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Abstract 

Dealing with Bayes’ rule is the mathematical part of judgement in situations of uncertainty. 

These situations are of importance for crucial judgements in medicine, law and further 

professions. Since laymen and experts have severe difficulties of applying Bayes’ rule, the 

question how to facilitate dealing with Bayesian situations, i.e. situations in which Bayes’ 

rule could be applied is posed. Our research built upon the well-established facilitating 

strategy of using natural frequencies as information format in Bayesian situations. On this 

basis, we have investigated different visualizations and developed a training of dealing and 

understanding Bayesian situations. Our results suggest that the unit square and the double 

tree diagram are appropriate visualizations for a training concerning Bayesian situations 

and that also a brief training has strong effects. 
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Resumen 

La parte matemática del razonamiento en situaciones de incertidumbre implica el uso del 

teorema de Bayes. Estas situaciones son importantes para la emisión de juicios en medicina, 

derecho y otras profesiones. Puesto que tanto las personas ordinarias como los expertos 

tiene dificultades severas para aplicar el teorema de Bayes, se plantea la cuestión de cómo 

facilitar el tratamiento de las situaciones de Bayes, esto es, situaciones en las que la regla de 

Bayes puede ser aplicada. Nuestra investigación se basa en la estrategia facilitadora bien 

establecida de usar frecuencias naturales como formato de información en situaciones 

Bayesianas. Sobre esta base, hemos investigado diferentes visualizaciones y desarrollado 

una intervención formativa para tratar y comprender situaciones Bayesianas. Nuestros 

resultados sugieren que el cuadrado unitario y el doble diagrama en árbol son 

visualizaciones apropiadas para el entrenamiento relativo a las situaciones Bayesianas y que 

incluso un breve entrenamiento tiene fuertes efectos.  

Palabras clave: Teorema de Bayes, probabilidad condicional, visualización, enseñanza, 

aprendizaje  

1. Introduction 

Conditional probabilities entail severe difficulties (Diaz, Batanero, & Contreras, 2010). 

Research in psychology and mathematics education refer to different issues of 

conditional probabilities (Böcherer-Linder, Eichler, & Vogel, 2018a; Diaz & Batanero, 

2009; Diaz et al., 2010; Kahneman, Slovic, & Tversky, 1982), but often refer to the 

specific topic of Bayes’ rule that represents an obstacle for students or laymen as well as 

experts (Gigerenzer & Hoffrage, 1995). However, Bayes’ rule is important for dealing 

with judgement and decision making in situations of uncertainty, e.g. Bayesian 

situations. Johnson and Tubau (2015) provide a typical Bayesian situation in an 

unspecific medical context as follows: 
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10% of women at age forty who participate in a study have a particular disease. 60% of women 

with the disease will have a positive reaction to a test. 20% of women without the disease will 

also test positive. 

What is the probability of having the disease given that the test is positive? 

This Bayesian situation requires a judgement in an unspecific medical context. For an 

adequate judgement the nested sets of disease and positive and positive must be 

identified and processed as 𝑃(𝑑𝑖𝑠𝑒𝑎𝑠𝑒|𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒) =
10%∙60%

10%∙60%+90%∙20%
. Several realistic 

medical contexts illustrate the importance of Bayes’ rule as mathematical for judgement 

in uncertain situations (Steckelberg, Balgenorth, Berger, & Mühlhauser, 2004). Also in 

further professions, Bayes’ rule is the basis for crucial judgements (Hoffrage, 

Hafenbrädl, & Bouquet, 2015). For example a similar situation is represented by the 

judgement of a lawyer about being guilt or innocence (Satake & Murray, 2014). As a 

consequence of the importance of Bayes’ rule for making adequate judgements in real 

life situations, it is worthwhile to investigate the mentioned obstacles of people and to 

develop strategies to improve people’s reasoning within Bayesian situations. 

Up to now, research yield two strategies that facilitate dealing with Bayesian situations, 

i.e. to use natural frequencies and to use visualizations (McDowell & Jacobs, 2017). 

The first strategy is well documented. Following the results in the meta-analysis of 

McDowell and Jacobs (2017), natural frequencies increase the performance of people in 

Bayesian situations from about 5% to about 25%. Referring the situation given above, 

the statistical information in form of natural frequencies represents the sampling process 

from a virtual number of people as follows: 

10 out of 100 women at age forty who participate in a study have a particular disease. 6 out of 10 

women with the disease will have a positive reaction to a test. 18 out of 90 women without the 

disease will also test positive.  

What is the proportion of having the disease given that the test is positive? 

Also in this situation, the woman who have the disease and are positive tested and the 

women who are positive tested must be identified to compute 𝑃(𝑑𝑖𝑠𝑒𝑎𝑠𝑒|𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒) =
6

6+18
.  

Further, the strategy of visualizing the statistical information in a Bayesian situation 

facilitates dealing with these situations. However, although studies using visualizations 

in addition to natural frequencies reported an increase peoples performance in Bayesian 

situations to about 40% to 70% (Binder, Krauss, & Bruckmaier, 2015; Böcherer-Linder 

& Eichler, 2017), the facilitating effect of visualization is not as clear as the facilitating 

effect of natural frequencies (Johnson & Tubau, 2015; McDowell & Jacobs, 2017).  

A third strategy, i.e. a training based on the first two strategies, was seldom focused in 

research: “Recent research has […] overlooked the underpinning mechanism of the 

training effects” (Sirota, Kostovičová, & Vallée-Tourangeau, 2014, p. 7). For this 

reason, a main goal in our research program BAYES2 is to develop a training 

concerning Bayesian reasoning that could be used with students or laymen as well as 

with learners for a specific profession like medicine or law. A first decision for this 

training was to start with natural frequencies as information format. Since the results 

referring an optimal visualization are ambiguous, we started research in the field of 

visualizing Bayesian situations that we describe in the next section. Afterwards we 

describe the development of a learning environment for improving Bayesian reasoning 

and discuss results of different piloting studies with this learning environment.  
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2. Visualizing Bayesian situations 

The most common visualizations of Bayesian situations in school are tree diagrams and 

2x2-tables (e.g. Veaux, Velleman, & Bock, 2012). However, the 2x2-table is not a 

visualization of a Bayesian situation as given above, but only a well-structured 

representation of the results after dealing with a Bayesian situation. For example, given 

the base rate (“10 out of 100 women at age forty who participate in a study have a 

particular disease”) and the first conditional probability (“60% of women with the 

disease will have a positive reaction to a test”) could be represented in a tree (Fig. 1). 

However, it could not be represented in a 2x2-table without further considerations since 

a 2x2-table only contains the natural frequency or the probability of a compound event 

but not a conditional probability. 

 

 

 

Figure 1. Visualization of conditional probabilities in the tree diagram and the 2x2-table 

However, a further development of a 2x2-table, i.e. the unit square (Fig. 2) that provides 

an area proportional visualization of Bayesian situations represents both conditional 

probabilities as length of segments and probabilities of compound events as areas within 

the square or, respectively, as result of 𝑃(𝑑𝑖𝑠𝑒𝑎𝑠𝑒) ∙ 𝑃(𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒|𝑑𝑖𝑠𝑒𝑎𝑠𝑒). 

 

Figure 2. Visualization of conditional probabilities in the unit square 

The unit square was proposed for visualizing conditional probabilities or Bayesian 

situations in educational contexts in different countries with different names 

(eikosogram: Budgett, Pfannkuch, & Franklin, 2016; Oldford, 2003; unit square: 

Eichler & Vogel, 2013; mosaic display: Friendly, 1999).  

2.1. Investigation of the effectiveness of the tree diagram and the unit square  

According to the considerations above, we investigated the effectiveness of two 

visualizations of Bayesian situations in an educational context (Böcherer-Linder et al., 

2018a). For this we firstly analyzed people’s performance when dealing with Bayesian 

situations supported by one of the two visualizations (Böcherer-Linder & Eichler, 
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2017). In this research we divided a group 143 undergraduate students randomly in two 

conditions, a tree-group and a unit square-group. Each group got a brief instruction (one 

page) how to use the tree diagram or, respectively, the unit square. Afterwards the 

students were asked to solve four problems referring to four different Bayesian 

situations. One of the items is given in Figure 3. 

 

Figure 3. Sample item. Each group got only one visualization, i.e. the tree diagram or 

the unit square 

Since the results showed a high reliability referring Cronbach’s alpha (α > 0.8), we 

added the results for each item that was 1 (correct solution) or 0 (false solution). 

Concerning this accumulated score, we found a significant supremacy of unit square 

(M= 2.93, D=1.417) compared to the tree diagram (M=1.72, SD=1.494), t(141)=4.961, 

p < 0.001) with a large effect size (Cohen’s d=0.84). 

In this research, we found strong evidence that the degree of making the nested-set 

structure of a Bayesian situation transparent (Sloman, Over, Slovak, & Stibel, 2003) is 

crucial for the effectiveness of a visualization. Actually the unit square makes this 

structure transparent since the relevant sets (disease and positive; no disease and 

positive) that must be identified to apply Bayes’ rule are represented by neighbored 

areas. By contrast, these areas are represented by different paths in the tree diagram and 

does not represent the hierarchical structure of the tree diagram (cf. Böcherer-Linder 

& Eichler, 2017; Fig. 4). 

 

 

 

Figure 4. Visualization of conditional probabilities in the tree diagram and the 2x2-table  

In an additional study (Böcherer-Linder, Eichler, & Vogel, 2017), we addressed the 

view that solving a problem in a Bayesian situation like given above using Bayes 
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formula is only a part of understanding a Bayesian situation (Borovcnik, 2012). For this 

reason, we developed items to investigate whether people are able to estimate the effect 

of changing parameters like the base rate in Bayesian situations. Since a parameter 

change results in a change of different other probabilities in a Bayesian situation, we 

called this aspect of understanding a Bayesian situation covariation aspect. One item for 

the covariation aspect is given in Figure 5. 

 

Figure 5. Sample item for the covariation aspect 

In two studies with undergraduate students (n=148 and n=143), we divided the students 

in two groups as explained above. We used three different contexts and found again a 

significant supremacy of the unit square although the effect size was small (Cohen’s 

d=0,34). However this result could be explained by the items itself since the probability 

for having the correct solution by guessing is 1/3. 

2.2. Investigation of the effectiveness of five visualizations 

In psychological research, further visualizations of Bayesian situations are investigated 

(e.g. Binder, Krauss, & Bruckmaier, 2015). For this reason, we enhanced our focus on 

visualizing Bayesian situations according to three properties of visualizations that were 

found to be effective (Böcherer-Linder & Eichler, in review): 

 As mentioned above, the degree of making the nested-sets structure of a 

Bayesian situation transparent was found to be an effective property of a 

visualization (e.g. Böcherer-Linder & Eichler, 2017; Sloman et al., 2003) 

 Different researchers also investigated the facilitating effect of using 

representations of “real, discrete and countable” objects (Cosmides & Tooby, 

1996, p. 33) and found a significant effect (e.g. Brase, 2009; Garcia-Retamero & 

Hoffrage, 2013).  

 Finally, an area-proportionality was found as facilitating factor of visualizing 

Bayesian situations (e.g. Talboy & Schneider, 2017; Tsai, Miller, & Kirlik, 

2011). 

We built upon our former research and proved hypotheses concerning the effect of these 

Smoke 

4000 students of a university were asked if they smoke or not. It turned out that one-

third of the men smoke and one-fifth of the women smoke: 

 
How the following proportions change if, one year later, there are more women among 

the 4000 students of the university and the smoking behavior of men and women is still 

the same? 

 

Mark the correct solutions. 

 The percentage of non-smokers among the women will be bigger / smaller / constant. 

 The percentage of women among the smokers will be bigger / smaller / constant. 

 The percentage of men among the non-smokers will be bigger / smaller / constant. 
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three properties on the basis of the tree diagram and the unit square as shown in Table 1.  

Table 1. Three hypotheses concerning three properties of visualizations 

Property Given in Not given in Hypothesis 

Area proportionality Unit square 2x2-table The unit square is more effective 

than the 2x2-table 

Discrete objects Icon array Unit square The icon array is more effective 

than the unit square 

Nested-sets transparency Double tree Tree diagram The tree diagram is more 

effective than the double tree 

 

The five visualizations indicated in Table 1 are shown in Fig. 6 referring the medical 

diagnosis situation explained above. 

 

Figure 6. Five visualisations in a medical diagnosis situation 

In an experiment with 688 undergraduate students, we used again four items that were 

identical to the study explained above (Böcherer-Linder & Eichler, 2017). As a result, 

we found a significant effect of the discrete objects since the icon array (M=2.56, 

SD=1.31) outperformed the unit square (M=2.26, SD=1.41; t(294.238)=1.882, p<0.05) 

with a small effect (Cohen’s d=0.22). Further and unexpected the 2x2-table (M=2.76, 

SD=1.33) outperformed the unit square (M=2.26, SD=1.41; t(293.619)=3.142, two-

tailed: p< .01) also with a small effect (Cohen’s d=0.37). Finally, the double tree 

(M=2.03, SD=1.58) outperformed the tree diagram (32.2%; M=1.28, SD=1.34, 

t(232.696) = 3.989, p < .001) with a middle effect (Cohen’s d=0.51).  

In addition, post hoc analyses showed that any visualization is more effective than the 

tree diagram with mostly a large effect (comparison with the unit square, the icon array 

and the 2x2-table. The 2x2-table, the unit square and the icon array make the nested-sets 

structure in a Bayesian transparent as the double tree do. For this reason, our results 
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give strong evidence that particularly making the nested-sets structure of a Bayesian 

situation transparent represents an effective property of visualizing Bayesian situations. 

In the same research, we also investigated the covariation aspect with modified items. 

However, the data were not analyzed yet. For this reason we could not back our 

hypothesis that the property of an area proportionality facilitates to solve problems 

referring to the covariation aspect. 

3. A training for improving Bayesian reasoning 

Our research informed the following decision for developing an optimal training for 

Bayesian reasoning: 

 The 2x2-table and the icon array outperformed the unit square. However, in a 

narrow sense, a 2x2-table is not a visualization of a Bayesian situation since it 

does not visualize the conditional probabilities in these situations (see above). 

The icon array is appropriate for representing Bayesian situations if the 

visualization is given. If the visualization has to be developed by a learner, the 

icon array seems to be not appropriate since in most cases the learner would be 

required to draw a huge amount of icons. For this reason, we defined the unit 

square as an appropriate visualization for training Bayesian reasoning. 

 The double tree outperformed the tree diagram. Since we did not found 

differences in the performances of those students who used the double tree 

compared to the students that used the unit square, we also defined the double 

tree as an appropriate visualization for training Bayesian reasoning. 

Following the idea of Sedlmeier and Gigerenzer (2001), we developed a training with 

an as much as possible little time for working with Bayesian situations. This training 

has the following three phases (Böcherer-Linder, Eichler, & Vogel, 2018b). The first 

phase lasting about 10 minutes include the solution of a problem with an worked 

example (Renkl, 2002). 

Problem presentation:  

After travelling to a far country, you learn that an average of 10% of the travelers contracted a 

new kind of disease during their trip. The disease proceeds initially without any clear symptoms, 

therefore you don’t know whether you had been infected or not. 

You learn that a medical test was developed which has the following characteristics: 

80% of infected people get a positive test result (sensitivity of the test). 

15% of not infected people get a positive test result (specificity of the test). 

Finally, you decide to carry out the test and get a positive test result. What is the probability that 

you actually have the disease? 

Step 1: Choice of the sample size 

For solving the problem, we first consider the question 

what the probabilities mentioned in the text imply for a 

concrete group of travelling people. We choose a 

sample size, for example 1000 people. 

 

We represent the group of 1000 people by drawing a 

unit square. 
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Step 2: Construction of the frequency representation 

Since 10% of the travelling people contracted the 

disease during their trip, 100 out of the 1000 people are 

expected to be infected. 900 out of the 1000 people are 

expected to be uninfected. 

Thus, we divide the unit square in vertical direction for 

“infected” and “uninfected” at the ratio of 100 to 900. 

At the bottom of the narrow rectangle we write “100” 

and at the bottom of the broader rectangle we write 

“900”.  

Since 80% of the infected people get a positive test 

result, 80 out of the 100 infected people are positively 

tested. Accordingly, 20 out of the 100 infected people 

are negatively tested. 

 

Therefore we subdivide the narrow rectangle 

horizontally into two parts and write “80” and “20” into 

the resulting areas. 

 

Since 15% of the uninfected people get a positive test 

result, 135 out of 900 uninfected people are positively 

tested (Because 15% of 900 is 135). Accordingly, the 

other 765 uninfected people get a negative test result. 

 

Therefore we subdivide the broader rectangle 

horizontally into two parts for “positive” and “negative” 

and write the numbers into the resulting areas.  

 

Requested is the probability that a person with a 

positive test result is actually infected. 

Thus, we have to calculate which proportion of the 

positively tested people actually is infected.  

For this aim, we surround all positively tested people 

with a dashed line in the unit square and emphasize with 

grey color all of them, that are infected.  

We read out the following numbers: 

Number of infected and positively tested: 80 

Number of all positively tested: 80+135=215 

 

We calculate the following proportion: 

 
𝑖𝑛𝑓𝑒𝑐𝑡𝑒𝑑 𝑎𝑛𝑑 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒

𝑎𝑙𝑙 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒𝑙𝑦 𝑡𝑒𝑠𝑡𝑒𝑑
=

80

80 + 135
≈ 0,37 

 

This proportion corresponds to the requested 

probability of 37%. 

 

    ≈ 0,37 

  ”picture-

formula” 

Figure 7. Worked example in the training, phase 1 
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The second phase also lasting 10 minutes includes an exercise that was structurally 

identical to the problem in the first phase. After working with this problem with paper 

and pencil, the learners got a presentation of the correct solution. In this solution, we 

used a rough drawing of the unit square showing that the visualization is a tool for 

problem solving which did not necessarily imply a precise drawing.  

In the third phase lasting 10 minutes, we addressed the covariation aspect and explain 

which probabilities are influenced if a parameter in a Bayesian situation changes. In 

figure 8 we illustrate the explanation referring to the change of the base rate. 

3. Change of the base rate 

The base rate indicates the proportion of having 

trisomy (5% of the children of women’s of age 45). An 

increase of the base rate results in an increase of the 

area of the thin rectangular on the upper left side of the 

unit square and, accordingly, a decrease of the area of 

the rectangular on the upper right side. 

If the base rate increases to 10%, there would be 90 

true-positive people and 90 false-positive people. The 

change of the base rate changes the proportion as 

shown below: 

90

90 + 90
=

90

180
≈ 50 % 

Actually, the result shows a considerable change of the 

probability. 

 

Figure 8. Part of the worked example in the training, phase 3. 

4. Trainings 

We conducted different trainings with different small groups and, finally, different 

research questions. In these pilot studies we restricted our focus currently on the unit 

square. 

In a first pilot study, we tested our training with a group of 38 students in two courses of 

grade 11. One treatment group including 22 students got the training as shown above. 

The other 16 students form a control group. The design of the quasi-experiment is 

shown in Fig. 9. Since there were not all of the students present in the three phases 

shown in Fig. 5, our analysis is based on 16 students (treatment group) and 13 students 

(control group). 

 

Figure 9. Design of the first pilot study 

The pre-test and the post-test consisted of two Bayesian situations. One of the situations 

in both tests was the same, the other situation differed to investigate whether repeating a 

task has an effect on performance in Bayesian situations. In the pre-test, one situation 

included only a performance-task and the second situation included both a performance 

task and a task representing the covariation aspect. This task is as follows: 

 



10  From research on Bayesian reasoning to classroom intervention  

 

 

There are tests for diagnosing people if they have infectious diseases like measles or scarlet. 

Concerning such an infectious disease and the corresponding test the following information is 

given: 

The probability of having the infectious disease is 2%. Given there is a patient having the 

disease, the test yields in 90% of all cases a “positive” result, which means it indicates correctly 

the infectious disease. Given there is a non-infected patient, the test shows in 5% of all cases also 

a “positive” result, which means it indicates the infectious disease by mistake. 

a) What is the probability of a patient having actually the disease given a “positive” test result? 

b) How changes the probability of section a) if the probability of having the disease is higher? 

The main question in this pilot study was whether it is possible to train Bayesian 

reasoning effectively in a very short time.  

In the second pilot study the sample consist of 19 master students that were randomly 

divided into two treatment groups. The first group got the training as shown above. The 

second group got the same training in which every natural frequency was substituted by 

a probability. The test was exactly the same as in the first pilot study. 

5. Results 

The reliability of the few test items in the pre-test and the post-test were appropriate 

(pre-test: Cronbach’s α = 0.63; post-test: Cronbach’s α = 0.85). For this reason, we 

investigated the accumulated test score (Min = 0, Max = 2). 

Although the numbers of participant were small, we applied a mixed ANOVA (within-

factor: performance in the pre-test and post-test; between factor: group) as a heuristic to 

investigate the training effect in the treatment group compared to the control group.  

Figure 10 contain the results in this study referring the students’ performance in the 

Bayesian situations (solution of the item a) that show a clear effect of the treatment 

referring the means.  

 Mean Std.Dev. N 

Control Pre .08 .13 13 

Treatment 

Pre 

0.19 .16 16 

Control 

Post 

.38 .13 13 

Treatment 

Post 

1.75 .16 16 

  

Figure 10. Descriptive results of the training concerning item a) 

As expected, the ANOVA yields a significant effect (𝐹=20,733, 𝑝=0,000) of the 

treatment with a strong effect (𝜂𝑝
2=0,434). Referring to item b) the results were not as 

expected and showed no effect. However, it is possible that the number of participants 

was too small for identifying an effect. Further the task als implies a high positive 

guessing rate. 

Due to the small number of participants in the second pilot study, we only provide 

descriptive data. In Figure 11 we show the considerable increase of the correct 

responses for the performance task as well as the covariation task. 
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Figure 11. Descriptive results of the training concerning item a) and b) 

Interestingly, there was an at most marginal difference between the frequency group and 

the probability group. Since, the participant were master students, there were some (but 

few) students that solved the task completely without any mistake. For this reason, the 

proportion of correct answers was initially about 30% referring to the performance task 

(item a). In the same way, the increase of ability to solve a task representing the 

covariation aspect is striking.  

Besides the master students who were completely able to deal with Bayesian situations, 

the big shift of dealing with Bayesian situations is also striking in a qualitative way. 

Figure 12 shows exemplarily the solution of one of the students. In the pre-test, this 

student tried to apply the tree diagram to solve the problem but failed without presenting 

a solution. After the training, the unit square was applied without any mistake. 

  

Figure 12. Result in the pre-test and the post-test 

Finally, although most of the students used the tree diagram in the pre-test, the unit 

square seems to be convincing for the students since most of the students used the unit 

square in the post-test (Table 2; few students used two different visualizations). 

Table 2. Number solutions with a specific visualization (two items, 19 students) 

 Pre-test Post-test 

Unit square 0 30 

Tree diagram 17 2 

2x2-table 18 2 

Only symbols 4 0 

No visualization 7 5 
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6. Discussion and conclusion 

Although dealing with Bayesian situations is obviously difficult, there are powerful 

strategies to increase people’s performance as well as people’s ability to deal with 

problems representing the covariation aspect.  

Our research firstly yielded that visualization increase the people’s ability of dealing 

with Bayesian situations. Particularly, our research yielded strong evidence that a 

visualization that makes the nested-sets structure of a Bayesian situation transparent is 

efficient. This result could inform the educational practice in which the tree diagram is 

the most common visualization when dealing with Bayesian situations. However, 

regarding our research results the tree diagram could be replaced by other 

visualizations, e.g. the double tree diagram or the unit square. 

As expected, a training result is an increase of the ability of dealing with Bayesian 

situations. This is the case referring to performance, but also referring to the covariation 

aspect. Interestingly, also a very brief training lasting only 30 minutes show a 

considerable effect: From about 9% in the pre-test to about 80% in the group of students 

of grade 11. A further interesting question is whether the positive effect is also apparent 

in a follow up test after some weeks.  

Our second pilot study yielded the result of a missing difference between the group 

using the format of natural frequencies and the group using the format of probabilities 

which is in contrast to former research results (e.g. Binder et al., 2015). However, since 

an understanding of Bayesian situations could include the ability to deal with parameter 

changes and probabilities behind solving performance tasks, the unit square could be an 

appropriate strategy to successfully facilitate a shift from natural frequencies to 

probabilities. 

Finally, since we defined two visualizations as adequate for understanding Bayesian 

situations, further studies should focus also on double trees and the comparison of 

double trees and unit squares. 
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