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JAUME LLIBRE AND MURILO RODOLFO CANDIDO

ABSTRACT. We characterize the zero—Hopf bifurcation at four singular points
of a hyperchaotic Lorenz system. Using averaging theory, we find sufficient
conditions so that at the bifurcation points periodic solutions emerge and
describe the stability of some orbits.

1. INTRODUCTION

The Lorenz system of differential equations in R? arose from the work of me-
teorologist/mathematician Edward N. Lorenz [20], who studied forced dissipative
hydrodynamical systems. As he was computing numerical solutions to the sys-
tem, he notice that initial conditions with small differences eventually produced
vastly different solutions, a characteristic of chaos. Since that time, about 1963,
the Lorenz system has become one of the most widely studied systems of ODEs
because of its wide range of behaviors. Although the origins of this system lies in
atmospheric modeling, the Lorenz equations also appear in other areas as in the
modeling of lasers see [12], and dynamos see [16].

In recent times a so-called hyperchaotic Lorenz system was introduced; see for
instance [1, 4, 7, 9, 14, 15, 22, 23, 24, 25, 27, 28, 30] and the references therein.
MathSciNet presently lists 32 papers on hyperchaotic Lorenz systems. We observe
that not all these hyperchaotic Lorenz systems are similar, since they can vary in
one or two terms. However these systems can be precisely definite as autonomous
differential systems in a phase space of dimension at least four, with a dissipative
structure, and at least two unstable directions, such that at least one is due to a
nonlinearity. The hyperchaotic systems has a dynamics hard to predict or control,
for this reason such systems are as well of use in secure communications systems
see, for instance [29].

Our aim in this work is to study, from a dynamical point of view, the 4-
dimensional zero—Hopf equilibria in the hyperchaotic Lorenz system. Here, a 4-
dimensional zero—Hopf equilibrium means an equilibrium point with two zeros and
a pair of pure conjugate imaginary numbers as eigenvalues. Using the method
of averaging and convenient changes of variables and parameters we can analyse
the zero—Hopf bifurcations. More precisely we study zero—Hopf bifurcations of the
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following hyperchaotic Lorenz system (as given in [7, 15])

& =aly—z)+w,

y=cr—y—xz,
(1) z=—bz+ zy,

w=dw— xz,

for appropriate choices of the parameters a, b, ¢ and d.

There are several works studying zero—Hopf bifurcation see for instance Guck-
enheimer [10], Guckenheimer and Holmes [11], Han [13], Kuznetsov [17], Llibre
[19], Marsden, Scheurle [21].... It has been shown that, under specific conditions,
some elaborated invariant sets of the unfolding could be bifurcated from a zero—
Hopf equilibrium and hence, in some cases, a zero-Hopf equilibrium could signal
a local birth of “chaos” (see [5, 21]). Also, recently Li and Wang [18] published
a paper on a Hopf bifurcation in a 3-dimensional Lorenz-type system. Due to the
complexity related to the high dimensionality, there is very little work done on the
n—dimensional zero—Hopf bifurcation with n > 3.

The characterization of the zero-Hopf bifurcation at the origin was recently study
by Cid-Montiel, Llibre and Stoica in [6]. In this work we are going to complete the
characterization analysing all singulars points for system (1).

2. STATEMENT OF THE MAIN RESULTS

In the first instance we are going to compute the equilibrium points of hyper-
chaotic Lorenz system (1). One may verify that for any choice of the parameters,
the origin of coordinates of R* is always an equilibrium point for the system. More-
over if ad # 1 and abd(l — c¢)(c — ad) > 0, system (1) will have two additional
equilibrium points

_ Vabd(1—c¢) | \/abd(1 —c)(c—ad) ad(l —c) | a(l —c)y/abd(1 - c)
pi_<i Ve—ad =+ 1—ad " 1—ad = (1 —ad)vec —ad )

Considering b = 0 then all the z—axis is filled of equilibria. And if b = 0 and
ad(1l — ¢)(1 — ad) # 0 we have the additional equilibrium point

ad(1l —c¢)
=100, ————=,0 .
p (77 17ad 7>

We observe that the two equilibria p . tends to the equilibrium point p when b — 0.
In short, the equilibrium point of system (1) can be p,, p_, p and the origin.

Note that system (1) is invariant by the symmetry (x,y,z, w) = (-, —y, 2, —w),
i.e. it is invariant under the symmetry with respect to the z-axis. Therefore, we
can study p, and p_ simultaneously using only one of these points. Due to that,
in what follows we consider the only equilibrium p, in order to verify its possibility
of being a zero—Hopf equilibrium for some values of the parameter, and clearly the
same will occur for the other equilibrium p_.

In the next result we characterize when the equilibria p, p, and the origin are
zero—Hopf equilibria. To simplify the expressions we define

Dy = Va5 + 2a® — 3a* — 14a3 — 14a2 — 4a + 1.

Proposition 1. The following statements hold.
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(a) The origin is a zero—Hopf equilibrium if and only ifa = —1,b=d =0 and
c>1.
(b) Assume that ad(1l —¢)(1 —ad) # 0 and b= 0. The equilibrium point p is a
zero—Hopf equilibrium if and only if d = a+ 1, and
14+d*—d*+ (d* -1
(b.1) either o d—( T e > 05
—1+4a(l+a)?(@®+2a+3)+ (a®> +a—1)D,
2a(a? + 3a + 3)
—4 — 9a — 10a? — 5a® — a* + (2 +a)D,

(b.24) orecq =

d N
o 3+ 3a+ a? > U
(b2) or e = —Ltal+a) (@ +2a+3) —(@®+a—1)Dq
2a(a? + 3a + 3)
—4 —9a —10a? — 5a® — a* — (2+a)D,
and S0

3+3a+a?
(¢) The equilibria p,. never are zero—Hopf equilibria.

Note that despite z—axis being filled of equilibria when b = 0, its only zero-Hopf
equilibria are the origin and the equilibrium point p. Furthermore, in Proposi-
tion 1, corresponding to the condition (a), there is one 1-dimensional parametric
family for which the origin is a zero—Hopf equilibrium point and there are three
parametric families for which the equilibrium point p is a zero-Hopf equilibrium of
the hyperchaotic Lorenz system, one 2-dimensional parametric family correspond-
ing to conditions (b.1) and two 1-dimensional parametric families corresponding to
conditions (b.24) and (b.2_).

If (a) holds the eigenvalues at the origin are 0, 0 and

twi =+vVc—11.

If (b.1) holds the eigenvalues at p are 0, 0 and

T+d®—d*+ (d® -1
(2) iwoi:i\/ ha * )Ci.

?—-d-1

If (b.21) holds the eigenvalues at p are 0, 0 and

3) S i i\/—4—9@—10@2—50L3—a4—&—(2—i—a)Da,
w, i =

2(3 + 3a + a?) "

If (b.2_) holds the eigenvalues at p are 0, 0 and

@ iwii\/49a10a25a3a4(2+a)Da.

2(3+ 3a + a?) "

The next results characterizes when periodic orbits bifurcate from these zero—Hopf
equilibrium points.

Theorem 2. (i) Consider system (1) where
(5) a=—1+¢eay, b=cb, c=1+c2, and d=-ed;.

For the zero—Hopf equilibrium at the origin we have:
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(a) If ay by # 0, a1 # di and cg > 0, then there exists an 1 > 0 such
that when |e| < €1 the hyperchaotic Lorenz system (1) has a periodic
solution

(2(t,€), y(t,e), 2(t,€), w(t,e)) =
6) € (\/MCO sin(cot), \/mcl(sin(cot) — cocos(cot)), arcy, 0) +0O(e2),

bifurcating from the origin. The periodic solution (6) is stable if by > 0,
a1 <0 and dy < aq.

(b) Ifbydy #0, a1 # dy and co > 0, then there is a convenient choice of €
such that for either e € (—e1, 0) ore € (0, 1) there are two additional
periodic solutions (x(t,¢), y(t, ), z(t,a)ﬂu(t,e))i =

bldl 2 3 bldl 2
(7) g (:l:C(MIH_C%, :l:CO b1d1(1+C%), Codl7 :l:CO 1—}—0% +O 3

emerging from the origin. These solutions are stable if by > 0, d1 > 0
and di < a;.
(ii) Considering system (1) where

(8) a=d—14¢ca; and b=e?by.

Ifarby £0,¢c#1,d ¢ {0, £1} and wy € R*, then there exists an 1 > 0
such that when |e| < €1 the hyperchaotic Lorenz system (1) has a periodic
solution

(z(t,e), y(t,e), z(t,e), w(t,e)) =

(E \/%1(1 —O - D —1)

dld—1)— 1

(w, cos(w,t) — sin(w,t)),

2, (1 —c)(d—1)d
V@a@-n-n@-1
(c—1)(d—1)d a1 (—cd*—cd+c+d* —d®*+d—1)

Z—d—1 ' ° (@2 —d—1)

)

2b1(1 —c)d(d—1) )

(9)  ed(d- 1)\/(d(d D)@ = 1) (dsin(w,t) + w, cos(w,t)) | + O(e?),
bifurcating from the zero—Hopf equilibrium point p. The periodic solution
(9) is unstable if ay < 0 or by(c— 1)(d — 1)d < 0. Furthermore, there is a
convenient choice of € such that for either ¢ € (—e1, 0) ore € (0, €1) there
are two additional periodic solutions (:E(t,z—:), y(t,e), z(t, ), w(t,s))l =

_\/bl(c—l)(l—d)d bi(c—1)(1 = d)d(c+d— d?)
N a2 F dd—1) -1 ’

(10)
(c—1)(d—1)d aj(c—1)d € \/bld(c —1)3(1 - d)3> +O(?)

dd—1)—-1  A-d-a)2 dd—1)—1 ctd—d?
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and (x(t,¢),y(t,e), 2(t,€), w(t,e)), =

(5\/b1(c—1)(1—d)d _E\/bl(c—l)(l—d)d(c—i—d—dQ)

c+d—d? dd—1)—1 ’
(11)
(c—1)(d—1)d ai(c—1)d —€ bid(c—1)3(1 —d)3
e e A )w(sz)

emerging from p. These orbits are unstable if a; < 0 orby(c—1)(d—1)d > 0.
(iii) Considering system (1) where

(12) b=¢by, c=cy+ec; and d=1+a+ed;.

2
€1 > 0 such that when |e| < 1 the hyperchaotic Lorenz system (1) has a
periodic solution (z(t,e),y(t, ), z(t,€),w(t,e)) =

Ifbidy #0,a ¢ {—2, -1, 0, 1*‘/5, %‘/5} andw, € R*, then there exists

a a a)3
(a (1 fc;;w) ((3 +(61L(—§+)a))2 (14 a(16 + a(45 +a(59 + 2a(20

1

+a(7+a)) + Da)) sin(e, ),

< a(l+a)?
a(l+ a)w+\/m ((3 a3 +a))? (1+a(16 + a(45 + a(59

+2a(20 + a(7+ a))))) + Da)> : (w, cos(w, t) —sin(w, t)),

(13)
(a—l—l)(a‘n’—i—3a2—&—46L—|—Da—|—1)+ (a+1)
2 (a2 +3a+3) 2@ ta—1)(alat3)+3)

(2a(a(a+3) +3)c1 — ala(a+5) + 8)dy + d1 Dy — 5dy),

a a 3
w \/Zﬂ ((3 +(c1¢(g +)a))2 (14 a(16 + a(45 + a(59

+2a(20 4+ a(7+a))))) + Da)) : (w, cos(w, t) + (1 +a) sin(w+t))) +0(?),
bifurcating from the zero—Hopf equilibrium point p. Furthermore, there is a

convenient choice of € such that for either € € (—e1, 0) ore € (0, £1) there
are two additional periodic solutions (x(t,¢),y(t, ), z(t,s),w(t,e))l =

(8\/b1(Da+a3+a21) 5(1a(1+a)(2+a)+Da)\/bl(Da+a3+a21)

2 ’ 3+ 3a+ a?) 2 ’
(14 a)(1+ 4a + 3a* + a® + Da) €
2(3+a(3+a)) 2(a®’+a-1)3+a(3+a))

<2a(1 +a)(3+a(34+a))cyg—dy —a(d+a(3+a))d; — dlDa),
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(14)
144 >+a*+ D D f4a?—-1
~e(l+4a+3a®+a’ + a)\/bl( at+a*+a ) +O()
2(3 + 3a + a?) 2

and (x(t,e),y(t,e), z(t,e), w(t,e)), =
(6\/b1(Da +a*+a?>—-1) e(1—-a(l+a)?2+a)+ Da) \/bl(Da +a®+a?—-1)

2 ’ 3+ 3a+a?) 2 ’
(1+ a)(1 + 4a + 3a® + a® + Da) €
23+ a(3+a)) 2(a® +a—1)(3+a(3+a))
(Qa(l +a)(3+a(3+a))co — di — a4+ a(3 + a))dy — dlDa),
(15)

e(1 +4a + 3a® + a3 + Da) \/bl(Da+a3 +a?-1) + O
2(3 + 3a + a?) 2
emerging from p. These orbits are unstable if dy > 0 or if the eigenvalues

(34) are non-zero real numbers.
(iv) Consider system (1) where

(16) b=¢e%by, c=c_~4ec; and d=1+a+ed;.
If bydy # 0, a ¢ {—2, -1, 0, %\/5, %‘/5} and w_ € R*, then there

exists 1 > 0 such that when |e| < &1 the hyperchaotic Lorenz system (1)
has a periodic solution (x(t,€),y(t,€), z(t,e), w(t,e)) =

2+a
(ga(l Ta)B+aBta)w.

+a(T+a))) — Da))* |a] sin(w_t),

(a(l 4 a)®b1 (1 + a(16 + a(45 + a(59 + 2a(20

€
V24 a3+ a3+ a))|al(a+ a?)w_
+ (a(l 4 a)®b1 (1 + a(16 + a(45 + a(59 + 2a(20a(7 + a))))) — Da))% (w_lal cos(w_t)
(a+1)(a®+3a% +4a— D, +1) ela+1)

2(a®+3a+3) 23+ a(34a))(a2+a—1)
5

(2a(3+ a3+ a))cr — (5+ a8+ a(5+a))dy — diD,)), T aB ol a)ale
(a1 +a)*b1 (1 + a(16 + a(45 + a(59 + 2a(20 + a(7 + a))))) — Da))*
(17)
(cos(w_t) + a(l + a)sin(w_ t))) + O(e%)

—asin(w_t)),

bifurcating from the zero—Hopf equilibrium point p. Furthermore, there is a
convenient choice of € such that for either € € (—e1, 0) ore € (0, €1) there
are two additional periodic solutions (x(t,),y(t, ), z(t,a),w(t,s))i =

3 2 _ 1 _ _ 3 2 _1_
<i€\/b1(a +@?—1-D,) | el +0)2+a 1+Da)\/b1(a +a®>—1-Dy)

2 2a(a? + 3a + 3) 2

(14+a)(I+a4+a(3+a))—D,) n €
2(a%2 4 3a+3) 2(a® 4+ a? — 1)(a® + 3a + 3)




ZERO-HOPF BIFURCATIONS IN A HYPERCHAOTIC LORENZ SYSTEM II 7

(2(1(1 +a)(a® +3a + 3)co — dy — a(d+ a(3 +a))d; + dlDa>,
(18)

+e

1+a(d+a(3+a))— D, [bi(a®+a®>—1-D,)
2(a2 + 3a + 3) \/ 2 ) +O(%)

emerging from p.

Theorem 2 is proved in Section 4.

In statements (iii) and (iv) Theorems 2 we do not provide the type of linear sta-
bility for the solutions (13), (17) and (18) because the expressions of the eigenvalues
are huge.

3. THE AVERAGING THEORY FOR PERIODIC ORBITS

The averaging theory is a classical and well known tool for studying the be-
haviour of the dynamics of nonlinear dynamical systems, and in particular their
periodic orbits. The method of averaging was originated in the works of Lagrange
and Laplace in 18th century, although its formal proof only came out in 1928 by
Fatou [8]. Before the Fatou’s work there was only intuitive justifications for the
method. After the formalization of the theory important contributions were made
to averaging by Krylov and Bogoliubov [3] in the 1930s and Bogoliubov [2] in 1945.
The first order averaging theory of periodic orbits can be found in [26], see also [11].
The small part of the averaging theory that we shall need for proving our results
can be summarized as follows.

We consider the initial Value problem

(19) x = eF(t,x) + °Fay(t,x,e), x(0) =x
and
(20) y =¢9(y), y(0)=x0

with x, y, and x¢ in some open Q of R™, ¢ € [0,00), € € [—£0,£0]. We assume F1,
F5 are T—periodic in the variable ¢, and we set

T
(21) g(y) = %/0 Fi(t,y)dt.

Theorem 3. Assume that F1, Fo, DxF{, Dy F; and DxF, are continuous and
bounded by a constant M independent of € in [0, 00) x Qx [—eg, £0], and that y(t) €
fort €[0,1/le|]. Then the following statements holds:

(a) Fort e [0,1/le]] we have x(t) —y(t) = O(e) as € — 0.

(b) If s is a singular point of system (21) and det Dyg(p) # 0, then there exists
a T-periodic solution ®(t,e) for system (19) which is close to s and such that
®(0,e) —s=0(e) ase — 0.

(¢) The stability of the periodic solution ®(t,e) is given by the stability of the sin-
gular point.

For a proof of Theorem 3 and more information on averaging theory see Theorem
11.5 of the book [26], where it is stated on the € € [0,£) but in fact following the
proof the same result works for € € [—¢£¢, €¢] as it is stated here.
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Lemma 4. Let ®(t,e) the periodic solution given by the statement (b) of Theorem
3, then as € — 0 we have

(22) O(t,e) = s+ O(e)
Proof. Consider
(23) o(t,2) = (0,¢) +g/0 (Fl(s,cb(s,e)) +5Fg(s,¢(s,s),s))ds

the periodic solution given in (b). Assuming ¢ € [0, 7] we have by hypothesis that

/Ot (Fl(S, D(s,e)) + eFa(s, (I)(S,E),E))ds

so as ¢ — 0 we can say that ®(t,e) = ®(0,e) + O(g). Thus using also that
®(0,e) — s = O(e) we obtain the equation (22). O

< (I+ le)MT,

4. PROOFS

In this section we prove our results.

Proof of Proposition 1. First we assume that b = 0. The characteristic polyno-
mial P()) of the linear part of the differential system (1) at the equilibrium point
(0, 0, 20, 0) is

M4 (a—d+ 1N+ (—ca — da + 200+ a — d + 20)\* + (—ad + acd — azod + 2p)\.
Clearly an equilibrium point is a zero—Hopf equilibrium if and only if P()\) =
A? (A2 + w?) with w > 0. Hence solving the equation P(A) = A? (A? +w?), with
respect to the parameters a, b, ¢, d and w, we get in only two real solutions:

S1: w=+c—1, 20 =0, d=0, a=—1;

(2+a)zo (a®> +a)(c—1)
D ow= B (14 g2 AR d=a+ 1
Sy w \/ T+a (1+a)?, 20 pra—— a+

The solution S; says when the equilibrium point located at the origin is zero—Hopf,
proving statement (a), and it is easy to check that the solution Sy corresponds to
the equilibrium p.

Now we shall provide necessary and sufficient conditions under which either p,
if b# 0, or pif b = 0, is a zero-Hopf equilibrium point. The Jacobian matrix of
system (1) evaluated at p, is

—a a 0 1
ad —c¢ 1 abd (1—c)
ad —1 Ve—ad
A= Vabd (1—c¢) (c—ad) +/abd (1-c)

ad —1 —Ve—ad
ad(l —c) 0 Vabd (1—c) (c— ad)

ad —1 Ve—ad
and its characteristic polynomial is P(\) = A* 4+ 03A3 4+ 02\ + 01\ + 0 with
o9 = — 2abd(c — 1),
—a?d?® — 2a3d? — a®d® + ac — dc + adc + a*dc + 2ad?c + 3a*d*c + 2a3d?c
(ad — 1)(ad — ¢)

o

\
>
(an]

d

g1 =
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. —a’d®c — ac® — 2adc® — a?dc?
(ad — 1)(ad — c) ’
ad? — a?d — a®bd + abd? + a®*bd? — a2d® — a*d® — a?bd® + ac + be + abe — dc
(ad — 1)(ad — ¢)
a%de — bde — 2abde — a?bde + ad?c + 2a2d?c + abd?c + a®bd?c — ac® — adc?
+ )
(ad —1)(ad — ¢)

g9 —

o3=14+a+b—d.

The expressions for the matrix A and for its characteristic polynomial also work
for the equilibrium p taking b = 0.

Forcing that P(\) = A2 ()\2 +w2), i.,e. we must solve the following system:
03 =0, 0y = w?, 07 =0 and oy = 0. Obtaining the following three real solutions:

Sl:w=wy,b=0and a=d—1;
S? w=w_,b=0,d=14aand ¢c=c_;
SS:w:w+,b=0,d=1—|—a and ¢ = cy;

where ¢ are defined in the statement of Proposition 1, wp in (2) and wy in (3) and
(4).
The solution S says that p is a zero—Hopf equilibrium if condition (b.1) holds.
While the solutions S? and S® correspond to the fact that p is a zero-Hopf equilib-
rium when conditions (b.2+) and (b.2—) hold. This completes the proof of statement
(b).

Since in the three solutions we have b = 0 it follows that the equilibrium p, never
can be a zero-Hopf equilibrium, proving statement (¢) and consequently proving
Proposition 1.

Now we are going to proof the results about the bifurcation of periodic orbits from
zero—Hopf equilibrium points. All the next proofs will follow some standards steps.
First let p be a zero-Hopf equilibrium point of system (1), then we translate it to the
origin of coordinates using the change of variables (z,y, z,w) = (Z,7,Z,w) + p, and
we re-scale the system doing (7,7,%z,w) = (X, Y, Z, W). In these new variables
(X, Y, Z, W) the linear part of the system has eigenvalues 0, 0, iw and —iw, so in
the systems here studied there exist a linear change of variables,

X z
Y _,|v
z | =2 2]
w w
that transform the linear part of the differential system into the matrix
0 —w 0 0
g | @ 0 00
10 0 0 0|
0 0 00

in the variables x=(Z, 7, Z,w) the system becomes x = Jx + &G (t,x) + £2Ga(t,x).
Using generalized cylindrical coordinates (r, 8, z, w) where = rcosf, § = rsinf
with r > 0, z = z and w = w, we obtain a new system

i =e(H(t, (r, 2, w), €)),
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0 =w +5(H2(t, (r, z, w) 5)),
(24) z =e(Hs(t, (r, 2, w), €))
W =e(Hy(t, (1, 2, w), €))
where the expressions for the functions H;(t, (r, z, w), €) with i = 1,2,3,4, are

given in (28), (38), (39) and (40). Taking 6 as the new independent variable we
finally get the system

7
) € )
)

, €

dr

% =€F11(9,Y) + €2F21(97y7€)7

dz
(25) @ :€F12(97 y) + E2F22(97 Yy, 6)7

dw

@ :€F13(97 Y) + E2F23(97 y, 6)7
where

Fi(0,y) = (Fi1(0.y), Fi2(8,y), Fi3(0.y))

and

F2(97y7€) = (F21(97ya€)7 F22(07y76)a F23(0;Yv5))

are 2n—periodic in 6, with y = (r,z,w). Then we can apply Theorem 3 to the
differential system (25). If s = (ro, 20, wp) is a singular point of the averaged
system (20) corresponding to system (25) by Theorem 3 and Lemma 4 there is a
periodic solution (r(6,¢), 2(0,¢), w(d,¢)) = (10, 20, wo) + O(e) for system (25).

Using the expression of § = wt + O(e) obtained from (24) and going back to the
cylindrical coordinates we have the periodic solution

(r(t,e), 0(t, ), z(t,e), w(t,e)) = (ro, wt, 20, wp) + O(e)

of system (24). This periodic solution becomes the periodic solution for the system
(Z,9,z,w). So for the system (X,Y,Z, W) we have the periodic solution

ro cos(wt)

ro sin(wt)

(X(t,e), Y(t,e), Z(t,e), W(t,e)) = A + O(e)

20
Wo

Hence for the system (T, 7, Z, W) get the periodic solution

o cos(wt)
7o sin(wt)
20
Wo

(Z(t,€), Gt €), Z(t, ), W(t,e)) = eA +0(e?)

Finally for the system (&, y, 2, w) we obtain the periodic solution

0 cos(wt)
7o sin(wt)
20
Wo

(26) (z(t,e), y(t,e), z(t,e), w(t,e)) =p+eA +0(?).

the equation (26) is used to write the periodic solutions founded in this paper.
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Proof. of statement (i) of Theorem 2. First we assume the condition (5) and the
new scale (z,y, z,w) = ¢ (T,7,Z,W) to system (1), obtaining
T=(-14¢ea) (7—7) +w,
y=1+c)T -y -77%
(27) Z=—cbiZ+cT7,
W =ediW — €T Z.

We now proceed the linear change of variables

_ 5+~
T== 41y,
c? y
_ (1+c} I
Yy =z P) —Ccox + Y,
Co
zZ =w,
w =z,

in order to write the real Jordan normal form for the unperturbed part of system
(27) in accordance with the matrix

0 —co 0 0

j_| @ 0 00
0o 0 00|
0 0 00

thus, omitting the tilde, we obtain the new system

z(a1 + dl) . a11’>

;ic—coy+s(
Co

. A(wy — di2) + wz
y:cox+s<a1(z—com)+ o(wy 41) ),

Co
zZ=¢ (dlz—w<22+y>>,
€
. z z
wzs((z +y> (2—cox+y+z> —b1w>.
€ €

Finally we use the generalized cylindrical coordinates to write the previous system
in the form (19),

T :E(C%(cg(al + dy) cos 0 + (arcy — cgdy + w) sin ) +
0
. 02
r(wsil — aq cos8? — ayjco cos@sin@)),
i)

0 =co + e(cosO((arcy — c§di + w)z + cgr(aicy + w) sin )

(28) — archrcos§? — cj(ar + di)zsinb),

. € .
i=3 (c%dlz — w2z — cirwsin 9),
0

w ze(— blw + (c% —I—Tsin9) (z—|— % —cwcos(@—&—rsin@))).
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We also take 6 as a new independent variable, obtaining the system

dr (alcér cos?(0) —sinf (z (arcd — c3dy + w) + cGrwsin())
=c

do —cd

N cj cos(f) (arcgrsind + z(—ar — dl))> + & Fo(0,y,¢),

d d in¢
(29) az —c <_w; + Gz rwsn ) +52F22(97ya5)a

do c} Co Co
dw ( biw 2%  2rzsinf 2?2 rzcosf N 72 sin?(0)
A 5 3 3 2
df co 9 c} e} g co
rzsinf .
— r2sin 6 cos 9) +e2Fp3(0,y,¢),
Co

where Fo(0,y,¢) = (F21(9,y,5), Fy(0,y,¢), F23(97y,5)) is a 2r—periodic function
infandy = (r,2,w).

To study the periodic orbits of system (29) we compute the average system (21)
of Theorem 3 corresponding to this system

g(y) = (T (w - CLIC%> z (C(Q)dl - w) r?2 —2bjw n (C% + 1) 22>

3 ’ 3 ’ 5
2¢p e 2cq c

solving the non-linear system g(y) = 0, we have

So = (CO\/ 2a1by, 0, alcﬁ) )

The solution sg has the Jacobian

det( a1bl Cl1 d1))

c
which is non-zero under conditions (a), then by Theorem 3 we know that there is
a periodic solution ®(t,¢) close to sg such that ®(0,¢) = sg + O(e). Which, using
Lemma 4, provide the periodic solution (6) of (1).
—bl + b1(4a1—|—b1) and d1 7&1’
2¢co Co
we use Theorem 3 (c) to study the stability of the periodic solution (6). Here we
divide the analysis in two cases:
7b1 + b1 (4[11 + bl)

260

We also notice that the eigenvalues of sy are

€ R: In this case the solution is stable if d; <

(1) When

—b
al,b1>0and71§a1<0.

(2) When 7b1 + b1 (4@1 + bl)
260

al,b1>0anda1<%bl

€ C: In this case the solution is stable if d; <
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In summary this periodic solution is stable if by > 0, a; < 0 and d; < a;.

o) bidi(di —
The solutions s{ and sJ are such that det (g(sQ)) = M, fori=1,2.
¢

oy " s
By hypothesis (b) they also provide two additional periodic solution for system (1)
if r = er; + O(e?) > 0, this is possible restricting ¢ to one of the half intervals

€ € (—e1,0) or € € (0,e1).
by + +/b1(by — 8dy)
and

—200

We notice that s and s has the same eigenvalues
d1 — a

200
the periodic solution (7) is stable if b; > 0, d; > 0 and aq > d;. O

. Thus, following the previous analysis, we can say by Theorem 3 (c¢) that

Proof. of statement (ii) of Theorem 2. Assuming the conditions (8), system (1) has
two equilibrium points p, and p_, when € — 0 these equilibria tends to

(d—1d(c—1)
p:<0’0’ (d-1)d—1 ’0>'

We now are studying the bifurcation of periodic orbits from this point. First, we
translate p to the origin of coordinates doing (x,y, z,w) = (Z,7,Z, W) + p, then we
introduce the scaling (7,7,z,w) = ¢ (X,Y, Z,W). With these changes of variables
the hyperchaotic Lorenz system (1) becomes

X=01-d)X+d-1)Y+W +ea (Y — X),

. —d*+d+c
S CEvar1 VT
(30) : bid(d(—c) +d+c—1)
Z= XY ) - Z
5( (d—1)d—1 + > ez,
, (d(—c) +d+c—1)
= X —eXZ.
w d( d=1)d—1 +W €

‘We no proceed the linear change of variables

2 _
x - 1)g+z,
wo
1. (e—d*+d)_ _
Y_—W—Oy—id_l)d_lz+a:,
Z =w,
2(d — _ _
w o @@d=1)-  (c-1){d 1)~+(d_1)d§’

wo T d-Dd-1"

in order to write the real Jordan normal form for the unperturbed part of system
(30) in accordance with the matrix

o O OO
o O OO
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thus, omitting the tilde, we obtain a system in the form x = Jx + eG(¢,x) +
£2Go(t,x) where x=(z,y, z,w),

)
; and Gao(t,x) = 0 ,
)

with
(a1(c=1)(d—1)z—ay (d—2)d®* + 1)z + d (—d*> + d + 1) wz)
((d=1)d—1)(d* —1)
(d* —2d® + d) y(ard — (d + 1)w)
((d—=1)d 1) (d* = 1) wo
(—d2+d+1)* W ((d2 = 1) Y + woZ)
(@2 — 1) (—cd? +c+ (d—1)d® — 1)
@ 4d+ 1) (1) (—ed® et (d—1)dE — 1)
(d=2)d*+1) (—c(d+ 1)+ (d—1)d* + 1) (wo ((c —1)Z
+(-d*+d+1)X) + ((d—1)d —1)d*Y),
ardwo ((c—1)Z+ (—d?* +d+1) X) + a1 ((d — 1)d — 1)d3Y
wo((d=1)(ecd+c—d3)+1)
(—+d+1)*W ((d>=1)Y +woZ)
wo((d=1)(ed+c—d3)+1)
—(b1(c—1)(d—1)d+ Z(cZ — (d—1)d(X + Z)) + X Z)
((d—1)d—-1)
Y2 (= (c(d®=1)+d(—d(wd+2) +wd+1)+wi+2))
((d—1)d — 1)w§
YV ((d*>-1) X — (w2 +2)2)
wo

Gll(t, X) =

Glz(t, X) =

G13(t, X) =

)

Ga(t,x) =

_|_

_|_

We now use generalized cylindrical coordinates obtaining system (38). Taking 6 as
the new independent variable we have

% ~((d- 1;:— 1)2wo (d2z— T ((dd=1) = (ar(c=1)(d = 1) +d(d

—d* — Dw)wgcos O + (—ay(c —1)(d — 1)(c+cd+d* —d> — 1)
— (d(d — 1) — 1)*w)sin0) + ((d(d — 1) — 1)*rwo (a1 (d(d
—1) — 1wi cos? 0 + % Foy (0, y, ),

% :m ((al(c —1)d+ (1 +d— d*)w)zwo + (d(d — 1) — 1)r
(31)

(—ardwo cos O + (a1d® +w + d(1 + (d — 2)d(1 + d))w) sin 0)) + &2 Fp(0,y,¢),
dw ¢ (bl(cl)(dl)dwo —(c+d—d?)z

9 W2 dd—1) -1 dd—1)—1

+ (2wo + (d* — 1)rsin0) (
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7 sin 6
+ rcost —

)> + 52F23(97Yv€)7

Wo

where Fo(0,y,¢) = (F21(9,y,5), Fys(0,y,¢), F23(9,y,5)) is 2r—periodic in 6 and

y = (r,z,w).

We are going to applying Theorem 3, thus we compute the average system g(y) =
(01(y), 92(y), g3(y)) corresponding to system (31) where
rlag(1—d+d®—d* +c(d®—d—1))+ (1 +d— d*)w)

2(d(d—1) — 1)wd ’
ai(c—1d+ (1+d—d?*)>?w)z
aly) == DEr LTI
(d(d—1) — 1)w;
—2by(c—1)(d—1)d — 2(c+d — d?)z?
93(y) =
2(d(d —1) — 1wo
(d(d—1) —1)%(d? — 1)r?
2(d(d—1) = 1)(d3(d—1) —cd+ ¢ — 1wy’

91(y)=—

+

solving the non-linear system ¢(y) = 0, we have

B 2byd(d —cd+c—1) 0 ar(d—1+(d—1)d3 —c(d* +d —1))
W@ Ddd—1 -1 dd—1)—1)

o VA —c(d—1dbi  ai(c—1)d
CoVerd—-& 7 (1+d-d)?)’

s (o _\/(1—0)(d—1)db1 ~ai(c—1)d
2\ Vetrd—& ' (1+d—d?)? )’

The solution s; has the Jacobian

et (gg(s1)> __able-1)(d-1d
Yy

5
wo

1
1

which is non-zero, then by Theorem 3 we know that there is a periodic solution
®(t,e) close to s; such that ®(0,e) = s; + O(e). Which, using Lemma 4, provide
the periodic solution (9) of (1).

—bi(e=1)(d—-1)d
VI D@D o
Wy wo
By Theorem 3 (c¢) the periodic solution (9) is unstable if a; < 0 or by (c—1)(d—1)d <
0.
0 bi(c—1)(d—1)d
The solutions s} and s} are such that det (@i(s})) =4 i w5)( ) )
0
for i = 1,2. They also provide two additional periodic solution for system (1)
if r = ery + O(2) > 0, this is possible restricting € to one of the half intervals
e € (—&1,0) or € € (0,e1).

We also notice that the eigenvalues of s; are £+

V/2bi(c — 1)(d —1)d

We notice that s} and s} has the same eigenvalues + 5 and
“wo
—;—1. Thus, by Theorem 3 (c), the periodic solutions (10) and (11) are unstable
w

0
ifa; <0orbi(c—1)(d—1)d > 0. O
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Proof. of statement (iii) of Theorem 2. Assuming the conditions (12), system (1)
has two equilibrium points p, and p_, when € — 0 these equilibria tends to

o (0.0 (@D (@ +3a> +dat Do +1) )
2(a? 4+ 3a +3)

We now are studying the bifurcation of periodic orbits from this point. First, we
translate p to the origin of coordinates doing (z,y, z,w) = (%, ¥, Z, W) + p, then we
introduce the scaling (7,7,z,w) = ¢ (X,Y, Z,W). With these changes of variables
the system (1) becomes

X =a(Y = X))+ W,
(-1+a(l+a)(2+a)— D)X

2) Y= - Y+ X(e1 -2
(32) 2a(3 + a(3 + a)) Xl —2),
7 =¢ (XY _(+ah(l+ad+aB+a)+ D“)) — &%, Z,
2(34+a(3+a))
. (1+a)(1+ad+a(B3+a))+ Dy)X
W =W +aW — diW — XZ).
ta 23 1 a3 + a)) +e(d )
We now proceed the linear change of variables
X =34 2+ay
(1+a)w,
z (a(l+a)2+a)— D, —1)Z v
Y = — ,
a+ a? 2a(3+a(3+a)) (a+a?)w,
7 =w,
W5+ (I14+a(d+a(B+a))+ D,)z 1+a)y ’

23+ a(3+a)) (a+a?)w,

in order to write the real Jordan normal form for the unperturbed part of system
(32) in accordance with the matrix

0 —w, 00
e 0o 00
0O 0 00
0O 0 00

Thus, omitting the tilde, we obtain a system in the form x = Jx + eG4 (¢,x) +
£2Gy(t,x) with x=(x,y, z,w). Following the idea of the previous demonstration we
can use cylindrical coordinates, obtaining system (39). In order to put this system
in the form (19), we take 0 as the new independent variable and then we have

d 3

dig =— 5((1 +a)(3+a(3+a))dy (\/§w+> 7 cos 6

sin 0

34+ a3+ a)

+a(16 + a(45+ a(59 + 2a(7 +a))))d1 + (a(1 + a)(2+a)(3+ a3+ a))c

+d1)Do+di + (—1+a+a*)(3+a(3+a))(4+ a9+ a(10+a(5
ta))—Dy,) — 2Da)w)z +2(3+ a(3 + a))?

(- all+a)(3+a(3+a)(A+a(9+a(10+a(5+a)))er
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D) r((l +a)(a(2+a)er — (1 +a)dy)

—a(9+a(10+a(5+a)) —
3+a(3+a)
—2+4+a)(-1+a+ aQ)w) sin@) +e2F5(0,y,¢),

% :g(\/i(?, +a(3+a))e((1+a)V2w, (a(6e; — 4di) — di (1 + Dy) + a*(12¢;
—3dy — 10w) + a®*(8cy — dy — 8W) + 2a*(¢; — w) + 6w)z +2(3
+a(3+a))r(—(1+ a)d1 V2w, cosf — V2((1 + a)(dy + a(—(2 + a)ey

(33)  +d1)+ (2+a(a® +a— Dw)sing)) ) +2Fn(0,y,2),

% _— 5(2(1 +a)®(aby (1 + a(16 + a(45 + a(59 + 2a(20 + a(7 + a))))) + Da)
+(1—a(l4+a)(@®+a—-1)B+aB+a))+ D, +al5+a(4+a))D,)z?)
+@B+aB+a)r(—2(1+a)(4+a(9+a(10+a(5+ a)) — Dy)zcos
+2(2+a)(3+ a(3 +a))rcos(20) + V2(1 + a)(a(2 + a)(3+ a) — 3 — Dy)

—2(4+ Da))\/§w+zsin9 +(2+a)B3+al3+ a))r(\/i\/iw+ sin(20))))/

<a(1 +a)’B+aB+a)(d+a9+a(l0+a(5+a)) — D,)

—2D,)

—2(4+a(9+a(10+ a5+ a)))) +2(2+a)D,
3+a(3+a)

+ 52F23(97 Y, 8)7

with Fa(0,y,e) = (Fgl(é’,y,g), Fy(0,y,¢), Fgg(&,y,a)) a 2m—periodic functions
function in 6.

Now we can apply Theorem 3 and calculate the averaging system g(y) = (g1(y), g2(y),g3(y))
of (33) where

1

gi(y) =BT aBT )R ((1 +a)(2a(3 + a(3 + a))er — 5dy
—a(8+a(5+a))d + diDa)r = 2(a* +a = 1) (3+ a3 + a))rw),
BaY) =357 a@i > (2ale ) + Balat Dier —w) +w)
~ (ala(a +3) +4) +1)dy — di D, )
g3(y) = — (3+a;+a)w+ ( 21+ a)by (14 a(4+ a3+ a)) + Da)
. (2+a)(3+a(3+a)) (2( Dqo) + a(9+ a(10 + a(5 + a)) + Dy))r?

(+ 3—|—a)
+2(—1+a(1+a)(2—|—a) D)z>

a
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The non-linear system g(y) = 0 has the solutions

a(l+a)®by (1 + a(16 + a(45 + a(59 + 2a(20 + a(7 + a))))) + Da)

=T 2+ a)(3+a(3+a)’ ’
(14 a)(2a(3 + a(3+a))er — (5 + a8+ a(5 +a)))di + diD,) )
0, )
2(a®>+a—-1)(3+a(3+a))
2 (o \/(a3+a2—1+Da)b
1 — ) \/? 9

—2a(l1+a)(3+a(3+a)ey +dy +a(d+a(3+a))d; + Dad1)>
2(a®2+a—-1)(B+a(3+a)) ’
2 <O 7\/(a3+a2—1—|—Da)b
1 — ’ \/i ’
—2a(1+a)(3+a(3+a)er +di +a(4+a(3+a))d) + Dad1)>
2(a2+a—1)(3+a(3+a)) '

The solution s, has the Jacobian

0g (1 +a)(a®+a—1bidi(1+a(4+a(3+a)) — D,)
det ((52)> - 2(3+ a3+ a))wt

which is non-zero, then by Theorem 3, there is a periodic solution ®(¢,¢) close to
so such that ®(0,e) = sy + O(g). Which, using Lemma 4, provide the periodic
solution (13) of (1).

The solutions s? and s are such that

b

det @(52) _ (®+a-1)bidi(a(1 +a)(2+a) = Dy —1)(Dg +a* +a® — 1)
oy ) 4a(3 + 3a + a?)w®

for i = 1,2. They also provide two additional periodic solutions for system (1)

if r = ery + O(g?) > 0, this is possible restricting € to one of the half intervals
g € (—&1,0) or € € (0,e7).

d
We notice that s? and s has the same eigenvalues L and
w
+

+1
a(3+a(3 +a))w?
+103a™ + 42840 + 1202a” + 2427a® + 36994 + 4487a°% + 4581a° + 4038a*
+2948a® — (a + 1)*(a +2)* (a* + a + 1) (a(a + 3) + 3)(a(a + 4) + 5)D,

(34)

(—a2(a +1)(a®>+a—1) (ala+3)+3)%h (a (a'® + 154"

+16140% + 573a + 100) + D, +1) ) .

Thus, by Theorem 3 (c), the periodic solutions (14) and (15) are unstable if d; > 0
or if the eigenvalues (34) are non-zero real numbers. (]



ZERO-HOPF BIFURCATIONS IN A HYPERCHAOTIC LORENZ SYSTEM II 19

Proof. of statement (iv) of Theorem 2. Assuming the conditions (16), system (1)
has two equilibrium points p, and p_, when € — 0 these equilibria tends to
(o (a+1)(a® +3a® +4a — D, + 1) 0
P=\" 2(a? + 3a + 3) )
We now are studying the bifurcation of periodic orbits from this point. First, we
translate p to the origin of coordinates doing (x,y, z,w) = (T, 7, Z, W) + p, then we
introduce the scaling (7,7,z,w) = ¢ (X,Y, Z,W). With these changes of variables
the system (1) becomes
X =W +a(Y — X),

1+a)2+4+a)+D,—1

y =

X-Y+ela—2)X,

2a(3 + a(3 +a))
35) 7= (xv-_ (14 a)bi(1+a(d+a(3+a))— D,) _ 27
a 2(3+ a(3 +a)) r
- _ (1+a)(1+a(d+a(3+a) — D) _
W=1+a)W 2(3+a(3+a)) X+e(diW-XZ).
We now proceed the linear change of variables
s V2(24a) _
X_w+7(1+a)\/§w_y+z’
y = 1 (—2v2(3+a(3+ )7+ Ve ((1+a)(-1

2a(1+a)(3+a(3+a))vV2w_
+a(l+a)2+a)+D)w+2(3+a(3+a)Z+(1+a)(—1+a(l
+a)(2+a)+Da)g),
7 =w,
V2 1
\/Z,LLy+ 2(3+a(3+a))ﬂw,
+a(3+a)) = Da)V2w_(@+3)),

W =z + (2\/§a(3+a(3+a))§+ (1+a(4

in order to write the real Jordan normal form for the unperturbed part of system
(35) in accordance with the matrix

0O —w_ 0 0

g | v 0 00
o 0 0 00

0 0 00

Thus, omitting the tilde, we obtain a system in the form x = Jx + eG4 (¢, x) +
e2Gy(t,x) with x=(z,y, z,w). Using cylindrical coordinates we obtain system (40)
and taking 6 as the new independent variable, we have

ar V2
do (2+a)(4+ a(9 + a(10 + a(5 + a)) — D,) — 2D,)"

((1 +a)V2w_(a(3+a(3+a))er(4+ a(9+a(10 + a(5+ a)) — D,) — 2Da)
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+di (1 + a(16 + a(45 + a(59 + 2a(20 + a(7 + a))))) + D,)
—(1+a)(3+aB3+a))(4+a@+a(10+a(10+ a5+ a)) — Dy)
—2Dg)w)zcosd — (14 a)(3+a(3 + a))2d1\/§wfrcos 6?
—sinf(V2(1+a)(—a(l +a)(3+aB3+a))(4+a®+a(l0+ a5
+a))))er +di +a(16 4+ a(59 + 2a(20 + a(7 + a)))))di + (a(l + a)(2 + a)
(3+a(3+a))er +di)Do + (a®> +a—1)(3+a(3+a)) (4 + a(9 + a(10
+a(5+4a)) — Do)w)z+2(3+ a(3+ a))Q\/iwf)r((l +a)(a(2+ a)c
—(1+a)di) =22 +a)(a® +a—1)w)sind +27 (3+a(3+a))
(4+a(94a(104 a(5+a)) — Do) — 2Dg)r(a((2 + a)ey + di + ady)

(36)
— (1+a)(1+a(2+ a)w)) sin(26) ) + £2F51 (6, v, €)

dz —evV2(3+a(3 +a)

40 (11 a)(4+a(9+ a(lE) +a(5+ a)))— D) —2D,)’ (@+ )2 (afoe
—4dy) — di(1 + D,) + a*(12¢1 — 3d; — 10w) + a®(8c1 — d18w) + 2a*(c; — w)
+ 6w)22(3 +a(3+a))r((1+ a)V2w_ cosf + \/5((1 +a)(dy

(37)
+a(—(24a)ey +di)) + (2+a)(a® +a—1)w) sinH)) + &2 Fps(0,y,¢)

dw —ev2(3+a(3+a)

a0 :(1 L+ a)(d+ a9 +a(1(0+ a(5 +a); — D) - Da)2 ((1 +a)V2w_ (a(6ey — 4dy)
— (14 Dg) + a*(12¢; — 3dy — 10w) + a®(8¢1 — dy — 8w) + 2a* (¢ — w)
+6w)z —2(3+a(3+a))r((1+ a)diV2w_ cos + \/5((1 + a)(dy

+a(—(2+a)er +dy)) + (2 + a)(a? + a — 1)w) sin 9)) + 2 Fo(0,y, )

with Fy(0,y,¢) = (Fgl(e,y,s), Fy(0,y,¢), Fgg((‘),y,e)) a 2m—periodic functions
function in §. Now we can apply Theorem 3 and calculate the averaging system

9(y) = (81(y),82(y),g3(y)) corresponding to (36), where
where

-1
3+a(3+a))w?

gl(Y):Q( (—(1+a)(2a(3+a(3+a))01

—5dy —a(8+a(5+a))di + d1Dy)r +2(a®> + a—1)(3 + a(3 + a))rw),
-1
82ly) = (4+a(9+a(10+a(5+a)) — Do) — 2Da)2 ((3 T a3+0)2.
(-1—a(d+a(3+a)))di —diDys +2(3+ a3+ a))(a(l + a)(c; — w)
+w))z),
1
3+a(3+a))w_

Ba(Y) =0 (— 200+ a)hi (1 + a4 +a(3 + a)) + Do)
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L 2+ a)(3+aB+) (22 + Da) +a(9 +a(10 + a(5 + a)) + Da))r
(14+a)5(1+a(3+a))

+2(-1+a(l+a)(2+a) —Da)22>.

The non-linear system g(y) = 0 has the solutions

a(1+ a)3b; (1 — D, + a(16 + a(45 + a(59 + 2a(20 + a(7 + a))))))

T 2+a)(3+a(3+a))’ ’
o (L+a)(20(3+ a3+ a))er — (5+ a8 + a 5+a)))d1+d1Da)>
’ 2(a2 +a—-1)(3+a(3+a)) ’
Ss_<0 2a(1+a)(3+a(B+a))er — (1 +a(d+a(3+a)))di + Dady
L 2(a2 +a—1)(3+a(3 +a)) ’
\/(a3+a21Da)b1>
7 ;
st = (0 20(1 +a)(3+aB+a))er — (1+a(d +a(3 +a)))ds + Dady
’ 2(a®>+a—-1)(B+a3+a)) ’

V(@3 +a2—1—Dg,)b
7 :

The solution s3 has the Jacobian

g B a .
det (ay<53)) a2 + a(3 + a))2w? ((1 +a)(a® +a— 1)bidi (1 + a(16 + a(45

+a(59 + 2a(20 + a(7 + a))))) — Da))

which is non-zero, then by Theorem 3 we know that there is a periodic solution
®(t,e) close to s3 such that ®(0,e) = s3 + O(e). Which, using Lemma 4, provide
the periodic solution (17) of (1).

The solutions s and s3 can also provide two additional periodic solution for (1)
if r = ery + O(?) > 0, this is possible restricting £ to one of the half intervals
g € (—&1,0) or € € (0,e7).

The solutions s} and s} are such that

dg —a
det (83/( l)> - la]2(3 + a(3 + a))2w? ((1 +a)(a® +a—1)bidi (1 + a(16 + a(45

+a(59 + 2a(20 + a(7 + a))))) — Da))
for i = 1,2. They also provide two additional periodic solution for system (1)

if r = ery + O(g2) > 0, this is possible restricting € to one of the half intervals
g € (—&1,0) or € € (0,e7). O
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5. APPENDIX

Equations to functions defined in (24) according to statement (ii) Theorem 2
where R, = (d—1) (cd+c—d®) + 1 and R, =d? —d — 1 and.

. :E( 7 (a1(d(2Ra + Ry(Ry +2)) + Ry(Ra + Ry + 1)) + Rw(d + Ry))
2R, (d+ Ryp)
4 Zeos O(a1(—c(Ry + 1)+ Rp(d+ Ry +2) + R, + 1) — dRpw)
Ry(d+ Ryp)
N rcos(26) (a1 (Ry(d(Ry 4+ 2) + Ry + 1) + Ra(Ry + 2)) + Riw(d + Ry))
2R, (d+ Ry)
zsin 6 (a1 (C(Ra —1)+d (Ra + R} + Rb) — 2R, + 1) + ng)
VR.RY?(d+ Ry)
N rsin(20)(ai(dRy(Ry + 2) + Ra) — (d+ 1) Ry (Ry + 1)w))
2v/Rov/Ry(d+ Ry)
a1 cos?(0)(dRy + Ry) =~ VRy(Rp +1)sin?(0)(—ard + dw + w)
VRaV/Ry(d+ Ry) VR.(d+ Ry)
~ zsinf(ai(—c(Ry +1) + Rp(d + Ry +2) + Ra + 1) — dRyw)
rRy(d + Rp)
z (a1 (C(Ra —1)+d (Ra + R? + Rb) — 2R, + 1) + sz)
rVR R (d+ Ry)
sinf (ay(Ry(d(Ry +2) + Ry + 1) + Ro(Ry + 2)) + Riw(d + Ry)) ))
R.(d+ Ry)
_ z(a1(Ry(—c+d+ Ry, +2) + R,) + Rw)  aydrRy,cos
i=( R, "R,
. rRY? sin 0(ay (d(Ry + 2) + Ry + 1) + Ryw(d + Rb)))
R3/?
" :€<Z (a1(Ry(—c+d+ Ry +2) + R,) + Riw) _ ardrRycosf
R, R,
rRY sin 0(ay (d(Ry + 2) + Ry + 1) + Ryw(d + Rb))>
R

9:w0+5<

(38) cos@( -

Equations to functions defined in (24) according to Theorem ??.

; :€< ~ (a+1)dir(a(a(a(a+5) +10) — Dy +9) — 2D, +4) cos?(0)
(a+2)(ala+3)+ 3)\/§w3
V2(a+ 1)d1 Z(a(a(a(2a(a(a + 7) + 20) + 59) + 45) + 16) + D, + 1)
(a+2)(a(a+ 3) + 3)2V2w3
~ (a+1)Z(a(a(a(a+5) +10) — Dy +9) — 2D, +4)(a(a +1)(c1 = W) + W))
(a+2)(a(a+3) + 3)w?
2a(a+1)eir —2(a®> +a— 1) rW ~ 2(a+ 1)2d1r)
\/ﬁwi (a+ 2)\/§wi

—|—sin9<

+ sin 92(
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(a+1)di1Z(a(a(a(2a(ala + 7) +20) + 59) 4+ 45) + 16) + D, + 1)
(a+2)(ala+3) + 3)2\/5(,03

(a+1)Z(a(a(a(a +5) +10) — Dy +9) — 2D, +4)(ac1 — (a + 1)W)
(a+2)(a(a+3) + 3)V2w?

V2a(a+1)dir(a(a(a(a+5) +10) — Dy +9) — 2D, + 4)
(a+2)(a(a+3) +3)v2w?

V2r(a(a(a(a +5) + 10) — Dy 4+ 9) — 2D, + 4)(acy — (a + 1)W) )))

(a(a+3)+ 3)\/§wi

—1—0050(—

fsin0<

_|_

0w 4+ E(\/?(a + Dda(a(a(a(a +5) + 10) — Dy +9) — 2D, + 4) cos*(9)
* (a+2)(ala+3) +3)\/§wi
4 sin9< (a +1)d1Z(a(a(a(a+5) +10) — D, +9) — 2D, + 4)

2(a+2)(ala+3) + 3)2\/§wir
(a(a(a+3)+4)+ Dy, +1)
2(a+ 2)(a(a+ 3) + 3)2\@@%1“
N (a+1)Z(a(a(a(a+5) +10) — D, +9) — 2D, + 4)(ac1 — (a + l)W))
(a+2)(ala+3) + 3)ﬁwzr

V2(a + 1)2dy (a(a(ala + 5) + 10) — D, +9) — 2D, + 4)
(a+2)(ala+3)+ 3)\/§wi

(a(a(a(a+5) +10) — D, +9) — 2D, + 4)(ac1 — (a + 1)W))
(ala+3) + 3)w?

1
(a+2)(ala+3) +3)%wir (
+10) — Dy 4+ 9) — 2D, + 4)(a(a(a + 3) +4) + D, + 1))

_ (a+1)Z(ala(ala+5) +10) = Dy +9) — 2D, + 4)(ala + 1)(c1 — W) + W))
(a+2)(a(a+3) +3)wir

+ sin 62 (

+

—1—0050(4 (a +1)d1Z(a(a(a(a + 5)

+ sin0<(a + 1)di(a(ala+1)(a+2) — Dy — 3) — 2(D, + 1))
(a+2)(a(a+3) +3)v2w?
(39)
2ala + 1)(e1 — W) + W)
* \/ﬁwi ))
Z=— € ((1—i-a)\&w+ (a(601—4d1)—d1(1+Da)

(a+1)(ala+3) + 3)v2w?
+a?(12¢; — 3dy — 10w) + a®(8e1 — dy — 8w) + 2a* (1 — w) + Gw)z —2(3+a(3
+ a))r((l + a)dy V2w, cos O + \/i(u Fa)(dy +a(—2+a)er +dy) + (2 + a)(a?
ta-— 1)w) sin 9)) + brwe?

1+a
(a(3 +a(3+a)(4+a(9+a(10+a(5+a)) — D,) — 2D,) ( - abl(l +a(16

w =€
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+ a(45 + a(59 + 2a(20 + a(7 + a))))) + Da> -2+ (a(l+a)(a® +a
-1)34+aB+a))— (1+a5+a(4+a)))Dq )z2)

Vow, rZ(a(—ala+2)(a+ 3) + Dy + 3) + 2(D, + 4)) sin 6
V2a(a + 1)(a(a(a(a + 5) +10) — Dy +9) — 2D, + 4)
+cosd ( rZ V2(a+2)(a(a+ 3) + 3)v2w, r?sin 6 )

a®+a ala+1)2(a(a(ala+5)+10) — Dy +9) — 2D, + 4)

n 2(a + 2)(ala + 3) + 3)r?sin?(0)
a(a+ 1)%(a(a(a(a +5) + 10) — Dy +9) — 2D, + 4)

Equations to functions defined in (24) according to Theorem ?7.

3

“2(ala+3)+3)(a+2)2D, + 2(a(a + 3) + 3)(aa(ala + 5) + 10) + 9) + 4)(a + 2)

(2(a +1)(ala + 3) + 3)(a(a(a(a + 5) + 10) + 9) + 4)dy 7 cos®(0)

2cos€((1 +a)(di — 12w+ a((3+ a8+ a))(d+a(9+ a(10 + a(5+a))))ar

+ (16 + a(45 + a(59 + 2a(20 + a(7 + a)))))d1 — (51 4+ a(100

+a(115 + a(82 + a(36 + a(9 + a))))))w))(w + 2) — V2(3 + a(3

+a))*V2w_r(a((2+a)er + dy + ady) — (1 + a)(2 + a)w) sin 9)

— (34 a(3+a))sin(vV2(1 + a)vV2w_(6w — di +a(2(1 + a(3 +a(3 +a))cy
—(4+aB+a))d; —2a(b+a(d+a))w))(w+2)+4B+ a3+ a))r((1+a)(a(2

+a)er — (1+a)dy) — 2+ a)(a® + a — Dw)sin ) + D, (2(1 + a)(a(2 + a)(3

+a(B3+a))er —di — 6w — a3+ a(d+a(3+a))w)(w+ z) cos b

+ (14 a)(2+a)(3+ a(3 + a))dyr cos 62

—V2(1 + a)(3 + a(3 + a))di)V2w_(w + 2) sine))

0 =w_ + c (2v2(1 + )3 + a(3 + a))ds (2(2 + Do)

2(2+a)(3 + 2a + a?)2v/2w3 r
+a(9+a(10 +a(5+a)) + D,))rcos? + (1 +a)(2(2 + Da)
+a(94 a(10 + a(5 + a)) + D,))V2w_(dy — d1 D, + a*(6¢; + 3d; — 8w)
+2a(3cy + 2d; — 6w) + a®(2¢; + di — 2w) — 6w)(w + 2) sin O
+2v2(3+ a(3+a))(2(2 + Do) + a(9 + a(10 + a(5 + a)) + D,))r(dy
+a(24 a)(e1 + dy) — 2w — a(3 4 a)w) sin 62 + cos O(—v/2(1 + a)(2(2
+ Da) +a(9+a(10 +a(5+a)) + D,))(a(6er — 4dy) + di (Do — 1)
+a*(12¢1 — 3dy — 10w) + a®(8cy + dy — 8w) + 2a*(¢; — w) + 6w)(w + 2)
+2(3 4 a3+ a))V2w_r(2di(Dy — 1) + a®(28¢1 + 5dy — 26w)
+a?(30¢; + di(Dy — 1) — 20w) + 4a*(3¢y + di — 3w) + a®(2¢1 + di — 2w)
+ 12w + a(12¢1 — 5dy + 3c1.D, + 6w)) sin 9))
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s ==(2(~(a+1)(ala + D(ala+3) + 3)(ala(a(ala(a + 5) + 7) = 4) = 17) — 12)
—3) - 1)Z% + a(a(a+ 3) + 3)(a(a + 1)(ala + 3) + 3)(a(ala(a + 5) + 10) + 9)
+4)e1 — (a(a(a(2a(ala + 7) + 20) + 59) + 45) + 16) + 1)d1)Z

+a(a+ 1)(a(a(a(a(a(a(a(alala + 12) + 65) + 208) + 435) + 623) + 621)
+424) +183) +40) + 1)by) (a + 1)* + (—2(a(a(a(a(a(a(a(a(a(2a(a + 11)
£107) + 296) + 495) + 470) + 141) — 219) — 312) — 180) — 46) — 1)(a + 1)
—2(ala + 1)(a +2)(a(a + 3) + 3)(a(2a(a + 3) +5) — 1) + 1) Dg(a + 1)) W2
+W ((a+1)Dq (2(a+1)(a(a(a+3)+ 3)(ala+1)(a+2)(a(a + 3) + 3)c1
+d; —alala+3)Bala+3)+14) +17)Z2 —22) — 2Z) + (a + 2)(a(a + 3)
+3)r (V3(a+2)(ala+ 1)(a+2) — 1)V2_sing - 2(a(a(a(a+5) + 10) +9)
+4)cosh)) + (a+1) (2(a + 1)(a(a(a+ 3) + 3)(ala + 1)(a(a + 3) + 3)(a(ala(a
(

_|_
+

+5)+10) +9) +4)c1 — (a(a(a(2a(a(a + 7) + 20) + 59) + 45) + 16) + 1)dy)
+ a(56 — a(a(a(a(a(al(a(a(a(3a + 32) + 149) + 386) + 576) + 411) — 107)

— 519) — 501) — 243))Z + 2Z) + (a(a + 3) + 3)r (\/i(a(a(a(a(a(a(a(sa +26)
+93) + 168) 4 134) — 26) — 131) — 84) — 14)v2w_ sin 6 — 2(a(a(a(a(a(a(ala

+8) 4+ 27) + 50) + 58) + 52) + 45) + 30) + 10) cos b)) + ;(a(a +3)
+3)r (—2(a +2)(ale + 3) + 3)(a(a(ala +5) +10) +9) + H)r + 2(a + 2)(a(a
+3) + 3)(a(alala+5) + 10) + 9) + 4) cos(20)r — 4(a + 1)(a(a + 1)(a(a + 3)
+ 3)(a(a(a(a+5) +10) +9) + 4)d; + (a(a(a(a(a(a(a(a + 8) + 27) + 50) + 58)
) +30) 4 10)Z) cos 6 + V2v2w_ ((a + 2)(a(a + 3) + 3)(a(a(a(a
o +5)4+10) +9) + 4)rsin(20) — 2(a + 1) (2a(a + 1)(a(a + 2)c;
)

(
— (a+1)dy)(ala + 3) + 3)? — a(a(a(a(a(a(a(a + 8) + 25) + 34) + 2) — 56)
—77) — 48)Z 4 14Z) sin ) + D, (—2(a(a(a(a(a(a(a + 8) + 27) + 49)
+51) +31) + 11) + 1) Z*(a + 1)® + 2a (a(a + 1)*(a + 2)*(a(a + 3) + 3)
—1)by(a+1)* 4+ 2a(a(a + 3) + 3)(a(a + 1)(a + 2)(a(a + 3) + 3)c;
+d1)Z(a+1)? —a(a(a+5) +9)(a(a(a + 5) +9) + 12)r?

— 3612 + %(a +2)(ala+3)+ 3)r ((a+2) (2(a(a + 3) + 3)r cos(26)
+V2vV2w_(2(ala(a(a +4) +5) +1) = 1)Zsin 0 + (a(a + 3) + 3)r sin(2¢9))>
—4(a+1)(ala+ 1)(a(a + 3) + 3)d1 + (ala(a(a + 5) + 10) + 9) + 4)Z) cos 0)) )

/(2a(1 + a)*(3 + a(3 + a)) (10 + 8D, + a(30 + 22D, + a(52 + 20D,

+ a(58 4+ 7Dq + a(50 + a(27 + a(8 + a)) + Da)))))) + bywe>
e

W= (2a(1+a)?(34+ a3+ a))(2(2+ Da) + a(9 + a(10 + a(5 + a)) + Da)))
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((a +1)2(a(ala(a + 5) + 10) + Dy + 9) + 2(Dy + 2)) (a®by + 4a’by

+a® (Ty — (W + Z)%) —a® (b1(Do — 5) + 3(W + Z2)?) —a (b1(D, — 1)
+2(W + 2)%) — (Do — 1)(W + 2)?) + vV2(ala + 3) + 3)(a + 1)V2w_r(a(a(a
+2)(a+3)+ D, —3)+2(D, —4))sin(W + Z) — 4(a + 2)(a(a + 3)

+ 3)%r? sin2(0)> — wbye?
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