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THE BRAUER-MANIN OBSTRUCTION TO THE
LOCAL-GLOBAL PRINCIPLE FOR THE EMBEDDING
PROBLEM

AMBRUS PAL AND TOMER M. SCHLANK

ABSTRACT. We study an analogue of the Brauer-Manin obstruction to the
local-global principle for embedding problems over global fields. We will prove
the analogues of several fundamental structural results. In particular we show
that the (algebraic) Brauer-Manin obstruction is the only one to weak ap-
proximation when the embedding problem has abelian kernel. As a part of
our investigations we also give a new, elegant description of the Tate duality
pairing and prove a new theorem on the cup product.

1. INTRODUCTION

Let F be an arbitrary field. Fix a separable closure F of F' and let T' = Gal(F|F)
denote the absolute Galois group of F. An embedding problem E over F' is a
diagram:

r

(1.0.1) v|

Gl L>G2

where GG, G2 are finite groups, ¢ and v are group homomorphisms, the map ¢ is
surjective, and v is assumed to be continuous with respect to the Krull topology
on I' and the discrete topology on G. We say that the embedding problem E
is solvable if there is a continuous homomorphism v : I' — G which makes the
diagram above commutative. We will call such a homomorphism {/)V a solution of
E. Let Ker(E) = Ker(¢). We will say that two solutions of E are conjugate if
they are conjugate by an element of Ker(E). Conjugacy is clearly an equivalence
relation. Let Sol(E) denote the set of equivalence classes of this relation. Note that
in the subject of field arithmetic it is common to define a solution to an embedding
problem to be a surjective continuous homomorphism ¢ : I' — G1, and to refer
to our notion of solution as a weak solution. In this paper we will not impose the
surjectivity condition.

Assume now that F' is a global field. In this case there is an obvious family of
obstructions to the solvability of E which we will call local obstructions. Let |F|
denote the set of all places of F and for every x € |F| let F, denote the completion
of F with respect to z. Fix a separable closure F, of F, and let ', = Gal(F|F)
denote the absolute Galois group of F,. The choice of an F-embedding n, : F — F,
induces an injective homomorphism ¢, : I'y, — " whose conjugacy class is actually
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independent of these choices. Let E be an embedding problem over F. Then for
every z € |F| we define the embedding problem E, over F, associated to (E,x) to

be the diagram:
Iy

Lzod;l

G1 L GQ.
Clearly the embedding problem E, is solvable if the problem E is; this is the local
obstruction we mentioned above. The analogue of the local-global principle in this
setting is the following statement:

Local-global principle for embedding problems. Let F' and E be as above
and assume that for every x € |F| there is no local obstruction to the embedding
problem E at the place x. Then E is solvable.

It is known that the principle above fails by the work of P. Roquette (see [14]).
The aim of this article is to examine the potential failure of the local-global principle
for embedding problems by studying an analogue of the Brauer-Manin obstruction.
In particular our results imply that this obstruction explains all failures of the
local-global principle in a large class of cases, including the counterexamples pro-
vided in [14]. In order to formulate these we need to introduce some new concepts
and notation. For every non-archimedean z € |F| let u, : I'y — Z denote the
homomorphism onto the Galois group of the maximal unramified extension of F}
in F',. We say that a continuous homomorphism A : ')y — G is unramified if x is
non-archimedean and h factors through wu,.

Clearly a solution conjugate to an unramified solution is also unramified. Let
Solyr (E;) be the set of conjugacy classes of all solutions of E, which are unramified
in the sense above. Let Soly (E) denote the set:

Sola(B) = { [[ halha € Solun(Ey) for almost all z € [F|} € [] Sol(Ex).
z€|F| z€|F|
Similarly by an adelic solution of the embedding problem E we mean an expression
Hze\F| hy such that h, is a solution of the embedding problem E, for every x € |F|
which is unramified for almost all z. For every z € |F| let 75 : Sol(E) — Sol(E,)
denote the map furnished by the rule w — Ly O w Then image of the map

r= Hrz Sol(E) — HSol

z€|F| z€|F|

lies in Sols (E). It is not difficult to show (see Lemma 3.2 below) that the local-
global principle above can be reformulated in the following equivalent form:

Adelic form of the local-global principle. Let F' and E be as above. Then the
set Sol(E) is non-empty if and only if the set Soly(E) is non-empty.

In order to study the image of Sol(E) in Sola (E) under the map r we will define
the Brauer group Br(E) of the embedding problem E (see Definition 2.2) and a
pairing:

(,+) : Soly(E) x Br(E) —» Q/Z
(see Definition 3.5) such that r(Sol(E)) is annihilated by this pairing (see Lemma
3.6). (This idea can be found already in the paper [19].) Moreover we will also
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define two subgroups Br;(E) and G(E) of Br(E) (see Definition 2.4) analogous
to the algebraic Brauer group and the Brauer group of locally constant elements
of algebraic varieties, respectively, playing an important role in our main results.
Let Sol"(E), Sol}™* (E) and Sol} (E) denote the subset of Sol,(E) annihilated by
Br(E),Br; (E) and by G(E) with respect to the pairing (-, -), respectively. Now we
can state our first main result:

Theorem 1.1. Assume that Ker(E) is abelian and char(F') does not divide the
order of Ker(E). Then the following claims are equivalent:

Sol(E) # 0 < Soly" (E) # 0 < Solf™ (E) # 0 < Sol} (E) # 0.

Let us make the groups mentioned above a bit more explicit. Let Ker(E),; denote
the abelianization of Ker(E). Note that the natural action of G; on Ker(E),; via
conjugation factors through G5 hence Ker(E),;, is naturally equipped with a T'-
action. Let Ker(E)Y, denote its dual as a -module. We will show that the group
Br(E) sits in an exact sequence:

0 — HYI,Ker(E)Y,) 2% Br(E) — H2(Ker(E), P Q,/z,)" — H*(I,Ker(E)},)
p#char(F)

(see Lemma 2.2) and we will identify the subgroups Br; (E) and G(E) with the image
of the group H(T', Ker(E)Y,) and its Tate-Shafarevich subgroup IIT*(F, Ker(E)Y, )
under the map jg, respectively (see Definition 2.4 and Proposition 2.7).

In complete analogy with the situation for diophantine equations, we can also
formulate a version of weak approximation, too. Obviously the map r : Sol(E) —
Soly (E) is never surjective unless ¢ : G; — G2 is a bijection. Nevertheless the
situation changes if we take the Brauer-Manin obstruction into account.

Theorem 1.2. Assume that Ker(E) is abelian and char(F') does not divide the
order of Ker(E). Then we have:

7(Sol(E)) = Sol}" (E) = Sol}™ (E).

We will give two proofs for the both theorems, at least in characteristic zero.
The first proof is geometric; given an embedding problem over field F' we construct
a connected linear algebraic group G over F' and a homogenous space X = X (E)
under G over F such that there is a bijection between X (F)/G(F) and Sol(E) (see
Theorem 9.6). Then we apply a result of Borovoi (see [1]) on the Brauer-Manin
obstruction for homogeneous spaces with abelian stabilizer. Similarly we can apply
a result of Colliot-Thélene-Xu (see [5]) on strong approximation to deduce Theorem
1.2. Note that homogeneous spaces were used before to study local-global principles
for split embedding problems (see [7] and [8]).

Since our main results are about the structure of the absolute Galois group it is
more natural to have proofs which remain in this context, and do not use methods
of algebraic geometry. Our second proof, which also works in positive characteristic,
is of this sort, in fact it is Galois-cohomological in nature. It also has the advantage
that it lead us to two auxiliary results which are interesting on their own. One
of them gives an elegant description of the Tate duality pairing in terms of the
Brauer-Manin pairing which we will describe next.

Definition 1.3. Let F' be again an arbitrary field with absolute Galois group I'
and let E be an embedding problem given by the diagram (1.0.1). Let I'(E) denote
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the fibre product group:
['(E) = {(a,b) € Gy xT|¢(a) = (b)} < Gy x T.

Then T'(E) sits in the exact sequence:

(1.3.1) 1 — Ker(E) —2 I'(E) —®> T 1

where the map ig is given by the rule a — (a, 1), and the homomorphism 7g is the
restriction onto I'(E) of the projection of Gy x I' onto the second factor. The group
I'(E) also inherits a topology from the product topology on G; x I' which makes
I'(E) a profinite group and (1.3.1) an exact sequence in the category of Hausdorff
topological groups.

Let M be a discrete finite abelian I'-module. For every embedding problem
E over F such that Ker(E) = M and the set Sols(E) is non-empty let cg €
H?(F,M) = H?(F,Ker(E)) denote the class of the extension (1.3.1). Note that
cg € II?(F, M) since we assumed that Soly (E) is non-empty. Conversely for every
¢ € III*(F, M) there is an embedding problem E as above such that ¢ = cg. Let

(1.3.2) 6 : I (F, M) x III*(F,M) — Q/Z

be the unique pairing such that 6(b,cg) = (h,b) for every b € III*(F, M), for
every h € Soly(E), and embedding problem E as above. Note that 6g(b) = (h,b)
is independent of the choice of h, and since for every b as above the value of 6g/(b)
only depends on the isomorphism class of the embedding problem E (see Definition
3.7 and the proof of Lemma 4.5 below), the pairing 6 is well-defined. Assume now
that char(F') does not divide the order of M and let

7 Y F, M) x TIT*(F, M) — Q/Z
denote the Tate duality pairing.
Theorem 1.4. We have 6 = —7.

In the paper [9] Harari and Szamuely gave a geometric interpretation of the du-
ality pairing. Our result offers another geometric interpretation by relating it to
the Brauer-Manin pairing. This result is the key ingredient of the cohomological
proof of Theorem 1.1. The other auxiliary result which we mentioned above is a
result on the cup product (Theorem 6.3) which plays a central role in the cohomo-
logical proof of Theorem 1.2 through its group theoretical counterpart (Corollary
6.5). In the last chapter we also present an example (Example 10.5) which shows
that the algebraic Brauer-Manin obstruction is not sufficient for weak approxima-
tion for embedding problems with non-abelian kernel. However it remains a very
interesting challenge to construct an embedding problem where the failure of the
local-global principle cannot be explained by the Brauer-Manin obstruction.

Contents 1.5. In the next chapter we will define the Brauer group of embedding
problems and study its structure. We will introduce the analogue of the Brauer-
Manin obstruction in the third chapter. In the fourth chapter we show that the
analogue of the algebraic Brauer-Manin obstruction is equivalent to the analogue
of the abelian descent obstruction. This result and the closely related Theorem 4.8
are relatively straightforward consequences of Theorems 1.1 and 1.2 once a suitable
formalism is set up. We prove a local-global principle for cohomology classes using
Poitou-Tate duality in the fifth chapter. In the sixth chapter we prove a theorem
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on the cup product in topology which we use to deduce a similar statement in
group cohomology. We compare the Tate duality pairing with the Brauer-Manin
paring in the seventh chapter. With the help of these results we prove Theorems
1.1 and 1.2 in the eighth chapter. We present a geometric construction and use it
to give another proof of Theorem 1.1 in the ninth chapter. In the last chapter we
present a counter-example to weak approximation not explained by the algebraic
Brauer-Manin obstruction.

Acknowledgement 1.6. The first author was partially supported by the EPSRC
grants P19164 and P36794. The second author was partially supported by a Clore
Fellowship.

2. THE BRAUER GROUP OF EMBEDDING PROBLEMS

Definition 2.1. Via the homomorphism 7 we may consider every discrete I'-
module M a discrete I'(E)-module, too, which will be denoted also by M by slight
abuse of notation. For every n € N and abelian group M let M[n] denote the n-
torsion of M and for every such M let M¢ denote the quotient of M by its torsion.
Let Br(E) denote the cokernel of the homomorphism

T H3(T,F') — H*(I'(E), F).
For every finite discrete abelian I'-module M let MY denote the dual of M:

MY = Hom(M,F").

*

Assume now that F' is either a local or a global field and continue to use the
notation which we introduced above.

Lemma 2.2. We have the following short exact sequence:
0 — H T, Ker(E)Y,) 2% Br(E) — H2(Ker(E), P Q,/z,)" — H*(I,Ker(E)y,),
p#char(F)

where we equip @, oy Qo/Zp with the trivial Ker(E)-action.

Proof. The Hochschild-Serre spectral sequence:

(2.2.1) E? = HP(T,H(Ker(E),F ")) = H'*I(T(E),F")
furnishes on H2(I'(E), F) a filtration:

(2.2.2) 0=FE?CE}CE?CE}=H*I(E),F)
such that

S, 2 ELEN p=0,1,2.

Because H3(I', F') = 0 (see Proposition 15 of [17] on page 93 when F is a local field,
and see Corollary 4.21 of [13], page 80 when F is a global field), the coboundary
map:

43, : B} = HY(D, H' (Kex(E),F)) = H'(I,Kex(E)},) — H*T,F)
is zero and therefore:

Eiol = Eil = Ker(dil) = Hl(ra KGY(E)ZZ;)-
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We have the following short exact sequence of trivial Ker(E)-modules:
0— @ Qp/Zy 2= F — (F) — 0
p#char(F)
where the image of the map w is the module of roots of unity. The Ker(E)-
module (F*)Ct is a vector space over Q so its higher cohomology groups vanish.
Hence H*(Ker(E), D,-sehar(r) Qo/Zp) = H*(Ker(E),F") for every positive integer
k. Therefore
Ego = Eg,z = Ker(dgg),

where the coboundary map dg 5 is a homomorphism:

Ej, = H*(Ker(E), @ Q,/2,)" = H*(T, H'(Ker(E),F)) = H*(T',Ker(E),},).

p;ﬁchar(F)
Because

ESy=E3o= my(H*(T,F")) C H*(T(E),F),
the claim is now clear. 0

Assume now that F is a global field. Note that for every x € |F| the following
diagram:

(Wz)*

H2(T,F") H2(T,,F") H2(T,,F.)
b e
2 — (1dG1 Xtg)" 2 —x. (N2)« 2 —
HYT(E), ') —— H*(T(Ey), ') —— H* (T (Ey), F,)

is commutative, where the maps on the left are restriction maps in group cohomol-
ogy, and hence it gives rise to a map:

Jz : Br(E) — Br(E,).
Definition 2.3. Let B(E) denote the intersection:
B(E) = () Ker(j.) < Br(E).
z€|F|
Let Bri(E) denote the kernel of the homomorphism:
Br(E) — H*(Ker(E), @ Qu/2,)"
p;échar(F)
Lemma 2.4. The group B(E) is a subgroup of Bri(E).
Proof. As we saw in the proof above the Hochschild-Serre spectral sequence
Fyy = H?(Ty, HY(Ker(E), F,)) = H" (T, (E,), F,),
furnishes on H2(I',(E,), F.) a filtration:
(2.4.1) 0=F}CF2CF?CF}=H*T,(E,),F,)
such that

ES = F2/F),, p=01.2.
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—

The homomorphism (idg, X t5)* 0 (7))« : HX(TD(E),F') — H2(T'(E,), F.,) respects
the filtrations (2.2.2) and (2.4.1) in the sense that (idg, X tz)* 0 (7:)«(Ej) C Fy for
every p = 0,1,2. Moreover the homomorphism:

Ey, =2 E§JEY — F§[F = Fg5,
induced by (idg, X tz)* o (1)« is the restriction of the map:

(2.4.2) H?(Ker(E), @ Q,/Z,)" — H*(Ker(E), P Q,/Z)"

p;échdr(F) p;échar(F)
onto the kernel of the homomorphism
d3 o« H*(Ker(E), @ Q,/Z,)" — H*(T',Ker(E)).
p#chdr( )
Because the homomorphism in (2.4.2) is injective, the claim is now clear. O

Lemma 2.5. The group Bri(E) is annihilated by |Ker(E)|. The group Br(E) is
annihilated by |Ker(E)[?.

Proof. The group Br;(E) is isomorphic to the cohomology group H' (T, Ker(E)Y,)
which is annihilated by |Ker(E)| since the I'-module Ker(E)Y, is annihilated by
by |Ker(E)|. For the second claim it will be enough to show that the quotient
Br(E)/Bry(E) is annihilated by |Ker(E)|. This group is isomorphic to a subgroup
of HQ(Ker(E),@p#har(F) Qp/Zy). For every Ker(E)-module M the cohomology

group H?(Ker(E), M) is annihilated by the order of the finite group Ker(E). The
claim is now clear. (]

Notation 2.6. For every k € N and for finite discrete I-module M let ITI*F(F, M)
denote the subgroup:

1% (F, M) = Ker H o HY, M) — H¥T,, M) | < H¥T, M).
z€|F|
Proposition 2.7. We have:
B(E) = II'(F,Ker(E) ).

Proof. As we already noted for every x € |F| the homomorphism

*

(idg, x tz)* © (ne)s : HX(T(E),F') — H*(T,(E,), F,)
respects the filtrations (2.2.2) and (2.4.1), that is: (idg, X t2)* © (2)«(E}p) C F?
for every p =0, 1,2. Moreover the homomorphism:

EX = E}/E; — F{[F5 = F§
induced by (idg, X tz)* o (1)« is the restriction homomorphism:
Ly BT = HY(T,Ker(E)Y,) — H'(T,,Ker(E)Y,) = e

(where we used that H3(I',,F,) = 0). Hence under the isomorphism Br(E) =
H'(T,Ker(E)Y,) furnished by the spectral sequence (2.2.1) the subgroup B(E) is

identified with the intersection of the kernels of the maps ¢ for all © € |F|. The
claim is now clear. d

Corollary 2.8. The group B(E) is finite.
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Proof. The group IIT'(F, Ker(E)Y, ) is known to be finite (see Theorem 4.10 of [13],
page 70). The claim now follows from the proposition above. O

3. THE BRAUER-MANIN OBSTRUCTION

Notation 3.1. Let F' be again an arbitrary field with absolute Galois group I' and
let E be an embedding problem given by the diagram (1.0.1). Note that the map
which assigns to every solution A of E the homomorphism

s(h): T -5 T(E) C Gy xT
given by the rule g — (h(g), g) is a bijection between the solutions of E and con-
tinuous sections of the exact sequence (1.3.1). This bijection induces a bijection

between Sol(E) and the conjugacy classes of sections of (1.3.1). We will always
identify these two pairs of sets under these bijections.

Assume now that F' is a global field and let E be as above.

Lemma 3.2. The set Sols(E) is non-empty if and only if for every x € |F| there
is no local obstruction to the embedding problem E at the place x.

Proof. Note that for almost all z € |F| the homomorphism t o, is unramified and
for every such z the set Sol,,(E,) is non-empty since we can lift any continuous
homomorphism 7 — G5 to a continuous homomorphism 7 — (GG1 with respect to
the surjective map ¢. 0

For every z € |F| let
inv, : Br(F,) = H*(T,,F.,) = Q/Z

denote the canonical invariant of the Brauer group Br(F}) of the local field F,. Let
Inf denote the inflation map in group cohomology, as usual.

Lemma 3.3. For every ¢ € HX(D(E),F") and for every adélic solution [Lcp) e
of E the image of ¢ under the composition:

)

—x

id L) —% 2 ) —% s(hg)™
H(T(E),F) o) o (g,), F) T g1, (), F) 0L

H(T,, F,) = Q/Z
is zero for almost all x € |F|.

Proof. Note that there is an open normal subgroup U < T'(E) such that ¢ is the
image of a cohomology class ¢ € H2(D'(E)/U, (F)Y) with respect to the inflation
map H2(D(E)/U,(F)V) — HXI(E),F"). Let G = I'(E)/U be the quotient by U.
Moreover let p : I'(E) — G denote the quotient map and let p: T' = G/p(Ker(E))
be the unique continuous homomorphism such that p o 7g is the composition of
p and the quotient map G — G/p(Ker(E)). We may assume without the loss of
generality that p o ¢, and h, are unramified. In this the case the homomorphism
po (idg, X tz) o s(hy) is also unramified. Therefore the cohomology class
& = () (po (e, % 1) 0 5(ha))*(3) € HA(T,, Fy)

lies in the image of the inflation map H2(Z, (F,)'*) — H%(Ty,F.) where I, < T,
is the inertia subgroup. Note that for all but finitely many x the image of ¢, under
the map H2(Z, (F.)!*) — H2(Z,Z) induced by z is zero (for example because the
valuation of the values of a fixed cocycle representing ¢ with respect to z is zero
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for all but finitely many z). Because the map H2(Z, (F.)) — H2(Z,Z) is an
isomorphism (see Theorem 2 on page 130 in [16]), the claim is now clear. O

Note that for every x € |F| and h, as above the map s(h,)* only depends on
the conjugacy class of h,, therefore the pairing:

() : Sola(E) x H*(T(E),F') — Q/Z

given by the rule

(T1 hare) = 3 inva(s(h)* (1), % 1) ()

z€|F| z€|F|
is well-defined, because all but finitely many of the summands are zero by the
lemma above.
Lemma 3.4. The image of group H? (F,F*) with respect to the homomorphism g,
is annihilated by the pairing (-,-).

Proof. Note that for every x € |F| and for every section s : I'y; — T'z(E,) of the
short exact sequence (1.3.1) we have mg o (idg, X tz) o s = t,. Hence for every

¢ € HXI',F") and every adelic solution i = []  he of E we have:

zE€|F
(hmi(0) = Y inva(s(he)"((me)«((ide, x tz)*(m5(c)))))
z€|F|
= Y inve((me)e5(e) =0
z€|F|
by the reciprocity law for Brauer groups over global fields. O

Definition 3.5. By the lemma above we have a pairing:
(-,+) : Soly(E) x Br(E) — Q/Z
such that for every h € Soly(E) and ¢ € H*(I'(E),F ) we have:
(h,¢) = (h,om(h))

where og : H*(D(E), F ') — Br(E) is the tautological surjection. For every subset
X C Br(E) let Soly (E) denote the set:

Sol (E) = {h € Solx(E)|(h,c) =0 (Ve € X)}.

In the special case when X = Br(E), Bri(E) or G(E) we will use the shorter super-
scripts Br, Bry and B, respectively. Clearly we have the inclusions:

Sol," (E) C Sol™ (E) C Soly (E) C Sol(E).
Lemma 3.6. We have r(Sol(E)) C Sol}" (E).
Proof. Let h be a solution of E. Then for every x € |F| we have
(idg, X tz) 0 8(ty o h) = s(h) 0 ty.
Hence for every ¢ € H2(I'(E), F") we have:

(hoe) = Y inva(s(es 0 h) (1) ((ide, X t)7(e))))

zE|F|

= Y inva((m)«5(s(h)* () = 0

zE|F|
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by the reciprocity law for Brauer groups over global fields applied to the cohomology

class s(h)*(c) € H(T,F). O
Now we can formulate an improved version of the local-global principle for em-

bedding problems:

The Brauer-Manin obstruction for embedding problems. The set Sol(E)

is non-empty if and only if the set Soly* (E) is non-empty.

We will say that the Brauer-Manin obstruction is the only one to the local-global
principle for E if the claim above is true for E. Theorem 1.1 implies that this is
the case when Ker(E) is abelian and its order is not divisible by char(F').

Definition 3.7. Let E be an embedding problem over F' such that the set Sols (E)
is non-empty and let b be an element of B(E). Choose a b’ € H2(I'(E),F ") such
that og(b') = b. By definition for every z € |F| there is a b, € H*(I',, F,) such
that (1,)«(ida, X t2)* (V') = 7g, (bs). Therefore for every solution h, of E, we have:
$(he)"((n2)+((dg, X 12)" (V) = 5(ha)" (7, (bz)) = b,
and hence the value of
6m(b) = (h,b) = Y inve(bs)
z€|F|
does not depend on the choice of the adelic solution h = Hme‘ p| fw of E. Let
6g : B(E) = III'(F,Ker(E)Y,) — Q/Z
denote the function defined by the formula above.

Remark 3.8. Note that for every [[, ¢z ha € [],¢jr Sol(E;) and every b, b’ and
b, as above the infinite sum

Z vy (s(he )™ ((02)+ ((ida, % 12)"(b')))) = Z inv, (bz)

z€|F| ze|F|
is actually finite, and it is equal to the value of 6g(b). We will use this observation
in the geometric proof of Theorem 1.1 in section 9.

4. DESCENT FOR EMBEDDING PROBLEMS

Definition 4.1. Let E and E’ be two embedding problems over an arbitrary field
F' given by the diagrams

r r
wl and w’l
G —2 G a2

respectively. A map g : E — E’ from the embedding problem E and to the
embedding problem E’ is a pair of group homomorphisms ¢g; : G; — G} and
g2 : G2 — GY such that the diagrams

Gl L)GQ I
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are commutative. Let Prob(F') denote the category whose objects are embedding
problems over F' and whose morphisms are maps between them as defined above.

Definition 4.2. Let Sol denote the functor from Prob(F') to the category of sets
which maps every object E of Prob(F) to Sol(E) and every morphism g : E — E/
to the map Sol(g) : Sol(E) — Sol(E') furnished by the rule ¢ — g; o ¢ where gy is
as above. There is a similar functor Soly from Prob(F') to the category of sets that
maps every object E of Prob(F) to Solsy(E) when F is a global field. Moreover
there is a unique functor T'(-) from Prob(F)) to the category of profinite groups
which maps every object E of Prob(F') to I'(E) and for every morphism g : E — E’

the diagram:
NE) —— Gy xT

F(g)J{ g1 XidFJ,

I'(E) —— G| xT
commutes.

Lemma 4.3. For every morphism g : E — E’ in Prob(F) the homomorphism:
L(g)": H*(T(E),F") — H*(T(E),F)

=t

respects the filtrations on H2(T(E'),F") and H2(T(E),F") induced by the Hoch-
schild-Serre spectral sequence (2.2.1) for E' and E, respectively.

*

Proof. Note that the diagram:

1 — Ker(E) —2 T(E) —25 T 1

gl'Ker(E)l F(g)l H

TR/ F 1

commutes. The claim is now clear. O

1 — Ker(E') —=— I(E)

Notation 4.4. By the above there is a unique functor from Prob(F’) to the category
of abelian groups which will be denoted by Br and which maps every object E of
Prob(F') to Br(E) and for every morphism ¢ : E — E’ the diagram:

)

*

HAT(E),F) 9% g2(r(E),F

Og/ l UEl
Br(E) 9. ByE)

is commutative (where the vertical maps were introduced in Definition 3.5).

*

Assume now that F' is either a local or a global field. An immediate consequence
of the lemma above is the following

Corollary 4.5. For every morphism g : E — E’ in Prob(F) the diagram:

(91"))

H' (T, Ker(E")Y,) HY(I',Ker(E)Y,)

! !

Br (B!
Bry (E) eiCLIYCIN Bri(E)



12 Ambrus Pal and Tomer M. Schlank

is commutative, where (g¢*)" : Ker(E')Y, — Ker(E)Y, is the dual of the abelian-
ization of g1 and the vertical arrows are furnished by the exact sequence in Lemma

2.2. (]
Assume now that F' is a global field.
Lemma 4.6. For every morphism g : E — E’ in Prob(F) and for every subset
X C Br(E) we have:
Sola(g)~" (S0l (E')) = Sol* X (E).
Proof. Since for every h € Sol(E) and ¢ € H2(I'(E'), F") we have:
(h,T(9)" (¢)) = (Sola(g)(h), )

the claim is clear. O
Definition 4.7. Let E* be the embedding problem given by the diagram:
r
gl
G1/[Ker(E), Ker(E)] —2— Gy
where ¢ is the unique homomorphism such that the composition of the quotient

map e : G — G1/[Ker(E),Ker(E)] and ¢ is ¢ and we assume that E was given by
the diagram (1.0.1).

Theorem 4.8. Assume that char(F') does not divide the order of Ker(E)q.,. Then
the following claims are equivalent:

Sol(E™) # 0 and Sol,(E) # 0 < Sol} (E) # 0.

Proof. Let e : E — E® be the map given by the homomorphism e : G; —
G1/[Ker(E),Ker(E)] (introduced in Definition 4.7) and the identity map Ga — Ga.
By Corollary 4.5 the map Br(e)|p g : B(E®?) — B(E) is an isomorphism. Hence
Lemma 4.6 implies that

(4.8.1) Soly (E) = Sols(e) ! (Sol} (E*)).
First assume that Sol} (E) # (). Obviously in this case Soly(E) # () and by (4.8.1)
we have:

0 # Solx(e)(Sol} (E)) C Soly (E®)
so Theorem 1.1 implies that the set Sol(E?") is non-empty, too. Now assume
that Sols(E) # 0 and Sol(E®) # (). Then the homomorphism Ggas is zero hence
Sol} (E®) = Sol, (E®). So (4.8.1) implies that

Sol}; (E) = Sols(e) " (Sols (E™)) = Sols(E) # 0.
(]

Definition 4.9. Let G denote the quotient group G /[Ker(E), Ker(E)] where we

continue to use the notation above. For every m € Sol(E®) let E, be the embedding
problem given by the diagram:

r
|
Gi —— Gy
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Moreover let r; : Soly(Ez) — Sols(E) denote the tautological inclusion. The
following result is analogous to the statement (see [4]) that the descent obstruction
for abelian covers is equivalent to the algebraic Brauer-Manin obstruction:

Theorem 4.10. Assume that char(F') does not divide the order of Ker(E)qp,. Then
we have:

U 7 (Sola(Ex)) = Solf™ (E).
TESol(Eab)

Proof. The homomorphism Br(e)|p,, (get) : Bri(E®) — Bri(E) is an isomorphism
by Corollary 4.5, where e : E — E® is the map introduced in the proof above.
Therefore Lemma 4.6 implies that

(4.10.1) Sol}" (E) = Sols(e) ! (Sol™ (E™)) = Sola(e) " (r(Sol(E®))),

where in the second equation we used Theorem 1.2. For every m € Sol(E%) we
have Soly(e) ™! (r(m)) = rx(Sols(Ex)), and hence (4.10.1) implies that

Sol(E) = | rx(Sola(Eq)).
mESol(Eab)

5. A LOCAL-GLOBAL PRINCIPLE FOR COHOMOLOGY CLASSES

Notation 5.1. Let M be a discrete finite abelian I'-module whose order is not
divisible by char(F). For every k € N and for every z € |F| where M is unramified
let HE (I, M) denote the image of the inflation map H*(Z, M) — H*(T'y, M).
Moreover for every k as above let H g (F, M) denote the subgroup:

HE(F, M) = { [] cslex € HS, (o, M) for almost all z € |F|} < [[ H*(Ta, M).
z€|F| z€|F|
Let {-, -} denote the duality pairing:

ev

HY Ty, M) x HY(Ty, MV) —=— H2(Dy, M @ MV) —“— H2(T,,F.)

of local class field theory where ev, is the map induced by the evaluation map
ev:Me@MY =T,
Lemma 5.2. For every [[,¢c\p|co € H{(F,M) and [] ¢ pde € H(F,M") we
have:

{¢s,d:} =0
for almost all x € |F)|.

Proof. The proof of the claim above is essentially the same as the proof of Lemma
3.3. We may assume without the loss of generality that at  both M and MY are un-
ramified and the cohomology classes c,, d, are in H}, (T'y, M) and in H} (T, M"),
respectively. In this case the cohomology class {c;,dy} lies in the image of the in-
flation map H2(Z,(F.)=) — H%(Ty,F.) where I, < T is the inertia subgroup.
Because the group HQ(Z, (F,)™) is trivial, the claim is now clear. O
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Notation 5.3. By the lemma above the pairing:
[ H (F, M) < Hy(F,MY) — Q/Z

[H Cos H d.] = Z invy ({cz, ds})

z€|F|  z€|F| z€|F|
is well-defined because all but finitely many of the summands are zero. For every
k € N and for every M as above let

given by the rule

HYF M) =Im | [] o H*O, M) = [] H*(T., M) | < HE(F,M).
z€|F| z€|F|

Theorem 5.4. Under the pairing the [-,-] annulator of H*(F,MY) is H*(F, M).
Proof. Let c € HY(I', M) and d € H(I', MV). for every x € |F| we have:

{t2(0), 2 (d)} = (2)«tz(evi(cU d))
where we let ev, also denote the map H2(I', M © MY) — H?(I,F") induced by
the evaluation map ev: M @ MV — F". Hence
LTI an IT c@l = Y inve((ne)wty(evi(cud))) =0
z€|F| zE|F| zE|F|
by the reciprocity law for Brauer groups over global fields applied to the cohomol-
ogy class ev,(cUd) € H2(T,F"). So H'(F, M) is contained by the annulator of

HY(F, M) with respect to [-,-]. In order to continue our proof we need to introduce
some notation.

Definition 5.5. Let M be as above and let S C |F| be a finite non-empty set that
contains every archimedean place of F' and every place where M is ramified. Let
Op s C F denote the ring of S-integers in F'. Because char(F') does not divide the
order of M we may also assume that the latter is a unit in Op g by enlarging S, if
it is necessary. For every k € N and for every M as above let

H§(F,M) = {ce H*T',M)|t}(c) € H},(T'x, M) (V& & S)} < H*(I', M).
Let }NI§(F, M) denote the image of HE(F, M) in [[,.q H*(I's, M) with respect to
[l.csts- Finally let

[]s: [ HE @y M) x [] HY(To, MY) — Q/Z
resS s

zeS

denote the pairing given by the rule

] cor [] del = D inve({ca, da}).

zes €S zeS
Lemma 5.6. Under the pairing [-,-]s the annulator of IA{%(F, MY) is ﬁé(F, M).

Proof. By part (¢) of Theorem 4.10 of [13] on pages 70-71 the sequence:
I1

HL(F, M) == T, o HY Ty, M) <205 i (m vy
is exact where the superscript * denotes the dual Hom(-, Q/Z). O

Let III§(F, M) denote the kernel of [, g ¢4 in HL(F, M).
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Lemma 5.7. There is a finite subset S C |F| of the type considered above such
that the image of 1L (F, M) in H}(F, M) with respect to [Lcr ta is trivial.

Proof. Let R C |F| be a set of the type considered above. By part (a) of Theorem
4.10 of [13] on pages 70-71 the group 1T (F, M) is finite. Therefore there is a finite
set S C |F| containing R such that

N Ker (i3, (ran)) = N Ker (e, (7,am))-
z€|F| zeS

Because 115 (F, M) < Il (F, M) the claim is now clear. O

End of the proof of Theorem 5.4. By the above we only have to show that every
c=]l,eip ca € H}(F, M) annihilated by H*(F, M") with respect to [-, -] actually
lies in H'(F, M). By definition there is a finite subset S C |F| of the type considered
above such that ¢, € H., (I, M) for every z € |F| — S. By Lemma 5.7 we may
also assume that the image of III§(F, M) with respect to [L.er ¢z is trivial by
enlarging S if it is necessary. Let R C |F| be finite subset containing S. Note that
for every d € Hp(F, M") we have:

fed) = ([ eo [T c2(@r

reER zER

since for every z € |F| — R the cohomology classes ¢, and ¢%(d) are H] (T, M)
and in H, (Cy, MY), respectively. Hence the element [, p o € [[,eq H' (Ta, M)
is annihilated by I;T}%(F, MY) with respect to the pairing [-,-]g. Since Op g 2 Op.s
the order of M is invertible in O g and hence there is a cg € H}%(F7 M) such that

(5.7.1) tn(cr) =c; (Vz €R)

by Lemma 5.6. Now for any pair of finite subsets Ry, Ry C |F| containing S we
have cgr, — cgr, € III§(F, M) by (5.7.1). Therefore we get that for every R C |F|
the image of ¢ with respect to Hme\ | ¥ is independent of the choice of R and it
is actually equal to ¢, again by (5.7.1). O

6. A TOPOLOGICAL THEOREM ON THE CUP PRODUCT

Definition 6.1. In this chapter all topological spaces are Hausdorff and locally
contractible. For every topological space 1" and abelian group A let Ar denote the
constant sheaf A on T'. Let p: X — Y be a fibre bundle with a connected fibre
F. Let r: Y —- X and s : Y — X be sections of the fibration p. Let py denote
the derived left adjoint of the pull-back functor p* from the category of complexes
of sheaves on Y to category of complexes of sheaves on X. (The adjoint p exists
because p* commutes with arbitrary limits, since we assumed p to be a fibre bundle,
and so we may apply Freyd’s adjoint functor theorem.) By functoriality both r and
s induces maps 7", s" € [Zy, p1(Zx)] in the derived category of complexes of sheaves
onY. Let deg € [pi(Zx ), Zy] denote the map from pi(Zx) onto its 0-th homology.
(The latter is Zy because we assumed that the fibres are connected.) Since both r
and s are sections, the compositions of 7, s" with deg are both the identity map
in [Zy,Zy]. Let 759(p1(Zx)) be the fibre of the map deg in the derived category
and let

deg

roo(p(Zx)) — p(Zx) Zy To0(p(Zx))[1]
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be the corresponding distinguished triangle. Therefore their difference " — s" €

[Zy,p1(Zx)] is the image of a map [r — s] € [Zy, T>0(p1(Zx))] such that r* — sh =
foo[r—s]. This map is unique since [Zy,Zy|[—1]] is zero. Let B be the first
homology of the complex 7o (p1(Zx)), let hy : 7s0(p1(Zx)) — B[1] be the Postnikov
truncation, and consider the distinguished triangle:
o1 (Pi(Zx)) —" To0(pi(Zx)) — Bl —— 7o (p(Zx))[1].
Let A(r,s) € [Zy,B[1]] = HY(Y, B) denote hj o [r — s].
Definition 6.2. For every y € Y let X, = p~!(y) be the fibre of p over y and let
iy : Xy — X denote the inclusion map. Let A be a locally constant sheaf of abelian
groups on the base Y and let H?(X,p*(A))o denote the intersection of the kernels
of the maps:
iy H (X, p"(A)) — H*(Xy,p"(A)|x,)

for every y € Y. Note that

H*(X,p"(A))o = [ ) ker(iy)

yeS

where S C Y is any set such that for every connected component C' C Y there is a
y € C'NS. Note that H2(X,p*(A))o is the kernel of the edge homomorphism:

€ s H2(X, p*(A)) — HO(Y, R%.(p"(A))
furnished by the Leray spectral sequence:

HP(Y, Rip, (p* (A)) = HPY (X, p* (A).
So the higher edge homomorphism of this spectal sequence is a homomorphism:

5+ HA(X, p* (A))o — HY(Y, R'p.(p"(A))) = H'(Y, Hom(B, A))
where we used that there is a natural isomorphism:
R'p.(p*(A)) = Hom(B, A).
Let
U: HY(Y,B) x H(Y,Hom(B, A)) — H?*(Y, A)
be the cup product furnished by the evaluation map:
B @ Hom(B, A) — A.

Note that every section s of p induces a homomorphism:

s H'Y(X,p*(A)) — H'(Y,s"(p"(A))) = H' (Y, A) (VieN).
Theorem 6.3. For every ¢ € H*(X,p*(A))o and for every pair of sections r,s of
the fibration p we have:

r*(c) — s%(c) = A(r,5) Ud(c) € H*(Y, A).
Proof. For every topological space T and complexes of sheaves C,D and £ on T let
m(C,D,E): [C,D] x [D,&] — [C, €]
denote the map given by the rule (f,g) — f o g. Moreover for every f € [C,D] let
fo:[D,E] — [C,€&]
denote the map given by the rule g — f o g, and similarly for every g € [D, &] let
og:[C,D] — [C,€&]
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denote the map given by the rule f +— fog. Then we have the following commutative
diagram:

[Zy, B[1]] x [B[1], A[2]]

m(Zy,B[1],A[2])
oth hlol
( ( ) Al2])

[Zy, To0(pi(Zx))] X [F0(pr(Zx)), Af2]) — =B,

Ofol foOT

(Zy ,pi(Zx)] % [p(Zx ), Al

For every section ¢ : Y — X of p let t"* € [Zy,p(Zx)] be the map induced by ¢,
similarly to the notation we introduced in Definition 6.1. Note that [p1(Zx), A[2]] =
H?(X,A) and under this identification for every section ¢ : ¥ — X as above and
c € H*(X,A) we have t" o ¢ = t*(c). Therefore

T*(c)—s*(c):rhoc—shoc:(rh—sh)oc:[T—s]o(fooc)

[Zy, AJ2]].

m(Zy ,p1(Zx),Al2])

by the commutativity of the diagram above. Note that
[B[1], A[2]] = [B, A[1]] = H' (Y, Hom(B, A)),
and under this identification d(c) € [B[1], A[2]] is such that hy00(c) = fooc. Indeed
[o1(p1(Zx)), A[2D)] = HO(Y, R?p.(p™(A))
and under this identification
(fio fo)o: [p(Zx), Al2))] — [r>1(m(Zx)), Al2])]

is the edge homomorphism ¢ in Definition 6.2. In particular the kernel of (f; o fy)o
is H2(X, A)o. The second distinguished triangle in Definition 6.1 induces a long
exact sequence:

(o1 (p(Z)) 1], A2])] —— B[], ARl == [r0(pi(Zx)), A[2))]

L [ (pi(Zx)), AR
Since
[To1(p1(Zx))[1], A[2))] = [m>1(p(Zx)), AlL])] = 0,
there is a unique homomorphism:
0: H*(X,A) — [B[1], A]2]] = H'(Y,Hom(B, A))
such that the diagram

H?(X, A)o

f00|H2(X’A)0
o

[B[1], Al2]] 22> [0 (p1(Zx ), A[2))]

is commutative. The map 0 is actually the higher edge homomorphism ¢§ in Defi-
nition 6.2. Now the relation hy o §(¢) = fo o ¢ is clear. Now [Zy, B[1]] = H'(Y, B)
and [Zy, B[2]] = H?(Y,B), and under these identifications m(Zy, B[1], A[2]) is the
cup product:

U: HY(Y,B) x H(Y,Hom(B, A)) — H?*(Y, A)
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in Definition 6.2 above. So by using the commutativity of the diagram above again
we get that

[r—s]o (fooc) = Alr,s) 0 3(c) = Alr, ) Ud(e),

and the theorem follows. O

Definition 6.4. Let M a finite abelian group and let

(6.4.1) 1 M Q Il 1

be an exact sequence in the category of prodiscrete groups. Let A be a discrete
[I-module and let H?(), A)o denote the kernel of the restriction map:

H?*(Q,A) — H*(M, A).
Moreover let
§: H*(Q,A)g — HY(II,Hom(M, A)) = H*(I1, H' (M, A))
be the homomorphism furnished by the Hochschild-Serre spectral sequence:
HP(IL, HY(M, A)) = HPT1(Q, A)

where we equip M with its II-module structure induced by the exact sequence
(6.4.1). For every pair of sections s1, s2 : IT = Q of the exact sequence (6.4.1) the
1-cochain in C*(II, M) given by the rule g — s1(g)s2(g) ™! is actually is a cocycle.
Let [s1 — s2] € HY(II, M) be cohomology class represented by this cocycle. Finally
let

U: HY(I, M) x H' (I, Hom(M, A)) — H?*(II, A)
be the cup product induced by the evaluation map M @ Hom(M, A) — A.

Corollary 6.5. For every ¢ € H2(), A)o and for every pair of sections s1,s2 of
the exact sequence (6.6.1) we have:

st(c) — s3(c) = [s1 — s2] Ud(c) € H*(IL, A).

Proof. We may assume that II is actually finite by applying the usual limit argu-
ment. The proof will be based on giving topological interpretation to both sides of
the equation. The homomorphism €2 — II furnishes a Serre-fibration of classifying
spaces p : BQ) — BII with fibre BM. The sections s1, s induce sections of the
fibration p which we will denote by the same symbols by abuse of notation. Let B
denote the locally constant sheaf on BII corresponding to the II-module A. Then
HY(Q, M) = H'(BQ,B) and the cohomolology classes denoted by [s1 — s3] in Def-
initions 6.1 and 6.4 correspond to each other. There is a locally constant sheaf A
on BII corresponding to the Il-module A. Note that H?(Q, A) = H?(BRQ,.A), and
also H%(Q, A)g = H?(B, A)o, where we use the notation of Definition 6.2 for the
fibration p. Moreover H'(Q, A) = H?(Bf2, A), and the edge homomorphisms

H?*(Q, A)g — H'(II, Hom(M, A)) and H?*(BRQ, A)g — H'(BII, Hom(B, A))

correspond to each other under these identifications. Consequently the cohomology
classes denoted by d(c) in Definitions 6.2 and 6.4 also correspond to each other.
The claim now follows immediately from Theorem 6.3. O
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7. THE TATE DUALITY PAIRING AND THE BRAUER-MANIN PAIRING

Definition 7.1. By a continuous (or discrete) module over a pro-finite group A we
mean a A-module M such that the action of A is continuous with respect to the dis-
crete topology on M. For every pro-finite group A let M(A),C(A),CT(A),C™(A),
and C*(A) denote the category of continuous A-modules, the category of com-
plexes of continuous A-modules, the category of complexes in C(A) bounded from
above, the category of complexes in C(A) bounded from below, and the category
of complexes in C(A) which are either bounded from above or below, respectively.
For every object C of C(A) let H,(C) denote the n-th homology group of C. When
A is the absolute Galois group I' = Gal(F|F) of a field F, for every complex C

B 071 Co Cl
in C(A) let CV denote the dual complex:

. < Hom(Cy, F") ~— Hom(Co, F*) ~— Hom(C_y, F') —— - -

where Hom denotes the group of continuous group homomorphisms (and we equip
F* with the discrete topology).

Definition 7.2. Note that for every pro-finite group A the category M(A) has
enough injectives, so right exact functors from M(A) has derived functors. For
every complex C in C*(A) let H'(A, C) denote its hypercohomology with respect
to the functor of A-invariants. Similarly for any object C'in C*(A) let Ext} (C, ")
denote the n-th derived functor of Home(a)(C,-). When A =T’ = Gal(F|F), as
above, we will use the notation H*(F,C) for H!(T', C'). When F is a global field let

H(F,0) = [[ H'(F,C)
z€|F|
where for every x € |F| we consider C' as an object of C(I';) via the embedding

ty : Ty — T, and we interpret H(F,, C) accordingly. For every such x there is a
pull-back map i : H(F,C) — H!(F,,C). Let

II*(F,C) = Ker( [ ¢ : H'(F,C) - Hjy(F,C)).
z€|F|

Theorem 7.3. Let F' be a global field and let C be a complex in C*(T) such that
H, (C) is finite for every n and not divisible by the characteristic of F'. Then there
is a perfect pairing

(-, OIY(F,C) x II*""(F,CV) — Q/Z.

Proof. This is exactly Theorem 3.5.9 from [12], when F' is a number field. The
function field case can be proved exactly the same way. It is also important to note
that this pairing specializes to the usual Poitou—Tate pairing for I'-modules, i.e. for
complexes concentrated in degree zero. O

Definition 7.4. Let E be an embedding problem over an arbitrary field F' given by
the diagram (1.0.1). Let E, denote the contractible simplicial set freely generated
by G1. At the level of sets E; = G§+l. The diagonal right-action of G; on each
E; induces a free right action of G; on E,, and therefore a free right action of
Ker(E) on E,, too. Then we have a left action of G2 on E,/Ker(E) and thus by
pulling back with respect to ¢ a left action of I on E, /Ker(E). Let B(E). denote
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this simplicial object in the category of I'-sets. Let ZB(E). denote the complex
where ZB(E),, is the free abelian group generated by B(E),, and the differential is
the usual alternating sum. Equipped with the induced I'-action this complex is an
object of C*(T).

Definition 7.5. As a simplicial set B(E), is weakly equivalent to the Eilenberg—
MacLane space BKer(E), and hence

H,(ZB(E).) = H,(Ker(E), Z).
Let deg € [ZB(E)., Z] denote the map from ZB(E), onto its 0-th homology, let
7>0(ZB(E),) be the fibre of the map deg in the derived category, and let

r0(ZB(E),) —— ZB(E)., -2 7 m0(ZB(E),)|1]

be the corresponding distinguished triangle. By construction
_ [ H,(Ker(E),Z), ifn#0,
Hn(7>0(ZB(E).)) = { 0, if n = 0.
In particular when Ker(E) is abelian we have Hy(759(ZB(E).)) = H,(Ker(E), Z) =
Ker(E). Let hy : 750(ZB(E).) — Ker(E)[1] be the Postnikov truncation in this
case.

Definition 7.6. Let
g C(T) = C(T'(E))

denote the functor which we get by pulling back with respect to the surjective
homomorphism 7g : ['(E) — T'. For any object M of M(T'(E)) let mgi(M) denote
the Ker(E)-coinvariants of M, that is, the quotient of M by the subgroup generated
by the set:

{z —y(x)|x € M,v € Ker(E)}.
Since the latter is a I'(E)-submodule, there is a natural action of " on 7 (M), and
hence we get a functor mg : M(I'(E)) — M(T") which in turn induces a functor:

e : C(I(E)) — C(I).
It can be easily seen that this functor is the left adjoint of 7.

Definition 7.7. Let ZE, denote the chain complex of the contractible simplicial
set E.. For every object C' of C(I'(E)) we may take (the total complex of) the
tensor product C' ® ZE, in the category of complexes of Z-modules and equip it
with the diagonal T'(E)-action; this makes C' ® ZE, an object of C(I'(E)). Let
L7 (C) denote g1 (C @ ZE,). As we will shortly see, the functor Lzg is the
left derived functor of 7g in a suitable interpretation, although the latter is not
defined in the sense of classical homological algebra, as M(T'(E)) does not have
enough projectives.

Lemma 7.8. There is an isomorphism:
Lrg(Z) =2 ZB(E)..
Proof. Clearly Z @ ZE, = ZE, and 7g(ZE.) 2 ZB(E).. O

Definition 7.9. Let A be any pro-finite group, as above, and for any pair M, N of
continuous A-modules let Homa (M, N) denote the group of A-module homomor-
phisms from M to N. Now let A = {A,,}nez, B = {By}nez be two complexes in
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C(A). Let Homa (A, B) = {HomQR (4, B) }nez be the equivariant mapping complex
from A to B, where

Hom?}, (A, B) = [ [ Homa (4, B; ),
i€z
and the differential
d : Hom (A, B) — Homx"' (A, B)
for any f = [[,cs fi € [1;c, Homa (A, B;—,) is given by
d(f)i = ficrod + (=1)"d7, o fi,

where dZA Ay — A;_1 and dZB : B; — B;_; are differentials of A and B, respectively.
We denote the kernel of d by Z"(A, B) C Hom} (A, B). Note that Z™(A, B) consists
of exactly those elements of Hom (A, B) which are maps of complexes of degree n
from A to B.

Lemma 7.10. There are natural isomorphisms:
Extr (Lmg, (C), D) = Extrg, (C, g (D))  (Vn € N),
for every C in C(T'(E)) and D in C(T).

Proof. This isomorphism can be explained as an instance of Quillen adjunctions
between model categories, or oo-adjunctions between (oo, 1)-categories. However
we will give a simple direct proof. Let D be an resolution of D by injective I'-
modules. The groups Ext?(Lag, (C), D) are the homologies of Homp (g, (C), D).
Then we have:

Homy (L, (C), D) & Homy (m, (C' @ ZE.), D) & Homy g (C @ ZE.., miz(D)),
where we used the definition of Lz, in the first isomorphism, and the fact that
g, is the left adjoint of g in the second. Moreover

Homp g, (C' ® ZE,, m(D)) = Homp g, (C, Hom(ZE., m(D))),

where Hom(+, -) denotes the internal Hom in the category of I'(E)-complexes. (Ex-
plicitly Hom(+, -) is the mapping complex of the underlying Z-complexes which we
equip with a continuous I'-action via conjugation.) In order to conclude it is enough

to note that Hom(ZE.,, 5 (D)) is an injective resolution of g (D). O

Lemma 7.11. There are natural isomorphisms:
H*(T'(E),F’) 2 H"(I',ZB(E)Y) (Vn € N).

Proof. By the uniqueness of n-th derived functors we have:
—=*y def =%

H'(T(E),F) < H'(D(E), m5(F)) = Exti ) (Z, 7 (F)),

as there is a natural isomorphism H"(A, C) = Exta (Z, C) (where C' is an object of
C(A) and A is any pro-finite group). By Lemma 7.10 we have:

Extp g (Z, 75(F)) = Extp (Lmg, (2), F).
Note that there is a spectral sequence:

Ext{(Z, Ext!(Lmg, (Z), T )) = Extf™ (Lng, (Z), F

*

);
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where Ext"(L7g, (Z), -) is the derived functor of Hom(IL7g,(Z),-). Since Fis di-
visible, this sequence degenerates, and hence we have an isomorphism:
Ext}(Lag, (Z), F) = Ext}(Z, Lrg, (Z)),
while by Lemma 7.8 and by the uniqueness of n-th derived functors we have:
Ext}(Z,Lrg, (Z)") = Ext}(Z,ZB(E))) < H"(T, ZB(E)Y).
O

Lemma 7.12. Assume that F is either a global or a local field. Then we have:
Br(E) = H*(T, 7-0(ZB(E).)").

Proof. The distinguished triangle:

r0(ZB(E),) —°— ZBE), -2 7 70(ZB(E),)|1]

gives rise to another distinguished triangle:

—x

F* —— ZB(E)Y —— 70(ZB(E),)Y —— F [1]

*

by taking duals. Since H3(I, F') = 0 (see Proposition 15 of [17] on page 93 when
F is a local field, and see Corollary 4.21 of [13], page 80 when F is a global field),
the associated cohomological long exact sequence looks like:

H2(D,F") — H*([,ZB(E)Y) — H2(T, 750(ZB(E),)") — 0.
The first map is the composition:
H?(T,F') = Ext2(Z, F ') — BExtA(ZB(E).,F ) = H*(T, ZB(E)Y ),

where the middle map is induced by the degree map deg: ZB(E).. — Z. The derived
adjunction Lzg, 4 7* give rise to a co-unit map: Lmg, (7*(Z)) — Z which, under
the identification in Lemma 7.8, is deg. Using Lemma 7.11 the first map of the
sequence above can be viewed as a homomorphism:

*

H?*(I,F')=H*(,F') — H* I, ZB(E)Y) = H*(T'(E), F").

As this map is induced by the co-unit, it is the pull-back map (with respect to the
surjection I'(E) — T'). The cokernel of the latter is Br(E) by definition, so the
claim follows. O

Corollary 7.13. Assume that F is a global field. Then we have:
B(E) = II*(F, 750 (ZB(E).)Y).
Proof. This follows from Lemma 7.12 applied to F' and all its completions. O
Remark 7.14. The Postnikov truncation
hi: 7-0(ZB(E),) — Ker(E)[1]
furnishes an isomorphism:

I (F, 750(ZB(E),) — II'(F, Ker(E)[1]) = III*(F, Ker(E)).
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Definition 7.15. Let s : I' — T'(E) be a continuous section of the map 7g :
I'(E) — T'. The identity map id € Ext? (L7, (Z), L7g, (Z)) via the isomorphism:

Extp(L7g, (Z), Lrg, (Z))) 2 Exty g, (Z, i (L7, (Z)))

furnished by Lemma 7.10 furnishes an element idg € Extg(E) (2,7 (Lrg,(Z))). By
pulling back with respect to s we get an element:

s*(idg) € Extp(s*(Z), 5" (ng (L (Z)))).
Since s* o 1y = idp = id and s*(Z) = Z, we get an element:
[s] € Ext:(Z, Lrg(Z)) = H(I', ZB(E)..)

(using Lemma 7.8), which we will call the classifying element of the section s. Note
that the map
H(T,ZB(E).) — H(T,Z) = Z

induced by deg sends [s] to 1.

Note that each element in b € H2(I'(E), F~) can be considered as an element of
H2(T', ZB(E)Y) via the isomorphism in Lemma 7.11. Let

U:H*(,ZB(E)Y) x H*(I', ZB(E),) — H(I', F")
be the cup product induced by the natural bilinear pairing:
ZB(E)Y x ZB(E), — F_
of complexes.
Lemma 7.16. We have:
bU[s] = s*(b) e HE(I,F)
for every b € H2(T(E),F ) and continuous section s of mg.

Proof. This claim follows at once from comparing the cup product above with the
Yoneda pairing:

Ext(Z,ZB(E),) x ExtA(ZB(E).,F ) — Ext2(Z,F")
via the isomorphisms
H(I',ZB(E).) = ExtX(Z,ZB(E),), H*(,ZB(E))) = Ext}(ZB(E).,F
H(D,F") = Ext(Z,F).
We leave the details to the reader. ]

*

)7

Definition 7.17. Let M be a discrete finite abelian I'-module. For every embed-
ding problem E over F such that Ker(E) = M and the set Sol,(E) is non-empty
let cg € H?(F, M) = H?(F,Ker(E)) denote the class of the extension (1.3.1). Note
that cg € III?(F, M) since we assumed that Sols(E) is non-empty. Conversely for
every ¢ € IIT*(F, M) there is an embedding problem E as above such that ¢ = cg.
Let

(7.17.1) 6 : I (F, M) x III*(F,M) — Q/Z

be the unique pairing such that 6(b,cg) = 6g(b) for every b € III'(F, M") and
embedding problem E as above. Since for every b € III* (F, M) the value of 6g(b)
only depends on the isomorphism class of the embedding problem E (see the proof



24 Ambrus Pal and Tomer M. Schlank

of Lemma 4.6), the pairing 6 is well-defined. Assume now that char(F') does not
divide the order of M and let

7 N (F, MY x III(F,M) — Q/Z
denote the Tate duality pairing.
Theorem 7.18. We have 6 = —7.

We think that this theorem is very interesting on its own, since it gives an
elegant description of the Tate duality pairing. It will proved in the rest of this
section. We will continue to use the notation which we have introduces so far. Let
E an embedding problem of the type considered in Definition 7.17. Consider the
cohomological long exact sequence:

HO(F,ZB(E).) —+ HO(F,Z) —2— H(F,75(ZB(E).))
corresponding to the distinguished triangle:

fo

r0(ZB(E),) —* ZB(E), %%

Z 7>0(ZB(E).)[1],
and set 6 = (1) € ' (F, 75¢(ZB(E).)).

Lemma 7.19. The image of the classifying element cg € 11*(F,Ker(E)) under
the isomorphism

LII*(F, Ker(E)) 2 I (F, 7>0(ZB(E).))
in Remark 7.14 is the 0 above.

Proof. This is just a direct computation involving the representing cocycles. The
details are left to the reader. O

Let
() : IIY(F, 750(ZB(E))) x II*(F, 750(ZB(E).)") — Q/Z
be the perfect pairing in Theorem 7.3. Now let b € III*(F,7-o(ZB(E).)Y) be
arbitrary. Since H3(F,F") = 0, the map
HQ(Fv ZB(E)X) - HQ(Fv T>0 (ZB(E)*)V)
is onto, and thus b can be lifted to an element b € H?(F, ZB(E)Y ), and we can take
the localisation map to obtain

b, X0 (5) € HA(F,, ZB(E)Y).

Recall that we assumed that Sols (E) is non-empty, so for every z € |F| let h, be a
solution of E, such that h, is unramified for almost all x. Let s, denote the section
s(hy) corresponding to h, for every x € |F|. Finally let U denote the cup product
introduced after Definition 7.15 (over any field, including all completions of F').

Proposition 7.20. We have the equality:
(0,b) = — Z inv,([s,] Ub,) € Q/Z.

zE|F|
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By Lemma 7.16 the right hand side is —6g(b). On the other hand the isomor-
phisms:
I (F, Ker(E)Y) = III*(F, 750 (ZB(E).)"), II*(F, Ker(E)) = III' (F, 750 (ZB(E).))
in Corollary 7.13 and Remark 7.14 respect the pairing in the sense that the resulting
diagram:

I (F,Ker(E)Y) x IIT?*(F, Ker(E)) Q/Z

| | N

I (F, 750(ZB(E)Y) x II*(F, 7> (ZB(E),)) A Q/Z

is commutative. Therefore by Lemma 7.19 the left hand side is 7(cg, b). So Theorem
7.18 follows from Proposition 7.20, and hence we only have to prove the latter.

Definition 7.21. For every pro-finite group A and open normal subgroup U <
A let E(A/U) denote the standard (bar) resolution complex by free Z[A/U]-
modules of Z, equipped with the tautological A-action. Note that since E(A/U)
is quasi-isomorphic to Z, any map of degree i between E(A/U) and another com-
plex C' in C(A) gives rise to a hypercohomology class in H(A,C). For every
g€ Z{E(A/U),C) let [g] denote the class in H(A, C) represented by g.

Notation 7.22. Now let A’ be another pro-finite group, let U’ < A’ be an open
normal subgroup, and let ¢ : A’ — A be a continuous homomorphism such that
¢(U’) CU. Then ¢ induces a homomorphism A’/U’" — A/U, which induces a map
E(A'/U’) — E(A/U) of complexes, which furnishes a homomorphism

¢* : Hom) (E(A/U), C) — Homjy, (E(A'/U'), C)

compatible with the pull-back map on cohomology. We will drop ¢* from the
notation when ¢ is the identity map on A.

Definition 7.23. Now let A = {A, }nez, B = {Bn}nez and C = {C,, }nez be three
complexes in C(A) such that there is a pairing:

m:A® B — C.
Let U and E(A/U) be as above, and let
c: E(AJU) — E(A/U)® E(A/U)

denote the Alexander—Whitney map (see formula (1.4) of [3] on page 108). Now
consider the composition:

Homs (E(A/U), A) x Hom} (E(A/U), B)

Hom\ (F(A/U)® E(A/U),A® B)

How' (E(A/U), A® B)

Homy (E(A/U), C),
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where the first map is furnished by the functorial property of tensor products, the
second is induced by the co-multiplication ¢, and the third map is induced by the
multiplication m. Let U denote the resulting pairing of complexes:

Hom ) (E(A/U), A) x Homx (E(A/U), B) — Homx (E(A/U),C).
Note the induced map on the cohomology is the exterior cup product.

Proof of Proposition 7.20. In order to prove the statement we shall use an explicit
description of the pairing

() W' (F, 750(ZB(E).)) x LI (F, 750 (ZB(E)Y) — Q/Z

similar to the one given by Milne in §1.4 of [13]. Let ¢ € ZB(E)y be such that
deg(c) = 1. Denote by U < T the stabiliser of ¢. Let g € Hom:(E(T'/U),ZB(E).)
be such that go(o) = oc for 0 € T/U and g; = 0 for i # 0. Note that [degog]
represents 1 € H(F,Z) and so a = dg € ZY(E(T'/U),70(ZB(E).)) represents
§ = 0(1) € HY(F,7-0(ZB(E).)). Shrink U enough so that one can represent b by
amap 8 € Z2(E(T/U),7-0(ZB(E).)"), and b by B € Z2(E(T/U),ZB(E)Y). Now
set

¢ =gUPB € Hom} (E(T/U),F).

Note that de = dgU 8 = aUB. Set g, = t(g) for every x € |F|. For every
place x we can take a small enough U, < I', such that we can represent g, in
Hom{(E(T,/U,),ZB(E),) (that is, we have U, C T, NU), and we can represent
[s2] € HO(F,, ZB(E),) by an f, € 2°(E(T'y/U,),ZB(E),). Denote hy = gy — fa.
Then

dh, = dgw - df;ﬂ = Qg

where o, = % (a) (for every x € |F|). Since deg(hy) = 0 we see that h, actually
lies in Hom{\(E(T',/Us,), T>0(ZB(E).)). Hence we can cup it with 8, = t%(8) €
ZYE[T,/U,), 70(ZB(E),)") and get an element in Hom{ (E(I,/U,),F.). We
then observe that

d(hy U Bz) = dhy U By = az U By = deg,
where €, = 1% () (for every = € |F|), and so we can define
o = [he U By — €] € HX(F,, F,).
Our generalisation for Milne’s formula is the following expression for the pairing:
(6,b) = > inva(ca) € Q/Z.
TE|F|

Now by naturality
hmuﬁm = thBza

where the first cup is computed in 7>¢(ZB(E).), 7>0(ZB(E).)" and the second in
ZB(E).,ZB(E)). We then get

o = [heUBe—€5] = [haUBe — 9, UB,) = [haUB, — 92UB,] = [~ f2UB,] = —[s:]Ubs,
because b, = [3,] (for every z € |F)|). O
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8. PROOF OF THE MAIN RESULTS
Proof of Theorem 1.1. The implications:
Sol(E) # 0 = Sol}"(E) # 0 = Sol;™* (E) # 0 = Sol}; (E) # 0
are trivially true. Assume now that Sol} (E) # 0. Then the homomorphism:
6p : HI'(Ker(E)Y) — Z/Q

is zero by definition. Hence the cohomology class cg € H?(I', Ker(E)) of the exten-
sion (1.3.1) is annihilated by the pairing 6 of (1.3.2). By part (a) of Theorem 4.10
of [13] on page 70 the pairing 7 is perfect. Therefore the pairing 6 is also perfect
by Theorem 1.4. The claim is now clear. O

Proof of Theorem 1.2. Because of the inclusions:
7(Sol(E)) C Sol}"(E) C Sol}™ (E)

we only have to show that Sol™(E) C 7(Sol(E)). This claim is trivial when
Solg’r1 (E) is empty. Assume now that Solgr1 (E) # (. Then by Theorem 1.1 the
set Sol(E) is non-empty. Therefore the short exact sequence (1.3.1) splits. Choose
such a splitting h € Sol(E); such a choice furnishes a natural bijection:

a : Sol(E) — HY(T',Ker(E))

between the sections of the short exact sequence (1.3.1) and the cohomology group
HY(T,Ker(E)) mapping h to zero. Moreover the splitting above induces a splitting
of the short exact sequence:

TE,

(8.0.1) 1 — Ker(E) —Z= I',(E,) T, 1

for every x € |F| which in turn furnishes a natural bijection:
oz : Sol(E,) — H'(T',, Ker(E))

mapping r;(h) to zero. Moreover for every = € |F| where Ker(E) is unramified we
have a(Sol,, (E,)) = H}, (T's, Ker(E)) hence there is a commutative diagram

Sol(E) —*— HY(T,Ker(E))
(8.0.2) l lmwu;

Sols(E) —*— H}(T,Ker(E))
where

ap = H O[S0l (B)-
z€E|F|

Because the vertical maps in the diagram (8.0.2) are bijections the claim follows
from Theorem 5.4 and the proposition below. O

Proposition 8.1. For every g € Sols(E) and for every ¢ € H*(T,Ker(E)Y) we
have:

(9, 7)) = lang), T 2]

zE|F|
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Proof. Let g = Hze\F| gz- Then we have:

(9,7u(c)) = Y iva(s(g:) (i, (15(0))))

z€|F|

= 3 va(5(02)* G, (50)) — s(ha)* (i, () + (s ()
z€|F|

= Z ian({am(Qm)vL;(C)}) + <h7-7E(C)>
z€|F|

= [aalg), [] w0

z€|F|
where the third equation follows from Corollary 6.5 applied to the short exact

sequence (8.0.1) for every x € |F| and the fourth equation is a consequence of
Lemma 3.6. g

9. A GEOMETRIC CONSTRUCTION

Notation 9.1. For every scheme V defined over a field F let V denote the base
change of V to F. In this paper by the cohomology of a smooth group scheme G
over a base scheme V' we mean the cohomology of the sheaf it represents for the
étale topology on V. For every geometrically connected variety V over a field F'
let 71 (V') denote the isomorphism class of the étale fundamental group of V' with
respect to any geometric point as a base point.

Definition 9.2. Let V' be a geometrically connected variety defined over F'. Let
7 be a F-valued point of V. Then Grothendieck’s short exact sequence of étale
fundamental groups for V is:

(9.2.1) 1 —— m(V,n) —— m(V,n) r L,

which is an exact sequence of profinite groups in the category of topological groups.
Every F-rational point € V(F) induces a section I' — 71 (V,n) of the sequence
(9.2.1), well-defined up to conjugation by 71 (V,n). Let Sec(V/F) denote the set of
conjugacy classes of sections of (9.2.1) (in the category of profinite groups where
morphisms are continuous homomorphisms). Then we have a map:

sy p: V(F) — Sec(V/F)

which sends every point « € V(F) to the corresponding conjugacy class of sections.
This map is called the section map. Note that for a different base point n' € X (F)
there is a canonical identification between the corresponding section maps, so it is

justified to suppress them from the notation.

Definition 9.3. Let E be an embedding problem over the field F' given by the
diagram (1.0.1). Equip G2 with the trivial I'-action. Then

H'(F,G5) = Hom(T', G2)/ ~,

where ~ is the conjugacy relation. Let [)] € H'(F,G2) be the class corresponding
to the homorphism ¢ € Hom(T", G3) defining E. Corresponding to the cohomology
class [)] there is a right G-torsor over F' which we will denote by T'(E). Consider Gy
as a subgroup of G(E) = SL|¢, |41 over F via its augmented regular representation
(the regular representation with an additional dimension to fix the determinant).
Let X(E) be quotient of G(E) x T'(E) via the diagonal action of G on the right,
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where we let G; act on T(E) via the homomorphism ¢. We will call X(E) the
classifying space of the embedding problem E. The left action of G(E) on the first
factor of the product G(E) x T'(E) descends uniquely to X (E) making the quotient
map G(E) x T(E) — X (E) into a G(E)-equivariant morphism.
Lemma 9.4. The following holds:
(7) with respect to the action defined above X (E) is a homogeneous space over
G(E), and the geometric stabiliser of X (E) is Ker(E),
(17) m(X(E)) = Ker(E),
(#i7) Grothendieck’s short exact sequence of étale fundamental groups for V =
1 — 5 Ker(E) I'(E) r 1,
the short exact sequence (1.3.1) associated to the embedding problem E.

Proof. Since the homomorphism ¢ is surjective, the base change X (E) is connected,
so the action of G(E) is transitive, and hence X (E) is a homogeneous space over
G(E). Moreover the geometric stabiliser of X (E) is the kernel of ¢, so the first
claim is clear. Since G(E) is simply connected, claim (ii) follows from (7). Now
fix an F-valued point 7 of X (E) and let 7 : m (X (E),n) — T be the surjection
supplied by the short exact sequence (9.2.1). Moreover let m; : m (X (E),n) = Gy
be the homomorphism corresponding to the Galois cover G(E) x T(E) — X (E).
Then 7 X 7o is injective by part (i¢). Since the composition ¢ o 7 is 1) o ma by
construction, we get that the image of m (X (E), n) with respect to m x m lies in
T'(E). As the projection 7o is surjective, and its kernel is isomorphic to Ker(E), we
get that the image of m x w2 is exactly I'(E). Claim (4¢4) is now clear. O

Definition 9.5. By part (ii7) of above Sec(X(E)/F) = Sol(E). Since G(E) is
simply connected, the section map is constant on the orbits of the action of G(E),
so sx(g),r furnishes a map:

or: X(E)(F)/GE)(F) — Sol(E).
Theorem 9.6. The map og is a bijection.

Proof. We may assume that Sol(E) # () without the loss of generality. Let s be an
arbitrary section of Grothendieck’s short exact sequence associated to X (E). The
image Im(s) of s is a closed subgroup of 71 (X (E), ) with finite index, and hence it is
an open subgroup, too. Let my : Xy — X (E) be the finite, étale cover corresponding
to this open subgroup, that is, for some choice of an F-valued base point v of X,
mapping to n the image of the homomorphism 7 (7s) : 71 (Xs,7) = (X (E),n)
induced by 74 is Im(s). Note that the base change of this cover to F is the universal
cover of X(E), so in particular X is isomorphic to G(E). Consider the following
commutative diagram:

o X

G(E) x X, e G(E) x X(E) —— > X(E)

. Y
ldG(E) Xy me

where mg is the action of G(E) on X(E). Since the product G(E) x X, is ge-
ometrically simply connected, the pull-back of the cover my with respect to the
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composition mg o (idg(g) X 7s) is constant. The restriction of the pull-back onto
Xs = {1} x X, where 1 € G(E) is the identity element, is the pull-back of 7
with respect to ms. Therefore it has a section, namely the diagonal map. Since the
pull-back onto G(E) x X is constant, this diagonal map has a unique extension
to a section on G(E) x X, which supplies a map m; : G(E) x Xy — X, making
the diagram above commutative and whose restriction onto Xy 2 {1} x X is the
identity map.

So in short, we get that the cover X is equipped with a right G(E)-action such
that 74 is G(E)-equivariant. Since the base change of this action to F is the usual

right action of G(E) on itself G(E) = X, we get that X, is a G(E)-torsor. Consider
the generalised I'-equivariant short exact sequence:

— — —%

1 — SL\G1|+1(F) E— GL|G1‘+1(F) F 1

of pointed sets equipped with a continuous I'-action. (Here continuous means that
the stabiliser of every point is open in I'.) The corresponding cohomological long
exact sequence of pointed sets is:

= GLig,111(F) = F* — H'(F,SLig,11(F)) = H'(F,GLig,|+1(F)) = -

By Hilbert’s theorem 90 for the general linear group the last term is zero. Since
the determinant is surjective, we get that the term H'(F, SLg,4+1(F)) = 0 is also
zero. Therefore every G(E)-torsor is trivial, and so X is isomorphic to G(E).
Note that s lies in sxg),r(x) for a rational point # € X (E) if and only if 2 has
an F-rational lift to X with respect to ms. By the above X (F') is non-empty for
every section s, so the map og is surjective. Now let z,y € X(E) be such that
sxm®)/F(x) = sx®)/r(y). Choose a representative s of this common conjugacy
class. As we already noted there are 2/,y’ € X (F) mapping under 7, to z,y,
respectively. Since X is the trivial G(E)-torsor, the points 2’ and y’ are in the
same G(E)-orbit. Since 7y is G(E)-equivariant, the same is true for z and y. We
get that og is injective, too. O

Definition 9.7. Let V be again a geometrically connected smooth F-variety. We
may calculate the étale cohomology groups H*(V,G,,) by considering all hyper-
coverings of V. One can restrict to only those that come from connected Galois
coverings of V' and thus get natural maps:

Pl Hi(m (V),F) — H(V,G,,),

where the action of the pro-finite group 1 (V') on F" is furnished via the projection
T (V) — I

Lemma 9.8. The map:

P B (m(X(®).F) — H(X(B), G,

is an tsomorphism for i =0,1,2.

Proof. By part (ii) of Lemma 9.4 we have 71 (X (E)) = Ker(E), and by part (i) we

have X(E) = G(E)/Ker(E). Consider the Hochschild-Serre spectral sequence:

HP (Ker(E), HY(GE), Gy)) = H*9(G(E) /Ker(E), Gr).
Now H(G(E),G,,) = F, and the edge homomorphism:

=t

H'(Ker(E),F') = H'(Ker(E), H*(G(E), G)) — H'(X(E), Gy),




The Brauer-Manin obstruction for the embedding problem 31

of this spectral sequence is pr Since G(E) = SL|q,|+1, we get that

(E)
Hl(@a Gm) = H2(mv(@m) =0

(for example because the étale homotopy type of G(E) is 2-connected). The claim
is now clear. O

Lemma 9.9. The natural map
Py Hi(m(X(E)),F) — H (X (E),Gyn)
is an tsomorphism for i =0,1,2.
Proof. The short exact sequence
1 —— Ker(E) —— m(X(E)) r 1
funishes a Hochschild—Serre spectral sequence:
HP(F,H(Ker(E),F")) = H**9(m (X(E)), F

There is also another Hochschild—Serre spectral sequence:

*

).

HP(F,HY(X(E),G,,)) = Herq(G(E)/Ker(E),F*).
There is a map from the first spectral sequence to the second (induced by the map
of étale topoi) such that the corresponding homomorphisms:

HP(m (X (E)), H!(Ker(E),F)) — H?(X(E),G,,)

of the ED'? terms are induced by the I'-module maps Since the latter are

q
Pxmy
isomorphisms for ¢ < 3 by Lemma 9.8, the claim follows. O

Notation 9.10. Recall that for any scheme V over a field F' the relative Brauer
group Br(V/F) is by definition the cokernel of the map

wy H2(SpeC(F)7Gm) — H2(V, Gm)

induced by the structural morphism V' — Spec(F). When V = X(E) then the
diagram:

H2(m1 (X (B)),F) e H2(X (E), Gy)
H2(,F),

is commutative, and hence the map pﬁ((E) induces an isomorphism
Br(E) — Br(X(E)/F)
by Lemma 9.9, which we will denote by fg.

Definition 9.11. Assume now that F' is a number field. Let V be a scheme
over a field F, and for every x € |F| let V, denote the base change of V to F,.
Let B(V/F) < Br(V/F) denote the set of all elements whose image under the map
Br(V/F) — Br(V,/F,) induced by the base change map H*(V, G,,,) — H?*(Vy, G,,)

is zero.

Lemma 9.12. The restriction of fr onto B(E) induces an isomorphism:
BE|B(E) : B(E) — B(X(E)/F).
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Proof. Note that the base change of X(E) to F, is X(E,) for every x € |X|. The
claim now immediately follows from the fact that the maps Sg and g, (for every
x € | X|) are all isomorphisms. O

Definition 9.13. Let V' be again a geometrically connected smooth F-variety. Let
() : V(K) x H(V,G,) — H'(Spec(K), G,,) = H(I',F")

denote the pairing which is the pull-back of the class in with respect to the section
Spec(K) — V corresponding to the K-rational point. Note that for every section
s : T — m(V,n) of the short exact sequence (9.2.1) and every ¢ € H(my (V), F")
the pull-back s*(c) € H(T, F*) only depends on the conjugacy class of s. Therefore

we have a well-defined pairing:
{-,-}: Sec(V/F) x H{(my(V),F) — H'(,F")

defined by taking the pull-back of the right argument with respect to some repre-
sentative of the left argument.

Lemma 9.14. The diagram:

V(K) x Hi(V,Gr) — 2 5T, F)

Sec(V/F) x Hi(my (V),F") AE H(T,F")
commutes.
Proof. The lemma is immediate from the naturality of the map pi, . O

Definition 9.15. We will continue to work under the assumptions of Definition
9.11, and to use the notation there. Assume that V,(F,) # 0 for every = € |F]|.
Let b € B(V/F) be arbitrary and choose a ¢ € H*(V, G,,) which maps to b under
the quotient map. For every z € |F| let ¢, € H?(V,,G,,) be the base change of ¢
to V. Note that for every [[, ¢ p P € [1oe|p| Va(F2) the sum:

> inve(pi(er)) € Q/Z

z€|F|
is finite, (i.e. all but finitely many summands are zero), and its value i(b) in Q/Z
only depends on b, not on the choice of ¢ or the p,. (See 6.2 of [15] why.) We
say that the unramified Brauer—Manin obstruction is the only one for the local—
global principle for a class of varieties over F' if for every V in the class such that
Vi (Fy) # 0 for every x € |F| the condition:

i(b)=0 (VbeB(V/F))
implies that V(F') is non-empty.

We will need the following crucial theorem due to Borovoi:

Theorem 9.16. The unramified Brauer—Manin obstruction is the only one for the
local-global principle for homogeneous spaces over geometrically simply connected
reductive groups with abelian geometric stabiliser.

Proof. See Theorem 2.2 of [1] on page 185. O
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Now we are ready to give a geometric

Proof of Theorem 1.1. Assume now that F' is a number field. As we already noted
we only need to show that Soly (E) # 0 implies that Sol(E) # 0. For the sake of
simple notation let X denote X (E) and for every v € |F| let X, denote the base
change of X to F,. Note that X, = X(E,) by construction. For every v € |F)|
there is a bijection:

og, : Xy(F,)/G(E;)(F,) — Sol(E,),

by Theorem 9.6, so our assumption implies that for every v € |F| the set X, (F,)
is non-empty. Note that i(Sg(b)) = 6r(b) for every b € B(E) by Lemmas 9.4 and
9.14, so the claim follows from Theorem 9.16 combined with Lemma 9.12. ]

In the rest of this section we want to apply our geometric construction to the
problem of exhibiting splitting varieties for Massey products. Such splitting va-
rieties were constructed by Hopkins and Wickelgren in [10] for order-3 Massey
products. Our more general construction will give splitting varieties for Massey
products of any order.

Definition 9.17. Let C* be a differential graded associative algebra with product
U, differential § : C* — C*™!, and cohomology H* = Ker(d)/Im(5). Choose an
integer n > 2 and let a1, as, . .., a, be a set of cohomology classes in H'. A defining
system for the order-n Massey product of ai,as,...,a, is a set a;; of elements of
Clfor1<i<j<mn+1and (i,j)# (1,n+ 1) such that

j—1
5(aij) = Z air U Qkj

k=i+1

and aq,aq,...,a, is represented by ai2,a23,...,an 1. We say that the order-n
Massey product of ai,aq,...,a, is defined if there exists a defining system. The
order-n Massey product (a1, as, ..., an>a” of a,as,...,a, with respect to the defin-
ing system a;; is the cohomology class of

n
E a1k U agnt1
k=2

in H2. Let (ay,az,...,a,) denote the subset of H? consisting of the order-n Massey
products of a1, as, ..., a, with respect to all defining systems.

Definition 9.18. Let e;; : Mat,, (Z/2Z) — Z/27Z be the function taking an n x n
matrix with coefficients in Z/27Z to its (¢, j)-entry. Let

U, = {U S Matn(Z/2Z) | eii(U) =1, eij(U) =0 (V 1> j)}

be the group of unipotent n x n matrices with coefficients in Z/2Z. Let I' again
denote the absolute Galois group of a field F', and let C* be now the differential
graded algebra of Z/2Z-cochains in continuous group cohomology. Then H! is
naturally isomorphic to Hom(T', Z/27Z). Given n homomorphisms

a;: T —Z/2Z (i=1,2,...,n),
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let E(ay,as,...,a,) denote the embedding problem:
r

lal Xag X Xan
Unis —— (Z/22)",
where ¢ is given by the rule U — (e12(U), ea5(U), ..., ennt1(U)).
We will need the following result due to Dwyer:

Theorem 9.19. The order-n Massey product (a1, as,...,a,) is defined and con-
tains 0 if and only if the embedding problem E(ay,as,...,a,) has a solution.

Proof. See Theorem 2.4 of [6]. O
Definition 9.20. Let
k: F* — HYT',2/27) = Hom(T, Z/27)

be the Kummer map associated to the short exact sequence:

0 —— Z/2Z 7o, 0

of I'-modules. Let aq,aq,...,a, € F* be arbitrary. We say that a variety X over
F is a splitting variety for the order-n Massey product (k(ay), k(az),...,k(a,)) if
X has an F-rational point if and only if (k(a1), k(a2),...,k(a,)) is defined and
contains 0. Let X (a1, a2, ...,a,) denote the classifying space for the embedding
problem E(x(a1), k(az),...,x(ay)).

One of the main results of [10] (Theorem 1.1) is the construction of a splitting
variety for the order-3 Massey product (k(a1), £(az), k(as)). However the existence
of such a variety is an easy consequence of our results:

Theorem 9.21. The construction X (a1,as,...,a,) s a splitting variety for the
order-n Massey product (k(a1), k(az),...,k(ay)).
Proof. This is an immediate consequence of Theorems 9.6 and 9.19. 0

10. A TRANSCENDENTAL COUNTER-EXAMPLE TO WEAK APPROXIMATION

By slight abuse of notation for every y € |F| let

*

Jy: H2(F(E)7F*) — HQ(FU(EU),FU)
denote the composition (1,). o (idg, X ty)*.

Lemma 10.1. Let E be an embedding problem over a global field F' such that
Solu(E) # 0. If there exists a place y € |F| and an element ¢ € H*(T(E), F") such
that the map

Sol(E,) — H*(T,,F,)
given by the rule:
= s(h)* (jy(c))
is not constant, then
Solf*(E) C Solu (E).
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Proof. Let h = [[,¢p ha € Sola(E) be an adelic solution. If (h,c) # 0 then
h & Sol*(E) by definition. Otherwise choose an h;, € Sol(E,) such that

s(hy,)" (jy () # s(hy)" (dy(c))-
Now for every « € |F| such that @ # y we set hy, = hg. Then b/ = [[,¢p i €
Sols (E) but
(1", ¢) = (h,¢) + s(hy)" (Jy () — 5(hy)" (Gy(c)) # 0.
O
Definition 10.2. Let E be an embedding problem over a global field F' described

by the diagram (1.0.1). We shall say that a place x € |F| splits in E if the restriction
Yot : [y — Go is trivial.

Lemma 10.3. Let E be an embedding problem over a global field F such that
Ker(E)q, = 0 and Soly (E) # 0. Let y € |F| be a place that splits in E, and assume
that the pairing:

(10.3.1)  Hom(T'y, Ker(E)) x H*(Ker(E), P Q,/Z,)" = H* (T, P Q,/Z,)
p#char(F) p#char(F)
given by the rule (a,c) — a*(c) is non-zero. Then we have:
Sol"(E) € Soly™ (E) = Sols(E).

Proof. For simplicity let
Hoo = @ @p/Zpu
p#char(F)
equipped with the trivial Ker(E)-action. Since Ker(E)q; = 0 we have
Sol" (E) = Sols(E)
by Theorem 4.10. Therefore it will be enough to show that
Sol¥*(E) C Sola(E).

Choose a pair (a,c) € Hom(T, Ker(E)) x H?(Ker(E), ioo)" such that a*(c) # 0.
Since Ker(E),, = 0 the map:

p: H*T(E),F) — H*Ker(E), j1oo)"

in the short exact sequence in Lemma 2.2 is surjective. Let é € H2(I'(E),F ) be
an element such p(¢) = c. Since y splits we have 'y (E) = Ker(E) x I, and Sol(E,)
is just Hom(T',, Ker(E)). We have a commutative diagram:

*

Sol(E,) x HX(I'(E),F') ——— H2(I',,F")

ETU l

Hom(T,, Ker(E)) x H?(Ker(E), too)t —— H?(T'y, tioo),

where the upper horizontal map is given by the rule:

(h,d) = s(h)"(4y(d))
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and the lower horizontal map is the pull-back with respect to homomorphisms.
The commutativity of the diagram above follows from the fact that for every b €
Hom(T',, Ker(E)) the diagram:

r, — (B —~1(E)

o o]

Iy x Ker(B) —/> Ker(E)

is commutative. Now let 0 € Hom(T'y, Ker(E)) be the trivial map. By the above
we have:

5(0(0))"(Jy(€)) = 07(c) = 0, s(a(a))* (jy(¢)) = a™(c) # O,
so by Lemma 10.1 we have:
Sol¥*(E) C Sola(E).
O

Proposition 10.4. Let E be an embedding problem over a number field F' such
that Ker(E)q, = 0 and Soly(E) # 0. Let y € |F| be a real place such that y splits
i E, and assume further that the pairing

(10.4.1) Hom(Z/27Z,Ker(E)) x H*(Ker(E),Z/27) — H*(Z/2Z,7./27)
given by the rule (a,c) — a*(c) is non-zero. Then we have:
Sol}"(E) € Sol™ (E) = Solx(E).
Proof. Because y is real we have I'y, = Z/27Z. Since y splits in E the group I'y acts
trivially on Ker(E), and so on the group H?(Ker(E),Z/27Z), and hence the pairing

in (10.4.1) is the same as the pairing in (10.3.1). So the claim follows from the
previous lemma. (I

Example 10.5. Let
(10.5.1) 1— As - 85 25 7/27. — 1

be the short exact sequence where ¢ the inclusion of As into S5. Consider now the
embedding problem over Q defined by the diagram:

r
(10.5.2) v|
S —2— 727

where the map ¢ corresponds to the extension Q(+/(d))/Q for some square free
positive integer d. Since (10.5.1) splits we have Sol(E) # 0. Moreover the unique
real place of Q splits in E, since d is positive. It is well known that A2’ is trivial and
H?(As5,Z) = Z/2Z. In fact the nontrivial element in H?(As,Z/27Z) corresponds to
the central extension:

1—Z/)2Z — 1 — A5 — 1,

where I is the binary icosahedral group. Now when pulling back by the map
7./27 — As sending 1 to (1,2)(3,4) we get the sequence

1 — Z,)27 —» 7.JAZ — 7.)27. —> 1



The Brauer-Manin obstruction for the embedding problem 37

which corresponds to the non-trivial element in H*(Z/27Z,7Z/2Z). So Proposition
10.4 implies that

Soly* (E) C SolP™ (E) = Sols(E).
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