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1 Introduction

In recent years there has been considerable interest in entanglement entropy and its holo-
graphic realisation, following the proposal of [1] that entanglement entropy can be com-
puted from the area of a bulk minimal surface cohomologous to a boundary entangling
region. This proposal was proved for spherical entangling regions in [2] and arguments
supporting the Ryu-Takayanagi prescription based on generalised entropy were given in [3].
Entanglement entropy has been computed in a wide range of holographic systems, see the
review [4].

The focus of this paper is on the computation of holographic entanglement entropy in
top-down brane probe systems, which are widely used in phenomenological applications of
holography. Entanglement entropy is a new computable for such systems and, following
the pioneering works of [5, 6], can act as an order parameter for confinement and other
phase transitions.

A top-down brane probe system is expressed in terms of a ten-dimensional supergravity
background and a brane embedding into this background. The Ryu-Takayanagi prescrip-
tion is however based on extremal surfaces in the reduced Einstein (d + 1)-dimensional
metric, where d is the dimension of the dual field theory. One of the main results of this
paper is a systematic method to compute the holographic entanglement entropy for any
top-down brane probe system, using the method of Kaluza-Klein holography [7] to extract
the lower-dimensional Einstein metric. This method reproduces earlier results of [8-11] but
allows entanglement entropy to be computed for any brane system with arbitrary world-
volume fluxes. (Earlier results for massless flavors at finite density can be found in [12].)
We illustrate our methodology using the example of the D3-D7 system at finite mass and
density. We compute the holographic entanglement entropy for massive flavors, with ar-
bitrary mass and various entangling region geometries, and use our new methodology to
address the case of finite density.

Brane systems provide a new testing ground for the dependence of entanglement en-
tropy on the field theory and on the shape of entangling region, topics of considerable
current interest, see for example [13-18|. In particular, one can explore the structure of
universal logarithmic terms; these are well-understood for conformal field theories (see
e.g. [19, 20]) and recent papers have explored the behaviour of entanglement entropy under
relevant perturbations using conformal perturbation theory [21-26]. It was shown in [23]
that for a CFT deformed by a relevant operator

I—>I+>\/ddx(’) (1.1)
there is a new logarithmic divergence in the entanglement entropy of the half space
d+2
d— 2) T 2 EUV
55 = A2 log [ — 1.2
s=N 4(d1)r(d;2>“40g(em> 42

when A = (d+2)/2 with A the area of the dividing surface and A the normalisation of the
two point function of the operator O. Here eyy and g correspond to UV and IR cutoffs
respectively.



In section 6 we prove (1.2) by analysing the volume divergences of the holographic
entanglement entropy and show that (as postulated in [23]) such a divergence occurs for an
entangling surface with arbitrary geometry. We also show explicitly that (1.2) agrees with
the logarithmic terms in the entanglement entropy for the D3-D7 system at finite mass,
using the results of [27] to determine the holographic two point function normalisation. As
well as matching the universal terms in the entanglement entropy, we explain the origin of
finite terms in the entanglement entropy for massive flavor systems, in terms of the effective
IR description of the system in terms of a CF'T deformed by irrelevant operators.

There is a growing literature connecting quantum entanglement with the global struc-
ture of the bulk spacetime, see in particular [28, 29]. In [30] a relation between the area of
generic (non-minimal) surfaces and entanglement was proposed and this idea was sharp-
ened with the introduction of differential entropy [31-36]. We verify that the differential
entropy in the D3-D7 system indeed computes the area of a hole in the reduced Einstein
metric; the agreement is somewhat subtle since the depth of the hole is itself corrected by
the presence of the probe branes.

In section 8 we discuss the implications of the fact that the entanglement and differen-
tial entropy are related to the reduced Einstein metric, rather than the ten-dimensional met-
ric: even if entanglement allows us to reconstruct the reduced Einstein metric completely,
this information does not suffice to reconstruct the ten-dimensional geometry. Moreover,
the causal structure in ten dimensions only agrees with that of the reduced Einstein metric
in special cases (e.g. product metrics); the global structure is qualitatively different between
five and ten dimensions even for well-understood examples such as the Coulomb branch of
N =4 SYM. Reconstruction of the full ten-dimensional geometry would therefore seem to
require a generalized notion of entanglement in the dual field theory.

The plan of the paper is as follows. In section 2 we briefly review the relevant features
of the D3-D7 system. In sections 3 and 4 we compute the entanglement entropy for slab,
half space and spherical entangling regions for the massive D3-D7 system. In section 5 we
present a general method to compute the entanglement entropy in any brane probe system
using Kaluza-Klein holography and illustrate our method with the D3-D7 system at finite
mass and density. We discuss the field theory interpretation of our results in section 6 and
give a holographic proof of (1.2) for generic entangling regions. In section 7 we show that
the differential entropy computes the area of a hole in the Einstein metric and we discuss
the meaning of entanglement and differential entropy for top-down solutions in section 8,
illustrating our discussions with Coulomb branch geometries. We conclude in section 9 and
various technical results relevant to section 5 are contained in appendix A.

2 Massive flavors

In this paper we will explore entanglement entropy for massive brane systems, focussing
for the most part on the specific example of the D3-D7 brane system. Consider N. D3-
branes and Ny < N, parallel coincident D7-branes. As discussed in the early days of the
AdS/CFT correspondence [37, 38] the decoupling limit gives rise to N' = 4 SYM coupled to
Ny massless flavors; the resulting field theory is an A’ =2 SCFT. Taking the background



AdSs5 x S° metric to be of unit radius:
1
ds* = o) (d22 + dztdzt) + d6* + sin” 0d02 + cos? Odp> (2.1)

the embedding of a probe D7-brane corresponding to a massless flavor is described by ¢
constant and § = 7/2, i.e. the probe D7-brane wraps AdSs x S3.

Suppose one separates the D7-branes from the stack of D3-branes; the resulting open
strings are massive and the field theory in the decoupling limit corresponds to N' =4 SYM
coupled to Ny massive flavors [39] (we discuss the massive deformation of the N' =2 SCFT
further in section 6). The corresponding D7-brane embedding in AdS5 x S° is described
by ¢ being constant and the angle # depending on the radial coordinate z as

sin? 0 = (1 — m?2?), (2.2)

where m corresponds to the flavor mass, or equivalently the separation of the D7 and D3
branes. Note that the probe brane wraps the equator of the S° as z — 0 and smoothly
caps off at a finite value of z = 1/m, controlled by the flavor mass.

The D3-D7 brane system can be used to model mesons holographically. Considerable
work has been done on generalizations of the probe brane embeddings to finite temperature
and finite density, see the review [40] and on the backreaction of the flavor branes onto the
geometry [41-43]. In particular, note that interesting meson melting phase transitions are
observed at finite temperature and density, see for example [44, 45]. Backreacting massive
flavors is non-trivial even at zero temperature and density, since the flavors break the global
symmetry to SO(4) and the resulting ten-dimensional metric is therefore of cohomogeneity
three. Smearing the branes over the compact space reduces the cohomogeneity of the metric
but this is obscure from the field theory perspective as it corresponds to an averaging over
different field theories.

In this work we will calculate the entanglement entropy and the differential entropy
for the massive flavor system at zero temperature and zero density, and match our results
with field theory results based on conformal perturbation theory. We will also present
a method to compute the entanglement entropy for any probe brane system (with or
without worldvolume gauge fields) and illustrate this method with the case of massive
flavors at finite density. The method is equally applicable at finite temperature, although
at finite temperature the entanglement entropy will include both thermal and quantum
contribution; matching with field theory results is considerably harder as few results for
finite temperature exist. It would however be interesting to explore the finite temperature
results in the context of melting phase transitions.

3 Entanglement entropy for slabs

In this section we compute the entanglement entropy for a slab on the boundary (see
figures 1 and 2), working to leading order in the ratio of the number of flavors to
colors, Nf/N..

Let us begin by reviewing the computation of entanglement entropy for a slab in AdSs.
We define a slab region on the boundary of width Az = [ by = € [0,l], and take as an
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Figure 1. Illustration of a slab boundary region: Az = [ is the width of the region, and L? is the
regularized area of its boundary faces.

embedding ansatz z = z(x) on a t = 0 hypersurface. Defining the regularised lengths of the
other spatial directions as L, it is then easy to show that the Ryu-Takayanagi entanglement
entropy functional [1] for the embedding surface is:

L? /ld V1427
mi
0

S:
4G N

; (3.1)

3

where G is the Newton constant. Since we chose the AdSs to have unit radius, the
Newton constant is dimensionless and can be related to the number of colors N, as

1 N
8nGyn  4m?’

(3.2)

The Lagrangian is independent of = explicitly and hence the associated Hamiltonian is a
constant of motion. Rearranging the expression for this constant of motion one easily finds:

56 _ .6
S=VE _F (3.3)

23

where Z is clearly the turning point of the solution since z’/(Z) = 0. The entanglement en-
tropy is then obtained by substituting this solution into the entropy functional, resulting in

L2~3 zZ
§="= / = (3.4)
2GN Je 2336 — 26

Here we have included a factor of two, from the two halves of the entangling surface, i.e.

0<x<l/2and /2 <z <. Itis useful to define the dimensionless parameter s = z/Z so
that z € [¢, 2] — s € [a, 1] where a = €/Z is also dimensionless. We obtain, for example:

3
dv s (3.5)
dz /1— g



Figure 2. The minimal surface for a slab boundary region — the boundary is at z =0 and z = 2
is the turning point of the surface.

Note that the entanglement entropy is thereby manifestly dimensionless

L2 1 d
S=_— / i (3.6)
222GN J, s3v/1 — 56

2 T 1
B 22§GN (gﬁ((é;’) + %‘22}7’1 (-1/3, 1/2,2/3,a6)> ;

_ (1 val(y)
C2GNy \ 22 6r($H)22 )]

where in the latter equation we retain only terms which are finite or divergent as the
cutoff € — 0.

It is simple to find the induced metric of the entangling surface and its associated stress
tensor. The induced metric is given by 'ygg)in = 0, X"0p X" g, where a,b = (s,y,w) run
over the surface indices and p, v run over all AdS5 indices. The induced metric is therefore

: 1 1 1
min __
Yab = <52(1 —56)7 52227 5222) ' (3.7)

We note for further use that

1
5263\/1 — 6

Differentiating the action functional, the stress tensor for the surface is given by:

T 2oV (3.9)
min /,ymin 69#1, )

,-ymin —

(3.8)

which evaluates to:

ThY = yminebg, XH o, X" (3.10)
after using the chain rule. It is then a simple matter to calculate these components,
resulting in:

Th = (s*(1—s%)22,0,5%7%, s%2°, s%2?) (3.11)

min



which we will make use of below. Note also that the relation between the width of the
slab, [, and the turning point of the minimal surface is

z 3 1 3 2 T 2
Z:Q/ Zdzlzzz/ sds ﬁ1(3)2. (3.12)
0 (26—26)2 0 (1—s9)2 I'(5)

3.1 Flavor contribution

Now let us compute the change in the entanglement entropy caused by the presence of Ny
flavors branes, with Ny < N.. A priori, to compute this change one would expect that
one needs to compute the backreaction of the branes to linear order in N¢/N. and then
extract from the backreacted geometry the change in the five-dimensional Einstein metric
and hence the change in the area of the minimal surface. As mentioned earlier, it is hard
to compute the backreacted ten-dimensional geometry because of the high cohomogeneity
of the problem; smeared solutions are known and entanglement entropy was computed for
these smeared solutions in [46].

It is important to note however that entanglement entropy is defined in terms of the
five-dimensional Einstein metric, not the ten-dimensional (Einstein-frame) metric. One
does not in general obtain the correct answer for the entanglement entropy by computing
the area of a minimal surface in the ten-dimensional metric, see section 5. Note that [46]
used the ten-dimensional metric rather than the five-dimensional Einstein metric.

Computing the full ten-dimensional backreaction without smearing and extracting the
effective five-dimensional Einstein metric is intractable for general probe brane systems.
Several methods have therefore been developed to extract the entanglement entropy from
the probe brane embedding, see [8-11]. The methods of [8, 10, 11] are particularly applica-
ble to spherical entangling regions, for which the CHM map [2] may be exploited. In this
section our discussion will follow that of [9], which is applicable to all entangling region
geometries.

On general grounds the change in the entanglement entropy for any perturbation in
the five-dimensional Einstein metric is

1 —1
65 = m /d?’x \V/ ’}/mlngTrlélijnhEV (313)

where hf, is the perturbation in the five-dimensional Einstein metric, T is the energy
momentum tensor of the minimal (entangling) surface in the background and the integral is
over the original entangling surface. Therefore one can compute the entanglement entropy
provided one can extract the change in the five-dimensional Einstein metric. For general
brane embeddings the computation of the perturbation in the five-dimensional Einstein
metric is subtle; in section 5 we present a method to compute the Einstein metric for all
types of brane embeddings.

It was observed in [9] that the perturbation in the five-dimensional Einstein metric is
straightforward to compute whenever the brane embedding has an induced worldvolume
metric which is diagonal (a product of a non-compact part and a compact part which is

embedded in the sphere part of the background geometry) and the non-compact part of



the metric has no dependence on the sphere coordinates. In such a case the linearised
backreaction on the metric for probe branes can be computed [10] as:

1.
hyey = sadiag (f(2), —h(2), h(2), h(2), h(2)) (3.14)
where the metric perturbation is sourced by the effective brane energy momentum tensor
T je.
G (hP) = 8nGNTSH. (3.15)

This effective stress energy tensor is obtained by reducing the brane action over the
three-sphere:

3
2

N/_’y(s)7 (316)

where 7,3 is the worldvolume metric for the brane.! The worldvolume metric is diagonal

I= —T7/ o | o= = —T7/ dPo(27)(1 — m?2?%)
AdSs S3 AdSs

for the given embedding and therefore the determinant factorises, allowing the integral over
the three-sphere to be evaluated. The resulting effective action then depends only on the
uv»> but note that the effective tension of
this brane is z dependent. Varying this effective action with respect to the non-compact

non-compact part of the worldvolume metric v,

part of the background metric results in the effective energy momentum tensor
(T°F) = 22Ty (1 — m222) 1. (3.17)

Note that this method for computing the effective source term for the five-dimensional
Einstein metric relies on the fact that the worldvolume brane metric is a direct product of
non-compact and compact parts. The method is also not applicable for brane embeddings
in which worldvolume gauge fields are non-zero or worldvolume fields source other super-
gravity fields as well as the metric. In section 5 we will discuss a more generally applicable
method for computing the entanglement entropy contributions from probe branes which
does not rely on a diagonal worldvolume metric.
Substituting (3.17) into (3.15) gives the following equation:
F(2) + 2K () = f(2) = %(1 —m22)2. (3.18)

Here ¢ is the backreaction parameter, proportional to the number of flavors N:
to = 167GNT,; T, = 21Ty (3.19)

where T is the tension of a D7-brane. Only the gauge invariant combination f (z) is
determined by the Einstein equations. However, continuity of the metric and of the extrinsic
curvature at z = 1/m requires that h(z) satisfies h(1/m) = h'(1/m) = 0.

Substituting the metric perturbation and the minimal surface stress energy tensor
into (3.13) thus gives

55 = g [ dstniy e (O =) HEE+D) 20

!Note that we denote the worldvolume metric for the brane as « and the induced metric on the entangling
surface as ™",
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Figure 3. The relationship between the original minimal surface and the D7-probe embedding —
when Z < 1/m the entire minimal surface lies within the probe brane embedding.

where this integral is over the original entangling surface with coordinates (s, w,y). Defin-
ing o = L?/(4G2?) for convenience (where we have computed the trivial y, w-integrals to
give the factor L? and taken into account the factor of two arising from the two halves of
the entangling surface), and unpacking f(Zs) we find:

—sb - — S 86
58 = a/ds <V1836f(23) _ Vlsrzﬁzh'(gs) + Sg\/%h(is)) . (3.21)

Integrating the second term by parts, the bulk contribution cancels the third term and one
is left with a boundary contribution:

3 (3.22)

b — — - s=b
IS=a / dslsg(SGf(és) - [h(%s)l_ﬁ]
a
sS=a

where a = ¢/Z and b=1,1/p for p < 1, > 1 respectively. Here u = mzZ is the dimension-
sless mass parameter. This latter distinction occurs because, although the integral runs
over the original entangling surface which has z € [e, Z], the integral in fact only receives
a non-zero contribution when hfy # 0, ie. for z < 1/m. When Z < 1/m (i.e. p < 1),
the entire entangling surface lies within the brane embedding, and the upper limit is thus
z=2Z2or s =1. When Z > 1/m (i.e. p > 1) however, the upper limit will depend on the
mass and be given by z =1/m i.e. s = 1/u (see figure 3).

For both cases, the boundary term at s = b actually vanishes. The expression within
square brackets trivially vanishes at s = 1 for the case p < 1, and it vanishes for p > 1

using the continuity condition h(1/m) = 0. The expression for both cases is thus given by:

bV =6 V1—ab
(SS = (/a dSTf(ZS) + h(E)T (323)
with b depending on the case as mentioned above. Expanding for f this becomes
t RV4 V1 —ab
5S = %)‘ </ ds Y= (1 p2s%)? + h(e)2a> . (3.24)
a s a



Note that the entanglement entropy depends explicitly on the gauge fixing for the metric
perturbation. One choice of scheme would be to set f(z) = 0, corresponding to Fefferman-
Graham coordinates while a second natural choice of scheme is to fix h(z) such that the
cutoff is unchanged to linear order and one then obtains the relation:

bty 2 99 1 4y 2
h(e)—12 (1 3Mme +5me + O(tg) - (3.25)

For this gauge choice one obtains

2 b /1 _ <6 2
48 = foL <1 / ds1838(1—u252)2+<€12—2m+0(62))>;

tol2 (1 [0 V1—s6
~ 4Gy <22 / ds=—5—(1 = 1*s")* | + 0Sgauge(m, €), (3.26)

where we note that the gauge dependent contribution 6Sgauge is independent of the turning
point Z, since h(0) is finite. We will discuss this point further below. In what follows we
will retain the gauge dependence explicitly, rather than fixing a gauge, and show that this
gauge dependence drops out of universal terms.

In computing the integral we first specialise to the case of small mass so b = 1. Per-
forming the integral directly over the range s € [a, 1] and expanding the answer in a gives
the following up to O(a):

/1d8\/1 s VTD(=1/3) N VT T(A/3) 2
a

—sb 1 2
1—u2s2)2 = — 4 = —Z1iPlog2+-2p2loga .
G s = s S S e TE 2 T e) 3t ekt losa
(3.27)

The result thus becomes:
toL? 1 2 5, 7 T(-1/3) 1oVT D(/3) 2 5 n s
0S=——(5+3 —_— < “m?l 2
* 7 sy <2e2 3™ Y Tgge) T 1a T(iije) 3™ OBl /2

+ 0 Sgauge(m; €). (3.28)

We next consider the case of large mass so b = 1/u. The result is given in terms of
generalised hypergeometric functions:

N
/ dsY1 %

53

1 1

1— 2622 =~ 4
(1—p”s%) 207 oy

sFy ({1/2,1,1},{2,2},1/p°) (3.29)
— “222F1 (—1/2,-1/3,2/3,1/u%)
+ “;zFl (—1/2,1/3,4/3,1/1°%) + 2p°log(pa) + O(a?) .

Expanding for large mass one then obtains

g5 07ty amttotne) 51 +0(5) 40 (1) )+ SSpmtm
48G i \ 2€2 48mAz6 32 m10512 gauge(17%, €).
(3.30)
Note that the power and log-divergent terms agree for p <1 and p > 1.

~10 -



Figure 4. Illustration of the change in the turning point of the minimal surface — z is the turning
point of the original minimal surface (i.e. the one that is actually used to compute the flavor
contribution to the entanglement entropy (3.13)), whereas z; is the turning point of the minimal
surface in the backreacted geometry.

We can immediately obtain the change in the entanglement entropy for the half space
from the Z — oo limit of the above expression. In this case the entangling surface extends
throughout the bulk and has no turning point. The contribution to the entanglement
entropy from the brane is then

5s—£ Lo (me) (3.31)
_48GN 12 m~log(me) |. .

Note that the divergent terms differ from (3.30) by an overall factor of two, since the
entangling surface in the field theory no longer has two disconnected parts. We will discuss
the field theory computation of (3.31) in section 6.

3.2 Changes in turning point and entanglement surface

The perturbed entangling surface has a turning point for which the relation between the
turning point and the width of the slab Az = [ is changed relative to (3.11). The equation
for the perturbed entangling surface is obtained analogously to (3.3) and given by

(2)? = <jz — 1> + h(2) <§6 - 1) — f(2) (i - 1) , (3.32)

for some constant Z, and where f(z) and h(z) are the metric perturbations discussed
previously. The width of the slab is then given by

1
IF 23d 1 [ By 1 hoo"
:/zzl+/ 3, 2 )l_i “h " (3.33)
2 0 (36— 26)z 2 Jo (26 — 26)2 2 (26 — 26)2 0

where the upper limits of integration are explained as follows: for p > 1, the surface ends

in the region in which the perturbations f(z) and h(z) vanish; from (3.32) the turning
point therefore remains at z = Z, and we continue to use the definition y = m?z.

The boundary term in (3.33) vanishes since h(1/m) = 0 and h(0) is finite and therefore
the relation between the turning point and the slab width depends only on the gauge

- 11 -



invariant combination of metric perturbations. Substituting this combination using (3.18)
one hence obtains

L (VAL t [ (1= ps?)?
2-2( () —|—24/0 dss (1—36)% ), (3.34)

where note that = mZz depends on 2z implicitly. The integral can be computed resulting in

(1= 2?21 125 1
dss® = 163 (—p + /b — 1) +69F =, 5,5, — 3.35
/0 SS (1_86)% 24/1,4< M( 1% + 1% )"‘ 20 2737371u6 ( )
147 1
3o =, =, —
+3 2 1(2)3737M6>)
and expanding for p > 1 one finds

l:g<ﬁr(§)+ o > (3.36)

2 I'(3) 576m*z4

For the small mass case the situation is more complicated, since from equation (3.32)
we find that the turning point of the surface is itself changed (see figure 4). Let the
perturbed turning point be

zp = Z 4+ tgdz. (3.37)

The latter is computed by setting 2’ = 0 in (3.32), resulting in
1
tgdz = 5'%(2) (3.38)

Note that the shift in the turning point depends on the metric perturbation h(z) explicitly,
rather than the gauge independent combination.

The relation between [ and z; is now calculated using the relation (3.32) which can be
rewritten as

B = (L M) — 25— FE — 0 + HEAL - 9)2, (3.39)

where we define
h(z) = H(z) + h(Z), (3.40)

with H(Z) by construction being zero. In relation (3.39) we implicitly work to first order
in tp, which in particular implies that Z can be replaced by z; in terms multiplying f(z)
and H(z), which are already of order ty. Therefore

1 S 1= ) 1| 2 |"
L - / 2 - +/ zgdz(f+z 3 - = & -1 - (3.41)
20 (1+h@)2 o (202 2o (s =292 2 [ (2 -252 ],

The boundary term vanishes at z = 0 and the contribution at z = z; is zero since H(z;) =0

to order ty. Since h'(z) = H'(z) the combination appearing in the second integral is the
gauge invariant combination as before and therefore

I 1 1 34 1 3(1 — ,262)2
Lo, (1_h<5)>/ s,s,1+ztt0/ g5 L= 1s)” (3.42)
2 2 0o (1—s6)2 24 Jo (1—s9)z

- 12 —



where now u = mz;. Computing the integrals we obtain

70(2
=2 (1 - ;h(2)> 2{({53) (3.43)
6
| foz val(3)  2p?  ptyrl(3)
12 \ T@}) 3 6Lty |-

Note that h(Z) = h(z;) at this order.

Even though we only needed the original entangling surface to compute the entangle-
ment entropy above, these changes to the turning point are important to keep track of
when comparing the differential entropy to the gravitational entropy of the corresponding
hole in the bulk, as we will discuss in section 7.

3.3 Finite contributions

To understand the infra-red behaviour of the entanglement entropy it is often useful to
isolate the finite contributions.
A dimensionless, cut-off independent quantity was defined in [47, 48] by differentiating
with respect to the mass as
. 0%S .
d(m2)?’

note that this expression is valid for four-dimensional quantum field theories, with different

S =m (3.44)

expressions being proposed in lower dimensions. Implicitly, e and Z (or equivalently [) are
held fixed. A priori, since the gauge dependent terms depend on the mass it is not obvious
that this quantity will be independent of the gauge. However, on general grounds the gauge
dependent terms must make the form
L2

dSgauge = a-2— + agm?L? 4+ O(€?) (3.45)
with a_o and a¢ dimensionless coefficients. This form follows from the fact that the en-
tanglement entropy is extensive, i.e. it is proportional to the area of each slab L?, and
the underlying theory is conformal. This implies that the only finite terms in the scheme
dependent part of the entanglement entropy must be proportional to m?L?, since m is the
only other cutoff independent scale in the problem. Since neither a_s nor ag contribute
to (3.44), the quantity computed by (3.44) is indeed independent of the gauge.

Computing this quantity one finds that for 4 <1

tol? (VAL(3) 4.,
§Sm = m 3.46
48G N ( 6r(i) "7 (3.46)

while for p > 1

55 = 101 I 1/21/3,473,1 /48 (3.47)
m — 32GN 3222 1 ) ’ 5 H .
which can be expanded for p > 1
toL? 5 1 1
0SSy, = - —_— . 4
Sm = 18Gn (m smize T O\ iz (348)
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For slab geometries an alternative method of defining a cut-off independent quantity

is (see for example [49-52])?
08

S =1—. 3.49
=15 (3.49)
This quantity is manifestly independent of the coordinate choice h(z), since 0Sgauge is
a local quantity, which is hence independent of the (non-local) slab width [, as we saw

explicitly below (3.26). For p < 1 this quantity evaluates to

sq _ bl (_ Val(=3) , vl(5) H)

= N 3.50
TasGy\ 62 T(T) T oer(d) (3.50)

while for p > 1 one obtains

toL? 1 1
_ ). 51
"= Gy <8m426 o <m10212>> (8:51)

The limit u > 1 probes the IR of the theory: for fixed m this corresponds to taking an

entangling surface which extends deep into the bulk. Therefore a finite quantity should in
this limit decouple from UV physics. Comparing (3.48) and (3.51), the first quantity does
not fulfil this criterion (as the term of order m? derives from the logarithmic divergence)
whereas the latter quantity does. We will hence use (3.51) in section 6 when discussing the
IR physics.

3.4 Phase transitions

The flavor contributions to the entanglement entropy (3.28) and (3.29) match at mz = 1,
i.e. when the turning point of the entangling surface is at the location where the met-
ric perturbation vanishes. This matching was guaranteed by the continuity of the metric
perturbation and its derivative at z = 1/m. There are however discontinuities in the
derivatives of the flavor contribution at mz = 1, induced by the discontinuities of higher
derivatives of the metric perturbation at z = 1/m. In particular, there is a discontinu-
ity in the fourth derivative of the entanglement entropy with respect to the slab width

0*S
(%) - (352

From the field theory perspective it is more natural to fix the mass (i.e. the theory) and

(at fixed mass):

vary the slab width (i.e. the entangling region). However, if one instead looks at the
variation of the entanglement entropy with respect to the mass at fixed slab width, the

84S>
) (3.53)
<8m4 mi=1

Correspondingly the finite quantities 4.5, and 5; have discontinuities in their second and

fourth derivative is also discontinuous:

third derivatives, respectively.

28, is always positive and decreasing in two dimensions and plays the role of a c-function.
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The discontinuity arises from the discontinuity in second derivatives of the metric at
z = 1/m. The fourth derivative of the entanglement entropy contains the terms:

'S 1 /oz\* & w B
(8l4>2:1/m "8Gy <8l>2:1/m 973 (ﬁTmth(z))fﬂ/m ' (3.54)
Note that the discontinuity does not arise at lower order in derivatives since the volume
element of the entangling surface vanishes at the turning point.

At first sight one might try to assign a physical interpretation to the discontinuity of
the entanglement entropy, i.e. a phase transition. However, the discontinuity is inherited
from the discontinuity in the metric derivatives and correspondingly in the curvature. This
discontinuity is likely to be an artefact of the probe approximation: in a fully back-reacted
solution for the D3 and D7 branes there should be no source terms in the energy momentum
tensor and hence no discontinuities in the curvature of the metric. In other words, one
would expect from gauge/gravity duality that the backreacted solution should solve the
type IIB equations with no sources. The metric and curvature should hence be continuous
and the metric for the back-reacted solution should be smoothened around z = 1/m, over
a radial coordinate range Az < 1/m.

It is interesting to note that at any finite density the brane probe extends throughout
the bulk and therefore there is no longer any discontinuity at finite z: as we show in
section 5 the backreacted solution is indeed smoothened around z = 1/m, over a small but
finite radial coordinate range.

4 Entanglement entropy for spherical regions

In this section we compute the entanglement entropy for the case of a spherical entangling
surface, extending the small mass results of [10] to generic mass. The methods of [8,
10, 11] are in principle applicable to spherical entangling regions but in practice the CHM
map [2] becomes intractable for finite mass, as the probe brane embedding in the hyperbolic
black hole is extremely complicated. Therefore again our discussion will follow closely the
method of [9].

Writing the boundary metric in spherical coordinates we have:
1
ds* = ?(—dtQ + dr? + r2d03 + d2?) (4.1)

for the AdSs metric. We define a ball on the boundary by » < R and take as an embedding
ansatz z = z(r) at t = 0. The functional for the entangling surface is then:

5= /R dril + 27 r2, (4.2)
Gy Jo 23

where we have done the trivial integral over the two-sphere. It is easy to show that the

resulting equations of motion are solved by the hemisphere 72 + 22 = R2, and the desired

extremal surface is thus a hemisphere in r and z of radius R that wraps the 2-sphere S? —

this surface will be parametrised by {s, Q2} where s is defined by z = Rs and r = RV1 — s?

and Qo = (6, ¢).
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We can now compute the induced metric on this extremal surface using ’ymm =
O0a X0y X" gy where now a,b = (s,0,¢). One finds:

— g2
’Ycrzrll)m = <82(11 82)7 (1 52 )952> (43)

where we note for further use that:

Vi = L (1.9

We can then compute the stress tensor of the surface and one finds (computing only the
diagonal components since this quantity will be contracted with hfy which is diagonal):

wo o 2p201 2 2.4 5” 5? 2
T = |(s"R°(1—5s%),0,R"s", cosec”(0) | . (4.5)

min 1—62"1— g2

We are now in a position to compute the entanglement entropy, but we must first write
the metric backreaction in the coordinate system (z,t,r,6, ¢):

1.
hyny = —adiag (f(2), h(2), h(2), h(2)gs2) (4.6)
The resulting entanglement entropy becomes

T b — S
5 = o / 61,9”1332 ((5° + 2h(Rs) — (s> — 1) f(Rs)) (4.7)

where a = ¢/R and b = 1,1/ for p < 1,1 > 1 respectively as for the slab, where now
p = mR. Expanding out f(Rs) and again using partial integration on the h'(Rs) term as
in the slab case one obtains:

b _2\3/2
(55:7T/ ds%f(}%s)—i
a s

2GN 82

h(Rs)(l_S)m] (4.8)

again reducing the contribution of h(z) to a boundary term. The term at s = b vanishes
for both possible values of b for the same reasons as before, leading to:

tor [0 (1 —s%)3/2 1 2\3/2
0S8 = ds———— (1 — ——h(e 1— . 4.
5 24GN/QS a ())+2GN()Q2( a”) (4.9)
Since h(e) depends upon the gauge choice, we can rewrite this expression as in the previous
section as ) 3/
tom (1—s%) 2
35 = / ds 5T (1= (4)?)” + 6S e Rom). (4.10)

The gauge dependent contribution depends in this case on all three parameters: the cutoff e,
the mass m and the radius of the spherical region R (note that in the previous expression the
mass dependence is contained implicitly in the metric function h(z)). Note the difference
relative to the case of the slab: since the dual theory is local, the gauge dependent terms
for the slab cannot depend on the slab width. The radius of the sphere however relates to
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the intrinsic curvature of the entangling region, which is a local quantity and therefore can
appear in the gauge dependent terms. In particular, since h(0) is finite, the non-vanishing
terms in 0Sgauge Will be either quadratic in R or independent of R in any scheme.

Let us now consider the small and large mass cases separately. For p < 1 the contri-
bution from the s = b limit to the integral vanishes where b = 1. One therefore obtains

tor (R 4u®+3 1, 8y
0S = 82’1,(662 H IOgi + -+ or + £ +6Sgauge(€7 R,m) (411)

6 2R 4 9 15

Using the same regularisation scheme as before to fix h(e) one obtains as in [10]:

tom (R* 4p®>+3. ¢ 1 2u®> put
55 = o7 (22 log-S — ~ 4 1 4.12
8Gx (262 6 Bar 1t 3 T15) (4.12)
where )
(5Sgauge(€,R,m) = m <62 — g,uz — 5 + - ) . (413)

For p > 1 the extra contribution from the s = b limit of integration is given by:

tom 1 /8 83u?> ut 1 9 1
—Ji-= (= Y 4 23+ 44 Ji-=)). a4
24GN( u2<15+ 30 T 5 ) Tt Al {ntu 12 (4.14)

This vanishes at ; = 1 as we would expect by continuity. Thus the total contribution to

the entanglement entropy for p > 1 is given by:

tor ( R*  4p®+3 € 1 8u?  ut
0= log—— + = + —— + & 415
8GN (662 6 Car 1t 9 tis (4.15)

1 1 /8 83u%> ut
— 1= = L
3V u2<15+ 30 T5) 7"

+ 0Sgauge (€, R, m).

08 =

| =

w

+

S

=

N2

=)

o
N

=

+

=

—_

\
=) -
N————
N———

For p > 1 this expression asymptotes to

tor (R®> [2u%® 1 3 1 1
= [ S+[=5+2)1 = - — — auge(€, Rym). (4.1
6S T <662+< 3 +3 og(me)+8 48M2+0 A +0Sgauge(€, R, m).  (4.16)

As for the slab, the expressions for the entanglement entropy match at p = 1, i.e. when the
turning point of the entangling surface reaches z = 1/m. Derivatives of the entanglement
entropy with respect to R at fixed m or with respect to m at fixed R become discontin-
uous at p = 1 because of the metric discontinuity. For spherical entangling surfaces the

85S>
95 (4.17)
<8R5 m=1/R

is discontinuous. The discontinuity again arises from the discontinuity in second derivatives

discontinuity arises at fifth order i.e.

of the metric at z = 1/m, and is hence expected to be absent in a fully back-reacted solution
without sources. The fifth derivative of the entanglement entropy contains the terms:

04S 1 ot e
<3l4> ”71/ ~ @324 (ﬁTrﬁinhHV(Z))gzl/m . (4.18)
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Note that the discontinuity does not arise at lower order in derivatives since the terms
contracted with the metric perturbation are zero when the turning point lies at Z = 1/m,
and their first derivative is also zero; see the form of the integrand in (4.8).

4.1 Finite contributions

For a spherical region one can define a finite quantity by differentiating with respect to the
mass, (3.44). For p < 1 this gives

05m = Goan "

(4.19)
For 1 > 1 one obtains

nty [(p? 1 1 1
-y (. —1). 4.2
o 8GN ( 5 4 22 © <u4>> (4:20)

The quantity (3.49) is not finite for a spherical region and it is proposed to use
instead [53, 54]

0 0

Note that this quantity vanishes for all terms which are independent of R or quadratic in
R, which in particular guarantees that the gauge dependent terms drop out of Sy ;. For
1 < 1 one obtains

0Simy=—1(1—= — . 4.22
LM = go < EETL (4.22)
For i > 1 one obtains
7Tt(]
S = ——s+ -1, 4.23
LM 3G 12 + (4.23)

with all terms with higher order powers in p cancelling.

As for the slab the limit g > 1 probes the IR of the theory: for fixed m this corresponds
to taking an entangling surface which extends deep into the bulk. Therefore a finite quantity
should in this limit decouple from UV physics. Comparing (4.20) and (4.23), the first
quantity again does not fulfil this criterion (as the term of order m? derives from the
logarithmic divergence) whereas the latter quantity does. We will hence use (4.23) in
section 6 when discussing the IR physics.

5 Entanglement entropy from Kaluza-Klein holography

In this section we describe a new method for computing the entanglement entropy of probe
brane systems using Kaluza-Klein holography [7]. This method is applicable to any probe
brane system, i.e. for any shape entangling region with any worldvolume gauge fields, and
can also be used for other systems such as Coulomb branch geometries.

The holographic entanglement entropy for any static asymptotically anti-de Sitter ge-
ometry is given by the Ryu-Takayanagi functional in terms of the area of a minimal surface
in the Einstein frame metric. Probe brane systems are however described by top down
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constructions. In other words, we first specify a ten-dimensional supergravity solution for
which a holographic interpretation is known, the usual examples being geometries which
are asymptotic to the products of anti-de Sitter and Sasaki-Einstein manifolds. The probe
system is then specified by the brane embedding into the ten-dimensional background and
the worldvolume fields on the brane. The backreaction onto the ten-dimensional supergrav-
ity solution is computed by viewing the D-brane action as sourcing the supergravity fields,
with the sources being localised on the brane embedding. Computation of the backreaction
therefore involves solving all of the ten-dimensional supergravity equations.

Even after computing the backreacted ten-dimensional supergravity solution, one can-
not immediately compute the entanglement entropy, because the latter requires the five-
dimensional Einstein metric. For any supergravity solution which can be viewed as a
perturbation of anti-de Sitter cross a Sasaki-Einstein manifold the method of Kaluza-Klein
holography can however be used to extract the five-dimensional Einstein metric [7]. This
method implies that, if one only wishes to compute the entanglement entropy, it is not
actually necessary to compute all of the backreaction of the brane onto the ten-dimersional
supergravity fields: one only needs to know the backreaction for those field components
which contribute to the five-dimensional Einstein metric.

In the rest of the section we will describe the computation of the entanglement entropy
using the Kaluza-Klein holography approach for massive D7-branes in an AdSs x S° back-
ground. At the end of the section we will discuss further applications and generalisations
of this method.

5.1 Kaluza-Klein holography

The backreaction of the D7-branes onto AdSs x S° results in a supergravity background
which can be expressed as a perturbation of AdSs x S°. Thus the metric can be expressed as

ds? = (g% + harn)da™M da?Y; 5.1
M
1
= —(dz* + da'dx,,) + (d6? + sin® 0dQ3 + cos® 0d?) + harn (2™, 0q)da™ da™
z

where we denote ten-dimensional indices as z™; 6% collectively denote the five sphere
coordinates and ™ denote the five-dimensional coordinates, i.e. (z,2#). Thus g%,y is the
background AdSs x S° metric and hjsy is the metric perturbation. The other type 1IB
supergravity fields are the dilaton ¢, the NS-NS three form field strength Hj;xp and the
RR field strengths Fis, Farnp and Fyynvpggr- Only the self-dual five-form field strength

has a background profile:

Fyunpor = Fyynpor + fMNPQR; (5.2)
1
F° = —dz ANdt A dw A dx A dy + sin® 6 cos 0df A\ dds A dp,
z

with fynpor being the perturbation of the five form field strength. Our normalisation
conventions are that the Einstein equations for type IIB supergravity are given by

1
Ryn = EFMPQRSF;QRS =+ (5.3)
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The Einstein equations are quadratic in the dilaton gradients and form field strengths.
Therefore, working to linearized order in the perturbations, the Einstein equation decouples
from the perturbations of ¢, Hy;np, Fas and Faynp since the latter do not have profiles
in the AdS5 x S® background. Similarly the only contributions to the five-form equation
of motion at linearised order are from the metric perturbations and the five-form field
strength perturbations.

The fluctuations can be expanded in S° harmonics [55]:

mn(,y) = S Bl ()Y ()

Pona(@,) = 3 (B @)Y () + Bl (2) DY (3))
) (2.y) =

U(a,y) =

zy) =Y (o m{;g( )+ 603 () DY () + 612 () DDy Y (9) )

D wli @)y iy (5.4)

T,y

and
Frunrst(x,9) = Y 5Dpmbyl (@)Y ()
(2.9) = D (Bihurs(@) DY " () + 4Dy b5, (2 (1))
(2.9) = > (3Dmbl (0)Y 30 (1) = 2030, () DYy (0))
Foternn (@) = S (2Dt (@)eae™ Da¥5 () + 30135, (2) Dy ;13 () )
(2,9) = > (Dunb{l) (#)eaed DeY " () + (AT — b (@)eaned V. (1))
(z,y) = Zb 2) A" €apegeY (1) - (5.5)

Numerical constants in these expressions are inserted so as to match with the conventions
of [55]. Parentheses denote a symmetric traceless combination (i.e. Ay = 1/2(Ag +
Apa) — 1/5gapA2). Y1 Y5 Y(I“) and Y[ })}0 denote scalar, vector and tensor harmonics
whilst At and A5 are the eigenvalues of the scalar and vector harmonics under (minus)
the d’Alembertian. The subscripts ¢, v and s denote whether the field is associated with
tensor, vector or scalar harmonics respectively, whilst the superscript of the harmonic label
I,, derives from the number of components n of the harmonic.

Not all fluctuations are independent — some are diffeomorphic to each other or to
the background. This issue can be dealt with by imposing a gauge; for example, the de

Donder-Lorentz gauge fixing condition is
Dh(gpy = D*ham =0 (5.6)

which sets to zero the coefficients B(S . qﬁ (0)? qbg). A more elegant way of dealing with this
issue is to construct gauge invariant combinations of the fluctuations. Such gauge invariant
combinations of the fluctuations were constructed in [7], with the combinations reducing
to the de Donder-Lorentz gauge fluctuations on imposing this gauge.

In [7] the equations of motion satisfied by the fluctuations were constructed to
quadratic order in the fluctuations, and the relation between five-dimensional fields and
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ten-dimensional fields was also constructed up to quadratic order in the fluctuations. In
the current context we are only interested in the five-dimensional Einstein metric and
we work only to linear order in the fluctuations. We can therefore read off from [7, 55]

the relationship between the five-dimensional Einstein metric perturbation hZ ~and the

n
ten-dimensional fields as

1
hfm = hgrm + gﬂ-og?nn7 (57)

where the superscripts indicate that these are zero modes, i.e. associated with the trivial
constant scalar harmonic.

The type IIB supergravity equations lead to the linearized equation for the Einstein
metric

(Lp+4)hE =0, (5.8)

where L is the Einstein operator, defined as usual by
1
LphE, = 3 (=Ohp, + DpDyhl? + DyDyhEP — Dy Dy hEPY (5.9)

The five-dimensional equation of motion in turn follows from reducing the ten-dimensional
action

4
IHB_— dOz\/—det(garn) ( (gmN) 5,FMNPQRFMNQR+ > (5.10)

over the five-sphere.? This results in

d°z vV —det(gmn) < (gmn) ), (5.11)

271'2

where we use the relation

1 3 1 N?
Ves = —o = —s = —5 0.12
2K3, 5° 263,  2K%  8m? ( )

which is applicable when the AdS radius L is set to one. Thus the effective Newton constant
is given by
1 N?
167Gn 872’

For the probe brane system, the type IIB supergravity equations are solved with source

(5.13)

terms, from the D-brane action, which in turn implies that the linearized Einstein equations
in five dimensions are sourced. The complete ten-dimensional action is

I =Imp+Ip7 (514)

where

Ip7 = —T7/d10x/d80(5 (aM — XM (%)) eﬂi’\/—det(gMN@aXMagXN) +---. (5.15)

3Note that the 10d action must be supplemented with a self-duality constraint for the five form field
strength.
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Here 0% denote the world-volume coordinates and the ellipses denote terms involving the
world-volume gauge fields and Wess-Zumino couplings. The latter do not contribute in the
case of the D7-brane embeddings under consideration here.

The source term results in a stress energy tensor [56]

5 M XM o
™Y = T / oy e (170, X 95X ™) (@ (o)
—det(gMN)

, (5.16)

where we denote the worldvolume induced metric as yo3 = grrn0a X M 0 X N The sourced
IIB equation is thus

1 1 -
(RMN - EFMPQRSF;QRS + - ) = Ko (TMN - 8T9MN> = Ty Tmn, (5.17)

with T = ¢gMNTyn. The trace adjusted stress energy tensor can be expanded in S°
harmonics, using the same harmonic basis as for the metric:

) =Y T (2)Y " (y (5.18)
ma(e,y) = > (105, ()st<y>+T<fl)m<x>DaY11<y>)

) =) T @)Yy )+T( ) () DYy (y) + T () DDy Y (y)
T“a:y > Th(x) Yfl

The correction to the five-dimensional Einstein equation only depends on the following zero
modes (see appendix A):

1 _
(Lp+4)hE = kK3, (TO + 3Togmn> = Ln, (5.19)

where we have used the fact that the D7-brane embedding of interest does not source the
RR five-form field strength.
Given the D7-brane embedding, i.e. §(2) = cos™!(mz), the ten-dimensional energy

momentum tensor source can be computed as

TMN = _T7TMN5(9 — 9(2))(5(¢), (5.20)
with
1 1
Too= 5(0-m2% To= (- w2 (5.21)
To, = (1—m*2)%ga5;  Tas = 0;

Too = m?2%(1 — m?2?),
where note that 7 = gM NTun = 8(1 — m222). Here we denote the metric on the unit

three-sphere by go,. The energy momentum tensor source can be projected onto spherical
harmonics using Fourier decompositions of the delta functions:

0(0—0(z — —|— Z —cos (mb(z)) cos(mb); (5.22)

1 o0
)Tt g

=1
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By projecting onto the zero mode, one can then immediately show that the ten-dimensional
energy momentum tensor source is such that

2

— m _
Tzoz = —T7?(1 - m2z2); TS,, =0, (5.23)
with T
= 7
T = ﬁ(l —m?22%)(m?2* - 2), (5.24)

and hence using (5.19) we find that

— to 4 4 — to
tyy = —@(1 —m=z%); t = 6?(1 —m?2%)(m?2% — 2)n, (5.25)
where as before
to = 167G N (272 T). (5.26)

Given the five-dimensional stress tensor t,n = fmn — %t_g;’nn, it is straightforward to see
that the perturbation of the Einstein metric induced by this source is in agreement with
that given in (3.14) and (3.18).

5.2 Generalizations to other probe brane systems

For a general probe brane system, the complete ten-dimensional action is

I =1Iug+Ipy (5.27)
where
Ipy = —Tp/dlow/dea(S (xM _ XM(Ua)) e’d’\/—det(’yaﬂ + Fas) (5.28)
+Tp/d10x/6(:cMXM(aa)) [ef/\ZCq ,
q
with

YaB = gMNaaXM(%XN; (5.29)
Fop = Bun0a XMos XY + Fop;
Corag = Catyeetty 0oy XM 0 XM,

We consider embedding a brane into a type IIB background which is either AdSs x S° or
AdS5 Schwarzschild x S%, so that the only background field profiles are for the metric and
the five-form. Following the arguments in the previous section, we therefore only need to
consider the equations for the metric and five-form perturbations, as the other perturbation
equations decouple.

The energy momentum tensor source is [56, 57

)6 (a:M — XM(UC“))

—det(garn) (530)

TN = T, / Ao/ —Me ™ (M*Po, XMag x N
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where we define Myg = vog + Fop with M @8 being its inverse. The source in the five form
equation of motion is

O (V—gFMNPRR) = (5.31)

20307 / d"os (M — XM(0%)) € Fp iy Oy o XN Oy X 00, X900, X
Note that for a D7-brane this term only contributes if 7 A F # 0. Therefore, provided
that F A F = 0, the correction to the five-dimensional Einstein equation due to source

D7-branes still depends only on the stress energy tensor zero modes:

_ 1- _
(Le+4)hE = kK2, (T,?m + 3T0g;’,m> S (5.32)
One can thus compute the perturbation to the five-dimensional Einstein metric by project-
ing the brane energy momentum source onto the appropriate combination of (spherical)
zero modes. It would be straightforward to relax the condition F A F = 0 and obtain the
correction to the five-dimensional Einstein equation, taking into account the sources in the
RR field equations, but we will not analyse this case in detail here.
The analysis above immediately allows us to treat D7-branes at finite mass, density
(and temperature). The finite temperature background can be written as
2 _ do?
ds? = p? [J}dtQ + fdxﬂ + a0z (5.33)
p

4 _ 4
flp)=1-29; f(p)=1+%,

with the temperature being T = v/2ug /7. The D7-brane embeddings can be expressed in
terms of two scalar functions x(p) and a(p):

0(p) = cos ' (x(p));  Fyp = Opalp) = E(p), (5.34)

where the potential is A; = a(p). These embeddings can be found numerically, see [44, 45].
The main feature is that at any finite density, i.e. whenever the asymptotic form of the
potential is

At:,u—;i+~-- (5.35)
with non-zero charge density d, the embeddings do not close off at finite radius. At finite
temperature the embeddings have a spike which extends into the horizon, while at zero
temperature this spike passes through the Poincaré horizon. In other words, asymptotically
as p — 00, the brane wraps the equator # = 7/2 of the five sphere but there is a spike,
0 — 0 as p — ug. In the zero temperature limit, the spike solution becomes analytic
for p — 0:

E(p) =& 0(p) = O1p, (5.36)

with £ and #; constant.
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Focussing on the zero temperature limit for simplicity, the effective source stress energy
tensor of (5.32) is given in terms of 6(p) and E(p) by

_ in3 0 2 4p%0?
top = —to Sm. | == — p + E? ; (5.37)
2p2(1 + p202 — E?)2 3 3

2 03 242

_ sin” 6 2 0

tw = to re o N A E
201 +p202—E%Hz \ 3 3

_ p?sin® 6 2 p20?
tij = —to - | =5 — 5| %ij-
2(1 + p262 — E2)3 3 3

Here 6 denotes 0,0(p). To compare with the previous sections we change coordinates to

z =1/p, and use the five-dimensional stress tensor t,,, = tmn — %t_gf;m:

. 3 9
tes = —to o - (5.38)
222(1 + 2202 — E?)2
2 si 3 0
by =to——— (14 2%0%) ;
2(1+ 2202 — E?)2
2 (i3 0
ti; = —to z sn T (1 + Z29§ — E2) 5@',
2(1 + 2262 — E?)>
where 6, = 0,0.
The metric perturbation induced by such sources can then be expressed as
f(z) 9(2) hz) ,
As previously the gauge invariant combination is
f(2) = f(2) + 21 (2) (5.40)
and there are now two independent Einstein equations:
~ 1 1
—f - Zz(g/ — 1) = EZthz, (5.41)
3 1
Do = g) + 5 = W) = Pt ),
where we define t;; = t;0;;. These equations can be integrated to give
f(z)= 5 tos — z = (ttt +ti); (5.42)

(9(z) — 2/ d223/ (te(w) + t;(w)).

These equations can be solved analytically as z — 0 and z — oo. The near boundary
expansions of the fields x and F are

X=mz+c® + - (5.43)
E=2d2+---,
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where m is the quark mass, ¢ determines the quark condensate and d is the density. The
corresponding asymptotic expansions of the gauge invariant metric perturbations are

f(z):%(1_2m222+0(m4z4,m024)-1-...); (5.44)
(9(2) — h(2)) = %)Jzu...

Note that in fixing a Fefferman-Graham gauge as z — 0 one needs to take into account the
shift in the AdS radius. The Fefferman-Graham gauge is obtained by choosing

to

= — 5.45
f)= 2 (5.45)
which then implies that
zh!(2) = %0 (—m2z2 +0 (m4z4, mcz4) ), (5.46)
and hence ;
h(z) = % (1- m222 + O (m4z4,mcz4) 4+, (5.47)

where the integration constant is fixed by the AdS radius.
In the opposite limit of z — oo we can use the spike solution (5.36) to show that

. to03 1 &2
fla)=—— <3 + =) (5.48)
423(1 — £2)2
tob; €
(9(z) = h(z) = ————,
4223(1 — £2)2
and hence the metric perturbations are bounded in the deep interior.

The effect of the metric perturbation (5.39) on the entanglement entropy is expressed
in exactly the same way as in previous sections, since g(z) does not enter the entanglement
entropy. Thus for a slab, following (3.22), the brane contribution to the entanglement
entropy is

08

L2 b 1 _ o6 -
/ dsY— " f(z (5.49)

— TN 3 f(zs) — [h(is) 2

=b
V1-— 86] ’
sS=a
where Z is the turning point of the original minimal surface and a = €/Z. At zero density
f(z) is zero for z > 1/m and continuity of the metric and its derivatives requires h(1/m) =
h'(1/m) = 0. At any finite density f(z) is non-zero at finite z and there is no need to

impose that the function h(z) vanishes at a finite value of z. In the finite density case the
integration is therefore over the entire entangling surface, i.e. the upper limit b = 1 and

2o VI, Visdd
05 = 1Gn 32 </a R —FE+ : D

h(e) 5 (5.50)
since the other boundary term vanishes at s = 1.

a

Note that 6.5 has no discontinuities in its derivatives with respect to mass or to the
width of the slab at finite density since f(z) has no discontinuities in its derivatives at
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finite density. This provides another reason for viewing as unphysical the discontinuities
discussed earlier.

It is useful to define the difference between the entanglement entropy at finite density
and that at zero density, for the same mass:

58 —6S; = 4GNZQ</ '1_8 0f(Zs) +

Sh(e );aﬁb , (5.51)

where
to

6f(z) = f(z) — E(l —m?22%)%, (5.52)

5h(z) = h(z) = h(2) j_;

where we have used the analytic expression for f (z) at zero density. From the asymptotic
expansions (5.44), we can infer that the asymptotic expansion of ¢ f is

5f(2) = toO(mez*) + - - . (5.53)
We can also always choose a gauge such that
Sh(z) = toO(zH) + - - - ; (5.54)

this simply corresponds to matching the gauge asymptotically at zero and finite density.
Substituting into (5.51) the difference between the entanglement entropy at finite density
and that at zero density is UV finite? and only the integrated term contributes:

L? 1— s
35~ 0510 = 103 / as 55 (2s). (5.55)

Note however that this quantity does have discontinuities in its derivatives at z = 1/m,
since the zero density quantity has such discontinuities.

5.3 Numerical calculation of the entanglement entropy at finite density

We now consider in detail the embeddings in (5.34) with the aim to explicitily carry out
the computation of the flavor entanglement entropy in the case of finite density. We follow
the analysis in [44, 45], though unlike the latter we focus on the zero temperature case.
The background, instead of (5.33), is therefore AdSs x S°

dp?
ds? = p?[—dt* + dx3] + 7 d6?* + sin?0d3 + cos*0d¢? (5.56)

and the probe D7-brane extends in {¢,z3,p,Q3}. We consider an embedding 6(p), and
in addition we introduce a U(1) gauge field A;(p) on the worldvolume of the D7-brane in

4Earlier discussions of the UV finiteness of terms in the entanglement entropy induced by a chemical
potential may be found in [58-60].
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order to study the gauge theory at finite density and chemical potential. The DBI action
for this probe brane then evaluates to

3
Ip7 = —T7/d80p4(1 - XQ)\/l —x2+p2(0px)? — 21 = x2) Fp, (5.57)

where x(p) = cos [0(p)] and F(p) = 0,A:(p) is the electric field. The equation of motion
for the gauge field has solutions with asymptotics given by (5.35), and since Ip7; does not
depend explicitly on Ay, there is a constant of motion d = 6Ip7/6F.

For solving the resulting equations of motion it is useful to eliminate the gauge field
A; from the action by performing a Legendre transform with respect to d. The equation
of motion for y can then be obtained from the Legendre transformed action Ip; as

5(1 — v2)y 842
V1= X2+ p2x? PP(1 = x?)
3 ]2 1—X2+P2X2

P°X . .
e L+ gy |30 X2) + 2027 — 24d2p6(1 Sy
where x = J,x and d= d/Tp7. Tt is straightforward to show that asymptotically solutions
to this equation take the form given in (5.43).

We solve (5.58) numerically for a given d with regular boundary conditions imposed
in the deep interior. Recalling that y = cosf the spike solution is such that x(0) — 1.
However, since x(p) = —sin 09, x(0) = 0 and is independent of the value of #(0). Therefore

we instead set boundary conditions at p = py < 1:

1 .
X(po) = 1= 5% X(p) = —a, (5.59)
with o > 0 and 62 < 1. These boundary conditions correspond to
: @
0(po) =0;  O(p) = 5. (5.60)

Such conditions are consistent with the spike solution § = 61p+--- in (5.36) provided that
a ~ §2/po; if the latter condition is satisfied the solutions can be smoothly continued to
p = 0. These boundary conditions differ from those used in [44, 45] due to the fact that we
work at zero temperature. Note that the quark mass can be extracted from the embedding
using lim, o (px) due to (5.43).

The equations of motion for the gauge field are then given by Hamilton’s equations
with Ip7 as Hamiltonian, which reproduce the fact that d is a constant, together with the

~ T o2 L 22
0,A; = 2d L XX . (5.61)
\/(1 =) 51 = x2)* + 88

This equation can be integrated to give

Aulp) = 2J/Opdp’\/
-

equation

/T —~2 & 272
X trX (5.62)

X) [P0 = x2)8 + 8]
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Figure 5. Plots of 6f(z) for various values of d and m. In all cases 6f(z) asymptotes to zero as
Z — Q.

where we have set A;(p) — 0 as p — 0. The chemical potential p is then given by A;(oc0) in
the previous expression. Once the embedding x(p) has been found above, one can compute
F,t = 0,A; and p from (5.61) and (5.62) respectively. Note that the parameter d indeed
characterises the density since

plggo (p°0,As) = 2d, (5.63)
in agreement with (5.35).

To compute the entanglement entropy one must change coordinates as in the previous
section. At zero temperature the coordinate transformation is trivial and simply amounts
to setting z = 1/p whilst leaving the other coordinates unchanged. One can then compute
the five-dimensional stress tensor components in (5.38), and thus the gauge-invariant metric
perturbation f(z) as defined by (5.42). We plot §f(z), as defined in (5.52), in figure 5 for
various values of d and m, the latter being fixed by the choice of both d and Y’ (0). The
same general features are observed for all values of the parameters; § f (z) peaks around
z = 1/m and has a long spike slowly asymptoting to zero as z — oo. Although one might
expect intuitively that the thickness of this spike is determined by the ratio CZ/ m (with a
larger ratio leading to a thicker spike), the results indicate that it is in fact the magnitude of
X'(0) that determine this thickness, with a larger value of x/(0) corresponding to a thicker
spike (and a larger magnitude of df(z) overall).

It is a simple matter to compute the background subtracted entanglement entropy
using (5.55): the result for d = 200, m = 200 is shown in figure 6. The graph shows
the entanglement entropy as a function of the depth of the entangling surface Z, which is
proportional to the slab width [. It follows from (5.53) that the subtracted entanglement
entropy increases quadratically with % for 7 < 1; if 6f = Az* then

L2\ /7T(1/3) _
55—5SJ=0:48GN T(11/6) 7. (5.64)

The metric perturbation ¢ f reaches a maximum around z ~ 1/m and is very small for
z > 1/m, and therefore the entanglement entropy of surfaces which extend to turning
points Z > 1/m saturates.
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Figure 6. Plot of the background subtracted entanglement entropy for d = 200, m = 200 as the
width of the slab is increased. The entanglement entropy increases quadratically until the depth
of the entangling surface is 1/m and then slowly saturates to a constant value as the width of the
slab is increased further.

The D3-D7 system has a rich structure of phase transitions as the chemical potential,
temperature and magnetic field are varied, see [61, 62]. It would be interesting to use
entanglement entropy to explore these phase transitions, extending the above results. Note
that the entanglement entropy for massless flavors at finite density was discussed in [12];
our method would give the same results for massless flavors, and it would be interesting to
explore how the entanglement entropy changes as one increases the ratio of density to mass.

6 Field theory interpretation

The D3-D7 system is dual to N' = 4 SYM coupled to N' = 2 massive hypermultiplets.
The key features of this field theory are as follows. The field content of N = 4 consists
of the gauge fields A, scalars X A transforming in the fundamental of the R symmetry
group SO(6) and spinors A’ transforming in the spinor representation of SO(6). The hy-
permultiplets consist of scalars x and fermions 7 transforming in the bifundamental of the
SU(N.) and SU(Ny) gauge groups. In the massless case the addition of these hypermulti-
plets preserves an SO(4) x SO(2) subgroup of the R symmetry group of N' =4 SYM. The
hypermultiplets are coupled to the N'= 4 SYM fields by potential terms of the form

I = /d4xTrSU(NC)TrSU(Nf) (XAXTXXA) . (61)

Separating the branes by a distance m (in string units) corresponds to introducing a mass
term m for the hypermultiplets, which breaks the conformal invariance and breaks the R
symmetry group further to SO(4).

There are two distinct regimes of interest: the mass parameter m being small relative
to energy scales of interest, and the mass parameter being large compared to scales of
interest. In the former case the theory is clearly described in terms of a small mass per-
turbation of a conformal field theory, and we can use the underlying conformal invariance
to understand the entanglement entropy. Entanglement entropy for relevant perturbations
has been studied recently [23] and we will discuss the relation to our results below.
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In the opposite regime, of high mass, at energy scales much lower than m we can

%. The potential term above

integrate out the hypermultiplets, effectively setting y ~
controls the leading deformation to the A/ = 4 SYM theory: at low energies the effective

description must be
1
I =Isym+ — /d4$06, (6.2)
m

where Og is an operator of dimension six in the A/ = 4 SYM theory, i.e. it is an irrelevant
deformation of the SYM conformal field theory. The dimension six operator explicitly
breaks the R symmetry from SO(6) to SO(4) and is therefore charged with respect to the
SO(6) R symmetry of N' = 4 SYM. The backreaction of this deformation on the stress
energy tensor, which is an R symmetry singlet, is necessarily quadratic in this deformation,
i.e. the stress energy tensor is only affected at order 1/m®*. The behaviour of entanglement
entropy under irrelevant deformations has been less studied and we will explore this case
in more detail below.

6.1 Zero mass: marginal deformation of CFT

In the limit of zero mass, the brane contribution to the entanglement entropy of the slab is

55 — toL? <3 NG (—1/3)>’ (6.3)

T 48GN \2¢2 T 232 T(1/6)

where implicitly we have fixed a gauge choice such that

he) = 2. (6.4)

Note that this expression is proportional to the entanglement entropy of a slab in AdSs:

tol? (1 /7T(-1/3)
S = Q%;—N <2€2 + 55 F(1/6)> . (6.5)

The entanglement entropy of a spherical surface in AdSs is

T (R* 1 1

The brane contribution to the entanglement entropy for a spherical surface at zero mass is

_tomr (R? 1 1
0S8 = @ <262 + 5 log(G/EIR) — 4) N (67)

which is again proportional to the AdS result.
This is to be expected, see also [9, 11]: suppose that the AdS radius is scaled as

Laas — Laas (1 + 6aas) (6.8)

with dags < 1. Since the bulk entangling surface is of dimension three, this implies that

S_>S(1+5Ads)% %S(1+25Ads> . (6.9)
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In the case at hand, the effect of the brane is to shift the AdS radius as

to
1) = —. 6.10
as = 10 (6.10)

The brane contribution to the entanglement entropy at zero mass is therefore precisely
3
0S = §5AdSS> (6.11)
explaining the results above.

6.2 Small mass: relevant deformation of CFT

In the small mass regime, the mass m is smaller than the energy scales of interest, so the
system can be viewed as a mass perturbation of an underlying CFT.

Half space. Let us consider first the case in which the size of the slab | — oo, i.e. the
space is divided into two regions by a plane; the brane contribution to the entanglement
entropy is given in (3.31). In particular the logarithmic divergence is

2
55 = toL

- mm%g(me) - ng(m2L2) log(me), (6.12)

where in the latter expression we use (3.19) i.e. T is the effective tension of the D7-brane,
reduced over the three sphere.

The mass deformation in the field theory is associated with the following slipping mode
of the D7-brane on the three sphere: letting the five sphere metric be

dQZ = db? + sin” d03 + cos? Odp* (6.13)

then the slipping mode is associated with the angle 6, i.e. we retain only the following
terms in the D7-brane action

1= To/d5x gsin® 0,/1 + g*0,00,0, (6.14)

where we have integrated over the three-sphere, because the mode of interest is an SO(4)
singlet and hence there is no dependence on the three sphere coordinates. The metric g,
denotes the AdS5; metric and we work here in Euclidean signature as we need to compute
correlation functions. The resulting equation of motion for 8 is

1 9" 0,,0(9"° 0,00,0)

0=06—3coth— = 6.15
T T 1+ gv,00,0 (6.15)

where [ is the Laplacian in the Euclidean AdSs metric. Linearising this equation around
0 = /2 gives
0=106+ 36, (6.16)

i.e. the scalar is dual to an operator of dimension three.
As we will discuss shortly, we are interested in computing the normalization of the two
point function of this operator, and it thus suffices to consider the solution to the linearized
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equation of motion (6.16). From [27], we can read off the operator one point function in
terms of the asymptotic expansion of the scalar field:

1 R
<O3> =Tp <_29(2) + 39?0) + 1—209(0) + D(0)9(0)> (6.17)
where
0= 2(9(0) + 9(1)2’ + 9(2)22 + 9(2)2’2 log(z) +---). (6.18)

Here [J(g) refers to the Laplacian in the boundary metric gy and R is the scalar curvature
of this metric, which is zero in our case. Working in momentum space, the regular solution
to the linearized field equation (6.16) is

0= 9(0)(k)(Z2K1(]€Z)), (6.19)

with & the momentum and 6 (k) corresponding to the Fourier transform of the source.
One then expands (6.19) about z = 0 to identify the various terms in (6.18), for example

Hmﬂk)::@m(k)(1(—1%—2ﬂk2+—;k%qg<§)> (6.20)

where v is the Euler constant. Functionally differentiating the one point function (6.17)
with respect to the source 6 ), and setting the source to zero, therefore gives

k

(OO} = Tuklog () -+ (6.21)

where contact terms have been dropped. Fourier transforming back to position space gives
4Ty 1

(05(x)03(0)) = TR <$6) | (6.22)

where R denotes differential renormalization, see [63].
In [23] it was shown that for a CFT deformed by a relevant operator

IeI+A/ﬁ%O, (6.23)
the change in the entanglement entropy of the half space is
d+2
d—2) w2 €UV
55 = A2 log [ — 6.24
N 4<d—1>r<d;2>“4°g(em)’ (024

where eyy and e correspond to UV and IR cutoffs, respectively, A is the area of the
dividing surface while V is the normalisation of the two point function of O, i.e. at separated
points

N

T p2A

(O(2)0(0)) (6.25)

with A = (d+2)/2 the (relevant) operator dimension. Note that the entanglement entropy
is unchanged to first order in the perturbation A.
In our case the normalisation is given in (6.22), A = m and A = L%. Hence

T
58 = 2022 log <6UV> , (6.26)
3 €IR

which exactly agrees with (6.12), taking the IR cutoff to be eig = 1/m.
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Sphere. For the spherical entangling region the logarithmically divergent terms are

8GNy \ 3 2 3

The second of these terms was explained above. The first is proportional to the mass

55 = o7 <2“2 + 1) log(me) = T (4(7rmR)2 + 772> log(me). (6.27)

deformation and can be expressed in the same form as (6.24), with
To
2

A = 47 R?; N = 4? (6.28)

setting the IR cutoff to be ;g = 1/m.

Slab. For a slab of finite width, the logarithmically divergent terms are precisely twice
those for the half space:
08 = @mzLQ log (EUV> . (6.29)
3 €IR
Taking into account that the area of the entangling surface is in this case 2L?, we again
find exact agreement with (6.24).

At first sight it may seem surprising that the expression (6.24), which was derived
for the half space using the known modular Hamiltonian, is applicable to other entangling
geometries, with the entangling area replaced by the appropriate value. However, from the
field theory perspective, one could derive the result for the spherical region by conformal
transformations (the modular Hamiltonian is also known) and the divergent contributions
for a slab, being local, must necessarily give exactly twice the result for an infinite slab.
It was argued in [23] that the result should hold for any geometry, since any entangling
surface is locally flat; of course for a curved surface there are additional contributions to
the entanglement entropy beyond this universal contribution. The dilaton effective action
approach was also used in [64, 65] to derive the logarithmic divergences for any shape
entangling region, up to a universal coefficient computable from the dilaton effective action.

There is also a very simple holographic way to understand why the formula (6.24)
is applicable to the logarithmic divergences of any shape entangling surface, generalising
the work of [26, 66]. Deforming the conformal field theory by a relevant scalar operator
corresponds in the bulk to coupling gravity to a massive scalar ® i.e. we consider

_ 1 d+1 1
1_167TGN/d a:<R+d(d—l—1) ;

where M? = A(A — d), with A < d the dimension of the dual operator. Here implicitly
we are working perturbatively in the scalar field so we include only quadratic terms in ®

(0®)? — %M2<I>2 + - ) : (6.30)

with the ellipses denoting higher order terms. The normalisation of the operator two point

function is [63, 67]
(2A —d)T'(A) 1

(O(x)0(0)) = , (6.31)
167rGN7r%I’(d - %) z28
for A = d/2 + k with k an integer. In particular we can write
I'(d/2+1)
= ST, (6:32)

for A =d/2+ 1.
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Working perturbatively around an AdS;.; background, a scalar field profile
d =2 (6.33)

corresponds to deforming the field theory by the dimension A operator, with A charac-
terising the deformation. At quadratic order in the source there is a backreaction on the
metric. Letting the metric perturbation be as before
2 1 2 “w
d(ds?) = ] (f(2)dz" + h(z)da"dz,) (6.34)
then the Einstein equation implies that the gauge invariant combination of these pertur-
bations is given by

1oy (A=d) 5 ou_p
f(z)+zh'(2) = 2(d—1))\ z . (6.35)
Working in Fefferman-Graham gauge we may set f(z) = 0 in which case
1
h - _ )\2 2(d—A) - _h )\2 Q(d—A). )
(2) -0\ 0Nz (6.36)

Now consider an entangling surface in the deformed metric. Let the induced metric for the
minimal surface be v, = 9°XH0° X Mg, and fix a static gauge such that

Z=z  X'=0"% X'=X'z0% (6.37)
where asymptotically as z — 0
X(z,0% = X (o) + - . (6.38)
The entanglement entropy contains divergent terms from

1

1 1
d—1 a
= R Ve 14+ + e .
S 4GN/d T/ 4GN/dsz 72(11( 5 h(z) > (6.39)

where
Yoy = 0a X' (0)0pX7 (0°)6i (6.40)

is the induced metric for the entangling surface on the boundary. Integrating over the
radial coordinate one finds the usual power law volume divergence

1 A
a 0 —
4GN(d — 2)€d72 /dU \/7 N 4GN(d — 2)6d72’ (6‘41)

with z = € being the UV cutoff and A being the volume of the entangling surface in the

boundary. From the relevant perturbation one obtains a logarithmic divergence whenever
1
A= §(d +2) (6.42)

where

A

58 =
8Gy

(d — 2)A\?hglog(e/erR). (6.43)
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Using the identity (6.32) we thence obtain

(d _ 2)ﬂ.d/2+1
(d—DI(d/2+ 1

58 = NAN? I ) log(e/err), (6.44)
which is exactly (6.24) but does not assume any geometry for the entangling surface. It
would be interesting to prove this result from the field theory; the modular Hamiltonian
for generic entangling surfaces is not known but the holographic result suggests that one
should be able to compute the logarithmic divergences without complete knowledge of the
modular Hamiltonian.

Note that this result has a straightforward generalisation to irrelevant deformations.
Deforming the conformal field theory by an irrelevant scalar operator corresponds in the
bulk to coupling gravity to a massive scalar ® with M? = A(A — d), with A > d the
dimension of the dual operator. Following the same steps we see that the entanglement
entropy contains divergent terms from

_ 1 d—1 ~ 1 a 0 1 (d _ 2)
S = 1Gn Az /v = 1Gn /dzda VY g <1 + h(z) + (6.45)
but since A > d the metric perturbation h(z) always gives rise to additional UV divergences:
2N (d - 2) A

08 = — . A4

S = TGN (A= 1)(2A — d—7) B2 (6.46)
Using the identity (6.32) we thence obtain
d— 2)7Td/2+1 A

58 = —NA? ( 4

S = NN a—Tes —d— 2@z 5 1) a2 (6:47)

where N is the operator normalisation. As for the usual power law divergences, such terms
are not universal but nonetheless will be given an interpretation in the following section.

6.3 Large mass: irrelevant deformation of CFT

By large mass, we mean that the mass scale m is higher than the energy scales of interest.
This implies in particular that m > 1/l, where | characterises the size of the entangling
region, i.e. the width of the slab or the radius of the sphere. Thus we are always working
in the regime p > 1. The UV divergent contributions to the entanglement entropy have
already been explained above and here we are interested in explaining the leading finite
contributions for g > 1. To decouple such contributions from the divergent terms, it is
useful to look at the differentiated quantities (3.51) and (4.23) (which we argued previously
do not receive contributions from UV divergent terms).

As stated above, for large mass, the effective IR description is in terms of an irrelevant
deformation of SYM. It is easy to understand the effects of such a deformation on the
entanglement entropy from the dual perspective. For a deformation by an operator of

dimension six with A ~ 1/m? the change in the metric behaves as 1/(mz)*.

The metric
perturbation can only be viewed as small relative to the background AdSs metric when

(mz)* > 1.
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Slab. Now it is straightforward to infer the effect of the irrelevant deformation on the
entanglement entropy of a slab. Since the latter scales extensively with the volume of the
slab, L2, and the metric is corrected at order 1/m*, the change in the entanglement entropy
goes as L?/m*. The underlying theory is conformal so the only scale in the problem is
the width of the slab I. Since the entanglement entropy is dimensionless the effect of the
massive modes is to change the entanglement entropy as

L2
mi16’

5S ~ (6.48)

which indeed agrees with the term found in (3.51).
We can infer this answer using (6.47), which in the case of A = 6 and d = 4 gives

A
2

In the case at hand A ~ 1/m?. The description in terms of an irrelevant deformation of
SYM is only valid provided that we consider entangling surfaces for which { > 1/m. The
effective cutoff should therefore be € ~ I > 1/m and hence we reproduce the formula above.

Sphere. For a spherical entangling surface the leading contribution to the differentiated
entanglement entropy at large p behaves as (4.23)

1 1

Thus although there is a 1/m* term (as above) this is not the leading contribution. A
simple way to understand the origin of this term is by exploiting the CHM map [2]. The
entanglement entropy for the spherical region is then computed by computing the entropy
in the mass deformed theory on a hyperbolic space. Since the fields are conformally coupled
the action contains the terms

I= ;/d‘lx\/g ((8)()2 +m?x? + (1372)(2) , (6.51)

where Y is a hypermultiplet scalar and R ~ 1/R? is the Ricci scalar. Now when we integrate
out the hypermultiplets we obtain additional terms in (6.2): setting x ~ 1/m we obtain a
contribution from the curvature coupling of order 1/(m?R?), which is in agreement with
the expression above.

6.4 Conformal perturbation theory at higher orders

The brane contributions to the entanglement entropy for the half space (3.31) consist of only
the divergent term arising from the shift in the AdS radius and the logarithmic divergence
discussed above. Since the logarithmic divergence is expressed entirely in terms of the
coefficient of the two point function for the dimension three (fermion mass) operator, this
contribution to the entanglement entropy is trivially not renormalized relative to the weak
coupling result: since the operator dimension is protected, there is such a contribution
regardless of the coupling. The result (3.31) only includes powers of m up to m?, which
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follows on dimensional grounds: the dimensionless entanglement entropy scales extensively
with the slab area L? and therefore the only way that contributions at order m3 or higher
could arise in the entanglement entropy would be if the latter was IR divergent, i.e. the
contributions would have to scale as

S ~ L*mFAE? (6.52)

where the IR cutoff Ajg > 1 (relevant perturbations cannot introduce UV power law
divergences so an IR cutoff is the only possibility). However, the entanglement entropy is
an IR safe quantity and therefore no such dependence on an IR cutoff should arise.

From the perspective of conformal perturbation theory, it is not obvious that there are
not contributions to the entanglement entropy from higher order terms, i.e. terms of order
m3 or higher. The change in the entanglement entropy is in general expressed as [21-23]

68 = —m{OK) + %mQ (OKK) — (00)) + O(m?) (6.53)

where O is the deforming operator and K is the modular Hamiltonian. The first term
vanishes by conformal invariance and the second term gives the logarithmic divergence. By
the argument above, higher order terms (dependent on higher order correlation functions)
must vanish and it would be interesting to show this explicitly.

7 Differential entropy

Given the expression for the entanglement entropy of a slab, we now proceed to compute
the differential entropy. Following [31-36], the differential entropy should correspond to
the area of a surface in the backreacted geometry — see figure 7.

The differential entropy is defined as

E =Y [S(x) = S(Ix N Is1)] (7.1)

k=1

where {I}} is a set of intervals that partitions the boundary. We will cover the boundary
with n intersecting slabs — we take I to be a slab of width Az, and the intersection
I, N Iy is thus a strip of width Az — L, /n where L, is the regularised length of the
x-direction. At the end we will take the limit n — oo.

For a slab in AdSs there is a relation between the strip width Az, and the maximum
bulk depth of the associated extremal surface Z, see (3.12). When the slab lies in the
perturbed geometry this relation is modified (see for example (3.36)), and therefore it is
useful to leave the relation implicit as

Az = cz = (co + cito + O(13))Z, (7.2)
with Q\fF(?)
00:711(%)3 ) (7.3)
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Figure 7. An illustration of the equivalence between the differential entropy of a boundary partition
and the area of a corresponding hole in the bulk. As the number of strips partitioning the boundary
tends to infinity, the turning points of the associated minimal surfaces (blue) form a smooth hole
in the bulk (red) whose area equals the differential entropy.

and c¢; depends on whether p is greater than or less than one. The differential entropy
takes the following form

E = lim n[S(Az) — S(Az — Ly /n)] (7.4)

n—o0

where the overall factor of n arises from the fact that all slabs are of equal width. For
AdSs5 this gives
L2/mT(-3) . c? c?

B arey " |(Be? T Gr Lo (7.5)

and hence
_ vyal(—3) ¢
- 6I(§)Gn (Az)¥

where V' = L2L, is the regularised three-volume. Using (7.3) this expression can be

(7.6)

rewritten as
o \%4 c%
4Gy (Ax)3’
and the latter is manifestly equal to the volume of the turning point surface (i.e. the hole)
divided by 4Gy

(7.7)

7.1 Large mass u > 1

Proceeding to calculate the flavor contributions, we begin with the very large mass case.
The relevant expression for the entanglement entropy is (3.30). The two leading terms are
manifestly independent of Z and thus of Ax which implies that the differential entropy
vanishes in this limit:

0F = lim n[0S(Ax) — 0S(Ax — Ly/n)] — 0. (7.8)

n—o0
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The limit x> 1 means Z > 1/m and thus the hole formed in the bulk is far away from
the probe brane (which ends at z = 1/m). In the large p limit the leading contribution to
the differential entropy arises from the third term in (3.30) and hence

toL? . b b
0k =——"—1 — ; 7.9
2304mAGy noo | | Aab  (Ax — Ly/n)8 |’ (7.9)
. tOch
© 384mA(Az)GyN’

where ¢g is defined by (7.3). Note that since the gauge dependent terms are independent
of Az they also automatically cancel in the differential entropy.

Now let us compare the differential entropy with the volume of a hole of radius Z. Since
the backreaction on the AdSs metric in this region is zero one might naively expect that
the change in the differential entropy is zero. However, this does not take into account the
fact that the relation between the turning point radius zZ and the width of the boundary
slabs Az is modified (3.36). In other words, the gravitational entropy of the hole remains

V1
Egrav = 4GN 273’ (710)
since the metric is AdSs, but to express this quantity in terms of Az we need to use the
relation in (7.2) to first order in the perturbation, resulting in

Vv < c 3c(2)clt0) Ve toVc§

Egrav = = ; A1
& 4Gn \(Az)?  (Ax)3 4G N (Ax)3 * 384mA(Ax) "GN (7.11)

where we use
G (7.12)
- 288mAzt 288md(Ax)t’ '

where the latter equality is to order tg. The second term in (7.11) is in exact agreement

C1

with the calculation of the perturbation in the differential entropy (7.9); we will see in
section 7.3 that this agreement holds for all p > 1.

7.2 Small mass u <1

We proceed with the small mass case. Extracting from (3.28) the terms which depend on
Z one obtains

 tL? [(ET(-1/3) 1 7 T(1/3) 4. N
05 = 15Gn (12 ree) 2 mraye ™ 2m210gz+'“> ' (7.13)

From these terms in the entanglement entropy we can now proceed to compute the differ-
ential entropy using (7.4). Again it is clear that all divergent and gauge dependent terms
cancel from the differential entropy, since they are independent of Axz. Noting that:

(Ax)? — (Az — Ly /n)? = QAI’% +O(1/n?) (7.14)
A T~ A+ o) (7.15)
logM_Afx/n = —i% +O(1/n?) (7.16)

40 —



we obtain the perturbation in the differential entropy:

— t0V< 33 V@ I(1/3) Az 2m2>7 17

T48Gy \ 2828 " 6 T(11/6) & | Ax

where ¢ is as given in (7.3).

Now let us compare this expression with the gravitational entropy of a hole of radius z;:

V 1 3
Egrav = @Z{? <1 + Qh(zt)> ) (718)

where we take into account the metric perturbation relative to AdSs. In this case the
relation between z; and A is given by

1
Az = coz (1 — Qh(zt)) + citozt, (7.19)

where ¢ is defined in (7.3) and
1 4 ptyTl(5
== <_CO+M_M VT (3)> . (7.20)

Thus we note that the gauge dependent quantity h(z;) cancels from the entropy of the

hole, with
V 1

and moreover the change in gravitational entropy of the hole agrees exactly with the change
in the differential entropy (7.17).

¢+ 3cdcito) (7.21)

73 pn>1

We now proceed with the case u > 1, without requiring p > 1. The entanglement entropy
for ;1 > 1 is given by equations (3.29) and (3.30):

tol? (1 1 T p
08 = 48G,€2<%¢2 + @31?2 ({1/2a 1, 1}7{2»2}7 1/# ) - ?2F1 (—1/2a —1/3> 2/37 1/# )

2
+ %QFI (—1/2,1/3,4/3,1/u°) + 2u210g(ua)> + 6 Sscheme (M, €) . (7.22)

Recalling that ¢ = mZz and a = €/Z, the divergent and log parts are independent of Z (and
thus Az) and so do not contribute to the differential entropy, nor do the gauge dependent
terms. Also recall that Z = Ax/c, where throughout the following we can replace ¢ — ¢
to order tg since S already contains an overall factor of ty. We thus have:

toL? b b m? b
0S=—~ | ——=3F2({1/2,1,1},{2,2}, ————= | ——2F1 | —-1/2,-1/3,2/3, ————
5 48G <6m4Ax63 2({ /2.1, 1}42,2), mbAzb 2 2! /2,-1/3,2/3, mSAx6
m? c®
+?2F1 (—1/2,1/3,4/3,TM>>+ (7.23)
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where the ellipses denote Z-independent terms. We want to compute the differential
entropy:
0F = lim n[6S(Ax) — 6S(Ax — Ly /n)] (7.24)

n—oo

which requires the relations:

o Fy (—1/2, 1/3,4/3, %) —oF) (—1/2, 1/3,4/3, (x_i/n)g) =

3Z:UL7%F1 (1/2,4/3, 7/3, %) % +0O(1/n?) (7.25)
2By (—1/2,—1/3,2/3, E) LR (-1/2,—1/3,2/3, W) _
e, m (122853 %) L o) (726
%3& ({1/2, 1,1}, {2,2}, %) - WgFg <{1/2, 1,1}, {2,2}, (x_ZZ/M) -

e (L T TY o (a0

where here a/x% < 1 since we are considering > 1. For the former two results we have
used the standard identity:

d b
£2F1(a,b,c,x) = %gFl(cH—l,lH— l,e+1,x) (7.28)

and for the latter result we have used the following relation:
4 14++/1—
3Fy ({1/2,1,1},{2,2},2) = . (log <+2x> —V1—x+ 1> (7.29)

where, again, here x < 1 since we are considering p > 1. The differential entropy is then
calculated to be:

V. a3 6 1 1251 1471
0 = ———=— 116 -1 1—— | +62F1 (=55 =< |31 (25,5, —
384G (Ax)3d \ e )T gy g e )T (2035 s
(7.30)
where recall V= L?L,, and we leave some Az-dependence implicit in x for notational clarity.

We now want to compute the corresponding change in the gravitational entropy of the
hole. As shown in section 7.1, the change in gravitational entropy of the hole is given by:

Vv 30(2)61t0
4GN Al’3

0 Egray = (7.31)

where ¢; is defined by equation (7.2) and is given by equations (3.34)—(3.35):

1 I 125 1 1471
= 1608 (—14+4/1—— ) +62F1 [ =, oo, — ) +32F1 (=, =, 2, — ) ). (7.32
C1 288M4< 14 < + M6>+ 2 1<2,373a'u6>+ 2 1<2’3’3’#6)> ( )

The equality of the differential entropy and the gravitational entropy of the hole is then

manifest.

— 492 —



8 Entanglement and differential entropy for top-down solutions

The main focus of this work has been to develop a systematic method for computing the en-
tanglement entropy for top-down brane probe systems. Our method however immediately
generalises to any top-down solution which can be viewed as a perturbation of AdSs x S°
(or indeed a perturbation of the finite temperature AdSs Schwarzschild x S°): using the
Kaluza-Klein holography dictionary we can extract the effective five-dimensional Einstein
metric and thence compute the entanglement entropy.

It is worth noting that given a general asymptotically AdSs x S° supergravity solution
one cannot extract the five-dimensional Einstein metric, except asymptotically around the
conformal boundary. Brane probe systems in which the perturbations relative to AdSs x S°
are small everywhere, and thus the Kaluza-Klein dictionary can be used to compute the
five-dimensional Einstein metric at all scales, are special cases. In general the Kaluza-Klein
dictionary becomes intractable when the metric perturbations relative to the AdSs x S°
background are of order one, i.e. at some finite distance from the conformal boundary.

Another subset of ten-dimensional supergravity solutions can be expressed in terms
of the uplifts of five-dimensional gauged supergravity solutions, for which the Einstein
metric is known from the lower-dimensional theory. For example, specific cases of Coulomb
branch solutions are realised as solutions of N/ = 8 gauged supergravity in five dimensions;
generic Coulomb branch solutions are however not realised as lower-dimensional solutions.
The Coulomb branch examples also illustrate the fact that the causal structure of the
five-dimensional Einstein metric is generically not the same as that of the uplifted ten-
dimensional metric: the former can have naked timelike singularities which correspond to
harmless null horizons in the uplifted solutions. One could thus envisage a scenario where
the lower-dimensional metric had no entanglement shadows of the type discussed in [34]
but the uplifted solution had shadow regions which could not be probed by five-dimensional
fields at all.

The entanglement entropy is computed from the five-dimensional Einstein metric and
the differential entropy (built from entanglement entropy) therefore reconstructs areas of
holes in the five-dimensional Einstein metric. The ten-dimensional metric cannot be re-
constructed just from the five-dimensional Einstein metric: the uplift map requires all
the matter fields in the lower-dimensional theory. Therefore the standard entanglement
entropy and differential entropy cannot in principle reconstruct the ten-dimensional geom-
etry without additional information.

8.1 Coulomb branch examples

To illustrate the above discussions we consider a particular Coulomb branch solution dis-
cussed in [68, 69]. The Coulomb branch of N/ =4 SYM corresponds to the spontaneous
breaking of the gauge symmetry by giving VEVs to the scalars — on the gravity side, these
solutions are represented by multi-centre D3-brane solutions. These flows break supercon-
formal invariance but preserve sixteen supercharges.

[69] studies particular Coulomb branch solutions which admit consistent truncations.
These flows are described in five-dimensional gauged supergravity by a single scalar field
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x(r) where r is a radial coordinate for the 5-dimensional metric
ds? = A dg, dx” + dr? (8.1)

where r — oo corresponds to the conformal boundary. The BPS conditions can be written as

dx _ gow a4 9y (8.2)
dr 2 0x dr 3

where W () is the superpotential and g is the gauged supergravity coupling constant. In
particular, we will be interested in the solution which, from the ten-dimensional point of
view, corresponds to the D3-branes being uniformly distributed on a disc of radius ¢ in
the transverse space, preserving SO(4) x SO(2) of the SO(6) symmetry in the conformal
AdSs x S° solution. In this case one has

2 1 _4
W(x) = —eve* 3¢ Ve X (8.3)
A 1 G 8.4
(x) = ;log — |t og (o) (8.4)

where we have as usual set the radius of curvature of AdSs to be one.
Redefining the radial coordinate one can write the metric as

dp? o?
ds®> = \2p? | doydx” + —— N=(1+= 8.5
s p (x T +,04)\6> +,02 ; (8.5)

where p — 0o at the conformal boundary and the metric is AdSs for ¢ = 0. The uplifted

ten-dimensional metric is then expressed as
ds?y = A723ds? + ds%, (8.6)

where the warp factor A depends on the sphere coordinates and ds% is a metric on a
warped sphere. Explicitly

22
1
¢

The five-dimensional metric has a naked timelike singularity at p = 0 but the uplifted

2
ATY3 = < (= (1 + % cos? 9> ; (8.7)

dst = = (¢2d6* + cos® 0dQ3 + A\®sin® 0d¢?) .

geometry has a null horizon at p = 0.

The five-dimensional metric satisfies an a-theorem: the warp factor A(r) in (8.1) de-
creases monotonically as r decreases. Correspondingly the entanglement entropy and the
differential entropy monotonically decrease as the scale of the entangling region is increased.
Working for convenience in the coordinate system (8.5) the entanglement entropy of a slab is

oo , P(p% + 02)1/2
AGN Joo N0 (0P + 0?) = pi(pg + %)

S (8.8)
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Figure 8. Plots of pg and AS as functions of [ for ¢ = 0.1. Both functions asymptote to zero as
I — o0.
where A is the UV cutoff and pg is the turning point. The quantity

A%L2
2G N

AS =S5 — (8.9)

is UV finite by construction. The relation between the width of the slab [ and the turning

point is

1/2 > dp ‘
o VPP + a2 (pA(p? + 02) — p5(pg + 02))

The quantity AS(l) monotonically decreases as [ is increased, see figure 8. We can express

L= 2p3(p5 + o)

(8.10)

the differential entropy associated with strips of width [ as

A(AS)
ol

E(l) =L, (8.11)
and this quantity also decreases monotonically with [. This had to be true since (by
construction) E(l) can be expressed in terms of the warp factor in (8.1), which is known
to satisfy the a-theorem, see [68]. It is interesting to note that the differential entropy
is proportional to the finite entropy (3.49), which in turn is known to play the role of a
c-function in two spacetime dimensions. In any holographic background dual to a RG flow,
the differential entropy is by construction expressed in terms of the warp factor in (8.1),
which satisfies the a-theorem provided that appropriate energy conditions are imposed on
the bulk stress energy tensor [68], and therefore the differential entropy has the correct
property to correspond to an a-function (in any dimension).

Entanglement for Coulomb branch geometries has been discussed in earlier papers [70,
71] from a ten-dimensional perspective, i.e. minimal surfaces in the ten dimensional ge-
ometry were explored. As emphasised throughout this paper, the standard entanglement
entropy should be computed from the five-dimensional Einstein metric, which can only be
extracted near the boundary in the case of separated brane stacks discussed in [70, 71], since
no consistent truncation to five-dimensional supergravity exists (Kaluza-Klein holography
allows us to extract the Einstein metric near the conformal boundary, where the metric
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is close to AdSs but deep in the interior the metric is not close to AdSs and therefore
the method cannot be used there, see [7, 72]). Codimension two minimal surfaces in the
uplifted geometry (8.6) compute the generalized entanglement entropy defined in [70]. It
would be interesting to understand the field theory interpretation of this quantity better;
see recent discussions in [73].

9 Conclusions

One of the main results of this paper is a systematic method to compute the effective
lower-dimensional Einstein metric for top-down brane probe systems, using which one
can extract the entanglement entropy. We have illustrated this method with the case
of quarks at finite mass and density, at zero temperature. It would be interesting to
explore the finite temperature behaviour of the entanglement entropy and how it captures
the phase transitions found in [44, 45]. Our method is applicable to any brane probe
system and could for example be used to evaluate the entanglement entropy in models of
quantum Hall physics [74, 75] and in top-down models of the Kondo effect [76]. One could
also explore entanglement entropy in the presence of flavors for ABJM theory, see earlier
results in [77, 78].

The entanglement entropy calculated using the ten-dimensional metric is in general
expected to be qualitatively different to that computed using the lower-dimensional Einstein
metric.® It is interesting to note however that the entanglement entropy computed using
the top down metric for smeared solutions such as [77] seems to give answers which agree
with F-theorem expectations. In such examples the ten-dimensional metric has a very
special form, in which all warp factors depend only on the radial coordinate, and thus
the lower-dimensional Einstein metric is simply related to the top down metric. It would
be interesting to understand the relationship between the metrics in more detail, and
to compare the entanglement entropy computed in [77] with what is obtained using the
method developed here.

The entanglement entropy is not the only interesting quantity which is computable
from the effective lower-dimensional Einstein metric: correlation functions involving only
the transverse traceless components of the field theory stress energy tensor can also be
computed from perturbations of the Einstein metric. Kaluza-Klein holography allows such
energy momentum tensor correlation functions to be accessed without computing the entire
backreaction in ten dimensions.

We were able to match the structure of all terms in the entanglement entropy for
finite mass quarks at zero density with field theory expectations, and the logarithmic di-
vergences were matched exactly. Few field theory results exist for entanglement entropy
at finite temperature and density; see the recent papers [79, 80] for discussions of specific
universal thermal corrections in conformal field theories. It would be interesting to explore

5 As demonstrated in [7] and subsequent works on Kaluza-Klein holography, quantities computed using
the upstairs ten-dimensional metric qualitatively differ from those computed using the systematic Kaluza-
Klein holography approach of extracting the lower-dimensional Einstein metric, and other lower-dimensional
fields, directly dual to field theory operators.
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whether conformal perturbation techniques analogous to those of [23] can be used to ex-
tract universal terms at finite mass and density; just like the mass, the chemical potential
breaks conformal invariance even at zero temperature but can be treated in conformal per-
turbation theory. Results on entanglement entropy using conformal perturbation theory
in the context of higher spin theory can be found in [81-83].

In this work we have emphasised that the entanglement entropy and differential entropy
are associated with the lower-dimensional Einstein metric, rather than the ten-dimensional
metric, and that the latter can only be reconstructed given additional information. The
emergence and reconstruction of the compact part of the bulk geometry is a longstanding
puzzle. If entanglement can indeed be used to reconstruct the bulk spacetime, then there
must exist in the field theory a generalised measure of entanglement which captures the
compact part of the geometry. Attempts to define such a quantity were made in [70, 73]
and we will report elsewhere on extensions of these proposals.
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A Source terms in linear equations

In this appendix we discuss the derivation of (5.19) from (5.17) using the results for the
linearised field equations around an AdSs x S° background given in [55]. The components
of the Einstein equations in the non-compact directions are

1 1 1
5 (o + Oy + 2 Hunn + 397, HY — 5V VP Hyp — 5V VP Hopy (A.1)
1 1 1 1
+ 5 VmVal} = SV Vo = 5 VaVhima — i (Ce + 0,1
16 1 _
- 7g$nnhg + ggronnequStquTSt = K’%OTm’ﬂ'

Here V,, and V, denote covariant derivatives while [J, and [J, denote the d’Alambertians;
an = hnp + %hggfnn'
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Projecting this equation onto the zeroth spherical harmonic results in

1 1 1
5 (0e + 2)hL,, + 390, (hF)P — 5vmvphfp — §vnvphfw
1

1 1 16
+ §vmvn(hE)£ - 693171'393711] - Egg”mﬂ-o + 3 P

where hE, was defined in (5.7).

o _pqrst 0 _ .2
9mn€ 8pb qrst — K10

(A.2)

To obtain an equation for the Einstein metric perturbation hZ, we need to eliminate

79 and b9

pqrs- Lhe trace of the Einstein equation over the five sphere gives

1
2

1 1 1
(Dx - 1—E)Dy - 32) hg + imyﬂgj — 5vavzvhap

5 _
= VOV ha) + gfadeefabcde = rioTy.

Projecting this equation onto the zeroth spherical harmonic results in

1 -
5 (0 — 32)70 = w3, T°.

The five-form self duality equation along the non-compact directions gives
1 1 8
5a[mcnpqr] = Iemn%?]ideaachde + 9 (HII; - 3h3> Emnpqr

which projected onto the zeroth spherical harmonics gives

1 8
0 _ E 0
58[mbnpqr] == 5 <(h )g - gﬂ' ) Emnpqr -

Inserting (A.4) and (A.6) into (A.2) then gives

_ 1~
(‘CE + 4)hnEm = K%O (T7(‘r)zn + 3Togfnn> .

(A.3)

(A.6)

(A7)
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