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ABSTRACT

We describe practical approaches to measuring flexion in observed galaxies. In particular, we look at the issues
involved in using the shapelets andHOLICs techniques as means of extracting second-order lensing information.We
also develop an extension of HOLICs to estimate flexion in the presence of noise and with a nearly isotropic PSF.We
test both approaches in simple simulated lenses, as well as a sample of possible background sources, from ACS
observations of A1689. We find that because noise is weighted differently in the shapelets and HOLICs approaches,
that the correlation between measurements of the same object is somewhat diminished, but the two approaches
produce similar scatter due to measurement noise.

Subject headinggs: cosmology: observations — galaxies: clusters: general — galaxies: photometry —
gravitational lensing

1. INTRODUCTION

1.1. Motivation

Flexion has recently been introduced as a means of measuring
small-scale variations in weak gravitational lens fields (Goldberg
& Bacon 2005; Bacon et al. 2006, hereafter B06). Rather than
simply measuring the ellipticities of arclets, this technique aims
tomeasure the ‘‘arciness’’ and ‘‘skewness’’ (collectively referred
to as ‘‘flexion’’) of a lensed image. Flexion is a complementary
approach to shear analysis in that it uses the odd moments (third
multipole moments, for example) to compute local gradients in a
shear field. B06 have discussed how flexionmay be used to iden-
tify substructure in clusters, to normalize the matter power spec-
trum on subarcminute scales via ‘‘cosmic flexion’’ (as an analog
to cosmic shear), and to estimate the ellipticity of galaxy-galaxy
lenses. As a practical application, flexion has already been used
to measure galaxy-galaxy lensing (Goldberg & Bacon 2005) and
is presently being used in cluster reconstruction (A. Leonard et al.
2007, in preparation).

However, there have been several difficulties in the estimation
of flexion on real objects. First, the flexion inversion is difficult
to describe, contains an enormous number of terms, and thus is
rather daunting to code. Second, there has been little discussion of
the explicit effects of point-spread function (PSF) convolution
or deconvolution. Finally, unlike shear, there has, until recently,
been no simple form to even approximate what the flexion is.

The remainder of this paper will thus be a practical guide to
measuring flexion in real images.We begin, below, by reminding
the reader of the basic terms involved in flexion analysis. In x 2,
we review shapelet decomposition and discuss some of the is-
sues involved in using shapelets to measure flexion. In x 3, we
discuss a new, conceptually simpler, form of flexion analysis de-
veloped by Okura et al. (2007), which uses moments, rather than
basis functions to measure flexion. They call their technique higher
order lensing image’s characteristics, or HOLICs. We refine the
HOLICs approach somewhat and develop a KSB (Kaiser et al.
1995)-type approach using a Gaussian filter to perform an inver-
sion, aswell as describe a technique for PSF deconvolution. In x 4,
we discuss comparisons of the two techniques using simulated
lenses and simulated PSFs. In x 5, we compare shapelets and
HOLICs inversions on HST images. Finally, in x 6, we discuss
the implications of this study.

In the Appendix, we also present the explicit HOLICs in-
version matrix, so the reader can write his/her own code. He/she
need not do so, however, as all codes discussed herein are
available from the flexion Web site.1

1.2. Flexion

What is flexion? Conceptually, flexion represents local vari-
ability in the shear field that expresses itself as second-order
distortions in the coordinate transformation between unlensed and
lensed images:

�i ’ Ai j�j þ
1

2
Dijk�j�k ; ð1Þ

with

Di jk ¼ @kAi j; ð2Þ

where @k is shorthand for @/@xk. Here, A is the normal depro-
jection operator:

A ¼
1� �� �1 ��2

��2 1� �þ �1

� �
; ð3Þ

and thus, the second term on the right-hand side in equation (1)
represents the flexion signal. D may be written as

Di j1 ¼
�2�1;1 � �2;2 ��2;1

��2;1 ��2;2

� �
; ð4Þ

Di j2 ¼
��2;1 ��2;2

��2;2 2�1;2 � �2;1

� �
:

These distortions create asymmetries in a lensed image—a
skewness and a bending, depending on the values of individual
coefficients. Irwin & Shmakova (2005, 2006) describe a similar
lensing analysis technique in which the elements of D are re-
ferred to as ‘‘catenoids’’ and ‘‘displacements.’’

1 See http://www.physics.drexel.edu /~goldberg /flexion.
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B06 describe an inversion whereby one can estimate the in-
dividual components and thus measure two ‘‘flexions’’:

F � @��; ð5Þ

G ¼ @�; ð6Þ

where @ is the complex derivative operator:

@ ¼ @1 þ i@2: ð7Þ

Figure 1 is reproduced from B06 and shows the effect of a first or
second flexion on a circular source.

An object with first flexion, F , appears skewed, while an
object with second flexion, G, appears arced, especially if the im-
age has an induced shear as well. The first flexion has an m ¼ 1
rotational symmetry and thus behaves like a vector. In particular,
it is a direct tracer of the gradient of the convergence:

F 1 îþ F 2 ĵ ¼ :�; ð8Þ

where F 1 is the real component and F 2 is the imaginary part (as
with the second flexion and, as the standard convention,with shear).

The second flexion has anm ¼ 3 rotational symmetry, although
unlike the first flexion, it has no simple physical interpretation like
that of the first flexion. It is, however, roughly proportional to the
local derivative of the magnitude of the shear. A more complete
discussion of flexion formalism can be found in B06.

2. SHAPELETS DECOMPOSITION

2.1. Review of Shapelets

Measurement of flexion ultimately requires very accurate
knowledge of the distribution of light in an image. The shapelets

(Refregier 2003; Refregier & Bacon 2003) method of image re-
construction decomposes an image into 2D Hermite polynomial
bases:

f (a) ¼
X
n;m

Bnm(a) fnm: ð9Þ

This technique has a number of very natural advantages. In the
absence of a PSF, all shapelet coefficients will have equal noise.
Moreover, the basis set is quite localized (Hermite polynomials
have a Gaussian smoothing filter) and thus is ideal for modeling
galaxies. Furthermore, the generating ‘‘step-up’’ and ‘‘step-down’’
operators for the Hermite polynomials are simply combinations
of the xi and @i operators.
Refregier (2003) shows that if we decompose a source image,

f, into shapelet coefficients, the transformation to a lensed image
may be expressed quite simply as

f 0 ¼ 1þ �K̂ þ � jŜj
� �

f ; ð10Þ

where the various lensing operators are

K̂ ¼ 1þ 1

2
â
y2
1 þ â

y2
2 � â21 � â22

� �
;

Ŝ1 ¼
1

2
â
y2
1 � â

y2
2 � â21 þ â22

� �
;

Ŝ2 ¼
1

2
â
y
1â

y
2 � â1â2

� �
; ð11Þ

ây and â are the normal step-up and step-down operators, re-
spectively, and the subscript refers to the directional component
of the coefficient (i.e., 1 for the first, or x-component, and 2 for
the second, or y-component). Note that in the weak-field limit,
these operators indicate that power will be transferred between

Fig. 1.—Lensed images corresponding to pure first or second flexion, shear, or magnification (B06).
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coefficients with indices j�nj þ j�mj ¼ 2, which preserves sym-
metry, as well as keeping the image representation in shapelet
space compact.

InGoldberg&Bacon (2005), similar (albeit more complicated)
transformswere found relating the derivatives of shear.We do not
reproduce the full second-order operators here, as they are written
in full in the earlier work, but we point out some key features.
First, some of the elements in the operators have an explicit depen-
dence on the (unlensed) quadrupole moments of the light distri-
bution. This is due to a relatively subtle effect not present in shear
analysis. Since the flexion signal is asymmetric, the center of
brightness in the image plane will no longer necessarily correspond
to the center of brightness in the source plane, and since the shapelet
decomposition is performed around the center of light, we need
to correct for this.

Most important, however, is the fact that second-order lensing
terms yield transfer of power between indiceswith j�nj þ j�mj ¼
1 or 3. To second order, then, a lensed image can be expressed as

f 0 ¼ 1þ �K̂ þ � jŜj þ Ŝ
2ð Þ
i j �i; j

� �
f : ð12Þ

Flexion analysis assumes (as does shear analysis) that the in-
trinsic flexion is random, and thus all ‘‘odd’’ (defined as nþ m)
moments are expected to be zero. Thus, from a set of shapelet co-
efficients, a best estimate for the flexion signal may be found via
�2 minimization, where

�2 � �n1m1
� fn1m1

þ �iŜ
1ð Þ
i þ �i; j S

2ð Þ
i j

� �
f n 0

1
m 0

1

h i

; V�1
n1m1n2m2

�n2m2
� fn2m2

þ �iŜ
1ð Þ
i þ �i; j S

2ð Þ
� �h i

; ð13Þ

Vn1m1n2m2
is the covariance matrix of the shapelet coefficients,

and �nm is the ‘‘unlensed’’ estimate of a shapelet coefficient. For
odd modes, this is zero. For even modes, the relative effect of
shear is typically much smaller than the intrinsic ellipticity of an
image; thus, it makes sense to set �nm ¼ fnm.

2.2. Effective Estimation of the Flexion

Although the form looks quite complicated, computing the flex-
ion is very straightforward. A simplified pipeline may be written
as follows:

1. Generate a catalog of objects and, for each, excise an iso-
lated postage stamp.

2. Compute the shapelet coefficients of the postage stamp.
3. Deconvolve the postage stamp with a known PSF kernel.
4. Compute the transformation matrices associated with each

of the four flexion operators, solve the�2 minimization (eq. [13])
for �i; j, and estimate the flexion.

We discuss each of these steps in turn below. The data used for
this analysis were taken usingHSTand the Advanced Camera for
Surveys (ACS), and in the particular context of cluster lensing.
In this context, the galaxies in which we are interested are po-
tentially blended with much larger and brighter foreground ob-
jects.We discuss the specific properties of our data catalog in x 5,
but many of the issues involved are quite generic.

2.2.1. Catalog Generation and Postage Stamp Cutout

The first step in the process, the generation of a catalog and
postage stamps, seems quite straightforward. For some data sets,
such as the Sloan Digital Sky Survey (York et al. 2000), the data
release includes an atlas of precut postage stamps. For other ap-
plications, such as in relatively shallow galaxy-galaxy or cosmic

shear/flexion studies, fields will be relatively uncrowded, and thus,
simple application of widely used packages such as SExtractor
(Bertin & Arnouts 1996) can be used.

When fields are crowded, however, and contain a wide range
of brightnesses and sizes, the catalog generation becomes more
complicated. It has been noted by Rix et al. (2004) that in general,
a single set of SExtractor parameters is insufficient for detection
of all the objects of interest within an image; setting the source
detection threshold too low will result in excessive blending near
bright objects, whereas a high threshold results in a failure to de-
tect fainter sources. Rix et al. describe a two-pass strategy for
object detection and deblending involving an initial (‘‘cold’’)
pass to identify large, bright objects, followed by a lower thresh-
old (‘‘hot’’) pass to pick up dimmer objects. Their final catalog
consists of all the objects detected in the cold run, plus any ob-
jects detected in the hot run that do not lie within the isophotal area
of any object detected in the first pass.

This technique works well to prevent spurious deblending by
SExtractor in images in which there is significant substructure.
However, when dealing with crowded fields (such as clusters of
galaxies) the largest problem in catalog generation is excessive
blending of sources, particularly in the central region. To remedy
this, we use a modified version of this hot /cold technique. Our
method consists of a primary SExtractor run to detect only the
brightest objects. In a lensing field, especially in a lensing cluster,
these bright objects will tend to be the lenses. Making use of the
rms maps generated during this SExtractor run, we mask out the
bright objects by setting the pixel values to background noise,
and thus simulate an emptier field.

We then run SExtractor on the masked image, using a much
lower detection threshold, to create a catalog of background ob-
jects. Since shape estimation including both flexion and shear
have a minimum of 10 degrees of freedom, we require at least 10
connected pixels above the detection threshold, although in re-
ality, we are unlikely to be able to get a reliable measurement from
an image with fewer than 15 included pixels. We then discard all
objects for which reliable shape estimates cannot be found.

For each remaining object, a postage stamp is generated. Ideally,
this should identify any neighboring objects and mask them out
(by setting their pixel values equal to background noise). Our post-
age stamp code also identifies objects that are blended by using a
friends-of-friends algorithm to find sets of connected pixels that
are a certain threshold (typically 2Y3 � for the stacked images de-
scribed below) above the background. If there is any overlap
between the object of interest and another object within the field
of the postage stamp, we consider the source to be excessively
blended and exclude it from further analysis.

2.2.2. Shapelet Decomposition

Shapelets can be an extremely compact representation of an
individual image. However, in reality, they are a family of basis
functions. There is a characteristic scaling parameter, �, which
represents the width of the Gaussian kernel in the basis-function
Hermite polynomials:

Bnm(a) / exp � �21 þ �22
2�2

� �
: ð14Þ

In principle, while all values of � will yield an orthonormal basis
set, some values produce a dramatically faster reconstruction in
terms of the number of coefficients required to reach convergence.
Moreover, in reality we do not want to reconstruct all details in an
image. Structure on the individual pixel scale may simply repre-
sent noise.
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From a practical perspective, our goal is to optimize selection
of � and the maximum coefficient index, nmax. Refregier (2003)
suggests the following parameters:

� ’
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�min�max

p

nmax ’
�max

�min

� 1; ð15Þ

where �min and �max represent theminimum andmaximum scales
of image structure, respectively.

R.Massey (2006, private communication) has found that rather
than performing overlap integrals to solve for the shapelet co-
efficients (as was done, for example, in the analysis of Goldberg&
Bacon [2005]), the ideal approach is to do a �2 minimization of
the reconstructed imagewith the original postage stamp. Thismay
seem complicated, and it is. Fortunately, a shapelets package is
available in IDL at the shapelets Web site.2

For our sample of co-added, background-subtracted,HSTACS
images of Abell 1689, we find that �min ¼ 0:4 pixels and �max ¼
1:8(a2 þ b2)

1/2
give good shapelet reconstructions, where a and b

are the semimajor and semiminor axes, respectively, of the galaxy
as measured by SExtractor. However, it is important to note that
these parameters are somewhat dependent on the noise level in the
images.

For a sky-limited sample, we have found that the optimal choice
of �min scales approximately linearly as the ratio of the flux to the
rms sky noise. We have looked at this scaling in a sample of gal-
axies detected with ACS (and which we describe in greater detail
below), each of which was imaged in four frames. Prior to stack-
ing of these frames, we found that �min ¼ 0:75 produced low �2

and convergencewith small values of nmax. After stacking, �min ¼
0:4 was required. This makes sense, since the noisier our image,
the more prone we might otherwise be to fitting complex poly-
nomials to what is, essentially, noise.

Roughly, the processing time for a decomposition scales as
�4max, as �max determines both the postage stamp size and the
maximum order of the shapelet decomposition. Due to the high
resolution of our images, we encountered a number of objects
for which nmax was so large that the decomposition time became
prohibitive. We opted to regrid images with nmax > 50 into larger
pixels by taking the mean of the pixel values in square bins, the
size of which is determined by bin size ¼ nmax/50. This number
was rounded up for objects with 50 < nmax � 75.

A flexion measurement is then carried out using the �2 min-
imization technique described previously. However, we have
found that truncating the shapelet series prior to the flexion mea-
surement yields a more accurate and robust measure of the flex-
ion than using the full series. Excluding the higher order shapelet
modes avoids contamination of the flexion signal by small-scale
substructure and by noise (particularly in dimmer objects). We
exclude all shapelet modes with n > nmax/5 in our flexion mea-
surement. This effectively increases �min to 2 pixels, without
affecting the accuracy of the reconstruction.

2.2.3. PSF Deconvolution

One of the complications in measuring properties of lensed
images is that, in practice, they are convolved with a PSF:

f (a) ¼
Z

d 2�0 P(a� �0) f (0)(a): ð16Þ

In principle, the PSF can be estimated through measurement of
stars, but in deep, small-field, high galactic latitude observations,
stars may be scarce, and thus, PSF estimation may rely partly on
numerical analysis of the instrument (e.g., the Tiny Tim algorithm;
Krist 1993).
In reality, however, this should rarely be an issue. Estimations

of the PSF flexion from Tiny Tim yield values of �aF;PSF ’
7 ; 10�4. This represents the maximum induced flexion which
can arise from convolution with the PSF and is still several or-
ders of magnitude lower than the scatter in intrinsic flexion of
galaxies.
We are not surprised by this since, for example, PSF distor-

tions arising from variable sizes in chips is likely to scale as the
variation in PSF ellipticity. In ACS, chip distortions produce
ellipticities of order 1% and vary on scales of hundreds of pixels,
producing an induced flexion of �10�4 pixel�1. From the ground,
the atmospheric distortions are expected, on average, to be even
more isotropic.
There is another reason to suppose that PSF flexion contribu-

tions will be unimportant. In shear measurements, the PSF el-
lipticity typically varies smoothly and somewhat symmetrically
around the center of a field, mimicking (or partially reversing)
the overall behavior of the expected shear field. Since flexion
probes smaller scale effects, the induced flexion by the PSF will,
on average, cancel out.
This is not to say that we cannot deal with PSF flexion inver-

sion. Refregier (2003) describes an explicit deconvolution algo-
rithm (see also Refregier & Bacon 2003, and references therein).
In shapelet space, equation (16) can be rewritten as

fnm ¼
X

n 0m 0n 0 0m 0 0

Cnmn 0m 0n 0 0m 0 0Pn 0m 0 f
(0)
n 0 0m 0 0 ; ð17Þ

where Cnmn 0m 0n 0 0m 0 0 is the two-dimensional convolution tensor:

Cnmn 0m 0n 0 0m 0 0 (�; �; � ) ¼ 2	(�1)nþminþmþn 0þm 0þn 0 0þm 0 0

;

Z
d 2xBn 0 0m 0 0 (x=�)Bn 0m 0 (x=� )Bnm(x=� ); ð18Þ

and � , �, and � are the characteristic scales of f (0), P, and f,
respectively. We may then define a PSF convolution matrix as

Pnmn 0m 0 �
X
n 0 0m 0 0

Cnmn 0m 0n 0 0m 0 0Pn 0 0m 0 0 : ð19Þ

If only low-order terms in the convolution matrix are included, it
may be inverted to perform a deconvolution via

f (0)
nm ¼

X
n 0m 0

(P�1)nmn 0m 0 fn 0m 0 : ð20Þ

This provides a good estimate of the low-order coefficients, but
high-order information is lost. An alternative inversion scheme
involves fitting the observed galaxy coefficients using a �2

minimization scheme. Refregier &Bacon (2003) note that the �2

scheme may be more robust numerically and can take full ac-
count of variations in the noise characteristics across an image
(although it is strictly only valid in the case of Gaussian noise). It
is this scheme that is implemented in the shapelets IDL software.

2.2.4. Flexion Inversion

If the shapelet coefficients are statistically independent (as
they will be in the absence of an explicit PSF deconvolution),
formal inversion of the flexion operator is quite straightforward.2 See http://www.astro.caltech.edu /~ rjm /shapelets/.
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Under these circumstances, we also have the benefit that the mea-
surement error for each moment is identical (see Refregier 2003
for discussion).

Noting that, inmost galaxies, the coefficients corresponding to
the nþ m ¼ even moments will be much larger than the odd mo-
ments (and, indeed, upon random rotations, the latter will neces-
sarily average to zero), we can dramatically simplify equation (13).
First, we define the susceptibility of each odd moment as

� fn 0m 0;i j ¼ Ŝ
(2)
i j fnm;

where fnm represents all of the even coefficients and n0m0 rep-
resents all of the odd coefficients. Thus, we wish to solve for the
relation

X
n 0m 0

( fn 0m 0 � �i; j� fn 0m 0;i j)
2 ¼ minimum; ð21Þ

where the first term is taken directly from measurement. Taking
the derivatives and rearranging, we find

X
n 0m 0

fn 0m 0� fn 0m 0;i j ¼ �i; j
X
n 0m 0

(� fn 0m 0;i j� fn 0m 0;i 0j 0 ); ð22Þ

which can readily be inverted to solve for �i; j.
In practice, however, there are a number of issues that must be

considered. First, if the PSF or pixel scale are relatively large com-
pared to the minimum resolution scale of an image, then many of
the high-order moments returned by shapelets decomposition
will, in fact, not have any information. Thus, the above inversion
will yield a systematic underestimate of the true image flexion.
Above, we describe a truncation that minimizes this effect.

While the flexion inversion is, at its core, linear algebra, it
involves an enormous number of terms. We have thus provided
an inversion code for shapelets estimates of flexion along with
examples on the flexion Web site.

3. HOLICs ANALYSIS

3.1. Higher Order Moments

Okura et al. (2007) recently related flexion directly to the third
moments of observed images. This is a significant extension of
flexion and verymuch along the lines of Goldberg&Natarajan’s
(2002) original work, which talked about arciness in terms of the
measured octopole moments. Throughout our discussion, we
use the following notation:

Qi j ¼
1

F

Z
�i � �i
� �

�j � �j
� �

f að Þ d 2a; ð23Þ

to refer, in this case, to the unweighted quadrupole moments, with
all higher moments being defined by exact analogy. In this con-
text, F refers to the unweighted integrated flux.

They define the complex terms


 � (Q111 þ Q122)þ i(Q112 þ Q222)

�
ð24Þ

and

� � (Q111 � 3Q122)þ i(3Q112 � Q222)

�
; ð25Þ

where

� � Q1111 þ 2Q1122 þ Q2222: ð26Þ

These terms are collectively referred to as HOLICs.
If a galaxy is otherwise perfectly circular (i.e., no ellipticity),

and in the absence of noise, then the HOLICs may be directly
related to estimators of the flexion (subject to an unknown bias
of 1� �). Namely,

F ’ 4
�

9� � 6 Q2
11 þ Q2

22

� � ; ð27Þ

G ’ 4�

3
; ð28Þ

where the latter term in the denominator of F does not appear in
the Okura et al. (2007) analysis. Goldberg & Bacon (2005) show
that a flexion induces a shift in the centroid proportional to the
quadrupole moments. In order to correctly invert the HOLICs,
this term needs to be incorporated explicitly. The simplicity of
the extra term results from an approximation of near-circularity.

The beauty of this approach is that it gives us a very intuitive
feel for what flexion means in an observational way. We thus in-
troduce the term skewness to the intrinsic properties of a galaxy
asmeasured from equation (27)whether or not the galaxy is other-
wise circular, and whether or not it is lensed. The skewness may
be thought of as the intrinsic property, much as the ‘‘ellipticity’’
is the intrinsic property related to the ‘‘shear.’’ Likewise, the in-
trinsic property associated with equation (28) is referred to as the
arciness.

In reality, however, equations (27) and (28) are not sufficient
to perform a flexion estimate even if a galaxy has an ellipticity of
only a few percent. Okura et al. (2007) provide a general rela-
tionship between estimators for flexion and HOLICs, although
the relation is best expressed in matrix form:

M

F 1

F 2

G1

G2

0
BBB@

1
CCCA ¼


1


2

�1

�2

0
BBB@

1
CCCA; ð29Þ

whereM is a 4 ; 4matrix consisting of elements proportional to
sums of Qi jkl and Qi jQkl, the former of which can be found by
explicitly expanding the expressions in Okura et al., and the
latter of which is again derived from the shift in the centroid. For
the convenience of the reader, we write out the explicit form of
M in the Appendix.

It may be seen by examining the elements of M why this in-
version must be done explicitly for even mildly elliptical sources.
For fully circular sources, it may be seen by inspection thatM is
diagonal. However, when a source has an ellipticity even as small as
10%, it can be shown that jM11j ’ jM12j, and thus equations (27)
and (28) are no longer even approximately correct.

3.2. Gaussian Weighting with HOLICs

The application of the HOLICs technique would be trivial if
there were no measurement noise. In the presence of noise, and
especially when the sky dominates, measurement of unweighted
moments is inherently quite noisy. In a case where we are mea-
suring the third and fourth moments, it is even more so.

KSB (see also a nice review by Bartelmann& Schneider 2001)
developed perhaps the most comprehensive approach to dealing
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with the second moments (the ellipticity) with noisy observing
and with a (potentially anisotropic) PSF.

Our approach is similar. We have only worked with a Gauss-
ian window thus far, but the approach is generalizable for any cir-
cularly symmetric weighting.We thus define a window function:

W (a) ¼ 1

2	�W

exp � �21 þ �22
2�2

W

� �
; ð30Þ

where the origin is taken to be the center of light, and the integral
is normalized to unity. Furthermore, we define the weighted
moments as, for example,

Q̂11 ¼
1

F̂

Z
�1 � �1
� �2

f að ÞW að Þ d 2a: ð31Þ

We can thus redefine all HOLICs and moments similarly. We
have found through experimentation (see below) that for a sky
noiseYlimited source, a reasonable value of �W is 1.5 times the
half-light radius.

If we were to simply replace all elements inM, 
, and � from
equation (29) with their weighted counterparts, we would not get
an unbiased estimate of the flexion. There are two corrections.
One has to do with the fact that the centroid shift will differ from
the unweighted case to the weighted case. Consider an extreme
scenario in which the window width is arbitrarily small and in
which the unlensed image was circularly symmetric with a peak
at the center. In that case, the centroidwill essentially remain at the
center (peak brightness) even if the unweighted moments shift.

Thus, compared to the unweighted moments, the centroid will
shift

��l ¼

P
ijk
Di jk Q̂i jkl

�2
W

; ð32Þ

where we have used the explicit fact that for a Gaussian

dW (a)

d�i
¼ � �i

�2
W

W (a): ð33Þ

The other correction has to do with the fact that although lens-
ing preserves surface brightness, it does not preserve total flux.
This is normally related by the Jacobian of the coordinate trans-
formation. However, when considering a window function, we
need consider that transformation explicitly:

W (� ) d 2� ¼ @�

@�

����
����W (� ) d 2�; ð34Þ

as used by Okura et al. (2007), and where we have simply mul-
tiplied both sides by the factorW (� ). In this context, � refers to
the image coordinate in the source plane. Ignoring the terms pro-
portional to shear (which cannot be directly addressed by this
method at any rate), we have the approximate relation

W (� ) ’ W (� )þ 1

2
Di jk�i�j

dW

d�k
; ð35Þ

or as we have already asserted,

W (� ) ’ W (� )� 1

2
Di jk

�i�j�k
�2
W

W (� ): ð36Þ

Note that the latter term contains an odd number of position ele-
ments, and thus, coupling to the generating equations for 
 and �
produces contributions of sixth moments in M:

�Q̂i jk ¼ � 1

2
Dlmn

Q̂i jklmn

�2
W

; ð37Þ

which, in turn, must be corrected for. We may thus say that

M̂ ¼ M Q̂i j; : : :
� �

þ�M; ð38Þ

where the latter expression can also be found in the Appendix.

3.3. PSF Correction in HOLICs

As with our discussion of shapelets, above, we must also
consider PSF deconvolution in our HOLICs pipeline. We define
the PSF function in equation (16), and all unweighted moments
of the PSF are denoted by Pi j, etc. In principle, because of the
higher signal-to-noise ratio of the PSF, the unweighted moments
are easier to estimate than the moments of the detected image.
While we argued, above, that the induced flexion from a PSF is
likely to be small, it is still the case, as with shear, that the PSFwill
reduce themeasured flexion. Let us first consider the case inwhich
wewere able tomeasure the unweightedmoments of both the PSF
and the observed image. It is straightforward to show that

Qi j ¼ Q
(0)
i j þ Pi j: ð39Þ

Thus, it may be computed via the relation

Qi j ¼
1

F

Z
�i�j f

0ð Þ �0ð ÞP �� �0ð Þ d 2� d 2�0; ð40Þ

and making the substitution,

�00 ¼ �� �0; ð41Þ

yields

Qi j ¼
1

F

Z
�0i�

0
j þ �00i �

00
j þ �0i�

00
j þ �00i �

0
j

� �
f 0ð Þ �0ð ÞP �00ð Þd 2�0d 2�00:

ð42Þ

It is straightforward to show that this yields equation (39).
Similarly, it may be shown that

Qi jk ¼ Q
(0)
i jk þ Pi jk : ð43Þ

However,

Q1111 ¼ Q
(0)
1111 þ P1111 þ 6Q

(0)
11P11; ð44Þ

with a similar expression for Q2222, and

Q1122 ¼ Q
(0)
1122 þ P1122 þ Q

(0)
11P22 þ Q

(0)
22P11; ð45Þ

provided we assume the PSF is nearly circular.
Furthermore, if we look only at nearly circular sources, then

we may estimate the flexion using the forms in equations (27)
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and (28). Again, assuming unweighted moments, zero PSF, and
intrinsic flexion, we find

F̃i ¼ F i

9� 0ð Þ � 6 Q
0ð Þ2
11 þ Q

0ð Þ2
22

� �
9� � 6 Q2

11 þ Q2
22

� � ; ð46Þ

where F i is an unbiased estimate of the flexion and F̃i is the es-
timated flexion if one does not include the correction for the PSF.
However, the normalization constant may be estimated directly
from combinations of the PSF second and fourth moments, and
the unweighted moments of the image. Since this term represents
something like the overall radial profile of the source, the un-
weighted moments can be estimated even under noisy conditions.
Similarly, the second flexion may be estimated as

G̃i ¼ Gi

�(0)

�
: ð47Þ

Although we have derived these relations for a nearly circular
source, we have found that they provide a good correction even
when the PSF and intrinsic image size are comparable, and when
ellipticities for the source image are " ’ 0:2.

4. SIMULATED LENSING

Which approach is better, shapelets or HOLICs? From a sig-
nal perspective, the shapelets technique is better. It is designed to
provide optimal weighting and return an optimal signal-to-noise
ratio. Moreover, as described above, inversion of the PSF is a
straightforward and well-designed process. In the absence of
noise, the two techniques produce very similar results.

On the other hand, theHOLICs technique has several practical
advantages, especially for large surveys. For one, the HOLICs
code is typically much faster than shapelets. For an N pixel
image, the HOLICs technique is an O(N ) calculation, whereas
the shapelets is O(N2). In addition, some values of � produce
very bad reconstructions, and hence, minimization of �2 can be
time-consuming and may not converge to a minimum.

As a simple test, we created images with brightness profiles of

I(r) / exp ½�(r=r0)
n�; ð48Þ

and although we found similar results for a reasonable range of
exponents, the results presented below are for n ¼ 1:5. We have

used a constant source ellipticity, typical of those observed in the
field, " ¼ 0:2, and had measurement errors which were domi-
nated by sky brightness. In each case, we had no intrinsic arci-
ness or skewness (that is, the flexion of the unlensed objects were
zero), since our aim was to measure the response of each of the
estimators to lensing.

We then artificially lensed each of our simulated images,
added sky noise, andmeasured the flexion using both theHOLICs
and shapelets techniques. The noise is fixed throughout this dis-
cussion, as is the strength of the flexion signal. It is clear, however,
that all relevant signal-to-noise ratio valueswill scale linearlywith
the strength of the lensing signal and inversely with sky noise.

4.1. Optimizing the HOLICs Scale Factor

Our first questions is, what is the optimal value of CW , such
that:

�W ¼ CWrh; ð49Þ

where rh is the half-light radius? Ideally, we would like an un-
biased estimator of the flexion that also has very little scatter. It is
clear that the larger the value of CW , the larger the scatter will be
(in general), since we will be measuring more and more of the
noisy sky. However, the smaller the CW , the less accurate will be
our measure of the real shape of the galaxy. Figure 2 bears this
out. There is an optimal value of CW around 1.5, which reflects a
balance between minimizing measurement errors, as well as any
measurement bias inherent in the technique.

With shapelets, we find a systematic underestimate of 11% in
the first flexion and an overestimate of 12% in the second flex-
ion. We find a scatter of about 12% in both. This is very similar
in magnitude to the results found by an ‘‘optimal’’ HOLICs
analysis.

4.2. Correlation of HOLICs and Shapelets Measurement Error

Since both HOLICs and shapelets give similar measurement
errors at fixed sky noise, it is worth considering whether we ex-
pect measurement errors between the two techniques to be cor-
related. Even in these idealized circumstances, uncorrelated errors
would mean that there is significant information in the images that
is not being used. In Figure 3, we show the correlation in uncer-
tainty between our CW ¼ 1:5 HOLICs estimates and our shape-
lets estimates.

Fig. 2.—Fractional error in the mean (left) and standard deviations (right) of the measured, simulated first flexion (solid line) and second flexion (dashed line), as
discussed in the text.
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For the first flexion, in particular, the correlation is quite high,
with a Pearson correlation coefficient of 0.86. The correlation in
measurements of the second flexion is much lower, with G ¼
0:23. Why do they not have perfect correlation? The two tech-
niques weight various components of the signal (and, thus, the
noise) differently, and therefore have a slightly different response
to the noise.

This general trend is borne out with observed objects as well,
in which we see much higher correlation between measurements
of the first flexion than the second flexion between the two
techniques.

4.3. PSF Deconvolution

Finally, we can simulate PSF deconvolution. Using a Gauss-
ian PSF with a characteristic size somewhat larger than the in-
trinsic image (the correction factor described in eq. [46] is 2.7),
we distorted and then recovered the flexion estimates from im-
ages of increasing intrinsic ellipticity. This analysis is done in the
absence of sky noise, and thus, any errors in shape recovery rep-
resent a systematic effect. We show the fractional errors in mea-
surement of the first and second flexion in Figure 4. Since it is
possible to estimate the systematic error for a combination of
measured shear and PSF shape, it is advisable to those wishing to
make high-precision flexion measurements to take this empirical
correction into account.We find that, despite the fact that the PSF
correction is based on an assumption of circularity, it continues
to produce a good result even if the image has an intrinsic el-
lipticity as high as 0.3.

5. MEASUREMENT OF FLEXION ON HST IMAGES

5.1. Sample Selection and Pipeline

We also compare the two approaches to flexion inversion
on real objects. Our data consist of four HSTACS cosmic-ray-
rejected images of Abell 1689 using the F625W Wide Field
Camera (WFC) filter (R band). Each image was taken by H. Ford
duringHSTCycle 11 and has an exposure time between 2300 and
2400 s. The observations are described in detail in Broadhurst
et al. (2005).

Using the SWarp software package,3 these four images were
co-added to create a single ‘‘full’’ R-band image. We also gen-
erated two independent ‘‘split’’ images for comparison purposes
by combining only two of the original images. The images are
background-subtracted, aligned, resampled, then projected into
subsections of the output frame using a gnomonic (or tangential)
projection, and combined using median pixel values.
Each image undergoes a primary SExtractor run designed to

detect only the foreground objects (cluster members and known
stars). This detection is carried out using the cross-correlation util-
ity in SExtractor, which allows us to specify the locations of the
foreground objects. Our foreground object catalog was generated

Fig. 3.—Scatter plots showing the fractional random errors in first flexion (left) and second flexion (right) fromHOLICs (x-axis) and shapelets ( y-axis). The correlation
is quite high for the first flexion, with a Pearson correlation coefficient of F ¼ 0:86, and G ¼ 0:23.

Fig. 4.—Fractional error in the recovered flexion estimate using a Gaussian
PSF with scale of order the size of the intrinsic image. Note that errors increase
with increasing ellipticity, but produce reasonable errors (�25%) in both the first
flexion (solid line) and second flexion (dashed line). No measurement noise is
included in these calculations, and thus, this result represents the systematic error
in measurement.

3 See http://terapix.iap.fr.
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using a combination of spectroscopically confirmed cluster mem-
bers (Duc et al. 2002) and identification by eye of foreground ob-
jects that were later confirmed as such by use of the NASA/IPAC
Extragalactic Database (NED), as well as clearly identifiable stars
in the field. These objects are then masked out as described pre-
viously, and a second SExtractor run carried out.

A catalog of objects is then generated, using only those objects
that were detected in both of the split R-band images.Wemeasure
the flexion in our catalog objects using both the truncated shape-
lets method (described above) and the HOLICs approach, and
then compare themeasurements by computing Pearson correlation
coefficients between the different estimates in the full image. We
also compute correlation coefficients betweenmeasurements taken
using the same technique in the two split images. This gives us an
estimate of the robustness of the measurement technique.

When computing the correlation coefficients, we include only
objects with a > 3 pixels and consider only the brightest half of

our catalog objects. In order to exclude extreme or erroneous
measurements, we require (ajF j) < 0:2 and (ajGj) < 0:5.

5.2. Results

Figure 5 shows a comparison of the HOLICs and shapelets
estimates of flexion in the full image. Both F and G have a pos-
itive correlation, with a Pearson correlation coefficient of 0.17
forF and 0.12 for G. In addition, both methods yield similar stan-
dard deviations for both first and second flexion.

This is what we expected from our simulated results above.
Clearly, if flexion represents any real signal, the two techniques
should be correlated, and, as we showed in our simulated results,
the correlation in first flexion is higher than in second flexion.
But the correlation in our measured results is lower than in the
simulated ones. Why? In part, this is due to a relatively noisy
field. We have found that selections on brighter magnitudes and
larger objects improves the correlation somewhat. In part, however,

Fig. 5.—Scatter plot of the values of F and G as measured using a truncated shapelets technique and a HOLICs (or moments) method in the full stacked image.

Fig. 6.—Comparison of HOLICs measurements of F and G in the split images.
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this is due to what we mean by flexion. Recall that the shapelets
andHOLICs analysis of flexion involveweighting differentmodes
in different ways. Real, unlensed galaxies will have odd modes
which are not necessarily correlated in a simple or obvious way.
Lensing, of course, produces a significant correlation, and thus, a
population of significantly lensed objects (for which the majority
of the flexion is due to lensing) would be expected to have a more
correlated flexion. This is similar to the casewithweak shear anal-
ysis in that the signal-to-noise ratio from a typical object is usually
less than 1.

We can test this hypothesis directly by comparing the mea-
surements in the split images and estimating the flexion in both
using the same technique. Any discrepancies between the two
ought to be the result of photon noise rather than intrinsic com-
plexity in the structure of the third moments.

Figure 6 shows a comparison of the HOLICs measurements
made on each of the split images. These measurements are well
correlated: the Pearson correlation coefficient here is 0.37 for F
and 0.23 for G. In Figure 7, we see a comparison of the shapelets
measurements in these images, which for F appear to be more
strongly correlated. The Pearson correlation coefficients here are
0.58 for F and 0.18 for G.

As motivated above, most of the ‘‘noise’’ in our measurements
comes from the intrinsic distribution of flexion within our sample.
Indeed, using the HOLICs approach, we find

�ajF jþnoi ¼ 0:05; ð50Þ

�ajGjþnoi ¼ 0:08: ð51Þ

The distribution function may be seen in Figure 8. Note that this
result includes noise. However, we may estimate the relative ef-
fect of photon noise on this scatter by using correlation between
frames. That is,

�ajF j ¼
ffiffiffi


p
�ajF jþnoi: ð52Þ

And thus, we find that our best estimate of the intrinsic scatter in
first flexion is

�ajF j ¼ 0:03 ð53Þ

(as found in Goldberg & Bacon 2005) and

�ajGj ¼ 0:04: ð54Þ

The combination ajF j represents a dimensionless term and thus
is independent of distance.
It should also be noted that since these measurements are taken

within a cluster, the signal is included aswell, and onemight ques-
tion whether it is reasonable to estimate the intrinsic variability of
flexion from lensed images. The intrinsic scatter in flexion was
originally measured in Goldberg & Bacon (2005), and we merely
confirm the result here. However, this is a reasonable thing to do,
as flexion drops off much more quickly than shear, and thus, even
within a rich cluster, the flexion signal is dominated by individual

Fig. 7.—Truncated shapelets measurements of F and G in the split images.

Fig. 8.—Histogram of ajF j and ajGj for ourmeasured sample. This represents
an estimate of the intrinsic distribution of flexion among our source population.
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galaxies. Even at a separation of 100, the flexion from even a very
massive 300 km s�1 galaxy on an a ¼ 0:400 source is about 0.05,
approximately the level of the intrinsic flexion. Such separations
are relatively rare, however.

6. DISCUSSION

We have endeavored to present a detailed guide to measuring
flexion in real observations, with a focus on space-based imaging.
In the process, we have taken a look at two different approaches to
measuring flexion: shapelets and HOLICs, with an eye toward
which approach is ‘‘better.’’ From an idealized perspective of max-
imal signal-to-noise ratio, the answer is simple. Shapelets produces
a mode-by-mode comparison that optimally averages to produce a
unique estimate of flexion. However, this result is complicated
somewhat in two limits: blending, which affects larger objects,
and PSF convolution, which affects smaller ones.

When images are blended, it is clear that we benefit by giving
extra weighting to those pixels near the center of the object. In
that sense, HOLICs can be said to produce more robust results.
Likewise, despite an explicit PSF deconvolution algorithm, ap-
plying the flexion inversion using shapelets results in inclusion
of small-scale power that has been blended away through the at-
mosphere or instrument. We have discussed, above, how this
might be alleviated by only using relatively low order modes

from the reconstruction in the estimate of flexion. However, doing
so comes at the expense of some (but by no means all) of the
signal-to-noise ratio advantage from shapelets. Indeed, even using
a relatively truncated form of the shapelets analysis still produced
greater correlation between independent images of the same ob-
jects and, thus, cleaner estimates of the flexion.

However, one complication in the shapelets analysis is pro-
ducing a good shapelets decomposition in the first place. While
R.Massey’s shapelet code comes with an optimization routine to
find the best-fit scaling parameter, �, the shapelet decomposition
runs several orders of magnitude slower than HOLICs. For very
large lensing fields, this may prove a significant limitation, and
thus, HOLICs provide a fast, physically motivated, reasonably
reliable alternative.
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David Bacon, and Sanghamitra Deb, and thank Richard Massey
for thoughtful comments and the use of his shapelets code. We
would also like to thank the anonymous referee whose comments
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APPENDIX

EXPANDED COEFFICIENTS FOR HOLICs ANALYSIS OF FLEXION

In equation (29), we state that the flexion may be solved via inversion of the relation

y ¼ Mx; ðA1Þ

where x is a vector of the desired flexion estimators and y is the measure of the third-order HOLICs. Here, we show the explicit form
of M:

M11 ¼
1

4
9þ 8�1ð Þ � 33Q2

11 þ 14Q11Q22 þ Q2
22 þ 20Q2

12

4�
;

M12 ¼ 2�2 �
32Q12Q22 þ 32Q11Q12

4�
;

M13 ¼
1

4
2�1 þ k1ð Þ � 3Q2

11 � 2Q11Q22 � Q2
22 � 4Q2

12

4�
;

M14 ¼
1

4
2�2 þ k2ð Þ � 2Q11Q12

�
;

M21 ¼ 2�2 �
32Q12Q22 þ 32Q11Q12

4�
;

M22 ¼
1

4
�8�1 þ 9ð Þ � Q2

11 þ 14Q11Q22 þ 20Q2
12 þ 33Q2

22

4�
;

M23 ¼
1

4
�2�2 þ k2ð Þ � �2Q12Q22

�
;

M24 ¼
1

4
2�1 � k1ð Þ �

Q2
11 þ 4Q2

12 þ Q11Q22 � 3Q2
22

� �
4�

;

M31 ¼
1

4
10�1 þ 7k1ð Þ �

3 11Q2
11 � 10Q11Q22 � Q2

22 � 20Q2
12

� �
4�

;

M32 ¼
1

4
�10�2 þ 7k2ð Þ � 3 8Q11Q12 � 32Q12Q22ð Þ

4�
;

M33 ¼
3

4
�

3 �2Q11Q22 þ Q2
11 þ Q2

22 þ 4Q2
12

� �
4�

;
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M34 ¼ 0;

M41 ¼
1

4
10�2 þ 7k2ð Þ � 3 32Q11Q12 � 8Q12Q22ð Þ

4�
;

M42 ¼
1

4
10�1 � 7k1ð Þ �

3 Q2
11 þ 20Q2

12 þ 10Q11Q22 � 11Q2
22

� �
4�

;

M43 ¼ 0;

M44 ¼
3

4
�

3 �2Q11Q22 þ Q2
11 þ Q2

22 þ 4Q2
12

� �
4�

; ðA2Þ

where, as defined in Okura et al. (2007), we use

� � (Q1111 � Q2222)þ 2i(Q1112 þ Q1222)

�
; ðA3Þ

k � (Q1111 � 6Q1122 þ Q2222)þ 4i(Q1112 � Q1222)

�
: ðA4Þ

Note that � ¼ 0 and k ¼ 0 for all circularly symmetric distributions and even those with no ellipticity but with flexion.
If we apply a Gaussian weighting with width, �W , to our moment measurements, thenM should be computed using the weighted

moments. In addition, the following terms must be added:

�M11 ¼
�3Q111111 � 6Q111122 � 3Q112222 þ 3Q22Q1122 þ 9Q11Q1111 þ 6Q12Q1112 þ 9Q11Q1122 þ 6Q12Q1222 � 3Q22Q1111

4��2
W

;

�M12 ¼
�3Q111112 � 6Q111222 � 3Q122222 þ 3Q22Q1112 þ 9Q11Q1222 þ 3Q22Q1222 þ 6Q12Q1122 þ 9Q11Q1112 þ 6Q12Q2222

4��2
W

;

�M13 ¼
�Q111111 þ 2Q111122 þ 3Q112222 � 3Q22Q1122 þ 3Q11Q1111 þ 2Q12Q1112 � 9Q11Q1122 � 6Q12Q1222 þ Q22Q1111

4��2
W

;

�M14 ¼
�3Q111112 � 2Q111222 þ Q122222 þ 6Q12Q1122 þ 9Q11Q1112 � 3Q11Q1222 þ 3Q22Q1112 � Q22Q1222 � 2Q12Q2222

4��2
W

;

�M21 ¼
�3Q111112 � 6Q111222 � 3Q122222 þ 6Q12Q1122 þ 3Q11Q1112 þ 9Q22Q1112 þ 3Q11Q1222 þ 9Q22Q1222 þ 6Q12Q1111

4��2
W

;

�M22 ¼
�3Q111122 � 6Q112222 � 3Q222222 þ 6Q12Q1112 þ 3Q11Q2222 þ 6Q12Q1222 þ 9Q22Q1122 þ 3Q11Q1122 þ 9Q22Q2222

4��2
W

;

�M23 ¼
�Q111112 þ 2Q111222 þ 6Q122222 � 6Q12Q1122 þ Q11Q1112 þ 3Q22Q1112 � 3Q11Q1222 � 9Q22Q1222 þ 2Q12Q1111

4��2
W

;

�M24 ¼
�3Q111122 � 2Q112222 þ Q222222 þ 9Q22Q1122 þ 3Q11Q1122 � Q11Q2222 þ 6Q12Q1112 � 2Q12Q1222 � 3Q22Q2222

4��2
W

;

�M31 ¼
�3Q111111 þ 6Q111122 þ 9Q112222 � 9Q22Q1122 þ 9Q11Q1111 � 18Q12Q1112 þ 9Q11Q1122 � 18Q12Q1222 � 9Q22Q1111

4��2
W

;

�M32 ¼
�3Q111112 þ 6Q111222 þ 9Q122222 � 9Q22Q1112 þ 9Q11Q1222 � 9Q22Q1222 � 18Q12Q1122 þ 9Q11Q1112 � 18Q12Q2222

4��2
W

;

�M33 ¼
�Q111111 þ 6Q111122 � 9Q112222 þ 9Q22Q1122 þ 3Q11Q1111 � 6Q12Q1112 � 9Q11Q1122 þ 18Q12Q1222 � 3Q22Q1111

4�� 2
W

;

�M34 ¼
�3Q111112 þ 10Q111222 � 3Q122222 � 18Q12Q1122 þ 9Q11Q1112 � 3Q11Q1222 � 9Q22Q1112 þ 3Q22Q1222 þ 6Q12Q2222

4��2
W

;
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�M41 ¼
�9Q111112 � 6Q111222 þ 3Q122222 þ 18Q12Q1122 þ 9Q11Q1112 � 9Q22Q1112 þ 9Q11Q1222 � 9Q22Q1222 þ 18Q12Q1111

4�� 2
W

;

�M42 ¼
�9Q111122 � 6Q112222 þ 3Q222222 þ 18Q12Q1112 þ 9Q11Q2222 þ 18Q12Q1222 � 9Q22Q1122 þ 9Q11Q1122 � 9Q22Q2222

4�� 2
W

;

�M43 ¼
�3Q111112 þ 10Q111222 � 3Q122222 þ 18Q12Q1122 þ 3Q11Q1112 � 3Q22Q1112 � 9Q11Q1222 þ 9Q22Q1222 þ 6Q12Q1111

4�� 2
W

;

�M44 ¼
�9Q111122 þ 6Q112222 � Q222222 þ 9Q22Q1122 þ 9Q11Q1122 � 3Q11Q2222 þ 18Q12Q1112 � 6Q12Q1222 þ 3Q22Q2222

4��2
W

:
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