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A NOTE ON PERIODIC POINT FREE SELF-MAPS

JAUME LLIBRE! AND VICTOR F. SIRVENT?

ABSTRACT. We study the periodic point free maps on connected
retract of a finite simplicial complex using the Lefschetz numbers.
We put special emphasis in the self-maps on the product of spheres
and of the wedge sums of spheres.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Let X be a topological space and f a continuous self-map on X. We
say that a point = in X is a periodic point of f of period m if f™(x) = x
and fi(z) #xfor 1 < j<m—1;if m =1, xis called a fized point.
We say that f is a periodic point free map, if it does not have periodic
points.

Let X be a retract of a finite simplicial complex, see |7] for a precise
definition. The compact manifolds, the CW complexes are spaces of
this type. Let n be the topological dimension of X. If f: X — X is a
continuous map on X, it induces a homomorphism on the £—th rational
homology group of X for 0 < k < n, i.e. fu : Hp(X,Q) — He(X,Q).
The Hi(X,Q) is a finite dimensional vector space over Q and f,; is a
linear map whose matrix has integer entries, then Lefschetz number of

f is defined as
L(f) = _(=1)*trace(f.r)-

k=0

The Lefschetz Fixed Point Theorem states that if L(f) # 0 then f
has a fixed point, see for more details |3, 11].

The Lefschetz fixed point theorem and its improvements is one of the
most used tools for studying the existence of fixed points and periodic
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points, for continuous self maps on compact manifolds, among other
references see for instance [1, 2, 3, 4, 8, 13|.

The map f is called Lefschetz periodic point free if L(f™) = 0, for
m > 1. Clearly the periodic point free maps are Lefschetz periodic
point free.

Note that if f is periodic point free, then f is Lefschetz periodic point
free, but in general the converse does not hold. Periodic point free and
Lefschetz periodic point free maps have been studied previously, see
for instance [5, 6, 12, 13|.

In the present note we give necessary and sufficient conditions for a
continuous self-map in a connected retract of a finite simplicial complex
to be a Lefschetz periodic free (Theorem 1 and Corollay 2). These
conditions are given in term of the eigenvalues of the induced maps
on homology. In Theorems 3 and 4 we give criteria for a map on the
product of spheres to be periodic point free and Lefschetz periodic point
free. In Theorem 5 we give a criteria for a map on the wedge sums of
spheres to be periodic point free and Lefschetz periodic point free.

Let Aj be the set of eigenvalues of f.;, and A := U}_; Ay, i.e. the set
of all eigenvalues of the induced maps on the homology by f.

Let A € A, we define

n

e(A) == (=1)"multy(\),

k=0

where multy () is the multiplicity of A as eigenvalue of f.g, if A is not
an eigenvalue of f.x, then multy(\) = 0. The quantity e(\) counts the
multiplicities of A as eigenvalue of all maps f,; with k& even, minus the
multiplicities of A\ as eigenvalue of all maps f,; with k£ odd.

Theorem 1. Let X be a connected retract of a finite simplicial complex,
and f be a continuous self-map on X. The map f is Lefschetz periodic
point free if and only the next two conditions hold.

(a) If X is a non zero-eigenvalue of fu. for some k, then e(\) = 0.
(b) The number 1 is an eigenvalue of fu for some k > 0 and

> es1 multy(1) = 1.

Theorem 1 is proved in section 2. From Theorem 1 follows immedi-
ately Corollary 2.
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Corollary 2. Let X be a connected retract of a finite simplicial com-
plex, and f be a continuous self-map on X. If the map f is periodic
point free then the next two conditions hold.

(a) If X is an eigenvalue, different from 0, of f.x, for some k, then
e(\) =0.

(b) The number 1 is an eigenvalue of fu, for some k > 0 and
> kst (= 1) multy(1) = 1.

We consider the case of periodic point and Lefschetz periodic point
free maps on the product of spheres. It is well known that if X is the
n—dimensional torus and f : X — X is a continuous map, then f is
Lefschetz periodic point free if and only if 1 is an eigenvalue of f,,
see for instance [1, 8, 14]. A similar result is known for maps on the
product of spheres of the same dimension. Let X =8S" x --- x S and
f X — X is acontinuous map. If nis odd then f is Lefschetz periodic
point free if and only if 1 is an eigenvalue of f,;. If n is even then f is
never periodic point free, see [13].

Theorem 3. Let X = S™ x---xS™ and let f : X — X be a continuous
map. If the numbers n; are even for all 1 < i < I, then f is not
Lefschetz periodic point free.

The combinatorics of the periodic structure of self-maps on X could
be very complicated in general. In the following particular case we
give a criteria when a self-map on a product of spheres of different
dimensions are Lefschetz free periodic.

Let
!

M:M(nl,...,nl) = U{nn—l——l—ms D < <is}.
s=1
We suppose that n; < --- < n;. By elementary combinatorics we have
that the cardinality of the set is at most 2! — 1. We shall assume that
the cardinality of M is exactly 2! — 1, i.e. the numbers n4,...,n; are
such that all the sums defined in the set M are different.

Theorem 4. Let X = S™ X -+ x S™ with ny < --- < n; and let
f: X — X be a continuous map. Assume that the cardinality of M is
2! — 1. Then the following statements hold.

(a) If 0 is not an eigenvalue of fi for k € M, and

D (UL

keM
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then f in not periodic point free.

(b) If there exists j € M with j odd and f.;, = (1), and for i €
M\ {j} there isi' such that f. = fur and i Z i (mod 2), then
f is Lefschetz periodic point free.

Theorems 3 and 4 are proved in section 3.

Given topological spaces X and Y with chosen points o € X and
Yo € Y, then the wedge sum X VY is the quotient of the disjoint union
X and Y obtained by identifying xy and y, to a single point (see for
more details pp. 10 of [7]). The wedge sum is also known as “one point
union”. For example, S! V S! is homeomorphic to the figure “8,” two
circles touching at a point. We can think the wedge sums of spheres as
generalization of graphs in higher dimensions. In the following theorem
we consider conditions for a continuous self-map on the wedge sum of
spheres to be periodic point free.

Theorem 5. Let X = X,V ---V X; where X; = S™V sitmes VSt
I >0and1 <ny <---<ny, i.e. X is a wedge sum of spheres, and
Let f: X — X be a continuous map.

(a) If 0 is not an eigenvalue of fi for 1 <k <n; and
(1) —L (=DM s (1) s £ 0,

then f is not periodic point free.

(b) If n; = 0 (mod 2), for 1 < i <[ then f is not periodic point
free.

(¢) If n; =1 (mod 2), then f is Lefschetz periodic point free if and
only if there exists a unique 1 < j < [ such that 1 is a simple
etgenvalue for f.; and all the other eigenvalues f.; for1 <i <lI
are equal to 0.

Theorem 5 is proved in section 4.

If Il =1, and n; = 1, then X is the circle, a particular case of a
graph. Periodic point free maps on graphs were studied in [12].

If ] =1 and n; > 1, then X is the n;—dimensional sphere, and
a continuous self-map f of X is not periodic point free, unless n; is
odd, 1 is a simple eigenvalue of f,,,, and 0 is eigenvalue of f,,, with
multiplicity s; — 1. This fact follows from expression of the Lefschetz
zeta function of f which in this case is ¢;(t) = (1 — ) 'qu ()™
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2. PROOF OF THEOREM 1

Let X be a connected retract of a finite simplicial complex, and f
be a continuous self-map on X. Then the Lefschetz zeta function of f

is defined as
- L(f™) m
Cr(t) = exp <mg>1Tt > )

This function keeps the information of the Lefschetz number for all the
iterates of f, so this function gives information about the set of periods

of f.
Note that if f is Lefschetz periodic point free if and only if (;(t) = 1.

There is an alternative way to compute the Lefschetz zeta function,
namely

2) Cr(t) = [ [ det(Tdu — t£a) D™,

k=0

where n = dim X, n, = dim Hg(X,Q), Id := Id, is the identity map
on Hi(X,Q), and by convention det(Id.; — tfux) = 1 if ny = 0, for a
proof see [4].

Lemma 6. The Lefschetz zeta function of X can be expressed in the
form

(3) () =[] -~

A€A

Proof. We consider

() = Hdet Idy — tfu) O HH )t ) (<D

k=0 k=0 \€Ay
= H(l — t)\)ZZ:o(—l)k“multkA — H(l _ t)\)—e(k)
AEA AEA
This completes the proof of the lemma. U

From Lemma 6 it follows that the zero eigenvalues of f,; for 1 < k <
n do not contribute to any non-trivial factor in the expression (3) of
the Lefschetz zeta function.

Proof of Theoreml. If f is Lefschetz periodic point free then (¢(t) =1
If A € A is different from zero, then the factor (1 — t\) cannot be in
(3), i.e. e(N\) = 0.
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Since X is connected then 1 is a simple eigenvalue of f.q, then the
term (1 —¢)~! is a factor of (3). Hence 1 is an eigenvalue of f,z, for
some k # 0, and it is required that », ., multy(1) = 1 in order to have
e(l) =0.

From the previous arguments it is clear that if conditions (a) and

(b) of Theorem 1 hold, then f is Lefschetz periodic point free. This
completes the proof of the theorem. O

3. PROOFS OF THEOREMS 3 AND 4

Let X = S™ x.--xS™. Using the Kiinneth Theorem (see for instance
[7]), we cornpute the homology groups of X over the rational numbers
Q. They are given by

Q®d---®Q ifb#0,
———

Hk (X7 @) = b
{0} if b, =0,
with 0 < k < nqy + --- + ng; where b, is the number of ways that £
can be obtained as by summing up subsets of (nq,...,n,), i.e. by is the

cardinality of the set

{SC{I,...,ZHan:k}.

JeES

The numbers by are called the Betti numbers of X.

Proof of Theorem 3. We remark that b, # 0 if and only if £ € M. So
the formula (2) of the Lefschetz zeta function can be expressed in the
following manner:

C( 1_]‘/‘ 1qu k+1 1_t Hq (1k+1’

keM

where g (t) = det(/d., — tf.). Since the numbers n; are even, clearly
all the elements of the set M are even numbers. Therefore

1
Cf (t) = )
(1 =) [renr a(t)
the map f is not Lefschetz periodic point free. O

Let X =8" x --- x S™ with n; < --- < n; and we assume that the
cardinal of M is 2! — 1. In this case the Betti numbers of X are b, = 1
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if K € M and by = 0 otherwise, i.e.

l
Hy(X,Q) =Qif k€ {0} [ J{ns, +-- +ni, [0y <+ <is},
s=1

and trivial otherwise.

If f:X — X is a continuous map, the formula (2) can be written
as

(4) Gty =1 =6 T —at) 0",
keM

where fu. = (ag).

Proof of statement (a) of Theorem 4. The sum of the degree of the poly-
nomials of numerator of (4) minus the degree of the polynomials in the

denominator of (4), is
14 Z<_1)k+1'

keM

So, if this sum is not zero then (;(¢) # 1. Hence f is not periodic point
free. t

Proof of statement (b) of Theorem 4. If f has the property described,
then its Lefschetz zeta function is

Gt) = Q=0 [ —at) D"

keM
= (=7 =0 I - an
keM\{j}
= [I G-aty [ Q-at)™
ieM\{j} ieM\{j}
i=1 (mod 2) i=0 (mod 2)

Since for each i € M, with i # j and i« = 1 (mod 2), there exists ¢
satisfying ¢ = 0 (mod 2), and a; = a7, we have (¢(t) = 1. O

The particular case of a product of spheres with [ = 2 was studied
in [6]. If [ = 3 then
M = {nl,ng,ng, ny + No, Ny + ns, Na + ns, ny + no + ng} .
In this case the possible situations are:

(1) If nqy,ny and ng are even, then f in not periodic point free. As
it is a particular case of Theorem 3.
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(2) If ny,ny and ng are odd, then

Cf(t) _ (1 — amt)(l — amt)(l — an3t>(1 B an1+n2+n3t).

(1 o t)<1 o an1+n2t>(1 o an1+n3t)(1 o an2+n3t)

(3) In the case that two n; are odd and the other even. We can
suppose that ny and ny are odd and n3 even. Then

r(t) = (1 = an,t)(1 = apyt)(1 — Ay yngt) (1 — an2+n3t)'

(1 =1)(1 = angt)(1 = Ay 4y t) (L = @y gnytnst)

(4) In the case that two n; are even and the other odd. We can
suppose that n; and ny are even and ns odd. Then

Cf(t) _ (1 — anst)(l — an1+n3t)(1 — anz—l-nst)(l — an1+n2+n3t>'
(1= 1)1 = an)(1 = an,t)(1 = any1nyt)
In the cases (2), (3) and (4) the map f is not periodic point

free, unless the condition of statement (c¢) of Theorem 4 is sat-
isfied.

In the following lines, we consider for a product of three spheres a
situation when nq,ns, ng do not satisfy that the cardinal of the set M
is 23 — 1 = 7, but it satisfies that this cardinal is 6, being ns = n; + no.
By the Kiinneth formula we have that the homology groups of X are

Q ifk::nl,nQ,nl+n3,n2+n3,n1+n2+n3;

Hy(X,Q) =4 QaQ ifk=ns;
{0} otherwise.

Hence
2

Gns (t)(_l)n3+l H(l — anit)(_l)nﬂd(l — ani+n3t)(_1)"i+"3+1

Cr(t) = = ,
! (1= 1)1~ npnant)
where g, (t) = det(Idun, — tfins). The degree of the polynomial g,, (%)
is at most 2, and it is equal to 2 if and only if 0 is not an eigenvalue of

g

In this case the possible situations are:

(1) If ny and ns are even, then the numerator of the Lefschetz zeta
function is 1 and the denominator is a polynomial of degree
greater than 1. Hence (¢(t) # 1. Therefore f it is not periodic
point free. This is a particular case of Theorem 3.

(2) If ny and ny are odd. Then

. (1= an, 1) (1 = anyt) (1 — @pygnst) (1 — Ay ingt)
Grlt) = 0 =D — anr s D (0 '
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(3) If ny and ny have different parities, say n; even and nsy odd,

then
C(t) = (1 = anyt) (1 — anyngt)Gns (t) '
(1 - t)(l - an1+ﬂ2+ﬂ3t)(1 - amt)(l - am-l—mt)

In the cases (2) and (3), (¢(¢) # 1 if the eigenvalues of the
induced maps on homology are different from 0 and 1. However
in (2) and (3) it is possible that (f(¢) = 1 and consequently the
map f be Lefschetz periodic point free.

As we can see the combinatorial analysis of the Lefschetz zeta func-
tion becomes quite complicated when the numbers nq,...,n; do not
satisfy that the cardinal of the set M is 2! — 1.

4. PROOF OF THEOREM 5
Let X = X; V-V X; where X; = SV """ y§m | > 0 and
1 < mny < -+ < n;. The homology groups of X over the rational
numbers Q are

mg
Ho(X _J Qe ---®Q for k=0,mo =1, and for k = n;, m,, = s,
KX, Q) { {0} otherwise.

The computation of these homology groups follows from the facts H (X, Q) =
@élek(X’hQ)a Hk(XluQ) = Esz:lHk<Snl7Q)7 and Hk<SnlaQ> = Q fOI'
k = 0,n; and trivial otherwise, (cf. [7]).

Let f: X — X be a continuous self-map on X, its Lefschetz zeta
function has the form:

(5) Gr(t) = (1= (V") T
where g (t) = det(Idsn, — tfun,), clearly it is a polynomial of degree
smaller than or equal to s, the degree is s, if and only if 0 is not an
eigenvalue of f,,, . So if py(¢) is the characteristic polynomial of fy,
we have pg(t) = (—1)°*t%*qx(1/t). Therefore

(6)

Cp(t) = (1)L — ) (e py (1) DT (1)) Y

Proof of statement (a) of Theorem 5. From (1) and (6) if follows that
Cf(t) # 1, so the map f is not Lefschetz periodic point free, and con-
sequently f is not periodic point free. O

nl+1

Proof of statement (b) of Theorem 5. Since n; = 0 (mod 2) we have
that (;(t) = (1 —t)qu(t) - - q(t))~'. Then (s(t) # 1. Therefore state-
ment (b) follows. O
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Proof of statement (c) of Theorem 5. If n; are odd, for 1 < ¢ <, then
C(t) = qu(t) - qt)(1 — )~ Hence (;(t) = 1, if and only if there
exists only one 1 < j < [, such that ¢;(t) = (1 —¢) and for i # j,
¢;(t) = 1. We remind that ¢;(t) = 1 if and only if the eigenvalues of
fin; are equal to zero. And g;(t) = 1 —t if and only if 1 is the only
non-zero eigenvalue of f,, and it is a simple eigenvalue. This proves
statement (c). O
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