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Abstract

We present a generalization of the strong Fitzpatrick inequality in the
context of reflexive Banach spaces, involving a twisted bigger conjugate
function. We also introduce a related family of gap functions for maximal
monotone inclusion problems.
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1 Introduction

The main result of this mote is a generalization of the strong Fitzpatrick in-
equality ([8, Theorem 4], [4, Theorem 9.7.2]) in the context of reflexive Banach
spaces. In our generalized inequality, a twisted bigger conjugate function [7,
Definition 19.14] defined on the product of the space with its dual plays the role
that the norm on this product plays in the case of the classical strong inequal-
ity. Related to the new inequality, we introduce a new family of gap functions,
parameterized by Tykhonov well-posed twisted bigger conjugate functions, for
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a general maximal monotone inclusion problem, that is, the problem of finding
a zero of a maximal monotone operator. By means of a gap function one can
reformulate the maximal monotone inclusion problem as a convex optimization
problem. We compare our new family with a gap function recently proposed in
[2].

The rest of the paper is organized as follows. Section 2 deals with the funda-
mental notions on maximal monotone operators and Fitzpatrick functions that
are used in the paper. In Section 3 we present our generalization of the strong
Fitzpatrick inequality. Section 4 introduces a related family of gap functions for
maximal monotone inclusion problems.

2 Preliminaries

Let (X, |||]) be a real Banach space with dual (X*,|-||,). We will denote by
;) : X xX* — R the duality pairing between these spaces. The duality pairing
between the space X x X* and X* x X is the function on (X x X*) x X* x X
also denoted by (-, ), given by

((@,27), (" y)) = (z,y7) + (y,27) . (1)

We recall that X* x X can be canonically identified with a subspace of the dual
space (X x X*)" of X x X*; under this identification, one has (X x X*)* =
X* x X if and only if the space is reflexive.

Let T : X = X* be a set-valued operator. The graph and the domain of T'
are given, respectively, by

gph T = {(z,2") e X x X* | 2" € T(z)}

and
dom T :={x € X | T(z) # 0}.

Recall that T is said to be monotone if
(x—y, 2" —y") >0

whenever x,y € X and (z,z*), (y,y*) € gph T.

A monotone map T : X = X* is said to be maximal monotone if there is no
monotone map whose graph properly contains the graph of T'. The Fitzpatrick
function associated with a maximal monotone operator 7' is the Isc convex
extended real valued function on X x X™* defined by

Fr(z,z*):= sup {{z—y,y") + (y,2")}.
(y,y*)Egph T

Equivalently,

Fr(z,z*) = (z,2%) — inf r—y,z" —y"). 2
reat) = @)= i (o ga - ) )



Since T is maximal monotone, we can easily see that the Fitzpatrick function
satisfies
Fr(z,z*) > (x,2*) for all (z,2") € X x X*, (3)

with equality if and only if (z,2*) € gph T.
Given an lsc proper convex function f: X — R U {400}, its Fenchel conju-
gate f*: X* — RU {400} is defined by

ff(x*) = sup {{(z,z*) — f*(z")}.
zreX*
Therefore, in view of (1), the restriction of the Fenchel-Moreau conjugate of
g: X x X* - RU{+o00} to X* x X is given by

g*(CC*,{E) = sSup {((y,y*),(x*,x» _g(y’y*)}'
(yy=)EX X X

It is not difficult to see that the conjugate Fj of the Fitzpatrick function Fr
associated with a maximal monotone operator T satisfies

Fr(z*,z) > Fr(z,z¥) for all (z,2") € X x X™. (4)

Theorem 1 (see [4, Ezercise 9.28]) Let T : X = X* be mazimal monotone.
Then

1
Fr(z,z*) — (x,2") + Fr(w,w*) — (w,w*) > —3 (x —w,z" —w*)
for all (z,z*), (w,w*) € X x X*.

Proof. Using the convexity of the Fitzpatrick function and the fact that it is
bounded below by the duality product, we obtain

Fr(z,z*) — (z,2*) + Fr(w,w*) — (w, w*)
=2 (§Fr(z,2%) + L Fr(w,w*)) — (z,z*) — (w,w*)
=2 (3Fr(z,2%) + L Fr(w,w*)) — (z,z*) — (w,w*)
>2Fr (3 (z+w), 5 (@ +w*)) — (z,z*) — (w,w*)
=—i(z—wz*—w").
We conclude this section enunciating a version of Fenchel Duality Theorem.

It will play an essential role in the proof of the main result of this work. We recall
that the domain of a function f: X — RU {+o0} is the set dom f := f~1(R).

Theorem 2 [}, See Theorem 4.4.18] Let f,g: X — RU {400} be convex and
such that 0 € int (dom f — dom g), where int denotes interior. Then

inf {f(z) +g(2)} = sup {—f"(2") —g"(=2")} ()
e r*eX*

and the supremum in (5) is attained if finite.



3 Main result

We say that an lsc proper convex function g : X x X* — RU {400} is a twisted
bigger conjugate function (TBC-function in short) [7, Definition 19.14] if

—(z,2%) < g(z,2") < g*(—2", —x) (6)
for all (z,2*) € X x X*.

Example 3 The function g : X x X* — R U {+o0} defined by g(x,z*) =
f(@) + f*(—z*), where f : X — RU {400} is an lsc proper convex function,
is a TBC-function. In particular, so is the function g defined by g(x,z*) :=
%||x||p + %H:C*Hz, where p > 1 and % + % =1.

The folowing proposition will be useful in the next section.

Proposition 4 Let g: X x X* — RU {400} be a non-negative TBC-function.
Then
i ") = g(0,0) = 0. 7
(w*r)rél)lgxx*g(x z*) =g(0,0) (7)
Proof. By (6) and the nonnegativity of g, we have

0<g(0,0)<g*(0,0)=—  inf ) < 0.
<9(0,0) <g7(0,0) (xym*)lgxm*g(x,w ) <

Theorem 5 Let X be reflexive, T : X = X* be maximal monotone, and
g: X xXX* - RU{+o0} be a TBC-function. Consider the following conditions:

(i) dom Fr =X x X*,
(ii) dom g = X x X*.

If any one of them holds then

1
F 7 *\ 7 s T inf — ® ok
r(z,2%) — (z, %) > 5 (w,w*l)l.legpth(w x,w* —x*)

for all (z,2*) € X x X*, with strict inequality whenever the infimum is not
attained.

Proof. For (z,z2*) € X x X*, consider the maximal monotone operator L :
X = X* defined by L(y) := T'(y + «) — z*. Since



the functions Fj, and ¢ satisfy the assumptions of Theorem 2. Thus, since
Fr(z,z*) > (z,2*) and g(z,z*) > — (x,x*) for every (z,2*) € X x X*, we have

< : f F * *
0 = (w,x*)ngxX*{ L((L‘,ib’ )+g($7x )}

= sup  {=Fr(y"y) —g"(—y",—y)}
(y*,y)eX*xX

< sup  {—=Fr(y",y) + (v, y")}
(y*,y)eX*xX
< sup  {—=Fr(y,y")+ (y.y")} <0, 9)

(y*,y)eX*xX
the last two inequalities following from (4) and (3). Thereby

_F* >6<7 _ *(_ *7_ :0.
(y*,yr;ﬂg*xx{ LWy — 9" (—y" -y}

Thus, there exists (y*,y) € X* x X such that F}(y*,y) + ¢*(—y*,—y) = 0. By
(4), we obtain that

Fr(y,y*)+ 9" (=y", —y) <0.

So, since g is a TBC-function, we conclude that

Fr(y,y") +9(y,y") <0

and thus, in view of the first inequality in (9), Fr(y,y*) + g(y,y*) = 0 and
(y,y*) is a minimizer of F, + g.
Since
0=Fr(y,y")+9wy") =2 Frly,y") — {y,y") 20,
we have
—9(y,y") = Fry,y") = (y.y") -

Thus (y,y*) € gph L and, setting (w, w*) := (x + y,z* 4+ y*), by (8) we obtain
that (w,w*) € gph T and —g(w — z,w* — z*) = (w — z,w* — z*), and from
Theorem 1 we conclude that

Fr(z,z*) — (z,2*) = Fr(w,w*)— (w,w*)+ Fr(z,z") — (z,z)
1 * * 1 * *
2 —gw-gzw —a%) = Sg(w -0 —a),

which ends the proof. m

Since the function g of Example 3 is a TBC-function and its domain is
X x X* applying Theorem 5 to this case we obtain the following result:

Corollary 6 Let X be reflexive, T : X = X* be maximal monotone, and
f: X — RU{+oo} be convez, proper and lsc. Consider the following conditions:

(i) dom Fr =X x X*,



(ii) dom f =X and dom f* = X*.

If any one of them holds then

—

F *\ * > = . f _ * * *
r@at)—(@a) 2 b {fw—a)+ [ @ )

for all (z,2*) € X x X* with strict inequality whenever the infimum is not
attained.
In particular, for every p > 1 and q such that % + % =1, one has

1 1
Fr(z,z*) — (z,2*) > = “Nw = 2| + =||w* —2* q}
roa) = (o) 25 ot o el 4 L - o)

for all (z,z*) € X x X*, with strict inequality whenever the infimum is not
attained.

Concerning the condition dom f* = X* in (ii) of Corollary 6, we recall that
a sufficient (and necessary in the finite dimensional case) condition for it to hold
is f to be supercoercive [1, Theorem 3.4]:

f(x)

llzll—+oo |||

= 400

Setting p = 2 in Corollary 6, we obtain the following known result:

Corollary 7 (Strong Fitzpatrick Inequality) /8, Theorem 4] (see also [/,
Theorem 9.7.2]). Let X be reflexive and T : X = X* be maximal monotone.
Then

Fr(z,a’) = (@a) 2 iof - {Jw=al + o - 2|2}

1
Z (w,w*)Egph T

for all (z,2*) € X x X*.

4 A new family of gap functions

In this section, we shall consider the so called maximal monotone inclusion
problem (MIP) [2, 3]: Given a maximal monotone operator T': X = X*, find
a point z € X such that

0€eT(x).

The (possibly empty) solution set of MIP is T-}(0) = {xr € X | 0 € T'(x)}.
A gap function for MIP is a function ¢ : X — R U {400} satisfying the
following conditions:

i) ¢(x) >0 for all x € X.



ii) ¢(x) =0 if and only if x € T-1(0).

Thereby, the minimizers of ¢ are exactly the elements in the solution set of
MIP. Thus, we can reformulate MIP as the optimization problem consisting in
minimizing . The following result has an immediate proof.

Proposition 8 (see [2, Theorem 2.1]) Let ¢ be a gap function for MIP. If
MIP has a solution, then mingcx ¢ (x) = 0. Conversely, if X is reflezive,
infoex ¢ (x) =0, and ¢ is weakly lsc (in particular, if it is convex and lsc) and
weakly coercive in the sense that

lim ¢(z) = +o0
llzll—o0

then MIP has a solution.

In [2], Borwein and Dutta present a gap function G for MIP, associated
with the Fitzpatrick function Fp of T. It is defined by Gr(z) := Fr(z,0), or,
more explicitly,

Gr(z)= sup (z-y,y").
(y,y*)egph T
It is easy to see that G'r is indeed a gap function, and Borwein and Dutta found
that it has good properties.
For g: X x X* — R U {+00}, we define G4 : X — RU {400} by
Grg(z):

== inf w—z,w").

2 (w,w*)€egph Tg( ’ )
Note that G4 is convex whenever g is convex, since in this case the function
(z,w,w*) — g(w — x,w*) is convex, jointly in its three arguments. Moreover,
it is proper as long as g is finite at some (w,w*) € gph T.

The following proposition is an immediate consequence of Theorem 5.

Proposition 9 Under the assumptions of Theorem 5, one has Gr > Gr 4, and
hence G4 is finite whenever G is finite.

We refer to [2] for conditions on T" ensuring that Gr is finite.

Definition 10 /6, Definition 10.1.1] Let E be a metric space. An lsc function
p: E— RU{+o00} is said to be Tykhonov well-posed if it satisfies the following
conditions:

(1) It has a unique global minimizer .
(ii) Ewvery sequence x,, such that p(x,) — ©(T) satisfies x, — T.

Example 11 [6, Ezample 10.1.4] If X is a finite dimensional vector space,
then every lsc proper convex function f: X — RU {400} with a unique mini-
mum point is Tykhonov well-posed. In particular, so is every lsc strictly convex
function defined on X.



Example 12 A function f : X — R U {400} is said to be strongly convex if
there exists v > 0 such that, for every xz,y € X and o, > 0 with a + 8 = 1,
one has

flaz + By) < af(z) + Bf(y) — yabllz -yl (10)

If f is strongly convexr and has a minimizer then it is Tykhonov well-posed.
Indeed, it is well known that the minimizer T, if it exists, must be unique. Let z,
be a sequence satisfying f(xn) — f(T). Setting x :=x,, y:=7 and a = := 3

in (10), we get

0 < ||mn—m||g\/?y (o) + @ -2f (5 @ +2)))
< (- 1@ -0

which shows that x,, — T.
For more examples and references about Tykhonov well-posedness, see [5, 6].

Theorem 13 Let T : X = X* be maximal monotone and
g: X xX* = RU{+o00} be a Tykhonov well-posed function satisfying (7). Then
Gr,4 15 a gap function for MIP.

Proof. Note that G 4(z) > 0 for all z € X since g is non-negative. Moreover,
if Grg(x) = 0 for some = € X then there exist (w,,w};) C gph T such that
g(wyn, — z,w}) — 0. Since g is Tykhonov well-posed, from (7) it follows that
w, — x and w} — 0. Since gph T is closed, we deduce that (x,0) € gph T,
that is, 0 € T (x). Conversely, if 0 € T (z) then, using that (z,0) € gph T and
(7), we obtain 0 < Gp4(x) < ¢g(0,0) = 0, concluding the proof. m

Remark: For z and g as in Theorem (13), if there exist (w,w*) € gph T
such that g(w — z,w*) = 0, then G 4(z) = 0 and hence z is a solution to MIP.

O

Corollary 14 Let T : X = X* be maximal monotone and
g: X x X* - RU{+o0} be a nonnegative Tykhonov well-posed TBC-function.
Then G4 is a gap function for MIP.

Proof. Combine Theorem 13 with Proposition 4. m
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