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Robuste und verteilte
Cluster-Enumeration und Objektkennzeichnung

Kurzrassung

Diese Dissertation leistet einen Beitrag zum Bereich der Cluster-Analyse durch die Bereitstel-
lung grundsitzlicher Methoden zur Bestimmung der Cluster-Anzahl und -Zugehérigkeiten,
die auch in Anwesenheit von Ausreiflern zuverlissig funktionieren. Die wichtigsten theoreti-
schen Beitrige sind in zwei Theoremen tiber die Bayes’sche Cluster-Enumeration zusammenge-
fasst, die auf der Modellierung der Daten als Familie von Gauf3- und ¢, -Verteilungen basieren.
Die praktische Relevanz wird durch die Anwendung auf fortgeschrittene Probleme der Sig-
nalverarbeitung, wie beispielsweise verteilte Kameranetze und radarbasierte Personenidenti-
fikation, demonstriert.

Insbesondere wird ein neues Kriterium zur Cluster-Enumeration, das auf eine breite Klasse
von Datenverteilungen anwendbar ist, unter Verwendung des Bayes-Theorems sowie asymp-
totischer Approximationen hergeleitet. Dies dient als Ausgangspunkt fiir die Formulierung
von Kriterien zur Cluster-Enumeration bei spezifischen Datenverteilungen. In diesem Zu-
sammenhang wird ein Bayes’sches Kriterium zur Cluster-Enumeration hergeleitet, indem die
Daten als eine Familie multivariater Gauf$-Verteilungen modelliert werden. In der Praxis
sind die beobachteten Daten oft starkem Rauschen und Ausreiflern ausgesetzt, wodurch die
eigentliche Struktur der Daten nur schwer erkennbar ist. Daher ist es schwierig, die Anzahl
der Cluster robust zu schitzen. In dieser Arbeit wird ein robustes Kriterium zur Cluster-
Enumeration entwickelt, das auf Modellierung der Daten als Familie multivariater ¢, -Vertei-
lungen beruht. Die Familie der ¢,-Verteilungen ist, durch Variation ihres Freiheitsgrads (v),
flexibel und enthilt als Sonderfille die Cauchy-Verteilung mit schweren Rindern fur v = 1
sowie die Gauf$-Verteilung ftir v — 00. Unter der Annahme, dass v hinreichend klein ist,
berticksichtigt das robuste Kriterium Ausreifler, indem es ihnen weniger Gewicht in der Ziel-
funktion gibt. Ein weiterer Beitrag dieser Dissertation liegt in der Weiterentwicklung der
Strafterme sowohl des robusten als auch des Gauf’schen Kriteriums fiir eine endliche Stich-
probengrofle. Die hergeleiteten Kriterien zur Cluster-Enumeration erfordern einen Cluster-
ing-Algorithmus, der die Daten entsprechend der Anzahl der durch jedes potentielle Modell
spezifizierten Cluster aufteilt und eine Schitzung der Cluster-Parameter liefert. Hierbei wird
eine modellbasierte, uniiberwachte Lernmethode angewendet, um die Daten vor der Berech-
nung eines Enumerationskriteriums zu partitionieren, was zu einem zweistufigen Algorith-
mus fihrt. Der vorgeschlagene Algorithmus stellt ein vereinheitlichtes methodisches Rah-
menwerk zur Schitzung der Cluster-Anzahl und -Zugehérigkeiten bereit.

Die entwickelten Algorithmen werden auf zwei anspruchsvolle Probleme der Signalverar-
beitung angewendet. Im Speziellen werden die Kriterien zur Cluster-Enumeration fiir die
Anwendung in einem verteilten Sensornetz um zwei verteilte und adaptive Bayes’sche Al-
gorithmen zur Cluster-Enumeration erweitert. Die vorgestellten Algorithmen werden auf
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ein Kameranetz-Szenario angewendet, bei dem die Aufgabe darin besteht, die Anzahl der
Fuflginger basierend auf eingehenden Datenstromen zu schitzen. Die Datenstrome werden
von mehreren Kameras, die eine nicht-stationire Szene aus verschiedenen Blickwinkeln fil-
men, aufgenommen. Ein weiterer Forschungsschwerpunkt dieser Dissertation ist die Zuord-
nung einzelner Datenpunkte zu Clustern und der zugehérigen Cluster-Bezeichnungen unter
der Voraussetzung, dass die Anzahl der Cluster entweder vom Anwender vorab festgelegt
oder durch eines der zuvor beschriebenen Verfahren geschitzt wird. Die Losung dieser Auf-
gabe ist bei einer Vielzahl von Anwendungen, wie z.B. verteilten Sensornetzen und radar-
basierter Personenidentifikation erforderlich. Zu diesem Zweck wird ein adaptiver Algorith-
mus zur gemeinsamen Objektkennzeichnung und -verfolgung vorgeschlagen und auf einen
realen Datensatz zur Fufligingerkennzeichnung in einer unkalibierten Mehrobjekt-Mehrka-
mera-Anordnung mit geringer Videoauflsung und hiufigen Objektverdeckungen angewen-
det. Der vorgeschlagene Algorithmus eignet sich gut fiir Ad-hoc-Netze, da er weder eine Re-
gistrierung der Kameraansichten noch ein Fusionszentrum erfordert. SchliefSlich wird ein
Algorithmus zur gemeinsamen Cluster-Enumeration und -Bezeichnung vorgeschlagen, um
das kombinierte Problem der gleichzeitigen Schitzung von Cluster-Anzahl und -Zugehorig-
keiten zu l6sen. In einer Echtdatenanwendung wird der vorgestellte Algorithmus auf die
Personenkennzeichnung anhand von Radar-Daten angewendet, ohne vorherige Informatio-
nen tiber die Anzahl der Personen. Ererreicht eine vergleichbare Leistung wie ein tiberwachter
Ansatz, der Kenntnis tiber die Anzahl der Personen sowie eine betrichtliche Menge an Trai-
ningsdaten mit bekannten Cluster-Bezeichnungen erfordert. Die vorgeschlagene uniiberwach-
te Methode ist bei der betrachteten Anwendung eines intelligenten, betreuten Wohnens von
Vorteil, da sie die fehlenden Informationen aus den Daten extrahiert. Basierend auf diesen
Beispielen und unter Berticksichtigung der vergleichsweise niedrigen Rechenkosten kann da-
von ausgegangen werden, dass die vorgeschlagenen Methoden niitzliche Werkzeuge fiir die
robuste Cluster-Analyse mit vielen potenziellen Anwendungsbereichen — auch auf8erhalb des
Ingenieurwesens — darstellen.
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Robust and Distributed
Cluster Enumeration and Object Labeling

ABSTRACT

This dissertation contributes to the area of cluster analysis by providing principled methods
to determine the number of data clusters and cluster memberships, even in the presence of
outliers. The main theoretical contributions are summarized in two theorems on Bayesian
cluster enumeration based on modeling the data as a family of Gaussian and ¢,, distributions.
Real-world applicability is demonstrated by considering advanced signal processing applica-
tions, such as distributed camera networks and radar-based person identification.

In particular, a new cluster enumeration criterion, which is applicable to a broad class
of data distributions, is derived by utilizing Bayes’ theorem and asymptotic approximations.
This serves as a starting point when deriving cluster enumeration criteria for specific data dis-
tributions. Along this line, a Bayesian cluster enumeration criterion is derived by modeling
the data as a family of multivariate Gaussian distributions. In real-world applications, the
observed data is often subject to heavy tailed noise and outliers which obscure the true under-
lying structure of the data. Consequently, estimating the number of data clusters becomes
challenging. To this end, a robust cluster enumeration criterion is derived by modeling the
data as a family of multivariate ¢,, distributions. The family of ¢, distributions is flexible by
variation of its degree of freedom parameter () and it contains, as special cases, the heavy
tailed Cauchy for v = 1, and the Gaussian distribution for v — oo. Given that v is suffi-
ciently small, the robust criterion accounts for outliers by giving them less weight in the ob-
jective function. A further contribution of this dissertation lies in refining the penalty terms
of both the robust and Gaussian criterion for the finite sample regime. The derived cluster
enumeration criteria require a clustering algorithm that partitions the data according to the
number of clusters specified by each candidate model and provides an estimate of cluster pa-
rameters. Hence, a model-based unsupervised learning method is applied to partition the
data prior to the calculation of an enumeration criterion, resulting in a two-step algorithm.
The proposed algorithm provides a unified framework for the estimation of the number of
clusters and cluster memberships.

The developed algorithms are applied to two advanced signal processing use cases. Specif-
ically, the cluster enumeration criteria are extended to a distributed sensor network setting
by proposing two distributed and adaptive Bayesian cluster enumeration algorithms. The
proposed algorithms are applied to a camera network use case, where the task is to estimate
the number of pedestrians based on streaming-in data collected by multiple cameras filming
a non-stationary scene from different viewpoints. A further research focus of this disserta-
tion is the cluster membership assignment of individual data points and their associated clus-
ter labels given that the number of clusters is either prespecified by the user or estimated by
one of the methods described earlier. Solving this task is required in a broad range of appli-
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cations, such as distributed sensor networks and radar-based person identification. For this
purpose, an adaptive joint object labeling and tracking algorithm is proposed and applied to a
real data use case of pedestrian labeling in a calibration-free multi-object multi-camera setup
with low video resolution and frequent object occlusions. The proposed algorithm is well
suited for ad hoc networks, as it requires neither registration of camera views nor a fusion
center. Finally, a joint cluster enumeration and labeling algorithm is proposed to deal with
the combined problem of estimating the number of clusters and cluster memberships at the
same time. The proposed algorithm is applied to person labeling in a real data application
of radar-based person identification without prior information on the number of individu-
als. It achieves comparable performance to a supervised approach that requires knowledge of
the number of persons and a considerable amount of training data with known cluster labels.
The proposed unsupervised method is advantageous in the considered application of smart
assisted living, as it extracts the missing information from the data. Based on these examples,
and, also considering the comparably low computational cost, we conjuncture that the pro-
posed methods provide a useful set of robust cluster analysis tools for data science with many
potential application areas, not only in the area of engineering.
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INTRODUCTION

1.1 INTRODUCTION AND MOTIVATION

CLUSTER ANALYSIS is the task of finding the underlying groupings (or clusters) in a set of
unlabeled data. It is an unsupervised learning task, where the goal is to create distinct clusters
such that data points that belong to the same cluster are more similar to each other compared
to those belonging to a different cluster. A major challenge in cluster analysis is that the no-
tion of a cluster is not consistently defined. On a very high level, a cluster is easily defined
as a group of similar data points. However, this definition raises many questions regarding
which similarity measure to use and how similar data points should be in order to belong to
the same cluster. Consequently, among other reasons, the lack of unique definition for a clus-
ter has paved the way for the development of various clustering algorithms which differ in
their understanding of what a cluster is and how to find it. Nevertheless, most clustering al-
gorithms have a common strategy, which is, to divide cluster analysis into two subtasks. The
first subtask is to estimate the number of clusters (or partitions) that best describe the underly-
ing structure of the data based on some predefined measure. However, this task is non-trivial

since there might exist many possible ways of clustering the same data set as shown in the illus-
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trative example in Figure r.1. As a result, without prior knowledge of the underlying structure
of the data, different methods can come up with different ways to partition the data. Once
the number of clusters is estimated, the next subtask is to provide a common label to data
points that are grouped together based on some similarity measure. In case there is an overlap
between clusters, the labeling task becomes challenging and different methods might result in
different labeling solutions for the same data set. Asan example, Figure 1.2 shows the labeling
results of a data set which contains two features from the Fisher’s Iris data set [Fisher, 1936;
Lichman, 2013] using the K-means [Lloyd, 1982; Arthur &9 Vassilvitskii, 2007] and the expec-
tation maximization (EM) [Dempster et al., 1977] algorithm. Even though two out of three

clusters are overlapping and difficult to partition for a human observer, the EM algorithm

partitions the data almost perfectly.

2 2
1 1L
L ) .‘.‘.%. ° "“...o
N oW 8o, o o % 8o,
< e % ~ °® ] LR S b o 0°
20 . 023, 50 . o33,
E YT : YT
. "t . ° "t .
o o o oo
-1 -1
-2 -1 0 1 2 -2 -1 0 1 2
Feature 1 Feature 1
(a) Unlabeled data (b) One cluster
2 2
1 . 1
o 8,30°
(ol :'w Se oo N r LA
g * Qe b o0 ©° e o . v 0°
2 0r ° ol.’. 20t ° o‘.’.
B o s e E oo s e
= Y L i N L 4
o o0 L )
-1 -1r
2 -2
-2 -1 0 1 2 -2 -1 0 1 2
Feature 1 Feature 1
(c) Two clusters (d) Three clusters

Figure 1.1: Based on the number of clusters the same data set can be interpreted in different ways.
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Figure 1.2: Labeling results of different clustering algorithms on a data set comprised of two features from the
Fisher’s Iris data set.

Cluster analysis plays a crucial role in a wide variety of fields of study, such as social sciences,
biology, medical sciences, statistics, machine learning, pattern recognition, and computer vi-
sion [Kaufman &5 Rousseeuw, 1990; King, 20155 Davé €5 Krishnapuram, 1997; Xu €5 Wunsch,
2005]. In this dissertation, the importance of cluster analysis techniques in real-world applica-
tions is demonstrated using two use cases. The first use case is concerned with object labeling
in uncalibrated distributed camera networks, which is a common problem, among others, in
video surveillance and sports analysis. In such applications, the number of objects is mostly
unknown and possibly time-varying. After extracting valuable information from the video
recorded by the distributed camera network, we propose to solve the object labeling problem

by treating it as a data clustering task. The number of clusters is estimated, and a unique and
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consistent label is provided to objects across camera views and time frames. The second use
case deals with person labeling using gait measurements recorded by a radar. In applications
such as smart homes and assisted living radar is preferable to cameras since it preserves privacy,
can penetrate common materials, and is insensitive to lighting conditions. Similar to the first
use case, clustering algorithms perform person labeling requiring neither prior information
on the number of individuals nor training data with known labels.

In real-world applications, the observed data is often subject to noise and outliers [Davé &9
Krishnapuram, 1997; Gallegos €9 Ritter, 2005; Garcé-Escudero et al., 20115 Zoubir et al., 20125
Zoubir et al., 2018] which obscure the true underlying structure of the data. Consequently,
cluster analysis becomes even more challenging when either the data are contaminated by a
fraction of outliers or there exists deviations from the distributional assumptions. This calls
for robust clustering algorithms which can withstand small deviations from distributional
assumptions and are insensitive to noise and outliers. However, designing cluster analysis
techniques for contaminated data sets raises even more questions, such as, bow much contami-
nation and outliers should a clustering algorithm tolerate before it is forced to open a new cluster
that explains the additional data?, and how should the clustering algorithm bebave when out-

liers form their own cluster?.

1.2 AiMms orF THIS DocTtorRAL PROJECT

The aim of this doctoral project is to develop, analyze, and improve cluster analysis techniques
that enable us to solve advanced statistical signal processing problems. The main research

questions raised and addressed in this dissertation are the following.

e Proposing principled methods to estimate the number of clusters and cluster member-
ships in the presence of cluster overlap and outliers. A particular emphasis is given to
robust statistical methods that can deal with heavy tailed noise and outliers. Bayes’ the-

orem and asymptotic approximations are utilized to arrive at closed-form expressions.

e Developing algorithms and demonstrating their applicability in advanced signal pro-
cessing problems. The algorithms are required to have small computational cost, and,

at the same time, estimate the desired parameters with small error.



1.3 DISSERTATION OVERVIEW

1.3 DISSERTATION OVERVIEW

The main body of the dissertation is organized into three parts. Part I presents the derivation,
numerical analysis, and practical application of novel cluster enumeration methods. It con-
tains Chapter 2 and Chapter 3. In Chapter 2, a Bayesian cluster enumeration criterion, which
is applicable to a broad class of data distributions, is derived. A criterion with a closed-form
expression is obtained by modeling the data as a family of multivariate Gaussian distributions.
The expectation maximization algorithm is applied to partition the data prior to the calcula-
tion of an enumeration criterion, resulting in a two-step approach. The penalty term of the
new criterion is further refined for the finite sample regime. Finally, the derived criteria are
extended to a distributed sensor network setup. A detailed performance evaluation of the
proposed algorithms is provided using numerical and real data experiments.

In Chapter 3, the focus lies on deriving robust Bayesian cluster enumeration criteria by
modeling the data as a family of multivariate ¢, distributions. Similar to Chapter 2, a two-step
algorithm that provides a unified framework for the estimation of the number of clusters and
cluster memberships is developed. The performance of the proposed algorithm is evaluated
and compared to existing methods on challenging experimental scenarios.

Part IT develops object labeling and tracking algorithms in the context of uncalibrated dis-
tributed camera networks in the absence of a fusion center that can collect and process the
data in one place. Particularly, Chapter 4 presents a robust and distributed object labeling
algorithm for a camera network whose nodes are interested in a static scene. Next, the al-
gorithm is extended to the case where the nodes are interested in a time-varying scene. The
performance of the proposed algorithms is evaluated using real data use cases on multi-object
and multi-camera network application.

Part ITI fuses the ideas from Part I and Part IL. In Chapter s, the simultaneous estimation of
the number of clusters and cluster memberships is discussed and, consequently, a joint cluster
enumeration and labeling algorithm is proposed. The performance of the proposed algorithm
is analyzed using numerical experiments. In addition, the proposed method is applied to a real
data example of person labeling using radar-based human gait measurements.

Finally, the dissertation is summarized and concluding remarks are made in Chapter 6 and,

future research directions are briefly discussed in Chapter 7.
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BAYESIAN CLUSTER ENUMERATION

2.1 INTRODUCTION

Standard clustering methods, such as the K-means and the expectation maximization (EM)
algorithm, can be used to partition data only when they are provided with a value for the
number of clusters. In this chapter, we propose an estimator for the number of clusters using

newly derived Bayesian cluster enumeration criteria, as detailed in the sequel.

Specifically, the state-of-the-art on cluster enumeration is discussed in Section 2.2 and the
main contributions made in this chapter are summarized in Section 2.3. In Section 2.4, the
problem of estimating the number of data clusters is formulated. The generic Bayesian cluster
enumeration criterion is introduced in Section 2.5. In Section 2.6, first, a new criterion that
models the data as a family of multivariate Gaussian distributions is derived. Then, a two-
step approach which uses the EM algorithm to partition the data prior to the calculation of
the new criterion is presented. The penalty term of the new criterion is further refined in Sec-
tion 2.7 by replacing an asymptotic approximation with the exact expression. In Section 2.8,
the derived cluster enumeration criteria are extended to a sensor network setup where the task
is to estimate the number of clusters in a streaming-in data collected by spatially distributed

sensors. Finally, the chapter is summarized in Section 2.9.
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2.2 STATE-OF-THE-ART

Statistical model selection is concerned with choosing a model that adequately explains the
observed data from a family of candidate models. Over the years, many model selection cri-
teria have been proposed in the literature, see for example [Jeftreys, 1961; Akaike, 1969; Akaike,
1970; Akaike, 1973; Allen, 1974; Stone, 1974; Rissanen, 1978; Schwarz, 1978; Hannan & Quinn,
1979; Shibata, 1980; Rao €5 Wu, 1989; Breiman, 1992; Kass &4 Raftery, 1995; Shao, 1996; Djurié,
1998; Cavanaugh &9 Neath, 1999; Zoubir, 1999; Zoubir &9 Iskander, 2000; Brcich et al., 2002;
Morelande €9 Zoubir, 2002; Spiegelhalter et al., 2002; Claeskens €5 Hjort, 2003; Lu 5 Zoubir,
2013b; Lu €9 Zoubir, 2013a; Lu €9 Zoubir, 2015] and the review in [Rao ¢§ Wu, 2001]. One
of the prominent fields of study where statistical model selection criteria are extensively used
is cluster analysis. A major challenge in cluster analysis is that the number of data clusters is
mostly unknown and it must be estimated prior to clustering the observed data. The estima-
tion of the number of clusters, also called cluster enumeration, has been intensively researched
for decades, see [Kalogeratos €9 Likas, 2012; Hamerly ¢§ Charles, 2003; Pelleg €6 Moore, 2000;
Shahbaba ¢4 Beheshti, 2012; Ishioka, 200s; Zhao et al., 2008a; Zhao et al., 2008b; Feng &5
Hamerly, 2007; Constantinopoulos et al., 2006; Huang et al., 2017; Fraley €5 Raftery, 1998;
Mehrjou et al., 2016; Dasgupta &9 Raftery, 1998; Campbell et al., 1997; Mukherjee et al., 1998;
Krzanowski ¢9 Lai, 1988; Tibshirani et al., 2001; Teklehaymanot et al., 2016; Binder et al.,
2018; Dolatabadi et al., 2017; Califiski €5 Harabasz, 1974; Rousseeuw, 1987; Davies €9 Bouldin,
1979; Dunn, 1973] and the surveys in [Xu ¢§ Wunsch, 200s; Arbelaitz et al., 2013; Milligan &9
Cooper, 1985; Maulik ¢ Bandyopadhyay, 20025 Halkidi et al., 2001]. A popular approach for
cluster enumeration is to apply the Bayesian information criterion (BIC) [Ishioka, 2005; Fra-
ley &9 Raftery, 1998; Zhao et al., 2008a; Zhao et al., 2008b; Pelleg &5 Moore, 2000; Mehrjou
etal., 2016; Dasgupta &9 Raftery, 1998; Campbell et al., 1997; Mukherjee et al., 1998; Teklehay-

manot et al., 2016; Dolatabadi et al., 2017].

The BIC finds the large sample limit of the Bayes’ estimator which leads to the selection of
a model that is a posteriori most probable. It is consistent if the true data generating model
belongs to the family of candidate models under investigation [Schwarz, 1978]. The BIC was
originally derived by Schwarz in [Schwarz, 1978] assuming that (a) the observations are inde-

pendent and identically distributed (iid), (b) they arise from an exponential family of distribu-

I0



2.2 STATE-OF-THE-ART

tions, and (c) the candidate models are linear in parameters. Ignoring these rather restrictive
assumptions, the BIC has been used in a much larger scope of model selection problems. A
justification of the widespread applicability of the BIC was provided in [ Cavanaugh ¢5 Neath,
1999] by generalizing Schwarz’s derivation. In [Cavanaugh €9 Neath, 1999], the authors drop

the first two assumptions made by Schwarz given that some regularity conditions are satisfied.

One of the prominent cluster enumeration algorithms that use the BIC is the X-means algo-
rithm [Pelleg €5 Moore, 2000]. The X-means algorithm attempts to extend K-means with an
estimation of the number of clusters by assuming that each cluster contains iid Gaussian data
points and all clusters are spherical with an identical variance. These assumptions greatly sim-
plify computation but are far from reality. Extensions of the X-means algorithm that replace
the BIC with either the minimum noiseless description length (MNDL) or univariate hypoth-
esis tests are presented in [Shahbaba €5 Beheshti, 2012 ], and [Hamerly €9 Charles, 2003; Feng
&9 Hamerly, 2007], respectively.

The BICis a generic criterion in the sense that it does not incorporate information regarding
the specific model selection problem at hand. As a result, it penalizes two structurally differ-
ent models the same way if they have the same number of unknown parameters. The work in
[Djurié, 1998] has shown that model selection rules that penalize for model complexity have to
be examined carefully before they are applied to specific model selection problems. Neverthe-
less, despite the widespread use of the BIC for cluster enumeration, very little effort has been
made to check the appropriateness of the original BIC formulation [Cavanaugh &9 Neath,
1999] for cluster analysis. One noticeable work towards this direction was made in [Mehrjou
et al., 2016] by providing a more accurate approximation to the marginal likelihood for small
sample sizes. This derivation was made specifically for mixture models assuming that they are
well separated. The resulting expression contains the original BIC term plus some additional
terms that are based on the mixing probability and the Fisher information matrix (FIM) of
each partition. The method presented in [Mehrjou et al., 2016] requires the calculation of
the FIM for each cluster in each candidate model, which is computationally very expensive
and impractical in real-world applications with high-dimensional data. This greatly limits its
applicability. Other than the above mentioned work, to the best of our knowledge, no one
has thoroughly investigated the derivation of the BIC for cluster analysis using large sample

approx1mat10ns .

1I



BAYESIAN CLUSTER ENUMERATION

2.3 CONTRIBUTIONS IN THIS CHAPTER

Our first contribution lies in the derivation of a new BIC by formulating the problem of es-
timating the number of clusters as maximization of the posterior probability of candidate
models. Under some mild assumptions, we provide a general expression for the BIC, which
is applicable to a broad class of data distributions. This serves as a starting point when de-
riving the BIC for specific data distributions in cluster analysis. Along this line, we derive a
closed-form BIC expression by modeling the data as a family of multivariate Gaussian distri-
butions. Further more, to mitigate the shortcomings of clustering methods that require the
number of clusters as an input, we present a two-step cluster enumeration algorithm which
provides a principled way of estimating the number of clusters by utilizing existing cluster-
ing algorithms. The two-step algorithm uses a model-based unsupervised learning method to
partition the data into the number of clusters provided by the candidate model prior to the
calculation of the new BIC for that particular model. A major advantage of the new BIC is

that it can be used as a wrapper around any clustering algorithm.

The second contribution is the refinement of the penalty term of the new BIC for the finite
sample regime, which results in a cluster enumeration criterion with a strong penalty term.
Hence, it is able to estimate the correct number of clusters in data sets with small sample sizes.

In the asymptotic regime, both criteria behave in the same way.

The third contribution lies in proposing two distributed and adaptive Bayesian cluster enu-
meration algorithms by extending the newly derived criteria to a distributed sensor network
setup where the nodes exchange valuable information via the diffusion principle [Sayed et al.,
2013]. The proposed methods are applied to a camera network use case, where multiple users
film a non-stationary scene from different angles using their camera equipped portable de-
vices. The number of pedestrians is estimated based on streaming-in feature vectors without
assuming prior information, such as known positions of the devices, registration of camera

views or the availability of a fusion center.

The first and second contributions have been published in [Teklehaymanot et al., 2018a]
and [Teklehaymanot et al., 2018d], respectively. The third contribution has been published
in [ Teklehaymanot et al., 2018b], while some preliminary work in the area has been published

in [Teklehaymanot et al., 2016].
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2.4 PROBLEM FORMULATION
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Figure 2.1: Partitioning of a data set based on the number of clusters specified by different candidate models.

2.4 PROBLEM FORMULATION

Given a set of r-dimensional vectors X = {x1,..., &y}, let {X],..., Xk} bea partition
of X into K clusters X}, C X fork € K £ {1,..., K}. The subsets (clusters) X}, k € K,
are independent, mutually exclusive, and non-empty. Let M = {My,_. ..., My} be
a family of candidate models. Each candidate model M; € M represents the partitioning
of Xinto ! € {Lumin, - - -, Lmax} subsets, where [ € ZT. The parameters of each model
M; € M are denoted by ®; = [0, . .., 0;] which lies in a parameter space §2; C R9*!. An
example that illustrates the partitioning of a synthetic data set according to the number of
clusters specified by different candidate models is displayed in Figure 2.1. Our research goal is

to choose the model My € M, where K ¢ {Lmin, - - -, Lmax }, which is most probable a

13
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posteriori assuming that

(A-2.1) the true number of clusters (/) in the observed data set X satisfies the constraint
Lmin S K S Lmax-

2.5 GENERIC BAYESIAN CLUSTER ENUMERATION CRITE-

RION

In the considered Bayesian setting, estimating the number of clusters in a given data set corre-
sponds to choosing the model Mz € M which isa posteriori most probable [ Teklehaymanot

et al., 2018a]. Mathematically, this corresponds to solving
My = arg max p(M;|X), (2.1)

where p(M;|X) is the posterior probability of M; € M given the observations X. The

selected model M ; explains how the data set X’ should be partitioned.

Solving (2.1) starts with writing p(M;|X) as

p(Mi|X) = f(M;, ©,|X)de,, (2.2)
Q
where f(M;, ©;|X) is the joint posterior density of M and ©; given X'. According to Bayes’

theorem

p(My) f(©4| M) f (XM, ©y)
f(X) ’
where p(M)) is the discrete prior on the model M; € M, f(©;|M,) is a prior on the pa-

f(M,©|X) =

(23)

rameter vectors in @ given M;, f(X|M;, ©,) is the probability density function (pdf) of the
observation set X' given M, and ©,, and f(X) is the pdf of X'. Substituting (2.3) into (2.2),
we obtain

p(M|X) = f(X)"'p(M,) | f(©M,)L(©]|X)dO,, (2.4)

9

where £(©;|X) £ f(X|M;, ©,) is the likelihood function. Since log is a monotonic func-

14
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tion, M can also be determined via
argmax log p(M;|X) (2.5)
instead of (2.1). Hence, taking the logarithm of (2.4) results in

log p(Mi|X) = log p(M;) +log [ f(©i|M;)L(©;|X)dO; —log f(X).  (2.6)

Q

Since the partitions (clusters) X, € X, m = 1,...,[, are independent, mutually exclusive,

and non-empty, f(©;|M;) and L(O;|X) can be written as

l

f©M) = 1] £(6m|M) (27)
!
£(©]x) = [ £(6m] ). (2.8)

Substituting (2.7) and (2.8) into (2.6) results in

!
log p(VE|) = Togp(M) + D108 [ F(OulMi)L(6,1,)6,, ~ o F(X). )
m=1 .

Maximizing log p(M,;|X’) over all candidate models M, € M involves the computation of
the logarithm of a multidimensional integral. Unfortunately, the solution of the multidimen-
sional integral does not possess a closed analytical form for most practical cases. This problem
can be solved using either numerical integration or approximations that allow a closed-form
solution. In the context of model selection, closed-form approximations are known to pro-
vide more insight into the problem than numerical integration [Djurié, 1998]. Following this
line of argument, we use Laplace’s method of integration [ Djurié, 1998; Stoica €9 Selen, 2004;

Ando, 2010] to simplify the multidimensional integral in (2.9).

Laplace’s method of integration makes the following assumptions.

(A-2.2) log L(0,,|X,,), form = 1,...,1, has first- and second-order derivatives which are

continuous over the parameter space ).
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(A-23) log L£(0,,|X,,), form = 1,...,1, has a global maximum at 0,,, where 0,, is an
interior point of ;.

(A2.4) f(0,,|M;),form =1,...,1,is continuously differentiable and its first-order deriva-
tives are bounded on Q; with f(6,,|M;) # 0.

(A-2.5) The negative of the Hessian matrix of N—lm log £(0,,|X)

. RYX4 .
N d0,d6], |, ., C (2.10)

where V,,, is the number of data points in the mth cluster, is positive definite. That s,

ming ,, )\S(I:Im) >efors =1,...,qandm = 1,..., [, where A\;(H,,) is the sth

eigenvalue of H, m and € is a small positive constant.
The first step in Laplace’s method of integration is to write the Taylor series expansion of
f(0,,|M;) and log £(8,,|X,,,) around ,,,, for m = 1, ..., 1. We begin by approximating
log £(0,,,|X,»,) by its second-order Taylor series expansion around 0, as follows:

L£(6m|Xm)
de,,

A dl
10g L(0,|X,n) = log L0, X,) + 6 8

0m=0m

+ om

léT a? logc(eml')(m)
2°m | d,,dor

9m:ém]

X N, <o =
= log L(6,,| X)) — THZLHmOm, (2.11)

where 0,, £ 0,, — 0,,, form =1, ..., 1. The first derivative of log L(0,,|X,,) evaluated at

0, vanishes because of assumption (A-2.3). With

U2 | F(8]M) exp (108 £(8,1,)) d6,.. (212)

substituting (2.11) into (2.12) and approximating f(6,,|M;) by its Taylor series expansion

yields

~ 2 nT df(em’Ml>
UN/Rq(f(Om|MZ) + OmW

. N
+H0T)L(9myxm)exp(—Tmo;Hmem)dom,
01, =0,

(2.13)
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where HOT denotes higher order termsand exp (— Nz—mé;f{ m ém) isa Gaussian kernel with

mean 6,, and covariance matrix (N,, H,,) ! Ignoring the higher order terms, (2.13) can be

simplified to

. . No e o
U=~ f(0m|Ml)£(0m|Xm)/ exp (_ 2m0;Hm0m) de,,
R4

+£(ém|Xm)/ ézw
Re de,,

N e~
exp (—£9;Hm9m> ae,,
0,,=0, 2

. A N,y s o~ =
= £(0,,| M) L(6,,| X,) / exp (—TQLHmem) de,,
Rg
. 1/2
: : (2 | N Y N
= £(0,| M) L(6,,| X,0) / 75 OXP <—7me;Hmem> ae,,
R (2m)a/? | N H

1/2

= [(0| M) L(6,u| X)) (2m)* | N, HL!

(2.14)

given that NV,,, — 00, where | - | stands for the determinant. The term in the second line of
(2.14) vanishes because it simplifies to x E[6,, — 0,,,] = 0, where K < 00 is a constant (see

[Ando, 2010, p. 53] for more detail). Now, substituting (2.14) into (2.9), we arrive at

: . . l
log p(Mi|X) ~ log p(My) + _ og (f (Ol M) L0 X)) + 5 log 2

m=1
1 o A
— 5 2 _log|Ju| —log f(%), (2.15)
m=1

where P log £(0,,|X,,)

> 2 og m|“tm
Jn. =N, H, =— RI*4 16
40,407, |p 5 - (216)

is the Fisher information matrix (FIM) of the data vectors from the mth partition.

In the derivation of log p(M;|X'), so far, we have made no distributional assumption on
the data set A" except that the log-likelihood function log £(8,,|X,;,) and the prior on the
parameter vectors f(6,,|A;), form = 1,...,[, should satisfy some mild conditions under
each model M; € M. Hence, (2.15) is a general expression of the posterior probability of the

model M given X for a general class of data distributions that satisty assumptions (A-2.2)-
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(A-2.5). The BICis concerned with the computation of the posterior probability of candidate

models and thus (2.15) can also be written as

BIC,(M;) £ log p(M;|X)

A . l
~ log p(My) + log (4| M,) +log L(€,X) + 7 log 2
1< 3
=5 D log || — log f(%). (217)
m=1

After calculating BIC,(M;) for each candidate model M; € M, the number of clusters in X
is estimated as

KBICG: argmax BIC;(M)). (2.18)

I=Lmin,---sLmax

However, calculating BIC,(M;) using (2.17) is a computationally expensive task as it requires

the estimation of the FIM, jm, for each cluster m = 1, ..., in the candidate model M, €
M. Our objective is to find an asymptotic approximation for |jm|, form = 1,...,1,in

order to simplify the computation of BIC(M;). We solve this problem by imposing specific
assumptions on the distribution of the data set X'. In the next section, we provide an asymp-
totic approximation for |J,, |, form = 1,..., [, assuming that each cluster &, contains iid

multivariate Gaussian data points.

2.6 BAYESIAN CLUSTER ENUMERATION ALGORITHM FOR

MULTIVARIATE GAUSSIAN DATA

In this section, we first derive an asymptotic cluster enumeration criterion by modeling the
data as a family of Gaussian distributions. Then, we present a two-step approach that uses the
EM algorithm to partition the data according to each candidate model prior to the calculation
of an enumeration criterion. Inaddition, we conduct numerical and real data experiments and
demonstrate the performance of the proposed cluster enumeration algorithm in comparison

to existing methods.
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2.6 BAYESIANCLUSTER ENUMERATION ALGORITHM FORMULTIVARIATE
GAUSSIAN DATA

2.6.1 BAYESIAN CLUSTER ENUMERATION CRITERION FOR

MULTIVARIATE GAUSSIAN DATA

LetX £ {xy,..., @y} denote the observed data set which can be partitioned into K clusters
{X1,..., Xk} Each cluster X, k € K, contains Ny, data vectors that are realizations of iid
Gaussian random variables €z, ~ N (g, 34,), where g, € R™!and ), € R™*" represent
the centroid and the covariance matrix of the kth cluster, respectively. Further, let M =
{My,...--, Mp,..} denoteaset of Gaussian candidate models and let there be a clustering
algorithm that partitions X" into [ independent, mutually exclusive, and non-empty subsets
(clusters) &, form = 1,...,[, by providing parameter estimates 0,, = [, ﬁ?m]T for
each candidate model M; € M, wherel € {Lyn, .., Lmax} and | € Z*. Assume that
(A-2.1)—(A-2.6) are satisfied.

Theorem 2.1. The posterior probability of M; € M given X can be asymptotically approxi-

mated as

BIC,(M;) = logp(M|X)
~ an:l N log Ny, — %Zin:l leog\2m| _%Zinzl log Nin,
(2.19)

where ¢ = $r(r + 3) is the number of estimated parameters per cluster and N, is the

number of data points in the mth cluster, which satisfies the condition N = an:l N

Proof. Proving Theorem 2.1 requires finding an asymptotic approximation to ]jm\ in (2.17)
and, based on this approximation, deriving an expression for BIC, (/). A detailed proof is

given in Appendix B.1. |

Once BIC,(M;) is computed for each candidate model M; € M, the number of partitions

(clusters) in X is estimated as

KBICN: argmax BIC(M;). (2.20)

l:Lmina-"7LI!laX

Remark. The proposed criterion, BICy, and the original BIC as derived in [Schwarz, 1978;
Cavanaugh &5 Neath, 1999] differ in terms of their penalty terms. A detailed discussion is
provided in Section 2.6.4.
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The first step in calculating BIC(M;) for each model M; € M is the partitioning of the
dataset X' into [ clusters X,,,, wherem = 1, ..., [, and the estimation of the associated cluster
parameters using an unsupervised learning algorithm. Since the approximations in BIC, (1))
are based on maximizing the likelihood function of Gaussian distributed random variables, we
use a clustering algorithm that is based on the maximum likelihood principle. Accordingly, a

natural choice is the EM algorithm for Gaussian mixture models.

2.6.2 THE EXPECTATION MAXIMIZATION ALGORITHM FOR GAUSSIAN

MIXTURE MODELS

The EM algorithm finds maximum likelihood solutions for models with latent variables [ Dem-
pster et al., 1977; Bishop, 2006]. In our case, the latent variables are the cluster memberships
of the data vectors in X, given that the [-component Gaussian mixture distribution of a data

vector &,, can be written as

l
F(@n] M1, 01) = 700g(@0; i, Zin), (2.21)
m=1

where g(,,; ftm, Xy, ) represents the r-variate Gaussian pdf and 7,,, is the mixing coefficient
of the mth cluster. The goal of the EM algorithm is to maximize the log-likelihood function

of the data set X with respect to the parameters of interest as follows:

N I
arg max log £(®;|X) = arg max Z:l log Z:lfmg(fvn; P E), (222)
where ®; = [1,0]'|and 7, = 7y, ... 7] Maximizing (2.22) with respect to the elements

of ®, results in coupled equations. The EM algorithm solves these coupled equations using

a two-step iterative procedure. The first step (E step) evaluates f}ﬁfr)n, which is an estimate of

the probability that data vector x,, belongs to the mth cluster at the ¢th iteration, for n =

1,...,Nandm =1,...,1L Oy(fr)n is calculated as
(i1 L (i=1) (i1
NOE 7 )g(wn;m(n )7221 )>
Unm = TG0 1) oDy (2:23)
Zj:1 T; 9(Tn; i Ej )
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. (i—1 &\(i—1 . . . . .
where y,% ) and 27(% ) represent the centroid and covariance matrix estimates, respectively,
of the mth cluster at the previous iteration (¢ — 1). The second step (M step) re-estimates the
cluster parameters using the current values of ¥y, as follows:

N ()
NOE Zn:l UnmIp
) — Znt UinZn (224)
N (@)
Zn:l Unm

N A - (i) T
5 (4 n= Unm (Ln — Bm )\ Ln — Um
2() _ Z 1 ( — A(Z))( ) (2.25)

Zn:l Unm
N ()
ﬁ(rf) = —Zn]\lfvnm (2.26)

The E and M steps are performed iteratively until either the cluster parameter estimates > ; or
the estimate of the log-likelihood function log E(@l |X) converges.

A summary of the estimation of the number of clusters in an observed data set using the
two-step approach is provided in Algorithm 2.1. Note that the computational complexity
of BIC(M;) is only O(1), which can easily be ignored during the run-time analysis of the
proposed two-step cluster enumeration algorithm. Hence, since the EM algorithm is run
for all candidate models in M, the computational complexity of the proposed algorithm is
O(N7% (Luin + - - - + Linax) imax ) Where iy is a fixed stopping threshold of the EM algo-

rithm.

2.6.3 Ex1sTING BIC-BASED CLUSTER ENUMERATION METHODS

As discussed in Section 2.2, existing cluster enumeration algorithms that are based on the orig-
inal BIC use the criterion as it is known from parameter estimation tasks without questioning
its validity on cluster analysis. Nevertheless, since these criteria have been widely used, we
briefly review them to provide a comparison to our criterion BIC,, which is given by (2.19).
The original BIC, as derived in [Schwarz, 1978; Cavanaugh &9 Neath, 1999], evaluated at a

candidate model M; € M is written as
A l
BIC,(M;) = log £(©,|X) — % log N, (2.27)

where C(@l |X') denotes the likelihood function, ¢ is the number of estimated parameters in
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Algorithm 2.1 Two-step cluster enumeration algorithm

Inputs: X, Liyin, and Lyax
forl = Lin, ..., Limax do
Step 1: model-based clustering
Step 1.1: the EM algorithm
form=1,...,ldo
Initialize pt,,, using K-means++ [Arthur ¢ Vassilvitskii, 2007]

2m = ﬁ Zmne)(m (wn - ﬂm)(mn - ﬂm)T

=

end for

fort =1,2,...,inax do
E step:

forn=1,...,Ndo
form=1,...,ldo
Calculate @% using (2.23)
end for
end for
M step:
form=1,...,ldo
Determine [1,7(7?, 2%), and 7 via (2.24)-(2.26)
end for ' '
Check for convergence of either Cf'l(l) or log E(Ci)l(l) |X)
if convergence condition is satisfied then
Exit for loop
end if
end for
Step 1.2: hard clustering
forn=1,...,Ndo
form=1,...,ldo
(i

~ (7
1, m = argmax v,

by = 7j=1,...,1
0, otherwise
end for
end for
form=1,...,ldo
N = Yoy b
end for
Step 2: calculate BIC,(M;) via (2.19)
end for

Estimate the number of clusters, Kgic,, in X via (2.20)
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Algorithm 2.2 Cluster enumeration using BIC,

Inputs: X, Lyin, and Lyax
forl = Lyin, ..., Limax do
form=1,...,ldo
Estimate IV, and p,,, using K-means++ [Arthur &9 Vassilvitskii, 2007]
Calculate 62 using (2.30)
end for
Calculate BICy5(M;) via (2.29)
end for
Estimate the number of clusters in X as
KBICOS = argmax BIC (M)

l=Lmin,---sLmax

the candidate model M, and N = #X. In (2.27), log £((:31|X ) denotes the data fidelity
term, while %l log N is the penalty term. Under the assumption that the observed data is
Gaussian distributed, the data fidelity terms of BIC, and the ones of our criterion, BIC,, are
exactly the same. The only deference between the two is the penalty term. Hence, we use a
similar procedure as in Algorithm 2.1 to implement the original BIC as a wrapper around the

EM algorithm.

Moreover, the original BIC is commonly used as a wrapper around K-means by assuming
that the data points that belong to each cluster are iid as Gaussian and all clusters are spherical
with an identical variance, ie. 3,, = X; = 02, form # j, where 0% is the common
variance of the clusters in M; [Pelleg ¢ Moore, 2000; Zhao et al., 2008a; Zhao et al., 2008b].

Under these assumptions, the original BIC is given by
BIC,,(M;) = log £(©]X) — % log N, (2.28)

where BICy;(M;) denotes the original BIC of the candidate model M; derived under the as-
sumptions stated aboveand & = (71 + 1) is the number of estimated parametersin M; € M.

Ignoring the model independent terms, BIC () can be written as
!

N
BIC, (M) = > Ny log Ny, — % log 6 — %log N, (2.29)

m=1
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where l
. 1 . .
2 = _N Z Z - I*l'm)—r (mn - lme) (2'30)

is the maximum likelihood estimator of the common variance. Algorithm 2.2 summarizes

cluster enumeration using BIC,.

2.6.4 COMPARISON OF THE PENALTY TERMS OF DIFFERENT BAYESIAN

CLUSTER ENUMERATION CRITERIA

Comparing (2.19), (2.27), and (2.28), we notice that they have a common form [Stoica &9 Selen,

2004; Rao €9 Wu, 1989], that s,
log L(©,|X) — 1, (231)

but with different penalty terms, where

q
5 Z 0g Nm (2‘-32‘)
ql
BIC,: n= 5 log N (2.33)
BICy,: 7= 5 (rl + 1) log N. (2.34)

Remark. BIC, and BICq; carry information about the structure of the data only on their data
fidelity term, which is the first term in (2.31). On the other hand, as shown in (2.19), both the

data fidelity and penalty terms of our criterion, BIC,, contain information about the structure

of the data.

The penalty terms of BIC, and BIC,, depend linearly on [, while the penalty term of our
criterion, BIC,, depends on [ in a non-linear manner. Comparing the penalty terms in (2.32)-
(2.34), BIC,s has the weakest penalty term. In the asymptotic regime, the penalty terms of
BIC, and BIC, coincide. But, in the finite sample regime, for values of | > 1, the penalty term
of BIC, is stronger than the penalty term of BIC,.. Note that the penalty term of BIC, depends
on the number of data vectors in each cluster, N,,, form = 1, ..., [, of each candidate model

M, € M, while the penalty term of the original BIC depends only on the total number of

24



2.6 BAYESIANCLUSTER ENUMERATION ALGORITHM FORMULTIVARIATE
GAUSSIAN DATA

data vectors in the data set. Hence, the penalty term of our criterion might exhibit sensitivities

to the initialization of cluster parameters and the associated number of data vectors per cluster.

2.6.5 EXPERIMENTAL RESULTS

We compare the cluster enumeration performance of our criterion, BIC, given by (2.19), with
BIC, and BIC,,, which are given by (2.27) and (2.29), respectively, using five synthetic and
four real data sets. The considered data sets are diverse in the sense that the number of features
ranges from r = 2 up tor = 79, the number of samples ranges from N = 150 upto N =
16, 800 and the number of clusters ranges from K = 2up to K = 20. For all simulations, we
set Lyyin = 1and L. = 2K, where K is the true number of clusters in the data set X'. All
simulation results are an average of 1000 Monte Carlo experiments unless stated otherwise.
The compared cluster enumeration criteria are based on the same initial cluster parameters in
each Monte Carlo experiment, which allows for a fair comparison. The MATLAB code that
implements the proposed two-step algorithm and the Bayesian cluster enumeration methods

discussed in Section 2.6.3 is available in [ Teklehaymanot et al., 2018¢].

In this section, we first describe the performance measures used to compare the different
cluster enumeration criteria. Then, the numerical experiments performed on synthetic data

sets and the results obtained from real data sets are discussed in detail.

2.6.5.1 PERFORMANCE MEASURES

The main performance measures are the empirical probability of detection (pge), the empir-
ical probability of underestimation (Pynger), the empirical probability of selection, and the
mean absolute error (MAE). The empirical probability of detection is defined as the probabil-

ity with which the correct number of clusters is selected and it is calculated as

I
1
Pder = 7 E l{ki:K}a (2:35)
i=1

where I is the total number of Monte Carlo experiments, K; is the estimated number of clus-

ters in the ¢th Monte Carlo experiment, and 1 (K=K} 18 the indicator function which is de-
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Figure 2.2: Synthetic data sets

fined as
1, if Ki=K

AL

ﬂ{Kz:K} (2"36)

0, otherwise
The empirical probability of underestimation (Punder) is the probability that K < K and the

empirical probability of overestimation (Pover) can be easily computed as

Pover = 1 - Pdet — Punder- (237)

The empirical probability of selection is defined as the probability with which the number
of clusters specified by each candidate model M; € M is selected. The last performance
measure, which is the mean absolute error (MAE), is computed as
1 Jd
MAE = - ’K e

1=

. (2.38)

2.6.5.2 NUMERICAL EXPERIMENTS

The numerical experiments are based on five synthetic data sets out of which three have been
already used in the literature for cluster analysis tasks [Frinti €5 Virmajoki, 2006; Kirkkiinen
€9 Frinti, 2002; Frinti et al., 2016]. We perform three experiments where we study the impact

of cluster overlap, cluster unbalance, and initialization of cluster parameters on the overall
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Table 2.1: The empirical probability of detection in %, the empirical probability of underestimation in %, and
the mean absolute error (MAE) of various Bayesian cluster enumeration criteria as a function of y for Data-2.1.

5 1 3 6 12 48

BIC, 55.2 743 874 95.7 100
BIC, 43.6 69.7 85.1 94.9 100
BIC,s  53.9 50.5 49.4 42.4 31.8

BIC, 445 25.7 12.6 4.3 0
BIC, 56.4 30.3 14.9 5.1 0
BICos 0 0 0 0

0
BICy 0.449 0.257 0.126 0.043 0
BIC, 0.564 0.303 0.149 0.051 0

BIC,s 0.469 0.495 0.506 0.576 0.682

Paec(%0)

Dunder (%)

MAE

performance of different cluster enumeration methods.

In the first experiment, we consider a data set, referred to as Data-2.1 and depicted in Fig-
ure 2.2a, which contains realizations of the random variables @), ~ N (g, Xi), where k =

1,2, 3, with cluster centroids p1 = [2,3.5]", o = [6,2.7]", 3 = [9,4] ", and covariance

0.2 0.1 0.5 0.25 1 0.5
21 = ) 22 = ) 23 = .
0.1 0.75 0.25 0.5 0.5 1

The first cluster is linearly separable from the others, while the remaining clusters overlap. The

matrices

number of data vectors per cluster is specified as N; = v x 50, Ny = v x 100, and N3 =
v % 200, where  is a constant. Data-2.1 is particularly challenging for cluster enumeration
criteria because it has not only overlapping but also unbalanced clusters. Cluster unbalance
refers to the fact that different clusters have a different number of data vectors, which might

result in some clusters dominating the others.

The impact of cluster overlap and unbalance on pge: and MAE is displayed in Table 2.1.
This table shows pg.. and MAE as a function of 7y, where 7 is allowed to take values from the
set {1, 3,6,12,48}. The cluster enumeration performance of BIC,, is lower than the other
methods because it is designed for spherical clusters with identical variance, while Data-2.1
has one elliptical and two spherical clusters with different covariance matrices. Our criterion,
BIC,, performs best in terms of pge and MAE for all values of 7y. As «y increases, which corre-

sponds to an increase in the number of data vectors in the data set, the cluster enumeration
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Figure 2.3: The total criteria and penalty terms of different Bayesian cluster enumeration criteria for Data-2.1
wheny = 1.

performance of BIC, and BIC, greatly improves, while the performance of BIC,, deteriorates
because of the increase in overestimation. The total criterion (BIC) and penalty term of differ-
ent Bayesian cluster enumeration criteria as a function of the number of clusters specified by
the candidate models for y = 11is shown in Figure 2.3. The BIC plotin Figure 2.3a is the result
of one Monte Carlo run. It shows that BIC, and BIC, have a maximum at the true number
of clusters (K = 3), while BIC, overestimates the number of clusters to KBICOS = 4. As
shown in Figure 2.3b, our criterion, BIC,, has the second strongest penalty term. Note that,
the penalty term of our criterion shows a curvature at the true number of clusters, while the
penalty terms of BIC, and BIC, are uninformative on their own.

In the second numerical experiment, we consider a data set, referred to as Data-2.2, which
contains realizations of the random variables @, ~ N (g, Xy ), where k = 1,. .., 10, with
cluster centroids g1 = [0,0]7, po = [3,—-2.5], uz = [3,1]", g = [=1,-3]T, pus =
[—4,0]7, ug = [-1,1]7, ur = [=3,3]7, us = [2.5,4]7, pg = [—3.5,—2.5], pt1g =

[0,3] ", and covariance matrices

0.25 —0.15 05 0 0.1 0
2:1 = y A2 = ) E’L = )
—0.15 0.15 0 0.15 0 0.1
wherei = 3,...,10. As depicted in Figure 2.2b, Data-2.2 contains eight identical and spheri-

cal clusters and two elliptical clusters. There exists an overlap between two clusters, while the
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Table 2.2: The empirical probability of detection in %, the empirical probability of underestimation in %, and
the mean absolute error (MAE) of various Bayesian cluster enumeration criteria as a function of the number of
data vectors per cluster (Ny) for Data-2.2.

N, 100 200 500 1000

) BIC, 56.1 66 81  85.3
Pdeel70) g1 41 571 78 849
BIC,, 2.7 0.9 0.1 0

) BIC, 37.6 302 182 13.5
Punder\70) g1 586 417 214 141
BIC,, 0 0 0 0

BIC, 0.452 0.341 0.19 0.148
BIC, 059 0429 0.22 0.151
BIC, 1.613 1.659 1.745 1.8

MAE

rest of the clusters are well separated. All clusters in this data set have the same number of data
vectors. Table 2.2 shows pge: and MAE as a function of the number of data vectors per cluster,
N,k = 1,...,10, where Ny, is allowed to take values from the set {100, 200, 500, 1000}.
Our criterion, BIC,, consistently outperforms the cluster enumeration methods that are based
on the original BIC for the specified number of data vectors per cluster (V). BIC, tends to
underestimate the number of clusters to K. sico = 9 when Ny, is small since it merges the two
overlapping clusters. Even though majority of the clusters are spherical, BIC,, rarely finds the

correct number of clusters.

The overall performance of the two-step approach presented in Algorithm 2.1 depends on
how well the clustering algorithm in the first step is able to partition the given data set. Clus-
tering algorithms such as K-means and EM are known to converge to a local optimum and
exhibit sensitivity to initialization of cluster parameters. The simplest initialization method is
to randomly select cluster centroids from the set of data points. However, unless the random
initializations are repeated sufficiently many times, the algorithms tend to converge to a poor
local optimum. K-means++ [Arthur €9 Vassilvitskii, 2007] attempts to solve this problem by
providing a systematic initialization to K-means. One can also use a few runs of K-means++
to initialize the EM algorithm. An alternative approach to the initialization problem is to use
random swap [Frinti, 2018; Zhao et al,, 2012]. Unlike repeated random initializations, ran-

dom swap creates random perturbations to the solutions of K-means and EM in an attempt
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Table 2.3: Summary of synthetic data sets in terms of their number of features (r), number of samples (IV),
number of samples per cluster (/Vi,), and number of clusters ().

Data sets r N N, K

S3 [Frinti &9 Virmajoki, 2006] 2 5000 333 15
A1 [Kirkkiinen €9 Frinti, 2002] 2 3000 150 20
G2-2-40 [Frinti et al., 2016] 2 2048 1024 2

to move the clustering result away from an inferior local optimum.

In the third experiment, we compare the performance of our criterion and the original
BIC as wrappers around the above discussed clustering methods using five synthetic data sets,
which include Data-2.1 with v = 6, Data-2.2 with N, = 500, and the ones summarized in
Table 2.3. The number of random swaps is set to 100 and the results are an average of 100
Monte Carlo experiments. To allow for a fair comparison, the number of replicates required
by the clustering methods that use K-means++ initialization is set equal to the number of
random swaps. The empirical probability of detection (pge) of our criterion and the origi-
nal BIC as wrappers around the different clustering methods is depicted in Table 2.4, where
RSK-means is the random swap K-means and RSEM is the random swap EM. BIC,; is the

implementation of our BIC as a wrapper around the K-means variants and is given by

l !
N
BICy = Y Nulog N, - 77" log 62 — % 3" log N, (2.39)
m=1

m=1
where « = r 4+ 1 and 6 is given by (2.30). For the data sets that are mostly spherical, the
K-means variants outperform the ones that are based on EM in terms of the correct estima-
tion of the number of clusters, while, as expected, EM is superior for the elliptical data sets.
Among the K-means variants, the gain obtained from using random swap instead of simple

K-means++ is almost negligible. On the other hand, for the EM variants, EM significantly

outperforms RSEM especially for BIC,.

2.6.5.3 REAL DATA RESuLTS

Here, we study the performance of different cluster enumeration methods using real data sets.

Out of the considered data sets, the first three are standard machine learning data sets [Lich-
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Table 2.4: Empirical probability of detection in % of various Bayesian cluster enumeration criteria as wrappers
around different clustering algorithms.

Data-2.1  Data2.2  §3 A1 Gz2-2-40

< .. BGy 49 0 100 98 100
MEASTT - pre., 48 0 100 98 100
RSK BIC,, 49 0 100 100 100
MeA o, 48 0 100 100 100
M BIC, 87 92 10 98 100
BIC, 85 89 10 98 100

BIC, 922 68 11 16 90

RSEM ™ gic, 85 89 9 928 97

man, 2013] and the last one has already been used in the literature for cluster enumeration
[Binder et al., 2018; Teklehaymanot et al., 2016]. Although there is no randomness when re-
peating the experiments for the real data sets, we still use the empirical probabilities defined in
Section 2.6.5.1 as performance measures because the cluster enumeration results vary depend-

ing on the initialization of the EM and the K-means++ algorithm.

Ir1s DATA SET

The Fisher’s Iris data set [Fisher, 1936] is a 4-dimensional data set collected from three species
of the Iris flower. It contains three clusters of 50 instances each, where each cluster corre-
sponds to one species of the Iris flower [Lichman, 2013]. One cluster is linearly separable
from the other two, while the remaining ones overlap. We have normalized the data set by
dividing the features by their corresponding mean.

Figure 2.4a shows the empirical probability of selection of different cluster enumeration
criteria as a function of the number of clusters specified by the candidate models in M. Our
criterion, BICy, is able to estimate the correct number of clusters (K = 3) 98.8% of the time,
while BIC, always underestimates the number of clusters to cho = 2. BIC,, completely
breaks down and, in most cases, goes for the specified maximum number of clusters. Even
though two out of three clusters are not linearly separable, our criterion is able to estimate the
correct number of clusters with a very high accuracy. Figure 2.5 shows the behavior of the BIC

curves of BIC,, given by (2.19), and the original BIC implemented as a wrapper around the EM
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Figure 2.4: Empirical probability of selection of our criterion, BICy, and existing Bayesian cluster enumeration
criteria for the real data sets.

algorithm, BIC, given by (2.277), for one Monte Carlo experiment. From (2.31), we know that
the data fidelity terms of both criteria are the same and this can be seen in Figure 2.5a. But,
their penalty terms are quite different, see Figure 2.sb. Due to the difference in the penalty
terms of BIC, and BIC,, we observe a different BIC curve in Figure 2.s5c. The total criterion
(BIC) curve of BIC, has a maximum at the true number of clusters (K = 3), while BIC, has
a maximum at f(mco = 2. Observe that, again, the penalty term of our criterion, BIC,, has
a curvature at the true number of clusters K = 3. Just as in the simulated data experiment,
the penalty term of BIC, gives valuable information about the true number of clusters in the
data set while the penalty terms of the other cluster enumeration criteria are uninformative

on their own.
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Figure 2.5: The data fidelity terms, penalty terms, and the total criteria of BICy and BIC, for the Iris data set.

YEAsT DATA SET

The Yeast data set is an 8-dimensional data set with 1484 instances [Lichman, 2013]. It con-
tains ten clusters with the following distribution of data vectorsin each cluster: Ny = 463, Ny =
429, N3 = 244, N, = 163, N5 = 51, Ng = 44, N; = 37, Ng = 30, Ng = 20, and
Nip = 5. Some clusters have very few data vectors compared to others. Hence, this data set
is very challenging for any cluster enumeration method.

Figure 2.4b depicts the empirical probability of selection as a function of the number of
clusters specified by the candidate models in M. BIC,, overestimates the number of clusters
100% of the time and BIC, underestimates the number of clusters 100% of the time. Our

criterion, BIC,, estimates the correct number of clusters 6.1% of the time. Comparing the
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estimated number of clusters by BIC, and BIC, one notices a very interesting result. BIC,
estimates four clusters majority of the time, while BIC, finds seven clusters. Hence, for this

real data example, BIC, is able to provide better cluster resolution than BIC,,.

SEEDS DATA SET

The Seeds data setisa 7-dimensional data set which contains measurements of geometric prop-
erties of kernels belonging to three different varieties of wheat, where each variety is repre-
sented by 70 instances [Lichman, 2013].

As shown in Figure 2.4¢, BIC, and BIC, are able to estimate the correct number of clusters
100% of the time, while BIC, overestimates the number of clusters to KBICOS = 6. In cases
where either the maximum found from the BIC curve is very near to the maximum number
of clusters specified by the candidate models or no clear maximum can be found, different
post-processing steps that attempt to find a significant curvature in the BIC curve have been
proposed in the literature. One such method is the knee point detection strategy [Zhao et al.,
2008a; Zhao et al., 2008b]. For the Seeds data set, applying the knee point detection method
to the BIC curve generated by BIC,; allows for the correct estimation of the number of clusters
100% of the time.

MUuLTI-OBJECT MULTI-CAMERA NETWORK APPLICATION

The multi-object multi-camera network application [ Teklehaymanot et al., 2016; Binder et al.,
2018] depicted in Figure 2.6 contains seven cameras that actively monitor a common scene of
interest from different viewpoints. There are six cars that enter and leave the scene of interest
atdifferent time frames. The video captured by each camera in the network is 18 seconds long
and 550 frames are captured by each camera. Our objective is to estimate the total number of
cars observed by the camera network. This multi-object multi-camera network example is a
challenging scenario for cluster enumeration in the sense that each camera monitors the scene
from different angles, which can result in differences in the extracted feature vectors (descrip-
tors) of the same object. Furthermore, as shown in Figure 2.6, the video that is captured by
the cameras has a low resolution.

We consider a centralized network structure where the spatially distributed cameras send

. . A
feature vectors to a fusion center for further processing. Hence, each camerac; € C =
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Figure 2.6: A wireless camera network continuously observing a common scene of interest. The top image
depicts a camera network with seven spatially distributed cameras that actively monitor the scene from different
viewpoints. The bottom left and right images show a frame captured by cameras 1 and 7, respectively, at the
same time instant.

{c1, ..., c7} first extracts the objects of interest, cars in this case, from the frames in the video
using a Gaussian mixture model-based foreground detector. Then, speeded up robust fea-
tures (SURF) [Bay et al., 2008] and color features are extracted from the cars. A standard
MATLAB implementation of SURF is used to generate a 64-dimensional feature vector for
each detected object. Additionally, a 10 bin histogram for each of the RGB color channels
is extracted, resulting in a 30-dimensional color feature vector. In our simulations, we apply
principal component analysis (PCA) to reduce the dimension of the color features to 15. Each
camera ¢; € C stores its feature vectors in X,. Finally, the feature vectors extracted by each
camera, X, are sent to the fusion center. At the fusion center, we have the total set of feature

A . . .
vectors X = {X,,, ..., X.,} C R™*5213 based on which cluster enumeration is performed.

The empirical probability of selection for different Bayesian cluster enumeration criteria
as a function of the number of clusters specified by the candidate models in M is displayed
in Figure 2.4d. Even though there are six cars in the scene of interest, two cars have similar
colors. Our criterion, BIC,, finds six clusters only 14.7% of the time, while the other cluster

enumeration criteria are unable to find the correct number of clusters (cars). BIC, finds five
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Table 2.5: Comparison of cluster enumeration performance of different Bayesian criteria for the real data sets.
The performance metrics are the empirical probability of detection in %, the empirical probability of underesti-
mation in %, and the mean absolute error (MAE).

Iris Yeast  Seeds Cars

) BIC, 98.8 6.1 100 14.7
Pdeel70) p1c, 0 0 100 0
BIC,, 0 0 0 0

%) BIC, 0 91.6 0 85
Punder\70)g1c 100 100 0 100
BIC,, 0 0 0 0

BIC, 0.024 2.61 0 0.853

MAE g, 1 5649 0  1.012
BIC,, 2.674 8.804 3 6

clusters majority of the time. This is very reasonable due to the color similarity of the two
cars, which results in the merging of their clusters. The original BIC, BIC,, also finds five
clusters majority of the time. But, it also tends to underestimate the number of clusters even
more by detecting only four clusters. Hence, our cluster enumeration criterion outperforms
existing BIC-based methods in terms of MAE as shown in Table 2.5, which summarizes the

performance of different Bayesian cluster enumeration criteria on the real data sets.

2.7 BAYESIAN CLUSTER ENUMERATION CRITERION WITH

FINITE SAMPLE PENALTY TERM

Like many model selection criteria in the literature, BIC, is derived under asymptotic assump-
tions on the size of the observed data. However, in the finite sample regime, the asymptotic
assumptions made by BIC, are violated, which results in a weak penalty term. Having a weak
penalty term translates into having a BIC curve which has an increasing trend throughout the
considered range of number of clusters. In such cases, the criterion becomes prone to over-
estimation. To alleviate this problem, in this section, we extend the derivation of BIC, by
providing an exact expression for its penalty term [ Teklehaymanot et al., 2018d].

In the case where the data set X' is composed of data vectors which are realizations of mul-

tivariate Gaussian distributed random variables, given that assumptions (A-2.1)-(A-2.6) are
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satisfied, the posterior probability of the candidate model M; € M given X" can be written

as

log p(M;|X) ~ Zlogﬁ 0,,|X,) — = Zlog || — log f(X), (2.40)

where log £(0,,| X, ) is given by (A.1). Ignoring the model independent terms, (2.40) can be
simplified to

I
Ny, ~ 1 .
log p(M;|X) =~ E N,, log N,, g Tlog|2m|—§§ log [J,n]- (2.41)
m=1

In (2.41), the first two terms in the right hand side of the approximation are the data fidelity
terms and the last term is the penalty term. In this section, our objective is to provide an exact

expression to the penalty term.

The determinant of the FIM, |jm |, form =1,..., 1, isgiven by (B.15). Substituting (B.1s)

into (2.41) results in

m=1 m=1
!
— 5> log <’Nm2;3‘ X ——mDTFmDD
m=1
! ! !
=3 Nalog N = 3 22 log S, = = 3 log ‘NmEml‘
m=1 m=1 m=1
!
1 Ny e
-5 mzllog -='D'F.D|, (2.42)
where D € R"*3"("+1) i5 the duplication matrix and
AA -1 &1 2 o1 A w1
F,=£¥"'® <Em — N—Em ALY ) (2.43)
Am £ Z (mn - ﬂm)(wn - ljl'm)T (2-44)
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From (A.s), we know that

A, =N, (2.45)

Substituting (2.45) into (2.43) results in

Finally, substituting (2.46) into (2.42) results in

BICNF(MZ) =S lng<Ml‘X)

I I
N, ~ 1
= E Ny, log Ny, — E 710g]2m| - Zr(r—l—iﬂ) E log N,

m=1 m=1 m=1
1 1 ¢
o T (-1 o -1
+ 7+ 1)ilog2 + 5 Z::logyzm\—églog‘p (2m®2m>D‘.
(2.47)
The duplication matrix D is calculated as [Magnus €5 Neudecker, 1980]
T
= Z vi;vec (Yy5) (2.48)

i>j

where1 < j <7 <randw;; € R27+D*1 5 2 unit vector with one at its (j—Dr+i-—

% j(j — 1))th entry and zero elsewhere. Y;; € R™*" is given by

Ui, 1=]
Y; = ’ , (2.49)
Uj+U;, 1#]

where U;; contains one at its ¢, jth entry and zero elsewhere.
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Comparing (2.19) and (2.47) one notice that

l
1 1 5
BICr(My) = BIC\(M) + 7 (r + 1)llog2 + o > log ||

m=1
1
—3 Z log ‘DT (E;l ® 2;11>D‘ . (2.50)
m=1

Unlike BIC, and BIC,, the penalty term of BIC,, depends on the covariance matrix of the
individual clusters in M; € M. This allows BIC,; to lower the penalty term when the de-
terminant of the covariance matrices are high and penalize more severely when they are low.
However, if the observations span a large range of values, then the covariance matrices of in-
dividual clusters are very large and their inverses become close to zero. As a result, the penalty
term of BIC; might go to infinity. Hence, in such cases, we recommend normalizing the data
prior to the estimation of cluster parameters.

Once BIC,(1M;) is computed for each candidate model M; € M, the number of parti-

tions (clusters) in X is estimated as

KBICNF = argmax BIC(M,). (2.51)

:Lmina---7Ln1ax
Similar to BIC,, the cluster parameters required by BIC,; are estimated using the EM al-
gorithm. The additional complexity of BIC:(/;) compared to BIC,(M;) comes from the

term .
1 . )
5 Y log ‘DT (2;} ® 2,;}) D‘ .
m=1

The duplication matrix I is computed only once, and thusit can be ignored in the complexity

analysis. Hence, the excess computational costis O (Ir°).

2.7.1 EXPERIMENTAL RESULTS

In all simulations, we set Ly, = 1 and Ly, = 2K, where K is the true number of clusters
in X. All simulation results are an average of 1000 Monte Carlo experiments. We compare the
proposed criterion, BIC,, with BIC, and BIC, using two synthetic data sets. The compared

criteria use the same implementation of the EM algorithm.
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Figure 2.7: Synthetic data sets

The first experiment is based on Data-2.3, depicted in Figure 2.7a, which contains realiza-
tions of the random variables @), ~ N (puy, X), for k = 1,...,5, with cluster centroids
p1 = [=2,0]", e = 5,07, w3 = [0,7]7, sy = [8,4]T, us = [3,10]7, and covariance

matrices

5 _ [0.2 0 ] 5, [0.6 0 ] 5 [0.4 0 ] . [0.2 0 ] 5 [0.3 0 ]
0 0.2 0 0.6 0 04 0 0.2 0 0.3

Comparison of the three Bayesian cluster enumeration criteria as a function of the number of
data vectors per cluster, Ny, for Data-2.3 is given in Table 2.6. The proposed criterion, BIC,;,
outperforms the other criteria when the number of data vectors per cluster is small and it
exhibits a very small mean absolute error (MAE). The empirical probability of overestimation,
Pover> of BIC, and BIC, is very high especially when the number of data vectors per cluster
is small. As expected the cluster number estimates of all compared criteria converge to the
correct number of clusters, K = 5, when the number of data vectors per cluster increases. A
comparison of the total criteria and penalty terms of the different cluster enumeration criteria
for a single Monte Carlo experiment is shown in Figure 2.8a and Figure 2.8b, respectively.
BIC,: penalizes complex models more severely than the other criteria.

In the second experiment, we consider Data-2.4, shown in Figure 2.7b, which contains real-
izations of the random variables &), ~ N (uy, Xy), for k = 1,. .., 6, with cluster centroids

H1 = [_1707 7]T) Mo = [37()’ 8]T) H3 = [07571]T, Hq = [97474]T) H5 = [379a 5]T)
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Table 2.6: The empirical probability of detection in %, the empirical probability of overestimation in %, and
the mean absolute error (MAE) of various Bayesian cluster enumeration criteria as a function of the number of
data vectors per cluster (N}, for Data-2.3.

Ny, 10 50 100 1000

BIC, 77.6 100 100 100
Paec(%)  BICy 0 77.8  96.2 100
BIC, 264 993 99.7 100

BIC, 0 0 0
Pover(%) BIC, 100 222 38
BIC, 73.1 0.7 0.3

0
0
0
BIC 0.228 0 0 0
0
0

MAE BIC, 4.768 0.483 0.043
BIC, 2.461 0.007 0.003

Table 2.7: The empirical probability of detection in %, the empirical probability of overestimation in %, and
the mean absolute error (MAE) of various Bayesian cluster enumeration criteria as a function of the number of
data vectors per cluster (Ny,) for Data-2.4.

Ny, 50 100 250 1000

BIC,, 82.1 96.7 98.7 99.3
pae(%) BIC, 647 929 981  99.3
BIC, 51.7 91.1 98.7 99.3

BIC, 06 06 06 02
Pover(%) BIC, 309 57 1.3 02
BIC, 0 02 02 0

BIC 0.19 0.033 0.013 0.007
MAE BIC, 0.851 0.079 0.019 0.007
BIC, 0.602 0.089 0.013 0.007

te = [5,5,1.5]", and covariance matrices

06 0 0 1.8 0 0 1.2 0
X7=10 12 0],X%=|0 09 0],X=[0 06 )
0 0 06 0 0 15 0 0 03
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Figure 2.8: The total criteria and the penalty terms of different Bayesian cluster enumeration criteria for Data-2..3
when N, = 10.
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We compare the cluster enumeration performance of different criteria for Data-2.4 by setting
the number of data vectors per cluster to one of the values in {50, 100, 250, 1000}. Asshown
in Table 2.7, BIC outperforms the other criteria when Ny, is small and it exhibits a small MAE.
For small values of Vi, BIC, performs better than BIC,, while BIC, tends to underestimate
the number of clusters. Similar to the results of Data-2.3, asymptotically, all cluster enumera-

tion criteria behave satisfactorily.

2.8 APPLICATION: DISTRIBUTED AND ADAPTIVE

BAYEsIAN CLUSTER ENUMERATION

Distributed signal processing and communication networking are advancing rapidly. This
has led to new paradigms for signal and parameter estimation. one such paradigm is the so-
called multiple devices multiple tasks (MDMT) paradigm, where distributed heterogeneous
devices solve different signal processing tasks by cooperating in an ad hoc sensor network with-

out a fusion center [Plata-Chaves et al., 2017; Bogdanovic et al., 2014; Bertrand ¢§ Moonen,
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2012; Chen et al., 2015; Plata-Chaves et al., 2015; Chouvardas et al., 2015]. A crucial first step
towards the successful cooperation of nodes is to answer the question: ‘Who observes what?
For example, distributed node-specific image/video enhancement requires the common label-
ing of all objects within a camera network [ Teklehaymanot et al., 20155 Teklehaymanot et al.,
2017], and distributed node-specific speech enhancement requires the common labeling of
all speakers [Chouvardas et al., 2015; Bahari et al., 2016]. Several distributed algorithms have
been proposed in the literature, which frame the labeling task in form of a data clustering
problem after extracting source-specific features [ Teklehaymanot et al., 20155 Teklehaymanot
et al., 2017; Chouvardas et al., 20155 Bahari et al., 2016; Binder et al., 2015; Binder et al., 2016].
However, a major drawback of these state-of-the-art methods is that they assume the num-
ber of sources/objects, which translates into the number of clusters, to be known a priori.
The assumption is rather restrictive, since this information is mostly unavailable in real-world
source/object labeling applications. In addition, the number of sources/objects could be time-
varying, which calls for adaptive methods. In the literature, only few methods exist that tackle
the problem of estimating data clusters from observation collected by distributed heteroge-
neous devices with node-specific interests [ Teklehaymanot et al., 2016; Binder et al., 2018].
The work in [Teklehaymanot et al., 2016] presents diffusion-based X-means and PG-means
algorithms to estimate the number of clusters sequentially from streaming-in data collected
by a distributed sensor network.

In this section, we present two distributed and adaptive Bayesian cluster enumeration al-
gorithms. The performance of the presented methods is tested using numerical experiments
and real data multi-object multi-camera network application. Comparison to the method pre-

sented in [ Teklehaymanot et al., 2016] is also provided.

2.8.1 PROBLEM FORMULATION

Consider a wireless sensor network with .J nodes whose topology is described by a graph. The
neighborhood of node j € J 2 {1,...,J}, denoted as B;, is the set of all nodes, including
J» that node j can exchange information with. At time instant ¢, where ¢ = 1,2, .., each
node j € J collects r-dimensional data vectors and stores them in Xj; £ {Zj1,....,xjn} €
RNt where N, is the number of data vectors observed by node j € J at time instant ¢. As

. . . . A .
time progresses, each node j € J storesits datain Sj; = {Xj1,..., X} € R™Nit, where
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Nj; = 3!, N;. Sj; contains K; independent, mutually exclusive, and non-empty clusters.
Assume that a set of candidate models M 2 (M Lonins - -+ MjLuas 1> 18 given, where Ly,
and Ly,ax are the specified minimum and maximum number of clusters, respectively. Each
candidate model Mj; € M, represents a partitioning of S;; into I € {Lyin, - - ., Limax}
clusters, where | € Z*. Each data vector ¢, € Sjz,n = 1,..., Nj;, has an associated class
label k € K £ {1,..., K;}. Our goal is to enable each node j € J to adaptively estimate

the number of clusters in the data set S;; by cooperating with its neighbors in B,;.

2.8.2 DISTRIBUTED AND ADAPTIVE BAYESIAN CLUSTER ENUMERATION

ALGORITHMS

We present two distributed and adaptive Bayesian cluster enumeration algorithms, which esti-
mate the time-varying number of clusters K j; from streaming-in data Sj; [ Teklehaymanot et
al., 2018b]. Based on the Gaussian data assumption, the cluster parameters are estimated via
the expectation maximization (EM) algorithm using the number of clusters specified by each
candidate model M;; € M, where l € {Lyin, - - -, Limax }- Given the parameter estimates
for all candidate models, the Bayesian cluster enumeration criteria derived in Section 2.6.1and
Section 2.7 determine the number of clustersin the data set S, at time instant ¢ in a distributed
and cooperative manner by incorporating the diffusion principle [Sayed et al., 2013]. The
working principle of the distributed and adaptive Bayesian cluster enumeration algorithms,

depicted in Figure 2.9, is explained as follows.

1. Collect data: eachnode j € J collects N; data vectors at time instant ¢ and stores them
. . . . . A
in &Xj;. The accumulated data vectors at node j at time instant ¢ are stored in Sj; =
{Xj1,..., Xj;}. Optionally, each node j € J exchanges X;; within its neighborhood
B;. This exchange step significantly increases the communication and computation

costs, but may also provide a performance gain; see Section 2.8.3.

2. Estimate parameters: eachnode j € J estimates cluster parameters for each candidate
model Mj; € M; using the EM algorithm. The estimated parameters are the cluster
centroids ﬂ?ml € R™!, covariance matrices Z?ml € R"™", and the number of data

vectors per cluster Nj,y € ZT form = 1,...,land | = Ly, - - ., Lmax, where
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o l *
th - Zm:l ijl'

0

iy form =

3. Exchange parameter estimates: each node j € J exchanges fi},,, and Y

1,...,land ! = Lyin, . .., Limax within its neighborhood B;.

4. Synchronize parameter estimates: nodes assign labels to each cluster in an arbitrary man-
ner. Hence, each node j € J should synchronize the label assigned to the parameter
estimates it received from its neighbors with respect to the label assigned to its own
parameter estimates. For each clusterm = 1,...,land | = Lyn, ..., Lmax, cach
node j € J uses the Euclidean norm as a metric to measure the distance between
its own cluster centroid estimates ;lgml and the estimates of its neighbors fi}) ,, where

be Bj/{j} as follows:

Sjvm = || B3t — Bt ||, (2.52)

This creates a matrix A j;; whose row and column vectors are dp, form = 1,..., L
Now, the synchronization problem coincides with an assignment problem that can be
efficiently solved using the Hungarian algorithm [Munkres, 1957]. Using the assign-
ment results of the Hungarian algorithm, each node j € J corrects the labels of the

parameter estimates received from its neighborhood B;.

5. Adapt parameter estimates: the own and received cluster covariance matrix estimates

are adapted via

ﬁjml = aﬁ?ml +(1—a) Z abmlﬁgml (2.53)
beB;/{}

ateach node j € J for each candidate model Mj;; € M. « denotes the tradeoft

between the weight given to the own and neighboring node estimates. Here, we use

inverse distance norm combination weights [Sayed, 2014b], which are defined as

1

gml

Apml = (2.54)

*We use the EM algorithm to estimate cluster parameters because of its effectiveness in dealing with spheri-
cally as well as elliptically distributed data clusters. However, in principle, the proposed framework also allows
for using other parameter estimators.
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46

The combination weights are further normalized such that Zbe B, {5} ml = 1. This

way erroneous nodes are given less weight compared to the good nodes in the neigh-

borhood.

. Perform model order selection: using the adapted parameter estimates, each node j €

J selects the model M JRY, € M;, with K% € {Lmin, - - - , Lmax }, that maximizes the

posterior probability given Sj;. For this purpose, the BIC is calculated using either

l l l
Nii -«
D‘BICN(Mjl) = Z ijl 10g ijl — Z ]2 ! 10g |2jml| — % Z log ijl, or
m=1

m=1 m=1
(2.55)
l
1 1 .
D-BIC(M;1) = DBIC,(Mj) + (7 + 1)llog2 + 5 > log |3l
m=1
1 ¢ ) )
-5 o DT (5, @5) Dl (256)
m=1

where D denotes the duplication matrix of ﬁ)jml [Magnus & Neudecker, 1980] and
q = 3r(r + 3) represents the number of estimated parameters per cluster. Once each
node j € J computeseither D-BIC, (M) or D-BIC,(M;;) for each candidate model

M;; € M, the next task is to estimate the number of clusters in Sj; using either

K?t :l egrgmzzx D-BIC,(M;;), or (2.57)
f(;.)t = argmax D-BIC(M;). (2.58)

I=Lmin,---sLmax

. Exchange cluster number estimates: at this point, each node j € J exchanges its pre-

liminary estimate of the number of clusters, K 0

jt
neighborhood B;.

in S;; at time instant ¢ within its

. Adapt cluster number estimates: finally, each node j € J adapts its cluster number

estimate using

Kjt = median (k?t, I%,?J , (2.59)
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Figure 2.9: Overview of the distributed and adaptive Bayesian cluster enumeration algorithm.

where K9,,b € B;/{j}, denotes the cluster number estimates that node j received

from its neighbors.

Algorithm 2.3 summarizes the distributed and adaptive Bayesian cluster enumeration algo-

rithms.

2.8.3 EXPERIMENTAL RESULTS

In this section, we evaluate the performance of the distributed and adaptive Bayesian cluster
enumeration algorithm using two synthetic and a real data set. A comparison to the DX-
means algorithm [Teklehaymanot et al., 2016], is given. All simulation results are an average
of 300 Monte Carlo experiments and the minimum and maximum number of clusters in the
candidate models is set to Lyyin = 1 and Ly, = 2K, respectively, where K is the number
of clusters in the data set Sj; at the final time instant. Equal weight is given to the own and

neighborhood-based estimates by setting av = 0.5.
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Algorithm 2.3 Distributed and adaptive Bayesian cluster enumeration algorithm

Inputs: Ly and Loy
fort =1,2,...do
forj=1,...,Jdo
Collect N, data vectors
Store data vectors in X
Update Sj;
end for
forj=1,...,Jdo
forl = Ln, ..., Lmayx do
form=1,...,ldo
Estimate Njpi, f1),,,, and S?mz using the EM algorithm
Exchange fi19,,, and 22777,[ within B;
end for
end for
end for
fory=1,...,Jdo
Synchronize parameter estimates
end for
fory=1,...,Jdo
forl = Lun, ..., Limax do
form=1,...,ldo
Adapt covariance matrix estimates using (2.53)
end for
Calculate BIC either via (2.55) or (2.56)
end for
Estimate f(]ot using either (2.57) or (2.58)
end for
forj=1,...,Jdo
Exchange Kjot within B;
end for
foryj=1,...,Jdo
Combine K?t and KY,,b € B;/{j}, using (2.59)
end for
end for
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2.8.3.1 NETWORK-WIDE PERFORMANCE MEASURES

The network-wide empirical probability of detection and mean absolute error, which are de-

fined as

net

T
Piet = 771 Z {K(l) =K} (2.60)

t=1

M“
]~

.

Il
—

<.

~
—

Mﬂ

1
MAE™ —

TIT , (2.61)

M“

i

1 =1 t=1

J

are used as performance measures. / is the total number of Monte Carlo experiments, 7" is the
total number of time instances, K j(? is the estimated number of clusters by the jth node at

time instant ¢ and the ith Monte Carlo experiment, and 1 is the indicator function.

{K(’ =K}

2.8.3.2 NUMERICAL EXPERIMENTS

We consider a wireless sensor network with J = 10 nodes and #B; = 5. Two types of coop-
erative networks, namely coop-1 and coop-2, are distinguished, where coop-1 allows only the
exchange of estimates, while coop-2 additionally exchanges data vectors within the neighbor-
hood. Results are also reported for distributed non-cooperative (non-coop) and centralized
networks. In a centralized network, the fusion center solves the cluster enumeration task after
receiving data vectors from all nodes in the network.

In the first experiment, each node j € J contains realizations of Data-2.3, which was de-
fined in Section 2.7.1. Each cluster contains N, = 210 data points and each node j € J
observes N; = 30 data points at time instant ¢. The number of clusters is time-varying and
cluster unbalance appears, which mimics the real data application described in Section 2.8.3.3.
For example, at t = 8 one cluster contains 210 data vectors while the other cluster contains
only 30 data vectors. Table 2.8 summarizes the cluster enumeration performance of the pre-
sented distributed and adaptive algorithms and the DX-means algorithm [Teklehaymanot
et al., 2016] for this data set in terms of pi$ and MAE™. DX-means is consistently outper-
formed for all modes of cooperation. Perfect results are obtained in all cases with D-BICy.
Cooperation among neighboring nodes enhances the performance of D-BIC, compared to

the distributed non-cooperative scenario.
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Table 2.8: The network-wide empirical probability of detection in % and the network-wide mean absolute error
of various distributed and adaptive Bayesian cluster enumeration methods for Data-2.3 in different network

setups.

non-coop  coop-1  coop-2  centralized

net (07 D-BICy 100 100 100 100
Paer\ 70 D-BICy 89.69 97.16 98.7 99.95
DX-means 83.62 96.10 90.5 94.64

D-BIC; 0 0 0 0
D-BIC, 0.68 0.20 0.0131 0.0004
DX-means 0.17 0.04 0.124 0.0964

M AEnet

Table 2.9: The network-wide empirical probability of detection in % and the network-wide mean absolute error
of various distributed and adaptive Bayesian cluster enumeration methods for Data-2.5 in different network

setups.

non-coop  coop-1  coop-2  centralized

net (07 D-BICy 85.25 84.03 99.11 91.25
Paer\ 70 D-BIC, 60.81 87.89  99.08 90.67
DX-means 0.14 5.67 0 0

D-BIC; 0.32 0.34 0.0089 0.0894
D-BIC, 1.68 0.53 0.0092 0.098
DX-means 4.80 3.59 5.95 6.64

M AEnet

In the second experiment, we use Data-2.5 [Binder et al., 2016], depicted in Figure 2.10,
which contains realizations of @, ~ N (g, X), for k = 1,...,8and j € J, with
cluster centroids g1 = [1,0,3], u2 = [1,4,3],u3 = [1,0,6], s = [—1,3,3], 45 =
[4,4,4], pg = [6,3,7], ur = [4.5,7,6], g = [2,4, 7], and covariance matrices

01 0 0 01 0 O 2 0 0
;=0 01 0|,%=]0 04 0,23=10 01 0|,
0 0 1 0 0 1 0 0 0.5
04 0 O 02 0 O 025 0 O
4=10 16 0|,X%=|0 12 0],%=|0 03 0],
0 0 04 0 0 01 0 0 1.5
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Each cluster £ contains N, = 150 data vectors and each node 7 € J observes N; = 100
data vectors, which are randomly drawn from the data set, at time instant ¢. Table 2.9 sum-
marizes the results for Data-2.5. In all network setups, the proposed distributed and adaptive
cluster enumeration algorithms outperform the DX-means algorithm by a large margin. As
time progresses, the DX-means algorithm consistently overestimates the number of clusters
despite the increase in number of data vectors. Interestingly, coop-2 outperforms the cen-
tralized network implementation for our two proposed algorithms. However, this increase
in performance comes at an expense of communication and computation cost compared to

COOp-1.

2.8.3.3 MULTI-OBJECT MULTI-CAMERA NETWORK APPLICATION

We use an outdoor video sequence that was recorded by J = 3 unsynchronized digital video
cameras on the campus of Ecole Polytechnique Fédérale de Lausanne in Switzerland [Fleuret
etal., 2008; Berclaz et al., 2011] and set the neighborhood size to #B; = 3. The cameras were

mounted at head level (= 1.80m), observing the scene of interest from different angles, and
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Figure 2.11: Frames captured by cameras 1, 2, and 3, respectively, at the same time instant [Berclaz et al., 20115
Fleuret et al., 2008]. The bounding boxes are associated to the detected pedestrians and the color defines the
label, which is identical across all three views.

the captured videos were synchronized by hand. For pedestrian enumeration purposes, we
consider the first 550 frames that are captured by the cameras, where up to four people are
seen entering and exiting the scene at different time frames. The cameras monitor the scene
of interest from different angles which results in different cameras observing different num-
ber of pedestrians at the same time instance. To ensure correct estimation of the number of
pedestrians in the network we allow the cameras to exchange raw data vectors (features). Each
node provides an estimate of the number of clusters every two seconds which corresponds to
60 time frames.

We extract two color features from ground truth detections of pedestrians, see Figure 2.11.
The first color feature is obtained by dividing the detected bounding box into three concentric
circles and extracting a 10 bin histogram per color channel. The concatenation of the three
color channels, which correspond to red, green, and blue (RGB), results in a 90-dimensional
feature vector for each detected pedestrian. The second color feature is generated by cutting
the detected bounding box horizontally into four equal parts and computing the average of
each part for each color channel. This results in a 12-dimensional color feature. Finally, we
concatenate the two color features to create a 102-dimensional feature vector. The pedestri-
ans in the scene are dressed in relatively similar colors, which results in a sparse and linearly
dependent color feature vector. To solve this problem we reduce the dimension of the color
feature to 10 using principal component analysis (PCA).

Figure 2.12 depicts the average estimated number of clusters as a function of time frames for
the multi-object multi-camera network setup. The true number of clusters is represented by
the black staircase line, which increases every time a person that has not been observed by the

camera network enters the scene. On the other hand, if a person re-enters, the number of clus-
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Figure 2.12: Average estimated number of clusters as a function of time frames for the multi-object multi-camera
network setup.

ters is not incremented. The error bars show the fluctuations that are traced back to the ran-
dom initialization of the clustering algorithms. D-BIC,; is able to continuously estimate the
correct number of clusters with an empirical probability of detection pis = 77.09%, while
the remaining distributed cluster enumeration methods have pi = 12.55% and severely
overestimate the number of pedestrians in the scene. D-BIC,; is also the best cluster enumer-
ation method in terms of the mean absolute error with MAE™ = 0.26 followed by D-BIC,
with MAE™ = 5.65 and DX-means with MAE™" = 6.32. Even in this challenging pedes-
trian enumeration problem, D-BIC,; is able to estimate the correct number of pedestrians
with a high accuracy. In fact, errors can mainly be accounted to a delay in detecting a new

cluster due to the lack of feature vectors from this cluster.

2.9 SUMMARY

In this chapter, we presented three main contributions. First, we derived a general expression
of the BIC for cluster analysis which is applicable to a broad class of data distributions. By
imposing the multivariate Gaussian assumption on the distribution of the observations, we
provided a closed-form BIC expression, referred to as BIC,. We showed that the new BIC for
cluster analysis has a different penalty term compared to the original BIC [Schwarz, 1978; Ca-
vanaugh ¢ Neath, 1999]. Moreover, BIC, contains information about the structure of the

datain both its data fidelity and penalty terms because it is derived by taking the cluster analy-
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sis problem into account. Further, BIC, is incorporated into a two-step cluster enumeration
algorithm which provides a principled way of estimating the number of clusters in a given data
set. Numerical and real data experiments demonstrated the superiority of the proposed BIC
for cluster analysis over existing Bayesian cluster enumeration methods. Next, we extended
the two-step cluster enumeration algorithm by refining the penalty term of the new BIC for
the finite sample regime, which results in the criterion BIC;. Simulation results confirmed
the strength of BIC,; for estimating the number of clusters in data sets with small sample sizes.
BIC, achieves good performance results with a small additional computational complexity
compared to BIC,. Finally, we proposed two distributed and adaptive Bayesian cluster enu-
meration algorithms for an ad hoc sensor network where nodes communicate only with their
immediate neighbors. The proposed algorithms adaptively estimate the number of clusters
from streaming-in data. Experimental results demonstrated the superiority of the proposed
methods over the DX-means algorithm on synthetic data sets and a challenging real data ap-

plication.
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3.1 INTRODUCTION

In real-world applications, the observed data is often subject to heavy tailed noise and outliers
[Davé &9 Krishnapuram, 1997; Gallegos &9 Ritter, 2005; Garca-Escudero et al., 20115 Zoubir
etal., 20125 Zoubir et al., 2018] which obscure the true underlying structure of the data. Con-
sequently, cluster enumeration becomes challenging when either the data is contaminated by

a fraction of outliers or there exist deviations from the distributional assumptions.

In this chapter, we derive two robust Bayesian cluster enumeration criteria by modeling
the data as a family of multivariate ¢, distributions. Specifically, a review of the state-of-the-
art on robust cluster enumeration is given in Section 3.2 and the contributions made in this
chapter are summarized in Section 3.3. The problem of estimating the number of clusters in a
contaminated data setis formulated in Section 3.4 and a robust cluster enumeration algorithm
that uses a clustering method to partition the data prior to the calculation of either of the
derived robust criteria is presented in Section 3.5. A theoretical comparison of different robust

Bayesian cluster enumeration criteria is made in Section 3.6. The performance of the proposed
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algorithm is evaluated and compared to state-of-the-art methods using numerical and real data

experiments in Section 3.7. Finally, the chapter is summarized in Section 3.8.

3.2 STATE-OF-THE-ART

The estimation of the number of clusters in contaminated data has attracted interest in the
literature, see [Wang et al., 2018; Neykov et al., 2007; Gallegos &9 Ritter, 2009; Gallegos &5
Ritter, 2010; Fraley &5 Raftery, 1998; Dasgupta ¢9 Raftery, 1998; Andrews ¢§ McNicholas,
2012; McNicholas & Subedi, 2012; Frigui €9 Krishnapuram, 1996; Hu et al., 2011; Binder et
al., 2018; Garca-Escudero et al., 2011; Wu et al., 2009; Zemene et al., 2016; Ott et al., 2014;
Garcia-Escudero et al., 2010] and the references therein. A popular approach in robust cluster
analysis is to use the BIC, as derived by Schwarz [Schwarz, 1978; Cavanaugh ¢9 Neath, 1999],
to estimate the number of data clusters after either removing outliers from the data [Neykov
et al,, 2007; Gallegos &9 Ritter, 2009; Gallegos €9 Ritter, 2010; Wang et al., 2018], modeling
noise or outliers using an additional component in a mixture modeling framework [Fraley
&9 Raftery, 1998; Dasguprta €9 Raftery, 1998], or exploiting the idea that the presence of out-
liers causes the distribution of the data to be heavy tailed and, subsequently, modeling the
data as a mixture of heavy tailed distributions [Andrews ¢ McNicholas, 2012; McNicholas
€9 Subedi, 2012]. For example, modeling the contaminated data using a family of ¢, distribu-
tions [McLachlan €9 Peel, 1998; Peel ¢§ McLachlan, 2000; Kotz ¢§ Nadarajah, 2004; Lange et
al., 1989; Liu €9 Rubin, 1995; Kibria €5 Joarder, 2005; Kent et al., 1994 ] provides a principled
way of dealing with outliers by giving them less weight in the objective function. The family
of t,, distributions is flexible as it contains the heavy tailed Cauchy for v = 1 and the Gaussian
distribution for v — 00 as special cases. Consequently, we model the clusters using a family
of multivariate t,, distributions and derive robust cluster enumeration criteria that account

for outliers given that the degree of freedom parameter v is sufficiently small.

3.3 CONTRIBUTIONS IN THIS CHAPTER

A robust Bayesian cluster enumeration criterion, BIC,, , is derived by formulating the prob-
lem of estimating the number of clusters as maximization of the posterior probability of mul-

tivariate ¢, candidate models. We show that BIC,, has a different penalty term compared to
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the original BIC (BIC,;, ) [Schwarz, 1978; Cavanaugh €5 Neath, 1999], given that the candi-
date models in the original BIC are represented by a family of multivariate ¢, distributions.
Interestingly, for BIC,, both the data fidelity and the penalty terms depend on the assumed
distribution for the data, while for the original BIC changes in the data distribution only affect
the data fidelity term. Asymptotically, BIC;, converges to BIC,;, . Asa result, our derivations
also provide a justification for the use of the original BIC with multivariate ¢,, candidate mod-
els from a cluster analysis perspective. Further, we refine the derivation of BIC;, by providing
an exact expression for its penalty term. This results in a robust criterion, BICy, , which be-
haves better than BIC,, in the finite sample regime and converges to BIC;, in the asymptotic
regime. The derived robust cluster enumeration criteria require a clustering algorithm that
partitions the data according to the number of clusters specified by each candidate model and
provides an estimate of cluster parameters. Hence, we apply the expectation maximization
(EM) algorithm to partition the data prior to the calculation of an enumeration criterion, re-
sulting in a two-step approach. The proposed algorithm provides a unified framework for the

estimation of the number of clusters and cluster memberships.

The main contributions have been submitted for publication in the IEEE Transactions on

Signal Processing [ Teklehaymanot et al., 2018¢].

3.4 PROBLEM FORMULATION

Let X £ {xy,...,xzx} C RN denote the observed data set which can be partitioned into
K independent, mutually exclusive, and non-empty clusters { X}, . . . , X'k }. Each cluster X},
fork € K £ {1,..., K}, contains N}, data vectors that are realizations of independent
and identically distributed (iid) multivariate ¢, random variables x;, ~ t,, (p5, W), where
pe € R W, € R and v, € RT represent the centroid, the scatter matrix, and

A MLmax} be

a family of multivariate ¢,, candidate models, where Ly, and L.y represent the specified

the degree of freedom of the kth cluster, respectively. Let M £ {M,,

min? *

minimum and maximum number of clusters, respectively. Each candidate model M; € M,

forl = Lupin, - - ., Lmaxand ! € Z*, representsa partition of X into [ clusters with associated
cluster parameter matrix ®; = [0, .., 0], which lies in a parameter space ) C R9*¢,
Assuming that
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(A-3.1) the degree of freedom parameter vy, form = 1,...,1, is fixed at some prespecified

value,

the parameters of interest reduce to 8, = [y, ®,,,] and ¢ = 7(r + 1). Our research goal

is to estimate the number of clusters in X’ given M assuming that (A-2.1) is true.

3.5 ROBUST BAYESIAN CLUSTER ENUMERATION ALGO-

RITHM

Given that assumptions (A-2.2)-(A-2.5) are fulfilled, we have derived a general Bayesian cluster
enumeration criterion, referred to as BIC,, in Section 2.5. However, since we assume multi-
variate ¢, candidate models, some of the assumptions made in the derivation of BIC, require
mathematical justification [ Teklehaymanot et al., 2018¢].

In this section, first, mathematical justification is provided for some of the assumptions
in the case where each candidate model is represented by a multivariate ¢, distribution. Next,
robust cluster enumeration criteria are derived. Finally, a robust two-step cluster enumeration

algorithm is presented.

3.5.1 ROBUST BAYESIAN CLUSTER ENUMERATION CRITERIA FOR THE

MULTIVARIATE t, DISTRIBUTION

When the candidate models are represented by a family of multivariate ¢, distributions, as-
sumptions (A-2.3) and (A-2.5) require justification in order for BIC, given by (2.17), to be
valid. For the multivariate ¢, distribution, the log-likelihood function is known to have mul-
tiple local maxima [Kent et al., 1994; Liu £&9 Rubin, 1995]. In order for assumption (A-2.3) to
hold, we have to show that 8,,, is the global maximum of log £(0,,|X,,), form = 1,...,1
and ! = L, -y Limax. ém is the maximum likelihood estimator of 0,,, and its derivation
and the final expressions are given in Appendix A.2. We know that the global maximizer of

log £(0,,|X,,,), is 0°,, where 02, is the true parameter vector. In [Maronna, 1976], it was

proven that
lim 6,, = 6°

Ny, —00 m
with probability one, where INV,,, is the number of data points in the mth cluster. As a result,

asymptotically, assumption (A-2.3) holds. Assumption (A-2.5) directly follows because 0., is
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a maximizer of log £(8,,|X,,,). Hence, (2.17) holds for the case where the data is modeled by
a family of ¢, distributions.

Now, assume that, for each candidate model M; € M, there is a clustering algorithm
that partitions X into [ clusters and provides parameter estimates 6,, = [fip, ¥,] 7, for
m = 1,...,[. Further, let (A-2.1)~(A-2.6) and (A-3.1) be fulfilled.

Theorem 3.1. The posterior probability of M given X can be asymprotically approximated by

BIC,,(M;) = logp(M,;|X)

A 3.1
~ log £(©)|X) - 13! _ loge, &1

where q = %T’(T + 3) represents the number of estimated parameters per cluster and
e:max( Zwi, Nm). (3.2)
Tn€EXm
The likelibood function, also called the data fidelity term, is given by

l

l l
. Np o s U (v +7)/2)
log £(©,|X)~S N, logN,, — > —"log|¥,, N, 1
og L(©;]X) mZ:1 0g mZ:1 9 og | | _'_mZ:l 0g T (m/2) (7172
1 ¢ 5
530 3 Gt (142, (33)
m=1x,EXm m

where Ny, = #Xon, T(-) denotes the gamma function, and 5, = (2, — i) T, (@, — f1,,)
is the squared Mahalanobis distance. The second term in the second line of (3.1) is referred to

as the penalty term.

Proof. Proving that (2.17) reduces to (3.1) for the multivariate ¢, distribution requires approx-
imating \jm] and, consequently, writing a closed-form expression for BIC;, (M;). A detailed

proof is given in Appendix B.2. [ |

Once BIC;, (M) is computed for each candidate model M; € M, the number of clusters

in X is estimated as
Kyie,, = argmax BIC,, (M;). (3-4)

=Lmin-- Lmax

59



RoBUST BAYESIAN CLUSTER ENUMERATION

Corollary 3.1. ‘When the data size is finite, one can opt to compute log |J,, |, without asymprotic
approximations to obtain a more accurate penalty term. In such cases, the posterior probability

of M, given X becomes

l
A 1 A
BIC., (M:) ~ log L(O1|X) — 5 3 " 1og ||, (33)

m=1

where the expression for |, is given in Appendix C. Then, the number of clusters in X is

estimated as
IA(BICHU = argmax BICy, (M,). (3.6)

=Lmin;---,Lmax

Both BIC;, and BIC,;, should be implemented as wrappers around a clustering algorithm
since they require estimates of cluster parameters as an input. In the next section, we discuss
the expectation maximization algorithm as a possible alternative to estimate cluster parameters

and present the robust two-step cluster enumeration algorithm.

3.5.2 THE EXPECTATION MAXIMIZATION ALGORITHM FOR MIXTURE OF

t, DISTRIBUTIONS

The EM algorithm is widely used to estimate the parameters of the [-component mixture of £,
distributions [Peel ¢§ McLachlan, 2000; McLachlan €9 Peel, 1998; Kotz ¢ Nadarajah, 2004;
Nadarajah ¢§ Kotz, 2008], which is given by

l
f($n|Ml7(I)l) = Zng(mn;u’ma\IImvy’m)a (3-7)

m=1

where g(@y; o, Wi, V) denotes the r-variate ¢, pdf and ®; = [Tl, e/, ul} . The mixing

. T . .

coefficients, denoted by 7, = [71,..., 7] , satisfy the constraints 0 < 7, < 1form =
! T .

1,....,Land ) _ 7 = 1. vy = [1n,...,14] areassumed to be known or estimated, e.g.

using [Peel ¢§ McLachlan, 2000].

The EM algorithm contains two basic steps, namely the E step and the M step, which are
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performed iteratively until a convergence condition is satisfied. The E step computes

~(i— i1 i1

A(z) _ TT()’L 1)g(mn7“£ﬂ )7\:[,7(% )7Vm)

Unm = S LG-1) T -1 q(i-1) (3.8)
ijl T; g(wnuﬂ'j 7\:[1], 7Vj>

(i Up + 7T

W), = B G (3-9)

where 01, is the posterior probability that &,, belongs to the mth cluster at the ith iteration
and wﬁfﬁn is the weight given to &,, by the mth cluster at the ith iteration. Once @7% and wé’)n

are calculated, the M step updates cluster parameters as follows:

N ~(4)
NG n=1 Unm
7'7(71) == ZTl (3.10)

ﬂ(i) — 25:1 @gzzv)rzwr(fy)nwn -

N ~ (¢ 7 ~ (i .
) — Zona Ontttin (@ — ) (@0 = iy (
" N 5@ 3.12)

Zn=1 Unm

As the name suggests, the robust two-step cluster enumeration algorithm contains two
steps, which are the model-based clustering step and the cluster enumeration step. The model-
based clustering step performs iterations of the EM algorithm until convergence followed by
hard cluster membership assignments. In the cluster enumeration step, either BIC,, (1/;) or
BICy, (M) is computed for each model M; € M. The output of the algorithm is not only an
estimate of the number of clusters but also cluster membership assignments. A pseudo-code
that describes the working principle of the robust two-step cluster enumeration algorithm is

given in Algorithm 3.1.

Given that the degree of freedom parameter v is fixed at some finite value and the cluster
enumeration criterion used is BIC;, , the computational complexity of Algorithm 3.1 is the
sum of the run times of the two steps. Since the initialization, i.e., the K-medians algorithm
is performed only for a few iterations, the computational complexity of the first step is domi-
nated by the EM algorithm and it is given by O(N T limay ) for a single candidate model M;,
where iy, is a fixed stopping threshold of the EM algorithm. The computational complexity
of BIC;, (M;) is O(Nr?), which is much smaller than the run-time of the EM algorithm and,
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as a result, it can easily be ignored in the run-time analysis of the proposed algorithm. Hence,
the total computational complexity of Algorithm 3.1 is O(NN 7?(Linin + -+ - + Limax)imax)-
Note that if BICy,, is used in Algorithm 3.1 instead of BIC;,, the computational complexity
of the algorithm increases significantly with the increase in the number of features () due
to the calculation of the determinant of the Fisher information matrix of each cluster in each

candidate model, which is given by (C.1).

3.6 COMPARISON OF DIFFERENT ROBUST BAYESIAN

CLUSTER ENUMERATION CRITERIA

Model selection criteria that are derived by maximizing the posterior probability of candidate
models given data are known to have a common form [Stoica €9 Selen, 2004; Rao &5 W,
1989] that is consistent with

log £(©|X) — 1, (3.3)

where log E((':)l |X') is the data fidelity term and 7 is the penalty term. The proposed robust
cluster enumeration criteria, BIC;, and BICy, , and the original BIC with multivariate ¢,, can-
didate models, BIC;, , [Andrews £ McNicholas, 2012; McNicholas €9 Subedi, 2012] have an
identical data fidelity term. The difference in these criteria lies in their penalty terms, which

are given by

BIC,, : n= g Z log e (3.14)
m=1
1!
BIC,, : n= 5 Z log |Jon| (3.15)
m=1
ql
BICotu on= E 10g N, (316)

where € and ]jm\ are given by (3.2) and (C.1), respectively. Note that BIC,;, calculates an exact
value of the penalty term, while BIC;, and BIC,;, compute its asymptotic approximation. In
the finite sample regime the penalty term of BIC, is stronger than the penalty term of BIC; ,

while asymptotically all three criteria have an identical penalty term.
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Algorithm 3.1 Robust two-step cluster enumeration approach

Inputs: X, Liin, Linax, and v
forl = Lyin, ..., Limax do
Step 1: model-based clustering
Step 1.1: the EM algorithm
form=1,...,ldo
Initialize (1), using the K-medians algorithm
Initialize \ilgn using the sample covariance estimator
=
end for
fori =1,2,...,inax do
E step:
forn=1,...,Ndo
form=1,...,ldo
Calculate 03, and ), using (3.8) and (3.9), respectively
end for
end for
M step:
form=1,...,ldo
Determine %,5?, ;157?, and W via (3.10)-(3.12)
end for ' '
Check for the convergence of either <i>l(l) or log ﬁ(‘il@) |X)
if convergence condition is satisfied then
Exit for loop
end if
end for
Step 1.2: hard clustering
forn=1,...,Ndo
form=1,...,ldo
1, m = argmax o

. nj
bm = j=1,...,l

0, otherwise

end for
end for
form=1,...,ldo
Now = 0 tum
end for

Step 2: calculate either BIC,, (M) or BIC,, (M;) using (3.1) or (3.5), respectively
end for
Estimate the number of clusters in X via (3.4) or (3.6)
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Remark. A modification of the data distribution of the candidate models only affects the data
fidelity term of the original BIC [Schwarz, 1978; Cavanaugh €5 Neath, 1999]. However, given
that the BIC is specifically derived for cluster analysis, we showed that both the data fidelity
and penalty terms change as the data distribution of the candidare models changes, see (3.1)

and (2.19).

Remark. ‘When the degree of freedom parameter v — oo, BIC,, converges to BIC,, where

BIC, i given by (2.19).

A related robust cluster enumeration method that uses the original BIC to estimate the
number of clusters is the trimmed BIC (TBIC) [Neykov et al., 2007]. The TBIC estimates
the number of clusters using the original BIC with Gaussian candidate models after trimming
some percentage of the data. In TBIC, the fast trimmed likelihood estimator (FAST-TLE)
is used to obtain maximum likelihood estimates of cluster parameters. The FAST-TLE is
computationally expensive since it carries out a trial and a refinement step multiple times, see

[Neykov et al., 2007] for details.

3.7 EXPERIMENTAL RESULTS

We compare the performance of the proposed robust two-step algorithm with state-of-the-art
cluster enumeration methods using numerical and real data experiments. In addition to the
methods discussed in Section 3.6, we compare our cluster enumeration algorithm with the
gravitational clustering (GC) [Binder et al., 2018] and the X-means [Pelleg ¢§ Moore, 2000]
algorithm. All experimental results are an average of 300 Monte Carlo runs. The degree of
freedom parameter is set to v = 3 for all methods that have multivariate ¢,, candidate models.
We use the author’s implementation of the gravitational clustering algorithm [Binder et al.,
2018]. For the TBIC, we trim 10% of the data and perform 10 iterations of the trial and
refinement steps. The minimum and maximum number of clusters is set to Ly, = 1 and
L.x = 2K, where K denotes the true number of clusters in the data under consideration,
whenever required. The performance measures that were defined in Section 2.6.5.1 are used

here.
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Figure 3.1: Data-3.1 and Data-3.2 with &« = 10%, where filled circles represent clean data and an open circle

denotes an outlier.

3.7.1 NUMERICAL EXPERIMENTS

We study the performance of different cluster enumeration methods as a function of the
amount of outliers in the data, the number of features, the amount of overlap between clus-

ters, and cluster heterogeneity.

ANALYSIS OF THE SENSITIVITY OF DIFFERENT CLUSTER ENUMERATION

METHODS TO OUTLIERS

We generate two data sets which contain realizations of 2-dimensional random variables x;, ~
N (pg, X)), where k = 1,2, 3, with cluster centroids g1y = [0,5]", po = [5,0]", p3 =

[—5,0]", and covariance matrices

B 2 05 B 1 0 B 2 —0.5
los 0577 o o]’ |—0s 05
The first data set (Data-3.1), depicted in Figure 3.1a, replaces a randomly selected data point
with an outlier that is generated from a uniform distribution over the range [—20, 20] on
each variate at each iteration. The sensitivity of different cluster enumeration methods to a
single replacement outlier over 100 iterations as a function of the number of data vectors per

cluster (V},) is displayed in Table 3.1. From the compared methods, our robust criterion BIC,,,
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Table 3.1: The sensitivity of different cluster enumeration methods to the presence of a single replacement outlier
as a function of the number of data points per cluster.

N 50 100 250 500
BIC, Paec 4320 92.18 99.77 100
5 MAE 128 0.11 0.002 0
BIC peec 96.89 100 100 100
s MAE  0.03 0 0 0
°  MAE 0.18 0.005 0.0002 0
pic Pl 98.75 9926 08.92 988
MAE 0.013 0.008 0.01  0.01

GC paec 73.07 94.85 99.80 100
MAE 0.29 0.05 0.002 0

BIC piec 1092 15.60 33.82 4220
N MAE 125 1.13  0.99  0.83
Cmeans  Pae 124 117 138 017

MAE  2.69 2.67 2.33 2.13

has the best performance in terms of both pge; and MAE. Except for BIC,;, and the TBIC, the
performance of all methods deteriorates when Vi, for k = 1, 2, 3, is small and, notably, BIC;,
performs poorly. This behavior is attributed to the fact that BIC,, is an asymptotic criterion
and in the small sample regime its penalty term becomes weak which results in an increase
in the empirical probability of overestimation. BIC, and X-means are very sensitive to the
presence of a single outlier because they model individual clusters as multivariate Gaussian. X-
means performs even worse than BIC, since it uses the K-means algorithm to cluster the data,
which is ineffective in handling elliptical clusters. An illustrative example of the sensitivity of
BIC,, and BIC, to the presence of an outlier is displayed in Figure 3.2. Despite the difference
in Ny, when the outlier is either in one of the clusters or very close to one of the clusters,
both BIC;, and BIC, are able to estimate the correct number of clusters reasonably well. The
difference between the two methods arises when the outlier is far away from the bulk of data.
While BIC,, is still able to estimate the correct number of clusters, BIC, starts to overestimate

the number of clusters.

The second data set (Data-3.2), shown in Figure 3.1b, contains NV}, = 500 data pointsin each
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Figure 3.2: Sensitivity curves of BICg;, and BICy at different values of INj,. The sensitivity curve demonstrates
the sensitivity of a method to the presence of an outlier relative to the position of the outlier.

cluster k and replaces a certain percentage of the data set with outliers that are generated from
auniform distribution over the range [—20, 20] on each variate. Data-3.2 is generated in a way
that no outlier lies inside one of the data clusters. In this manner, we make sure that outliers
are points that do not belong to the bulk of data. Figure 3.3a shows the empirical probability
of detection as a function of the percentage of outliers (a). GCis able to correctly estimate
the number of clusters for v > 3% at the cost of increased computation compared to the
other methods. The proposed robust criteria, BIC;, and BIC,,, and the original BIC, BIC,,,
behave similarly and are able to estimate the correct number of clusters when o < 3%. The
behavior of these methods is rather intuitive because as the amount of outliers increases, then
the methods try to explain the outliers by opening a new cluster. A similar trend is observed
for TBIC even though its curve decays slowly. BIC, is able to estimate the correct number
of clusters 99% of the time when there are no outliers in the data set. However, even 1% of

outliers is enough to drive BIC, into overestimating the number of clusters.
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Figure 3.3: The empirical probability of detection in % as a function of different parameters.

IMPACT OF THE INCREASE IN THE NUMBER OF FEATURES ON THE PERFOR-

MANCE OF CLUSTER ENUMERATION METHODS

We generate realizations of the random variables ), ~ t3 (1, ¥;) whose cluster centroids

and scatter matrices are given by

M = cl,x1
lI,k - I'r;

with ¢ € {0, 15}, 1,1 denoting an r-dimensional all one column vector, I, representing an

r X r-dimensional identity matrix, and & = 1, 2. For this data set, referred to as Data-3.3, the
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number of features 7 is varied in the range r = 2,3, ..., 55 and the number of data points
per cluster is set to N, = 500. Because v = 3, Data-3.3 contains realizations of heavy tailed
distributions and, as a result, the clusters contain outliers. The empirical probability of de-
tection as a function of the number of features is displayed in Figure 3.3b. The performance
of GC appears to be invariant to the increase in the number of features, while the remaining
methods are affected. But, compared to the other cluster enumeration methods, GC is com-
putationally very expensive. BICy, outperforms BIC;, and the TBIC when the number of
features is low, while the proposed criterion BIC,, outperforms both methods in high dimen-
sions. BICy, is not computed for this data set because it is computationally expensive and it

is not beneficial given the large number of samples.

ANALYSIS OF THE SENSITIVITY OF DIFFERENT CLUSTER ENUMERATION

METHODS TO CLUSTER OVERLAP

To study the sensitivity to cluster overlap, we consider Data-3.2 with 1% outliers and vary
the distance between the second and the third centroid such that the percentage of overlap
between the two clusters takes on a value from the set {0, 5, 10, 25,50, 75, 100}. As an ex-
ample, Figure 3.42 and Figure 3.4b show Data-3.2 with 25% and 75% overlap, respectively,
between the second and the third cluster. The empirical probability of detection as a func-
tion of the amount of overlap is depicted in Figure 3.3c. The best performance is achieved
by BIC,, and BIC,, and, remarkably, both cluster enumeration criteria are able to correctly
estimate the number of clusters even when there exists 75% overlap between the two clusters.
As expected, when the amount of overlap is 100%, most methods underestimate the number
of clusters to two. While it may appear that the enumeration performance of BIC, increases
for increasing amounts of overlap, in fact BIC, groups the two overlapping clusters into one
and attempts to explain the outliers by opening a new cluster. A similar trend is observed
for X-means. GC is inferior in performance to the other robust methods, and experiences an

increase in the empirical probability of underestimation.
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Figure 3.4: Data-3.2 with 1% outliers and varying percentage of overlap.

ANALYSIS OF THE SENSITIVITY OF CLUSTER ENUMERATION METHODS TO

CLUSTER HETEROGENEITY

To analyze the sensitivity to cluster heterogeneity, we generate realizations of 2-dimensional
random variables @) ~ t3 (py, ¥y ), where the cluster centroids gy, are selected at random
from a uniform distribution in the range [—200, 200] in each variate and the scatter matrices
aresetto Wy, = I, fork = 1,...,5. Thedatasetis generated in a way that there is no overlap
between the clusters. The number of data points in the first four clusters is set to N, =
500, while Nj is allowed to take on values from the set {5, 25, 50, 125, 250, 375, 500}. This
data set (Data-3.4) contains multiple outliers since each cluster contains realizations of heavy
tailed ¢3 distributed random variables. The empirical probability of detection as a function
of the number of data points in the fifth cluster is shown in Figure 3.3d. The proposed cluster
enumeration methods, BIC;, and BIC;,, are able to estimate the correct number of clusters
with a high accuracy even when the fifth cluster contains only 1% of the data available in
the other clusters. A similar performance is observed for BICy;,. TBIC and GC are slightly
inferior in performance to the other robust cluster enumeration methods. When the number
of data points in the fifth cluster increases, all robust methods perform well in estimating the
number of clusters. Interestingly, X-means outperforms BIC, since the considered clusters

are all spherical. BIC,, overestimates the number of clusters and possesses the largest MAE.
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Figure 3.5: Clean and contaminated versions of the Old Faithful geyser data set.

3.7.2 REAL DATA RESULTS
OLD FAITHFUL GEYSER DATA SET

Old Faithful is a geyser located in Yellowstone National Park in Wyoming, United States. This
data set, depicted in Figure 3.5a, was used in the literature for density estimation [Izenman,
2008], time series analysis [Azzalini ¢§ Bowman, 1990], and cluster analysis [Bishop, 20065
Hennig, 2003]. The performance of different cluster enumeration methods on the clean and
contaminated versions of the Old Faithful data set is reported in Table 3.2. The contaminated
version, shown in Figure 3.5b, is generated by replacing a randomly selected data point with
an outlier similar to the way Data-3.1 was generated. Most methods are able to estimate the
correct number of clusters 100% of the time for the clean version of the Old Faithful data
set. Our criteria, BIC;, and BICy,, and BIC,;, are insensitive to the presence of a single re-
placement outlier, while TBIC exhibits slight sensitivity. In the presence of an outlier, the
performance of BIC, deteriorates due to an increase in the empirical probability of overesti-
mation. In fact, BIC, finds 3 clusters 100% of the time. GC shows the worst performance
and possesses the highest MAE.

Next, we replace a certain percentage of the Old Faithful data set with outliers and study
the performance of different cluster enumeration methods. The outliers are generated from
auniform distribution over the range [—20, 20] on each variate. The empirical probability of

detection as a function of the percentage of replacement outliers is depicted in Figure 3.6. Our
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Table 3.2: The performance of different cluster enumeration methods on a clean and a contaminated version of

the Old Faithful data set.

Old Faithful O\ Faithful with

a single outlier
MO, e o) 100
BCw e o 100
BICot, ypng 130 130
TBIC 1\%& 130 902.'0093
oC I\JZ‘XE 10(.)34 10[.)26
N
X-means 1& (XtE (2) g

Empirical probability of detection (%)

Figure 3.6: Empirical probability of detection in % for the Old Faithful data set as a function of the percentage

of replacement outliers.

criterion BIC,;, outperforms the other methods by a considerable margin. Although BIC,,,
BICoy,, and TBIC are able to estimate the correct number of clusters reasonably well for clean

data, their performance deteriorates quickly as the percentage of outliers increases. X-means
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and GC overestimate the number of clusters for 100% of the cases.
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3.8 SUMMARY

In this chapter, we focused on the challenges in robust cluster analysis and derived a robust
cluster enumeration criterion. Further, we refined the penalty term of the robust criterion
for the finite sample regime. Since both robust criteria require cluster parameter estimates as
an input, we proposed a two-step cluster enumeration algorithm that uses the EM algorithm
to partition the data and estimate cluster parameters prior to the calculation of either of the
robust criteria. The following two statements can be made with respect to the original BIC:
First, the asymptotic criterion derived specifically for cluster analysis has a different penalty
term compared to the original BIC based on multivariate ¢, candidate models. Second, since
the derived asymptotic criterion converges to the original BIC as data size goes to infinity, we
are able to provide a justification for the use of the original BIC with multivariate ¢, candidate
models. The performance of the proposed cluster enumeration algorithm is demonstrated
using numerical and real data experiments. We showed superiority of the proposed algorithm

in estimating the number of clusters in contaminated data sets.
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OBJECT LABELING






OBJECT LABELING IN DISTRIBUTED

SENSOR NETWORKS

4.1 INTRODUCTION

Driven by a wide range of applications, distributed and adaptive signal processing has at-
tracted much attention recently, see [Al-Sayed et al., 2017; Schizas et al., 2009; Lopes €9 Sayed,
2007; Cattivelli et al., 2008; Lorenzo et al., 2017; Szurley et al., 2015; Li &5 Fang, 2007; Chou
et al., 2003] and the references therein. As a result, new paradigms for signal and param-
eter estimation have been developed. One such paradigm is the multiple devices multiple
tasks (MDMT) paradigm where multiple devices communicate with in some neighborhood
to solve multiple complex signal processing tasks [Bertrand ¢§ Moonen, 2012; Chen et al,,
2015; Plata-Chaves et al., 2017; Plata-Chaves et al., 2015; Chouvardas et al., 2015; Bogdanovic
et al., 2014]. This is different from other information and communication technology (ICT)
paradigms, where stand-alone devices merely focus on individual tasks or multiple devices
perform one single joint task, as it is typically assumed in a classical wireless sensor network.
Among the many sensing modalities, our focus lies on camera networks. A distributed cam-

era network containing multiple heterogeneous devices, such as smart phones, tablets and/or
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handheld cameras, which neither has a predefined network structure nor a centralized com-
puting unit can make use of the MDMT paradigm. Nodes in a distributed camera network
can be interested in, for example, image enhancement, object detection, pose analysis, and
object tracking. In most real-world applications, the signal received by these nodes is contam-
inated by noise, contains frequent object occlusions, and lacks visibility in densely crowded
scenes. Under the MDMT paradigm, such nodes can benefit from cooperation with their im-
mediate neighbors to solve their signal processing task of interest given that the nodes share
common interests or observations. For cooperation to be successful, it is thus necessary to
account for a distributed labeling scheme that allows to uniquely identify every object of in-
terest observed by the nodes in the network. Only in this way, a node can make sure that the
information it received from its neighbors refers to its object of interest. Furthermore, from a
communication cost perspective, knowledge about which node sees which object allows the
formation of interest specific clusters.

In this chapter, we present distributed labeling algorithms in the context of wireless camera
networks where no central unit is available to fuse the information collected by the nodes in
the network. In Section 4.2, the state-of-the-art on object labeling and tracking in distributed
sensor networks is discussed. In Section 4.3, the contributions made in this chapter are sum-
marized. The proposed distributed object labeling algorithm for camera networks whose
nodes monitor a stationary scene is presented in Section 4.4. In Section 4.5, the proposed
adaptive object labeling and tracking algorithm for camera networks whose nodes monitor
a non-stationary scene is discussed and applied to a real data use case. Finally, the chapter is

summarized in Section 4.6.

4.2 STATE-OF-THE-ART

Several methods have been proposed in the last years that frame object labeling in form of
a data clustering and classification problem after extracting source-specific features [Brooks
et al., 2003; Hai et al., 2012; Kokiopoulou &9 Frossard, 2011; Malhotra et al., 2008; Nowak,
2003; Forero et al., 2011; Tu €9 Sayed, 2014; Wang et al., 2009; Binder et al., 2015; Bahari et al.,
2016; Binder et al., 2016]. However, some of them still assume the presence of a fusion center
[Hai et al,, 2012; Malhotra et al., 2008], are hardly real-time capable [Brooks et al., 2003] or

require a set of prelabeled training data [Kokiopoulou €9 Frossard, 2o11; Wang et al., 2009].
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In terms of distributed signal processing without a fusion center, several adaptive strategies,
such as incremental, consensus, and diffusion algorithms have been developed in the last few
years, see [Sayed, 2014a] for an overview and a comparison of these methods. In [Forero et
al., 2011], a distributed K-means algorithm that uses the consensus strategy was proposed. An
alternative hybrid diffusion-based approach which consists of a classification method based
on preliminary clustering of the data has been presented in [Binder et al., 20155 Binder et al.,
2016].

Object labeling becomes even more challenging when the scene of interest is non-stationary.
In such cases, the distributed nodes require to not only label objects of interest but also track
them over time. The tracking and labeling of multiple objects in multiple cameras is funda-
mental, e.g. for applications such as video surveillance, autonomous driving, and sports anal-
ysis. Multi-object multi-camera tracking systems must maintain consistent labels of objects of
interest across camera views and over time to take advantage of the information available from
different camera views in the network. Previous approaches to the labeling of multiple objects
across camera views include principal axis-based integration of multi-camera information [Du
&9 Piater, 2007], nonlinear manifold learning and system dynamics identification [Morariu
&9 Camps, 2006], and approaches that either use homography or camera calibration informa-
tion to register stationary camera views on top of a known ground plane [Kang et al., 2004;
Khan €9 Shah, 2006; Taj &5 Cavallaro, 2009; Berclaz et al., 2011; Fleuret et al., 2008]. These
state-of-the-art methods are centralized approaches in the sense that camera views are aggre-
gated into a ground plane to make sure that unique and consistent labels are assigned to the

objects in the scene of interest.

4.3 CONTRIBUTIONS IN THIS CHAPTER

The first contribution concerns two aspects. First, considering that a common planar scene is
observed by distributed cameras with different viewpoints, we present the use of histograms
of oriented gradients (HOG) [Dalal &9 Triggs, 2005] and histogram of color descriptors for
the task of object labeling. Second, we adapt the hybrid classification scheme that was devel-
oped in [Binder et al., 2015; Binder et al., 2016] so that it is capable of labeling objects that are
captured by hand held cameras. This is a new application, and we demonstrate using real data

that high labeling rates can be achieved. Since many areas of engineering today concern prob-
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lems where the distribution of the measurements is far from Gaussian as it contains outliers,
which cause the distribution to be heavy tailed [Zoubir et al., 2012; Zoubir et al., 2018], we
demonstrate that the use of a robust technique as in [Binder et al., 2015; Binder et al., 2016]
(K-medians) provides higher labeling rates as compared to the distributed K-means algorithm.
We also compare the distributed strategies to their respective centralized counterparts, where

all information is available and computing is done at a fusion center.

The second contribution lies in developing a fully distributed algorithm which does not
require camera view registration to ensure that the same object is provided with the same
identity in a multi-camera network. This is radically different from state-of-the-art methods
[Kang et al., 2004; Khan &9 Shah, 2006; Taj &5 Cavallaro, 2009; Berclaz et al., 2011; Fleuret et
al.,2008; Du €9 Piater, 2007; Morariu £§ Camps, 2006 ] which require the aggregation of cam-
era views in order to label objects of interest. The information available in a neighborhood
of cameras is exploited to provide unique and consistent labels to multiple objects across mul-
tiple camera views and time frames. Each node solves a regularized cost function during the
assignment of a label to a particular object to exploit both the information obtained from a
local (single node) Kalman filter-based tracker and a diffusion-based labeling algorithm. The
advantage of such an approach is that it is applicable to ad hoc networks of mobile cameras.
Furthermore, the approach is robust against a single node failure and since it is based on the

diffusion principle [Sayed, 2014a] it is adaptive and scalable.

The first and second contributions have been published in [ Teklehaymanotetal., 2015] and

[ Teklehaymanot et al., 2017], respectively.

4.4 OBJECT LABELING IN A STATIONARY SCENE

In this section, we present distributed labeling strategies in cases where the scene observed
by the distributed camera network is stationary over time [Teklehaymanot et al., 2015]. In
particular, we consider a common planar scene, which is observed by cameras with different
viewpoints, and demonstrate the use of a robust data clustering algorithm in order to provide

unique identity to objects of interest.
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Figure 4.1: Example of a camera network observing a common planar scene.

4.4.1 PROBLEM FORMULATION

Consider a wireless camera network as the one depicted in Figure 4.1, where the nodes have
overlapping observations of some scene. Each node might be interested in a particular part
or object in the scene that needs to be enhanced, e.g., in terms of resolution or removal of

occlusions. We assume that
(A-4.1) more than one node is interested in every object or region of interest,

(A-4.2) the observed scene can be well approximated by a planar scene (e.g., the captured

scene is far from the cameras), and
(A-4.3) every node is only interested in one object or region.

Under this setting, nodes would like to label the objects or regions of interest in order to iden-
tify common interests among them. For such a task, each node extracts a window patch that
contains the object of interest and computes a descriptor of it. Using these descriptors (or
feature vectors), we then seek to reach a global labeling scheme through the local interaction
of nodes.

More formally, consider a camera network with J nodes. The neighborhood of node j €

J = {1,...,J}, which is denoted by B;, contains nodes that are directly connected with

81



OBJECT LABELING IN DISTRIBUTED SENSOR NETWORKS

node j € J. Letx; € R™*! denote the r-dimensional descriptor extracted at the jth node
which belongs to class C, € {1,..., K}, where k is the class (cluster) label. K denotes the
number of objects of interest in the scene, which is assumed to be known or estimated via the
cluster enumeration method discussed in Section 2.6.1, Section 2.7, or Section 3.5.1. Let (fj k=
F(zx;) be the predicted class of feature vector @, where F : R"™! — {1,... . K}, F € F
is some prediction function within the family of functions F. Then, our goal is to solve the

following optimization problem

IF11€12 jH~{F(:1:]')—Ck}7 (4‘1)

where 1 (r(z;)c,} is the indicator function defined as

I(p@;)—cr) = 0 Flay) =G (4.2)
tr@s)=Cu} 1 otherwise,

which penalizes wrong class assignments. In order to solve the labeling problem in (4.1) in a

distributed fashion, we rely on K-means and K-medians based clustering schemes.

4.4.2 RoBUST DIFFUSION-BASED IMAGE LABELING METHODOLOGY

In this section, we present the diffusion K-medians and K-means algorithms which are used
to cluster the set of feature vectors into K clusters and provide objects or regions of interest

with a unique label.

4.4.2.1 DI1IFFUSION K-MEDIANS ALGORITHM

The diffusion K-medians, depicted in Figure 4.2, is a hybrid classification/labeling method

which contains a local clustering phase and a real time distributed classification or labeling

phase [Binder et al., 2015; Binder et al., 2016]. In the local clustering phase, the camera at node

J € J captures a predefined number of images. Then, each node j € J extracts N,, feature

vectors from the regions of interest in the images and collect them in Xj,,, where n is a discrete

time index. Next, eachnode j € J exchanges X j,, within its neighborhood B;. The own and
A

received feature vectors are stored in the matrix S, = [Sjl, Sy S8 Njn] e R™Nin where

Nin = > e 5, N,,. Then, K-medians is performed to minimize the ¢;-distance between s ;,
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Figure 4.2: An overview of the diffusion K-medians algorithm.

¢ =1,..., Nj,, and the randomly initialized cluster centroids:

K Njn

arg min Z Z ||SJZ y’]kn “1 (43)

]kn k=1 i=1

Each feature vector is assigned to class (?Jokn based on the minimal /;-distance. The labeled fea-
ture vectors are stored in the matrix Vjy,, € R™Nikn fork = 1,..., K, where Zszl Nin =
Njy,. Next, as a robust local initial estimate of the cluster centroids, the row-wise median of
Viin is computed as

ﬂ?,m = median (Vig,) . (4.4)
The order of the initial centroid estimates is random at different nodes. Synchronization
is therefore necessary when exchanging cluster centroid estimates and the re-sorting is per-
formed by computing the Euclidean distance relative to the cluster centroid estimates of an
arbitrary reference node in the neighborhood B;. This completes the initial clustering phase.

The distributed labeling phase is performed for every feature vector extracted from new

images recorded by the cameras and is summarized as follows.

1. Exchange step: each node j € J broadcasts the new feature vector to its neighbors
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84

and accumulates the own and received feature vectors in the matrix X jn- Then, each
node j € J updates its data matrix S;,, by adding X jn toit, such that S, € R™*Nin
where Nj, = Njn—1) + #B;, where #B; denotes the size of the neighborhood of
node j.

. Adaptation step: at this stage, two important procedures are under taken by each node

J € J. First, K-medians is performed to minimize the {;-distance between the feature
vectors in S, and the current centroid estimates using (4.3). Then, using the new class

labels, Vi, is updated and preliminary cluster centroid estimates f1%, are obtained b
J p p y Jkn y

solving (4.4).

. Exchange step: each node j € J broadcasts the preliminary centroid estimates f5),,,

fork =1,..., K, within the neighborhood B;.

. Combination step: each node j € J adapts its cluster centroid estimates using

ﬁ'jkn = aﬁ’?kn + (]‘ - Oé) Z abkﬁ’gkru (45)
beB; /{i}
where o denotes the tradeoff between the weight given to the own and the neighbor-

hood estimates. We use uniform combination weights, which are given by

1

b = (#Bg—_l) (4.6)

. Labeling step: using the newly estimated cluster centroids iy, each node j € J

assigns the new feature vectors in X j,, by computing the Euclidean distance as follows:

d(xji, Bjrn) = [|T5i0 — Ljpn |2

- \/(% = fjkn) (T — fjkn) (4.7)

where @ j; is the ith feature vector in X,,. Then, the new feature vectors are assigned

to class Cjin, K = 1,..., K with minimum Euclidean distance. Based on the new
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cluster membership of the feature vectors, the final estimate of the cluster centroids is

calculated using (4.4).

Algorithm 4.1 summarizes the diffusion K-medians algorithm.

4.4.2.2 DI1FFUSION K-MEANS ALGORITHM

The diffusion K-means is computed analogously to the diffusion K-medians, the differences
are the following: Whenever a measure of central tendency is required, the diffusion K-means
uses the mean instead of the median. Further, the diffusion K-means algorithm minimizes

the {5-distance between sj;,7 = 1, ..., Nj,, and the randomly initialized centroids:

Njn

K
argmin » > " [[s;; — phy 2 (4.8)
n

0 X
Jkn k=1 i=1

The initial cluster centroids are estimated as

5, = mean (Vig,) . (4.9)

All other steps of the diffusion K-means are identical to the ones of the diffusion K-medians.

Hence, the diffusion K-means can be implemented in a similar manner as Algorithm 4.1 by

replacing (4.3) and (4.4) by (4.8) and (4.9), respectively.

4.4.3 EXPERIMENTAL RESULTS

In this section, a comparison of the labeling performance of the diffusion K-medians and K-
means algorithm is provided. All experimental results are an average of 1000 Monte Carlo ex-
periments and for each experiment a different random topology of the network is considered.
As abenchmark, we compare our results to a centralized implementation, where all nodes for-
ward their feature vectors to a fusion center. The fusion center computes the K-medians or

K-means based labeling, having available the data of the entire camera network.
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Algorithm 4.1 The diffusion K-medians algorithm

Input: K
Local clustering phase
forj=1,...,Jdo
Record a predefined number of images
Extract IV, feature vectors
Store feature vectors in X,
Broadcast X, to all nodes in B,
end for
forj=1,...,Jdo
Store the own and received feature vectors in Sy,
Perform K-medians according to (4.3)
Store labeled data in Vi,
Calculate /l?,m via (4.4)
end for
forj=1,...,Jdo
Synchronize cluster centroid estimates
end for
Distributed labeling phase
for every new feature vector do
fory=1,...,Jdo
Broadcast the new feature vector to all nodes in B;
end for
fory=1,...,Jdo
Accumulate the own and received feature vectors in X in
Update data matrix S}, by adding X jn tO it
Perform K-medians according to (4.3)
Update Vjy,, based on the new class labels
Calculate ﬂ?,m via (4.4)
end for
fory=1,...,Jdo
Broadcast ﬂ?,m to all nodes in B;
end for
fory=1,...,Jdo
Calculate ft 1y, via (4.5)
Compute distance from new feature vectors to all centroids by evaluating (4.7)
Assign new feature vectors to class éjkn which minimizes (4.7)
Re-estimate cluster centroids ft ;. using (4.4)
end for
end for
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4.4.3.1 NETWORK-WIDE PERFORMANCE MEASURE

The network-wide average labeling rate is used as a performance measure, which is computed

as
J I N;j

1
ALR™ = JIN; Z Z Z Liew

jk
j=1 i=1 n=1 "

=Cp}’ (4'10)

where I represents the total number of Monte Carlo experiments, N; denotes the number of
feature vectors that were available at node j € J during the distributed labeling phase, and
1. is the indicator function. C J(.Z)n represents the label that was given to the nth feature vector

at the ith Monte Carlo experiment.

4.4.3.2 FEATURE EXTRACTION

For the purpose of unsupervised labeling of the detected regions of interest across the network,
we extract two different descriptors namely, histograms of oriented gradients (HOG) [Dalal
€9 Triggs, 2005] and color histograms. These two types of features are used in the distributed
labeling phase in order to identify common interests among the nodes. It is important to
mention that for a consistent representation, all extracted regions of interest are scaled into a
patch of size 24 x 24 pixels prior to the feature extraction process. For resizing the patches we

used bicubic interpolation preceded by an anti-aliasing filter when shrinking the patches.

For the color histogram, the image patch (region of interest) is subdivided into three con-
centric rings and a 10-bin histogram per color channel is computed for every region in a cumu-
lative manner (i.e., adding the previous region). The concatenation of these three histograms
gives us the descriptor of each color channel. The resulting feature vector for the color is
the concatenation of the three color channels resulting in a vector of dimension 90. For the
extraction of the HOG descriptor, we use the MATLAB implementation with default param-
eters which results in a 144-dimensional feature vector. In our experiments, we consider both
descriptors separately as well as their concatenation which yields a 234-dimensional feature
vector. Note that, unless otherwise stated, the experimental results are generated using the

concatenation of both the HOG and color histogram feature vectors.
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Figure 4.3: The planar scene that was used in the simulations. The yellow rectangles contain the three different
regions of interest.

Figure 4.4: Identical region of interest for two different nodes.

4.4.3.3 REALDATA RESULTS

As depicted in Figure 4.3, we have considered a planar scene containing K = 3 different
regions of interest. From this scene, we have randomly generated a total of J = 20 different
views (each one corresponding to a different node) which are related by affine transformations.
That is, if we consider our original scene as a 2-dimensional function g : R?*! +—» R we

generate the different views according to

gi(x) = g(Ajx + t;), (4.11)

for each node j € J, where A; € R**? is non-singular and ¢; € R**! is some translation
vector. Itisimportant to realize that, due to the affine warping, the extracted patches between
nodes will be different, even when they are interested in the same region of the object. This

effect is illustrated in Figure 4.4, where two nodes are interested in the clock of the building,
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Figure 4.5: Average labeling rate as a function of the weight given to the own estimates (left) and the number of

neighbors per node (right).

however the regions that contain this object are different, since they observe the scene from
different viewpoints. This means that, even in the noiseless case, feature vectors corresponding
to the same region or object of interest will be different for different nodes. For this reason, to
some extent, the chosen feature vectors should provide a representation that is robust against

scene transformations (affine in this case).

Noise samples drawn from a zero mean Gaussian distribution are added to the feature vec-
tors to make a first step at simulating real time streaming data. Each node j € J hasa total of
80 feature vectors and the first 20 feature vectors are used for the local clustering phase, unless
mentioned otherwise. The remaining 60 feature vectors are used for real time labeling. The

neighborhood size is set to #B; = Sand a = 0.1.

Figure 4.5a displays the average labeling rate as a function of the weight given to the own
estimates (cv) by each node for the diffusion K-medians and K-means algorithms. Clearly, co-
operation improves the results, and best performance is achieved when a high weight is given
to the neighborhoods estimates (& = 0.1). The average labeling rate versus the number
of neighbors per node is shown in Figure 4.5b. In general, an increase of the neighborhood
size leads to a higher labeling accuracy, at the cost of an increase in node communication. Fig-
ure 4.6a depicts the average labeling rate as a function of the number of clustering samples per
node for a distributed network setup. This experiment shows that only a small number of clus-

tering samples are required, which makes the method suitable for real time applications. The
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Figure 4.6: Average labeling rate as a function of the number of clustering and labeling samples for the dis-
tributed (left) and the centralized (right) network setups.

diffusion K-medians algorithm outperforms the diffusion K-means algorithm specially when
a = 0.1. As displayed in Figure 4.6¢, the average labeling rate of the diffusion K-Medians is
higher than that of the K-Means and it achieves a good performance even for a small number
of available labeling samples. Again, a smaller value of o produces better labeling rates for
both algorithms. Comparing Figure 4.6a and Figure 4.6¢c with Figure 4.6b and Figure 4.6d,
respectively, one notices that the centralized network setup outperforms its distributed coun-
terpart. However, this improvement in performance comes at the cost of having a single point
of failure.

The average labeling rate as a function of the noise variance for the distributed and cen-

tralized network setups are shown in Figure 4.7a and Figure 4.7b, respectively. Note that the

90



4.4 OBJECT LABELINGIN A STATIONARY SCENE

:
—0— K-medians
—o— K-means

!
—0— K-medians
—o—K-means

e
=
|

o
=)

I
o0
:
o
o0

Average labeling rate
3

Average labeling rate
(=]
QG

0.6 1 0.6 J
051 q 05r ]
0.4 ‘ ‘ ‘ ‘ 0.4 ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Noise variance Noise variance
(a) Distributed network setup (b) Centralized network setup

T T T T 14 T T T T
—0—K-medians Both —0— K-medians Both
= ¢ -K-medians HOG = ¢ -K-medians HOG
=§+ K-medians Color “¢+ K-medians Color| |
B\ —o—K-means Both —o—K-means Both

\ : - o -K-means HOG - o -K-means HOG
i K-means Color o K-means Color

o
o0
|

o
oo
i

Average labeling rate
S

Average labeling rate
o
(@)}

=)

'S
T

o

~
T

0.2 ' ) } ' 0.2
0 10 20 30 40 50 0 10 20 30 40 50
Outliers (%) Outliers (%)
(c) Distributed network setup (d) Centralized network setup

Figure 4.7: Average labeling rate as a function of noise variance and percentage of outliers for the distributed
(left) and the centralized (right) network setups.

noise is added to the feature vectors whose elements take values between zero and one. As
expected, for a variance bigger than 0.1, there is a gradual decrease in performance. The lower
performance for a variance equal to zero can be contributed to the fact that the algorithms
are designed for real time streaming data and not for a static picture. The performance loss is
less pronounced for the distributed implementations. Figure 4.7c and Figure 4.7d depict the
average labeling rate as a function of the percentage of outliers for distributed and centralized
network setups, respectively. For this experiment, additive outliers at random positions were
generated from a zero mean Gaussian distribution with a variance that is five times that of the
nominal noise. The expressions “K-medians Both” and “K-means Both” in the figures repre-

sent the usage of HOG and color features. “HOG” and “color”, on the other hand, refer to the
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usage of a single feature. The figures clearly show the superiority of the diffusion K-medians
over the diffusion K-means in the presence of outliers. Furthermore, using both feature vec-
tors is beneficial, especially for low amounts of outlier contamination. In general, the color
outperforms the HOG descriptor, and the distributed solutions approach the performance

of the centralized ones.

4.5 OBJECT LABELING IN A NON-STATIONARY SCENE

In this section, we study object labeling when the scene observed by a distributed camera net-
work is time-varying. To this end, we develop a distributed and adaptive multi-object labeling
algorithm for a multi-camera network without assuming any form of camera calibration or uti-
lizing a centralized computing unit that fuses all information collected from different cameras

[Teklehaymanot et al., 2017].

4.5.1 PROBLEM FORMULATION

Consider a wireless camera network with J nodes distributed over some geographic region
as the one shown in Figure 4.8. The set of nodes that communicates directly with node j €
J £ {1,...,J} is called the neighborhood of node j and is denoted by B; C J. Let
X, € R"™™Min represent the r-dimensional feature vectors extracted at the jth node from
the m,, objects that are observed by the camera of node j at time instant n. Each feature
vector belongs to a certain cluster Cy, k € {1,..., K, }, where k is the cluster label. The
total number of objects (clusters) K, at time instant n is assumed to be known or estimated
via the cluster enumeration method discussed in Section 2.6.1, Section 2.7, or Section 3.5.1.
Due to the different viewpoints of the cameras, even at the same time instant, the number
of objects observed by different cameras differs. Our research goal is to adaptively estimate
cluster centroids and enable cameras with different viewpoints to assign the same identity to

the same object in the scene of interest.
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Figure 4.8: A wireless camera network [Berclaz et al., 20155 Fleuret et al., 2008] observing a scene of interest. The
top image shows a camera network with J = 3 nodes continuously monitoring a scene of interest from different
observation angles. The bottom images show frames captured at the same time instant by cameras 2, 1, and 3,
respectively.

4.5.2 ADAPTIVEDIFFUSION-BASED TRACKASSISTED MULTI-OBJECT LA-

BELING ALGORITHM

We propose a distributed and adaptive track assisted multi-object labeling algorithm for multi-
camera networks, which is based on the adapt then combine (ATC) diffusion principle [Sayed,
2014a]. An overview of the algorithm is shown in Figure 4.9. The general procedure involved

in the proposed framework is summarized as follows.

1. Record: the camera atnode j € J captures a frame from the scene of interest at time

instant n.

2. Detect and extract: if there are objects of interest in the frame, then each node j extracts
feature vectors from the detected bounding boxes of the objects and stores them in X y,.

Otherwise, the camera at node j € J continues to record at time instantn + 1.

3. Exchange features: eachnode j € J exchanges its feature vectors X ;,, within its neigh-

borhood B;. The own and received feature vectors are stored in the matrix X;, €
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Figure 4.9: An overview of the distributed and adaptive diffusion-based track assisted multi-object labeling algo-

rithm.

RTXZbEBJ' " where my,, represents the number of objects detected by node b € B;

at time instant n. Next, each node j accumulates X ;;,¢ = 1, ..., n, inside the matrix
S;, € R™Nin where Nj, = Nijn—1y + Zbij My, is the total number of feature

vectors at node j at time instant 7.

4. Cluster: eachnode j € J performs K-means++ [Arthur €9 Vassilvitskii, 2007] to min-
imize the {5-distance between the feature vectors in S}, and the initial cluster centroids

I‘l’?kn € R?‘Xl

Kn Njn
argmin » > " |lsji — oy llo, (4.12)

Bikn g—1 i=1

where s;; denotes the ith column of S,,. This results in a unique cluster label C3,

for each feature vector in Sj;,. The feature vectors that belong to the same cluster k €
. . Ky

{1,..., K, } are saved in Vj,, € R™*Nikn where Y i1 Njkn = Nj,. Then, the

row-wise mean of Vjy,, is computed as

0y, = mean (V) (4.13)
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The minimization of the {»-distance using ,u?,m in (4.12) is performed only if K,, >

K,,_1. Otherwise, u?,m is replaced with f15(,—1) in (4.12).

5. Exchange estimates: each node j € J exchanges its intermediate centroid estimates
{45y, within its neighborhood B;. Synchronization of fipy,,, b € B, is necessary be-
cause the order of 13, is random at different nodes. The re-ordering of the interme-
diate centroid estimates is performed by computing the Euclidean distance relative to

an arbitrarily chosen neighborhood head in B;.

6. Combine estimates: each node j € J adapts its centroid estimates using

fikn = fty, + (1 — ) Z o L (4.14)
beB;\{j}
where a controls the tradeoff between the weight given to the own and neighborhood

estimates. Here, uniform combination weights, given by (4.6), are used.

7. Assign: at this step, each node j € 7 assigns unique labels C,, to objects of interest
in the current frame. We propose a regularized cost function that aggregates the infor-
mation obtained from alocal Kalman filter-based tracker and a diffusion-based labeling

algorithm. In particular,
Zjn(t,m) = Mldjnm — Bintllz + (1 = M| @jm — jinl2: (4.15)

where A is the regularization parameter, cijnm and pj,; are detected and predicted
bounding box center positions form = 1,...,mj, andt = 1,...,%j,, respectively,
and & j,,, is the mth feature vector in X j,,. The total number of open tracks in the jth
node at time instant 7 is denoted by ¢;,, and 14, represents the cluster centroid that
belongs to the tth track. The two ¢5-distances in (4.15) are normalized by their respec-
tive maximum to make sure that they are comparable. Then, the Hungarian algorithm

[Munkres, 1957] is applied on Zj,, to assign unique labels éjkn to feature vectors in

X,

Algorithm 4.2 summarizes the adaptive diffusion-based track assisted multi-object labeling

algorithm.
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Algorithm 4.2 Distributed and adaptive diffusion-based track assisted multi-object labeling
algorithm

Input: K
forn=1,2,...do
fory=1,2,...,Jdo
Record frame
if objects are detected then
Extract feature vectors and store them in X,

else
Proceed with record step atn + 1
end if
end for
forj=1,2,...,Jdo
Exchange Xj,, within B;
Store own and received feature vectors in X in
Accumulate in,z' =1,...,n,in S,
end for

fory=1,2,...,Jdo
Perform K-means++ according to (4.12)
Calculate ﬂ?kn via (4.13)
end for
forj=1,2,...,Jdo
Exchange ﬂ?kn within B;
end for
fory=1,2,...,Jdo
Synchronize f13;,,,b € B;
Combine i}y, b € Bj, via (4.14)
Solve (4.15) using the Hungarian algorithm [Munkres, 1957]
Assign unique labels C ., to feature vectors in X,
end for
end for

4.5.3 EXPERIMENTAL RESULTS

In this section, we first describe the network-wide performance measures used to evaluate the
labeling performance of Algorithm 4.2. Then, real data results of the diffusion-based track

assisted multi-object labeling algorithm are provided.

96



4.5 OBJECT LABELINGIN A NON-STATIONARY SCENE

4.5.3.1 NETWORK-WIDE PERFORMANCE MEASURES

We define two network-wide performance measures, i.e., the average labeling rate (ALR"™)

and the average mislabeling rate (AMR"™") as follows:

ALR™ = ]\/‘ Z Z 1{C7kn—ck} (4.16)

jlnl

J Nj
ne 1
AMR™ = JN, Z Z L iy (417)

where Cy, is the set of ground truth labels, IV} is the total number of detected objects over the
span of the observed video, and 1y} is the indicator function. ALR"™ indicates if object & is
provided with the correct label £ and AMR"™ indicates if object k is provided with a wrong
label h, where h # k. To evaluate the performance of the proposed algorithm, ALR™" and
AMR"™ are placed in the diagonal and off-diagonal, respectively, of a confusion matrix. In

the confusion matrix, both ALR™ and AMR" are given in percentage.

4.5.3.2 REALDATA RESULTS

Here, we use the whole video sequence that was described in Section 2.8.3.3. The multi-camera
video sequence contains J = 3 stationary cameras and a neighborhood size of #B; = 3 is
considered. Each video sequence contains 2000 frames and up to five people are seen enter-
ing and exiting the scene of interest at different times. The multi-camera video sequence is
challenging in the sense that the videos have low resolution, the cameras monitor pedestrians
from different angles, and there are frequent pedestrian occlusions.

To detect pedestrians in the scene of interest, we use an already trained MATLAB imple-
mentation of the aggregate channel features (ACF) pedestrian detector [Dolldr et al., 2014].
The ACF pedestrian detector uses boosting to train decision trees over features and a multi-
scale sliding window approach to distinguish objects of interest from the background. Two
color features, whose concatenation results in a 102-dimensional feature vector, are extracted
for each detected object using the method described in Section 2.8.3.3. The weight parameter
is set to & = 0.5 and the regularization parameter is A\ = 0.4. The number of pedestrians

seen until the nth time instant, K,,, is assumed to be known.
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Figure 4.10: A comparison of the estimated and true labels for pedestrian 1 in the video sequence captured by
three cameras.

The labeling performance of cameras 1, 2, and 3 for pedestrian 1 is depicted in Figure 4.10a,
Figure 4.10b, and Figure 4.10¢, respectively. A zero label indicates that either the pedestrian
is not detected in the current frame or he/she is no longer in the scene of interest. For these
multi-camera video sequences, the ACF pedestrian detector has a high misdetection rate and
the position of the bounding boxes is unstable. In some frames, multiple bounding boxes are
detected for a single pedestrian in the scene, see for example the second raw in Figure 4.11 for
camera 3. These problems affect the performance of the Kalman filter-based tracker and the
diffusion-based labeling algorithm. The blue spikes in Figure 4.10 indicate mislabels which
are partly due to identity (label) switches between two pedestrians and multiple detections

for a single pedestrian. However, even under such conditions, the proposed diffusion-based
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Figure 4.1:: An example of the network-wide mislabeling results of the proposed algorithm using ACF pedestrian
detector. Each row displays frames captured by different cameras at the same time instant. The color of each
bounding box and the number displayed on it show the identity that is given to the particular pedestrian.

multi-object labeling algorithm performs reasonably well.

Figure 4.12 shows an example of the network-wide labeling results of the proposed algo-
rithm using ACF pedestrian detector. The bounding box of each pedestrian is provided with
a unique color and number. We define the multi-object labeling algorithm to be performing
wellif the same pedestrian is provided with the same color of bounding box and number across
different camera views and time frames. The proposed algorithm is able to provide unique
and consistent labels to pedestrians in the scene even when there are partial occlusions. On the
contrary, Figure 4.11 depicts the frames where the proposed multi-object labeling algorithm

fails to label the pedestrians correctly.

Table 4.1 shows the confusion matrix of the multi-object labeling algorithm averaged over
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Figure 4.12: An example of the network-wide correct labeling results of the proposed algorithm using ACF pedes-
trian detector. Each row displays frames captured by different cameras at the same time instant. The color of
each bounding box and the number displayed on it show the identity that is given to the particular pedestrian.
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Table 4.1: Confusion matrix in percentage with ALR"™ in the diagonal and AMR"™ in the off-diagonal using
ACF pedestrian detector.

Estimated Labels
1 2 3 4 5

88.75  3.56 0.93 0.96 5.80
0 95.12 1.56 0.07 3.18
0.79 3.36 83.66  4.57 8.12
0 3.89 5.03 91.08 0
4.66 8.656 48.59 18.33 19.77

True Labels
TR W N =

Table 4.2: Confusion matrix in percentage with ALR™" in the diagonal and AMR" in the off-diagonal using
ground truth pedestrian detections.

Estimated Labels
1 2 3 4 5

96.25 0.79 1.31 0.10 1.55
0.54 97.26 1.11 0.85 0.24
1.24 1.80 89.44 1.48 6.05

0 0.21 1.88 97.92 0
0 0 0.29 1.11  98.60

True Labels
TR W N =

all cameras and all time frames. The confusion matrix shows the network-wide average la-
beling rate in the diagonal and the network-wide average mislabeling rate in the off-diagonal
as defined in Section 4.5.3.1. The proposed algorithm performs well in providing unique and
consistent labels to the first four pedestrians in the scene. Lower labeling performance is exhib-
ited for the fifth pedestrian because he is only visible for a short time and is not well detected

by the ACF pedestrian detector, see Figure 4.11.

Table 4.2 shows the confusion matrix of the proposed algorithm when we replace the ACF
pedestrian detector with the ground truth pedestrian detections which provides the best achiev-
able performance of our algorithm. If a good pedestrian detector is used, the multi-object la-
beling algorithm achieves a very high labeling performance even when the color features have

strong similarities, which is the case when pedestrians are dressed similarly.
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4.6 SUMMARY

In this chapter, we discussed object labeling for wireless camera networks in the presence of
static and time-varying scenes of interest and presented two main contributions. First, we
developed a robust distributed labeling strategy in the context of camera networks where the
cameras are interested in a static scene. The robust distributed labeling method achieved high
labeling rates and the loss compared to a centralized solution is small. Then, we studied multi-
object labeling in multi-camera networks whose cameras monitor a time-varying scene. To
this end, we developed a distributed and adaptive diffusion-based track assisted multi-object
labeling algorithm. The proposed algorithm is able to provide unique and consistent labels
to multiple objects across camera views and time frames requiring neither camera view reg-
istration nor a fusion center. The performance of the proposed algorithm was tested on a
real multi-camera network use case. In both the static and time-varying scenes, good labeling
performance was achieved given that the number of objects in the scene is known a priori.
However, specially when the scene of interest is time-varying, assuming that the number
of objects, which could also be time-varying, is known a priori is impractical in real-world
applications. In the next chapter, we explore multi-object labeling by automatically estimating

the number of objects in the scene.
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JoiINT CLUSTER ENUMERATION

AND LABELING

5.1 INTRODUCTION

Joint cluster enumeration and labeling refers to a broad spectrum of methods that automat-
ically estimate the number of clusters in a given data set and, subsequently, provide unique
labels to individual clusters. Cluster enumeration and labeling methods are unsupervised in
the sense that parameters of interest are learned from the data without requiring training data
with known class labels.

In this chapter, we present a joint cluster enumeration and labeling algorithm that is able
to determine the intrinsic structure of clustered data when no information other than the
observed values is available. The state-of-the-art on cluster enumeration and labeling is dis-
cussed in Section 5.2 and a summary of the main contributions in this chapter is provided
in Section s5.3. Section 5.4 formulates the cluster enumeration and labeling problem and Sec-
tion 5.5 details a new joint cluster enumeration and labeling algorithm. Experimental results,
including a real data application of person labeling using radar measurements of the human

gait, are discussed in Section 5.6. Finally, the chapter is summarized in Section s.7.
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5.2 STATE-OF-THE-ART

Over the past four decades, abundance of algorithms for the simultaneous determination
of the number of clusters and cluster memberships have been developed. The vast interest
in the area partly emanates from the lack of a unique definition for a cluster [Kaufman &5
Rousseeuw, 1990]. On top of this, a variety of applications, such as characterizing customer
groups based on purchasing patterns, categorizing web documents, grouping genes and pro-
teins that have similar functionality, and so on [Karypis et al., 1999], have attracted researchers
to the area of cluster enumeration and labeling.

Most cluster enumeration and labeling strategies are composed of two separate methods,
namely a cluster enumeration method and a clustering algorithm. State-of-the-art clustering
algorithms can be roughly divided into methods that follow hierarchical strategy [King, 1967;
Karypis et al., 1999; Boley, 1998; Zhao &9 Karypis, 200s; Murtagh, 1983; Everitt, 20113 Sibson,
1973; Defays, 1977] and those that are based on partitioning (or relocation) of data points into
clusters [Lloyd, 1982; Hartigan £&§ Wong, 1979; Dempster et al., 1977; Kaufman 9 Rousseeuw,
1987; Zadeh, 1965; Bezdek, 1981; Kaufman €9 Rousseeuw, 1990]. Neither hierarchical nor
partitioning-based methods directly address the issue of determining the number of groups
(or clusters) in a given data set. As a result, the estimation of the number of clusters in a given
data set has been widely researched, see Section 2.2 and Section 3.2 for a review of the state-of-

the-art on cluster enumeration.

5.3 CONTRIBUTIONS IN THIS CHAPTER

In this chapter, we propose a joint cluster enumeration and labeling algorithm that auto-
matically estimates the number of clusters in a given data set and labels individual clusters
at the same time by incorporating the cluster enumeration criteria derived in Section 2.6.1,
Section 2.7, and Section 3.5.1. The proposed algorithm is unsupervised since it requires nei-
ther training data nor prior knowledge of the number of clusters. Further more, we apply the
proposed method to a real data application of person labeling using radar measurements of
the human gait. In this context, person (or target) enumeration and labeling is achieved by ex-
ploiting the fact that feature vectors extracted from the gait of the same target create a cluster

in feature space. Using radar data of normal human walk, we are able to estimate the cor-
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rect number of targets and label them with a high accuracy despite short observation times.
To the best of our knowledge, this is the first work towards utilizing unsupervised learning
methods to jointly estimate the number of targets and to label them using radar-based gait
measurements.

The main contributions in this chapter have been published in [ Teklehaymanotetal., 2018f].

5.4 PROBLEM FORMULATION

Given a set of r-dimensional vectors X = {x1,..., &y}, let {X],..., Xk} bea partition
of X into K clusters, such that X, C X, fork € K £ {1,..., K}. The clusters X}, for
k € K, are independent, mutually exclusive, and non-empty. Assume that a family of can-

didate models M £ {M},

minimum and maximum number of clusters, respectively. Each candidate model M; € M,

wins - s Mp, }is given, where Ly and L,y are the specified
for! = Lumin, ..., Lmax and | € ZT, represents a partition of X into [ clusters with asso-
ciated parameters ; = [6y,...,0/] € R9*!. Our research goal is to estimate the number
of clusters in X given that assumption (A-2.1) is fulfilled. Once the number of clusters is es-
timated, we provide unique labels to the clusters. This way, we are able to accomplish joint

cluster enumeration and labeling in an unsupervised learning framework.

5.5 JOINT CLUSTER ENUMERATION AND LABELING ALGO-

RITHM

The joint cluster enumeration and labeling algorithm estimates the number of data clusters
and, subsequently, provides individual clusters with unique labels [ Teklehaymanotetal., 2018f].
We use the two-step cluster enumeration algorithm presented in Section 2.6 to estimate the
number of clusters in X. Since the two-step cluster enumeration algorithm produces a clus-
ter number estimate, K , as well as an estimate of cluster parameters, we can provide labels to
cluster centroid estimates ft,,, form =1,..., K. Hence, the data vectors that are associated
with a specific centroid receive the label given to that centroid. This way, we are able to es-
timate the number of clusters and, at the same time, provide unique labels to clusters. The
proposed joint cluster enumeration and labeling method, which uses either BIC, or BIC,; for

cluster enumeration, is summarized in Algorithm s.1.
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Algorithm s.1 Joint cluster enumeration and labeling algorithm

Inputs: X, Liyin, and Lyax
Cluster enumeration
forl = Liin, ..., Limax do
form=1,...,ldo
Estimate pt,,, and 33,,, using the EM algorithm
Calculate N, via hard clustering, see Algorithm 2.1
end for
Calculate either BIC (M) or BIC:(M;) via (2.19) or (2.50), respectively
end for
Estimate the number of clusters in X" using either (2.20) or (2.51)
Cluster labeling
form=1,...,Kdo
Assign unique labels to the data vectors that belong to ft,,
end for

In cases where robustness against heavy tailed noise and outliers is required, one can re-
place the Bayesian cluster enumeration criteria which are based on the Gaussian distribution,
namely BIC, and BIC,;, by the robust cluster enumeration criteria derived in Section 3.5.1.
Hence, Algorithm 5.1 can be robustified by calculating the BIC using either (3.1) or (3.5) and

estimating the number of clusters via (3.4) or (3.6), respectively.

5.6 EXPERIMENTAL RESULTS

In this section, we perform numerical and real data experiments to compare the performance
of the proposed joint cluster enumeration and labeling algorithm with the X-means algorithm
[Pelleg €5 Moore, 2000] and a robust implementation of the original BIC (BIC,;, ). In the
experiments, we show the performance of the cluster enumeration criteria that were derived
in the dissertation, namely BIC,, BIC, BIC, and BIC,, which are given by (2.19), (2.39),
(2.47), and (3.1), respectively. Note that BIC,, BICy;, BIC,,, and BIC,;, are implemented as
wrappers around the EM algorithm, while BIC; and X-means are implemented as wrappers
around the K-means++ algorithm. All experimental results are an average of 300 Monte Carlo
runs and the minimum and maximum number of clusters specified by the candidate models
areset to Ly, = 1and L. = 2K, where K is the true number of clusters in the considered

data set. The degree of freedom parameter for BIC,, and BIC,;, is set to v = 3.
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5.6.1 PERFORMANCE MEASURES

We use the empirical probability of detection (pge) and the mean absolute error (MAE), as
defined in Section 2.6.5.1, to compare the cluster enumeration performance of the different
methods. The cluster labeling performance of the different methods is compared using the

average labeling rate (ALR), which is defined as

I N
1
ALR = 75D L ayy, (51

i=1 n=1

where I denotes the total number of Monte Carlo experiments, CA,(CQ represents the estimated
cluster label of the nth data point at the ith experiment, Cj, denotes the set of ground truth
labels, and 1. is the indicator function. ALR is computed only if the particular method is

able to estimate the correct number of clusters.

5.6.2 NUMERICAL EXPERIMENTS

In the first experiment, we use Data-2.1, which is a three cluster data set defined in Section 2.6.5.2,
and set the number of data points per cluster as Ny = 100, Ny = 200, and N3 = 400. This
data set is particularly challenging for cluster enumeration and labeling algorithms because it
contains not only overlapping but also unbalanced clusters. Table 5.1 shows the cluster enu-
meration and labeling performance of different methods. In terms of the estimation of the
correct number of clusters, the robust methods, whose BIC curve is shown in Figure s.1b,
achieve the best performance, while BIC,; and X-means perform the worst. As depicted in
Figure s.1a, the performance loss in BIC,; and X-means emanates from overestimation, while
the performance loss in BIC and BIC,; is attributed to underestimation. The criteria that
are implemented as wrappers around the EM algorithm have higher ALR as compared to the
once which are implemented as wrappers around the K-means++ algorithm. This result is
in line with our expectation since the data set contains elliptical as well as spherical clusters.
An example of the labeling result of BIC,; and BIC,; is shown in Figure 5.2. Comparing Fig-
ure s.2c and Figure 5.2¢, we notice that the EM algorithm is able to capture the underlying
structure of the data, while the K-means++ algorithm simply cuts the two overlapping clus-

ters.
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Table s.1: Comparison of the cluster enumeration and labeling performance of our criteria and two state-of-the-
art methods, namely the X-means algorithm and a robust implementation of the original BIC. The empirical
probability of detection in %, the mean absolute error (MAE), and the average labeling rate (ALR) are used as
performance measures.

Data-2.1 Data-2.5 Data-3.3 Data-3.2
Nj, =150  varying N},
Ddet 63 98 44.67 0.33 0
BICy MAE 0.3733 0.03 0.56 1.30 1.36
ALR  96.84 98.52 94.79 99.3 —
Pdet 53 0 0 73.33 7.67
BICy MAE 0.47 6.76 6.09 0.2933 1.82
ALR  92.67 — — 99.57 99.18
Pdet 60 99.33 45 0.33 0
BIC; MAE 0.40 0.01 0.56 1.36 1.33
ALR  96.87 98.54 95.12 99.3 —
Pdet 52 0 0 73.33 7.67
X-means MAE 0.48 6.25 5.65 0.29 1.82
ALR  92.67 — — 99.57 99.18
Ddex 100 85.67 14 99.33 100
BIC;, MAE 0 0.17 1.04 0.007 0
ALR  96.55 97.99 85.62 99.56 99.35
Ddet 100 92.67 12.67 99.67 100
BICs, MAE 0 0.07 1.16 0.003 0
ALR  96.55 97.69 84.44 99.56 99.35

In the second experiment, we use Data-2.5, which is defined in Section 2.8.3.2. Data-2.5
is a 3-dimensional data set and it contains eight clusters. Here, we generate single node real-
izations of Data-2.5 by setting N;, = 150, for k = 1,...,8. Asshown in Table 5.1, BIC
is the best method in terms of both cluster enumeration and labeling. BIC, and X-means
severely overestimate the number of clusters, which is clear from their respective MAEs. The
robust methods are inferior to BIC, and BIC,; due to a slight overestimation. To make this
experiment even more challenging we varied the number of data points per cluster as follows:
N; = 100, Ny = 200, N3 = 50, Ny = 300, N5 = 200, Ng = 400, N; = 50, and

Ng = 100. As shown in Table 5.1, all methods perform poorly and tend to underestimate the
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Figure s.1: BIC curves of different criteria for Data-2.1.

number of clusters. This behavior arises due to the big difference in the number of data points
in different clusters. BIC, and BIC,; have higher ALR compared to the robust methods. An
example of the labeling performance of BIC,; and BIC;, in comparison to the ground truth
labels is displayed in Figure 5.2.

To test the performance of the proposed joint cluster enumeration and labeling algorithm
on a data set generated from a heavy tailed distribution, in our third experiment, we use Data-
3.3, which is defined in Section 3.7.1. We set the number of features to r = 2 and the number
of samples per cluster to N = 500, for & = 1,2. The cluster enumeration and labeling
performance of the different methods for this particular data set is displayed in Table 5.1. As
expected, the robust methods outperform the others in terms of cluster enumeration, while all
methods perform equally well in terms of the ALR. Interestingly, BIC,; and X-means estimate
the correct number of clusters more often than BIC, and BICy, see Figure 5.3 for a comparison
of the BIC curves of the different criteria.

Finally, we test the performance of the different cluster enumeration and labeling meth-
ods in the presence of outliers by using Data-3.2, which is defined in Section 3.7.1, with 1%
replacement outliers. As reported in Table 5.1, the robust methods are able to estimate the
correct number of clusters 100% of the time, while BIC, and BIC,; overestimate the num-
ber of clusters 100% of the time. Given that the number of clusters is estimated correctly, all
methods perform equally well in terms of the ALR. This is expected since only 1% of the data

is contaminated with outliers and the remaining data form three well separated clusters.
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Figure s.2: Comparison of the labeling performance of different methods on Data-2.1 (left) and Data-2.5 (right).

The ground truth labels (top plots) are given as references. In the figures shown in the last two rows shapes
indicate ground truth labels and colors represent the estimated labels.
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Figure 5.3: BIC curves of different criteria for Data-3.3.

5.6.3 REALDATAAPPLICATION: TARGET ENUMERATIONAND LABELING

UsING RADAR DaTa oF HuMAN GAIT

Previous works on radar-based sensing of humans are mostly concerned with detection or ac-
tivity recognition, see for example [ Amin, 2017; Chen et al., 2014; Amin, 2010]. On the other
hand, identification of humans by the use of radar is relatively recent [Mokhtari et al., 2017;
Ricci €9 Balleri, 20155 Garreau et al., 2011; Tahmoush €9 Silvious, 2009; Vandersmissen et al.,
2018], where we note that there are similar works based on sonar data [Zhang &5 Andreou,
2008; Kaustubh €9 Bhiksha, 2007]. However, state-of-the-art methods on human identifi-
cation require knowledge of the number of targets and availability of training data. These
requirements are stringent in real-world applications, where the number of observed targets
is mostly unknown and possibly time-varying. That is why, amongst other reasons (see [ Teix-
eira et al,, 2010] for a survey on human sensing), automatic identification of human subjects
remains a challenging task for many ambient intelligent systems with application to surveil-

lance, security, and smart homes.

In this section, we first describe data acquisition using an experimental radar setup and then
discuss the feature extraction technique. Next, using two experiments, we demonstrate that
joint cluster enumeration and labeling can be a valuable entity for advanced radar technologies

that monitor human gait.
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Figure s.4: Examples of micro-Doppler stride signatures of two individuals.

5.6.3.1 EXPERIMENTAL RADAR SETUP

Using a 24 GHz radar system [ Ancortek Inc, 2018], the experimental data was collected in an
office environment at Technische Universitit Darmstadt. The antenna feed point was posi-
tioned at approximately 1.15 m above the floor. Five test subjects were asked to walk toward
the radar system starting at approximately 4.5 m in front of the radar, where only one person
was present in front of the radar at a time. Data were collected at a 0° angle relative to the
radar line-of-sight and with a non-oblique view on the targets. The volunteers were asked to
walk slowly and without swinging their arms. In total, 65 radar measurements of 6 seconds
duration are considered. The number of measurements are equal among the test subjects, i.e,

the data set contains 13 gait samples per person.

5.6.3.2 FEATURE EXTRACTION

The recorded radar return signals are processed to obtain the spectrogram, see [Seifert et al.,
2017] for more details. In order to detect single strides, the maxima of the envelope signal of
the micro-Doppler signatures are utilized. The part of the spectrogram that shows a pair of
strides, i.e., a full gait cycle, is extracted and converted to a gray scale image. All images are
resized to have the same dimension, i.e., each image S,, € R/*t forn = 1,..., N, with
f = 100 and ¢t = 128. Examples of extracted stride pairs for two individuals are shown in

Figure 5.4. Each image S,,, forn = 1,..., N, is vectorized to create a long column vector
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8, € R whered = ft, which is referred to as feature vector. In the set of feature vectors
sS4 {s1,...,85} C RN d > N, which creates a sample scarce scenario.

To mitigate the curse of dimensionality, we reduce the dimension of our set of feature vec-
tors S from d to r, where r < d, using a probabilistic PCA [Tipping &9 Bishop, 1999] that

approximates the likelihood function of S as

—iN(d—c) , . —iN
—L(z+c ZZ:C /\a i
p(S’C) ~ N73(+9) <d——+2 H>\a ) (5'2')
a=1

where ¢ denotes the number of principal components, A,, fora = 1, ..., d, are the eigenval-
ues,and z = d(d—1)/2—(d—c)(d—c—1)/2 [Minka, 2001]. Once the likelihood function
is evaluated for each candidate number of principal components ¢ = Chin, - - - ; Cinaxs the

correct number of principal components is selected as [Minka, 2001]

r= argmax logp(S|c). (53)

¢=Chmin,-+-,Cmax

Then, the new set of feature vectors with reduced dimensions is given by
X=V's, (5-4)

where X € R™*" and the column vectors of V' € R¥*" are the eigenvectors of S corre-
sponding to the first 7 eigenvalues such that Ay > Ay > ... > A, > 0. This way, a small

number of descriptive features is automatically extracted for each spectrogram.

5.6.3.3 PERSON ENUMERATION AND LABELING
SCENARIO-I

Considering the first four persons, N = 187 stride pairs are obtained from 52 radar measure-
ments, where person A, B, C, and D are represented by N, = 40, Ny = 38, N3 = 62, and
Ny = 47 samples, respectively. Using (s.3), 5 principal components are selected, such that the
original set of vectorized spectrogram images, S C R12800x187 56 reduced to X € RP*187, As
an example, Figure 5.5 shows a scatter plot of principal component scores using three principal

components. Note that estimating the number of clusters in X’ is very challenging because X
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Figure s.5: Principal component scores for radar-based human gait data of four different persons using the first

three principal components (PC).
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Figure 5.6: BIC curves of different criteria for the radar data set.

has few feature vectors which results in even fewer feature vectors per cluster.

Figure 5.6 shows the BIC computed by the different methods as a function of the number of
clusters specified by the candidate models. Only BIC,; is able to estimate the correct number
of clusters (or persons), which corresponds to K, ey = 4, 96% of the time, while the other
methods overestimate the number of clusters 100% of the time. The asymptotic methods,
BIC,, BICys, BIC;,, BIC,;,, and X-means, stand at a disadvantage when the number of feature
vectors is small because they are derived assuming that the number of feature vectors N' — oo.
In such cases, BIC,; is more appropriate because its penalty term is refined for the finite sample

regime.
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Table s.2: Confusion matrix in percentage for person labeling using the proposed joint cluster enumeration and

labeling algorithm.
Estimated labels
A B C D
< A 100 0 0 0
< B 0 100 0 0
§ C 0 6.45 93.55 0
F D 213 638 213 89.36

Table 5.3: Confusion matrix in percentage for person recognition using a NN classifier.

Estimated labels
A B C D
100 0 0 0

0 97.25 275 0
0 1.33 98 0.62
0.3 0.1 6.1 93.50

True labels
00w

Since BIC,; is the only criterion that results in the correct estimate of the number of clus-
ters in X', we show the labeling performance of the proposed joint cluster enumeration and
labeling algorithm using the cluster enumeration result of BIC;. Table 5.2 shows the confu-
sion matrix generated by the proposed method. The first two persons are correctly labeled
100% of the time, while person D is often confused with the remaining targets, but is still
recognized in approximately 89% of the cases. Overall, we achieve a high labeling rate using
the proposed method. Note that we get an average labeling rate of 95.73% without a prior

knowledge of the number of clusters (or targets) and no training data.

In order to underscore the performance of the joint cluster enumeration and labeling algo-
rithm, we also present results obtained using the same set of feature vectors X, but a trained
classifier for discriminating the four different persons. Using a simple nearest neighbor (NN)
classifier, we obtain the confusion matrix shown in Table 5.3, where 80% of the data was used
to train the classifier and the remainder was used for testing. The reported numbers are the av-
erage rates over 100 classifications, where training and test data were randomly chosen. The
overall accuracy is 97.19%, where person A is correctly classified in all cases and person D

shows the lowest labeling rate with 93.5%.
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Figure 5.7: Estimated number of clusters (or persons) for the radar data set as a function of the number of ob-
served images.

We note that, the results obtained using a trained classifier and the proposed unsupervised
cluster enumeration and labeling algorithm are comparable, despite the fact that 80% of the
data was available to the classifier for training. In some real-world applications, however, train-
ing data is unavailable. In such cases, joint cluster enumeration and labeling algorithms, such
as the one presented in this chapter, can provide a high target labeling rate without training

data and prior knowledge of the number of clusters.

SCENARIO-2

In this scenario, we consider a different measurement setup. First, we observe person A and
collect N1 = 40 images. Next, we do the same for person B, where Ny = 38. Every time a
new person is observed, in total, N = ZkK:1 Ny, where K is the number of persons already
observed. We do this for five persons in a sequential manner, resulting in N' = 252 images.
Whenever a set of images is available, we re-estimate the total number of targets observed by
the radar so far. For this, the number of principal components is also re-estimated based on
the current set of feature vectors.

Figure 5.7 shows the number of estimated clusters (or persons), K, as a function of the
number of observed images n, wheren = 1,..., N. Due to the setup described above, the
true number of clusters forms a staircase. Among the compared Bayesian cluster enumeration

criteria BIC; is the only criterion that is able to correctly estimate the number of persons and
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track the change in the number of persons as we observe more images. The second best perfor-
mance is achieved by BIC,,. Due to the small number of available features, BIC, and BIC,,
do not correctly estimate the number of persons even though they respond to the change in
the number of observed persons. BIC,, and X-means are able to correctly estimate the number
of persons in the beginning but quickly overestimates /X and choose the specified maximum

number of clusters as we observe more images.

5.7 SUMMARY

In this chapter, we proposed a joint cluster enumeration and labeling algorithm by extending
the cluster enumeration criteria that were derived in Part I of the dissertation. The perfor-
mance of the proposed method in estimating the number of clusters and providing individ-
ual clusters with unique labels was demonstrated using five numerical experiments. Further,
the proposed method was applied to person labeling using radar measurements of the human
gait. Despite short observation times, the persons were labeled with a high accuracy in the ab-
sence of training data and knowledge of the number of persons. The proposed method also

showed promising result in tracking the change in the number of persons.
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SUMMARY AND CONCLUSIONS

The dissertation contributes to the area of cluster analysis by developing statistical methods
that determine the number of clusters and cluster memberships. The developed methods
tackled challenging data clustering scenarios, such as the presence of outliers, cluster overlap,
or cluster heterogeneity in the observed data set. Use cases in distributed camera networks and
radar-based person identification demonstrated the applicability of the developed methods in

advanced signal processing problems.

In particular, a new Bayesian cluster enumeration criterion was derived by formulating the
problem of estimating the number of clusters as maximization of the posterior probability
of candidate models. In a nutshell, this formulation transformed cluster enumeration into a
model selection problem where the model with the highest posterior probability is selected
among a family of candidate models. The new criterion is applicable to a broad class of data
distributions and, consequently, serves as a starting point when deriving cluster enumeration
criteria for specific data distributions. Following this line of argument, a robust and a Gaus-
sian criterion were derived by modeling the data as a family of multivariate ¢,, and Gaussian
distributions, respectively. Further, the penalty terms of both criteria were refined for the fi-
nite sample regime. In contrast to Schwarz’s BIC [Schwarz, 1978], which is a generic criterion,

the new robust and Gaussian criterion can be interpreted as the BIC derived specifically for
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cluster analysis. Interestingly, as the data distribution of the candidate models changes, the
data fidelity and penalty terms of our criteria also change, while for the original BIC changes in
the data distribution only affect the data fidelity term. Our derivation of the BIC for cluster-
ing problems supports the statements made by the author in [Djuri¢, 1998] who came to the
conclusion that the original BIC should be carefully analyzed before being applied to specific

model selection problems.

The derived cluster enumeration criteria were incorporated into two-step algorithms where
the cluster assignment and model parameter estimation tasks were separated from the enumer-
ation. While the EM algorithm was used in this dissertation to provide a unified framework,
the proposed enumeration criteria can be used as a wrapper around any clustering algorithm.
This allows for selecting the clustering algorithm according to the application’s demands with-
out affecting the cluster enumeration strategy. Numerical and real data experiments demon-

strated the superiority of the proposed algorithms over existing cluster enumeration methods.

Real-world applicability of the proposed cluster enumeration framework was demonstrated
on use cases in the area of distributed sensor networks and radar technologies for assisted liv-
ing. Specifically, the cluster enumeration criteria were extended to a distributed sensor net-
work setup where the nodes exchange valuable information via the diffusion principle. Two
distributed and adaptive Bayesian cluster enumeration algorithms were proposed and applied
to a camera network use case, where multiple cameras film a non-stationary scene from difter-
ent angles. The number of pedestrians was estimated based on streaming-in data requiring
neither registration of camera views nor a fusion center. Good performance was achieved

compared to an existing distributed cluster enumeration algorithm.

A further research goal of the dissertation was the cluster membership assignment of in-
dividual data points and their associated cluster labels assuming that the number of clusters
is either prespecified by the user or estimated via the above described methods. Solving this
problem is relevant for real-world applications, such as video surveillance and sports analysis,
since object labeling can be formulated as a data clustering and labeling task after extracting
valuable features from the observed data. To this end, a robust object labeling algorithm was
proposed for a distributed camera network whose nodes are interested in a static scene. In
addition, an adaptive object labeling and tracking algorithm was developed for the case where

nodes in an ad hoc camera network monitor a time-varying scene from different viewpoints
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in the absence of a fusion center. Both algorithms were shown to provide good labeling per-
formance using images and videos recorded by uncalibrated distributed camera networks.
Finally, the simultaneous estimation of the number of clusters and cluster memberships
was tackled by proposing a joint cluster enumeration and labeling algorithm. The proposed
unsupervised method was applied to person enumeration and labeling in a real data appli-
cation of radar-based person identification. The proposed approach performed as good as

a supervised learning method which requires knowledge of the number of individuals and

training data.
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FUTURE RESEARCH DIRECTIONS

Possible extensions of the developed cluster enumeration and labeling framework and open

research directions are summarized below.

7.1 EXTENSION OF THE ROBUST BAYES1AN CLUSTER ENU-

MERATION CRITERIA

In Chapter 3, we have assumed that the degree of freedom parameter v is fixed at some prespec-
ified value in order to simplify the theoretical derivations. Ideally, one can extend the deriva-
tions by treating the degree of freedom of each cluster in each candidate model as an unknown
parameter. Such an extension allows the robust cluster enumeration criteria to model the data
with a family of ¢, distributions, which ranges from the Cauchy distribution for v = 1 all the
way to the Gaussian distribution for v = 00. This means that we can drop the assumption
that the distribution of all clusters has the same degree of freedom. Consequently, in the same
data set, some clusters may be heavy tailed, while others are Gaussian. However, the extension
is not straightforward as it requires the justification of assumption (A-2.3) when the parameter

vector of the mth cluster is given by 6,,, = [tm, T, Vi) |-
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7.2 THEORETICAL ANALYSIS OF THE PROPOSED

BAYESIAN CLUSTER ENUMERATION CRITERIA

In this dissertation, we have tested the performance of the proposed Bayesian cluster enumer-
ation criteria using numerical and real data experiments. Specifically, the performance of the
proposed criteria in estimating the correct number of clusters is tested using the empirical
probability of detection and the mean absolute error as performance metrics. The original
BIC is known to be consistent if the true data generating model belongs to the family of can-
didate models under investigation [Schwarz, 1978]. Since the proposed criteria asymptotically
converge to the original BIC, we empirically conjuncture that our criteria are also consistent.
However, a formal proof of consistency for our criteria that carefully checks all the assump-
tions made in the proof of consistency for the original BIC would provide an interesting fu-
ture work. In addition, establishing the concepts of qualitative and quantitative robustness
for the robust criteria discussed in Chapter 3 is an open problem. In particular, defining the
breakdown point of the robust cluster number estimator for increasing percentages of outliers
requires a careful analysis that takes into account the cluster memberships. This is because, for
example, a consistent overestimation of the number of clusters that simply groups all outliers
into a separate cluster should not be considered as a breakdown of the method. However, for
this example, the probability of detection of the true number of clusters is zero. This example
shows that in the context of robust cluster enumeration care must be taken when defining the
error metrics. Also, it is not fully clear what the true number of clusters should be in this case.
Finding robustness and performance measures that take such problems into account consti-
tutes an intriguing line of future research, as it raises fundamental questions, such as, what is

a cluster?, and what are outliers?.

7.3 EFFICIENCY OF CLUSTERING ALGORITHMS IN PARTI-

TIONING DATA

Standard clustering algorithms, such as the K-means and the EM algorithm, solve a non-
convex problem and, consequently, chances of the algorithms converging to a local optimum

is very high. These algorithms are iterative in nature, and, depending on the starting point,
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they can end up with different solutions for the same data set. This problem is known in the
literature and different remedies have been proposed [Arthur &9 Vassilvitskii, 2007; Frinti,
2018; Zhao et al., 2012; Blomer ¢§ Bujna, 2016]. Local convergence of the clustering algo-
rithms becomes even more amplified when there are outliers in the data set. As discussed in
Section 2.6.5.2, the clustering method is the backbone of the proposed two-step cluster enu-
meration algorithms. If the clustering method used in the first step fails at partitioning the
data set correctly, then the performance of the second step, which is the calculation of one of
the proposed criteria, is bound to be bad. Hence, investigating better clustering algorithms
or even improving the ones that were used in the dissertation is a valuable extension of our

work.

7.4 CLUSTER ANALYSIS IN HIGH-DIMENSIONAL SPACES

In high-dimensional spaces, the relative distance from any data point to its nearest and farthest
neighbor tend to be almost identical [Klawonn et al., 2015; Zimek et al., 2012]. Consequently,
cluster analysis becomes a complicated task due to the distance concentration effect and the
presence of irrelevant features hiding relevant information. In this dissertation, we focused
on the case where the number of features (7) is smaller than the number of samples (V).
Whenever, 7 > N, we used dimension reduction techniques prior to estimating the number
of clusters and cluster memberships. However, the extension of the proposed methods to
high-dimensional spaces where 7 > N is an open problem, and future research in this area is
essential. A possible, and very interesting research direction is that of regularizing the cluster-
ing method to account for the sparsity of the high-dimensional spaces. On the other hand, a
non-asymptotic derivation of a cluster enumeration criterion that considers & — ¢, where

¢ > 0is a constant, would be relevant.
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PART V

APPENDIX






MaxiMmuM LIKELIHOOD ESTIMATORS

A.1 THE MAXiIMUM LIKELIHOOD ESTIMATORS OF THE
PARAMETERS OF MULTIVARIATE GAUSSIAN

DisTRIBUTED RANDOM VARIABLES

Given that the data points that belong to the mth cluster (X, ) are realizations of iid Gaussian

random variables &,;, ~ N (4, X, ), the log-likelihood function is written as

10g L(0| X)) =log [ p(@n € X0)f(2,]00)

TnE€EXm

Ny, 1 1 -
= Z log<——exp (—éwZEmlwn>)

N (2m)5 |5, ]2

T €EXm
Np, 1 1. -
= Z Qogw - glogQW —5 log|2m|—§az12:n1wn>
Tp€Xm
N,, TN, N, 1 T ~
:leogW— 5 10g27‘l‘—710g’2m|—§ Z T, X, Tn,

Tn€Xm

(A.1)
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~ A . .
where Z,, = @, — b, Ny, denotes the number of data points in the mth cluster, and N

represents the total number of data points in the data set. As the name implies, the maximum

likelihood estimator attempts to maximize the likelihood function. To accomplish this, (A.x)

is first derivated with respect to its parameters, which results in

0log L(0m| ) ~Ty-1
0log L(6,|X,) Nimgog, 1 —15 ~Ty—1
=% - Yo, T, 2
o5, 3 In Ty 2, Tn'Ed 3,

Tn€EXm

Then, setting (A.2) and (A.3) to zero and solving the resulting expressions result in

~

Hm = T

~

= x, T,

m

1

N T €Xm,
1

N,

T EXm

(A.4)

(As)

A.2 THE MaAXIMUM LIKELIHOOD ESTIMATORS OF THE

PARAMETERS OF MULTIVARIATE ¢, DISTRIBUTED

RaANDOM VARIABLES

If the data points that belong to the mth cluster (A, ) are realizations of iid multivariate ¢,,,

distributed random variables x,,, ~ t,, (tm, ¥,,), then the log-likelihood function is given

by

log £(0,,|X,,) = log H p(x, € X)) f(@,]0,)

Tn€EXm

-y log(%r(ymI;Q()(l(/:U:)C)/gf\;,m|1/2 (1 + 5_; ) —<um+r>/2)

TnE€EXm
N,, I'((vm+71)/2) N,,
= N,,log == + N, 1 — —— log|¥,,
og N + 0og T (Vm/2) (,R_Vm)r/Z 9 Og| |
(Vm + 1) On
-5 Z log [ 1+ A
T EXm

(A.6)



A.2 THEMAXIMUM LIKELIHOOD ESTIMATORS OF THE PARAMETERS OF
MULTIVARIATE t, DISTRIBUTED RANDOM VARIABLES

where 6, = (x,, — ) W, (@, — pr,) is the squared Mahalanobis distance, I'(+) is the
gamma function, N,,, denotes the number of data points in the mth cluster, and N represents
the total number of data points in the data set. To find the maximum likelihood estimators
of the centroid pt,,, and the scatter matrix W,,, we first derivate the log-likelihood function

with respect to each parameter, which results in

D108 L(0,|X) _ (v +7) d by
. = 5 Z . log { 1+ »

TnEXm m
1 Vp + 1 doy,
2a:neXm Um + O Ay,
A,
Y e
T EXm lllm
= > w, v, (A7)
T EXm
0log L(6,,| X)) Ny, 1d¥n\  (vm 1) d On
= —"Tr (v 1 14+ —
ov,, > " 1w, > m; aw,, (T
N, aw,, 1 Um + 1 do.
:__mT NI 1%%Fm 4t m n
N, dw 1 aw,,
— "7 (gl Z CTr (Ul T\I, 1
> r(mdwm>+2w;w r(m mdq:)
L D DT S T (A.8)
2 m n TL m .
wneXm
where &,, = x,, — W,, and
Up + T
n = A.
Wn =y (A.9)

is the weight given to @,,. Then, setting (A.7) and (A.8) to zero and simplifying the resulting

expressions result in

W, L
Lo = Zw"ex’" aatl (A.10)
aneXm Wn
~ 1 o
v, =— Z wnwnajz. (A.)
m mnexm
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PROOFS

B.1 PrROOF OF THEOREM 2.1

Proving Theorem 2.1 requires finding an asymptotic approximation of the FIM, jm, form =
1,...,l,and, based on this approximation, showing how (2.17) is simplified to come up with
the expression for BIC, in (2.19). To obtain an asymptotic approximation of J,., we first
express the log-likelihood function of the data points that belong to the mth cluster by (A.1).

The first-order derivative of log £(,,|X,,,) with respect to 8,, is given by

dlog L£(0,,|X,) __Nm Tr (gldz_m) + E Tr (Eldz—mzmlAm)

ae,, 2 " do,, 2 " do,,
dpey, .
+ Tr <2m1 dgfmai)
T €Xm

1 A3 o _ Tw 1
- 2T1r <d0m DI, EmEm) + N, Tr ((wm Bm) 2. 6, )

(B.1)

_ A . .
where &,,, = NL > 2 cx, Tnis the sample mean of the data points that belong to the mth
m n m
A

. A - A
cluster, x,, = x, — o, Ay = anexm zl:n:l:;r, and E,, = A,,, — N,,%,,. To make the
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dissertation self contained, we have included the most important vector and matrix differen-

tiation rules in Appendix D (see [Magnus ¢§ Neudecker, 2007] for details).

Differentiating (B.1) with respect to 8,), results in

2 1 -1
A log L(0,|X,0) _lTr(dE S, oo )+ 1Tr(d2 Sg, dEm)

d0,,do] 2 de,, do’ do e

+ %Tr (sz z,) c(zng > > + N, Tr(( - um)Tddig %)
N

= —Tr <%2m1 Cjz?T SYA,, — NmEm)2m1>

(B )
Np o (A < dZ,,

o h (Wzml e, R )

T (o )95 G ) — N e

= Sy (‘f; 51 sz?v s, )—T (%zm f; EmlAmEml)
N, Tr (ﬁ: >1(F,, — um)(;g?E )

dlu'm T 1d2 -1 dlu‘ 1dll’m
~ N, Tr s18%mg-1) B
< (@ = pm) B g md6,, ™ 46T

(B.2)

Next, we exploit the symmetry of the covariance matrix X3, to come up with a final expres-

sion for the second-order derivative of log £(0,,,|X,,). The unique elements of 3,,, can be

collected into a vector u,,, € R +Dx1 55 defined in [Magnus &9 Neudecker, 2007, pp. 56—

s7]. Hence, incorporating the symmetry of the covariance matrix 33,,, and replacing the pa-

rameter vector 6, by 0, = [, um]T in (B.2) results in the following expression:

log L(0,,|X,) Ny (dE,)\ A, s\ " A%,
—— =—vec| — | V,,vec . —vec . W, vec .
de,,de, 2 d e, ae’ de,,

m
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s\ | dp m\ )
- mvec(f) vaec( lfm)—vaec(dL) Z;Zvec<d - )
de,, ae de,, ae,

dp’ __ dpn,
6, " de]
where
V,2slgs leR™ (B.4)
W,2s 1on 1A, S e R (B.s)
Zp 23T Q5 (T — pm) € R (B.6)

. . I . 2,1
For the symmetric matrix X,,, the duplication matrix D € R"™~ 57 (r+1)

transforms u,,,
into vec(X,,) using the relation vec(3,,,) = Du,,, [Magnus &5 Neudecker, 2007, pp. s6-57].

Hence, (B.3) can be further simplified into

d*1og L(0,,|X,) Ny (dun\ ' - du, (duy\' - e,
—— =—|—| DV, D——-|\-—)| D W, D—
dé,,de, 2 \du, du,), du,), du,,
duy,\ T dp, A, ’ + du,
— Nm (m) D vaec(dy,jn) - NmVCC(E) ZmDm
Ay o1 AP
- N my—120m B.

A compact matrix representation of the second-order derivative of log £(8,,|X,,) is given

by

9210g L(Om|Xm) 92 log L(Om|Xm
d? IOg £(0m|Xm) _ [ , Bim((?y,;l; : ) 8im(<9u;!,—L )] (B 8)
SRy 8210g L(Om|Xm) 02 log L(Om|Xm) | :
demde;rrb ;;um@p,In (’fu.maujn
The individual elements of the above matrix can be written as
0?log L(0,,|X,, _
2= tn) 5y (59)
9%log L(6,,| X,
((;g <a l ) _ _N,Z'D (B.10)
HEmOU,,
9%log L(6,,|X,,,
Oag (a l )_ _N.D'z, (B.1n)
w,,Op),
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0*1og L(0,,1 X)) Ny 1
8’u,m8’U,T = TD FmD, (B.IZ)

where F, 2 3.1 0 (81 - 25,04, 5,1 ) e R
The FIM of the mth cluster is given by

J - Opmop,, dpmou,,
m _ 0210g L(Om|Xm) 9% log L(Om|Xm)
L Oum O, OumOu,),

[ N3 N, ZID

= A N . B
_NmDTZm —%DTFmD] (B.3)

[ 9%log L(Om|Xm)  9%log E(ém|Xm)]

The maximum likelihood estimators of the mean and covariance matrix of the mth Gaussian
cluster are given by (A.4) and (A.s), respectively (see Appendix A.1 for details). Hence, Z, 2
S QB (& — fin) = 0,24, Consequently, (B.13) can be further simplified to

1 —1
] — N2, Orscgrri ] (B.14)
m Now DT L ) ’
0%r(r+1)><r _TD F,D
The determinant of the FIM, jm, can be written as
3 o A
J.| = (Nmzm X |="D FmD‘ . (B.1s)
As N — 00, N, — oo given that [ << N, it follows that
LJjl~ O(1) (B.16)
Nm m| ™ ’ I

where O(1) denotes Landau’s term which tends to a constant as N — o0o. Using this re-
sult, we provide an asymptotic approximation to (2.17), in the case where X" is composed of

Gaussian distributed data vectors, as follows:

. A l
log p(Mi|X) & log p(M:) +log f(E4]My) + log L(©4].X) + - log 27

1 .
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R R l
= log p(M;) + log f(©4|M)) + log L(©,]X) +  log 2

! l
q 1 1 .
~3 E log N,,, — 3 E log N—J —log f(X), (B.1y7)
m=1 m=1

where g = %T(T + 3).

Assume that
(A-2.6) p(M;) and f(©y|M;) are independent of the data length N.

Then, ignoring the terms in (B.17) that do not grow as N — o0 results in

I
BIC,(M;) £ log p(My|X) = log L(©,|X) — gz og N, — log f(X). (B.18)

Since & is composed of multivariate Gaussian distributed data, BIC, () can be further sim-

plified as follows:

BIC,(M;) =log L(©,|X) + p;

l
N, rN. N, A 1 SN
N[N log B Iy ge 00 - D ae 3 ——T(Nm2‘12m>
;( og N 5 og 27 5 og | | 5 T o >+pl
l [

rN N,, - riN
:Z N,,log N,, — Nlog N — 710g27r — Z 710g|2m| - + p1,

m=1 m=1

(B.19)
where

!
N
p= —imzﬂlog Ny, — log f(X). (B.20)

Finally, ignoring the model independent terms in (B.19) results in (2.19) which concludes the

proof.
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B. PrRooOF OF THEOREM 3.I

Proving Theorem 3.1 requires finding an asymptotic approximation to |jm] in (2.17) and, con-
sequently, deriving an expression for BIC;, (M;). We start the proof by taking the first deriva-

tive of the log-likelihood function, given by (A.6), with respect to 8,,,, which results in

dlog L(0,|Xm)  Np 1AW, d (Vm+T On
6. 2 "\Yegg )T\ ZlgHym

Tn€Xm,
) e )
:_%T (\If;f %) ~T <(Vm2+ T)mn " 1+ 5 jg;)
Y (\Ilm1 %) -5 (mexm w"%) | o

where w,, is given by (A.9), Z,, = Ty, — W, Op, = :il\l’;llzin, and

o, d

de,, - W (j;qlr_nlj"”)
— 27 P! Z’;m AR ng s (B.22)

Substituting (B.22) into (B.21) results in

d10g£(0m|Xm) N ld\I’ ~T —1dl-l'm
_ _Dmo (g T g1 tHm
a0, 5 m e, )T > W, ¥, 40,

:Ztne)(m
dw,,
T z U1l
(35 e
Tn€Xm
N, dw,, B du
=Ty (v} T IR i
5 r( m 0., >+ r(w;( Wpx, mem)
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Tn€Xm
1 aw,,
~Tr( Z2,9,'—"W
3 ( " 36, )
1 dw . dp
=-T v YZ,—N,¥,)¥ T W&, U, -2
(B.23)
where
Z,, = Z Wy T &, (B.24)
wnGXm
Derivating (B.23), once again, with respect to 8, results in
d*log L(0,,|X,,) 1 dW,, d¥ 1
mltm) _ - m m Zm_Nm\Ijm\I,—l
10,407 > ' s, aar Yo
1 dw dz dw
“Tr | —2w =2 N, —2 ) e !
T3 r<d0 m(d@; d@;) m)
1 aw,, A1
—Tr Z N —__m
T3 <d0 ¥ (Zm mq’m)deg)
dwy, 1 Ay, du,, dptm,
T B e g
+r< 67 md0m> r<z " 367 md@)
Tn€EXm TnE€EXm
dP-tdu
~T m m

From (B.25), the Fisher information matrix of observations from the mth cluster is given by

d*log L(0,,|X,)

"o d6,,do, 8.8,
1 /dw,, dZ d¥ dw dp
:——T N ™ N, —2 ) W ngl g 1obm
(oot (S - g st ) e -t )
A, & dpi,
T m\I: !
on( % wiee)
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L (dU,, . dZ . Ny . (dT,, . dT,, .
— ——T m\I’_l m‘I’_l _mT m\Il_l m‘I’_l
> r(dO ™ agT m)+ 2 r(d@ ™ 36T m)

dw,, . dpt, dp! - dp,
- T T e T —Tm gyl B.26
I"(mexdm md9)+r(z " 46, mde) (B.26)

T EXm

where w,,, &, ZBL%, and %—7{” are also evaluated at 60,,,, but the hat is removed for ease of

notation. Note that, evaluated at 6,,,, (B.25) reduces to (B.26) because
Z, — N, ¥, =0

E Wy, =

Tn€Xm

(B.26) can be written in a compact matrix form as

_ 02log L(Om|Xm) 0% log L(Om|Xm)
] — OpmOm,, MmO
I = 92 1og“c(éi|xm) o2 1o§c( mxm)] (B.27)
O, 0, 09,00
The individual elements of the block matrix in (B.27) are given by
2] Xn) d d d d
R O Ry
Pl'm y’m TnEXm y’m y’ T EXm IJ’
(B.28)
9?1og L(6,,|X,,) dwn . LA,
=T \Il _— B.
0T T\ & awr A, (B-29)
Plog LOm|Xn) 1. (A o dZp = |\ Ny (d®,, . d¥, . |
=-T v v ) —-—T v .
00,00 \aw, ™ awr > " \dw,, ™ dwl
(B.30)
where

dw, d U + 71
dpy, — dpy, (Vm+5n)
(Vm + 1) doy,
- (Vi + 6n)? dpary,
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2w2 dp,
_ m\I] 1 ~ E RTXI B
oo T (B.31)

dw,  d Um + 7

dwl 4P (Vm—l—5n>
(Um + 1) do,
(Um +0 )2 dw

\Il n € R™T (B.32)

iz,  d o
AT dUT Wn&nn

Note that, due to the symmetry of the Fisher information matrix, the following holds:

. . T
0?log L(0,,]X,,) _ 0?log L(0,,]X,,) (B.34)
Pl 0¥, |
Using (B.31)-(B.33), (B.28)-(B.30) can be simplified to
0? logﬁ(@ ’X Z dwy, ~T\I’ 1dp, —Tr Z w dl"';\i,—ld:u’m
Ottty acnede“m t dp Tn€Xm Aty " gty
2 d i 2 T d m
— Y (e el o)
VUm +T cx dl"’m dl'l’m
dp, dpem,
_ Z wy, Tr (d'uj—?\Il;de)
ZnCXm l’l’m [sz
2 A . .
= DIDRRT AR S N
I/m + r TpEXm TnEXm
92 . . .
— -l ( > wizfcnj:jl) v - Y w, (B.35)
Vm + r T EXm Tn€EXm
921og L(6,,|X,,) T dwy g1 dptm
O, O M dwl " " dpg,
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U7 e gy, Ay
-
1 m\ [ 1s ATd 1o ST dv,,
:Vm_HnZwrZzVCC( m) (‘I’mlwnwquml(@aﬂ@ml)Vec(d\PT>
eEXm K m
(B.36)

?log L(0m| X)) 1 (d‘I’m\i,_1 dZ,, @—1) _ N v (d\Pm\iJ‘ld\Pm\il—l)

—oT
0w, 00T 2 dw,, ™ du ™

1 aw, \ " /. A dZ
_= m \Ilfl \1171) m
2V€C(d\11m) (vl oW, Vec(d@;)

s dW, o
xvec( Z wiE, Ul T lIl,;la:nmn:I:TTL>

—%Vec (g—:)T (\if;nl ® \if,;}) vec (Zig)
_ 2(ym1+ T)Vec (;li:) ! (\il;nl ® i’;l)
x> w? (zbnz&,f R e \i/;l) vec (gg)
€n€Xm
—%Vec <;M}—:>T (lif:nl ® \il,_nl) vec (Zig) . (B.37)
The scatter matrix W,,,, m = 1, ..., is a symmetric and positive definite matrix. Hence,

vec(V,,) = Du,,, where vec(¥,,,) € R7x1 represents the stacking of the columns of ¥,

%r(r—i—l

. 2 . .
into a long column vector, D € R™* ) denotes the duplication matrix, and u,, €

Rz"(+Dx1 contains the unique elements of ¥,,, [Magnus ¢9 Neudecker, 2007, pp. 56—
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s7]. Taking the symmetry of the scatter matrix into account and replacing 8,,, by 0,, =

[, 'u,m]T, (B.36) and (B.37) simplify to

9% log L(0,,|X,, 1 TN . . dw,,
08 £(Om|tm) _ ngvec( i > ( ;1in@§@—1®i;w;l)vec(—>
7

T - T
oumou,), Uy, + i dpt,, du,,
1 2 meAf1~ CTé -1 o AT d—1) oy dUm
= T’Z; w;, vec (d,um) ( myz, v r, v m
1 A . .
=— > w? (xp;n%n;ﬁ U loz q:;f) D (B.38)
m Tn€EXm
9% log L(6,,|X,0) 1 AU, \" oo
- ) (§l e @ )
ou,o0u,), 2(Vm + T)vec du,, ( m ©%m
. aw,,
Xw; w;, (%@Z ® ‘I’mlin:iI\Il;f vec (du;)

N, Ao, \" /. - A
_Vm m — \Il71> m
- vec (—dum> (\Ilm @ W, ") vec (duT )

1 (dum)T DT (@7;1 ® \if,}l)

2(Wm + 1) \duy,
< 3w (m PR e r A A ¥ ke

mnEXm

N, [(du,,\ " du
—Sr(Gm) DT (e w ) D (S0

2 <dum> m © % du,),

1 ~ ~ ~ N

-~ pT (\IJ;} ® \If;,}) S w? (5:”5:; R \11;3>D

2V + 1)

mnEXm

Nm T ({a—1 T —1

~'D (\Ilm R ) D. (B.30)

In face of (B.35), (B.38), and (B.39) three normalization factors exist, whichare ) 5 .- w2,
> w.cx,, Wn>and Np,. While the relationship between - ., wpand ), ., wy,isnon-
trivial, starting from (A.11) and doing straight forward calculations the authors in [Kent et al.,

1994 ] showed that

Z wy, = N,,. (B.40)

Tn€EXm

As a result, we end up with only two normalization factors, namely >, . w2 and N,.
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Given that ] < N, N — oo indicates that ¢ — 00, where € = max (Zmnexm w2, Nm).
Hence,as N — oo

~ O<1>7 (B.41)

where O(1) denotes Landau’s term which tends to a constant as N — co. Using the result

in (B.41), (2.17) can be simplified to

l

log p(M|X) = log p(M) + S log (£(,| M) £(0, X))

m=1
!
lg 1
+Elog2ﬁ—§Zlog

~ log p(M) +Zlog( £ (Ol M)L <emr»cm>)

q log 2T — —Z loge——z log

e%'—logf(?f)

— log (&), (B.42)

where ¢ = $r(r + 3) is the number of estimated parameters per cluster. Note that the value
of ¢ changed from ¢ = r(r + 1) to ¢ = r(r + 3) because we estimate only the unique

elements of the scatter matrix ¥,,,.

Assuming that (A-2.6) is satisfied and ignoring the terms in (B.42) that do not grow as

N — oo results in

BIC,, (M) £ 10gp(MZ|X)

N} I

l
NZlog[, 0, %) QZIOge—logf (X). (B.43)

Substituting the expression of log ﬁ(ém | Xom), given by (A.6), into (B.43) results in

l

U ((vm+71)/2) N <
BIC;, (M;) = E Np, 1 + N, 1 — —log |W,,
v (M) ( o5 N BT (0)2) (rvm) 2 2 o8 ¥

m=1

l

(vn +7) BN
— Z Tlg<1+—)—5210ge—logf X)

m=1x, EXm Vm
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—ZN log N,,, — Nlog N — Z—log|\11m|

m=1
(U +1)/2) On
—|—ZN log o] 2) (7, T/2——Z Z VU + 71 log(l—i——)
m= 1£l:nEXm
!
q
5m§zjloge—1ogf X). (B.44)

Finally, ignoring the model independent terms in (B.44) results in (3.1). This concludes the

proof.






CALCULATION OF THE DETERMINANT OF

THE FISHER INFORMATION MATRIX

The Fisher information matrix, given by (B.27), is a block matrix and its determinant is calcu-

lated as

|fm|=\

0P 10gL (0| X) | 0?10gL (0| Xrn) (0P 108L (0,0 X,)\ 0 108 L (0] %)
OO, O, 0w, ou,o0u,, O, Opl, |

(C)

y  0*108L(6,|Xn)
ou,,0u] ’

9210g L(0m | X)) 9% log L(m|Xm 82 10g L(0:n|Xm .
where Céim(aui ) %i'm(au;‘; ),and %im(au}n )areglvenby(B.gs), (B.38),and (B.39),

respectively.
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VECTOR AND MATRIX

DIFFERENTIATION RULES

Part V uses the numerator layout of derivatives. Given thaty € R,y € RP*1)Y € R4,

x € R™*! and X € R™ ", the numerator layout of derivatives states that

7 € RIxm (D.1)
dy _ nxm

ﬁ < R (DZ)
d

d—? e R™! (D.3)
d

% € R™P, (D.4)

In addition, we have used the following matrix and vector differentiation rules (see [Magnus
€9 Neudecker, 2007] for details):

d
yy=2y' (D.s)
Y
d dY
—Yl=—-Yy 'l —_Yy! D.
dY dY (D6)

155



VECTORAND MATRIX DIFFERENTIATION RULES

d dY

We have also exploited properties of the trace (Tr) and vectorization (vec) operators. Given

matrices A, B, C, and D with matching dimensions, the following hold true:

Tr(AB) =Tr(BA) (D.8)
d dA

JA Tr(A) =Tr (d_A) (D.9)

dTr(BA) dB B aB B
—g - Tr <d—BA) =Tr (d_B> A=A (D.10)
Tr(A" B) = vec(A) "vec(B) (D.u)
Tr(ATCDB") = vec(A)" (B @ C)vec(D) (D.r2)
vec(ABC) = (C"T ® A)vec(B) (D.13)



ACF

ALR
AMR
ATC

BIC
DX-means
EM
FAST-TLE
FIM

GC

HOG
HOT

iid

ICT

MAE
MDMT
MNDL
NN

PCA

pdf

RGB
RSEM
RSK-means
TBIC

LisT OF ACRONYMS

aggregate channel features

average labeling rate

average mislabeling rate

adapt then combine

Bayesian information criterion
distributed X-means

expectation maximization

fast trimmed likelihood estimator
Fisher information matrix

gravitational clustering

histogram of oriented gradients

higher order terms

independent and identically distributed
information and communication technology
mean absolute error

multiple devices multiple tasks
minimum noiseless description length
nearest neighbor

principal component analysis
probability density function

red, green, and blue

random swap expectation maximization
random swap K-means

trimmed Bayesian information criterion
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LisT OF NOTATION AND SYMBOLS

The following list contains the most important notation, operators, and symbols. The re-

maining once are introduced where they are used.

NOTATION

R
Igy
exp(-)
I'()

f()

p(+)
N(p, %)
ty (ﬂw w)

(A.)
arg max [F'(z)

arg min F'(z)

T

normal-font lowercase letter denotes a scalar

normal-font uppercase letter denotes a scalar

boldface lowercase letter denotes a column vector

boldface uppercase letter denotes a matrix

calligraphic letter denotes a set

set of real numbers

set of positive real numbers

set of positive integers

set of column vectors of size r on R

set of matrices of dimension 7 X r on R

the indicator function

the exponential function

the gamma function

probability density function

probability mass function

Gaussian distribution with mean g and covariance matrix 3
t distribution with location parameter g, scatter matrix W, and degree
of freedom v/

assumption

returns the value of x that maximizes F'(x)

returns the value of = that minimizes F'(x)

159



LisT oOF NOTATION AND SYMBOLS

o(1)
xéy
=y

xr~1y

OPERATORS

SYMBOLS

OTXT‘

lTXl
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Landau’s term which tends to a constant as the data size goes to infinity

x is defined as y
x is equivalent to y

x is distributed as y

matrix inverse
vector or matrix transpose
determinant of a matrix or the absolute value of a scalar

trace of 2 matrix

vectorizes its argument by stacking the columns on top of each other

cardinality of the set X

the set X without the element x
Kronecker product

l{-norm

l5-norm

expectation operator

natural logarithm

limit

all zero matrix of dimension r X r

all one column vector of size r

identity matrix of dimension 7 X r

the likelihood function

estimator (or estimate) of the parameter 6
centroid of the mth cluster

covariance matrix of the mth cluster
scatter matrix of the mth cluster

degree of freedom of the mth cluster

Fisher information matrix of the data points in the mth cluster



R

Linin
Linax
ALR™
AMR™
MAE™
BIC,
BIC,

BIC,
BIC,,

BIC,;,
BIC,

BICs

BIC,:,
D-BIC,

LisT oOF NOTATION AND SYMBOLS

true number of clusters in the data set

number of data points in the mth cluster

total number of data points in the data set

set of candidate models

candidate model that clusters the data set into [ clusters

specified minimum number of clusters

specified maximum number of clusters

network-wide average labeling rate

network-wide average mislabeling rate

network-wide mean absolute error

generic BIC which is applicable to a broad class of data distributions
asymptotic BIC derived by modeling the data as a family of Gaussian
distributions

extension of BIC, with an exact computation of its penalty term
asymptotic BIC derived by modeling the data as a family of ¢, distri-
butions

extension of BIC;, with an exact computation of its penalty term

the original BIC which models the data as a family of Gaussian distri-
butions

the original BIC which models the data as a family of Gaussian distri-
butions with the constraint that the clusters are identical and spherical
the original BIC which models the data as a family of ¢, distributions
distributed implementation of BIC,

distributed implementation of BIC,;

number of clusters estimated using BIC,

number of clusters estimated using BIC,

number of clusters estimated using BIC;

number of clusters estimated using BIC,,

number of clusters estimated using BICy;,

number of clusters estimated using BIC,

number of clusters estimated using BIC
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Ddet
net

Per

Punder

pOVCI‘

162,

empirical probability of detection
network-wide empirical probability of detection
empirical probability of underestimation

empirical probability of overestimation
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