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1. Introduction

Let F be a function field of genus g(F') over the finite field F, with ¢ elements. The
Hasse—Weil theorem gives the following upper bound for the number of rational places
N(F) of F:

N(F) < 041+2g9(F)Ve .

Function fields attaining this bound are called maximal, and have played a central
role in the theory of function fields over finite fields (or equivalently curves over finite
fields).

An important example of maximal function fields is the Hermitian function field H
over the finite field F,2, where ¢ is a power of a prime p. It is given by H = Fp2(z,y)
with

2l 4+ =yttt

It has genus ¢(¢—1)/2 (in fact the largest possible genus for a maximal function field over
F,2) and a large automorphism group A = PGU (3, q). By a theorem of Serre (see [14])
a subfield of a maximal function field is itself also maximal, provided it is a function
field over the same field of constants. Studying such subfields of the Hermitian func-
tion field leads to many new examples of maximal function fields. One way to construct
such subfields is by taking fixed fields of subgroups of A (see among others [1,2,8] and
the references in [7]). Since all maximal subgroups of A are known, interest has been
diverted into studying subgroups of the various maximal subgroups. The maximal sub-
group A(Ps) fixing the unique pole Py of x, together with an involution generates the
whole automorphism group A. A complete characterization of all subgroups of A(Px)
and the genera of the corresponding fixed fields has been given in [2].

For a long time, all known maximal function fields were subfields of the Hermitian
function field. This led to the question whether any maximal function fields could be
embedded as subfields in the Hermitian function field. Giulietti and Korchméros [10]
introduced a new family of maximal function fields (GK function fields) over finite fields
F4e, which are not subfields of the Hermitian function field over the corresponding field
for ¢ > 2. The GK function field is given by C = Fgs(z,y, 2) with

a
294z =yt and 2@ HD/(atD) = yZ(—l)ini(q_l) .
i=0

The GK function field was generalized in [9] to a family of maximal function fields over
finite fields Fg2n with n odd. The generalized GK (GGK) function field, also known as
the Garcia-Giineri-Stichtenoth function field, is given by C,, = F2n (2, y, 2) with

294z =yt and @D/ = at g



320 N. Anbar et al. / Finite Fields and Their Applications 48 (2017) 318-330

For convenience we will in the remainder of this article write m = (¢" +1)/(¢+1). One
recovers the Hermitian function field ‘H for n = 1, and the GK function field C for n = 3,

since

q g-1
Z(_l)iﬂmi(q—l) = 1491 Z(—l)jxj(q_l) = 1427 (a0t 41)77}
i=0 §=0

— + (yq+1)(I—1 )

Note that the GGK function field contains a constant field extension of the Hermitian
function field H over Fy» as a subfield. The GGK function fields are not Galois subfields
of the Hermitian function fields ([5,11]).

The automorphism groups of the GGK function fields were determined in [12,13].
In particular, it was shown that for n > 3 any automorphism of C,, restricts to an
automorphism of H fixing P,,. We use this together with the characterization in [2] to
characterize all subgroups of the automorphism group of C,, for n > 3. For n = 3 the
automorphisms of C,, do not restrict necessarily to an automorphism of H fixing P, but
we obtain a characterization of a large class of subgroups. Adapting an approach from
[8] in a similar way as in [3], we obtain an explicit expression for the genus of the fixed
field of these characterized subgroups. This leads to new additions to the list of known
genera of maximal function fields.

2. Results about the Hermitian function field

We denote by H the Hermitian function field over Fgz. It can be given as H = Fg2(z,y)
with 29 + 2 = y971. The functions = and y have exactly one pole at a place, which we
denote by P.,. As is well known H has a large automorphism group A isomorphic to
PGU(3,q). We denote by A(P) the stabilizer of P.,. For a € Fl2, b € Fg2 and any
c € F 2 satisfying ¢? 4+ ¢ = 9%, an automorphism o € A(Px) can be described by the
equations

o(xr) =atz +ably+c and o(y)=ay+b.
Instead of o, we write [a, b, ¢] for this automorphism. Then A(Py) is given by
A(Px) = {[a,b,c]|a € Fj2,b,c € Fj2 where ¢! +c= bt} (1)
The group law is given by
[a b, c)ola,b,c] =[da,ab +b,a?™ ¢ + abl + c].

Following [2], for a given subgroup H < A(Pw), we define the map ¢ : H — F;, such
that [a, b, c] — a. We denote by Up the kernel ker ¢ and by H; the image im¢ of ¢. Then
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Ug = {[1,b,c] € H} is the unique p-Sylow subgroup of H, where p is the characteristic of
2. Further, define ¢ : Uy — F,2 such that [1,b,c] — b. Let Hy = imt and H3 = ker 1.
For convenience, we write hy := #H; and h,, := #Up. Note that we have #H = hyh,,
and hy, = #Ho#t Hs.

In [2] it was described precisely which triples (H;, Ha, H3) up to conjugation can arise
as H varies over all subgroups of A(Px). It will be convenient for a subset S C Fg2 and
integer i > 0 to denote by F,(S?) the field obtained from F, by adjoining all ith powers
of elements from S. Then, we have the following theorem.

Theorem 2.1 (Theorem 3.6 [2]). For each subgroup H < A(Ps) up to conjugation we
have the following:

(i) Hy is a cyclic subgroup of Fr..
(it) Hy C Fy2 is a vector space over Fp(Hy).
(iti) Hy C {c € Fp2 | ¢? 4+ ¢ = 0} is a vector space over F,(HI™) containing W, where
W = {blbg — bgbtf | bl,bQ € HQ} pr is odd and W = {bq+1 |b € HQ} pr = 2.

Conversely, for any Hy, Hy, Hs satisfying (i), (ii) and (iii) there exists a subgroup
H < A(Ps,) giving rise to this triple.

Given the triple (Hy, Ha, H3) the genus of the fixed field of H can be determined in
terms of hy,#H, and #Hs, see [8]. Theorem 2.1 characterizes all possible subgroups
H < A(P) up to conjugation, but to make this result algorithmic one needs to be able
to compute all possibilities for (hy, #Ha,#Hs) in a fast way. In [2] for a given odd ¢ all
possible values of hy,#Hy and #H3 have been determined explicitly, while for even ¢
many (but possibly not all) possibilities were listed. In this algorithmic sense, the case
q = 2 is not completely settled.

3. Subgroups of the automorphism group of the GGK function field

The GKK function field C,, introduced in [9] is maximal over F 2» and has genus
9(Cn) = (g — D)(¢"" + ¢™ — ¢?)/2. The function z has a unique pole in C,, which we
denote by Q.. As mentioned previously C; = H, the Hermitian function field, and
Cs = C, the GK function field.

The automorphism group B := Aut(C,) of C,, has been determined in [12,13]. The
stabilizer of Qso, which we will denote by B(Q« ), is in most cases equal to the entire
automorphism group. More precisely, we have

@41 ifn<3

2
1 ifn>5 2)

[B: B(Q)] = {

Note that for n = 1, we simply have Qo = Py and B(Qo) = A(Px ). For general odd
n, the group B(Q) can be described explicitly. All automorphisms o € B(Q) can be
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obtained in the following way: for a € Fg2,0,c € Fg2 and d € Fgen, such that ¢?+c = patt
and d™ = a, define

o(r) =at 'z +ably+c, o(y)=ay+b and o(z) =dz.
It will be convenient to write [a, b, ¢, d] for o. Then we have

B(Qx) = {la,b,c,d]|a € Fj2,b,c € Fy2,d € Fon where ¢ +c=b"" and d™ =a} .
(3)

Note that for any a € IF(’;Q, the equation d™ = a has m distinct solutions in Fg2n. We
obtain that #B(Qs) = mq®(¢?> — 1). The group law is easily seen to be

[a b, d]ola,b,cd = [da,ab +b,a®c + ablt + ¢, dd (4)
It is clear from Equations (1) and (3) that the map
7 : B(Qs) = A(Px) defined by 7([a,b,c,d]) = [a,b,]

is a surjective group homomorphism. Note that the GGK function field over F,2» contains
the Hermitian function field over Fg 2 as a subfield. Then the map 7 corresponds to
restricting automorphisms of the GGK function field to this subfield.

For any [a,b,c,d] € B(Qw), we have

da" D=1 _ gm(@®-1) _ ,a°~1 _ 1

Hence d € p, where p < IFZ% is the multiplicative group of (¢" + 1)(¢ — 1)th roots of
unity.

Definition 3.1. Write 7y : B(Qoo) — p for the map given by m4([a,b,c,d]) := d. Then
for any G C B(Q), we define Gy := m4(G) C u and gg := #Gyp. Similarly, write
Ta : B(Qoo) — Fy, for the map given by 7q4([a, b, ¢, d]) := a. Then we define G := m4(G)
and g1 := #G1.

Note that 74 and 7, are group homomorphisms, and that 7, = e,, o 74, where e,, is
the mth power map. We denote by 7|q, m4|¢ and 74|¢ the restriction to G of the maps
T, e and 7y respectively. The map 7 can be used to associate objects to a subgroup G <
B(Qw). Indeed, writing H = 7(G) < A(P), we can construct the triple (Hy, Ho, H3)
from the previous section. To stress the dependency on G, we will write (G1, G2, G3)
instead. At first sight this gives a problem, since the notation G; was already used in
Definition 3.1. However, a direct computation shows that

em © Tale = Tala = ¢ o 7|q,
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with ¢ : 7(G) — F7. given by ¢([a,b,c]) = a, just as in the previous section. Therefore
the two definitions for G actually give rise to the same group. Analogously to the
Hermitian function field case, we also define gy, := # ker(m4lc)-

The situation is as depicted in the following picture.

id
Gs ¢ G, id
]
7'(‘(; €m
id —— U‘n’(G) W(G) P G id
P
Ga
id

With this notation, we obtain the following lemma.

Lemma 3.2. Let G < B(Qw) be a subgroup. Then we have

(7’) #G = goguw,
(it) #7m(G) = g19w-

Proof. The different maps and groups are depicted in the following commutative dia-
gram.

Considering the map m4|g, we deduce

#G = (#immglc) - (F#kermilc) = #Go * Gw = goGuw -

Note that kermglg = {[1,b,¢,1] € G} and ker¢ = {[1,b,c] € 7(G)}. Hence #ker¢p =
#ker m4l¢ = guw. Therefore

#W(G) = (#¢(W(G))) ) (# ker ¢) = #ﬂ'a(G) v = 919w - O
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Also we can deduce the following relation between gg and g.
Lemma 3.3. Let G < B(Q) be given. Then

90

GlZGO andglzm.

Proof. The identity e,, o m4l¢ = 7a|g, together with the fact that d™ = a, implies
that G1 = 7, (G) = (e 0 mq)(G) = G§*. Since Gy is a subgroup of the cyclic group u,
it is itself cyclic of order gg. Therefore the kernel of the mth power map from Gq to
G§" has cardinality ged(go, m). This implies #GjJ' = #Go/ ged(go, m), which proves the
claim. 0O

Remark 3.4. Using the previous two lemmas we see that #kern|g = #G/#n(G) =
ged(go, m).

We now describe the subgroups of B(Q«) in terms of subgroups of A(Py) and of u.
Recall that p is the subgroup of IE‘Z% consisting of the m(g? — 1)th roots of unity.

Theorem 3.5. Let & be the set of pairs (H, M) such that H < A(Px), M < u and
M™ = ¢(H) and let 2 for any G < B(Qoo) be defined as Z(G) = (7(GQ),7q(G)). Then
the map = gives a bijection between the set of subgroups of B(Qw) and X.

Proof. Note that Lemma 3.3 implies that Z(G) € X. First we show surjectivity of Z.
Let H < A(Py) and M < pu be subgroups with M™ = ¢(H). Then we claim that
G :=n"Y(H) N7, " (M) has the property that Z(G) = (H, M). In other words, we need
to show that

m(r  (H) N7 (M) = H and mq(r~*(H) N7, (M) = M.

It is clear that 7(7 =Y (H) N7, (M)) C 7(x~*(H)) = H and 7a(x~Y(H) N7, (M)) C
ma(r;'(M)) = M. On the other hand, using that M™ = ¢(H), we see that for any
[a,b,c] € H there exists d € M such that d™ = a. This implies [a,b,¢,d] € 7~ }(H) N
7' (M), whence [a,b,c] € m(x~*(H) N 7' (M)). Similarly for any d € M there exists
la,b,c] € H such that a = d™. Then [d™,b,c,d] € 7~'(H) N, (M) and hence d €
ma(rY(H) N7 " (M)). This shows that = is surjective.

Now we show that = is injective. Let G < B(Qs) be chosen arbitrarily. By definition
we have Z(G) = (n(G),mq(G)). The proof of the surjectivity of Z implies that the
subgroup 71 (7(G)) N7 ' (74(G)) has the same image as G under =. To show injectivity,
it is enough to show that

G =7"4m(@) Nnr (ma(Q)). (5)
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Indeed, if Z(G) = Z(G), then Equation (5) would imply that

G = 71 (x(G)) N3 (ral @) = 7 (x(G)) N7y (ralG)) = G
where the middle equality uses Z(G) = Z(G) and the first (resp. last) equality uses
Equation (5) for the subgroup G (resp. G). Now we prove Equation (5) itself.

It is easy to see that G C 7 !(7(G)) and G C m;'(74(G)), implying that
G c 7 Hn(G)) N 7rd Y7q(G)). What is left is to show the reverse inclusion. Let
g € 7 Y(m(@)) N7y (ma(G)) and write g = [a, b, ¢, d]. Since in particular g € 7~ (7 (G)),
there exists d such that [a, b, ¢,d] € G. Since G C 7~ (n(G)) N7, (7a(G)), we see that

[a,b,c,d]oa,b,c, cﬂ*l =[1,0,0, dJﬁl] cn 1 (x(G) N W;l(’ﬂ'd(G)). (6)

Then Equation (6) implies that

g € G if and only if [1,0,0,dd '] € G. (7)
Since [1,0,0,dd "] € 7~} (m(G)) Nyt (wa(G)), in particular [1,0,0,dd "] € 7' (ma(G)),
implying that there exist b and & such that [1,b,¢ dd '] € G.

Now note that by Equation (4)

[1,b,¢,dd""]P = (1,0, (dd*)"]

for a certain ¢’ and hence

T 1yt 71\P
[1,b,¢,dd™ """ =[1,0,0, (dd~")" ].
Since dd~' € F2n, this implies that [1,0,0,dd '] =[1,0,0, (dd~2)""] =[1,b,& dd~ )¢
G. By Equation (7), we conclude that g € G as desired. This shows that Equation (5)
holds, and thus completes the proof of the theorem. 0O

Combining Theorems 2.1 and 3.5, we deduce the following characterization of all
subgroups G < B(Qoo)-

Theorem 3.6. For a subgroup G < B(Qw), let Go,Ga2 and G3 be as above. Then up to
conjugation we have the following:

(i) Gy is a cyclic subgroup of p, the group of m(q* — 1)th roots of unity in Fron.
(it) Go C Fyp2 is a vector space over F,(Gg").
(iii) Gg C {c € Fp2 | ¢? 4+ ¢ =0} is a vector space over Fp(ngH) containing W, where
W = {byb — byb? | by, by € Ga} if p is odd and W = GIT = (b9%1|b € Ga) if
p=2.
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Conversely, for any Go, Ga, Gs satisfying (i), (i) and (iii) there exists a subgroup
G < B(Qwo) giving rise to this triple.

Remark 3.7. For n > 5 every automorphism of C, fixes Qoo, s0 we have B = B(Qoo)
(see Equation (2)). Hence in this case Theorem 3.6 characterizes all subgroups of the
automorphism group of the GGK function field.

4. Genus computation

Let G < B(Qo) be a subgroup. We denote the fixed field of G by CS. The aim of
this section is to compute the genus of C$. As above, we let Gy = m4(GQ), G1 = m,(G),
Ura) = ker¢, Go = (Ur(g)) and Gz = kert. Moreover, go = #Go, g1 = #G1,
Gw = #Ur(q) = #G2#G3 and #G = goguw-

We will adapt the approach in [8] to calculate genera of Galois subfields of the GGK
function field. A similar approach has been used in [3]. However since the genus formulas
have not been worked out in full generality (it is assumed that the characteristic is odd
in [3]), we do so below.

The fixed field of B(Qwo) is Fy2n (t), where ¢ = 2(4=D(@"+1) et us recall some details
about the extension C, /F,2n(t) and its ramification structure:

e (t=0) and (t = 00) are the only places ramified in the extension C,, /Fg2n ()

o (t = 00) is totally ramified in the extension C,, /Fg2x (t). The unique place of C, lying
over (t = 0o) was denoted by Q, and its restriction to Fgzn (2, y) by Ps. Note that
this is a slight abuse of notation, since P, previously denoted the restriction of Q.
to F2(z,y). However, in both cases the place denotes the unique common pole of

™_3

29 ~

and y. A uniformizing element at Q is given by 7 = *—
e (t =0) is tamely ramified in F2n(x,y)/F 2 (t) with ramification index ¢ — 1. The
q> places of F2n (z,y) lying above (t = 0) are uniquely characterized by the value of

x and y at those places, and hence will be denoted as
{Pap | a,B€Fpe 0!+ = patly

Each place P,z is totally ramified in the extension Cy, /Fg2n (x,y), and we denote the
unique place of C,, lying over it by Qqg.

As shown in [3] for odd characteristic, the degree of the different divisor of the exten-
sion C,, /CY is given by

deg Diff(C,/CT) = > wo.l9(r)—7)+ > Nlg), 8)

id#geG id#geG

where vg__ is the valuation corresponding to the place Qo, 7 = 24" 3 /x a uniformizing
element at Q, and
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N(g) = #{Qap | 9(Qap) = Qus} -

However, the proof given in [3] for Equation (8) carries over directly to the even char-
acteristic. Since Qap|Pap is totally ramified in C,/Fz2n(z,y), we have the following
conclusion.

Lemma 4.1.

N(g) :#{Paﬁ | ﬂ-(g)(Pa ):Poa,@} .

As a consequence of Lemma 4.1 and [8, Lemma 4.2] we obtain the following description
of N(g) in terms of the order ord(n(g)) of 7(g) in A(Px).

Theorem 4.2. Let g € B(Qx). We have

if plord(n(g)),
> if n(g) = id,
if ord(m(g)) | (¢ + 1),
otherwise.

In [8, Lemma 4.3] the number of elements in a subgroup H of A(P) of various orders
coprime to p have been calculated. Since 7|g : G — A(Px) is a group homomorphism
with kernel of size ged(gg, m) (see Remark 3.4), we obtain the following:

Lemma 4.3. Let G be a subgroup of B(Qw), and a € G1 an element of order of order
s > 1. The number of elements g € G of the form [a,*,*x,*| such that w(g) has order s
if given by

o ged(go, m)gw if s1(q+1),
o ged(go, m)#G2 if s | (g+1).

Now we can calculate the expressions appearing in Equation (8) for the degree of the
different in the extension C,, /CS.

Proposition 4.4. Let §; = gcd(gg, m), 62 = ged(go,q™ + 1) and 7 = 29" =3 /x. Then we
have the following equalities.

LY woo(g(r) =) = (m+ go)gw + (¢" + 1 — m)#Gs — (¢" +2);
id£geq

2. Y N(g) =q(d2 — 61)#G2 + (g0 — 02)gw + ¢* (61 — 1).
id#geG
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Proof.

1. As was shown in [5], for an element g = [a, b, ¢, d], which is different from id, we have

m+1 ifd=1,b#0,
0o (9(T) —T) =S q"+2 ifd=1,b=0,
1 otherwise.

The number of elements in G\{id} with d = 1 and b # 0 (respectively b = 0) is given
by g — #Gs (respectively #Gs — 1). This leaves #G — g = gogw — gw €lements for
the third case.

2. Since G is a cyclic group of order g;, there are exactly ged(g1,q + 1) — 1 elements
in G1\{1} of order dividing g + 1. The remaining (g1 — ged(g1,q + 1)) elements in
G1\{1} have order not dividing ¢ 4+ 1. The number of elements g in G\{id} such
that w(g) = [1,0,0] equals #kerm|c —1 = §; — 1. Then by using the facts that
91 = go/01 and ged(g1,¢+1) = d2/d1, we obtain the desired result from Theorem 4.2
and Lemma 4.3. O

G

n?

Using the Riemann—-Hurwitz genus formula for the extension C,/CS, we obtain the

following expression for the genus of C&.

Theorem 4.5. For G < B(Qw), let 51 = ged(go, m) and d2 = ged(go, ¢™ + 1). Then we
have

g+ 1) — @301 — q(62 — 61)#G2 + (02 — M) g — (@™ + 1 — m)#G3

Gy _

Remark 4.6. For n = 1 we have m = §; = 1, go = g1 and d2 = ged(g1,q + 1), and we
obtain

q— #G3

Gy _

(g = (02 = 1)#G2) ,
as in [8, Thm 4.4].

Combining possible values for g1, #G2, #G3 as given in [2] with Theorem 4.5 we can
obtain many genera of maximal function fields. For several of these, no maximal function
field of this genus was previously known to the best of our knowledge. We compared our
results with the genera of maximal function fields given in [1-4,6,8,12]. Some of the new
genera for small values of n and g are as follows.
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Fg2n | new genera

Fouz | 18
Fais | 37,45,82,99, 189, 207, 244, 406, 840, 1708

Faz0 | 52,502, 2552

Fgi2 | 16400, 17437, 52456

Fgus | 1365, 2731, 4369, 8739

Fais | 49,330, 2065, 27280, 39388, 47775, 54532, 54588, 78736, 78816, 95466, 95550,
109092, 118201, 157512, 190932, 236281, 236523, 354640, 472683, 708916, 709644,
1062856, 1418196, 1534612, 1860033, 2125740, 3069264, 3720066, 4605241,
9210603, 13817128, 27634620

Fso | 99,285

Fyi0 | 24186, 37450, 64492

Fsie | 124804, 1874462, 2539056, 3124904, 7617168, 9374712
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