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ABSTRACT. In this article we study central configurations of the (n + 1)-body problem.
For the planar (n 4+ 1)-body problem we study central configurations performed by n > 2
bodies with equal masses at the vertices of a regular n—gon and one body with null mass.
We also study spatial central configurations considering n bodies with equal masses at the
vertices of a regular polyhedron and one body with null mass.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The N -body problem consists in study the motion of N pointlike masses in R? or R?, inter-
acting among themselves through no other forces than their mutual gravitational attraction
according to Newton’s gravitational law.

The equations of motion of the N—body problem are

N
. M1
mr; = —Z 7{3' ~(ri — 1),
]:]_ 1)
J#
for i = 1,..., N. Here we have chosen the units of length in order that the gravitational

constant be equal to one, 7, € R? or R? is the position vector of the punctual mass my, in
an inertial system, and r;, = |r; — ry| is the Euclidean distance between m; and my.

Since the general solution of the N-body problem cannot be given, great importance has
been attached from the very beginning to the search for particular solutions where the N
mass points fulfilled certain initial conditions. Thus a homographic solution of the N—-body
problem is a solution such that the configuration formed by the N—bodies at the instant ¢
remains similar to itself as ¢ varies.

Two configurations are similar if we can pass from one to the other doing a dilation and/or
a rotation.

The first three homographic solutions where found in 1767 by Euler [8] in the 3-body
problem. For these three solutions the configuration of the 3 bodies is collinear.

In 1772 Lagrange [14] found two additional homographic solutions in the 3-body problem.
Now the configuration formed by the 3 bodies is an equilateral triangle.
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At a given instant ¢t = ty the configuration of the N-bodies is central if the gravitational
acceleration 7; acting on every mass point m; is proportional with the same constant of
proportionality to its position r;; that is

N
m .
1 R T — ) = A\
j=1 "4
J#
fori =1,..., N. We refer to equations (1) as the equations of central configurations.

Pizzetti proved that the configuration of the N bodies in a homographic solution is central
at any instant of time, see [24].

It is important to note that homographic solutions with rotation and eventually with a
dilation only exist for planar central configurations. For spatial central configurations all the
homographic solutions only have dilation, see for instance [24].

If we have a central configuration, a dilation and a rotation of it, provide another central
configuration. We say that two central configurations are related if we can pass from one to
the other through a dilation and a rotation. This relation is an equivalence. In what follows
we will talk about the classes of central configurations defined by this equivalence relation.

Central configurations of the N-body problem are important because:

(1) They allow to compute all the homographic solutions.

(2) If the N bodies are going to a simultaneous collision, then the particles tend to a
central configuration.

(3) If the N bodies are going simultaneously at infinity in parabolic motion (i.e. the
radial velocity of each particle tends to zero as the particle tends to infinity), then
the particles tend to a central configuration.

(4) There is a relation between central configurations and the bifurcations of the hyper-
surfaces of constant energy and angular momentum.

(5) Central configurations provides good places for the observation in the solar system,
for instance, SOHO project.

6) ...

For more information about central configurations see for a classical introduction the books of
Wintner [24] and Hagihara [11], and for a modern one see, for instance, the papers of Albouy
and Chenciner [1], Albouy and Kaloshin [2], Gémez, Llibre, Martinez and Simé [9, 10],
Hampton and Moeckel [12], Meyer [15], Moeckel [16], Palmore [17], Saari [19], Schmidt [22],
Smale [23], Xia [25], ...

In this article we are interested in the following kind of central configurations: Consider
n > 2 bodies with positive equal masses at the vertices of either a reqular n—gon in the planar
case or a reqular polyhedron in the spatial case. Where can a body with null mass be located
in order to have a new central configuration?

The above problem is part of the well known restricted (n + 1)-body problem. Of course,
it has at least one solution for both planar and spatial cases: the body with null mass at the
center of the regular n—gon or of the regular polyhedron.
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FIGURE 1. (a) Two bodies with equal masses and position vectors ri, o at the
endpoints of a segment and the 5 possible positions r3 for the third body with null
mass. (b) Three bodies with equal masses and position vectors ri, 9, 73 at the
vertices of an equilateral triangle and the 10 possible positions r4 for the fourth
body with null mass.

To the best of our knowledge, the case n = 3 was firstly studied by Pedersen [18] and after
by Arenstorf [3] who gave the following solution: there are 10 possible positions to the body
with null mass being one at the center of the equilateral triangle and 3 on each of the 3 lines
of symmetry of the equilateral triangle (see Figure 1 (b)). This last result was extended by
Bang and Elmabsout [4], who proved that given n bodies with positive equal masses at the
vertices of a regular n—gon the body n + 1 must belong to an axis of symmetry of the n—gon
in order that the n + 1 bodies perform a central configuration. In this context we have the
following result for the planar central configurations.

Theorem 1. Consider n > 2 bodies with positive equal masses m = my; = --- = m,, and
position vectors ri,--- ,ry, at the vertices of a reqular n—gon, and an n+1 body of null mass.
The following statements hold.

(a) There are 5 classes of central configurations for the (n+1)-body problem when n = 2,
see Figure 1(a).

(b) There are 3n + 1 classes of central configurations for the (n + 1)-body problem when
n > 3, see Figures 1(b) and 2 for n =3 and n = 4, respectively.

In [5] Bang and Elmabsout studied the following slightly variation of the problem here
studied. Consider (n + 1) + 1 bodies in a plane where n bodies with positive equal masses
are at the vertices of a regular n-gon and one body with mass mg > 0 is at the center of
the n—gon. Where can a body with null mass be located in order to have a new central
configuration? Bang and Elmabsout solved completely the above problem by using their
previous result in [4]. We emphasize that the problem studied in [5] is slightly different from
the one studied here. Nevertheless the proof of Proposition 1, page 306 of [5], will be adapted
to prove statement (b) of our Theorem 1.

Little is known about the spatial central configurations. Ced6 and Llibre [6] proved that
the regular polyhedra with equal masses at their vertices are spatial central configurations.
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FIGURE 2. Four bodies with equal masses and position vectors 71, 79, 73, 74 at the
vertices of a square and the 13 possible positions r5; for the fifth body with null
mass.

Santos and Vidal [20, 21] proved the existence of 25 possible positions for a body with null
mass when 4 bodies with equal masses are at the vertices of a regular tetrahedron. As in
the planar case, these positions are on the straight lines of symmetry of the tetrahedron.

With the following result we complete the study of the initial problem in the case where
the bodies with equal masses are at the vertices of a regular polyhedron.

Theorem 2. Consider n bodies with positive equal masses m = my = --- = m,, and position
vectors ry,--- , 1y at the vertices of a reqular polyhedron, and an n + 1 body of null mass.
Assuming that in order to have a central configuration the only possible positions for the body
of null mass are on the axes of symmetry of the reqular polyhedra the following statements

hold.

(a) There are 45 classes of central configurations for the (n+1)-body problem whenn =8,
that is when the regular polyhedron is the cube.

(b) There are 47 classes of central configurations for the (n+1)-body problem when n = 6,
that is when the regular polyhedron is the octahedron.

(¢) There are 105 classes of central configurations for the (n + 1)—body problem when
n = 20, that is when the reqular polyhedron is the dodecahedron.

(d) There are 113 classes of central configurations for the (n + 1)—body problem when
n = 12, that is when the regular polyhedron is the icosahedron.

We conjecture that the assumption done in the statement of Theorem 2: In order to have
a central configuration of the (n + 1)-body problem when n bodies of equal mass are at the
vertices of a reqular polyhedra, the only possible positions for the n + 1 body of null mass
are on the axes of symmetry of the reqular polyhedra, is redundant; i.e. there are no central
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configurations of this (n + 1)-body problem if the n 4+ 1 body of null mass is not on one of
these axes of symmetry.

This article is organized as follows. Theorem 1 is proved in section 2 and Theorem 2 is
proved in section 3.

2. PROOF OF THEOREM 1

From the equations of central configurations (1) we write

(2) fi:)\ri+z_3](ri_rj):07
j=1 Tij
J#i

fori=1,...,n.

We start proving statement (a) of Theorem 1. Consider two bodies with masses m =
my =mg > 0at r; = (1,0) and ro = (—1,0). From equations f; = 0 and f; = 0 of (2) we

obtain A = —m/4. Substituting this value into the equations f; = 0 we obtain
x r+1 r—1

3 —— =0

¥ T (S RS K (PR VSRR

and
1 1 1

(4) yl—+ + = 0.

T (Y R A (CR VRN
From equation (4) we conclude that either y = 0, or

© et e = 1
(CEV R e (CRE ATy

Substituting y = 0 into equation (3) we obtain

x . r+1 n r—1

1 G -
whose solutions are x = 0 and = +o = £+2.39681 with five decimal round—off coordinates.
Now, from equations (3) and (5), by a straightforward calculation we obtain x = 0 and

y = ++/3. In short, when n = 2 we have the following five possibilities for r5. This
completes the proof of statement (a) of Theorem 1 (see Figure 1 (a)):

=0,

rs = (0,0), r3=(+a,0), r3= (O, i\/§> )

Of course, these five central configurations corresponds to the five central configurations of
the 3—body problem, founded by Euler and Lagrange, when one of the three masses is zero.

Instead of equations (2), consider the following equivalent set of equations, called (planar)
Dziobek-Laura—Andoyer equations (see [7, 11]),

fi,j = Z my (Rik - Rjk) Aijk =0,

k=1
ki,
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for 1 <i < j <n, where R;; = l/rfj and A, = (r; — ;) A (r; — ). Note that A, is twice
the oriented area of the triangle formed by the bodies at r;, ; and r;. This set of equations
is formed by n(n — 1)/2 equations.

Without loss of generality we take the n bodies with equal masses at the vertices of a
regular n—gon labeled counterclockwise and such that r = (1,0), see Figures 1(b) and 2.
We separate the proof according to the parity of n.

When n is odd the axes of symmetry of the n—gon are determined by the straight lines
passing through a vertex and the center of the n—gon. By the symmetries of the problem
proved in [4], it is sufficient to study the equation f, ,+1 = 0 under the assumption y = 0.
By a similar analysis given in the proof of Proposition 1, page 306 of [5], we obtain the
following four possibilities for r,.; (see Figure 1 (b)):

T'n+1 = (0, 0)7 T'nt1 = (plao)a T'nt1 = (_p270)a Tn+1 = (_p?n 0)7

with p; > 1, and po, p3 > 0. So, clearly when n is odd we get 3n 4 1 central configurations
for the (n + 1)-body problem.

Assume n > 2 is even, then the axes of symmetry of the n—gon are determined by either
the straight lines passing through a vertex and the center of the n—gon (the diagonals), or by
the mediatrices of the sides of the n—gon. For the first case it is enough, by the symmetries
of the problem proved in [4], to study only the equation f,,+1 = 0 under the assumption
y = 0. Again, we obtain the following three possibilities for r,.; (see Figure 2):

Tnel = (0,0), Tnyl = (:l:[)Q, 0), P2 > 1.

For the second case it is enough to study the equation f, ,+; = 0 under the assumption
y = tan(m/n)x. We obtain the following five possibilities for 7,1 (see Figure 2):

n n
with 0 < p3 < 1, and pg > 1.

In short if n = 2k, then we have k diagonals and k& mediatrices for the n—gon. For each
diagonal we have two central configurations, and for each mediatrix we have four central
configurations without counting the central configuration with the null mass at the origin
of coordinates. Therefore we have 2k + 4k + 1 = 6k + 1 = 3(2k) + 1 = 3n + 1 central
configurations. Hence Theorem 1 is proved.

3. PROOF OF THEOREM 2

For the proof of Theorem 2 we use (spatial) Dziobek-Laura—Andoyer equations (see [13]).
These n(n — 1)(n — 2)/2 equations are equivalent to the equations in (2) and are given by
(6) fign = Z mi (Rir. — Rjx) Aijnk = 0,

ki
for 1 <i<j<mn h=1,...n h#ij In(6)wehave Rj; = 1/r};, and Ayp, =
(ri — ;) A (rj —mh) - (rn, — 7%), which is six times the signed volume of the tetrahedron with
vertices in the bodies localized at r;, r;, ry and 7.
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In what follows we will prove that if the body with null mass is at suitable positions
on an axis of symmetry of a regular polyhedron, then the configuration performs a central
configuration for the spatial restricted (n + 1)-~body problem.

Proof of statement (a) Theorem 2. The hypotheses that we concern in this case is that the
eight bodies with positive equal masses are disposed at the vertices of a cube. Without loss
of generality we consider the following coordinates for those vertices

r = (17 17 _1)a ro = (1a 17 1)a r3 = (1a _1a 1)7 T4y = (17 _17 _1)7
Ts = (—1, 1, —1), e = (—1, 1, 1), 7 = (—1, —1, ].), rys = (—]., —]., —].)

We also assume masses m; = 1,7 € {1,...,8}, for the bodies at the vertices of the cube and
mg = 0 for the ninth body with the position vector ro = (z, vy, 2).

Since the spatial configuration of eight bodies with equal masses at the vertices of a cube
is a well known central configuration, and by assumptions the position of the null mass must
be on some of the axes of symmetry of the cube, after some straightforward calculations with
the equations (6) of the restricted (8 + 1)-body problem, they are either trivially satisfied
or equivalent to only one equation. We will analyze this remaining equation in each of the
three types of symmetry axes of the cube.

Case 1. The first class of symmetry contains 3 straight lines each of them passing through
the centers of two opposite faces. Without loss of generality we consider the ninth body
belonging to the straight line y = 0 and z = 0. In this case the remaining equation is
8 8

5 5T
((x=2)z+3)32  (x(z+2)+3)32

8 8 1
+z | — — + — (184+9v2+2v3) ) =0.

*(-Gmerrr  GarrrE tE (849VER D)

We can easily compute the solutions of this equation and we get

r=0, x==£089328 and =z = £2.20832,

f8,9,7 =

with five decimal round—off coordinates. Thus, in this case there are 13 positions for the
ninth body in order to have a central configuration.

Case 2. The second class of symmetry contains 6 straight lines each of them passing through
the middle points of opposite edges with respect to the origin of coordinates. Without loss
of generality we consider the ninth body belonging to the line y =  and z = 0. In this case
we obtain the remaining equation
8z 1 4o
= ——— — — (18+9v2+2V3
fs9.6 (2x2+3)3/2 36 ( +9v2 + \/_)x—i— 20z —2)z + 3)2
4x 4 4
+ — +

(2x(x +2)+3)32  (2(x—2)x+3)%2  (2x(x +2)+ 3)3/2

The solutions of this equation are

r=0, x=24097667 and =z = 41.74249,

+

=0.

with five decimal round—off coordinates. Therefore we have 24 new positions for the ninth
body in order to have a central configuration.
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Case 3. This class of symmetry contains 4 straight lines each of them being a diagonal of the
cube passing through opposite vertices with respect to the origin of coordinates. Without
loss of generality we consider the ninth body belonging to the line x = y = z. In this case,
the remaining equation is

8v3(z — 1) 72 72 8v/3

frss e —17 B2 +20 132 (32220432 (z+1)

216 216 8v/3
_ _ - 242 18] =0.
o ( (322 + 20+ 3% (322 —22+3)%* (z+1)° FOVEE VI 8) ’

The solutions of this equation are

r =0, x=+1.64365,

with five decimal round—off coordinates. Thus we get 8 new positions for the ninth body in
order to have a central configuration.

In short, if the ninth body with null mass is either at the origin or at one of the 44 positions
calculated above the nine bodies are in a central configuration. Therefore statement (a)
Theorem 2 is proved. O

Proof of statement (b) Theorem 2. Now we are considering six bodies with positive equal
masses at the vertices of an octahedron. Without loss of generality we consider the following
coordinates

r = (1,1,0), o = (—1,1,0), rs = (—1,—1,0),

re=(1,-1,0), r5=1(0,0,v2), rs=(0,0,—v2),
the masses m; = 1, i € {1,...,6}, for the bodies at the vertices of the octahedron and
my = 0 for the seventh body with the position vector r; = (x, vy, 2).

Again, under the assumptions of Theorem 2, it results that the equations (6) for this
restricted (6+1)-body problem are either trivially satisfied or equivalent to only one equation.
We will analyze this remaining equation in each of the three types of axes of symmetry of
the octahedron.

Case 1. The first class of symmetry contains 3 straight lines each of them passing through
two opposite vertices with respect to the origin of coordinates. Without loss of generality
we consider the seventh body belonging to the straight line z = 0 and y = 0. In this case
we obtain the remaining equation

8 1 2y (VZ-2)" 2y/(z4+v2)’
W—§<8+\/§>2— (\/5_2)3 + (Z+\/§)3
The solutions of this equation are

z=0 and 2z = +£2.44638,

with five decimal round-off coordinates. Thus there are 7 positions for the seventh body in
order to have a central configuration.

f1,7,2 =

Case 2. The second class of symmetry contains 6 straight lines each of them passing through
the middle points of two opposite edges with respect to the origin of coordinates. Without
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loss of generality we consider the seventh body belonging to the line y = 0 and z = 0. In
this case we obtain the remaining equation

1 1
fizs = 2V2 — +
e (22 + 22+ 2)*? (22 — 2z 4 2)*/?

22 22 22 1 1) 0

- - ——=—
(@2 =22 +2)"% (242042 (@2+2%7 V2 8
By a straightforward calculation the solutions of this equation are
r=0, x=24086349 and =z = 4+1.99344

with five decimal round—off coordinates. Hence we have 24 new positions for the seventh
body in order to have a central configuration.

Case 3. This class of symmetry contains 4 straight lines each of them passing through
the centers of two opposite faces. Without loss of generality we consider the seventh body
belonging to the line = 0, y = 2¢t/3 and z = tv/2/3, t € R. In this case, we obtain the
remaining equation

1 1
fz2 = 3V3 ((t(t +2)+3P2  ((t—2)t+ 3)3/2> '
H( 3v/3 3v/3 V2 1) o

G +2) 4302 ((—2t+3P2 3 12
By a straightforward calculation the solutions of this equation are
t=0, t=40.82676 and t= 42.34709,

with five decimal round—off coordinates. Then we get 16 new positions for the seventh body
in order to have a central configuration.

By the above analyzes, if the seventh body with null mass is either at the origin or at one of
the 46 positions calculated in cases 1, 2 and 3 the seven bodies are in a central configuration.
Thus statement (b) of Theorem 2 is proved. O

Proof of statement (c¢) Theorem 2. Consider twenty bodies with positive equal masses at the
vertices of a dodecahedron. Without loss of generality we can take the following coordinates
for those vertices

m=(1,1,1), = (-L1L1), r=(1,-1,1), r=(1,1,-1)
s = (—1,—1,1), re = (—1,1,—1), Ty = (1,—1,—1), rg = (—1,—1,—1)
rg = (0,0,1/¢), ri0=1(0,¢0,-1/¢), 111 =1(0,—0,1/0), ria=(0,—¢,—1/9)

(
13 = (1/¢7 07¢)7 T4 = (1/¢707 _¢)7 15 = ( 1/¢707 925)7 16 = <_1/¢7 0, _¢)
rir=(0,1/9,0), ris=(4,-1/9,0), rig=(=0,1/9,0), ry=(=0,-1/¢,0),

where ¢ = (1++/5)/2, the masses m; = 1,7 € {1,...,20}, for the bodies at the vertices of the
dodecahedron and mg; = 0 for the twenty—first body with the position vector ro; = (z,y, 2).

Under the assumptions of Theorem 2 the equations (6) of this restricted (20 + 1)-body
problem are either trivially satisfied or equivalent to only one equation. We will analyze this
remaining equation in each of the three types of axes of symmetry of the dodecahedron.
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Case 1. The first class of symmetry contains 10 straight lines each of them passing through
two opposite vertices with respect to the origin of coordinates. Without loss of generality
we consider the twenty—first body belonging to the straight line x = y = z. In this case, we
obtain the remaining equation f3213 = 0. We will omit the expression of fs 91 3 since it is
too long to be printed. The solutions of this equation are

r=0 and =z = 4146222,

with five decimal round—off coordinates. Thus there are 21 positions for the twenty—first
body in order to have a central configuration.

Case 2. The second class of symmetry contains 15 straight lines each of them passing
through the middle points of two opposite edges with respect to the origin of coordinates.
Without loss of generality we consider the twenty—first body belonging to the line y = 0 and
z = 0. In this case, we obtain the remaining equation f; 935 = 0. The expression of f 013
will be omitted becuase it is too long to be printed. The solutions of this equation are

r=0, x=4163543 and 1z = £2.38786,

with five decimal round—off coordinates. Then we have 60 new possible positions for the
twenty—first body in order to have a central configuration.

Case 3. This class of symmetry contains 6 straight lines each of them passing through
the centers of two opposite faces with respect to the origin of coordinates. Without loss of
generality we consider the twentyfirst body belonging to the line z = s(5+ 3+/5)/10, y = 0
and z = s(5 +1/5)/10, s € R. In this case we obtain the remaining equation fi215 = 0.
Again the expression of f;912 will be omitted because it is too long to be printed. The
solutions of this equation are

s=0, s==£1.06245 and s = +£1.56090,

with five decimal round—off coordinates. So we obtain 24 new possible positions for the
twenty—first body in order to have a central configuration. Therefore if the twenty—first
body with null mass is either at the origin or at one of the 104 positions calculated in cases
1, 2 and 3 the twenty one body is in a central configuration. The proof of statement (c)
Theorem 2 is completed. U

Proof of statement (d) Theorem 2. Now we are considering twelve bodies with positive equal
masses at the vertices of an icosahedron. Without loss of generality we consider the following
coordinates for those vertices

r = (07 L, ¢)a rg = (0’ L, _¢)a r3 = (O’ —1, ¢)7 Ty = (O, -1, _¢)
s = (17¢7 0)7 Te = (17 _¢7 0)7 T = (_17¢7 0)7 rs = <_17 _¢7 0)
r9 = (d)a 07 1)7 0 = (d)a 07 _1)7 1 = (_¢7 71)7 T2 = (_¢707 _1)7

where ¢ = (1 ++/5)/2, the masses m; = 1, i € {1,...,12}, for the bodies at the vertices of
the icosahedron and mi3 = 0 for the thirteenth body with the position vector r3 = (z,y, 2).

The equations (6) of this restricted (12 + 1)-body problem are either trivially satisfied or
equivalent to only one equation. We will analyze the remaining equation in each of the three
types of axes of symmetry of the icosahedron.
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Case 1. The first class of symmetry contains 6 straight lines each of them passing through
two opposite vertices with respect the origin of coordinates. Without loss of generality
consider the thirteenth body belonging to the line x = t(1 ++/5)/2,y =0, 2 = —t, t € R.
The remaining equation is fi2137 = 0. We will omit the expression of fi2 137 because it is
too long to be printed. The solutions of this equation are

t=0 and t=+1.54935,

with five decimal round—off coordinates. Thus there are 13 positions for the thirteenth body
in order to have a central configuration.

Case 2. The second class of symmetry contains 15 straight lines each of them passing
through the middle points of two opposite edges with respect to the origin of coordinates.
Without loss of generality we consider the thirteenth body belonging to the line z = s(3 +
V5)/4, y = s(—1 — /5)/4 and z = —s/2 with s € R. In this case we obtain the remaining
equation fi2137 = 0. Again the expression of fi2137 will be omitted becuase it is too long
to be printed. The solutions of the above equation are

s=0, s==2098408 and s = +1.59109

with five decimal round—off coordinates. Thus we have 60 new positions for the thirteenth
body in order to have a central configuration.

Case 3. This class of symmetry contains 10 straight lines each of them passing through
the centers of two opposite faces with respect to the origin of coordinates. Without loss
of generality we consider the thirteenth body belonging to the line 2 = «(3 4+ v/5)/6, y =
a(—3 —+/5)/6 and z = a(—3 — v/5)/6 with a € R. In this case we obtain the remaining
equation fi2137 = 0. Again the expression of fi9137 will be omitted because it is too long
to be printed. The solutions of this equation are

a=0, «o==1.00082 and o= +1.66419

with five decimal round—off coordinates. So we obtain 40 new positions for the thirteenth
body in order to have a central configuration.

From the above analysis if the thirteenth body with null mass is either at the origin or
at one of the 112 positions calculated in cases 1, 2 and 3 the thirteen body is in a central
configuration. The proof of statement (d) of Theorem 2 is done. 0
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