independent first integrals
are

E)Fz’IyIé’G = (P95 — 94, P5) — (P94 — 4,P,) and
H,.

However, the construction of all action-angle variables is
unclear so far.

This finishes the proof of Theorem 3.

4. Concluding Remarks

This paper presents partial results on integrability of normal
forms of the periodic KG lattices.

We study the normal forms because the original systems
are nonintegrable. This is proven rigorously in the case of
two degrees of freedom (Theorem 2) and that is one of
the differences with the FPU chain. One can carry out the
nonintegrability proof for n = 3 in the same line, but with
more efforts. There is a technical difficulty to carry through
that proofin the higher-dimensions, however. The variational
equation (VE) does not split nicely and one needs either a tool
to deal with higher dimensional (NVE) or another particular
solution with the VE along it suitable enough. Nevertheless,
we claim that the periodic KG lattice is nonintegrable for all
nx2.

The calculation of the normal forms goes in the standard
way, because we treat only low dimensions. It is also facilitated

by the assumption an a. The result in Theorem 3 allows us
in most cases to view the periodic KG Hamiltonian (4) as a
perturbation of a nondegenerate Liouville integrable Hamil-
tonian, namely, the truncated up to order four Birkhoff-
Gustavson normal form. One can also verify the other KAM
condition, known as Arnold-Moser’s condition [6].

As a consequence we have found an integrable KAM
nondegenerate normal form of1: 2 : 2 Hamiltonian resonance
(see Remark 5).

The outcome of Theorem 3 suggests that when one
considers the integrability of the normal forms in higher-
dimensional periodic KG lattices, certain finite set of values
of a even in the domain (3) has to be ruled out initially. For
the values of this set there probably exist additional fourth-
order resonant relations, the corresponding normal forms are
probably more complicated than the generic ones, and, hence,
more difficult to study.

In any case, the results of this paper serve to understand
the lattices with many particles. We intend to study them
with the approach of Rink [4], based on using the symmetry
properties, which we also enjoy here, to construct suitable
normal forms.

Finally, we do not address here the symmetric invariant
manifolds in the KG lattices because they can be retrieved
from [14].

Appendix

Nonintegrability of Periodic KG
Lattice with »n=2

In this Appendix we give the proof of Theorem 2. It is based
on Ziglin-Morales-Ruiz-Ramis theory. The main result of this
theory merely says that if a Hamiltonian system is completely
integrable, then the identity component of the Galois group
of the variational equation along certain particular solution
is abelian.

In the applications if one finds out that the identity
component of the Galois group is noncommutative, then
this implies nonintegrability. However, if this component
turns out to be abelian, one needs additional steps to prove
nonintegrability as it is carried out below.

The necessary facts and results about differential Galois
theory and its relations with the integrability of Hamiltonian
systems, enough for our purposes, are written succinctly in
Section 2 in [15] and we do not repeat them here. We refer
the reader to [16-19] for a more detailed exposition.

The proof goes in the following lines. We obtain a
particular solution and write the variational equation along
this solution. It appears that the identity component of its
differential Galois group is abelian. In order to obtain an
obstacle to the integrability, we study the higher variational
equations. Their differential Galois groups are in principle
solvable. One possible way to show that some of them is not
abelian is to find a logarithmic term in the corresponding
solution (see [17, 18]). We obtain such a logarithmic term in
the solution of the second variational equation when b # 0.
Then the nonintegrability of the Hamiltonian system follows.
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Proof. Suppose b # 0. First we bring the quadratic part into
diagonal form. For this purpose we perform a symplectic
change of variablesin (5)q=Yq, p=Yp, q=(q1,9,), P =
(p> py) with Y = (1/v/2) (1) (see Section 2). In the
new coordinates the Hamiltonian reads (we skip the bars for
simplicity here)

1 1
H = 5(pf+p§)+§ [(4+a)qf+aq§]
) (A1)
+ (@ 641 + ).
Remark A.1. The Hamiltonian (A.1) is of the form
1 1
H = 5 (Pf + Pg) + 5 [“1‘1? + “2@2]
(A.2)

b
+ (4 +64iq, + a3).

which is known to be integrable when «; = «, (see, e.g., [20]
and the references therein). However, this is not the case here.
We did not succeed in finding a nonintegrability proof for the
case oy # ,; that is why we present it here.

It is also assumed that throughout this Appendix all
variables are complex: t € C, q; € C, p; € C, j = 1,2.
The following proposition is immediate.

Proposition A.2. The Hamiltonian system corresponding to
(A.1) admits a particular solution

q?(t):sn<\]a+4+gt,k>,

d (A.3)
ﬁm=aﬁm,

a4 (1) = p; (1) = 0,
where sn is the Jacobi elliptic function with the module k =

V(=b/2)/(4 + a + b/2). O

It is straightforward that T} = 4K/+/a+4+b/2 and
T, = 2iK'/~Ja+4+b/2 are the periods of (A.3). Here K,
K' are the complete elliptic integrals of the first kind. In
the parallelogram of the periods, the solution (A.3) has two
simple poles

- iK'
! va+4+ b/z’
(A.4)
2K +iK’
t, =

x/a+4+b/2.

Denoting by E;.l) = dq;, ;1;.1) = dp;, j = 1,2, the vari-
ational equations (VE) (written as second-order equations)
are

EV =+ +3b(q o) ]&,  (as)

6D =~ [a+3b(qd () ] €. (A.6)
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Since dH = pj(0n” + (4 + ) (0E" + blg (1)’
does not depend on (Eé”, 11;”), then (A.6) stands for normal

variational equation (NVE); to be more specific:

EV 4 |:a +3bsn’ <\/4 +a+ gt,k>] £V =0, (A7)

This equation has regular singularities at ¢, ,; that is, it is a
Fuchsian one.

From the expansion of the sn in the neighborhood of the
pole t;, we have

0 1 1 4+a 3
(t) = + t—t)+c(t—t
4 2 lt-1, 6 (t-t)+c(t-1)
(A.8)
+d(t—t1)5+---],
where ¢ is an arbitrary constant and
11 4 Pa
=— _6+4C+_a+ac+a_+a_ (A9)
14| 27 9 9 108

It is not difficult to see from (A.7) and (A.8) that the indicial
equation [21] at ¢ = ¢,

r(r-1)-6=0 (A.10)

has roots r; , = -2, 3 (compare with the expansions below).
Therefore, the monodromy around t, is trivial and can not
serve as an obstacle to integrability [22, 23] (similarly for the
monodromy around t,).

In fact, we can say more about the identity component of
the Galois group of (VE) (A.5), (A.6). Notice that each of the
variational equations (VE) is a Lamé equation in Jacobi form.

Proposition A.3. The identity component of the differential
Galois group of (VE) (A.5), (A.6) is abelian.

Proof. The analysis is facilitated by the fact that (VE) is
split into two second-order differential equations with the
coefficients in the field of elliptic functions.

Let us start with the first equation (A.5) (the consideration
of the second equation is similar). It is straightforward that
one solution of (A.5) is 53 = q‘f(t). This solution belongs to
the field of the coefficients. The other linearly independent
solution is

dt
(1) (1)
51}2 = 51,11 J )2’ (A.11)

which does not belong in general to the coefficient field. Then
the identity component of its Galois group is isomorphic to
(4 7). Therefore, the identity component of the Galois group
of (VE) is isomorphic to

1 000
v 1 00

, Vv, €C
0010

00w 1

(A.12)

and it is clearly abelian. O
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In what follows we need the expansions around ¢, of the
fundamental systems of solutions with unit Wronskians for
(A.5) and (A.6). For the expansions of (A.5) we get

1 4
2 s(t-t,)?

(t-ny 6

8+ 6a ac a* a 4
- +2c+—+—+—|(t-t;)
27 2 18 216 (A.13)

‘f(l) _

1 3
5512) = g(t_tl) +

and similarly for (A.5)
1 1 8+ a _a+ 6 —9c
g,l) = 2 - 6 (t_t )
(t-t,)
N 56 + 11a B 91c + 9ac _a_z_a_3
27 18 54 216 (A.14)
t-t) e,

1 3
- Lonye

One can see that these expansions are in fact convergent since
t, isaregular singular point (cf. [21]). Hence, the fundamental
matrix X(¢) of (VE) is

£ 5 0 o
(1) £(1)
X (t) _ f1,1 f1,2 0 0
h 0 0 E(l) (1) ’
2,1 2,2
(1) £(1)
0 0 £2,1 2,2
I (A.15)
#(1 1
El 2 1,2 0 0
X' = N

£(1) (1)
0 0 522 52,2
00 &)

Now, let us consider the higher variational equations
along the particular solution (A.3). We put

0 1 202) | 3¢
ql:ql(t)+s€§)+sf§)+s£§)+---,

P=49 (A.16)
qZ=O+sE2 +s£(2)+s€(3)

P2 =G

where ¢ is a formal parameter and substitute these expressions
into the Hamiltonian system governed by (A.1). Comparing
the terms with the same order in & we obtain consequently
the variational equations up to any order.

1

The first variational equation is, of course, (A.5), (A.6).
For the second variational equation we have

£(2) (2)
&7 =n"s
2
’752) [4+a+3b (q? (t)) ]Eiz) + K,
) _ @)

1 =~ a3 (@ 0F] 8 4 K,

(A.17)

where

K, = —3bq(1) (t) [(£§1))2 N (Egl))z] ,

K, = ~6bay (1) §,78;.

In this way we can obtain a chain of linear nonhomogeneous
differential equations

9 = A0 E 4 £ (£,

(A.18)

), (A.19)
k=1,2...,

where A(t) is the linear part of the Hamiltonian equations
along the particular solution and f; = 0. The above
equation is called kth variational equation (VEy). If X(¢)
is a fundamental matrix of (VE,), then the solutions of
(VEy), k > 1, can be found by

V=X, (A.20)

where

e=X) fi (A.21)
Let us study the local solutions of (VE,). In our case f, =
(0,K;,0, KZ)T and from (A.15) we get

XL 1, _( (1)K1>E(1)K1’ E(I)KpKz) ) (A.22)
We are looking for a component of X' (t) f, with a nonzero
residuum at ¢ = ¢,. This would imply the appearance of a

logarithmic term. Indeed, the residue at t = ¢, of E&)Kz with
the specific representatives is

Res,,, (-6b&3q) (1) ENED)

6b a’ a_2 d4a 3ac 73c+16

— t+—+—+—+
\-bj2 [252 21 21 7 63

Since ¢ is an arbitrary parameter, we choose it in such a way
that the expression in the square brackets does not vanish for
a > 0. There are many such values of ¢, say ¢ = 1. Recall that
by assumption b # 0, we have obtained a nonzero residuum at
t = t;, which implies the appearance of a logarithmic term in
the solutions of (VE,). Then its Galois group is solvable but
not abelian. Hence, we conclude the nonintegrability of the
Hamiltonian system (5).

(A.23)
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