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He, who knows nothing, loves nothing. He, who can do nothing,
understands nothing. He who understands nothing is worthless. But he who
understands also loves, notices, sees.... The more knowledge is inherent in
a thing, the greater the love ... Anyone who imagines that all fruits ripen at

the same time as the strawberries knows nothing about grapes.

PARACELSUS.
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Abstract

Plurisubharmonic functions have been introduced by Lelong and Oka in
1942, play a major role in the theory of several complex variables. The
richness of their properties and, most importantly, their close connection
with holomorphic functions have assured these functions a indelible place in
several variables.

In this thesis, we present a survey of plurisubharmonic functions as one of
the generalization of subharmonic functions. Thereby, in the first part of
this study, after giving a short brief of topological notions, we recall the
main definitions and theorems of subharmonic functions in one dimensional
case. In the rest parts, we focus on multidimensional case and we aim to

give the main principles of the theory of plurisubharmonic functions.
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Ozet

1942 senesinde Lelong ve Oka tarafindan tanimlanan c¢oklu-altharmonik
fonksiyonlar ¢ok kompleks degiskenli teoride biiytlik bir role sahiptir. Zengin
ozelliklerin olusu ve en onemlisi anatilik fonksiyonlarla olan yakin iligkisi,
bu fonksiyonlarn ¢ok degigkenli teoride hatir1 sayilir bir yere sahip olugsunu
garanti altina almaktadir.

Bu tezde, tek degigkenli altharmonik fonksiyonlarin bir genellemesi olarak,
goklu-altharmonik fonksiyonlar tizerine bir derleme sunduk. Bu baglamda,
caligmanin ilk kisminda, gerekli topolojik kavramlar hakkinda kisa bir 6zet
verdikten sonra, bir kompleks degigkenli altharmonik fonksiyonlarn temel
tanim ve teoremlerini hatirlattik. Diger boltimlerde ise ¢cok degiskenli
duruma odaklanarak, ¢oklu-altharmonik fonksiyonlarin ana prensiplerini

vermeyi amacladik.
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Introduction

Plurisubharmonic functions have been introduced independently by Lelong[32]
and Oka[41] while studying properties of domain of holomorphy and the en-
tire and meromorphic functions, in France and Japan, respectively.

Oka’s paper was received by Tohoku Mathematical Journal on October

25, 1941 and published in May, 1942. Lelong’s definition emerged in a note in
the Comptes Rendus presented on November 3, 1942. Even if Oka’s definition
is in two variables, it agrees with the one in use even since. The generalization
to n arose in [42]
Lelong defined a plurisubharmonic function as one that take finite values or
minus infinity and is bounded from above on relatively compact domains.
The function is not allowed to be minus infinity identically unlike Oka’s
definition and he did not impose the upper semicontinuity. In the common
definition today upper semicontinuity is imposed, just as Oka did.

In this thesis, we present a survey of plurisubharmonic functions which
appear in complex analysis as logarithms of moduli of holomorphic functions
and analogues of potentials and play a major role in the theory of functions
of several complex variable. It is our ambition to set the foundation of the
theory of plurisubharmonic functions. and, in particular, to make this text
comprehensible for who is in the primary stage of the study of several complex
variable.

For the convenience of the reader, we devote the prologue to the topolog-

ical preliminaries and present the main tools and theorems of subharmonic



functions in one dimensional case that will be used throughout this study.

In the first chapter, we start with the elementary properties of plurisub-
harmonic functions in C™ as a generalization of subharmonic functions in C.
The framework of this part is based on [43]. Then we continue with polar
and pluripolar sets that have been defined by Lelong [33] and [34] and have
a remarkable importance in pluripotential theory. Lastly, we mention the
relation between convex functions in R™ and plurisubharmonic functions in
C"™. This relation is quite natural since the plurisubharmonic functions are in
many ways analogous to convex functions. Indeed they relate to subharmonic
functions of one complex variable as convex functions of several variables do
to convex functions of one real variable.

In the second chapter, we focus on construction new plurisubharmonic
functions. Accordingly, we give some fruitful instruments that can be used
for that purpose.

In the last part of this study, we take a look at the theory of maximal
plurisubharmonic functions, or, roughly, the plurisubharmonic solutions to
the complex Monge-Ampere equation (dd°u)™ = 0 where u is a plurisubhar-
monic function. Finally, we present extremal functions as most important

examples of maximal plurisubharmonic functions.



Prologue

0.1 Some Topological Preliminaries

0.1.1 Upper semicontinuous Functions

Definition 1. Let X be topological space. We say that a function

u: X — [—00,00) is upper semicontinuous if the set {x € X : u(x) < a} is
open in X for each o € R.

Also v : X — (—o00,00] is called lower semicontinuous if —v is upper semi-

continuous.

Clearly, one can show that u is upper semicontinuous if and only if

limsupu(y) :=inf sup wu(y) <wu(z) (xe€ X).
y—e 0>00<ly-z] <5

We shall make frequent use of following basic properties of upper semicon-

tinuous functions.
Proposition 0.1.1. [44/

(1) If u,v are upper semicontinuous functions and A > 0, then u + v, \u

and max{u,v} are upper semicontinuous functions.

(11) If (u;) is a collection of upper semicontinuous functions, then inf; u; is
upper semicontinuous. In particular, if uy > ug > ... then

u(zx) := lim, u,(x) is upper semicontinuous.

2



(113) If w be an upper semicontinuous function on a metric space (X,d),
and u is bounded above on X, then there exists continuous functions
On : X — R such that ¢1 > ¢ > ... > u on X and lim,,_.. ¢, = u

() If u be an upper semicontinuous functions on a topological space X, and
K be a compact subset of X, then u is bounded above on K and attains

its bound.
Proof. [44]

(i) Let a e Rand Y = {z : u(z) + v(z) < a}. To show that Y is open, let
19 € Y and e = a—u(wg) —v(xo) > 0. Then U = {z : u(z) < u(xo)+5}
and V = {z : v(x) < v(x) + 5} are neighbourhoods of zy and hence
U NV is a neighbourhood of xy contained of Y.

Next, {z: Au(z) < a} = {r:u(r) < $} forall A > 0 and @ € R hence
Au is upper semicontinuous if A > 0.
Furthermore, {z : max{u(z),v(z)} < a} = {z : u(z) < a}n{v(z) < a}

is open for every a € R.

(i) If & € R, then {x : inf, u;(x) < a} = Ui{z : u;(z) < a} is open.

(iii) We can suppose that u Z —oo (otherwise just take ¢, = —n). For
n > 1, define ¢, : X — R by

¢n(7) = sup(u(y) —nd(z,y)) (v € X).

yeX

Then for each n we have
| () — qbn(x/)\ < nd(x,a:/) (x,x/ € X),

S0 ¢, is continuous on X. Clearly, also ¢; > ¢o > ... > u. So
in particular lim, . ¢, > u. Writing B(z, p) for the ball {y € X :
d(z,y) < p}, we have



¢n < max | sup u,supu — np (x e X,p>0).
B(z,p) X

As u is upper semicontinuous and bounded from above, letting p — 0

gives lim,, o, ¢, < u.

(iv) The sets {x € X : u(z) < n} (n > 1) form an open cover of K,
so have a finite subcover. Hence u is bounded from above on K. Let
M = supy u. Then the open sets {x € X :u(x) < M —1/n} (n>1)
cannot cover K, because they have no finite subcover. Hence u(z) = M

at least one x € K.
O]

Let X be a topological space and let (uy)acr be a family of upper semi-
continuous functions X — [—o00, 00). We assume that (u,) is locally bounded
from above. Then the upper envelope

u(x) := sup,{ua(z)}
need not to be upper semicontinuous, so we may consider its upper semicon-

tinuous reqularization:

u*(z) :==lim sup wu(w).
e=0 weB(z,e)
It is easy to check that u*(z) > u(z) and u* is the smallest upper semicon-
tinuous function which is greater than u. Our goal is to show that u* can be

computed with a countable subfamily of (u,).

Lemma 0.1.1. (Choquet’s Lemma) [9]. Let X be a second countable
metric space. If (uy) is a family of upper semicontinuous functions defined
on X, then it has a countable subfamily (v;) = (ua(j)) whose upper envelope

satisfies v < u < u* = v*.

Proof. [9] Let B(zj,¢;) be a countable basis of the topology of X. For each

j, let (2;,) be a sequence of points in B(z;,¢;) such that

4



supu(zjy) = sup u,
k B(zj,5)
and for each pair (7, k), let (7, k, 1) be a sequence of indices o € I such that

u(zjk) = Sup; Ua(jk (k). Set

UV = sup ua(j7k7l) .
Jikil

Then v < w and v* < u*. On the other hand

sup u > sup v(2;x) > Sup Ua(jk)(2jk) = supu(zjr) = sup u.
B(zj,¢5) k kil k B(zj,¢5)

As every ball B(z,¢) is a union of balls B(z;,¢;), we easily conclude that
v* > u*, hence v* = u*. O
0.1.2 Partition of Unity

Now, we introduce a tool of extreme importance in analysis.

Theorem 0.1.1. [54] Let A C R™ and let € be an open cover of A. Then
there is a collection of ® of C'™° functions ¢ defined in an open set containing

A, with the following properties;
(i) For each x € A we have 0 < p(x) < 1.

(i) For each x € A there is an open set V' containing x such that all but

finitely many ¢ € ® are 0 on V.
(iti) For each x € A we have ) 4 o(7) = 1.

(iv) For each ¢ € ® there is an open set U in € such that ¢ = 0 outside of

some closed set containing in U.

A collection ® satisfying (i) to (iii) is called C*°- partition of unity for A.

If & also satisfies (iv), it is said to said to be subordinate to the cover &.



Proof. [54] Case 1. A is compact.
For each point z € A choose balls C, ¢ C, C B, such that x € C, and
B, C U, for some «a. By compactness, finitely many of the balls C, suffice
to cover A; call them C1,Cs, ..., C,.

Having constructed the sets C1, ..., C,, let ¥; be a nonnegative ' func-
tion which is positive on C; and 0 outside of some closed set contained in Uj;
(see [54], p. 29). Since {C},...,C,} covers A, we have that ¢, +... 4+, > 0

for all x in some open set U containing A. Define the function ; on U as

Vi)

If f:U —[0,1] is a C* function which is 1 on A and 0 outside of some

closed set in U, then ® = {f-p1,..., f-@,} is the desired partition of unity.
Case 2. A =, A;, where each A; is compact and A; C A,?H.

For each i let €; consist of all UN(AY, \ A;_») for U in &. Then 0} is an
open cover of the compact set B; = A; \ A? ;. By case 1 there is a partition

of unity for @, for B;, subordinate to &;. For each x € A and each ¢ the sum

pED;

is a finite sum in some open set containing x, since z € A; we have p(z) =0
for ¢ € ®; with j > 7 + 2. For each ¢ in each ¥;, define @ = %. The
collection of all ¢ is the desired partition of unity.

Case 3 A is open

Let

Ai={zeA:|z|<i d(z,0A)>1/i},

and apply case 2.
Case 4 A is arbitrary



Let B be the union of all U in &'. By case 3 there is a partition of unity for
B; this is also a partition of unity for A.
O

0.1.3 Smoothing

Now we will give some smoothing theorems. Let {2 be an open subset of R™
and for r» > 0 define

Q. :={reQ:dxzQ) >r}.

Let u :  — [—00,00) be a locally integrable function, and let ¢ : R* — R
be a continuous function with supp(¢) C B(0,r). Then their convolution is

the function
ux p(x) = / u(z —w)p(w)dV(w) z € Q,.
C

After a change of variable we also have

ux p(x) = /Cu(w)¢(x —w)dV(w) €.

This shows that if ¢ € C°°, then also u x ¢ € C'™ since we can differentiate
under the integral sign arbitrarily many times. Now we shall show that
convolutions are useful in smoothing of functions.

Consider the function h : R — R given by the formula

exp(—1/t) fort >0
0, for t <0.

H(Q)(t) == {
Then it is easy to see that h € co(R). Now define y : R — R so that

X(x) = h(1—[[2]|*)/K



where

K= / o H =PV ()

and

X € C® x>0, suppyx C B(0,1), /de—l.
C

For € > 0 define .
x
I3 = - e Rn.
Xe=5x(2) @
The function x. is called a mollifier or standard smoothing kernel. If €
is an open set in R" let C5°(2) denote the family of all C*°-functions on 2
whose support is compact subset of €.

If p € C*(R™), then by using continuity of ¢ at the origin, we get

lim [ xe(2)p(z —w)dV (w) = ¢(0)

e—0 R™

Proposition 0.1.2. [{4]. Let u € L, (Q) and Q C R"™ is open. Then For

loc

any compact set K C Q, if u € C(Q), then u x x. — w uniformly on K as
e \(0.

Proof. [44] Take a compact set K € Q and fix g9 > 0 such that K., C ,
where
K.={x eR":d(z,0Q° <e}, e>0.

Let 0 < e < g9. We have;

(usxe —u)(@) = (Xe ¥ u—u)(z) = /Xe(fr — w)(u(w) = u(z))dV (w).

Therefore

lu xe —ullx =sup sup |u(z) —u(w)].
z€K weB(z,¢)

The right-hand side goes to zero as € \ 0, because u is uniformly continuous



on K. O]

0.1.4 Distribution

In classical differential calculus historically there were some difficulties due
to the existence of functions which are not differentiable. In 1945 Schwartz
introduced the theory of distributions and by his work allowed us to extend
differentiability properties to a more general class of functions [51]. Here we

want to give a short review of test functions and distributions.

Definition 2. Let Q2 be an open subset of C, then the space of test functions

D(Q) is the vector space of functions ¢ with compact support of class C*.

We give the topology to the space D(2) which gives following notion of a
convergence of sequences: A sequence of test functions p, € D() converges
in D(QQ) to ¢ if,

(i) there is a compact set K C Q with supp(¢,) C K for all n,
(i) all derivatives 9@, converge uniformly to 9.

Definition 3. A distribution T is a continuous linear functional on D(€2),
and whenever ¢, € D(Q) and ¢, — ¢ in D(Q) then T(p,) — T(¢). The
space of all distributions is the space of topological dual of D(2). Equipped
with the w*-topology, this space will be shown by D'(2). In other words, a
sequence of distributions T; € D'(Q) converges in D'(Q) to T € D'(Q) if for
every ¢ € D(Q), Tj(y) converges to T'(¢).

Fundamentally, convergence of sequence is not enough to define the topol-
ogy on D(Q)). However, we can control the continuity of test functions only
by sequences. For the full version of the definition of the topology on D(2),
you may see Chapter 6 in [46].



Example 1. Let f be a function in L;,.(Q) and ¢, — ¢ in D(), we define

Ty (o) = /Q f(@)p(x)dz.

For ¢, — ¢, suppose K is the compact set which containing support of

Yn — ¢ then we have

Ty(6) - Ty(pn)| = ] [ o) - ento) sty

< sup|p(z) — ¢u(2)| /K (),

rzeK

which goes zero as n — oo. Moreover T} is linear and hence it defines a

distribution.

If a distribution 7T is given by Ty(y) = [, fdx for some f € Ly (),
then we will identify Ty with f. This identification makes sense Ty = T} if
and only if f = g almost everywhere.

A distribution T is called positive if T'(¢) > 0 for all ¢ € D(2) such that
p(x) > 0 for all z € . Given a positive distribution 7', we can consider it
is a positive linear operator on the space Cy(2) can regarded as a positive
measure by Riesz Representation Theorem. (For Riesz Representation The-

orem see [44])

0.2 Subharmonic Functions

Subharmonic functions and the foundations of the associated classical poten-
tial theory are sufficiently well exposed in the literature, and so we introduce
here only a few fundamental results which we require. More detailed expo-
sitions can be found in the monograph of Ransford[44]. See also Hérmander
[17] and Vladimirov [55]. See also Brelot [7], where a history of the develop-

ment of the theory of subharmonic functions is given.
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0.2.1 Harmonic Function

Let 2 be an open subset of C. A function A : 2 — R is called a harmonic if
he C*Q) and Ah =55 + 58 =0 on Q.

922

If we write the function h as h(z) = h(z, 2) = h(x,y) = h(rcosd,rsind),

then one can gets the following formulas for Laplacian operator
Ah = 40*h/020%

and

Ah = — — —— == —_— 4 ——.
h ror r@r +r2802 rar+8r2+r2802

The space of harmonic functions on a domain €2 form a vector space since

_13(%) 1 h  10h  &°h 1 0%

the Laplace operator is linear. This space will be denoted by H(2). The
following basic result provides a useful tool in deriving elementary properties

of harmonic functions from holomorphic functions.
Proposition 0.2.1. [44] Let Q be a domain in C.
(1) If f is holomorphic on 2, then Ref and Imf are harmonic.

(11) If h is harmonic on §, and if Q is simply connected, then h = Ref
for some f holomorphic on ). Moreover f is unique up to an additive

constant.
Proof. [44]

(i) Writing f = h + ik, where u, k are real valued functions on €2, the

Cauchy-Riemann equations give

oh Ok Oh Ok

dr 9y dy O’

11



(i)

since f is holomorphic. Therefore,

B 82h+82h %k B Ik
022 Oy2 Oydr  Oxdy

Ah 0.

Then h := Ref is harmonic on 2. Harmonicity of Imf is proved in a

similar fashion.
If h = Ref for some holomorphic function f, say f = h + ik, then

of oOh 0k Oh  Oh
—=—+4i—=——i—. 0.2.1
or Ox + Yor ~ ox Z@y ( )
Hence, if f exists, then % is completely determined by h, and so f is
unique up to adding a constant.
Equation 0.2.1 also suggests how we may construct such a function f.

Now, define ¢ : 2 — C by

Then ¢ € C(Q) and ¢ satisfies the Cauchy-Riemann equations. There-
fore, ¢ is holomorphic on €2. Fix 2y € €2, and define f : Q@ — C by

£(2) = h(zo) + / " $(w)duw,

the integral being taken over any path in €2 from zy to z. As €2 is simply
connected, Cauchy’s theorem provides that the integral is independent

of the particular path chosen. Then f is holomorphic on 2 and

of oh  0Oh
9 _ 22
ox

12



Writing 2 = Ref, we have

oh Oh Of Oh 0Oh

Ox Z(()y T or  Ox Zﬁ_y’

such that (8}}9—;]1) =0 and (8}}9—;}1) = 0. It follows that h— h is constant on
), and putting z = 2y shows that the constant is zero. Thus, h = Ref

indeed.
O]

Corollary 0.2.1. [44] If h is a harmonic function on an open subset ) of
C, then h € C>(Q).

Another foremost consequence of relation between harmonic and holo-

morphic functions is following:

Theorem 0.2.1. (Mean-Value Property)[/4]. Let h be a harmonic on
an open neighbourhood of the disc B(z,p). Then

1
o

h(z) /02” h(z + pe')do

Proof. [44] Choose p > p such that h is harmonic on B(z, p'). Applying the
previous proposition, there exists f on B(z,p') so that h = Ref there. Then

by using Cauchy’s integral formula, we have

f(z) = L/ J© _1 7Tf(z + pe'®)d.
|¢—z|=p

2mi (—=z " or 0
The result comes from upon taking real parts of both sides. O

Theorem 0.2.2. (Identity principle)[j4]. Let h and k are harmonic
functions on a domain 0 in C. If h = k on a non-empty open subset U of
Q, then h = k throughout Q.

13



Proof. [44]. Assume that & = 0 and set g = h, —ih,. Then g is holomorphic
on €2 and also ¢ = 0 on U since h = 0 there. By identity principle for
holomorphic function, g = 0 on whole € and hence h, = 0 and h, = 0 on 2.

Therefore h is constant on 2 and since h = 0 on U, it must be zero. O

Theorem 0.2.3. (Maximum Principle)/[}4]. Let h be a harmonic func-

tion on a domain ) in C.

(1) If f attains a local mazimum on ), then h is constant.

(ii) If h extends continuously Q and h <0 on 09, then h <0 on Q.
Proof. [44]

(i) Suppose that h has a local maximum at w € €. Then for some r > 0
we have h < h(w) on D(w,r). By Proposition 0.2.1 (ii), Ref = h for
some holomorphic function f on D(w,r). Then |ef| attains a local max
at w, so e/ must be constant. Therefore h is constant on D(w,r), and

hence on the whole €2 by identity principle.

(ii) Since Q) is compact ,h must attain a maximum at some point w € .
If w € 09, then h(w) < 0 by assumption, and so A < 0 on . On the
other hand, if w € €2, then by part (a) h is constant on 2 and hence on
Q, and so h < 0 on €.

]

Corollary 0.2.2. [/4]. Let Q be a domain in C and h : Q@ — R be a
continuous function where Q) is compact. Assume that h is harmonic on
Q. Then h attains it mazimum M and minimum m on the boundary 0$2 of
Q. Further if uw and v are two continuous real valued functions on Q, both

harmonic in €, and if u = v on OQ then u = v on Q

Proof. [44] If h is constant then clearly h attains its maximum and minimum

on the boundary of ). Assume therefore that A is not constant. Since h is

14



continuous on compact €2, it attains its maximum and minimum in €. Since
h is non constant and harmonic in €2 then it attains M and m on 0f).

To prove the second part put h = u — v which is continuous in €2, harmonic
in €2 and vanishes on 0f). By the first part of the corollary, the maximum

and minimum of A are zero in 2 hence © = v in 2. O

Definition 4. Let € be o subdomain of C, and let ¢ : 9Q — R be a
continuous function. The Dirichlet problem is to find a harmonic function A
on € such that lim,_,c h(z) = ¢(¢) for all ( € 992

The theorem of uniqueness is easily settled.

Theorem 0.2.4. (Uniqueness Theorem)/[}4]. With the notations of above

definition, there is at most one solution of Dirichlet problem.

Proof. [44] Suppose hy and hy are both solutions. Then hy — hy is harmonic
on €, extends continuously €, and zero on 9€2. Applying the maximum
principle to £(hy — hs), we conclude that hy — hy = 0. O

If we interpret the Laplacian classically, we must require that harmonic
functions be a priori C?. However, even if we interpret the definition in the
sense of distributions, harmonic functions are still smooth.

A function 2 — R is called weakly harmonic if it satisfies Laplace equation
in distribution sense. The Dirichlet problem is the problem of finding a
harmonic function on a domain with prescribed boundary values. It is one of
the great advantages of harmonic functions over holomorphic ones that for
‘nice’ domains, a solution to the Dirichlet problem always exists. This is a

capable tool with many applications.

Definition 5. (a) The Poisson kernel P : B(0,1) x 9B(0,1) — R, is defined
by

(lz] < LI¢I = 1).

P(z,() := Re (< i Z) el i

C—z) [C—=?
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(b) If B = B(w, p) and ¢ : 9B — R is Lebesgue integrable function, then
its Poisson integral Pgo : B — R is defined by

Ppo(z) == ! /ZWP (%, ew) o(w + pe®)dd (2 € B).
0

T or
More explicitly, if » < p and 0 <t < 27, then

) 1 27
Ppo(w + re) = /
0

T or

P2 — 2
p? — 2prcos(0 —t) + r?

o(w + pe®)db.

The following result is fundamental.
Theorem 0.2.5. [/4]. With the notions of Definition 5:
(i) Pg is harmonic on B;

(it) if ¢ is continuous at {y € OB, then lim, ¢, Ppo(z) = ¢((o).
In particular, if ¢ is continuous on the whole OB, then h = Pg¢ solves
the Dirichlet problem on B.

Proof. See [44] O

Corollary 0.2.3. (Poisson Integral Formula) [44] If h is a harmonic
on an open neighbourhood of the disc B(w, p), then forr < p and 0 <t < 27

ntr = [T I
w+re”)=— w + pe :
2 Jo  p? —2prcos(0 —t) +r? P

Proof. See [44] O

Note that this result is a generalization of the mean-value property, which
is just the case r = 0. It allows us to recapture the values of h everywhere
on B from knowledge of h on 0B.

The following theorem indicates that the Poisson integral formula enable to

derive some useful inequalities for positive(non-negative) harmonic functions.

16



Theorem 0.2.6. (Harnack’s Inequality)/j4]. Let h be a positive har-
monic function on the disc B(z,p). Then forr < p and 0 <t < 2,

P h(z) < h(z + reit) <
p+r p—r

h(w).

Proof. [44]. Let s be a positive number with r < s < p and by using Poisson
integral formula applied to h on B(z,s),

y 1 2w 82_7,.2 0
h ity = — h ) dp
(z 4 re") 27r/0 s2 — 2srcos(0 —t) + r? (2 4 se”)
<i st
“ 2 Jy s—r

_ S+rh(2),

sS—rT

h(z + se®)do

the last equality being just the mean-value property for h. Letting s — p,

we deduce that
p+r

-Tr

h(z +re') < h(z),

)

which is desired upper bound. The lower bound is proved in a similar way. [

Corollary 0.2.4. (Liouville Theorem)[}4]. Every harmonic function on

C which is bounded from above or below is constant.

Proof. [44]. Tt is enough to show that every positive harmonic function h
is constant. Given z € C, put r = |z| and let p > r. Applying Harnack’s
inequality to h on B(0, p) = B(p) gives

p+r

hz) < B

h(0).
Hence h(z) < h(0) as p — oo. Thus h attains its maximum at 0, and by
Theorem 0.2.1 this implies h is constant. O

The mean-value property actually characterizes harmonic functions. This

is given in the next theorem, which also illustrates well the value of being
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able to solve Dirichlet problem.

Theorem 0.2.7. (Converse to Mean Value Property)[}4]. Let h :
Q — R be a continuous function on an open set €2 of C, and suppose that it
posseses the local mean-value property, i.e. given z € §2, there exists p > 0

such that
1

T or

W) /0 T et reds (0<r < p) (0.2.2)

Then h is harmonic on §Q.

Proof. [44]. Tt is enough to show that h is harmonic on each open disk B
with B C . Fix such a B, and define v : B — R by,

h—Pgh, onB,
V=
0, on 0B.

Then v is continuous on B and has a local mean-value property on B.

As B is compact, v attains a maximum value M at some point of B. Define
Vi={weB:v(w) <M} and Vy:={wée€ B:v(w)=M}.

Then V is open, since v is continuous. Also V is open, for v(z) = M, then
the local mean-value property forces to v to be equal to M on all sufficiently
small circles around z. As V; and V5 are partition of the connected set B,
either Vi = B, in which case v attains its maximum on 0B and so M = 0,
or else Vo, = B in which case v = M and again M = 0. Thus v < 0, and a
similar argument shows that v > 0. Hence h = Pgh on B, and since Pgh is

harmonic there, so is h. O

A useful feature of Theorem (0.2.7) is that one only needs to check that

the mean-value property holds locally(i.e. the value p can depend upon z).

18



0.2.2 Subharmonic Functions

Definition 6. A function defined on an open set @ C C and with values
[—00, 00) is called subharmonic if,

(i) u is upper semicontinuous,

(ii) For every compact set K C 2 and every continuous function h on K
which is harmonic in the interior of K and h > w on the boundary of K we
have h > v in K.

Additionally, v : Q — (—o00, 00] is called superharmonic if —v is subharmonic.

A function f is harmonic if and only if it is both subharmonic and super-
harmonic. Indeed: fis continuous since f and — f are upper semicontinuous.
By using converse mean value property with the fact that f and — f satisfy
submean value condition f is a harmonic function.

The space of all subharmonic functions on €2 will be denoted by SH(£2).
By our definition the function which is —oo identically is subharmonic; some
authors exclude this function in the definition. Other equivalent definitions

of subharmonic functions are often useful:

Theorem 0.2.8. [17] Let §2 be an open subset of C and u : 2 — [—00, 00)
be an upper semicontinuous function.Then each of the following conditions

1s mecessary and sufficient for u to be subharmonic:

(1) If D is a closed disc in Q and f is an analytic polynomial such that
u < Ref on 0D, it follows that u < Ref in D.

(11) If Qs : {z : d(z,Q°) > 6}, we have

u(z)27r/d,u(r) < /O%/u(z—l—reie)dedu(r), z € Qs, (0.2.3)

for every positive measure du on the interval [0, 0].
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(i1i) For every 0 > 0 and every z € Qs there exists some positive measure
dp with support in [0, 6] has some mass outside the origin and (0.2.3)

1s valid.

Proof. [17] Definition 6 implies (i), and it is also trivial that (ii) implies (iii).
Thus we only have to prove (i) = (ii) and (iii) implies that u is subharmonic.
(i) = (i) Let z € Qsand 0 <7 < p. Set D ={(:|(—2 <r} C QIf

o(0) =, are™ is a trigonometric polynomial such that
u(z +re) < ()

for all 6, the polynomial f(¢) = ao+2Y ;. ar(C — 2)"/r* has a real part

which is an upper bound for v on 0D. Hence u < Ref in D and in particular

1 2

:%0

u(z) < ap w(0)do. (0.2.4)
Now if ¢ is an arbitrary continuous function such that u(z + re®) < ¢(6), by
Weierstrass approximation theorem, for every ¢ > 0 we can find a trigono-
metric polynomial ¢ with ¢ < ¢ < ¢ + ¢ and conclude that (0.2.4) is valid
with ¢ replaced ¢ + €. Hence (0.2.4) for every continuous function ¢ which
is an upper bound for u(z + re), and by definition of the integral of a

semicontinuous function this proves that

u(z) < % /O%u(z + re')df.
Integration with respect to du(r) gives (0.2.3).
(iii) implies that w is subharmonic. Let K be a compact subset of 2 and h
is a continuous function which is harmonic in the interior of K, and assume
that h > w on OK. If M := supy, v = u— h is positive, the semicontinuity of
v shows that v = M on a non-empty compact subset F' of the interior of K.
Let 2o be a point in F' with minimal distance to K. If the distance is bigger

than §, then every circle |zo — z| = r, r < §, contains points where v(z) < M
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and, in fact, a whole arc, since v is upper semicontinuous. This implies that

//v(zo—i—rew)du(r) < MQﬂ'/d/L(T) :v(zo)27r/d,u(r)

if du is a measure with the properties list in (iii). But this contradicts
the hypothesis (iii) and the fact that (0.2.3) is valid with the equality for

harmonic functions. L]

Note that the integrals in (ii) exist and are not oo since u is upper semi-

continuous.

Corollary 0.2.5. [17] A function u defined on an open set Q C C is sub-

harmonic if every point in 0 has a neighbourhood where u is subharmonic.
In other words, subharmonicity is a local property.

Theorem 0.2.9. [45] If u is subharmonic on Q, and if ¢ is a monotonically

increasing conver function on R, then ¢ ou s subharmonic.

Proof. [45] First, ¢ o u is upper semicontinuous since ¢ is increasing and

continuous. Next, if B(z,7) C Q we have,

o(u(z)) < ¢ (/027r u(z + Teie)de) < /0% o(u(z +re?))do.

The first of the inequalities holds since u is subharmonic and ¢ is increasing;

the second follows from the Jensen’s inequality for real convex functions. [

Proposition 0.2.2. [45] If f is a holomorphic function on a domain S in

C, then log|f| is subharmonic.

Proof. [45] If f(z) = 0 then the result is trivial. If f(z) #Z 0, we assume
w.l.o.g z = 0 and apply the classical Jensen formula:

Let f be a holomorphic function on B(0,r) and 0 < r < R. Let the zeros of
fin B(0,7) be a,...,ay with repeated multiplicity. Then
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N

1 271' . ,,f.
log | f(0)] = g/o log | f(re”)|df — 10g|m

1 21 ]
< %/0 log|f(re’9)]d9.

O
Proposition 0.2.3. [/5] Let (S4)aca be a family of subharmonic functions

on a domain @ C C. If s := sups, s upper semicontinuous and finite

everywhere, then s is subharmonic.

Proof. If s < h on 09, where D cC Q and h : D — R is continuous and
harmonic on D, then s, < h on 0D for every a € A. Since the s, are

harmonic, it follows that s, < h on D for every a € A. But then s < h on
D as well. ]

Theorem 0.2.10. [/4] Let uw € SH(Q) and not —oo identically in any com-

ponent of Q. Then u € L,.(Q), which implies u > —oc almost everywhere.

Proof. [44] If z € Q, u(z) > —oo, and D is a closed disc with center z con-
tained in 2, we obtain from (0.2.3) and the fact that u is bounded from above
on D that u is integrable over D. If E is the set of all z such that u is inte-
grable over a neighborhood of z, it follows that © = —oo in a neighborhood
of every point in 2\ E. Hence both E and 2\ E are open so that Q \ F is
a union of components of €2, all of must be empty by the hypothesis since

u=—-oc0on\E. O

Now we can give another description of subharmonic functions in distri-
bution sense.
Since subharmonic functions are locally integrable, their Laplacians can

be evaluated in the sense of distributions.

Theorem 0.2.11. [17] Let Q C C be open and u € SH(S?), then Au > 0 in

the sense of distribution, i.e.

/Qu(x)Acp(x)dA(:v) >0
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for any non-negative test function ¢ € C°. Conversely, ifv € L, () is such
that Av > 0 in Q) in the sense of distribution, then the function u = lim._,o(v*

Xe) is well-defined, subharmonic in Q and equal to v almost everywhere in
Q.

Since the proof of the theorem is quite similar to n-dimensional case in

section 1 Theorem 1.1.1 so we skip it.

Lemma 0.2.1. [44] Let u,v are subharmonic functions on a domain €2 in C
with u,v # —oo. If Au = Av, then u = v + h where h is harmonic on ).

Proof. [44] Let (x,)52, be the functions used in smoothing theorem, and for

r=1

r > (0 write

Q ={z€Q:d(zQ° >r}.

Then u * x,, € C*(£2,), and for z € €2, we have

Au* x,)(2) /u(w)AZXr(z —w)dA(w)

/u(w)Aer(z —w)dA(w)

= /goAu.

where ¢ = x,.(z—w) € C°(R). Since Au = Awv, with the same calculation

for v, we get A(u* x,) = A(v * x,) on Q,. Therefore there exist a harmonic

function A, on €2, with
Ux X, =v*xxr+h, on ..

Now, applying the smoothing lemma to +h,, we have h, * xs = h, on

Qg1 for each s > 0 and hence

R =hysxxs=(u—0)%xr%xXs =hs % x» =hs on Q.4
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Therefore, there is a single harmonic function h on €2, so that for every r > 0
u*xx,=v*x,+h, on £,

Letting r ™\, 0 with using smoothing theorem we deduced u = v+h on Q2. [

0.3 Generalized Dirichlet Problem

As we mentioned before, if €2 is a disk then a solution always exists and we
even have a formula for it. But, for a general domain €2, the situation is more
complicated. In this case, the Dirichlet problem may have no solution. For

example, take Q@ = {2 : 0 < |z| < 1}, and let ¢ : 92 — R be given by

_J 0, KI=1,
wo-{ 4 L

Then, any solution h would have a removable singularity at 0, and the
maximum principle would then imply that h(0) < 0, violating the condition
that lim, 0 ¢(0) = 1.

Henceforth, we shall consider conditions under which a solution does exist,
and also, even more importantly, derive a natural reformulation of Dirichlet
problem which always has a solution. Firstly, we shall allow €2 to be any
proper subdomain of C,,. The other generalization will be consider arbitrary
bounded functions ¢ : 92 — R, rather than continuous ones. Although
certainly no solution to the Dirichlet problem is possible if ¢ is discontinuous,
it is nevertheless useful to allow this extra freedom.

The key idea, called the Perron method, is in the following definition.

Definition 7. Let €2 be a proper subdomain of C,, and let ¢ : 92 — R be a
bounded function. The associated Perron function Hq¢ : 2 — R is defined
by
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Ho¢ = supu,
ueU

where U denotes the family of all subharmonic functions v on €2 such that
limsup, - u(z) < ¢(C) for each z € Q and ¢ € 9.

The motivation for this definition is that, if the Dirichlet problem has a
solution at all, then Hq¢ is it! Indeed, if h is such a solution, then h € U,
and so h < Hq¢. On the other hand, by the maximum principle, if v € U,
then v < h on €, and so Ho¢ < h. Hence Ho¢p = h.

Our first result is that, regardless of whether the Dirichlet problem has a

solution, Hq¢ is a always a bounded harmonic function.

Lemma 0.3.1. (Poisson Modification)[}4]. Let Q2 be a domain in C, let
B be an open disc with B C €, and let u be a subharmonic function on Q
with u £ —oo. If we define @ on ) by

- Pgu, on B,
i =
u, on Q\ B.

then @ is subharmonic on €2, harmonic on B, and u > u on Q.

Proof. [44] Since u is Lebesgue integrable on 0B, Pgu makes sense and har-
monic on B, thus Pgu > u there. It thus remains to show that « is subhar-
monic on 2, and by the gluing theorem for subharmonic functions this will
follow provided that for all ¢ € 9B,

lim sup Ppu(z) < u(().

z—(

To prove this inequality, choose continuous functions ¢, on dB such that
¥, \, u there. Then for all ( € 0B we have,

lim sup Pgpu(z) < 113} Pty (2) = ¥n(C),

z—(
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and by letting n — oo we get the desired conclusion. O

Theorem 0.3.1. [44] Let Q2 be a proper subdomain of C, and let ¢ : 0Q —

R be a bounded function. Then the function Hqo¢ is harmonic on 2, and

sup |Hqo| < sup |¢]. (0.3.1)
Q G)

Proof. [44] Let U be the family defined in Definition 7. Set M = supyg, |¢|,
then —M € U, so HQ)p > —M. Also given u € U, by maximum principle
u < M and hence Hp¢p < M. So we have the required inequality.

For harmonicity of Hq¢ on €2, we need to prove harmonicity on each open
disk B with B C Q. Fix such a B and a point wy € B. We can find
(un)22, € U such that u,(wg) — Had(wy) by definition of Hop. We may
further suppose that u; < uy < on Q by replacing w, by max(ui, ..., u,).
Now, for each n let u,, denote the Poisson modification of u,. Then we also

have u; < 15 < ... on €2, and we claim that @ := lim,,_, @, satisfies:
(i) @ < Hq¢ on €
(i) @(wo) = Had(wo);

(iii) @ is harmonic on Q.

Indeed, by previous lemma each ,, is subharmonic on €2 and for all ¢ € 02,

lim sup @i, (z) = lim sup u, () < ¢(¢)

z—( z—C

such that u, € U. Hence u,, < Hq¢ for all n, and so u,, < Hq¢, which gives
(i)

Again by the previous lemma, u, > u,, so

t(wp) = nh_)Iglo Uy (wo) > nh_>Holo uy, (wo) = Hog(wy).
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Since the reverse inequality follows from (i), this proves (ii). finally, each @,
is subharmonic on B, so by Harnack’s theorem the same is true for @, which
gives (iii). So, to finish to proof, we would show that @ = Hq¢ on B.

Take an arbitrary point w € B, and choose (v,)2, € U such that v, (w) —
Hq(¢)(w). With replacing v,, by max(uy, ..., Uy, v1,...,0,), We can suppose
that v, < vy < and v,, > u, on 2. Let ¥,, denote the Poisson modification of

vp. Then v, 0, where:
(i) o < Ha¢ on
(i) 9(w) = Hoo(w);
(iii) o is harmonic on €.

In particular, (i) implies that
0(wo) < Hoo(wo) = u(wo).

On the other hand, for each n, v, > u, so v > u. Hence @ — v is harmonic

on B and attains its maximum value of 0 at wq. In particular, ,t follows
u(w) = v(w) = Hop(w).

Therefore, © = Hp¢ on B since w is arbitrary.
O

From the definition of Hn¢, one may expect that lim, .. Ho¢(2) = ¢(()
at each point ¢ € 9. But if Q@ = {z:0 < |z| < 1} then this cannot be true,
because, as we have seen, the Dirichlet problem may have no solution. It is

explanatory to see exactly what goes wrong.

First let
_ 0, |<| =1,
so-{ K
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If w € U, then by maximum principle v < 0 on €2, and so Hp¢ < 0. Since
0 €U, in fact Hop = 0 on ).

Now let
_ 0, |€| =1,
6() = { o

The same argument as before shows that Ho¢ < 0. In this case 0 ¢ U.

However, it is true that € log |z| € U for each £ > 0 and so once again Ho¢ = 0
on ).

Definition 8. Let €2 be a proper subdomain of C.,, and (y € 02. A barrier
at (p is a subharmonic function b defined on 2 N N, where N is an open

neighbourhood of (j, satisfying

b<0 on QNN  and lim b(z) = 0.

Z*)Co

A boundary point at which a barrier exists is called regular, otherwise it is

irreqular. If every ¢ € 00 is regular, then Q is called a regular domain.

Lemma 0.3.2. [/4] If Q is a proper subdomain of Co, and ¢ : 02 — R is a

bounded function, then on the domain 2

Hop < —Ho(—9)

Proof. [44] Let U be the family of subharmonic function as the Definition 7
and let V be the corresponding family for —¢. Given u € U and v € V, their

sum is subharmonic on 2 and for { € 0f) satisfies

lim sup(u + v)(2) < ¢(¢) — ¢(¢) =0

z—(

Hence by maximum principle v +v < 0 On . So, Ho¢ + Ho(—¢) < 0 on
Q. O

The following lemma enables us to globalize barrier functions.

28



Lemma 0.3.3. (Bouligand’s Lemma)[/4] Let (s be a regular boundary
point of a domain 2, and let Ny be an open neighborhood of (y. Then, given

e > 0, there exists a subharmonic function b. on §2 so that

b. <0 on £, b < —1 on Q\Ny and liminfb.(z) > —e.

2—C -

Proof. [44] Since (p is regular, there exists a neighborhood N of {; and a
barrier b on D N N as in Definition 8.

Now, let B = B((y, p), with p satisfying B € N N Ny. Then normalized
Lebesgue measure on dB is a regular measure, so we can find a compact set
K C QN 9B such that T := (2N 0B) \ K has measure less than . Since T
is open in dB, it follows that for all z € Q and n € T

lim Ppxry(z) = 1.
zZ—n
Set m = —supy b, such that m > 0. Then forn € QNIB and z € QN B

hr?j:p (% — Ppxr(2)) <O0(n) <1

where

b m, ifnekK,
@<n>:{ s i
-1, itne .

Therefore, if we define b, on D by

he — max(—1, (b/m — Pgxy), on QN B,
] -1, on Q\ B.

then by gluing theorem for subharmonic functions b. is subharmonic on §2.

Obviously,

b. <0 on and b < —1 on Q\ Ny.
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Lastly, we have

hmlnfbs(z) > lim (% — P31T<<0) =0-— PBlT(CO) > —€,

z—Co z—

the last inequality coming from the fact that, as (y is the center of B, the

value of Ppxr((p) is exactly the normalized Lebesgue measure of T. O]

Theorem 0.3.2. [44] Let Q2 be a proper subdomain of C,, and let (y be a
reqular boundary point of Q0. If ¢ : 02 — R is a bounded function which is

continuous at (o, then

lim Ho¢(z) = ¢(Co)-

z—Co

Proof. [44] Let ¢ > 0. Since ¢ is continuous at (p, there exists an open
neighborhood Ny of (; so that [¢() — ¢(¢o)| < € for all ¢ € 9Q N Ny. Let b,

be as in previous lemma and set

u=¢() — e+ (M + ¢(¢o))be,

where M = supyg, |¢|. Then u is subharmonic on 2, and if { € 92 then

limsupu(z) < ®(¢) < ¢(Q),

z—(
where
B(C) ?(Co) — ¢, if ¢ € 99N Ny,
P(Co) — e — (M + ¢((o)), if ¢ € 9Q\ Ny.

Hence from definition of Perron function u < Hq¢ on (). In particular,

liminf Ho¢(z) > liminf u(z) > ¢((o) — (1 + M + ¢((p))-

z—Co z—Co

Since € is arbitrary, it follows that

liminf Hop(z) > ¢((p).

Z—><0
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Repeating the same procedure for —¢, we also have

liminf Ho(—¢)(z) > —¢((p).

Z*)Co

Hence by Lemma 0.3.2, Hy < —Hgq(—¢), and so it follows that

limsup Hpg(2) < ¢(Co)-

z—)Co
O
Putting together what we have learned, we obtained the following result.

Corollary 0.3.1. (Solution of Dirichlet Problem)[}}] Let Q2 be a reg-
ular domain, and let ¢ : 02 — R be a continuous function. Then there

ezists a unique harmonic function h on @ such that im, . h(z) = ¢(¢) for
all ¢ € 9.

Proof. [44] Uniqueness of the solution was proved in Theorem 0.2.4., and the

existence comes from the Theorem 0.3.1 and Theorem 0.3.2. with taking

h= Hoo. O
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Chapter 1

Plurisubharmonic Functions

1.1 Plurisubharmonic Functions and Elemen-

tary Properties

Let 2 C C" be open. For u: Q — [—00,00), a € Q, and X € C", we define
Qx={reC:a+7X €Q}, Qux 33 ula+IX).

Definition 9. A function u : Q@ — [—o00,00) is called plurisubharmonic
(briefly psh; u € PSH(R)) if

(i) u is uppersemicontinuous on {2

(ii) For every a €  and X € C" the function wu, x is subharmonic in a

neighborhood of zero.

We say that a function u : Q@ — [—00,00) is logaritmically plurisubhar-
monic if logu € PSH(Q).
Notation We denote a point in C" by z = (2, ..., z,) and use the standard
notion

zZj = x; 1y, Zj = T; — 1Y,

de = dCEJ’ + idyj, de = d.%j - idyj,
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o (o 90y 0o _1(90 ., 0
(9zj N 2 al‘j (‘9yj 7 82]- N 2 8%- 8yj .

We denote by dV the standard Euclidean volume form on C”, i.e.

dV = (dxy Ndyy) A ... A (dxy, A dyy,)

’L’ n
= (5) (le A dil) VANPIRIAN (dZn VAN dgn).
Consider an R-linear mapping L : C* — C™. It can be split in a unique

manner, into a C-linear part and an anti C-linear part:
L(z) =

(L(2) —iL(iz) + =(L(z) + iL(iz)) (z € C")

(Do | —
(Do | —

J/ J/

C—linear anti  C—linear
In particular, if f : @ — C is differantiable at a € 2 C C, then the
differential d, f can be split into the C-linear part 9, f and the anti C-linear
part 0, f:
df = df +0f,

and we have that,

If fe C*Q) and a € Q then the complex Hessian of f at point a is defined

as the matrix

2 n
[T
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We shall denote its transpose by Zu. Let
=D %t
j=1
for z = (z1,...,2zp),w = (wy,...,w,) € C". Ifu:Q — R is twice R-

differentiable at a point a € €2, then we define the Levi form of u at a:

" 9%

— 3zj82k

Lu(a; X) = (ZLu(a) X, X) =

(G)X]’Xk, X = (X1;~--7Xn> e C".
(1.1.1)

Example 2. Let f(z) := [|z|* = >, z:Z. Then Zf(a;X) = || X|? for
every a € C".

Proposition 1.1.1. [/3] Let € C*(Q,R). Then u € PSH(Q) if and only if
Zu(a; X) >0 for any a € Q and X € C™.

Proof. First, fix a € 2 and X € C". Since u is plurisubharmonic Ug,x 18
subharmonic. Therefore Aug x(\)|x=0 = ; ij 1 8Z 82 (a)X; X}, > 0.

Conversely assume that Zu(a; X) > 0 for all @ € Q,X € C". Then
Aug x(0) = 1577 jok=1 B 6%( a)X; X} which is nonnegative by assumption.

Hence, u, x is subharmonic and thus w is plurisubharmonic on €. O

Plurisubharmonicity can also be characterized in terms of distributional

derivatives

Theorem 1.1.1. [24] If Q@ C C" is open and uw € PSH(Y), then for each
X =(X1,...,X,) €Cn,

82]8zk

X; X, >0
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in ), in the sense of distributions, i.e.
[ w2 x)ave) 2 0
Q

for any non-negative test function ¢ € C3°(Q). Conversely, if v € L, () is
such that X = (X4,...,X,) e C"

n
0%v

) szazk

X;Xp >0

in 2, in the sense of distributions then there is a plurisubharmonic function

u on ) that is equal to v almost everywhere in 2.

Proof. [24] Let u € PSH(S2), and let u. = uxy. for ¢ > 0. For a non-negative
test function p € C5°(Q2) and a vector X = (Xy,...,X,,) we have

/Qu(zxcfgo(z)X, X)dV(z) =lim | u.(2)(ZLp(2)X, X)dV(z)

e—0 Q

= lim(Zu.(:) X, X)p(2)dV () > 0.

where the first equality is obtained by Lebesgue’s dominated convergence
theorem and the second one is obtained by using the integration by parts
formula twice for smooth functions and ¢ has compact support. It is positive

since u, is plurisubharmonic and smooth.

Conversely assume v € L (), and > k=1 %Xj)_@ > 0 satisfied. Let
ve = v x¢ for € > 0. Then, [,v:(2)(L(2)X, X)dV(z) > 0. Therefore, v.
is plurisubharmonic in the sense of distribution. Further, v, is smooth hence,
it is plurisubharmonic in the usual sense. For g5 > g1 > 0 and x € 2, we

have

Vep = (0% xep) % x = 1m0 e * xe,

> lim (v * x5) * Xe, = HUm(v % x¢,) * X5 = Vg, -
6—0 6—0
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Hence, the limit function w is plurisubharmonic.

]

The following properties of plurisubharmonic functions directly related

to the theory of subharmonic functions.

For a € C" and r > 0, the polydisc with center a and radius r is the set
Pla;r) :=={2€ C": ||z —allo <}

where |[|.|| is the maximum norm in C".

Proposition 1.1.2. (Mazimum principle)[}3]. Let D € C" be a domain
and let u € PSH(D). If u < wu(a) for some points a € D, then u = u(a).

Proof. [43] Let Dy = {z € D : u(z) = u(a)}. Observe that the set
D\ Dy={z e D :u(z) <u(a)}

is open, therefore, Dy is closed in D. Let zy € Dy. Applying the maxi-
mum principle for subharmonic function to each of the functions u,, x with
| X||oo = 1, we conclude that P(zg,d(zo, D)) C Dy. Thus Dy is open and
therefore D = D. O

Proposition 1.1.3. [43] Let Q@ C C". For an upper semicontinuous function

u: Q= [—00,00) the following conditions are equivalent:
(i) ue PSH(Q)

(11) For alla € Q and X € C™ with | X ||« = 1, there exists an R such that
0 < R <d(a,Q°) satisfying,
1 2m )
u(a) < —/ u(a +re®X)ds, 0<r < R;
2 Jo
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(11i) For alla € Q and X € C™ with || X||« =1, there ezists an R, 0 < R <
d(a, Q) such that,

u(a) < L/ ula+EX)dA2(§), 0<r < R;
B(r)

Tr?

(iv) For all a € Q and X € C" with || X||oc = 1, there exists an R, 0 <
R < d(a,9Q°) such that, if u(a + AX) < Ref(A) for |\| = r, then
u(a) < Ref(0) for all0 < r < R and f € P(C) where P(C) denotes

the spaces of all complex polynomials of one complex variable;

(v) For all a € Q and X € C" with || X||s = 1, there exists R, 0 < R <
d(a,Q°) such that, if uax(N) < h(X) for [N\ = r, then u(a) < h(0) for
all0 <7 < R and h € H(B(r)) N C(B(r)) where H(B(r)) denotes the

spaces of all real-valued harmonic functions on B(r);
(vi) for any a € 2 and X € C" the function u, x is subharmonic in Qg x.

Proof. Let u be an upper semicontinuous function on 2. The implication (i)

= (ii) directly comes from definition. For (ii) = (iii), by hypothesis we have

1 2 0
< — ? .
u(a) < 27r/0 u(a +re)dd

Now, by integrating both sides with respect to R for 0 < r < R,
R 1 R 21 )
/ u(a)RAR < — / / u(a 4 re”®)dORdR
0 2 Jo Jo

_0
27 J ()

(1.1.2)
u(a + EX)dAy(E).

this result in |
u(a) < — / u(a+ EX)dhs (€).
B(r)

wr

Since all polynomials are holomorphic functions, for any f € P(C), real
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part of f is a harmonic function. So the implication (ii) = (iv)and hence
(iv) = (v) comes from the Poisson formula. For (v) = (vi) this is direct
consequence of translation invariance of the Lebesgue measure. The last
implication is trivial.

]

Proposition 1.1.4. [43] Let Q2 C C".

(1) If (uy)2, C PSH(Y) and u, N\, u pointwise on 2, then u € PSH(?)
In particular, if (u,)2, € PSH(Q) and u, < 0 for all v € N, then
S u, € PSH(Q).

(11) If (u,)32, € PSH(Q) and u, — w locally uniformly in Q, then u €
PSH().

Proof. (i) The upper semicontinuity of u comes from Proposition 0.1.1.

For any v € N, we have

1 2m )
vli_)rgo uy(a) < Py vli_)rgo i wy(a + re X)do
1 2 )
=3 i u(a + re X)db,

where the equality comes from the monotone convergence theorem.
Hence u € PSH(S).

In particular, if we define a,, :== >_""_ u, for u, € PSH() with u, <0
for all v. Then a,, \, @ hence o € PSH(Q).

(ii) The upper semicontinuity again follows from Proposition 0.1.1. On one
hand, the similar procedure as in part (i) with the dominated converges
theorem gives us the mean value inequality for w.

]
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Our next aim is to characterize plurisubharmonic functions in terms
of mean value inequalities. To this end, let a = (ay,...,a,) € C",r =
(r1,...,mn) € RZ.

If w: OpP(a,r) = [—00,00) is bounded from above and measurable, then

we define
—a,? ,
P(u;a,r;z) = —— / ! u(a + r.e?)dA, (9),
(2m [0,27]" (H |7 619] - Z] — a;)[?
for z = (z1,...,2,) € P(a,r) and,

(Zi)n/m] w(a + re®)dh,(6).

If u:P(a,r) — [—00,00) is bounded from above and measurable then we
define

1 1
(607) = Gy oD oy 080 = G g, 0+ ()

Observe that

2 2 1 Tn
A(u;a,r):r—%...r—Z/O /0 M(u;a, (11, ... Tp))T1 - TpdTy ... dTy

M(u;a,r) :=P(u;a,r;a) =

1 1
= 2"/ / M(w; a, (7171, « oy TaT))T1 -« -« TndTy . .. AT
0 0

In light of this observation, we may give the following:
Proposition 1.1.5. [43] Let @ C C" be open and let u € PSH(RY), a € Q.
Then

M(u;a,r) \yu(a) when 7\,0, A(u;a,r)\ u(a)when 7 \0

Proof. [43] According to observation above, it is enough to consider only
M(u;a, -). First, we prove that M(u; a,r’) < M(u;a,r") forr' = (ry,...,7,),7" =

r'n
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(ry,...,m),0< r; < r;»/ <d(a,Q°),j=1,...,n.
To see this in the case n = 1, let " and ", where r' < 7" be arbitrary
numbers in (0, d(a, §2°)), and let U*(2) be the smallest harmonic majorant of

the function u(z) in the circle |z — a| < 7. Then,
M (u; a,rl) < M(U*;a,r/) =M(U*;a,r ) = M(u;a,r/
which shows that the function M(u;a,r) is an increasing function of r in

(0,d(a, Q°)) [See [55], p. 59]. Hence, for j =1,...,n

M(u(z',...,2" );a5,r;) < M(u(z,...,z2

J

"

);aj,r;), (zl,aj,z") € P(a,d(a, Q).

Consequently, using a finite induction, one can easily get the desired inequal-
ity.

By Fatou’s lemma we have

1 .
u(a §lim—/ w(a + r.e?)dA,, (0
@ <t [ ot rean )

1 ,
< / limsup u(a + r - )df
210)" Jio2mjn =0
< u(a),
which proves that M(u;a,r) N\, u(a) when r N\ 0. O

Corollary 1.1.1. [/3] Let uy,uy € PSH(Q). If uy = uy Ag,-almost every-

where in ), then u; = uo.

Proof. [43] Fix an a € Q. Since u; = uy Ag,-almost everywhere, for 0 <
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r < d(a,°), we get

1
A(uy,a,r) = —/ uydAay,
P(a,r)

(mr?) ... (7r2)

=
=—— usdAsyy,
(WT%) ce (7-”4721) P(a,r) ? ?

= A(U'?? a, 7”)

Therefore, by the above proposition, ui(a) = us(a). O

Plurisubharmonic functions, as a several complex variable counterpart of
subharmonic functions, have many properties that can be deduced from the

theory of one-dimensional case. For example;

Proposition 1.1.6. [43] Let Q@ C C" be open, let u € PSH(Y), and let
Pla,r) CQ (r=(r1,...,rn) € RY). Then for z € P(a,r)

u(z) < (2i>n/[02 . <H ;17— 4l 2>u(a+7’.ew)d/\n(9), (1.1.3)

e = (2 = 4;)]

1 ‘
u(z w(a + r.e?)dA,, (0 1.1.4
)= gy [, et re s 0) (114

1 1
u(z) < )] /P(W) udAg, = R /(D)n u(a 4+ raw)dAg, (w) (1.1.5)

Proof. [43] Inequality (1.1.3) is well known for n = 1. In particular,

1"

u(w/,zj,w”) < P(u(w/, LW ) a4, T %), (w/,zj,w”) € P(a,r)

L (1.1.6)
j=1...,n.

Hence, after a finite induction, we get (1.1.3). Inequalities (1.1.4) and (1.1.5)
can be shown in a similar way. O]
Corollary 1.1.2. [/3] Let D € C" be a domain. If u € PSH(D) and
u # —oo, then u € Ly, (D); in particular Ay, (u='(—o0)) = 0.
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Proof. [43] Suppose that there exists a point a € D such that [, udA,, =
—oo for every neighbourhood U of a. Let 2r := d(a, D). Observe that
fJP’(z,r) ulg, = —oo for any z € P(a,r). Consequently,

b
(mr2) ... (7r2)

Hence u = —oo in P(a,r). Let

u(z) < / udNy, = —00, z € P(a,r).
P(a,r)

Dy:={z€ D :u=—o0 in aneighbourhood of z}.

We have proved that Dy # (). The same method of proof shows that Dy is
closed in D. Thus Dy = D is a contradiction. O

Now we will give some theorems about the smoothing of plurisubharmonic
functions. This is the generalization of the main approximation theorem of
subharmonic functions in one-dimensional cases.

Let 2 C C", set

Q. :={2€Q:d(2,Q) >¢}, e>0.
For every function in u € L, () and ® € C§°(C", RY) , define

us(z) := /Qu(w)q)g(z — w)dAy, (w)

(1.1.7)
_ / u(z + ew)®(w)dAg(w), = € Q.

where

This function w. is called the e-regularization of u.

Proposition 1.1.7. [/3] If u € PSH(Q), u # —o0, then u. € PSH(:) N
C>(Qe) and u. \, u pointwise in  when & N\ 0.

Proof. [43] It is clear that u. € C*(€).). Take an a € Q.. By the second part
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of (1.1.7), we get

1 1
us(a) = (27?)"/ / M(u;a, (1, .., 7)) P(T1, ooy ) T1y e ooy TndT, - o, ATy
0 0

Consequently, u. \, u. It remains to show that w. is plurisubharmonic. Now,
if we fix a € Q., X € C" with || X/ =1, and 0 < r < d(a,Q2!), then
1

— [ 27u. (a +re”X) df
2 Jo

-/ (% / 2”u<a+rewx+gw)de) D (w)dAsn (1)

> /n u(a + ew)®(w)dAg, (w) = u(a).

1.2 Polar and Pluripolar Sets

Let M be a subset of a domain €2 in C, we shall say that it is polar if there
is a subharmonic function u in 2 which is not identically minus infinity and
such that £ C u™!(—o00).

Lelong called a set polar if it is contained in u~!(—o0) for some plurisub-
harmonic function u (a global definition) in 1945 [33], but later, in 1957 [34]

he changed the definition to a local one as follows.

Definition 10. A set M C C" is called pluripolar if any point a € M has
a connected neighborhood U, and a function v, € PSH(U,) with v, Z —o0,
MNU, Cv;(—o0).

By Corollary 1.1.1, pluripolar sets are of Lebesgue measure zero. The
problem of whether an arbitrary pluripolar set can be described by one global

plurisubharmonic function was solved by B. Josefson in 1978.
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Theorem 1.2.1. (Josefson theorem)[19] If M C C™ is pluripolar, then
there exist a a v € PSH(C"), v # —o0, such that M C v~!(—o0).

Proposition 1.2.1. [43] Let M; C C" be pluripolar, j € N. Define
M = M;.
j=1

Then M is pluripolar.

Proof. [43] By Josefson’s theorem, for each j € N there exists a v; € PSH(C"),
vj # —oo, such that M; C vj_l(—oo). Since, for each j the set vj_l(—oo) is
of measure zero, there exists a point b € D" such that v;(b) > —oo for all
j. We may assume that v; < 0 on P(0, ) and v;(b) > —277, j € N. Define
v =22 v;. Then v € PSH(C"), v(b) > 1, and M C v~ (—00). O

Definition 11. A subset E of an open set 2 C C" is called negligible if
E C {u < u*}, where (u;);e; C PSH(S?) locally bounded from above and

U = Sup u;.

Here the family u; can be chosen to be countable by Chouquet’s lemma.
It is easy to see that if £ C {v = —oo} for v € PSH(S2) then E is negligible
since & C {u < u*} for u = sup;cyv/j. In other words, pluripolar sets are
negligible. The question whether the converse is true, posed by Lelong in 1966
[35] , remained unanswered until 1982, when Bedford and Taylor showed that
this was indeed in case [2]. Cartan had solved the corresponding problem for

subharmonic functions in 1942 [8].

Theorem 1.2.2. (Bedford-Taylor theorem)[2}] Negligible sets are pluripo-

lar.

Theorem 1.2.3. (Removable singularities of plurisubharmonic functions)/[}3]

Let M be a closed pluripolar set in €.
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(1) Letuw € PSH(Q\ M) be locally bounded from above in 2. Forw € Q\ M
and z € (), define

@(z) := limsup u(w)
w—rz

Then @ € PSH(S).

(it) For every function v € PSH(QY) and w € Q\ M we have

u(z) = limsupu(w), =z € Q.

w—z

(111) If 2 is a domain, then the set Q\ M is connected.
Proof. [43]

(i) The result has a local character. Then we may assume (2 is connected,
u<0in Q\ M and M C v~ !(—o00) with v € PSH(Q), v <0, v # —c0.
For 7 € N, put

u,:{ u+ (1/i)v, onQ\ M,

—00, on M.

Then u; € PSH(). If we define uy = sup,cy, we get up = u on
Q\ P and uy = —co on P where P := v~!(—00). The envelope of uy,
(ug)* € PSH(R). Since the set A := {z € Q : ug(z) < (ug)*(2)} is of
measure zero, (ug)* = ug = v on Q\ (PUA). Therefore, by proposition
1.1.5, (up)* = won Q\ M.

It remains to prove (ug)* = 4. Clearly, (up)* =u =@ on 2\ M. Take
an a € M, then

t(a) = limsup u(z) = limsup (ug)*(z) < limsup(ug)*(z) = (up)*(a)
Q\M>3z—a QA\M>3z—a z—a

= limsup up(2z) < limsup up(z) = limsup u(z)
z—a Q\P>z—a Q\P>z—a

< limsup u(z) = @(a).
Q\P3z—a
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(ii) Let

w(a) := limsup u(w), =z €.
Q\M>3w—a

Then by part (a), & € PSH(S2). Further, @ = u on Q \ M. Now, since
Ao (M) = 0, by applying proposition 1.1.5, we get the required result.
(c) Suppose that Q\ M = U; U U, where U; and U, are disjoint and
nonempty open sets. Define u : Q\ M — [—o0,00) by

{0 on Uy,
u =

—o00, on Us.

Then, in view of part (a), u has a plurisubharmonic extension to the
whole Q. Since u is locally integrable, if Uy # (), then u = —oo on Q
and so Uy = (). Hence, Q\ M is connected.

]

We finish this section with one of the most important results about

plurisubharmonic functions; the Hartogs lemma.

Lemma 1.2.1. (Hartogs Lemma)[}3] Let (u,)32, C PSH(Q) be a se-

quence locally bounded from above. Assume that for some m € R,

lim sup u, < m.
v—00

Then for every compact subset K C ) for every € > 0, there exists a vy such
that

maxu, < m-4¢e, v > .
K

Proof. [43] Take an ¢ > 0. It is sufficient to show that for every a € Q there
exist d(a) > 0 and v(a) such that u, < m+ ¢ in P(a,d(a)) for v > v(a). Fix
a and 0 < R < d(a,°)/2. We may assume that u, < 0 in P(a,2R) for any
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v>1,and m < 0. Let 0 < 6 < R/2. Then

1
limsup sup u,(z) <limsup sup ————— / Uyd Aoy,
vo00  2€P(a,) vooo zeP(a,0) T (R +0)*" Jp( rio)

<1 LS / dA
1m su Uy n
— v%oop (R + 5)2n ﬂ-nRQn P(2,R) 2

PR / I dA
im sup u,dAs,
S RA TR Join v

vV— 00
R 1
< dAs,
= (R+0)™ an R /m,m it
R2n
< —(R+5)2nm <m+e,
provided that ¢ is sufficiently small. m

1.3 Relation between convex functions and

plurisubharmonic functions

Convex functions constitute an important part of plurisubharmonic func-
tions. Therefore, a certain number of propositions in the theory of convex
functions follow from the corresponding assertions regarding plurisubhar-
monic functions. For more detailed information on convex functions, see, for

example Hérmander [18], and Bremermann [4].

Definition 12. A real valued function u(z) of real variable x is said to be
conver in an interval (a,b) if, for all z and 2’ in (a,b) and for all A € [0, 1],
it satisfies

uhz + (1= Nz) < Mu(z) + (1 — Nu(z).

A function u(x), where z = (x;...,xz,) is said to be conver in a domain
U C R™if, for all z° € U and b such that |b| = 1, the function u(z® + tb) is
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convex with respect to t in every interval contained in the open set
Upyp = {t:2°+tbe U},

The properties of convex functions are analogues of continuous plurisub-
harmonic functions and they follow from the properties of convex functions of
one variable like as the most of the properties of plurisubharmonic functions
follow from the properties of subharmonic functions of one complex variable
case.

Let U C RY is open and v € C?*(U,R), then we define the real Hessian

N
v(x; ) :Z

2

)&, zelU, &=(&,...,&v) € RY.

Then the function v is said to be convez in U if 7 v is positive semidefinite
in U, i.e. #v>0forallzeU and { € R" ([55], section 11.3).

Proposition 1.3.1. [55] Let If a real valued function u(z) = u(x,y) is convex

in a domain U C C" = R" 4+ iR", it is plurisubharmonic in that domain.
Proof. [55] If we take &; = a; +if;, we have,

0%u 82
Z(’?z]@zk—_z %G+ 5)
7.k

0%u 0%u
+ 2 +
4 ;K@x]@:ﬂk 0y; Oy

)(ajou + B;Bk) (1.3.1)

o Pu  Pu
O0r;0yr  O0x,0y;

)(Bjeu, — Bray)]-

That is, we have

AZu((z +iy); () = H((x,y); (a, B)) + A ((2,9), (B, —a))

which gives the desired.
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O

Proposition 1.3.2. [43] Let U be a domain in R"™ and letv : U — [—00, 00).
Define

U:=U+iR"CC", o(x+iy):=v(z), z+iyel.

Then © € PSH(U) if and only if v is convex on U.

Proof. [55] First consider the case where v is of class C%(U). Since 88—; =0

for j =1,...,n by the equation (1.3.1), we get
4.L0(x + 1y;a + ib) = Hv(x;a) + Hv(x;b),

which implies the desired result.
In general case, assume that v is plurisubharmonic and let ©. denote the
e-regularization of v. Observe that (75 +1R"™ = (76. Hence (75 = U*¢ +iR" for

an open set U. C R". Moreover,

V(2 +it) = /n 0(z 4 it + ew)P(w)dAg, (w)

_ / Bz + cw)B(w)dAon () = Bu(2), =€ .t € R?

Hence o.(z + iy) = v°(z), = + iy € U., where v* : U5 — R. Note that
v® N\ v. By the first part of the proof, v® is convex in U*® for any ¢ > 0.

Consequently, v is convex.
O]

The following can be seen as consequences of the above proposition.

Proposition 1.3.3. [36] Suppose Q) is a domain in C" with the following
property: for z = (z) = (xp +iyp) € Q and 0 < t < 1, we have 2 =
() + ityx) € Q. Then if o € PSH(Y) depends only on xy, it is continuous

convex function of v = (x1,...,x,)
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Proof. [36] Let m be the natural projection onto the real coordinate, i.e.
m(z) = x for 2 = x + iy. Then ¢ extends in a natural way to a plurisub-
harmonic function on Q = w x R, where w = ¢(Q). Let ¢ > 0 and
Q. ={2€Q :d(z,9° > e}. Then p. € PSH(Q) N C®(Q) and ¢, de-
pends only on z. Further, Lo (-, X) =77, %Xjf(k, and if X € R",
. is seen to be convex. Since a decreasing sequence of convex functions is
convex ¢ is convex, and since a convex function locally bounded from above

is continuous([55], Section 11.2), ¢ is continuous. O

Corollary 1.3.1. [36] Let Q € C™ be a domain Q2 ={z:0 < 7“; <zl < 7";/}.
A function ¢(r), r = (r1,...,m), 7; = |2j| defined in Q is in PSH(Q) if
and only if it is a convexr function of the variable v = (vy,...,v,), where

v; = logr;.

Proof. [36] Let z = (21, ...,2,) € Q. Then we can find a neighborhood w, of
z such that we can define a branch log z, = v + z'v;C of z; in w, for every k.
For p € PSH(Q), ¥(v) = (g + iv,,) = @(e™, ..., e") is plurisubharmonic
function of the variable (v; +iv],. .., v, + v, ). By above proposition, it is a
convex function of v = (vy,...,v,). Conversely, if 1)(v) is defined in an open
set w = {v : log 7“;. < w; <log T;»l} and is convex function of the variable v,
we extend 1) as a convex function on w + iR"™ by 1 (vy,) = ¢ (vy, + v, ). Hence
Y € PSH(w + iR™). O
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Chapter 2

Construction New

Plurisubharmonic Functions

In this chapter we will review certain instruments of obtaining new plurisub-

harmonic functions from the given ones.

2.1 New Plurisubharmonic Functions From
Old

In this section we will give some elementary but convenient ways to get new
plurisubharmonic functions from old ones. Up to now we have encountered
some instruments of forming plurisubharmonic functions. For example, it is
well known that the family PSH(Q2) is a positive cone, i.e. If a and g are
non-negative numbers and wu,v are plurisubharmonic functions on €2, then
au+ fo is plurisubharmonic on 2. We have already mentioned in Proposition
1.2.1 that if f is holomorphic then log | f| is plurisubharmonic. If (u;);en is a
decreasing sequence of plurisubharmonic functions then lim; o, u; = u(2) is
plurisubharmonic hence if (v;), ey is a sequence of negative plurisubharmonic

functions then v := > 7 | v; is plurisubharmonic.
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The upper semicontinuiy of the above functions follows from Proposi-
tion 0.2.1. In addition to these ones, upper semicontinuous regularization of
supremum of a sequence of plurisubharmonic functions is plurisubharmonic.

Besides of these, a very useful tool is the following.

Proposition 2.1.1. [24] Let Q C C" and v € PSH(QY). If ¢ is a real valued

increasing convex function, then 1 o u is plurisubharmonic.

Proof. [24] Since convex functions are continuous on intervals ¢ o u is obvi-

ously upper semicontinuous. Also if B(z,p) C Q,

1 2 ] 1 27 ]
You(z) < <— / u(z + re‘eX)d9> < — Y ou(z +reX)do,
2m Jo 2m Jo
where the second inequality comes from Jensen’s Inequality([44] Theorem

2.6.2) for convex functions. Hence ¢ o u is a plurisubharmonic function. [

Proposition 2.1.2. [36] Let Q be a domain in C", and (€2;):2, be a covering
of Q by domains Q;. If u is defined on Q and uw € PSH(LY;) for every i, then
u € PSH(Q).

Proof. [36] Since w is upper semicontinuous on domains 2; for all 7, it is
also upper semicontinuous on €2 := [J;°, ©; and submean value inequality
holds also for €2 since it is a local property, it is satisfying on each connected

component €;. n

2.2 Pushout and Pullback

Let u € PSH(Q) N C*(Q) and F : Q — Q be holomorphic, where Q" ¢ C™
is open. Then by using the definition of Levi form, for b € Q and Y € C"

we have

/

L(uwo F)B;Y) = Lu(F(b); F (b)(Y)).
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Indeed, from the chain rule we have
O?*(uoF) (Z ou (9fr>
02;0%; 82] 0w, 0z

(m 0*u afsa_ﬁ> Z ou 0 8fr

w0, 0z; Dz D, a_zj 3zk

’T‘S—

and the last sum vanish because f is holomorphic. Hence

—~  0%u 0f0f

F)
Zluo Ow, 0, 0z, Dz,

>0

7’57

Proposition 2.2.1. [24] Let Q' C C" be open and let F € O(Q,). Then
uwo F € PSH(Q) for allu € PSH(Q).

Proof. [24] We may assume that u € L. (Q). If u € C? then the re-
sult follows from the above formula. In general case, let u. denote the
e-regularization of u. Put Q := F~(€,), then uo F € PSH() and
us o F'\yuo F. Consequently, uo F' € PSH((Q). ]

The following proposition gives tools for defining new plurisubharmonic
functions by using special holomorphic functions. Before stating it, we will
describe some basic facts concerning proper holomorphic mappings and the
notion of analytic cover. We refer to reader [47] and [16], for detailed infor-

mation.

Definition 13. Let X and Y be topological spaces. A continuous map
f: X — Y issaid to be proper if f~}(K) is compact in X for every compact
set K CY.

We shall study proper holomorphic maps f : Q — Q' where Q and Q" are
domains in C". In this context, the compactness of f~1(K) for every compact
K c Q' is equivalent to the following requirement: if {a;} is a sequence of

in Q that has no limit point in Q, then {f(a;)} has no limit point in Q.
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Some elementary facts. Let  and Q' are domains in C" and suppose
that f: Q — Q' is holomorphic and proper.
If w= (wy,...,w,) €Q, then f~'(w) is a subvariety of , being the inter-
section of zero sets f; — w;, where f; is ith component of f and f~'(w) is
compact since f is proper. Hence f~!(w) is a finite set (Theorem 14.3.1 in
47)).
Let M :={J = 0}, J being the Jacobian of f. Its image f(M) is called the
critical set of f. Each w € f(M) is a critical value of f. Every other point
of f(Q) is called a regular value of f.
Since f is proper, it is a closed map: if E is closed in €2 then f(F) is closed
in Q. In particular, f(M) and f(Q) are closed in ', and the set of regular
values of f form an open set.

Let Q be a domain in C". By a covering of §, we mean that a domain Q'
and proper map

7 Q — Q that is a covering space in the topological sense of word.
This means by definition that every point z € Q) has a neigborhood U, with
7 1(U.) is a disjoint union of open sets {V;} such that 7|y, : V; = Qis a

homeomorphism onto U.,.

A topological surface €', one can put a complex structure on © by using
7. In this case 7|y, : V; — € becomes a biholomorphism onto U, by the

notation above. More information about topological covering can be found
in [12] and [13].

Definition 14. A mapping f : X — Y is called light if f~'(y) consists of
only a discrete set of points, for all y € Y.

In view of the above material, we introduce the notion of analytic cover.

Definition 15. An analytic cover is a triple (X, m, ) such that
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(i) X is locally compact Hausdorff space;
(ii) © is a domain in C";
(iii) 7 is proper, light, continuous mapping of X onto €;
(iv) there is a negligible set A C (2, and an integer A such that 7 is a
A-sheeted covering map from X \ 7~ !(A4) onto 2\ A4;
(v) X\ 7 !(A) is dense in X.

The following theorem is a useful instrument for constructing new plurisub-
harmonic functions by pullback, which is our purpose and the reason that

why we mentioned above procedure.

Theorem 2.2.1. [16]. Let Q be a domain in C". Suppose ' is a domain in
and f: Q — Q is proper. Then (Q, f,Q) is an analytic cover.

Finally, we give our construction by pullback.

Proposition 2.2.2. [25] Let f : Q — Q' be a proper holomorphic surjection
between two open sets in C". If u € PSH(Y), then the formula

v(z) = max{u(w) :w e f1(2)} (zeQ)

defines a plurisubharmonic function.

Proof. [24][25] Without lost of generality, assume that €' is connected. De-
note by A the zero locus of the Jacobian of f, i.e. A is the critical set of f
which is a subvariety of €. Then, by proper mapping theorem ([16] p.162),
f(A) is a subvariety in Q', hence it is negligible.

In view of the main approximation theorem, it is enough to show that the
proposition is true for continuous function. Assume that u € 2 N PSH(2).
By previous theorem, the proper mapping f is a analytic cover. Hence f is

open [16] and closed. Let a and b are real numbers with a < b, then

v ((a,0) = £ (! ((a,00))) \ 7 (u ! (B, 00)))
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Consequently, v is continuous on €. Now, by proposition of holomorphic

functions (Theorem 1.3.1 in[24]), the proper surjection

Fl-1\pay) O\ f(A) = Q\ f(4)

is locally biholomorphic. Hence, there is a natural number & such that for
each z € Q \ f(A) there exist a neighborhood V C Q' \ f(A) of z, and
mutually disjoint neighborhoods Uy, ..., U, of wy, ..., wy, respectively where
{wy,...,wi} = f7(2) such that f|y, : U; = V is a biholomorphic mapping
for each j and f~1(V) = Ule Uj.

Consequently, v € PSH(Q'\ f(A)) and since v is continuous, f(A) is pluripo-
lar. By removable singularities theorem, v € PSH(Q'), as required. O

2.3 Gluing Lemma

In many situations we need to glue two plurisubharmonic functions together

and next lemma help us with this.

Lemma 2.3.1. (Gluing lemma)[43] Let G C Q C C" be open and let
v € PSH(G) and u € PSH(Y). Assume that

limsupv(z) <wu(€) €€ Q2NoG.

Goz—¢
Put

u(z) = { max{v(2),u(2)}, forze€G
u(z), for 2 € Q\ G.

Then @ € PSH(L2).

Proof. [43] The upper semicontinuity of u is obvious from assumption. Ob-

viously @ is plurisubharmonic on Q \ dG. Take a point a € QN IG, a vector
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X € C" with || X|lee =1, and 0 < 7 < d(a,Q2°). Then

2T 27
o) = ul0) < o [ uax(re®)io < - [ duxtre o,
0 0

27 s
Then @ € PSH(). O

Notice that, if ©« < v on G, then % can be seen as a plurisubharmonic
extension of u to whole €. In view of that observation, we may give the

following corollaries of Gluing lemma.

Proposition 2.3.1. Let )y and Q5 are domains in C" such that Q0 := QN
Qy # 0. Suppose that uy € PSH(Q) and uy € PSH(Ss) such that

limiglful(z) <wuy(¢) C€002Ny
2=
and

liminfus(2) <wuy(§) &€ 0QNy.

z—¢&

Define a function ¥ on Q1 UQy as

Uy for z € Q1 \ Q
U(2) := < max{ui(2),us(z)}, forzeN
Uz for z€ Q\ Q.

Then ¥ € PSH(Ql U Qg)

Proof. Since Q C €y, applying Gluing lemma for u; € PSH(Q;) and uy €
PSH(L2), we obtain a new plurisubharmonic function, ¥y, on €);. Likewise,
for up € PSH() and uy € PSH(N), we get Uy € PSH(2;). Now, since
Uylg = Wslq, we may define ¥ as a plurisubharmonic extension of W; on
1 U Qy such that U(z) = Wy(2) for all z € Qs \ . O

Proposition 2.3.2. Let 21 and Q) are disjoint open sets and K be a compact
set in C" and let vy € PSH(Q U K) and us € PSH(Qy U K) where
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PSHE(Q2) denotes the set of continuous plurisubharmonic functions on €.
Choose a neighborhood of V' of K such that uw; € PSH(V) for j = 1,2. If
U1|q,nv = Uz, then uy has an extension, u, on Q3 U K UQy such that u(z) =
us(2) on Qo. Similarly, if us|g,nv = w1, then uy has a plurisubharmonic
extension, v, on 3 U K Uy such that v(z) = uy(2) on §2.

2.4 Fusion Lemma

In the conclusions above, we mentioned that, under which conditions, we may
extend a plurisubharmonic functions by applying Gluing lemma. Strictly
speaking, we are given a function v on a set G and we seek to approximate
u by a function v plurisubharmonic on a larger open set ) containing G.
This type of approximation is related to the problem of plurisubharmonic
extensions. In fact, if we find a plurisubharmonic function v on 2 which
is actully agrees with u on G, then, without any doubt, v is a very good
approximation indeed, for the error function u — v is identically is zero on G,
as the derived corollaries above. But, what if the error function is nonzero?

The Fusion lemma gives allows to approximate two functions simultaneously.

Lemma 2.4.1. (Fusion Lemma)[1}] Let § be a strictly plurisubharmonic
function on C™. Let Qy and Qs be open subsets of C* with 4, N Qs = 0 and
Qs compact. Then, there is a constant C such that if K C C" is any compact
set, € > 0, and u; are functions such that u; € PSH(Q; UK) forj=1,2, .
Then there ezists v € PSH (€ U K U Qy) such that, for all z € Q; UK,

[v(2) —u;(2)] < C-max{|0(2)], 1} - max{|us — us|k,e}. (2.4.1)

for 3 =1,2.

Proof. Let x1 € Cg°(C") such that —1 < x; <0, x; = —1 on Qs and y; =0
on Q. Set y2 = —1 — x1. Choose X positive and so small that & + \y; are
both plurisubharmonic for j = 1,2. Choose a neighborhood V' of K so that
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u; € PSH(V) and
llur — uslly < 2max{e, [Ju; — us||k }-
We define a positive constant 1 by
An = 2max{e, ||u; — us||x }-

Now set
fi = u; + (5 + Ax;)

on ; UV and f; = —oo elsewhere. Finally, we set

v =max{fi, f2}.

Obviously, v is plurisubharmonic and continuous on (€, UV U Q) \ OV.
Assume that zp € 9V N Q. Since y; = 0 on 7 and xs = —1 on Qq, if z is

near zo and z € V, then

fa(2) = ua(2) + (0 = A) = f1(2) + [ua(2) — wa(2)] = A < f1(2).

Since fy(z) = —oo on Q; \ V, we have that fo(2) < fi(z) for all 2z near
zo. The point z, was arbitrary point of dV N ; ans so it follows that v
is continuous and plurisubharmonic on a neighborhood of 0V N ; and, by
similar argument, on a neighborhood of 9V N . Thus, v € PSH(Q UV U
0y).

There remains to verify that v has required approximation property.

On Ql\V,

[v(2) —w(2)| = |f1(2) — wi(2)] = n|d(2) + Axa(2)]
=n[d(2)] = 22 " max{e, |Juy — ua||x }0(2).

On Q; NV, we consider two cases. First of all, if [v(2) —u1(2)| = v(2) —u1(2),
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then, since v < max{uy,us} + n(|6| + A), we have

[0(2) — i (2)] < max{(u1(2), ua(2)) — ua(2) +0([0(2)] + A)}
< 2max{e, ||u; — uo||x} + A 2max{e, [[ug — ua||x }(|6(2)] + N).

On the other hand, if |v(z) — u1(2)| = u1(2) — v(z), then

[v(2) — u(2)] = wa(z) — max{fi(2), f2(2)}
< uy —max{u(2) = 1(|6(2)] + A), uz(2) = n([6(2)] + A)}
= w1 (2) — max{uy(2), uz(2)} +1(|6(2)[ + A)
which yields the same estimate as in the first case. Thus, for C' = 4 4+ 2\7!,

2.4.1 holds on ©; N V. The same estimates on 2y NV are similar. This

completes the proof of the fusion lemma. O]

Note that, if we are interested in finding v plurisubharmonic in Q; U KU
)y rather than €, U K Uy, then, in case ||u; — us||x = 0, the inequality
2.4.1 is trivial, for of course u; and us are then plurisubharmonic extensions
of each other and we may set v = u; on Q; U K°, as in proposition above.
Moreover, the formula 2.4.1 can be simplified for most applications. Indeed,
if

(1) flur — ol # 0, then [v(2) — u;(2)] < € max{[(2)], 1} - [lur — ual|x;
(ii) ||lur — u2l|xk =0, then |v(z) —u;(2)| <e-max{|é(2)],1};
(iii) 0 is bounded on ;UK U, then |v(2)—u;(2)| < C-max{||u; —us||k, €};

(iv) [Ju; — ug||x # 0 and § is bounded on €y U K U €y, then

[0(2) —u;(2)] < C- g — |k
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(V) |lur — us||xk = 0 and § is bounded on ; U K U 5, then

[0(2) —uy(2)] < e.

In particular, from (iii) we see that if we assured of existence of a bounded
strictly plurisubharmonic function on ©; U K U €2y, then we may omit any

mention of ¢ in lemma.

Example 3. Let €y, Q5 and K as in the above lemma with the property
that QN K = Qy, N K = (). Then we may construct the function v as

ui(z) forzeQ UV
v(z) ==
us(z), for z € Q.

or

ui(z) for z €
v(z) =
uy(z), for z€ Qu UV,

Example 4. Let Q;, 25 and K be as in the Fusion lemma. Assume that
QNK # 0 and QN K = (). In this case, we may define the function v with

the following fashion

v(z) =

u(z) forze Q UV
us(z), for z € Q.
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Chapter 3

Maximal Plurisubharmonic

Functions

As mentioned before, plurisubharmonic function are generalizations of the
subharmonic functions. A natural counterpart to the class of harmonic func-
tions is the class of so called maximal plurisubharmonic functions which will
be discussed in this chapter.
In C", if « = (q,..., ) € Z’i, k < n, using multi-index notation, we
define
dz® == dz"" N ... ANdz, dz® :=dz** N... \Ndz.

Now we will define another very important operator

d°:=1i(0—0)

noting that
dd® = 2190,

and, if u € C?*(Q), then

ddu = 2 i Pu_ 1 pdz
u = 21 YA 2l
) ﬁzj(“)ék J F

62



From this formula and the fact that for any b, c € C",
dz; A dzi (b, ¢) = bey, — brey,
we deduce that
(dd°u)(a)(b, c) = —4Im < ZLu(a)b,c >

for any a € €2 and b, c € C".

3.1 Maximal Plurisubharmonic Functions

In the definition below, we use the same terminology of Sadullaev ([49] and
[50]).
Let €2 be an open subset of C".

Definition 16. Let 2 C C" be a domain. A function u € PSH(() is said
to be mazimal if for any open set G CC Q and v € PSH(G) such that
limsup,_,,v(z) < u(p) for all p € OG it follows that v < wu in G.

We shall be using the symbol MPSH(2) to denote the family of all
maximal plurisubharmonic functions on €.
Notice that if n = 1, then MPSH(Q) = H(2). Indeed, let u be a continuous
maximal function on €2 and @ is a harmonic function with v = 4 on 9B for
an arbitrary ball B CC ). Then since u < u on 0B, by maximality of u,
we have & < v on B. On the other hand, since 4 > u on B, by maximum
principle for subharmonic functions, 4 > u on €. Hence, © = @ meaning u is
a harmonic function. If u is not continuous, by the suitable approximation
arguments one can get the result.
Unlike the classical case n = 1, where every maximal subharmonic function
is smooth, the maximal plurisubharmonic function in C*, n > 1, not need

be even continuous. The next proposition is useful in many applications.
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Proposition 3.1.1. [5] Let Q C C" be a domain. Let u € PSH(Y). The

followings are equivalent:
(i) u is mazimal.

(1i) For every relatively compact open subset G of 0 and for every function

v e PSH(Q), if
liminf, ,, (u(z) —v(2)) > 0 for all p € OG, then u> v in G.

(111) For each open set G CC Q2 and v € PSH(2) such that
liminfes,p(u(z) —v(z)) > 0 for all p € OG it follows u > v in G.

(iv) For each v € PSH(SY) which has the property that for each € > 0 there
exists a compact set K C Q such that u—v > —e in Q\ K thenu > v
in €.

(v) For each open set G CC Q and v € PSH(2) such that v(p) < u(p) for
all p € 0G it follows u > v in G.

Proof. [5] Assume that u is maximal and let v,G be as in (ii). Then

limsup, ,,v(z) < u(p) for all p € G. Indeed, let {2} C G be such that

zr — p and let L := limsup, ,, v(z) = limsupy_,,, v(2). Then

0 <liminf(u(z)—v(z)) < liminf(u(zx)—v(z)) < limsupu(z,)—L < u(p)—L.
z—p k—o0 k—o0

Thus limsup,_,,v(z) < u(p) for all p € G and by (i) v < u in G, which

gives (1).

Since PSH(Q)|c = PSH(G), it is obvious to see that (ii) implies (ii7).
Now assume (i4i) holds. Let v € PSH({2) with the property that for every
e > 0 there exists a compact set K C € such that u—v > —e in Q\ K. To get
a contradiction, assume that there exists a a € Q such that u(a) < v(a) — 9

for some 0 > 0. By hypothesis, there exists a compact set K C € so that
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u(z) —v(z) > —=§/2 for all z € 2\ K. Notice that a € K. Let G CC 2 be
an open set such that X' C G. Then liminfgs,,,(u(z) —v(2) +6/2) > 0 for
all p € 0G. Since (v—0/2) € PSH(R?) then (ii7) implies that u > v —0/2 in
G and in particular than u(a) > v(a) — §/2, which is a contradiction. Thus
(171) gives (iv).

Assume (iv) holds. Let G CC ) be an open set and v € PSH({2) be so that
u(p) > v(p) for all p € OG. Define

w(z) = { madulzh v €
U(Z), = Q \ G

By Gluing lemma, w € PSH(2). By construction, for all € > 0 it follows
that 0 = u(z) — w(z) > —¢ for all z € Q\ G. By (iv) it follows that u > w
in 2 and thus v > v in G as desired.

Finally, if (v) holds, given G CC € an open set and v € PSH(G) such
that limsup, ,,v(z) < u(p) for all p € dG we define w as above. Then
w € PSH(), w < won dG and by (v) it follows that w < v in G, proving
that v < w in G and then (7). O

3.1.1 Characterization of maximal plurisubharmonic

functions of class C?

In this subsection, we characterize maximal plurisubharmonic functions of
class C? by means of their Levi form. In several variables the Pluricomplex
Dirichlet problem asks to find an upper-semicontinuous function u on £,
u: Q — R for a given extended real valued function f defined in 99 such
that (u]g) € MPSH and u|sq = f. Recall that the complex Monge-Ampére

operator in C" is defined as the n-th exterior power of dd¢, namely

(ddoy" = dd° A ... A dd°,

-—
n—times
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Let Q € C" and let u € C%(Q) then we have the following equality

0%u
ddu)" = 4" nldet d
( U) e |:8Z]82k:| V7
where
AV = (%) dzy AdZ A des AdZ A ... Adz, AdZ, (3.1.1)

is the usual volume form in C". In particular if n = 1,then (dd®)"™ becomes
usual Laplacian times the area form in R2.

For an arbitrary plurisubharmonic function u, it is well known that ddu
is a positive (1,1) current [24]. But it is not clear that the powers of dd°u

are well defined. In fact, examples indicate that it is not possible to define

[e.e]

(dd°u)™ as a distribution for all plurisubharmonic function u. If v € L.

then Bedford-Taylor was able to define (dd°u)™ as a measure. For more
information, we refer to reader to [1].

One of the important features of the Monge Ampére operators is the fact
that the maximality of plurisubharmonic functions can be characterized in

terms of equations.

Theorem 3.1.1. [2/] Let u € C*(Q2), where Q C C" is open.
If u e MPSH(QY) then

J*u

— =0 in
szaz;j 1<j,k<n

det [

Proof. [24][5] Assume that u € C? NPSH() is maximal and assume that
there exists a € €2 so that det [gz]“a(gi} > 0 in Q. This implies that Zu(a; X)
is positive definite for each X € C" with || X|| = 1.

In view of the continuity of the second order derivatives of u, one can find
a ball B(a,r) CC Q and C' > 0 such that Zu(z; X) > C for all X € C" such

that || X]|| = 1 and 2z € B(a,r). Then u(z) + C(r? — ||z||?) € PSH(B(a,r))
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since Z(u+ C(r* —||.]I*))(z; X) = ZLu(z; X) — C|| X||* > 0 by construction.
Define

o(z) = { u(z), z€Q\ B(a,r),

w(z) +c(r* — ||z —al|?), =z € B(a,r).

By Gluing lemma, v € PSH(2). Moreover v = u on dB(a,r) and v(a) =

u(a) + Cr? > u(a) against to maximality of w. O

Theorem 3.1.2. [2/] Let Q be an open subset of C", and let u € C*(Q2) N
PSH(QY). Then u is mazimal in  if and only if (dd°u)™ = 0 in €.

Proof. [5] Assume that (dd“u)® = 0. Let G CC Q be an open set and
v € PSH(Q) such that v(p) < u(p) for all p € IG. What we need to show
that is v < w in G and by proposition 3.1.1 and by the arbitrariness of v
implies that u is maximal. Seeking for a contradiction, we assume that there
exists a € G such that 0 < v(a) — u(a) < sup,cq(v —u)(2). Let § > 0
satisfying v(a) — 0 > w(a). Then v(z) — 9§ € PSH(?) and v(p) — 6 < u(p)
for all p € 0G. Thus, if {v.} is the decreasing sequence of regularizing
plurisubharmonic functions for v — 9, there exists € > 0 such that G CC 2.,
ve € C®(Q2) NPSH(), v(a) > u(a) and v-(p) < u(p) for all p € IG.

Let M := max,cq ||2||*. Let A > 0 be such that v.(a)+(||a||*—M) > u(a)
and let w(z) := v.(2) +A(||2]|*— M). Then w € PSH(L.), w(p) < u(p) for all
p € 0G and w(a) > u(a) and Lw(z; X) > 0 for all z € G and X € C*\ {0}.

Let 7 € G be the local maximum of w — u. Since w(a) — u(a) > 0 and
w—v < 0 on JG such a point exists.

Notice that det[gz;‘Eg;Z] = 0 is equivalent to the vector X € C"\ {0} such
that Zu(7; X) = 0. Let f({) := (w —u)(7 + X() for ¢ € C, |[¢| << 1. Since
¢ =0 is a local maximum and f is of class C? then Af(0) < 0. Therefore

0>Af(0) =42 (w —u)(1; X) =4Lw(r; X) > 0,
a contradiction. Therefore v is maximal.
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Conversely, let © be maximal plurisubharmonic function then by above

theorem ,we have

0%u }
8zj8zk 1<j,k<n

hence (dd“u)™ = 0 by equation (3.1.1).

0

det [

3.2 The Relative Extremal Functions

An extremal function, which has become known as the relative extremal func-
tion, was introduced by Siciak[52] in 1962 and Zaharyuta[60] in 1976. Given
an open set 2 in C" and a compact subset E of 2 he defined a function
h = u} g, where the star denotes the upper semicontinuous envelope and

where
upo(z) =sup{v(z) ;v € PSH(N),v< -1 on E,v<0 in Q} ze€Q

The function (ugq)* is plurisubharmonic in 2. Since in one-dimensional case
(ugq)* is closely related to the notion harmonic measure in higher dimen-

sions, it sometimes called the plurisubharmonic measure of E relative to
Q[48].

As a direct consequence of definition, we have the following monotonicity

property of the relative extremal function.

Proposition 3.2.1. [2/] If E; C Ey C Qy C Qy then

UE 0 > UE,,01 > UE;,Q9-

Definition 17. A function u : 2 — R is called an ezhaustion function if for

any t € R the set {z € Q : u(z) <t} is relatively compact in © and an open
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set Q in C" is called hyperconvex (or plurireqular) if there exists a function
u € PSH(Q), u <0, such that

{zeQ:uz) <t} ccQ, t<O0.

Proposition 3.2.2. [24] If Q2 is hyperconver and E is a relatively compact
subset of €1, then at any point of w € OS)

lim ug o(z) = 0.
zZ—w

Proof. [24] If p < 0 is an exhaustion function for €, then for some M > 0,
Mo < —1on E. Thus Mp < uggq in Q. Clearly, lim,_,,, o(z) = 0, and so we
obtained the required result. O]

Proposition 3.2.3. [2] Let @ C C™ be a connected open set, and let E C €.

The following conditions are equivalent
(Z) u*E,Q = Oz'

(i1) there exists a negative function v € PSH(SQ) such that

Ec{zeQ:v(z) = -0}

Proof. 2] If E C {z € Q : v(z) = —o0}, where v < 0 and v € PSH(2),
then ug g > sup{v/j : j = 1,2,...}. So ugq = 0 on the complement of a
set of measure zero. Hence uj, o = 0[1]. Conversely, assume that uj o = 0.
Then by main approximation theorem there exist a point a € €2 such that
upq(a) = 0. Therefore, we may choose v; € PSH(2) such that v < 0 for all
jEN,v; < —1on F and v;(a) < —277. Now, define

v(z) == Z v;(2).

7j=1
Since v Z —oo and v € PSH (L)) with v|g = —o0, we get the desired.
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Proposition 3.2.4. [24] Let Q be a domain in C". Suppose that E = Uj E;,
where E; C ) for j =1,2,.... Ifu*Ej@ =0 for each j then uj o =0

Proof. [24] Choose v; € PSH(S?) such that v; < 0 and v|g = —oo. Take
a point a € (Q \U, vj’l({—oo})). By multiplying all v,’s with a suitable

constants, we may assume that v;(a) > —277. Define v(2) 1= 37, v;(2).
Since v € PSH(Q), v < 0 and v|g = —o0, by the above proposition, uf o =
0. [

Proposition 3.2.5. [2/] Let Q be a hyperconvex subset of C", and let K be
a compact subset of ). Suppose that ) is an increasing sequence of open
subsets of Q0 such that Q@ =72, Q; and K C Q. Then

jlirélo ur0,(2) = uxo(2) z €.
Proof. [24] Take a point zy € Q and assume w.l.o.g. that K U {z} C Q.
Let o < 0 be an exhaustion function for 2 such that ¢ < —1 on K.
Take € € (0,1) satisfying o(z9) < €. There is jo € N for which the open set
w = 0 !((—o0,¢)) is relatively compact in Q;,. Now, take u € PSH(;,)
such that © <0 on ;, and v < —1 on K. Then

o(z) = { max{u(z) —¢,0(2)} z€w,
Q(Z)’ z € \w

defines a plurisubharmonic function with v < —1 on K and v < 0. Hence
v(20) < uga(20). Since u is an arbitrary function in the family of defining
U, , We have

UK,QjO(Zo) — e < uga(z).

By monotonicity property of relative extremal functions, for all j > j, we

have,

ur0,(20) — € <ugal(z20) < uka;(20)
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Since ¢ arbitrarily small, the result follows. O

Proposition 3.2.6. If Q C C" is hyperconvexr and K 1is compact, then uj q

is maximal in Q\ K, that is,
(dduj o) =0 in Q\K.

Proof. Consider a ball B C Q\ K and let &5 be the solution of the Dirichlet
problem in B:
(ddccb)n = O, (I)B’BB = U*KQ‘BB-

By maximality of ®p, for z € B we have ®p(z) > uj o(z). Now, define

w(z) =

(I)B ZGB7
Ugq, 2€Q\B

Then w is plurisubharmonic, non-positive and v < —1 on K. Hence w < uj g
in . On the other hand, ®p > uj g in B. Therefore uy o = ®p in B, which
means uj q is maximal in B. Since B was chosen arbitrarily, we arrived the

required result. O

3.3 Siciak-Zaharyuta Extremal Functions

Let X be a locally compact metric space, and let X be a compactification
of X. We write that f(x) = O(g(x)) as * — a, to indicate that, for some
M > 0 and for all x € X sufficiently close to a we have |f(z)| < M|g(x)|. If
f is real valued, the notation ‘f(z) < O(g(x)) as  — a’ means that there
exists a h : X — R such that h(z) = O(g(z)) as * — a and f(z) < h(z) for
all x € X sufficiently close to a.

A function u € PSH(C") is said to be minimal growth if

(u(z) —log|lz]) < O(1) as 2] = oo.
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The family of these functions is called Lelong class and will be denoted by

L(C™) or, simply, £ if no confusion can arise.

Definition 18. [60][53] Let E be any set in C". The function
Ve(z) = sup{u(z) € PSH(C"):ue L,u<0 on E}

is called Siciak-Zaharyuta extremal function of E.

Example 5. For any complex norm || - || on C", let By (a,r) denote the
closed ball with center a and radius r. Then for all z € C",

+ |z — a

VBH.”(G,T) (Z) = log (331)

where log™ is positive part of logarithm function.

Indeed, let £ = By.(a,r). Since all norms on C" are equivalent (Lemma 5.14
in [40]), there is a constant C' such that ||.| < C|.| an C". Then the function
log™ ”z;TaH belongs to Lelong class £ and since it is 0 on E, log™ @ < Vg(2).
Therefore we need to show for any v € L, such that v < 0 on FE, that
u(z) < log™* @ Note that this is clearly holds when z € E

Now, for such u and w € C"\ E we define a function v on B(0, ||w —a||/r) \
{0} cC,

+ |w — a '
(e

Then v is subharmonic and v(¢) is bounded when ( — 0 since u € L.

v(¢)=u(a+ ¢ (w—a)) —log

Therefore, by removable singularities theorem, v can be extended over 0 to
a subharmonic function @ on B(0, ||w — a|/r). Now, limyc|—w—a|/» v(¢) <0,
so by maximum principle, o < 0 on B(0, ||lw — a||/r). In particular, v(1) is
defined since ||[w — al|/r > 1 and v(1) = 9(1) = u(w) — log* M <0 as

desired.

Proposition 3.3.1. [2/ If K is a compact subset of C", then Vi is lower

semicontinuous.
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Proof. [2] Note that if v € £ then also v % x. € £ where x. is the standard
smoothing kernel in C". Then if u € £, u < 0 on K, and § > 0, then in view
of the main approximation theorem for the plurisubharmonic functions and
the compactness of K we can find € > 0 such that (u* y. —¢) < 0 on K.
As a consequence, we see that Vi is the supremum of a family of continuous

functions, and hence the result follows. n

Proposition 3.3.2. [2/] If K1 D Ky D ... is sequence of compact subsets in
C" and K =(; Kj, then
lim VKj = VK

j—00
Proof. [24] Clearly, Vi, < Vi, < ... < Vk, and so the limit of left-hand
side exists and is not grater than V. Take u € £ such that © < 0 on K.
If ¢ > 0, then if j is sufficiently large, K; is not contained in the open set
{z € C" 1 u(z) < e}. Thus for such values of j, u —e < Vg, < lim;j_ Vg, in
C". Consequently, Vi < lim;_,q V. O

To prove the maximality of envelope function of Vg, V3, we need to

propose the following.

Proposition 3.3.3. [2/ Let Q be open in C" and ¢ € PSH(2) N L. (2).
If D ccC Q is strongly pseudoconvex, then there exists a unique function
€ PSH(Q) NLE(Q) such that

(ddp)* =0 on D, (3.3.2)

v=1v on Q\D. (3.3.3)

Proof. [2] Let 1; be a continuous plurisubharmonic function which decreases
to ¢ on a neighborhood of D. By theorem 8.3, p.42 of [1], there exists
zzj > 1b; continuous and plurisubharmonic on a neighborhood of D satisfying
(dd°p;)" = 0 on D and ; = b; on Q\ D. Then since (dd®);)" — (dd))"
as j — 00, zﬂ satisfies 3.3.2 on D. Now, since 1;]- Ny zﬁ on a neighborhood of
D and ¢ = 1; on Q\ D, the function =1 on \ D satisfies 3.3.3 also. [J
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Now, we consider some envelope function more general than V.

Corollary 3.3.1. [2] Let h be a bounded, lower semicontinous function on
Qcccr If

up(z) = sup{v(z) € PSH(2) N L},

loc(Q)7 v S h‘}7

then the envelope function uj is mazimal on the set {uj, < h}.

Proof. [2] If z € {u} < h}, then since v} is upper semicontinuous and h is
lower semicontinuos there exists a small ball B centered at z with sup{u} (¢) :
¢ € B} < inf{h(¢) : ¢ € B}. Let function 1 be as in the above proposition
with ¢ = wuy. It follows that, we have that zﬂ < h. Hence zﬁ < uj, so
Y < uf. Since (dd))" = 0 on B, we have (dd°u})” = 0 on B. Because
B is a neighborhood of an arbitrary point z € {u} < h}, the corollary is
proved. O

Corollary 3.3.2. [2] Let E C C". Then (dd°VE)" =0 on C"\ E.

Proof. [2] If B is a small ball in C* \ E, then V3 = V} as in the previous
corollary. Hence (dd°V3)™ = 0 on B, therefore on C"\ E. O

3.4 Pluricomplex Green Functions with a

Logarithmic Pole

Let €2 be an open bounded subset of C and let a be a point €2. Suppose that
the function z — Gq(z, a) has the following properties:

(i) Gal(.,a) is harmonic on 2\ a, and bounded outside neigborhood of «;
(ii) for each w € 9 we have lim,_,,, Go(z,a) = 0;

(ili) 2z — Gq(z,a) +log|z — a| extends a harmonic function on 2.
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Then the function z — Gg(z,a) is called the classical Green function for Q
with pole a. In view of the maximum principle, each set {2 can have at
most one Green function with a given pole. Furthermore, if u is the solution
to the Dirichlet problem

u e C*(Q)N C(Q), ,
Au=0 in €,
u(z) =log|z —a| foreach 2z €,

then u(z) — log |z — al is the classical Green function with pole at a. Con-
versely, if 2 has a classical Green function, the function defined by (iii) solves
the Dirichlet problem.

Lempert [38],[39] constructed an analogues function in several variables:
his function is plurisubharmonic in €2, has a logarithmic pole at a given
point a €  and tends to zero at the boundary of €2. Further, it solves
the homogenous Monge-Ampere equation in 2\ {a}, in other words, it is

maximal on this set. Namely, the function forms as the following

ue C°(Q\{a}) NPSH(),
(dd°u)* =0 in €,
u(z) —log|lz —al| = O(1) as z— a,

u(z) =

u(z) =0 as z—we i

For the case n = 1 the function —u is just the classical Green function for
) with pole a. Bearing in mind the analogue between the Laplacian in C
and the Mongére-Ampere in C", one can regard u as a C"-version of classical
Green function.

Let €2 be a connected open subset of C* and a be a point in . If u is a
plurisubharmonic function in a neighborhood of a, we say u has a logarithmic
pole at a if

u(z) —log|lz —al| < O(1) as z—a.
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In 1985, Klimek, replaced Lempert’s construction by a Perron-Bremermann

approach in [26] as follows
ga :=sup{u(z) :u € PSH(S?), u <0, wu hasalogarithmic pole at a}.

It is assumed here sup () := —oo. Later and independently, Demailly [10],[11]
proved regularity results of the pluricomplex Green’s function and its relation
to Monge-Ampere equation. Moreover, Guan [15] and Blocki [3] provided
finer regularity for strongly pseudoconvex domains D.

In next proposition we give basic properties of the pluricomplex Green

function gq.

Proposition 3.4.1. [5] If Q and Q' are domains in C" and w € Q, then the

following statements hold:
(i) if € Q and Q C Q, then go(z,w) > gy (2, w);
(i) if € Q, QC Q and Q \ Q is pluripolar, then go(z,w) = go (2, w);

(i4i) if R >r >0 and B(w,r) C Q C B(w, R) then

log([lz = wl[/R) < ga(z,w) <log([lz = wl|/r);

() if Q is bounded, then z — gq(z,w) is a negative plurisubharmonic func-

tion with a logarithmic pole at w;

(v) if f€0O(Q,Q), then
9o (f(2), f(w)) < galz,w) (2 € Q);

Proof. [5] First property (i) comes from directly definition and (ii) is a con-
sequence of removable singularities theorem for plurisubharmonic functions.
First inequality in (iii) comes from definition and second inequality is a spe-

cial case of Lemma 1.2.1. For (iv), note that, according to (iii), we have
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(z = ga(z,w))* belongs to the family that defines the ggq.
To see property (v), let w € Q and u be a function from the defining family
for goy (v, f(w)). Then uo f € PSH(Q, [—o0,0]) and

u(f(2)) —log ||z —wll =

w(f(2)) — log | £(2) — fa)] + log 12— < o

1f(z) = fw)ll ~

as z — w which means u o f has a logarithmic pole at w and hence uo f <
ga(-,w). O

Corollary 3.4.1. [24] If (2})jen is an increasing sequence of domains in C"
and Q =JQ;, then

gao(z,w) = jlirlgoggj(z,w) (z,w € ).

Proof. [24] Fix w € (. If for any j, go,(.,w) = —o0, the result is obvious.
Suppose that for each j, go, (., w) € PSH(L;). Then g(2) = lim;_,o go, (2, w)
is a plurisubharmonic function. The former implies the desired convergence,
9 = ga(,,w) by (1). U

Proposition 3.4.2. [2/] IfQ) C C" is bounded, then z — go(z,w) is maximal
in Q\ w, i.e.

(dd°ga(z,w))" =0 in O\ w.

Proof. [24] Take a point w € Q. Let G be a domain which is relatively
compact in Q\ {w}, and let v € PSH(Q2\ {w}) be such that v < go(-,w) on
O0G. Define

u(z) = { max{v(2), go(z,w)}, z€G,
galz,w), z€Q\G.

Then u belongs to defining family of gq(-,w). Hence, v < go(-,w) in G and
this proves the maximality of function z — gq(-, w) by Proposition 1.2.1. [
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Lemma 3.4.1. [2/] Suppose that h : C" — [0,00) is upper semicontinuous,
h=1(0) = 0 and h(¢z) = |£|h(z) for each § € C and z € C™. IfQ ={z € C":
h(z) < 1}, then

ga(z,0) <logh(z) (z€9

Proof. [24] Take a point w € Q. For ¢ € B(0,h~!(w)) consider the function,

v(¢) = ga(Cw,0) — log h(Cw).

Then v € SH(B(0,h ' (w)) \ {0}) and for each ¢ € B(0,h ' (w)) we have
limsup,_,¢ < 0. Also, since h is homogeneous and upper semicontinuous, for
all z € C" we have

0 < h(z) < [|hllBoul=l

Hence v is bounded in a neighborhood of the origin and, by removable sin-
gularities theorem, extends to a subharmonic function in B(0,h*(w)). In

view of maximum principle, v < 0 and go(w,0) < log h(w), as required. [
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