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Abstract We consider a special 2k-order modulus of continuity Woai(f, h) of
2m-periodic continuous functions and prove an analog of the Bernstein—Nikolsky—
Stechkin inequality for trigonometric polynomials in terms of Wo;. We simplify the
main construction from the paper by Foucart et al. (Constr. Approx. 29(2), 157-179,
2009) and give new upper estimates of the Jackson—Stechkin constants. The inequal-
ity War(f, h) <3| flleo and the Bernstein—Nikolsky—Stechkin type estimate imply
the Jackson—Stechkin theorem with nearly optimal constant for approximation by
periodic splines.
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1 Introduction

The paper is devoted to the question of equivalence of two types of direct theorems
in approximation theory:

(a) the case of smooth functions (Favard estimates);
(b) the case of arbitrary continuous functions (Jackson—Stechkin estimates).

We show that the Jackson—Stechkin inequality with the optimal constants follows
from the Favard inequality (see the proof of Theorem 2 and (5.3)). The main tool in
the proof of this statement is the function W5, measuring the smoothness of an inte-
grable periodic function. Modulus Wy is the special case of the generalized modulus
of smoothness introduced by H. Shapiro [2, 15]. This characteristic is more delicate
than the standard modulus of continuity of order 2k. The function Wy allows us to
obtain asymptotically sharp results for the approximation by Favard-type operators.
For example, we obtain the Jackson—Stechkin inequality for the periodic splines with
constants close to optimal.

The following two facts play a key role here:

1. Uniform (in k) boundedness of operators Wo:
Wor(f, h) <3| fll, feC(M), h>0.

2. The Bernstein—Nikolsky—Stechkin inequality in terms of Woy.

The paper is organized as follows. In the second section, we introduce notation. In
the third section, we consider the smooth characteristic Wo; and prove the uniform
boundedness of Wy, (Lemma 1). The technical details of the proof can be found in
the Appendix. Section 4 is devoted to the analog of the classical Bernstein—Nikolsky—
Stechkin estimate in terms of Wy (Theorem 1). The next important result in the paper
is Theorem 2, which gives a simple and general proof of the Jackson—Stechkin theo-
rem. We improve and simplify the main constructions from [9]. In the fifth section, we
introduce Favard-type operators and show that Favard-type operators give Jackson—
Stechkin theorems with almost optimal constants. That result is a consequence of
the sharp inequality for the trigonometric approximation. We will show that to prove
Jackson—Stechkin theorems with almost optimal constants, it is sufficient to obtain a
Favard-type inequality (Theorem 3). Theorem 4 is devoted to approximation by peri-
odic splines. Finally, we give in Theorems 5 and 6 the classical almost sharp variants
of Theorems 1 and 3.

2 Notation

Let I denote either a one-dimensional torus T = [—m, 7) = R/(27Z) or the real line
R = (—00, 00), and let L(I) be the space of integrable functions f : [ — R with the
norm || fllL@ = fH | f ()] dt. The space of continuous 2 -periodic functions with the
norm

I£1l =1 fllcery = max{| f ()| : 1 € T}
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is denoted by C(T). In this paper, we are interested in the approximation of a real
continuous function f € C(T) by trigonometric polynomials T € T, of degree n:

n
T(x) = Z ajexp(ijx), oj=0a_;.
j=—n

By * we denote the convolution operation in L(R) (see [16, Chap. 1, Sect. 1]):

(f*g)(x) = /R fx—1)g@)dt,

and by ® the periodic convolution operation in L(T) (see [10, Chap. 1, Sect. 1.5.4],
[4, Chap. 3, Sect. 3.1]):

(f®g)(x) = /T Fr— gt dt.

Let x5 (x), h > 0, be the characteristic function of the interval (—h /2, h/2) nor-
malized in L(R):

1/h, xe(=h/2,h/2),

0,  x¢(=h/2,h/2), fRXh(f)df:l- @1

Xn(x) = {

We will use the well-known periodization method (see [16, Chap;7, Sect. 2,
(2.1)]), which for a given f € L(R) provides the 277 -periodic function f from L(T)
by the formula

fo)y=)_ fx+2mj),

=
and (see the proof of Theorem 2.4 from [16, Chap. 7, Sect. 2])
Iflce < I fle@.  f€L®). (22)
For a nonnegative f € L(R), the inequality (2.2) changes to the equality
Il =fl@. feL®), f=0. (2.3)

For example, the 27 -periodization of yj, is given by the formula

Xn(x) =Y xn(x +2mj),
JEZ

and (2.1), (2.3) imply that || X7 || LTy = 1 for each & > 0. The Fourier series for X}, is

Xn(x) = % Zsinc( jh/2)exp(ijx) = %B + Zsinc( jh/2)cos jxj|, (2.4)

JEL j=1
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where
. sin x .
sinc(x) := —— forx #0, sinc(0) := 1.
X
Following [14, Chap. 3, Sect. 2, (IIL, 2; 96)], we write
) = ), Fre) = (f* fO D)) forr=2,3,..., feL[R);
' ®Px) = g), g ®Px) = (g ® g(r_l)®)(x) forr=2,3,..., ge L(T),

and consider the convolution squares

F(1=5D. xe(=hh),

2% —
n(x) =X, (x) = 0, x ¢ (=h,h);

(2.5)

~ - 1 .
n(x) =3 () = - 3 sinc(jh/2) exp(ijx) = 3 dn(x +27)).  (26)
JEZL JEL

To prove equalities (2.6), it is sufficient to apply (2.4) and properties of periodic con-
volution (see [4, Part 3, Sect. 3.1]). Notably, the convolution f &® g of the functions
f, g from L(T) belongs to L(T), and for the Fourier coefficients of the convolution
we have the following identity:

(f/®\g)j=2ﬂ-$j-f; for all j € Z,

where we use the standard notation for Fourier coefficients of f € L(T):

ﬁ::l—/funqm4ﬂym jez.
27‘[’1[*

The last equality in (2.6) follows from the general fact about periodization (see [16,
Part 7, Sect. 2, Theorem 2.4, Corollary 2.6]).
Note that (2.3), (2.5), (2.6) imply that

Ipnll L) = lIdnller) = 1 2.7)

for each h > 0.

3 Special Modulus of Continuity

For fixed & > 0 and k € N, consider the following operator from C(T) to C(T):
1

Wok (f,x, h) = (—1)"@ /R AR FObn (1) dt, (3.1)
k

where

k
. 2k
AFfx =" (—1)’+"<k +j)f(x +j1)

j=k
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is a central difference of order 2k with the step 7. The following representation is
valid (cf. [9, Sect. 3]):

Wor(f,x, h) = f(x) = (f % Ag,p)(x). (3.2)
Here
k .
Aen(@) =23 (=17 ajpn(x), (33)
j=1
2%k
() 1 x|
aj:=——, dinx)= .—<1 -—— ., u4 :=max{u, 0}. 3.4
e Tl Al
For a 2 -periodic function f € C(T), this gives the following representation:
War(f, x, 1) = f(¥) = (f ® Aew) (), (3.5)
where
k .
Aen@) =D Anx +210) =23 (=D a;dx). (3.6)
Lel j=1
Note that for the positive numbers a; =aj(k), j =1, ..., k, we have
k ' k 22k
23 (-1ita; =1, 2Za,-=@—1xx/£ (3.7)
Jj=1 j=1 k

The formulas (2.6), (3.6) and the first equality in (3.7) imply that
/ Aepn)dx=1 fork=1,2,3,....
T

‘We will show that
| AxnllLery <2 forallh>0andk e N.

Forh > 0and f € C(T), let

War(f, h) := suglf(x) —(f ® A )| = [Wa(f, - B, (3.8)
xe

W3 (f.8) := sup Wa(f. h). (3.9)
O0<h<$§

The definitions (3.8), (3.9), and (3.1) imply that

1 1
Wa(f, 8) < W3 (£, 8) < == sup | A7 f|| = - 0 (f,8), [ € C(T), 8>0.
=)

()| (%)
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Lemmal Ifh >0,k e€Nand f € C(T), then
Wor(f, h) <3| fIl.
Proof For every h >0 and f € C(T), we have (see (3.2)-(3.6))

Wk (f. %, h) = f(x) = (f ® Apn)(x) = f(x) = (f % Aep) (), (3.10)

where

k
2 . 2k \ 1 x|
Aen(¥) == j(—l)/“( .).—(1—.—) :
) = k—=j)jh Jh) 4

First, consider the case kK = 1. In this case, we have (see (2.5), (2.6))

1 x|
A],h(x) =¢p(x) = Z(l - 7) s
J’_

An) =300 = Y ntx + 2)) = % 3 sine* /2 exp(ij).
JEZL JEZL

From this and from (2.7), we obtain
1AL ALy = 1ALl L) = 1,
Walf. )= 1f = f® Avall < (L4 1 Aualeen) ILF I =20 £
Wo(f, h) <2| fll forh=>0.

Hence, Lemma 1 in the case k = 1 is proved.

Letk € N, k > 2. Itis sufficient to consider the case 4 = 1. In this case, Ay := Ak 1
is an even, piecewise linear function (see Fig. 1) with vertices at the points (i, b; ),
i=—k,..., k, where

b—i,k:bi,kv i:O,...,k_l, b—k,k:bk,k:()y

2w\ & 2k 1 ;
bi,k=2< ) Z( .>(—1)J“—.<1—i), i=0,... k-1
k k—j j J

j=i+1

and

The inequalities (see Appendix, Lemma A)
k

(—D'bix >0, |bikl > bivial, D Ibjxl <2, i=0.... k-1,
o

imply (see (3.8), (3.10), and (2.2)) that

Wa(f, )y =I1f = f® Acall < (1+ 1 Acallien) 11

@ Springer



Constr Approx (2013) 38:339-364 345

Fig. 1 Function A3(x)

k
Akl < Vel = [ [Aca®]dr < Y10y <2
R X
J=0

Now Lemma 1 is completely proved. g

Remark 1 1t is clear that the exact constant in Lemma 1 is equal to 1 + || Ag 1 ||L(®)-
We have the following estimates of ny := || Ag, 1| (r) for small k > 2:

n2=53/45, n3~1.26, ng~131, nip~142, nigo~1.58, nsp~1.63.

4 Bernstein—Nikolsky—Stechkin Inequality

The Bernstein—Nikolsky—Stechkin inequality [17] (see also [10, Theorem 3.5.3], [3,
p- 131, (12.1)]) is the generalization of the classical Bernstein inequality for trigono-
metric polynomials

|z <n"lzll, reN, teT,. 4.1

The Bernstein—Nikolsky—Stechkin inequality is given by

[=[ =n" (2sin@mh/2)) 7 | A5,

h e (0,27/n), 4.2)

where

A fx) =) (=1 (;)f(x + jh —rh/2).

j=0
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Note that in the case r = 1, h = 7 /n, the inequality (4.2) was proved by M. Riesz
[12, §4] in 1914.
Lete;(x) :=exp(ijx), ¢j(x) :=cos(jx). Itis easily seen that

Wor(ej, x, h) =Ap r(j)ej(x), Wai(cj, x, h) = Apr(jcj(x), j€EZ,

where

22k _]Lt 2k
Mk () = Wa(cj, h) = @ /R<Sin7> ¢n(u)du.
k

Lemma 2 For o € (1, 2], we have the following inequality:

4(a—1)
Wor(cn, am/n) > 2 4.3)
For o =2, we have in (4.3) equality.
Proof
2 (2R\ T[T n n
Wok(cp,am/n) =22 sin“(nt/2)—\| 1 — —1t | dt
k 0 (%4 (%4

2\ 2 [mes? 2
=222’<< ) —f sinZk(u)(l——u)du
k o Jo To
26\ 7! 2
=222’<< ) —1.
k oI
Set s := ma /2. We have
/2 s
I=/ +/ =L+Dh
0 /2

/
/2 f— 2 s—m/2 —t— 2
= / (cos t)2k<u> dt + f (cos t)Zk(M) dt
0 s 0 s

1 /2 _ 2 /2 s—m/2
= —/ (cost)2kt dt + s—n/ |:f COSZk(t) dt +/ cosZk(t) dti|
s 0 0

S Js—n/2 N
/2 ¢ —7/2 — /2 [7/2
= / (cost)2k<— - ﬂ) dt +2S 7/ / cos?* (1) dt
s—1/2 s N Ky 0
—m/2 [7? -1 2k
k.l f cos? (1) dr = L% ( )71. .
s 0 o k

The main result in this section is the following analog of the Bernstein—Nikolsky—
Stechkin inequality.
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Theorem 1 Ift €T,,k,n €N, then

@) < ___ﬁfi___w@k(f,hL h € (0,2n/n]. 4.4
Wai(cn, h)
In particular,
”TOMHS__ff__n%MQHLan/m, ae(1,2].
d(a—1)

It is clear that Theorem 1 is sharp. We have the equality in (4.4) for T = ¢,.
Theorem 1 implies Bernstein’s inequality (4.1) for even derivatives. This follows
from Lemma 3.

Lemma3 IfteT,, k,neN,then

Wor(z, h)

Watery <7l e (0.m/@m).

Proof of Theorem 1 Theorem 1 follows from Lemmas 4, 5 below. Specifically, if

T(x)= Y Tej(x),

j=—n
then

W (t.x,h) =Y Ma(j)Tje;(x)

j=—n

and

n n
[t =| 32 P Te )| =| 30 Pk hk(T e ().
j=—n j=—n
j#0

Now Lemmas 4 and 5 imply that

n
D ha(DTje) | =nH Wy (o, ) |[War(z, - B |

j=n

[=®01 = n*5 500

Lemma 4 (cf. [19, p. 361]) Suppose that q(t) is a nonnegative, even, convex on
[—n, n] function. Then for real t(t) = Z'}Z_n’fjej (t), the following inequality is
valid:

n

> q(je;

j=—n

=qgm|zll

@ Springer



348 Constr Approx (2013) 38:339-364

Lemmas$ Letn,k e N, h € (0,2 /n]. Then the function q(t) := tZk)»;:}{(t) satisfies
the conditions of Lemma 4.

Proof We have the following formula:

) 22k ] JM 2k
i) = o /R (sm;) én () du,

k
where (see (2.5))

b () = 3" () = 0, pn(—u) = pn(u), /R{%(u):l, supp ¢ (u) = [—h, h].

The function 12/ sin** (1 /2) satisfies the conditions of Lemma 4. In other words,
(1% /sin* (tu/2)) > 0, lu| <h<2mw/n, te0,n].

We need to prove the inequality

12k ”
0. 45
( S sin® (tu/2)p (M)du)rt ” *)
Let
f(r) =%k, gu (1) :=sin®* (tu/2).

Then the function

F(©)/8u(®)
is convex on (0, n]. We are going to prove that for 0 < & < 2 /n, the function
12 [

O S G 2 ) i a0) 1)

is convex on (0, n].
The properties

F0/8u®)>0,  (f)/8u®), = (f ")gu®) — f()g,(1))/ga(t) >0,
imply that

mp(t) = —fR f®)fn () du >0 and
T 80O )
d ol 8u(0) — £ g, () du
- — 0
"o (i 8 (On(s) ds)? ~

The condition of positivity for the second derivative takes the following form:
/R /R ((f"8u = f&u)es =285 (f'gu = 181))on(0gn(s)duds > 0, 1 € (0,n].
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Consider the function
F(tkou,s):= (f"gu— feu)8s —285(f'gu — f81) = Fit.k,u,s) - Fa(t k. u, ),
where

Fi(t, k,u,s) = (k/2)t* 2 sin®* 2 (tu/2) sin* 2 (15 /2),

Fa(t, k,u,s) :=sin®(ts/2) (4(2k — 1) sin®(tu /2) + ut? — 2ku*t* cos® (tu /2))

+ 4kts sin(rs/2) cos(ts/2) sin(tu/2) (tu cos(tu/2) — 2 sin(tu/2)).
Let
u:=u =tu/2, si=s85=1ts/2.
After the change of variable, we may assume that u, s € (0, ], h € (0, ].
Consider the case k > 2. First, reduce the value of F, by omitting the positive
quantity r2u® — 4sin®(tu/2). Then, let
Fi(k, u, s) :=sin®* =% (u) sin®* "% (s),

2

Fy(u,s):= sin? s(sin2 u — u’cos? u) + 2s sins sinu coss(u cosu — sinu).

To get (4.5) for k > 2, it is sufficient to show that

/2 Fik,u,s)Fy(u,s)p,(w)on(s)duds >0, O<h<m. 4.6)
RJr

It is sufficient to prove (4.6) for the symmetric function F3 defined by

Fy(u,s):=Fa(u,s) + Fa(s,u) = 2sins sinug(s)pu) — (sins<p(u) — sinugo(s))z,

where
@(u) :=sinu —ucosu.

To prove (4.6), it is sufficient to prove positivity of the following one-dimensional
integral:

/W_a sin?* =2 (u) sin®* “2(s) F5 (u, $)pp (u)pp (s) du > 0, 0 <a <2h < 2.
s,u€(0,h]

The function ¢(u)/sin(u) is increasing, and the function ¢(a — u)/sin(a — u) is
decreasing on the interval (max(0, a — i), a/2). Consequently, the function

o) sin(a —u)
sin(u) - pla —u)

D,(u) =

is increasing on (max(0, a — ), a/2) from O to 1, and the function

Ff(u,a —u) = —sin® up?(a — u)(Pa(u) — (2 — \/5)) (Pa(w) — 2+ \/3;))

@ Springer



350 Constr Approx (2013) 38:339-364

has exactly one zero on the interval (max(0,a — m), a/2). The functions sin(u) x
sin(a — u), ¢n(u)pn(a — u) are increasing and positive on (max(0,a — 7), a/2).
These facts and the inequality F5 (a/2, a/2) > 0 imply that it is sufficient to consider
only the case k =2 and to prove that the following integral is positive:

In(a) == / uma sin’ (u) sin®(s) F} (u, s) du
s;ue(a,h]

a/2
= 2/ sin?(u) sin®(a — u) F5 (u,a —u)du >0, 0<a<2h<2m.
max(0,a—h)

Furthermore, it is sufficient to prove that I (a) := I;(a) > 0 (0 < a < 2m). The proof
of this inequality can be found in the Appendix (see Sect. A.2), where a special simple
case k = 1 is also considered. (I

In the proof of Lemma 3, we will use the following Lemma 6.

Lemma 6 Let n,k e N, h € (0, 7/(2n)). Then the function q(t) := Ap i (t) satisfies
the conditions of Lemma 4.

Proof of Lemma 6 This follows from the formula

(( tu)2k>” 1 (sin(rue/2))* ku® 2k (cos(tu/2))* — 1)

sin — 5 >0, O<tu<m/2.
2 w2 1 — (cos(tu/2))
g
Proof of Lemma 3 Lemma 3 follows from Lemmas 4 and 6. For
n
T(x) = Z Tiej(x),
j=—n
we have
n
W (t.x,h) = Y Ma()Tje;(x),
j=—n
and Lemmas 4 and 6 imply that
n
Z Mx(DNTjej | < Apx@mllll.
j=—n .

5 Jackson-Stechkin Theorem
5.1 Jackson—Stechkin Inequality for Polynomial Approximation

In 1936, Jean Favard [6, 7] proved that the following Euler—MacLaurin formula for
smooth 27 -periodic functions g with gg = 0:
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1 exp(ijx) .
— (o — 2_ _
g =(g" ®B,)(x), Br(x).—zﬂ. §‘ e 1, (5.1
J€Z, j#0

gives a simple proof of the Bohr—Favard inequality (generalization of H. Bohr result
[1], » = 1). He used in [8] equality (5.1) to obtain a famous sharp inequality:

oo
h> =3
= (4J+ )r+1 — 9"

:||4>

Kr r
En(f)i= il If —el <2 0) K

In the present paper, the following “telescoping identity” by C. Neumann [11] (see
also [13, p. 146], [14, (II,2;96)]) will be used. For every f € L(T) and m =2,3, ...
we have

m—1
f=f—f@hn+Y Ayof-fehn+foAY. (52
Jj=1

This equality gives a simple proof with new almost optimal constants of the following
Jackson—Stechkin type theorem (see [9]).

Theorem 2 Let f € C(T) and @ > 1, k,n € N. Then

E, 1(f) =< (sec 2—) Wi <f —)

Proof For arbitrary f € C(T), the representation (5.2) is valid. Using a subadditive
property for E,_1(f), we obtain

m—1

Enoi(f) < Enci(f = £ ® Ae) + Y Eni (AL5 ® (f — f ® Ae)
j=1

+ En1(f ® A7)

m—1

<If=f®Anll+ D Ent(A3) o If = £ ® Al
j=1

+ Enc1 (A7) L I

m—1

e - -

= (1 + Y En1(A7, )Lm) Lf = F @ Axall + Enct (A7) oy I £ 1
j=1

where

E, 1@ = Teigf lg —zllLcm.

n—1
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So

m—1
E,_ 1(f)<<1+ZEn lAkh)L(T)>||f £ ® Zenll + Enct (A22) L 1 111

j=1

Therefore, it is sufficient to estimate the best L-approximation of the smooth func-
tions A,’c Cf. This was done in [9]. Specifically, Lemma 4.2 from [9] contains the result,
which reads (in our notation) as follows:

E, 1 ( ~]]C,<;k,) sup

)L T —
) gETnl—l’ g#0 ”g” gETnl—l’ g#0 ”g”

nh
5.3)
where Tn{ | is the subspace of all functions from C(T) that are orthogonal to 7,1,

1475 egll 1AL sel ( ,urr)zj

k

8 a
2. 2 . E
125 ':/’LZk':F l—2<1,
odd!

and the numbers a; = a;(k), I =1, ..., k, are defined by (3.4).
The inequality (5.3) implies that

. 2j Lo
En-1(A]5) Loy S K2 (E) = Kaja ™ p? < Kayja?
Since o > 1 and Kp; <4/, for f € C(T) we have the following:

En1(A[5) ,n I £l < Kaje 2| £l =0 for j — oo,

)L(’]I‘
and
Ey—1(f) < (1 +ZlK2ja_2jM2j) Wor(f, h) = (Sec 2—>W2k<f a:)-
J=

Here, we use the well-known expansion for the secant function (cf. [5, pp. 561-562,

(6), ®)D. O
5.2 Favard-Type Operators
Consider a family F := {F, x : n, k € N} of operators
Fui: C*(T) > C(T),
with the properties
lg = Fur(®] = Crn~ @], ge D),

where the constant 0 < Cr < oo does not depend on g, k, n. We will call F, y € F a
Favard-type operator.
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Theorem 3 Let f € C(T). If Fy k is a Favard-type operator and t, € T,_1 is the
best uniform approximation of f, then

| f = Fux(zo|| < 2o (Cr)Wa (f, ?) ae(l,2],
with

24(C )—sec7r 4+ ( 1+ 3sec il Cra’
= 0 20 )4a—1)

Proof Suppose that
om
and let

o

= e D
Theorem 1 and Lemma 1 imply that
|2 = Fux@o] < Crn™ e ]| < Mo Wk (v, o)
< Mo { W (f — T, ha) + Wai (f, ho) }
< Mo {311 f = Tl + War(f. ha) .-
Thus,

| f = Fax@ol| < IIf — tll + |7 — Fax(t) | < 2o(Cp)Wak (f, o).

5.3 Approximation by Periodic Splines

We say that s € S = Spy 41 if s#2 € C(T) and s*~? (x) = 5; = const for x €
Aj:=[2nj/2n),2x(j +1)/(2n)), j =0,...,2n — 1.

The space S is the space of smooth periodic splines of degree 2k — 1 with mini-
mal defects (= 1) on the uniform partition of T = U?if)l Aj. Define the operator of
interpolation at the endpoints of A :

In,k(g)esa In,k(g)(xj)zg(xj)s szj”/n» j=0,1,...,2n— 1.

V.M. Tihomirov [18] (see also [10, Theorem 5.2.6, p. 223]) proved that I, ; is an
operator of Favard type:

lg = Ik (@] < Kaun [ g@¥ | < @/mn*| g, n.keN.

Therefore, we obtain the following Jackson—Stechkin theorem for periodic splines.
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Theorem 4 For f e C(T),a > 1,n,k €N,

”f_ n,k(r*)“ 595(4/7[)“/2*]((]( OUT>7

9
n
where

244 1,2
95(4/7{):: C(( /77:), ae( ’ ]a

2:(4/m), «a€(2,00).
5.4 Two Results for the Classical Modulus of Continuity w,

First, we improve the main result from [9] (see [9, Theorem 2.1]).

Theorem 5 For f e C(T),n,reN,a > 1,

Ep_1(f) = rEiITlf If —zll < sec(m/Qa))y o (f. am/n),
n—1
with
L
r r -
() 2
In particular,
E,_
ey < sup L(;;) <2y},
fec oy (f, =5)
where

-, r=2%-1;
— r+1° ’
cr {1’ =2k n>2r.

Proof The proof follows from Theorem 1, keeping in mind the inequalities

Wa(f, h) < yorou(fih),  yarwu(f, h) < ya_jwan—1(f, h)

and the lower estimate from [9, Sect. 8, Theorem 8.2]. O
Now, let us rewrite Theorem 4 in standard form:

Theorem 6 For f € C(T),n,keN,re {2k — 1,2k}, a > 1,

S . * * oI
Eyy o1 (f) = Smf If = sll = 25@/my o f,— ). (5.4)

SE€O2,2k—1

Note that Lemma 8.1 and Theorem 8.2 from [9] provide the lower estimate for the
constants in (5.4) equal to ¢, y,*. Therefore, the estimate (5.4) is asymptotically sharp.
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For example, for « = 2,

1 E3, o1 (f)
<1— )yr*f sup —22 S <81yF, re(2k—1,2k), 3r <2n.
r+1 recm or(f, )
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Appendix
A.1 Proof of Some Inequalities for Lemma 1

The estimates look simple enough, and one can check them by symbolic computa-
tions. The actual proof of these estimates is not as simple as it may seem at first
glance.

Recall the notation:

k .
2 2k 1
bl,kZT § (k .>(_1)j+1_.<1_i.>7 i=05"'ak_17 bk,kzo'
(k)j=i+1 -J J J

Define

bio: =2 Y (—1)1'“1.(1—1,).

Jj=i+l J J

Lemma A Letk eN, k> 2. Then

bkl = (=1 big < (1) bigs1 < (=1)'bioo for0<i<k—1, (A.1)
1bi k| > |biy1kl for0<i<k-—1, (A.2)
o0
D il < 2. (A.3)
i=0

Proof Let 0 <§ < 1/2. Introduce an auxiliary notation

k .
2 2k | 8
bl,k(a) = (Zk) § (k .)(_1)I+l+l_<1_l+ )v i=07"'7k_19
k

jeirt N J J
o
| 1
bico(®) =2 Y (=17 —.(1 - )
j=i+1 J J
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It is clear that
bik(0) = (—=1)'bix,  bioco(0)=(=1)bj . (A4)

We first show that for arbitrary k € N, we have inequalities
0<bix(8) <bir+100) <bioc(d) f0<i<k—1 0<§<1/2. (A.5)

By (A.4), these inequalities turn into (A.1) if § = 0. Further, we will show that (A.5)
implies (A.2) if § = 1/2. In order to prove (A.5), let

di,k(5)2=< ) bix(8) Z( 1)1+z+1( )l(l—i—i?(S).
J J

j=i+1
Observe that
(z,fjf)z (2k+2)! Kk _ Qk+DCk+2) 2
() T k+ DI+ D! 2k)! (k+1)2 k+1°
2k +2 2k 2k 2k
)= . +2 )+ . .
k+1+4] k+j—1 k+j k+j+1
Thus,
b (8) — b 1 (8) 2 {d ()] <4 2 )d (8)}
ik+100) = bik(0) = 551 dik+1(0) — | 4 — —— |dik ;
(1) k+1
2 1 i+$6
dig+108) — (4 — —— 8) = (= k2t 1-
i k+1(3) ( k+1>;k() (=D k+1< k+1)
+i(_l)i+j+l{< 2% )
Puret k+j—1
2 2k
(- = )
k+1)\k+j
< 2k >}1< i+8)
+ . -l1-—).
k+j+1))j j
The following equality:

(70 Com) () + ()
k+j—1 k+1)\k+j k+j+1

o @k+ D) 252
k4 DIk = P K+ D2 — j2}(k+ 1)

B 2k + 1)! ( Lol )
kD= DIEHDE\k+1—  k+ 1+

@ Springer



Constr Approx (2013) 38:339-364 357

is a key ingredient. It implies

2
dik+1(8) — (4 - m)ﬁh,k(t?)

k41! 2":(—1)"+f+1(j—i—5)< Lo, )
(k+1)2 ; k+ Dlk—j) \k+1—j k+1+j

=i+1

N (=241 —i —6)
2k + 1)! :

Let the expression in the square brackets be denoted by A; x(8). After simplification,
it becomes

(=241 —i =)
2k + 1)!

Ak (8) = 51(8) + $2(8) +

’

where

k k

(=D —i—9) (=Diti+(j—i—§)
5) = $) = .
SO= 2 Trpmri—p 2O ,-:,Z-H (k+j+ DIk = ))!

j=i+1
By change of variables v=j + 1, j =v — 1 in S$2(§), we obtain

k+1 j i
B (_1)l+v+l (V —i—1-= 6)
§2(8) = — Z (k+v)!k+1—v)!

v=i+2
Therefore,
k iy . .
Ay — 1-6 (DT —i—9)
Ak = k=) +j§+2 k+ DIk+1—))!
B zk: (_1)i+v+1(v_i_1 —9) B (_1)i+k+2(k_i_3)
o, k01— 2k + 1)!
N (=D 2k +1—i —6)
2k +1)!
1—38 k (_1)i+j+1 (_l)i+k+2
e+ + DIk —i)! +j§+2 k+)Hk+1—j)"  Qk+1)!°
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Now
k+1 i
-5 -1 i+j+1
Ai k() = . — + E (. ) -
kit DIk =D A Gkt k41— ))!

8
k+i+DIk—i)!
A nice formula for A; ;(0) (see Lemma B below) yields
k(1-28)+i+1-3$§
Qk+ Dk +i+ D'k =0

It follows from (A.6) that b; 41(8) — b; 1 (8) is positive for § < 1/2.
Let0<8§<1/2,k=2",and r =n(i + 1), n > 2. The estimates

=A;x(0) -

Aik(d) =

(A.6)

1 ! YAy ()
> 1Bioo(®) = bik (8| < Z(—l)”’“—.(l— : )(1— f)
2 =it J J )
o0 o .
| 3 el s e L2
Jj=r+1 J j=r+1 JoJ
k 2k
i 165
+ Z (_1)/+l+1_' J
j=r+1 J (Zkk)
k R 2k
i li+s ()
+ Z(_l)]+l+1_-—- J
j=r+1 S (zkk)

<2k )<2k)1 k(k—1)---(k—j+1) (1 zj—1>f | 22
k—j)\k (k+1D(k+2)---(k+j) k+j k
imply

lim b; (8) = bj.00(8).

k—o00

The inequalities (A.5) are proved. It was mentioned above that (A.5) con-
tains (A.1) as a particular case because

0 < bj k+1(0) — b; £ (0) = (= 1) (bi 1 — bi )

and

2 . ,
= i+ 12 =(=D'biip1 < < (=1)'bi .
i+1 )

Thus, (A.1) is proved. It is a principal inequality, which implies

i ) .
|bi,2<>o| _ (—1)2lbi,oo == Z (_])i+j+1 l(] _ l_) -0
j=it+l J J
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and
0 .
(_1)j+1
Ci +ciy1= —_— .
i i+1 /Z_; (]+l)2

Now

o0
ZC,’=(Co+C])+(C2+C3)+"'+(C2i+C2i+l)+"'

i=0
= ZZ(—l)j+] YV Z(—l)j+1 Z PPV L,
i=0 j=1 (G +20) j=1 i=0 (j +20)

and (A.3) follows. In order to derive (A.2), we note that the first inequality in (A.1)
implies

bi x| — |b; bi 00| — |b;
b,-,k(l/2)=| z,k| 2| t+l,k| and bi,oo(1/2)=| l,oo| 2| z+l,oo|.
From this and (A.5), we get (A.2). Lemma A is proved. O
Lemma B
kt1 (—1)itit! ktidl
O — = :
IS k+DIk+1 -7 k+i+DWk—D!Q2k+1)
Proof We need to prove that
k+1 i+i41 .
. . (=Dt k—i
k+i+ Dk —1i)! =1- .
( M )j:lZH(k+j)!(k+1—j)! 2k + 1
An equivalent form is
i k—i k—i)k—i—1) Lk (k—1i)!
k+i+2 (k+i+2)(k+i+3) k+i+2)---(k+k+1)
k=)
2k+1°
For k e N, i <k — 1, we have the equality
o 1 k—i—1 n
2k+1 k+i+2 (k+i+2)(k+i+3)
k—i—1)!

+ (= kil (A7)

k+i+2)--Qk+1)
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One can prove (A.7) by induction on j =k —i — 1 for fixed k:

1 _k—i—l( ot Ly ki) )
k+i+2 k+i+2\k+i+3 (k+i+3) 2k+1)
1 k—i—1( 1 1
:k+i+2_k+i+2<2k+l>=2k+l' m

A.2 Proof of Lemma 5. Computations
First, we consider the case k = 1 in Lemma 5.

A.2.1 To prove inequality

t2 " tz "
= > O
( Jx sin2<ru/2>¢>h(u)du>n (1 — sin2<rh/2>/(th/2)2>n
it is sufficient to prove the convexity of the function

x4 X X3

x2 —sin?(x) Xx+sinx x —sinx

on the interval (0, 7). The condition

"
X
—F ] >0
(x + smx)“

3 1
p1(x) = Ex + 2xcosx + (x2 — 2) sinx + Ex cos2x —sin2x > 0.

is equivalent to the inequality

We have ¢1(0) = ¢1(r) =0, and the inequality follows from the power expansions
of the functions ¢ (x), ¢1 (7 — x) at O:

(p(x)>x3<2 1x2 a x4>>0 x €(0,37/4)
1 > 32X T o ) ) ;
3 30 840

2

o1(mr —x) > x<n2 —2mx — %x2> >0, xe€(0,m/4).

The proof of the inequality

3 "
X
(7> >0, xe(,m),

x—sinx /
is similar. We have
7 2 2 3\ o 2
¢m((x):=3+ Ex +2x“cosx + (—6x —X )smx + (—3 +x /2) cos2x

— 3xsin2x > 0,
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1.24

0.8

0.6

0.4

0.2

0 '1 ; 5 ; 5 5

a

11
Fig. 2 Functions / (a) and 10" I (a) =>1(a),0<a <2rm

4a3 (27 —a)

and

(x) R TN S A TR . 7)
> - >V, » TT)-
2= 360 140 ~ 5040 o

A.2.2 Below we will prove the following inequality:
al2
I(a):= 2/ sin®(u) sin’(a — u)Fyu,a —u)du>0, 0<a<2n,
max(0,a—m)
where
F(u,s) = 2sin(s)g(s) sin(u)p(u) — (sin(s)p(u) — sin(u)(p(s))z,

@(u) :=sinu —ucosu.

We will show that I (a) > 0 for 0 < a < 2r (see Fig. 2) by direct calculations. The
proof will be divided into several steps.

1. For 0 < a < &, we obtain

I(a) = ¢3(a) + ¢4(a),

where

@0 L (7% - LY cosar 4 (1% 4 12 sinc2ay
a) =——a— —<a —ad— —da a —_— —da miza),
v3 256 32 576 48 3456 ' 8
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(@) = ———acos(da) + oo a2 sin(d4a)

P =14 Y T 118s 15367 )Y
Consider the following cases.

1.1. Suppose that 0 < a < +/15/2. The Taylor expansion of I (a) gives

13 4 15 101 17
I(a) = a’ — a>’ + a
405405 6081075 1206079875
248 "
36395233875

It is easily seen that

a3 4
I 1——d?)>0 0,v15/2].
(“)>405405( 15“)— » 4e 01572

1.2. In the case v/15/2 < a < =, the inequality /(a) > 0 follows from the esti-
mates:

@3(a) >0, ae[v15/2,3n/4);  @3(a)>001, ac[37/4,7);

@a(a@) >0, ae[v15/2,31/4); vs(a) > —0.01, a€[37/4, 7).

2. Now we turn to the case 7 < a < 2. Let us compute /1 (b) := (27 — b):
1 2 2,33
11(b) = 3—2(371 + (87/8 = 37°)b — 3wb* + b°)

(= n2b+179b+7tb2 b3 cos(2b)
18 8 576 8 48

72 1145 11bw  b%\ .
— ——— ——— + — | sin(2b)
16 3456 48 8

( Ilr  #%b 190 7b>

288 64 6144 | 6—4) cos(46)

N 7”2+ 835 37bw b? sin(4b)
256 ' 221184 768 1536 )

We will show that 77 (b) > 0 for 0 < b < m. Consider the following cases.
2.1. Assume that 0 < b < /2. The following is a series expansion of I (b):
2 2 29
— a2 — 7%+ — b ——
105 315 945 17325
127

_ b2+ _ 514 22)pB ..

155925 405405 2027025

Under the above conditions on b, the omitted terms are positive. Therefore,
it is sufficient to prove that polynomial pg(b) := I1(b)/b’ is positive on

L(b) = 2!
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(0, r/2). It is easy to check that derivative p/6 (b) <0,b e (0,7/2) and that

pe(m/2) > 0.
22. Form/2 <b <3m/4,let I11(c) ;=L (c+7m/2):
1357 773 87c  37%c 3mc? A3
N =<0 — S+ 5 - - =
512 256 256 128 64 32

3

1157 1373 179¢ =2
1152 384

1145 N 72
3456 = 48

n Smc
48

n e e cos(2¢)
576 ' 64 32 ' 48 ¢

2

_ %) sin(2¢)

36864 256
n 835 n
221184

To prove the estimate /1 1(c) > 0, we can take five terms in the power expan-

14657 73 19c+7rcz cos(d)
6144 " 64 ¢

1972 257c c?
6144 512 1536

) sin(4c).

sion of I 1:
1) n? L 1525w 71712+19 L (767 73N ,
> [— —_— J— —_— e —
M= 384 T 12288 T\ 1536 27)° T 1536 192)¢
5372 8\ 4 37 1xd ,
+(_ 576 _ﬁ>c +(_1152_ 576 >C >0,
ce(0,7/4).

2.3. Inthe case 3w /4 <a < m, welet I1 2(d) :== I1(mr — d), and in the same way
we obtain the inequality

573 N 35m2d N
96 384

5 2 35 3 2d5
_m sy <__ﬂ _ ”_>d4_ T 0, de( /4l

11935x
18432

595n)d2

3
T
Io(d o
1.2( )>< (24 2304
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