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 
Abstract-- The re-emergence of 2-phase bipolar DC distribution 
network, which utilizes the neutral wire for efficient distribution, 
has spurred research interest in recent years. In practice, system 
efficiency (power loss) and voltage unbalance are major concerns 
for the planning and design of the 2-phase DC bipolar network. 
While most of the existing methodologies are power electronics 
solutions, there are very few works on resolving the problem 
from the power system perspective. This paper proposes a model 
based optimization method by firstly formulating the power flow 
model for 2-phase DC bipolar network using the single line mod-
eling technique and nodal analysis. Secondly, a binary integer 
load distribution model is proposed to consider the re-
distribution of unipolar loads across the two unipolar distribu-
tion poles. Together with the power flow model, the system power 
loss and system voltage unbalance indices are formulated as a 
binary integer quadratic model. Thirdly, a multi-objective opti-
mization model is formulated and solved using the weighted sum 
approach. The proposed method is applied to a DC LED lighting 
system design which considers both voltage unbalance and power 
loss. Using a 15 bus single source and a 33 bus multi-source 
network as case studies, the developed power flow model is vali-
dated with very high accuracy. Compared to existing iterative 
methods, the proposed model-based approach is able to 
significantly improve the voltage balancing across the 
distribution system. 
 

Index Terms— 2-phase DC network modeling, binary integer, 
DC bipolar distribution system, DC LED lighting system, optimal 
load distribution, voltage unbalance 
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I.  INTRODUCTION 

 Background and Literature Review 

N the last decades, the centralized AC power system was an 
effective means for electricity generation and delivery. This 

is because the AC voltage can be easily stepped up using a 
transformer and AC power can be transported over long dis-
tances efficiently. However, as power electronics technology 
advances over the years and together with the rise in use of 
DC distributed energy resources (DERs) such as solar photo-
voltaic, fuel cells and battery energy storage devices, which 
are inherently DC energy sources, DC systems re-emerge in 
distribution power networks. 

A DC distribution system can be constructed as a unipolar 
or bipolar system. A unipolar LVDC distribution system has 
only one voltage level with two wires while a bipolar LVDC 
distribution system is a 2-phase system with three wires [1].  
The bipolar architecture is an emerging energy efficient DC 
system architecture that uses the neutral wire for power distri-
bution purposes [2]. It allows for twice the power distribution 
with half the additional cable installation cost. Furthermore, a 
bipolar architecture has a lower line-to-ground safety risk be-
cause the interfacing neutral point is grounded and this halves 
the maximum DC line voltage with respect to ground [3]. Oth-
er advantages of the 2-phase DC bipolar architecture include 
the flexible selection of multiple DC voltage level for efficient 
operation [4] and higher system reliability. In the case of a 2-
pole fault, the loads can be reconfigured to be powered by the 
non-faulted operating pole [5].  

However, the DC power systems also suffer from several 
deficiencies such as 1) the power imbalance among power 
sources and loads, 2) the voltage flickers, 3) the unstable bus 
voltage oscillation due to constant power loads, and 4) the bus 
voltage fluctuation due to intermittent renewable power gener-
ation [6].  

The issue of power imbalance among multiple DG sources, 
and between sources and loads on DC power system has been 
reported in [7] and [8]. The accuracy of the power flow results 
is reported to be higher when the power flow equation is con-
sidered together with the droop control and virtual impedance 
[9]. The use of distributed DC electric spring for demand 
management of non-critical loads is reported in [6] as one pos-
sible solution to voltage fluctuations and power balancing. The 
above works examine the issue of power balance from the 
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control and power electronics perspective without power flow 
model of the DC network. 

As a basic steady-state analysis tool, power flow analysis is 
essential to get the overall view of the system in the design 
and operation of DC power systems so that network optimiza-
tion can be carried out in the planning stage [10]. Convention-
ally, power flow is modeled by nodal voltage analysis of the P 
and V buses in DC system [11]. However, due to distinct fea-
tures between power transmission and distribution systems, 
conventional methods for power flow analysis are becoming 
no longer suitable at distribution level [9]. Specific to 
distribution systems in built environment which have multiple 
slack buses, one limitation is the presence of voltage-only 
measurements due to direct integration of DC energy sources 
[12]. Another technological advance is such that the DC net-
work may experience grid islanded operational mode due to 
the direct integration of DC energy sources [13]. As a result, 
with the above distribution network characteristics, the power 
flow model has to be robust to account for 1) voltage-only 
measurement of the DC energy sources, 2) grid islanded oper-
ation and the effects of connection and disconnection of DC 
energy sources. 

Besides, most of the existing works on DC distribution 
modeling is based on the unipolar DC architecture [14], [15]. 
There are limited references for bipolar DC architecture [2]. 
Reference [16] models the bipolar DC architecture at trans-
mission level using a state space linear algebraic approach 
with a focus on dynamic analysis. This work is in [17] for 
fault analysis using the symmetrical method proposed in [18]. 
References [12] and [19] report that single line modeling tech-
nique is not suitable to model the bipolar DC architecture di-
rectly. Reference [12] decomposes the bipolar DC architecture 
and models the network using a backward-forward iterative 
methodology, and has successfully been validated against the 
nodal voltages of an actual mockup DC LED lighting system. 
Reference [19] decomposes the architecture into its sources 
and physical network layer and minimizes the locational mar-
ginal price together with the current characteristics in the neu-
tral cable. Yet still, there are very limited works in modeling 
the bipolar DC architecture at distribution level with a focus 
on steady-state analysis. 

The 2-phase bipolar DC architecture is energy efficient due 
to the opposite directional flow of current in the positive and 
negative poles distribution system in the neutral cable [18]. 
This results in a smaller net current flow in the neutral cable. 
However, in the case of asymmetrical loading in both positive 
and negative distribution poles, the voltage drop across the 
neutral cable is not constant and this results in voltage unbal-
ance across the 2-phase DC bipolar distribution network. 
While existing literature, such as the distributed DC electric 
spring, focuses on regulating the voltage drop [6], it is not 
desirable for cases looking at minimal hardware investments 
such as the DC LED lighting system in [20], [21].  

Voltage unbalance is a power quality index [22] and it af-
fects the efficiency of the system design during power system 
design and planning stage [23]. Also, voltage unbalance is 
caused when the voltage drop of the positive rail and negative 

rail are not equal [17]. It results in current flowing in the neu-
tral grounded conductor which is not allowed because it caus-
es corrosion [1]. 

Existing methods for managing voltage unbalance have 
been developed from the perspective of the control aspect of 
power electronics which is similar to the mitigation in AC 
systems using active filters. However, the power-electronics 
based solution requires additional hardware investments and it 
may reduce the load efficiency which reduces the overall sys-
tem efficiency. As such, for cost-effective reasons, to manage 
voltage unbalance, the perspective of power system planning 
and operation should be taken. Existing methodologies in the 
literature converge to the following:  
1) Reduction in the net current in the neutral distribution 

cable due to the distribution of the unipolar DC loads 
from the: 1) power electronics perspective [24] and [25] 
or 2) power system perspective using backward iterative 
method [5]. 

2) Use of voltage based measurement such as: 1) Redistrib-
uting the power consumption of the loads using energy 
storage systems when the localized voltage is out of the 
voltage balance range [26]; 2) Adjusting the interfacing 
DC voltage when the localized voltage is out of the volt-
age balance range [27]; 3) Distributing the loads by con-
sidering the non-negligible voltage drop based on voltage 
measurements using backwards iterative method [12]. 

3) Use of locational marginal price to reduce congestions 
between the two phase distribution iteratively [19]. 

 Problem Descriptions 

In the review of existing literature, there are a few limita-
tions towards the voltage balancing methodologies. 
1) The use of net neutral current for analysis does not take 

into account of the effects of voltage drop due to the dis-
tribution of bipolar DC loads. This is analogous to voltage 
unbalance between single and 3-phase loads in AC net-
works [28]. 

2) The existing methodologies mainly utilize iterative meth-
od such as the backward-forward sweep for analysis. The 
iterative method is designed for simple radial distribution 
systems and is popular due to its intuitive solution proce-
dure [29]. However, one main disadvantage of iterative 
methods is that the relationships among components are 
built by a direct observation. If the network is large, the 
preparation can be difficult, as can be observed in [9], and 
prone to errors or when the observed network is non-
observable such that the numbering of the “parent node” 
and “child node” arrangement is not easily constructed, 
iterative methods are not applicable [30]. One example of 
non-observable network architecture is the ladder archi-
tecture when power sources are integrated at the opposite 
ends of a radial distribution [13].  

Furthermore, the existing literature models the load as a 
single aggregated entity of different types [31]. At distribution 
level, a few characteristics of the distribution system are ob-
served as follows: 1) The network resistance to inductance 
ratio is high [9] such that it is highly resistive and the voltage 
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drop can be large [12] and 2) The loads are distributed along 
the same distribution line [12]. Consequently, due to the dis-
tributed arrangement, reference [32] proposed an analytical 
approximated approach to model the power losses in a linear 
distribution system. However, there is still a gap towards the 
modeling of power losses in a bipolar DC distribution system.  

Therefore, the existing methodologies may not be suitable 
for larger scale non-observable highly resistive distribution 
network with certain distribution network characteristics such 
as voltage-only measurement of the DC energy sources, grid 
islanded operation and the effects of connection and discon-
nection of DC energy sources. Furthermore, there are limited 
research works in modeling the bipolar DC architecture at 
distribution level with a focus towards steady state analysis.  

 Contribution of This Paper 

The major contributions in this paper are summarized as 
follows:  
1) A power flow model of the 2-phase bipolar DC network is 

developed and validated. The methodology decomposes 
conventional nodal analysis equations into the load and 
source voltage components. The highly resistive bipolar 
DC grid is then decomposed and nodal analysis is per-
formed for each distribution line. The power flow model 
is developed considering different types of loads such as 
positive and negative rail unipolar and bipolar DC load. 
The mathematical model results are then compared with 
the simulated results using Matlab Simulink. The devel-
oped power flow model is highly accurate with an error of 
the order of magnitude of  10ିହ as seen in the nodal volt-
ages of the 15-bus radial network. Compared with the ex-
isting iterative methods, the proposed power flow method 
is able to model the nodal voltages with high accuracy of 
order of magnitude of  10ିସ error without having to de-
termine the parent and child nodes in a multiple DC pow-
er sources complex network using a 33-bus case study. 

2) A binary integer load distribution model is developed to 
distribute the unipolar DC loads to either of the 2 distribu-
tion phases. The binary integer distribution model is used 
to formulate a binary integer quadratic function for mini-
mizing system voltage unbalance or system power losses. 

3) A binary integer quadratic weighted sum multi-objective 
optimization method is then developed to optimally de-
termine the optimal distribution of the DC loads to either 
of the two phases for minimizing both system voltage un-
balance and system power losses. Compared with existing 
iterative methods, the model-based optimized solution has 
a lower unbalance voltage index because the distribution 
of bipolar loads is considered and the voltage balancing 
takes into account at system level instead of nodal com-
parison. 

4) The proposed power flow model and voltage balancing 
methodology are then extended to non-observable net-
works and tested on the larger 33-bus networks. The pro-
posed model-based MOO method has successfully shown 
that the voltage across the 2-phase bipolar DC network is 
balanced and can be carried out with reasonably fast solu-

tion speed. 

II.  BASIC MODELING BIPOLAR DC NETWORK  

The bipolar DC network studied in this paper has the fol-
lowing characteristics: 1) Both positive and negative rail pow-
er sources are integrated at every source node; 2) The bipolar 
and unipolar loads are unidirectional; 3) The network is highly 
resistive; 4) There are no additional interfacing power con-
verters for voltage regulation purposes.  

 Power Flow Model 

The labeling of the network nodes is divided into two com-
ponents, mainly the source and load nodes. The nodes are in-
dexed from ′0′ to ′n′ to ′m′. The voltage node of the grid inter-
facing converter corresponds to the “slack” node. It is indexed 
as node ′0′ ሺ݅ ൌ 0ሻ. The corresponding ′݊′ number of nodes is 
the load nodes in running order with node ′1′ the closest to the 
interfacing converter. The remaining ′݊ ൅ 1′ to ′݉′ number of 
nodes is the remaining source nodes. The conventional con-
ductance representation between node index ݅  and ݆ ,	g୧୨ , re-
mains the same representation. 

In a bipolar DC network, a node is created when a DC 
source is integrated or a DC load is distributed across either of 
the unipolar or the bipolar distribution pole. As a bipolar DC 
network consists of 3 distribution cables, the bipolar DC net-
work is decomposed and nodal analysis is carried out for each 
of the distribution cables. As such, ܩା/ே/ିሺ௜,௝ሻ represents the 
cable conductance of positive, neutral and negative pole cables 
between node ݅  and ݆  respectively. ାܸ/ே/ିሺ௜ሻ  represents the 
voltage node of positive, neutral and negative pole at node i 
while ܫା/ே/ିሺ௜ሻ represents the output current at node i, respec-
tively. Using the convention of positive reference current di-
rection as out of the system node, the positive pole load draws 
current from the positive pole node and returns via the neutral 
pole node, the negative pole load draws current from the neu-
tral pole node and returns via the negative pole node and the 
bipolar load draws current from the positive pole node and 
returns via the negative pole node.	ܫ௣/௡/௕ሺ௜ሻ represents the pos-
itive, negative and bipolar pole distribution load current at 
network node i. Fig.1 shows the above mentioned descriptions 
of the nodal current and network voltage representations using 
a 2-node system as an example.  

 
Fig. 1. a) A 2-node simplified system diagram example; b) Nodal current 
representation and; c) Network voltage representation 

For the nodal analysis on each single line modeling, with-
out the loss of generality, (1) to (3) are used to model the rela-
tionship between the bipolar and unipolar load currents in lin-
ear algebraic form with the 2-phase bipolar DC network. 

۷ା ൌ ܘ۷ ൅ ܊۷ ൌ ۵ା܄ା  (1) 
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ۼ۷ ൌ ܖ۷ െ ܘ۷ ൌ  ۼ܄ۼ۵ (2) 

۷ି ൌ െ۷ܖ െ ܊۷ ൌ  ି܄۵ି (3) 
where ۷܊/ܖ/ܘ  and 	܊/ܖ/ܘ܄  represent the current and voltage 
vectors of positive, negative and bipolar load in the bipolar 
DC system, respectively. 	۷ା/ۼ/ି  and 	܄ା/ۼ/ି  represent the 
current and voltage vectors of the network nodes in the bipolar 
DC system, respectively. ۵ା/ۼ/ି  represents the conductance 
matrix with the conventional representation in a positive, neu-
tral and negative distribution cable, respectively.  

As the measurement of a positive, negative rail and bipolar 
rail voltage is taken as the difference between the positive and 
neutral pole, neutral and negative pole, and positive and nega-
tive pole node respectively. Taking the vector difference of (1) 
and (2), (2) and (3) and (1) and (3), the generic DC voltage 
vector for positive, negative and bipolar pole distribution can 
be modeled as ܊/ܖ/ܘ܄. The distribution of bipolar loads is a 
form of splitting single phase voltages which are 180 degrees 
out of phase with reference to the neutral line and no current 
flows in the neutral cable. Furthermore, as the electrical net-
work is usually multicore, the cable conductance for all the 
three cables between node i and j is the same, i.e., ۵ ൌ
۵ା/ۼ/ି. As such, the power flow model for a 2-phase bipolar 
DC network, analogous to power flow for AC networks, can 
be expressed as (4).  

൥
૛۷ െ۷ ۷
െ۷ ૛۷ ۷
۷ ۷ ૛۷

൩ ቎
ܘ۷
ܖ۷
܊۷
቏ ൌ ൥

۵ ૙ ૙
૙ ۵ ૙
૙ ૙ ۵

൩ ቎
ܘ܄
ܖ܄
܊܄
቏ (4) 

where ۷ is the identity matrix. ۷܊/ܖ/ܘ and 	܊/ܖ/ܘ܄ represent the 
current and voltage vectors of positive, negative and bipolar 
load in the bipolar DC system, respectively. ۵ represents the 
conductance matrix with the conventional representation. 

Unique to DC power systems, direct integration of DC en-
ergy storage system is plausible and the network can be oper-
ated in grid islanded mode under certain situations [13]. Un-
like transmission level, at the distribution level, in carrying out 
power flow analysis, the primary known parameter of DC 
power sources is its voltage value. The power output is un-
known [11], [13]. Consequently, it is necessary to incorporate 
such phenomenon into (4). As such, the power flow model in 
(4) is decomposed to its load nodes and source nodes in (5) 
and (6) with the voltage measurement as the main parameter 
for the DC energy sources. The detailed description of decom-
posing (4) to (5) and (6) is provided in Appendix A. 

൥
૛۷ െ۷ ۷
െ۷ ૛۷ ۷
۷ ۷ ૛۷

൩ ቎
ܘ۷
ܖ۷
܊۷
቏

ۺ

ൌ ൥
ۺ۵ ૙ ૙
૙ ۺ۵ ૙
૙ ૙ ۺ۵

൩ ቎
ܘ܄
ܖ܄
܊܄
቏

ۺ

൅ ۴ሺܛ܄ሻ (5) 

۴ሺܛ܄ሻ ൌ ෍ ቎
ܑ,ܘ,ܛ۵ ૙ ૙
૙ ܑ,ܖ,ܛ۵ ૙
૙ ૙ ܑ,܊,ܛ۵

቏ ቎
ܑ,ܘ,ܛ܄
ܑ,ܖ,ܛ܄
ܑ,܊,ܛ܄

቏

ܕ

ܑୀ૙,ܖା૚

 (6) 

where ሾ۷ܘ ܖ۷ ሿ୐܊۷
୘

 and ሾܘ܄ ܖ܄ ሿ୐܊܄
୘

 represent the 
steady state load current model and network nodal voltage. 	۷ 
represents the identity matrix. 	ሾܘ,ܛ܄,ܑ ܑ,ܖ,ܛ܄ ሿ୘ܑ,܊,ܛ܄  repre-
sents the voltage level of the source node ′i′ where ′iᇱ ൌ 0 or 
′n ൅ 1′ to ′m′. ܒ,ܛ܄,ܑ represents the pole type voltage source ′i′ 

vector where ′iᇱ ൌ 0 or from ′n ൅ 1′ to ′m′ and ′jᇱ ൌ p, n, b i.e. 
૙,ܘ,ܛ܄ ൌ ሾ	V୮,଴ … 	V୮,଴ሿ୘.  

As DC sources are integrated at both the positive rail and 
negative rail, the source conductance matrix can be re-
expressed as ۵ܔ,ܛ ൌ ܑ,ܘ,ܛ۵ ൌ ܑ,ܖ,ܛ۵ ൌ ܑ,܊,ܛ۵ . The load conduct-
ance matrix is represented as ۵ۺ ൌ ۵૚ െ ∑ ܑ,ܛ۵

ܕ
ܑୀ૙,ܖା૚ , with ۵૚ 

represents the conventional representation of self-conductance 
and cross-conductance of each distribution cable excluding the 
sources and their network conductance, i.e. g୧୨ ൌ g୨୧  for 	i ്
j.	g୧୧ ൌ െ∑ g୧୨

୬
୨ୀଵ , for 1 ൏ i ൏ n and 1 ൏ j ൏ n. The diagonals 

of the source conductance matrix ۵ܔ,ܛ , represents the cross-
conductance of the distribution cable between the source and 
the load nodes, i.e. g୧୩ ൌ g୩୧ ൌ 0	for	i ് k, with 1 ൏ k ൏ n, i 
representing the load node and l the source node and g୧୧ ൌ g୧୪, 
with 1 ൏ i ൏ n and l ൌ 0 or n ൅ 1 ൏ l ൏ m.  

 Load Model 

DC loads are usually integrated with power electronics 
converters which behave like a constant power load [33]. 
While there are different load models in the literature [34], 
their behavior is complex in nature and they do not have reac-
tive power, this paper uses the polynomial active power ZIP 
load model to model the DC loads [35]. The load model can 
be defined as (7). 

P ൌ P଴ሺa଴ ൅ aଵV ൅ aଶVଶሻ (7) 
where	P and V represent the input power and voltage of the 
load and P଴,	a଴, aଵ and aଶ are the coefficients the parameters 
of the model which depends on the actual load composition 
and load study. 

In this paper, the load model is a voltage-dependent load 
model as described in [36]. Based on the ZIP load model in 
(7), it can be reduced to (8) such that it is a linearized voltage-
dependent load with a଴ ൌ 0. The equation can be represented 
in linear algebraic form as (9)  

I ൌ
P
V
ൌ P଴ሺ

a଴
V
൅ aଵ ൅ aଶVሻ (8) 

቎
ܘ۷
ܖ۷
܊۷
቏

ۺ

ൌ ቎
ܘ,૛܉૙۾ ૙ ૙
૙ ܖ,૛܉૙۾ ૙
૙ ૙ ܊,૛܉૙۾

቏ ቎
ܘ܄
ܖ܄
܊܄
቏

ۺ

൅ ቎
ܘ,૚܉૙۾
ܖ,૚܉૙۾
܊,૚܉૙۾

቏  (9) 

where	۾૙܉૛,܊/ܖ/ܘ and ۾૙܉૚,܊/ܖ/ܘ represent the matrices of the 
linearized load parameters for a positive, negative and bipolar 
role distribution load, respectively. 

III.  OPTIMIZATION-BASED MODELING 

A binary integer load distribution model is developed to 
model the distribution of unipolar DC loads to either the posi-
tive or negative distribution pole of the 2-phase bipolar DC 
network. It is used with the power flow model to develop sys-
tem voltage unbalance and power loss model for multi-
objective optimization for the planning of 2-phase bipolar DC 
network. 

 Binary Load Distribution Model 

In the 2-phase network, while a bipolar load is distributed 
by the bipolar pole, the unipolar loads can be distributed to 
either of the positive or negative pole distribution pole. As 
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voltage unbalance occurs due to the serious asymmetrical 
loading of the unipolar loads, the unipolar loads are re-
distributed into 2 sets of load at roughly similar power levels 
defined as ۷ܝ  and ۷ܞ  such that serious asymmetrical loading 
does not occur as shown in Fig. 2. 

 
Fig. 2. System diagram of load distribution for 2-phase DC network.  

As the load re-distribution involves 2 distribution poles, a 
binary integer is used to model the selection. By convention, a 
binary integer of 1 implies the distribution of the load current 
to the positive pole while a binary integer of 0 implies the dis-
tribution of the load current to the negative pole. As such, in 
the positive distribution pole, a binary integer of 1 on the cur-
rent set ۷ܝ to the positive pole implies a binary integer of 0 on 
the current set ۷ܞ. The opposite is true for the negative rail. In 
vector form, the binary distribution vector ܆  on one of the 
current set vectors, ۷ܝ and ۷ܞ, implies the distribution vector of 
ሺ૚ െ  ሻ onto the other set. The resulting unipolar load vector܆
across the positive and negative distribution pole can be de-
fined as the following (10) and (11), respectively. 

ܘ۷ ൌ ܝ۷܆ ൅ ሺ૚ െ 	ܞሻ۷܆ (10) 

ܖ۷ ൌ ሺ૚ െ ܝሻ۷܆ ൅ 	ܞ۷܆ (11) 
Equations (10) and (11) can be re-expressed into linear al-

gebraic form in (12). The linear algebraic equation is a linear 
dependent function of the distribution binary vector ܆.  

቎
ܘ۷
ܖ۷
܊۷
቏

ۺ

ൌ ൥
ܞ۷
ܝ۷
܊۷
൩ ൅ ൥

۷ െ۷
െ۷ ۷
૙ ૙

൩ ൤
ሻܝሺ۷܏܉ܑ܌ ૙

૙ ሻܞሺ۷܏܉ܑ܌
൨ ቂ۷
۷
ቃ ሾ܆ሿ	 (12) 

where ۷ is the identity matrix.  ۷܊/ܖ/ܘ are current vectors repre-
senting the positive, negative and bipolar pole load current. ۷ܝ 
and ۷ܞ  are the load current vectors representing two sets of 
roughly similar power levels. ܆ is the independent vector rep-
resenting the binary load distribution selection of 1 and 0. 1 
represents the selection of the ۷ܝ and ۷ܞ to be distributed to the 
positive rail while 0 represents the distribution to the negative 
rail. 

 System Power Loss Model 

Without the loss of generality, the system power loss model 
for bipolar DC network is modeled as the summation of the 
squares of the distributed load currents with the network re-
sistance. Mathematically, it can be represented in linear alge-
braic form as (13)  

ۺ۾ ൌ ൥
۷ା
ۼ۷
۷ି
൩

ۺ

܂

൥
ۺ۵ ૙ ૙
૙ ۺ۵ ૙
૙ ૙ ۺ۵

൩

െ૚

൥
۷ା
ۼ۷
۷ି
൩

ۺ

	 (13) 

whereሾ۷ା ۼ۷ ۷ିሿ୐
୘ represents the load nodes network cur-

rent, respectively, and ۵ۺ as the same representation in (5). 
Substituting (1) to (3) and (10) to (12), the system level 

power loss model (13) is simplified to a binary integer quad-
ratic model as shown in (14) with the matrices described in 
(15). Vector ܆ represents the binary distribution of the unipo-
lar loads. The derivation of (14) is shown in Appendix B. 

ሿ܆ሾۺ۾ ൌ ܆ۯ܂܆ ൅ ܆۰ ൅ ۱	 (14) 

ۯ ൌ ሾ۲۴ሿ܀܂ሾ۲۴ሿ, ۰ ൌ ૛ሾ۲۳ሿ܀܂ሾ۲۴ሿ, ۱ ൌ ሾ۲۳ሿ܀܂ሾ۲۳ሿ	

۲ ൌ ൥
۷ ૙ ۷
െ۷ ۷ ૙
૙ െ۷ െ۷

൩ , ۳ ൌ ൥
ܞ۷
ܝ۷
܊۷
൩ , ܀ ൌ ൥

ۺ۵ ૙ ૙
૙ ۺ۵ ૙
૙ ૙ ۺ۵

൩

ି૚

 
(15) 

۴ ൌ ൥
۷ െ۷
െ۷ ۷
૙ ૙

൩ ൤
ሻܝሺ۷܏܉ܑ܌ ૙

૙ ሻܞሺ۷܏܉ܑ܌
൨ ቂ۷
۷
ቃ,   

 System Voltage Unbalance Model 

System voltage unbalance represents the degree of asym-
metrical loading in the 2-phase network. The system voltage 
unbalance is calculated by taking the summation of the square 
difference of both positive and negative distribution pole load 
voltages as shown in (16). In the case of symmetrical voltage, 
the difference is zero. In vector form, it is represented in (17) 

V୳୬= ∑ ቂ൫V୮ሺ୧ሻ െ V୬ሺ୧ሻ൯
ଶ
ቃ୬

୧ୀଵ    (16) 

ܖܝ܄ ൌ ൫ܘ܄ െ ൯ܖ܄
܂
൫ܘ܄ െ 	൯ܖ܄ (17) 

Reducing (17) using (1) to (3), (17) can be simplified to a 
binary integer quadratic expressed as (18) with the matrices 
described in (15) and (19). The detailed derivation of (19) is 
described in Appendix C. 

ሿ܆ሾܖܝ܄ ൌ ܆۸܂܆ ൅ ܆۹ ൅ 	ۺ (18) 

۸ ൌ ሾ۵۴܀ሿ܂ሾ۵۴܀ሿ, ۹ ൌ ૛ሾ۵۳܀ሿ܂ሾ۵۴܀ሿ,	 

ۺ ൌ ሾ۵۳܀ሿ܂ሾ۵۳܀ሿ, ۶ ൌ ൥
૜۷ െ૜۷ ૙
૙ ૙ ૙
૙ ૙ ૙

൩ 
 
(19) 

 Flag Model 

In analyzing the solutions, there are two cases which do not 
provide a unique answer, such that the binary vector ܆ and 
ሺ૚ െ -ሻ gives the same results. The mathematical representa܆
tion can be expressed as (20) and is used as a constraint func-
tion in the optimization algorithm. 
Case 1): As the current set vectors, ۷ܝ and ۷ܞ are interchangea-
ble, without fixing the ۷ܝ  or ۷ܞ , the binary vector ܆  and 
ሺ૚ െ -ሻ gives the same results. As a result, a constraint is pro܆
posed such that the first unipolar load of ۷ܝ is distributed in the 
positive rail. This fixes the starting value of the distribution 
vector ܆  to 1 which solves the problem of interchangeable 
current sets.  
Case 2): The second case is when a system network node has 
the same load model in the set ۷ܝ and ۷ܞ. One example of such 
a case is when node is distributing only bipolar loads. As a 
result, the selection of 1/0 of the unipolar load current set af-
fects the accuracy of the results as both gives the same value. 
Hence, to solve this problem, a constraint of value 1 is pro-
posed at the node when the case of the same load model is 
identified in the system. 

۶ሾ܆ሿ ൌ ൜
1, 		case	1	or	2	identified
0, 		else																																		 (20) 
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IV.  MULTI-OBJECTIVE OPTIMIZATION METHOD 

 Multi-Objective Weighted Sum Method 

This paper proposes a multi-objective optimization (MOO) 
method for simultaneously minimizing the power loss and 
voltage unbalance. The objective is to minimize the two indi-
ces, the system power loss and the system voltage unbalance 
index through weighted sum of them. The constraint taken is 
the flag model which discusses the cases when the dependent 
variable does not output a unique value.  

In the weighted sum approach, weights are attached to each 
of the individual objective function. The functions of the at-
tached weights are to normalize the indices to its per-unit val-
ue and to represent their relative importance with respect to 
each index.  

In addition, a scaling factor is added to the system power 
loss objective. A large scaling factor implies that the system 
power loss is a large multiplier of the normalized value of the 
system power loss. It should be noted that the use of DC sys-
tems for distribution is mainly for higher energy efficiency 
and a large scaling factor implies high system inefficiency. 
The objective and constraints functions are formulated as (21) 
and (22), respectively. 

۵ሾ܆ሿ ൌ min	
αଵ ∗ wଵ

nଵ
ሿ܆ሾۺ۾ ൅

wଶ

nଶ
 ሿ (21)܆ሾܖܝ܄

s.t. ۶ሾ܆ሿ (22) 
where ۵ሾ܆ሿ  represents the MOO function and wଵ, nଵ,  ሿ܆ሾۺ۾
and wଶ, nଶ, ሿ܆ሾܖܝ܄  represents the weight, normalised value 
and the model for system power loss and system voltage un-
balance respectively. αଵ  represents the scaling factor of the 
system power loss to indicate an efficient system design. 

The values used for normalizing the system power loss and 
the system voltage unbalance model, nଵ and nଶ are 15% of the 
rated load power and the number of nodes, respectively. The 
weight is set as 0.5 to illustrate the equal weighting of the con-
siderations during power system planning of the bipolar 2-
phase network. The scaling factor is selected to be within a 
conservative range from 0.8 to 2 to illustrate an energy effi-
cient DC system design.  

To solve a multi-objective programming model, another 
popular method is multi-objective evolutionary algorithms 
such as NSGA-II [37] and MOEA/D [38]. However, these 
algorithms usually need a very large number of generation and 
population number, thus considerable computing time; be-
sides, they usually provide inconsistent solutions for multiple 
runs due to the random factors involved. Therefore, this paper 
uses the weighted-sum method. 

 Solution Algorithm 

In solving for the MOO model, the problem is divided into 
two parts. The first part is to obtain the load currents by for-
mulating the matrices and solve the power flow equations for 
the bipolar DC network. The second part is to use the load 
current values and form the system power loss and voltage 
unbalance model and solve the MOO model with the con-
straint function using the flag model. The flowchart of the 
described solution process is shown in Fig. 3 and commercial 

solvers such as IBM ILOG CPLEX can be used in practice.  
 

 
Fig. 3. Solution flowchart  

V.  SIMULATION RESULTS 

 Case Study: DC LED Lighting Radial Network 

One distribution network example that exhibits a highly re-
sistive network, high voltage unbalance and a relatively non-
negligible voltage drop is the retrofitted extra-low voltage DC 
LED lighting system for high-rise buildings [12]. The DC 
LED lighting system can also be integrated with DERs to form 
a non-observable distribution network [13]. Subsequently, the 
DC LED lighting load is used as the main load model for the 
case studies. The DC LED lighting uses OSRAM DURIS S5 
LEDs of array 7 series by 6 parallel, of total 7W, powered by 
the RECOM RCD-24 or RCD-48 DC driver. The empirical 
data measurement of the DC LED lighting load is given in 
Fig. 4. 

Using the linearized load model as the basic model, varia-
tions of unipolar or bipolar DC loads are obtained by varying 
the input power P଴  variable. The parameters of the different 
loads are given in Appendix D. 

 

 
Fig. 4. Plot of 7W load model for a) 24V DC LED lighting and b) 48V DC 
LED lighting 

 Power Flow Modeling Verification 

The first case study is a 15-node 2-phase bipolar DC LED 

34 36 38 40 42 44 46 48 50 52

Input Voltage (V)

0.12

0.14

0.16

0.18

0.2

Plot of Input Current vs Input Voltage for 48V DC LED Lighting

Empirical Data
I = -0.0036 * V + 0.3256

Obtain network, load distribution, type and parameters. Formu-
late 1) Power flow model, 2) Load flow model and 3) Load dis-
tribution model. 

Formulate 1) load distribution model, 2) system power loss, 3) 
system voltage unbalance, 4) MOO function with constraint  

Update load current static value ۷܊۷ ,ܖ۷ ,ܘ. 

Perform Gauss Seidel method between the power flow model and 
load model until the kth iteration of the current are within the 
error limit i.e. ൣ۷܊۷ܖ۷ܘ൧୩ െ ൧୩ିଵ܊۷ܖ۷ܘ۷ൣ ൏ ߳ .Start with rated volt-

age values ܄૙ and non-optimal initial load distribution ܆૙. 

Solve MOO problem. Obtain the optimal binary distribution  
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lighting radial network. The load model and electrical network 
parameters are shown in Appendix D. The electrical system 
diagram and load distribution are shown in Fig. 5.  
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Fig. 5. System Diagram of Bipolar DC Radial 15-Bus Network  

Two types of simulation are carried out for this case study. 
The first is the verification of the power flow mathematical 
model against the Matlab Simulink simulation model as the 
benchmark, and the second is the comparison of voltage bal-
ancing strategies with existing methodologies, which is dis-
cussed in the next sub-section.  

TABLE I: ERROR COMPARISON OF NODE VOLTAGE VALUES  

Error (10ିହ V DC) Error (10ିହ V DC) 
Node V୮ሺ୧ሻ V୬ሺ୧ሻ Node V୮ሺ୧ሻ V୬ሺ୧ሻ 

0 0 0 8 9.3207 9.2614 
1 8.5828 8.1210 9 9.3328 8.9309 
2 8.9763 8.6374 10 9.3243 8.5707 
3 9.0695 8.4539 11 9.3135 9.5083 
4 8.1938 8.9050 12 9.3054 9.4903 
5 9.2132 8.7084 13 9.2372 8.6925 
6 9.2542 7.5335 14 9.3039 9.2151 
7 9.2140 8.6492 15 9.2725 9.2937 

 

In the verifying the power flow mathematical model, the in-
itial binary distribution is used. Table I shows that the nodal 
voltage error between the mathematical model and the Matlab 
Simulink simulation model is within an order magnitude of 
10ିହ. It can be shown in Fig. 6 that the phase voltages are not 
balanced under the initial binary distribution. The distribution 
voltage used is 24V DC. Consequently, the following is seen: 
1) The proposed power flow model is highly accurate, and 2) 
The voltage unbalance for each load node is not consistent 
across the system, as seen in Fig. 6. The extra-low DC voltage 
LED lighting system is a suitable case study for the mathemat-
ical model verification and voltage balancing strategy compar-
ison as the voltage drop across the system is non-negligible, 
up to 15% pu drop. 

 
Fig. 6. Plot of phase node voltage in an unbalanced 15-bus network 

 Voltage Balancing Strategies Comparison 

The same linear network is used to compare the voltage 
balancing strategies between the proposed model-based opti-

mization methodology and existing methodologies. The linear 
network is used because in existing methodologies, iterative 
methodology is used and is only suitable when the power flow 
is observable. The iterative algorithm of [5] and [12] are brief-
ly described in Table II and III respectively. 

 
TABLE II: VOLTAGE BALANCING ALGORITHM USING NEUTRAL CURRENT 

Algorithm 1: Minimize absolute value of neutral current 
Label Network Nodes: 0 to n 
Start: Node n 
Distribute the last load to the positive rail 
While (Node ് 1) 

If (neutral cable current is positive),  
Distribute the next load to the negative rail  
Minus the value of the neutral cable current 

Else 
Distribute the next load to the positive rail  
Add the value of the neutral cable current 

End 
Node = Node - 1 

End 
 

TABLE III: VOLTAGE BALANCING ALGORITHM USING NODAL VOLTAGE 
Algorithm 2: Distribute the loads based on voltage level 
Label Network Nodes: 0 to n 
Start: Node n 
Distribute the last load to the positive rail 
While (Node ് 1) 

If (positive phase voltage > negative phase voltage),  
Distribute the next load to the positive rail  
Re-calculate the phase voltages 

Else 
Distribute the next load to the negative rail  
Re-calculate the phase voltages 

End 
Node = Node - 1 

End 
 

For the proposed model-based optimization approach, the 
values used for normalizing, nଵ  and nଶ , are 38.325 and 15, 
respectively for the discussed linear network case study. The 
weight is set as 0.5 to illustrate the equal weighting of the con-
siderations during power system planning of the bipolar 2-
phase network. The scaling factor is selected to be within a 
conservative range from 0.8 to 2. 

The compared voltage balancing strategies are as follows: 
Case 1) Proposed MOO method with the following weights, 
wଵ,wଶ = 0.5 and 0.8 ൏ ଵߙ ൏ 2. Case 2) Base case study. Case 
3) Backward forward sweep based on the absolute value of the 
rated current in the neutral wire [5]. Case 4) Backward for-
ward sweep based on network voltage with consideration of 
network impedance [12]. Case 5) MOO with the following 
weights, wଶ = 0, ݓଵ, -ଵ= 1. Note that Case 1 represents a reaߙ
sonable weightage for the power system planning while Case 
5) represents when only the system power loss is considered. 

TABLE IV: BINARY DISTRIBUTION VECTOR OF THE 5 CASES 
 Cases  Cases 

Node 1) 2) 3) 4) 5) Node 1) 2) 3) 4) 5) 
1 1 1 1 1 1 9 1 1 1 1 1 
2 1 1 1 1 1 10 1 1 1 1 1 
3 0 1 0 0 0 11 0 0 0 1 0 
4 1 1 1 1 1 12 0 0 1 0 0 
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5 1 1 1 1 1 13 1 0 0 0 1 
6 0 1 0 1 0 14 1 0 1 1 1 
7 0 1 1 0 1 15 1 1 1 1 1 
8 1 1 0 0 0 - - - - - - 

 
TABLE V: COMPARISON TABLE OF INDICES FOR 15 BUS NETWORK 

 Power Loss (15) Voltage Unbalance (18) 
Cases (W) (p.u) - (p.u) 

1) 27.0744 0.7064 0.1822 0.0121 
2) 34.4801 0.8997 120.2442 8.0163 
3) 27.3073 0.7125 13.6397 0.9093 
4) 27.2310 0.7105 7.1299 0.4753 
5) 27.0490 0.7058 2.1790 0.1453 

Table IV shows the binary load distribution solutions of the 
5 abovementioned cases and Table V compares the system 
power loss and system voltage unbalance values of the corre-
sponding cases. Fig 7 shows the balanced nodal voltages of 
the 2 phases after voltage balancing and Fig. 8 shows the plot 
of the indices of the load distribution solutions. 

 
Fig. 7. Plot of phase node voltage in a balanced 15-bus network 

 
Fig. 8. Comparison plot of voltage balancing solutions 

 Case Study: A Larger 33-Bus System 

The power flow model and proposed voltage balancing 
methodology are then tested on a larger system, a 33-bus sys-
tem, using DC LED lighting system as the case study. The 33-
bus system is used to illustrate the effects of non-observable 
power flow such that iterative methods are not easily applied 
and the effects of large systems on the voltage balancing pro-
posed methodology. The 33-bus system single line diagram, 
load distribution and load power are shown in Fig. 9. The load 
to load distance is set at 5m. The electrical network details are 
the same as the linear system. 

System Type: 
48V Bipolar DC
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Fig. 9. System Diagram of Bipolar DC Radial 33-Bus Network 
TABLE VI: ERROR COMPARISON OF NODE VOLTAGE VALUES  

Error (10ିସ V DC) Error (10ିସ V DC) 
Node V୮ሺ୧ሻ V୬ሺ୧ሻ Node V୮ሺ୧ሻ V୬ሺ୧ሻ 

0 0 0 17 1.5230 1.1700 
1 1.3565 0.5737 18 1.3918 1.0210 
2 1.5814 0.6681 19 2.9464 0.5410 
3 1.7639 0.7837 20 3.1094 0.4594 
4 1.9680 0.8561 21 3.2316 0.3984 
5 2.1301 0.9494 22 3.3130 0.3577 
6 2.0862 1.1428 23 3.3537 0.3373 
7 2.0005 1.3571 24 1.3301 2.7007 
8 1.9362 1.5287 25 1.2472 2.8665 
9 1.8300 1.7213 26 1.1851 2.9906 

10 1.7450 1.8714 27 1.1438 3.0734 
11 1.7614 1.8118 28 1.1231 3.1147 
12 1.7990 1.7098 29 2.1177 1.4934 
13 1.7945 1.6289 30 2.1587 1.5371 
14 1.8113 1.5054 31 2.2210 1.5380 
15 1.7860 1.4030 32 2.2415 1.5598 
16 1.6757 1.2759 33 2.2834 1.5389 

 

The nodal voltage errors of the 33-bus system are shown in 
Table VI where it can be seen that the mean error between the 
mathematical model and the Matlab Simulink simulation 
model is within an order magnitude of 10ିସ. This validates 
again the very high accuracy of the proposed power flow 
model for 2-phase bipolar DC network. 

TABLE VII: COMPARISON TABLE OF INDICES FOR 33 BUS NETWORK 
Node 1 2 3 4 5 6 7 8 9 10 11 

Case 1 1 1 1 0 1 1 0 1 1 1 0 
Case 2 1 1 0 1 1 1 0 1 0 1 0 
Node 12 13 14 15 16 17 18 19 20 21 22 

Case 1 1 0 1 1 1 0 1 0 0 1 0 
Case 2 1 0 1 1 1 0 1 1 1 1 1 
Node 23 24 25 26 27 28 29 30 31 32 33 

Case 1 1 0 0 1 0 1 0 0 1 0 1 
Case 2 1 0 0 0 0 0 1 0 1 0 1 

TABLE VIII: COMPARISON TABLE OF INDICES FOR 33 BUS NETWORK 
 Power Loss (15) Voltage Unbalance (18) 

Cases (W) (p.u) - (p.u) 
1 53.3198 1.0664 1.4350 0.0435 
2 69.1298 1.3826 181.4156 5.4974 

TABLE IX: COMPARISON TABLE OF INDICES FOR 33 BUS NETWORK 
Case Study 15-Bus System 33-Bus System 

Computational Time 0.20 s 31132.75 s 
 

The proposed MOO methodology formulates the problem 
into mixed integer quadratic problem (MIQP). It is well 
known that MIQP has a computational complexity which 
grows exponentially with the number of optimization variables 
[39]. The simulation uses the values of wଵ,wଶ  = 0.5, αଵ= 
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1,	nଵ ൌ 50 and nଶ ൌ 33.  
The compared performances of the binary distribution solu-

tion are as follows: Case 1) Proposed MOO method with the 
following weights, wଵ,wଶ = 0.5, αଵ= 1,	nଵ ൌ 50 and nଶ ൌ 33; 
Case 2) Base case study. Table VII shows the binary distribu-
tion solutions while Table VIII compares the system power 
loss and system voltage unbalance values of the corresponding 
cases. Table IX compares the computational time in the volt-
age balancing planning for a 15-bus and 33-bus system. Using 
the 33-bus system as the case study, it can be seen from Table 
VIII and Table IX that the proposed model-based MOO meth-
od has successfully shown that the voltage across the 2-phase 
bipolar DC network is balanced and can be carried out with 
reasonably fast solution speed (note that the proposed method 
is mainly for system analysis and planning studies, so the 
computational time is not a major concern as long as the solu-
tion can be obtained in a tolerable time, e.g., several hours). 
Fig. 10 shows the nodal voltages of the balanced 33-bus 2-
phase DC network.  

 
Fig. 10. Plot of phase node voltage in a balanced 33-bus network 

VI.  DISCUSSION AND CONCLUSION 

This paper presents a power flow model for 2-phase bipolar 
DC power system and a model-based optimization methodol-
ogy for designing 2-phase bipolar DC power system. The 
power flow modeling methodology considers the single-line 
modeling for the cables in the 2-phase DC network, the distri-
bution of the load and formulates the power flow model. The 
model is iterated using the Gauss Seidel algorithm and shows 
highly accurate results compared to the Matlab Simulink re-
sults. Together with the power flow model and a binary load 
distribution model, a multi-objective weighted sum optimiza-
tion problem based on system power loss and system voltage 
unbalance is formulated as a binary integer quadratic problem.  

According to the simulation results, the following conclu-
sion can be drawn:  
1) The proposed power flow model is highly accurate with 

an error of 10ିସ V DC against the Matlab Simulink nodal 
voltages. Compared with the existing iterative methods, 
the proposed power flow method is able to model the 
nodal voltages with high accuracy of order of magnitude 
of  10ିସ error without having to determine the parent and 
child nodes in a multiple DC power sources complex 
network as seen in the 33-bus case study. 

2) In comparing between existing and proposed model-based 
voltage balancing strategies, the proposed methodology 
can reduce system voltage unbalance by up to 95%. As 
existing methodologies are based on iterative methods, 
the 15-bus radial network is used as the case study. The 

improvement of the results is due to the consideration of 
i) the effects of voltage drop from the distribution of bipo-
lar DC loads and ii) the consideration of voltage balanc-
ing at the whole system level. The proposed methodology 
is then applied to a 33-bus system and is able to reduce 
voltage unbalance tremendously. 

3) The proposed voltage balancing methodology is then ex-
tended to a 33-bus unobservable power network case 
study. The proposed model-based MOO method has suc-
cessfully shown that the voltage across the 2-phase bipo-
lar DC network is balanced and can be carried out with 
reasonably fast solution speed. 

4) Comparing the MOO solutions of the 15-bus radial net-
work, the power loss index of the network between cases 
1) and 5) of Table V does not vary significantly. This is 
seen in the 15-bus radial network that before and after 
carrying MOO, the power loss reduces by 15%. However, 
comparing between MOO and power loss single optimi-
zation, the power loss reduces by less than 0.1% but the 
voltage unbalance doubles as seen in Table V. This is due 
to the presence of an upper bound to minimizing system 
power loss which arises from the rationale of energy effi-
cient system design in using DC distribution. In the situa-
tion when the scaling factor αଵ is larger than 2, it implies 
that the DC power distribution system in inefficient. One 
possible way to improve efficiency is to increase the DC 
distribution voltage such that the system power loss lies 
within the normalized value as designed.  

The proposed power flow modeling is also able to provide 
an overall view of the DC power systems for further network 
optimization to be carried out in the design and planning stage. 
It is able to be integrated with emerging technological advanc-
es such as direct integration of DC energy storage systems, 
direct connection and disconnection of DC energy sources and 
improve the time series power flow analysis together with the 
consideration of droop control and virtual impedance. 

The proposed voltage balancing method is a planning tool 
to improve on voltage balancing and system efficiency of bi-
polar DC networks and it depends heavily on the assumption 
made in the bipolar DC network modelling. It can be applied 
in a design and planning of such a network, such as DC LED 
lighting system design and residential DC buildings network. 
Some of the future works can include voltage balancing of 
bipolar DC network with multiple single phase DC source 
integration and unequal node to node resistances in future DC 
residential networks. The proposed method can be further ex-
tended and modified to account for the abovementioned future 
works.  

APPENDIX 

 Power Flow Model 

Consider power flow nodal based linear equations. 
۷ ൌ 	܄܇ (A-1) 

Separating the source and load nodes in the main equation, 
the source admittance matrix, Yୗ, corresponds to the imped-
ance between sources and the load network. 
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ۺ۷ ൅ ܁۷ ൌ ۺ܄૚܇ ൅  ܁܄܁܇ (A-2) 
At distribution level, the source current is not always readi-

ly available but it can be determined by modeling the node 
load voltages with a high degree of accuracy. Consequently, 
the source current component is removed. 

ۺ۷ ൌ ۺ܄૚܇ ൅  ܁܄܁܇ (A-3) 
Re-expressing the load impedance matrix,	Yଵ, as the sum of 

source and load impedance,	Y୐  and Yୗ , the equation can be 
decomposed into the following equation. 

ۺ۷ ൌ ሺۺ܇ ൅ ۺ܄ሻ܁܇ ൅  ܁܄܁܇ (A-4) 

 System Power Loss Model 

The system power loss is modeled as (13). Taking the defi-
nition of current as the summation of load type currents in (1) 
to (3), (13) can be decomposed in (B-1) with the terms repre-
sented in (15) 

ۺ۾ ൌ ቌ۲቎
ܘ۷
ܖ۷
܊۷
቏ቍ

܂

ቌ۲቎܀
ܘ۷
ܖ۷
܊۷
቏ቍ 

(B-1) 

Substituting the load distribution model, (B-1) can be ex-
pressed as (B-2) with the terms represented in (15) and (19). 

ሿ܆ሾۺ۾ ൌ ሺ۲ሾ۳ ൅ ሺ۲ሾ۳܀܂ሿሻ܆۴ ൅  ሿሻ (B-2)܆۴
Upon expansion, (B-2) can be simplified to a binary integer 

quadratic model as shown in (B-3) and (14). 
ሿ܆ሾۺ۾ ൌ ܆ۯ܂܆ ൅ ܆۰ ൅ ۱  (B-3) 

 System Voltage Unbalance Model 

The voltage unbalance model is modeled as (17). Taking 
the definition of voltage as the potential difference between 
two voltage nodes, i.e., V୮ ൌ Vା െ V୒ and V୬ ൌ V୒ െ Vି, (17) 
can be decomposed in (C-1). 

ܖܝ܄ ൌ ሺ܄ା െ ۼ܄2 ൅ ା܄ሺ܂ሻି܄ െ ۼ܄2 ൅  ሻି܄ (C-1) 
Further reduction using the nodal analysis equations (1) to 

(3), (C-1) can be reduced to (C-2) with the assumption made 
that the cable is multi core and the node to node resistance is 
the same for each distribution cable, ie ۵ ൌ ۵ା ൌ ۼ۵ ൌ ۵ି 

ܖܝ܄ ൌ ቀ૜܀൫۷ܘ െ ൯ቁܖ۷
܂
ቀ૜܀൫۷ܘ െ  ൯ቁܖ۷ (C-2) 

(C-2) can be linearly expressed as (C-3) 

ܖܝ܄ ൌ ቌ۶܀቎
ܘ۷
ܖ۷
܊۷
቏ቍ

܂

ቌ۶܀቎
ܘ۷
ܖ۷
܊۷
቏ቍ 

(C-3) 

Substituting the load distribution model, (C-2) can be ex-
pressed as (B-3) with the terms represented in (15) and (19). 

ሿ܆ሾܖܝ܄ ൌ ሺ۶܀ሾ۳ ൅ ۶ሾ۳܀ሺ܂ሿሻ܆۴ ൅  ሿሻ܆۴ (C-4) 
Upon expansion and simplification, the model can be ex-

pressed as a binary integer quadratic model as shown in (C-5). 
ሿ܆ሾܖܝ܄ ൌ ܆۸܂܆ ൅ ܆۹ ൅  ۺ (C-5) 

 Load and Electrical Network Parameters  
TABLE X: LOAD PARAMETER VALUE FOR SIMULATION 

Power (W) P଴ a଴, aଵ aଶ. 
28 (B) 4 0 -0.0036 0.3256 
21 (B)  3  0  -0.0036  0.3256 
7 (B) 1 0 -0.0036 0.3256 

21 (U) 3 0 -0.012004 0.586634 
17.5 (U) 2.5 0 -0.012004 0.586634 

14 (U) 2 0 -0.012004 0.586634 
10.5 (U) 1.5 0 -0.012004 0.586634 

7 (U) 1 0 -0.012004 0.586634 
TABLE XI: 2-PHASE DC ELECTRICAL NETWORK PARAMETERS 
 Parameters Values 

Electrical 
Network 

Properties 

Cable Size 14 AWG 
Line Resistance 0.0074Ω/m 

Length between Load Nodes 5m 
Length between converter and 
first LED lighting (Radial Net-

work) 
20m 

Derated Factor 0.8 
Rated line voltage 24V DC 
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