Propagation of chaos for topological interactions

P. Degond ! and M. Pulvirenti 2

1. DEPARTMENT OF MATHEMATICS IMPERIAL COLLEGE LONDON LONDON SW7 2AZ, UK
PDEGOND@IMPERIAL.AC.UK

2. INTERNATIONAL RESEARCH CENTER ON THE MATHEMATICS AND MECHANICS OF
CoMPLEX SYSTEMS MEMOCS, UNIVERSITY OF L’AQUILA, ITALY
PULVIRENQMAT.UNIROMA1.IT

Abstract

We consider a N-particle model describing an alignment mechanism due to a topolog-
ical interaction among the agents. We show that the kinetic equation, expected to hold
in the mean-field limit N — oo, as following from the previous analysis in Ref. [3] can be
rigorously derived. This means that the statistical independence (propagation of chaos)

is indeed recovered in the limit, provided it is assumed at time zero.
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1 Introduction

Propagation of chaos is a fundamental property in Kinetic Theory: it allows
to pass from a N-particle description, which is usually intractable due to the
huge number of particles to handle, to a single partial differential equation.
Originally it refers to deterministic particle systems and it has been introduced
by Boltzmann in the formal derivation of his famous equation. From the math-
ematical side we address to the well known paper by Lanford [29] (see also [6],
[13], [17], [21], [22], [37], [38], [43], [45] for subsequent progresses) where the
validity of the Boltzmann equation has been proved for a short time interval.
On the other hand other stochastic processes have been introduced to derive
the Boltzmann equation and the most famous model is Kac’s model [25], [26].
See also [32] and [35] for recent developments. Similar models of interest for
the numerics have also been studied for instance in [28] [39] [40]. Nowadays
the methodology and techniques of Kinetic Theory have been applied also to
mean-field limits of particle models in which interactions are averages of binary
interactions and which, at the kinetic level, give rise to non linear Vlasov (in
the deterministic case) or Fokker-Planck (in the stochastic case) equations, see
e.g. [34] [7], [14], [19], [23], [30], [44]. For recent approaches to propagation of
chaos see [33].

In most mean-field models, binary interactions are weighted by a function of
the relative distance between the two particles. However, recent observations [2,
11] have shown that interactions between animals in nature are weighted by
a function of their rank, irrespective of the relative distance, meaning that
the interaction probability of an individual with its k-th nearest neighbor is
the same whether this individual is close or far. This new type of interaction
has been called “topological”, by contrast to the usual “metric” interaction

which is a function of the subjects’ relative distance. Numerical simulations



of particle systems undergoing topological interactions seem to support the
observations [5, 9, 15]. In the recent past, the literature on the applications
of topological interactions to flocking has grown exponentially [20], [24], [27],
[41]. On the mathematical side, flocking under topological interactions has
been studied in [18, 31, 42, 46]. In [18] mean-field kinetic and fluid models for
topological mean-field interactions are formally derived. Recently, [3] and [4]
have formally derived kinetic models for jump processes ruled by topological
interactions. In the former, the number of particles interacting with a given
particle is unbounded in the large particle number limit, while in the latter,
particles only interact with a fixed finite number of closest neighbors. In the
large particle number limit, the former gives rise to an interaction operator in
integral form, while the latter provides a diffusion-like interaction operator.

The goal of this paper is to give a rigorous proof of convergence for the jump
process of [3] in the limit of the number of particles tending to infinity, i.e. to
prove that propagation of chaos holds for this system in this limit, providing a
rigorous derivation of the kinetic equation.

Here new difficulties arise. Indeed in usual metric models particles inter-
act through two-body interactions which are averaged through weights that
depend on the distance between the two interacting particles. This structure
reflects in the system satisfied by the hierarchy of joint probability distributions
(also known as the BBGKY hierarchy): the evolution of the s-th marginal only
depends on the s+ 1-th marginal. This structure is lost with topological interac-
tions, as the rank of a particle neighbor depends on all the other particles. Now
the study of the hierarchy usually describing the time evolution of the marginals
is not possible anymore: the time evolution of the s-particle marginal depends
on the full N-particle probability measure. Therefore, to prove propagation of
chaos, we are facing new, previously unmet, problems.

Obviously the hierarchical approach is not the only possible one. For in-
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stance we quote [16] where Kac’s model has been treated by a coupling tech-
nique, yielding, by the way, optimal estimates. Such a technique is not easy to
apply to the present context. First the transition probability does not depend
on the initial and final state of the jumping pair but on the whole configura-
tion of the N-particle system. However this is not the main obstruction. For
instance in [36] the coupling technique works in this case for a metric inter-
action. The difficulty we find here in applying these methods is mostly due
to the topological nature of the interaction. All these previous references use
the total variation distance to control the coupled process. A weaker topology
as the usual Wasserstein distance works well for the McKean-Vlasov diffusion
processes but one can also include suitable jumps, see [1]. Unfortunately this
technique does not apply immediately to the present context due to the very
special nature of the jumps considered in [1].

Therefore our strategy is different. We assume the function that weights
the interaction strength with the various partners to be real analytic. For
such a kind of interactions we can establish a new hierarchy for which the
time evolution of the j-particle marginal f; is expressed in terms of an infinite

sequence of marginals f,,, with m > j, with decreasing weight.

2 The model

Here, we recall the setting of [3]. We consider a N-particle system in R
d=1,2,3... (orin T? the d-dimensional torus). Each particle, say particle 1,

has a position z; and velocity v;. The configuration of the system is denoted by
ZN - {Zl}iil - {xiavi}i]\il - (XN7 VN)

Given the particle ¢, we order the remaining particles j1, jo, - - - Jny_1 according



their distance from ¢, namely by the following relation
|$i_xjs‘§|$i_$js+1‘a 821,2"'N—1.

The rank (with respect to i) of particle k = js is s. The rank is denoted by

R(i, k).
The normalized rank is defined as
. B R(i, k) 1 2
r(i, k) = N1 {N—l’N—l’”'}'

Next we introduce a (smooth) function
1
K:[0,1] - R" s.t. / K(r)dr =1,
0

and the following quantities

K(r(i,j))
> K(z4)

Z?TZ'J‘ = 1.
J

We are now in the right position to introduce a stochastic process describing

(2.1)

Tij =

Clearly

alignment via a topological interaction. The particles go freely, namely following
the trajectory x; + v;t. At some random time dictated by a Poisson process
of intensity NN, a particle (say ) is chosen with probability + and a partner

particle, say j, with probability m; ;. Then the transition
(vi, vj) = (vj, ;).

is performed. After that the system goes freely with the new velocities and so
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The process is fully described by the continuous-time Markov generator
given, for any ® € C}(R?*™) by
N

Ly®(zq,v1, -+ 2N, 0N) = Zvi -V, @(x1, 01, - xn,0N) + (2.2)
i=1

Z Z Tij [ @(21, 01, - v 2,05 2y, on) = P(ar, v, 2, O]
i=1 1<j<N
i#]

Note that m; ; = WZ]\; depends not only on N but also on the whole configu-
ration Zy.
The law of the process W (Zy;t) is driven by the following evolution equa-

tion

8t/WN(t)<I>:/WN(t). v; - szq>+/WN Z > my

1=1 1<j<N
i#]

[@(:ﬁl,vl, TV T,V TN, UN) — P, v, - -ZL‘N,UN)}, (2.3)

for any test function ®.
We assume that the initial measure W{¥ = W (0) factorizes, namely W =
S N where fy is the initial datum for the limiting kinetic equation we are going
to establish. Note also that W (Zy;t), for t > 0, is symmetric in the exchange
of particles.
The strong form of Eq. (2.3) is

O+ > v Vo )WV (t) = —NWN(t) + LyW™ (1), (2.4)

where

LW (Xy, Vi, t) § Y /duw”WN (X, VI u))d(v; — v;). (2.5)
=1 l<g£<N
i#]



Here Vﬁ)(u) = (v1- V1, U, Vi1 - oy) A Viy = (v1 - 021,05, 041 -+ - ON).

3 Kinetic description

Here we present a heuristic derivation of the kinetic equation we expect to be
valid in the limit N — oco. This derivation is slightly simpler than in [3].

We first compute explicitly the transition probability m; ;. In general:

(Z ] Z XB (x4,|zi—x,]) xk)
LSy
ki
where X (s, |ui—a,|) 15 the characteristic function of the ball {y | |z; —y| < |z —

z;|}. Moreover, recalling that [ K =1,

— (N —1)( 1—/K dx+%ZK(NS_1))

Z(N )1—€K

where the last identity defines ex(N). Note that ex measures the difference

between the integral and the Riemann sum of K.

Clearly
1
N)| < || K'|| g : 1
(V)] < 1Kl (3.)
Therefore by (2.1)
1
Tij = aNK(m ZXB(%,\%—%D(xk))v (32)
ki
where .
(3.3)

TN DI —ex(N)



Setting ®(Zn) = ¢(21) in (2.3), we obtain

&:/ffvso = /lev - Vap — /ffvso+/WNZ7Tz‘,j<P($1avj)- (3.4)
j#1
Here £V denotes the one-particle marginal of the measure W¥. We recall that

the s-particle marginals are defined by
Nz, = /WN(ZS, Zoy1 ' 2N )AZsy1 - - - A2y, s=1,2---N,

and are the distribution of the first s particles (or of any group of s tagged
particles).

In order to describe the system in terms of a single kinetic equation, we
expect that chaos propagates. Actually since W is initially factorizing, al-
though the dynamics creates correlations, we hope that, due to the weakness
of the interaction, factorization still holds approximately also at any positive

time ¢, namely

7 g
for any fixed integer s. In this case the strong law of large numbers does hold,
that is for almost all i.i.d. variables {z;(0)} distributed according to f1(0) = fo,

the random measure .
D SLEEEI0)
J

approximates weakly f{(z,t). Then

1 1
Tig & N 1K(N — ZXB(:L»Z-J%%D(%))
k#i
1
~ ﬁK(Mp(% |z — z4])), (3.5)

where

Mz, R) = / o(y)dy,
B(z,R)
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and where p(z) = [ dvfi¥(z,v) is the spatial density and B(z, R) is the ball of
center x and radlus R.

In conclusion we expect that, by (3.4), using the symmetry of W, fN — f
and £ — f*%in the limit N — oo, where f solves

5t/f90=/fU-VzQO—/fSOJr/f(Zl)f(Z2)<P(5’51aU2)K(Mp(fﬂ1a\331—5'32\)%
(3.6)

or, in strong form,

(O +0-Vo)f = —f +pla) / K (My(x. |z — ) fwv),  (3.7)

which is the equation we want to derive rigorously.

As regards existence and uniqueness of the solutions to Eq. (3.7) we can
apply the Banach fixed point theorem in find a unique solution for (3.7) in mild
form, for a short time interval, provided that K has bounded derivative in [0, 1].

Actually we realize that the map

g(z,v,t) = e folx — vt,v) /dT/dypg (x —v(t —7),0)e”77(3.8)
K(Mp,,(x —v(t =7), |z —v(t = 7) = y])g(y, v, 7)

where py;) = [dvg(-,v,7), is a contraction in C([0,T]; L') provided that T is
small enough.
The global solution is recovered by the conservation of the L!(z,v) norm.

The method is classical and we leave the details to the reader.

4 Hierarchies

We assume the function K to be expressible in terms of a power series,

=) ana™,  xe[0,1]. (4.1)
m=0



for some sequence of coefficients a,,. The normalization condition gives the con-
straint ag + Zijzl #ﬂam = 1. Note that the coefficients a,, are not necessarily
positive.

We further assume that

o0
A=) ap[8™ < 400 (4.2)
m=0
Remark
An example of a function K satisfying the above hypotheses is, for x € (0,1):

K(x) = ¢ —1‘__21 = 6iQ(e— 1+€Z (_i)!rxr).

e
r>1

To outline the behavior of the s- particle marginal f¥ we integrate (2.4) with

respect to the last N — s variables and compute preliminarly

N
>y / dum; W (X, Vi ()8 (0—0)) s -~ day = (N—=8) (X, Vo),

i=s+11<j<N

i#]
since the variable z; is integrated. Therefore
(B + ) o Ve ) [N (1) = =s £ (8) + EX(t) + (4.3)
i=1

(N=5Y" / dzgpr -+ day et WY (X, V1),
=1

where
(i,5+1) _
Vv = {U1 Vi1, Vg1, Vig1 -+ Vs, Vi, Usg2 - - UN },
namely the velocities of particles ¢ and s + 1 exchange their positions in the

sequence Viy = {v;--- vy}, and

ENt) = Z Z dudzgyy - dzy m ;WY (X, Vﬁ)(u); t)o(v; —v;). (4.4)
i=1 1<j<s

i#]
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We expect E! to be O(%) since m;; = O(%) (see (3.2) and (3.3)). This is the
first error term entering in the present analysis. A precise estimate of this term

is forthcoming. Note also that we used the symmetry to deduce the last term
in the right hand side of (4.3).
Next, setting Xi;j = XB(a:,ai—a,))> We have from (3.2) and (4.1)

- 1
Tj=an Yy T > Xij(@e) . xig(zr).  (4.5)
r=0 (i ka--ky )€ ({LN P\ i)

Inserting this quantity into the last term of (4.3), we obtain
@+ VRO s OB 0
i=1
+(N — s)ay io: r Cgs+r+1 stYer»
=0
where C |« LY(R+D) — L1(R?®) is a linear operator defined by

N—-—s—1)...(N—s—71) «
Cé\;—&-r—&—lgs-i-r—i-l(Xsa ‘/S) - ( (]\)[ . 1()r ) Z (47)
=1

(1,5+1)
/dzs—i—l to dzs—i—r—i—l Xi,s+1 (xs—&—?) <o Xiys+1 (xs—&-r—i—l) Gs+r+1 (Xs—i—v"—i—l; Vg+r-‘,—1 )

The form (4.7) of the operator CJ,, ; comes from considering in the sum

> ik, 10 (4.5), only the contributions given by

>
kistho--k,
km>s+1; m=1...r

namely all the k,, are different and larger than s + 1. Clearly we also used the
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symmetry. The term E? is what remains, namely

*

B(Z) = (N -8y YD alz) 3 (18)

i=1 r=0 ki,ka-k,

/d25+1 e danXis1(Tr,) - Xisi1 (e VWM (Z, 2601 - 23 1),

with

kl,%;kr kl,]fzz;kr kl?ékzz;?ékr
kmAim=1..r  kp>s+lm=1..r

Again we expect that E? is negligible in the limit as we shall see in a moment.

Note that for s = N (4.6) becomes identical to Eq. (2.3) as the last two
terms are equal to zero. We will also use the convention that fN(t) = 0 if
s> N.

We have to compare Eq. (4.6) with a similar hierarchy satisfied by the
sequence of marginals f;(t) = f®/(t), where f solves the kinetic equation. Such

a hierarchy is easily recovered. Indeed coming back to the kinetic equation (3.7)

we observe that, by virtue of (4.1)

K(My(, [z = w5]) = Y a (4.9)

/dZS—I—Q e d28+r+1Xi75+1($3+2) C.. Xi78+1(xks+7-+1)f®r(zs+2 Ce Zs—|—7‘—|—1)7

and (3.7) becomes (recalling that z; = (z1,v1)):

(O +v1- V) f(21,t) + f21,t Zar/d22 /dZ2+rX12 r3) -+ X1.2(T24r)
[, v95t) f 2, 013 8) f77 (23 20105 1), (4.10)

As a consequence an easy computation shows that f, = f®% solves
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(8, + Z Vi - Vo) f5(t) = —sfs(t) + (4.11)

00
+ E Qy Cs,s+r+1 fs+r+1;
r=0
where

Cs,s+r+1fs+r+1<X57 Vts) = (412)

S
a1
Z / dzgi1- - dzs+r+1Xz‘,s+1($s+2) e Xi,s+1($s+r+1)fs+r+1(Xs+r+17 Vs(j-:+1))'
i=1
In view of the comparison of fY with f, we rewrite (4.6) as

(0 + Z vi - V) [ (8) = —sf(t) + Bs(t) (4.13)

00
§ : N

+ Qr Os,s+r+1 fs+r+17
r=0

where
E, = EX(t) + E2(t) + EX(¢t) (4.14)
and
EJ(t) = (N = s)ay Z y Cﬁswﬂ fS]YF’I’+1 - Z ar Cs s4r41 sj\irﬂ (4.15)
r=0 r=0

The initial conditions for (4.13) and (4.11) are
£1(0) = f5 1seny
where 1;,<yy is the indicator of the set {s < N} and
fs(0) = f5”
respectively. Here f; € L' is the initial datum of the kinetic equation.
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5 Estimates of the error term

In this section we establish some estimates of the error term F, appearing in
ekq. (4.13).

We observe preliminarily that, by the particular form of the function K given
by (4.1), we have, ||K'||z~ < A and, using (3.1),

A
N)| < . 5.1
(V)| < 5= (5.1
Therefore ) )
1 4elex (N deN-1
= < < 5.2
WNTN-DA—ex(N)= N—-1 “N_1 (5:2)
for N > 2A + 1. This follows by the obvious inequality
1
< 4e”
l—=z
valid for z € (0, 3)
As a consequence, by (3.2) and from the fact that | K|z~ < A,
4Aev
WZJSOéNA< N _1 (53)
The operators CV and C' are easily estimated:
maX(HC'gSJrngSHHHU, HC&SMHQSMHHU) < sl|gsreallr (5.4)

due to the fact that x < 1 and that the prefactor in formula (4.7) is less than
unity.

As regards the error terms (4.4) we have, by (5.3)

1B ()]l < 5 (5:5)

Strictly speaking here we make a notational abuse. E' is a measure so that

|EL(#)||: has to be understood as the total variation norm. In other words
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|]]z1 is the L' norm of the densities whenever p is absolutely continuous.
Otherwise it is the total variation.
Moreover by (4.8) and (5.2)

N — S s 00
2
IE2(t)]| < de=i( (=7 lar (57— Z 1. (5.6)
=1 r=0 kq,ko-
But . »
SEES IS !
ki,ko---k, ki,ko-- ki,ko--

where Zz*k & 1 means that &, < s+ 1 for at least one m = 1,2---r, while
ZZT*,@ &, means that all the k,, are larger than s + 1 but k¢ = k, for at least
one couple £, m in 1,2 -

Moreover, denoting by ¢ the number of indices m for which k,, < s+ 1, we

have
Z 1—2() —S—l)r_gz(N—l)r—(N—S—l)TSrs(N—l)r_l
Ky ko

where in the last step we used the Taylor expansion of the function z" with

initial point N — s — 1.

Furthermore
kkk . 1
S o< T(Tz (v —s— 1y
ky koK,
Therefore
A - 1 _ rir—1 —
T I
r=0
A 82 > 82
S8V} fafr? < 8AeNT ——. (5.7)

r=0
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where we used that the sum in the second inequality is bounded by A due to
(4.2) and the fact that r? < 8",

To estimate E? we have

E3 _ E3,1 + E3,2

where o
B} (t) = -T Z ar Cﬁs—f—r—i—l forrin (5.8)
r=0
and o
E?’Q(t) =T Z ar Cs str+1 ﬁ—r—&—l (5.9)
r=0
where
Ty :=1— (N —s)ay
and N . N
o ::( —s—1)...(N—=s—r) ey
(N —=1)
Moreover
N — s
T, = 1-—
: (N = 1)(1 = ex(N))
s—1 ex(N)

- (V=D —ex(N))  (I—ex(N))
Therefore since A > 1, using (5.1) and (5.2), we obtain

1
T < delex (N 1y lexc (V)]
Tl =yt AN e
A s—1 A
< den
S ey
< 8AeA—1NS_ 3 (5.10)
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Finally

(N—s—1)...(N—-s—r)

T < -1 <

(N—s—r)"—(N-=1)

(N =1)
r(s+7)(N—1)—1 < 2r?s
- (N —1)r —N-—-1

As matter of facts by using (5.4) we conclude that

82

|E3(t)]| 1 < 104%=

Summarizing:
Proposition 1
We have
|Eo(t)l: < 224%5

6 Convergence

In this section we estimate the quantity

AF(t) = [ (t) = fu(t)

N-—1

N-—1

N1y

(5.11)

(5.12)

(5.13)

(6.1)

where fN(t) and f,(t) solve the initial value problems (4.13) and (4.11) respec-

tively. Taking the difference between (4.13) and (4.11), we have

O +> v Vo )AN () = —sAN(t) + Ey(t) (6.2)
=1
+ Z Qy Cs,s+r+1 Ai\irﬂ,
r=0

with initial datum

Aév(o) - _f((?sl{s>N}a

17



where C' and E are given by (4.12) and (4.14).
We define the operator S;(¢) : L}(X;, V;) — LY(X;,V;) by
(S; () f1)(X;,V)) = e 7' fi(X; = Vit, V),
and notice that
1S (s <1, (6.3)

where || - |11 denotes the operator norm.

We can express (6.2) in integral form

ANty = St —t)AN(t) + (6.4)
t 00
[ arsit =130 Crpora A%, (1)
ty r=0

+/t drSj(t — 7)E;(7).

t
for any ¢, € [0,1).
Therefore we can represent the solution AY(t) as a series expansion in terms
of the initial datum AY(t;) and Ej(s). To this end we define the operator

Ta(t,t1) by recurrence. For any sequence F' = {F;}32,, F; € LY(X;,V;), set:

(To(t, t1)F); = Si(t — t1)F;

and

¢ 00
(Ta(t, 1) F); = / A8t =) 4y Cjorer (Tos (7 1) ).
r=0

tq

Therefore, denoting by AN and E the sequences {4,152, and {E;}32, respec-

tively, by a standard computation we have

AN() = 3" Tt ) AN (1) +Z/ dsT,(t, 7)E(T). (6.5)

n>0 n>0
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We are now in position to establish the main result of the present paper

Theorem 1 For any T > 0 and o > log?2, there exists N(T,«) such that
for anyt € (0,T), any j € N and for any N > N(T, «), we have

L e
g

—o(8At+1)

AN @) < 2/( (6.6)

Remark

Note that according to (6.6) the quality of the order of convergence rate
deteriorates with increasing time. Note also that the magnitude of the error
increases exponentially with the order j of the marginals. In paticular if j

increases with N too fast, correlations are persistent in the limit N — oo.

Proof.
The proof follows two steps. First we estimate 7T,(t, 1), and hence AN () for
a short time interval § = t — ¢;. Then we split the time interval (0,¢) into m

intervals of length §, with ¢ small enough, to obtain the result inductively.

6.1 Short time estimate

We first observe, using (6.3), that

\(Tolt, 00)F |L1<Jz|a7~! / i |(Tor () F) vl (6.7)

Iterating this inequality and using, for £ > t;

t T1 Tn—1 n
" t—1t

/dﬁ/ de---/ dTn:(—'ﬂ,
t1 tl tl n:

19



we obtain, for any F' = {F}OO setting § = 8A and R = Zz 1T

j—l’
[(Ta(t,t =0)  F)jllr < Z ar |- ay,| < (6.8)
Jjg+r + 1) o (JF+FR+n—=1) sup ||[Firren(T)|
TE(t—0,t)
<Y ag |-+ lay, [27H(20) SEUR )HF7'+R+n(T)HL1-
e re(t—ot

In the last step, we used that
jg+r+1)---(G+R+n-1) < G+R)GJ+R+1)---(j+R+n—1)

n!
(j+R+n—1)! < ogitR+n—1
nl(j+R—-1) —

Applying (6.8) when F' = F with ¢t — § replaced by s, we get, by Proposition 1,

/t—éds (Tt $) E(3))jll 0 =

< CA%"15 Z lay, |- \aTn\2j+R_1(25)”(

r1...Tn

n!

j+ R+n)?
N-1

(6.9)

where from now on C' will denote a positive numerical constant. Moreover
(j + R+n)* < 3n*+ 35% + 3R?

so that
275 Ja |- Jan [27(R 4 j4+n)’ < CPA( +0%)  (6.10)

Here and in the sequel we use systematically

> lan] - lay, | 80 < A
r1...Tn
Finally summing over n, using that, for = € (0,1)

e 1-3(1—2)+ (1 —a)? 452
2" = g (1= 1) S =2y

n=0
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we conclude that, recalling that § = &5

1

O B O O e M A

where C(A) is a constant depending only on A.

6.2 Iteration

Given an arbitrary ¢ > 0 we split the time interval (0, ¢) in intervals (kd, (k+1)0)
k =1---m where m is an integer for which t € ((m — 1), md].

Denoting

Dj(k)y=sup [|AN(S)|pr, k=1---m, (6.12)
se((k—1)8,k3)
with D;(0) = AN (0) = — f915 x, we assume inductively that, for a to be fixed
later

, 1
Di(k—1)<2p(k—1,N) with ¢(k,N)=——"=—. (6.13)
(N —=1)
We want to prove that the same holds for k, namely
Dji(k) <2/ ¢(k,N). (6.14)

Note that the proof of the theorem is easily achieved once (6.14) is proven.

(6.14) is trivially true for k£ = 0 since
D;(0) < 227V,

Assuming (6.13) and applying (6.8) and (6.11) to (6.5), with t € ((k—1)d, kd),
t; = (k—1)§ and F = AN((k — 1)6), we have

Di(k) <Y D> lan |- lap, |27 (20)" 27k — 1, N)

n>0 ri...ry,

9. C(A)
29
+7°2 N1 (6.15)
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Now observe that D;(k) < 2 so that (6.14) holds true whenever j is so large
to satisfy

21p(k, N) > 2. (6.16)
Otherwise )
27 < 6.17
o(k,N) (6:17)
or, equivalently
e—ozk
<1 log(N —1). 1
R og( ) (6.18)
Using (6.18), we control the second term in the right hand side of (6.15) by
. eiak 1 1—e—ak
27p(k, N){C(A)(1 log(N — 1))* (= .
Now it is clear that
-2

provided that N is sufficiently large depending on «, A and k (and hence on t).
On the other hand the first term in the right hand side of (6.15) is bounded
by (using (6.17))

o . 1 —ak
A2 (48 p(k — 1, N) < 2/ k—1,N)(N —1)°
; (46)"p(k =1L, N) < 2 ——=p(k — LN)(N = 1)
1 .
< 52790(/<:,N). (6.19)
The last step follows from the fact that
—a 1 —a(k—1) 1 —ak 1 —ak( o 1 1 —ak
N_lek—e (e = e (e 2)<_—6
(N =) () () ) <)
for « > log2 and N sufficiently large, namely such that
1 1
B(Te) o~
S A

where § = ¢ % (¢* — 2). This concludes the proof. W
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