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Abstract

We give a systematic description of a canonical renormalisation procedure of
stochastic PDEs containing nonlinearities involving generalised functions. This
theory is based on the construction of a new class of regularity structures which
comes with an explicit and elegant description of a subgroup of their group of
automorphisms. This subgroup is sufficiently large to be able to implement a
version of the BPHZ renormalisation prescription in this context. This is in
stark contrast to previous works where one considered regularity structures with
a much smaller group of automorphisms, which lead to a much more indirect and
convoluted construction of a renormalisation group acting on the corresponding
space of admissible models by continuous transformations.

Our construction is based on bialgebras of decorated coloured forests in coin-
teraction. More precisely, we have two Hopf algebras in cointeraction, coacting
jointly on a vector space which represents the generalised functions of the theory.
Two twisted antipodes play a fundamental role in the construction and provide a
variant of the algebraic Birkhoff factorisation that arises naturally in perturbative
quantum field theory.
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1 Introduction

In a series of celebrated papers [Ches4l [Ches7| [Che58| [Che71]] Kuo-Tsai Chen
discovered that, for any finite alphabet A, the family of iterated integrals of a
smooth path z : Ry — R4 has a number of interesting algebraic properties.
Writing I = T(R?) for the tensor algebra on R4, which we identify with the space
spanned by all finite words {(a; - - - an)}n>0 With letters in A, we define the family
of functionals X, ; on I inductively by

def def

t
Xs,t() =1, Xs,t(al Ceap) = / Xs,u(al CQp-1) ian(u) du

where 0 < s < t. Chen showed that this family yields for fixed s, ¢ a character on
J endowed with the shuffle product 11, namely

Xs (v W w) = X 1(0) X 1(w), (1.1)
which furthermore satisfies the flow relation

(Xs,r & Xr,t)AT = Xs,tTa s<r<t,
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where A : J — I ® T is the deconcatenation coproduct
n
Alay -+ ap) = Z(al“'ak)®(ak+1“'an) :
k=0

In other words, we have a function (s,t) — X, ; € I which takes values in the
characters on the algebra (9, LU) and satisfies the Chen relation

Xs,r * Xr,t = Xs,h s<r<t, (1.2)

where * is the product dual to A. Note that I, endowed with the shuffle product
and the deconcatenation coproduct, is a Hopf algebra.

These two remarkable properties do not depend explicitly on the differentiability
of the path (z;);>0. They can therefore serve as an important tool if one wants
to consider non-smooth paths and still build a consistent calculus. This intuition
was at the heart of Terry Lyons’ definition [Lyog8| of a geometric rough path as a
function (s,t) — X, ; € ™ satisfying the two algebraic properties above and with
a controlled modulus of continuity, for instance of Holder type

Xsar - an)| < Ot — s[", (1.3)

with some fixed v > 0 (although the original definition involved rather a p-variation
norm, which is natural in this context since it is invariant under reparametrisation
of the path z, just like the definition of X). Lyons realised that this setting would
allow to build a robust theory of integration and of associated differential equations.
For instance, in the case of stochastic differential equations of Stratonovich type

dX; = o(X;) o dW;

with W : Ry — R? a d-dimensional Brownian motion and ¢ : R? — R? @ R?
smooth, one can build rough paths X and W over X, respectively W, such that
the map W — X is continuous, while in general the map W — X is simply
measurable.

The Itd stochastic integration was included in Lyons’ theory although it can not
be described in terms of geometric rough paths. A few years later Massimiliano
Gubinelli [Gubiol introduced the concept of a branched rough path as a func-
tion (s,t) — X ; € #* taking values in the characters of an algebra (%, -) of
rooted forests, satisfying the analogue of the Chen relation ([=) with respect to the
Grossman-Larsson x-product, dual of the Connes-Kreimer coproduct, and with a
regularity condition

X ()| < CJt— s (1.4)

where |7| counts the number of nodes in the forest 7 and v > 0 is fixed. Again,
this framework allows for a robust theory of integration and differential equations
driven by branched rough paths. Moreover ', endowed with the forest product and
Connes-Kreimer coproduct, turns out to be a Hopf algebra.
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The theory of regularity structures [Hai14], due to the second named author
of this paper, arose from the desire to apply the above ideas to (stochastic) partial
differential equations (SPDEs) involving non-linearities of (random) space-time
distributions. Prominent examples are the KPZ equation [Hai13} [FH14l |GP17],
the ®* stochastic quantization equation [JLM85}, [ARg1, [DPDo3}, Hai14}, [CC13]
Kup16|], the continuous parabolic Anderson model [HL15b, HL15al |GIP15], and
the stochastic Navier-Stokes equations [DPDo2,[ZZ15]].

One apparent obstacle to the application of the rough paths framework to such
SPDEs is that one would like to allow for the analogue of the map s — X ;7
to be a space-time distribution for some 7 € #. However, the algebraic relations
discussed above involve products of such quantities, which are in general ill-defined.
One of the main ideas of [Hai14] was to replace the Hopf-algebra structure with
a comodule structure: instead of a single space #, we have two spaces (J,J.)
and a coaction AT : I — J ® T such that F is a right comodule over the Hopf
algebra I . In this way, elements in the dual space I * of I are used to encode the
distributional objects which are needed in the theory, while elements of I encode
continuous functions. Note that I admits neither a product nor a coproduct in
general.

However, the comodule structure allows to define the analogue of a rough path
as a pair: consider a distribution-valued continuous function

RISy~ TI, €T @D RY,
as well as a continuous function

R? X R? 3 (2,9) > Yuy € T
The analogue of the Chen relation ({I2) is then given by

Yoy * Vyz = Vaz » ILy x vy, =11, , (1.5)

where the first x-product is the convolution product on J, while the second *-
product is given by the dual of the coaction A™. This structure guarantees that
all relevant expressions will be linear in the II,, so we never need to multiply
distributions. To compare this expression to (I2), think of (IL,7)(-) € @’ (RY) for
T € J as being the analogue of z — X (7). Note that the algebraic conditions
(T-3) are not enough to provide a useful object: analytic conditions analogous to
[T-4) play an essential role in the analytical aspects of the theory. Once a model
X = (II,~) has been constructed, it plays a role analogous to that of a rough
path and allows to construct a robust solution theory for a class of rough (partial)
differential equations.

In various specific situations, the theory yields a canonical lift of any smoothened
realisation of the driving noise for the stochastic PDE under consideration to a model
X¢. Another major difference with what one sees in the rough paths setting is the
following phenomenon: if we remove the regularisation as € — 0, neither the
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canonical model X® nor the solution to the regularised equation converge in general
to a limit. This is a structural problem which reflects again the fact that some
products are intrinsically ill-defined.

This is where renormalisation enters the game. It was already recognised in
[Hai14] that one should find a group fR of transformations on the space of models
and elements M, in R in such a way that, when applying M, to the canonical lift X®,
the resulting sequence of models converges to a limit. Then the theory essentially
provides a black box, allowing to build maximal solutions for the stochastic PDE in
question.

One aspect of the theory developed in [Hai14] that is far from satisfactory is
that while one has in principle a characterisation of fA, this characterisation is very
indirect. The methodology pursued so far has been to first make an educated guess
for a sufficiently large family of renormalisation maps, then verify by hand that
these do indeed belong to R and finally show, again by hand, that the renormalised
models converge to a limit. Since these steps did not rely on any general theory,
they had to be performed separately for each new class of stochastic PDEs.

The main aim of the present article is to define an algebraic framework allowing
to build regularity structures which, on the one hand, extend the ones built in
[Hai14]] and, on the other hand, admit sufficiently many automorphisms (in the
sense of [Hai14}, Def. 2.28]) to cover the renormalisation procedures of all subcritical
stochastic PDEs that have been studied to date.

Moreover our construction is not restricted to the Gaussian setting and applies to
any choice of the driving noise with minimal integrability conditions. In particular
this allows to recover all the renormalisation procedures used so far in applications
of the theory [Haii4), [HP15, HQ15, |[HS15, [Hos16, ISX16]]. It reaches however far
beyond this and shows that the BPHZ renormalisation procedure belongs to the
renormalisation group of the regularity structure associated to any class of subcrit-
ical semilinear stochastic PDEs. In particular, this is the case for the generalised
KPZ equation which is the most natural stochastic evolution on loop space and is
(formally!) given in local coordinates by

Ou® = P2u® + Iy, (W, 0t + 0P (W) &; (1.6)

where the &; are independent space-time white noises, ng are the Christoffel
symbols of the underlying manifold, and the o; are a collection of vector fields with
the property that > _, L?,i = A, where L, is the Lie derivative in the direction of o
and A is the Laplace-Beltrami operator. Another example is given by the stochastic
sine-Gordon equation [HS16] close to the Kosterlitz-Thouless transition. In both
of these examples, the relevant group describing the renormalisation procedures
is of very large dimension (about 100 in the first example and arbitrarily large
in the second one), so that the verification “by hand” that it does indeed belong
to the “renormalisation group” as done for example in [Haii4, [HP15]], would be
impractical.

In order to describe the renormalisation procedure of SPDEs we introduce a
new construction of an associated regularity structure, that will be called extended
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since it contains a new parameter which was not present in [Hai14], the extended
decoration. As above, this yields spaces (7, J*), such that I is a Hopf
algebra and J** a right comodule over J*. The renormalisation procedure of
distributions coded by J* is then descrlbed by another Hopf algebra J** and
coactions Ag, : T — T @ T and A, : T — T @ T turning both T
and T into left comodules over J*. This construction is, crucially, compatible
with the comodule structure of I over I~ in the sense that A, and Af, are in
cointeraction in the terminology of [Foi16]], see formulae (3.48)-(5.26) and Remark
[3.28|below. Once this structure is obtained, we can define renormalised models as
follows given a functional g : 7 — R and a model X = (II, ), we construct a
new model XY by setting

Ve: = (9 ® V22) A » I = (g @ I,)A .

The cointeraction property then guarantees that X9 satisfies again the generalised
Chen relation (T3). Furthermore, the action of I on J** and T} is such that,
crucially, the associated analytical conditions automatically hold as well.

All the coproducts and coactions mentioned above are a priori different operators,
but we describe them in a unified framework as special cases of a contraction /
extraction operation of subforests, as arising in the BPHZ renormalisation procedure
/ forest formula [BP57, Hep6g| [Zim6g|, [FMRS85]. It is interesting to remark that
the structure described in this article is an extension of that previously described in
[CHVos5,ICHV10,/CEFM11] in the context of the analysis of B-series for numerical
ODE solvers, which is itself an extension of the Connes-Kreimer Hopf algebra
of rooted trees [CKg8| ICKoo] arising in the abovementioned forest formula in
perturbative QFT. It is also closely related to incidence Hopf algebras associated to
families of posets [Sch87, Scho4].

There are however a number of substantial differences with respect to the existing
literature. First we propose a new approach based on coloured forests; for instance
we shall consider operations like

NN Y NCN Y
X K Le T V.. o\

of colouring, extraction and contraction of subforests. Further, the abovementioned
articles deal with two spaces in cointeraction, analogous to our Hopf algebras
I and T*, while our third space I** is the crucial ingredient which allows for
dlstrlbutlons in the analytical part of the theory. Indeed, one of the main novelties
of regularity structures is that they allow to study random distributional objects in a
pathwise sense rather than through Feynman path integrals / correlation functions
and the space I encodes the fundamental bricks of this construction. Another
important difference is that the structure described here does not consist of simple
trees / forests, but they are decorated with multiindices on both their edges and their
vertices. These decorations are not inert but transform in a non-trivial way under
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our coproducts, interacting with other operations like the contraction of sub-forests
and the computation of suitable gradings.

In this article, Taylor sums play a very important role, just as in the BPHZ
renormalisation procedure, and they appear in the coactions of both T * (the renor-
malisation) and T~ (the recentering). In both operations, the group elements used
to perform such operations are constructed with the help of a twisted antipode, pro-
viding a variant of the algebraic Birkhoff factorisation that was previously shown to
arise naturally in the context of perturbative quantum field theory, see for example
[Kreg8, |CKg8| ICKoo| I(CKo1l EFGKo4, (Guo1a].

In general, the context for a twisted antipode / Birkhoft factorisation is that of
a group G acting on some vector space A which comes with a valuation. Given
an element of A, one then wants to renormalise it by acting on it with a suitable
element of GG in such a way that its valuation vanishes. In the context of dimensional
regularisation, elements of A assign to each Feynman diagram a Laurent series in
a regularisation parameter €, and the valuation extracts the pole part of this series.
In our case, the space A consists of stationary random linear maps IT: T — €>°
and we have rwo actions on it, by the group of characters €% of T*, corresponding
to two different valuations. The renormalisation group €%* is associated to the
valuation that extracts the value of E(II7)(0) for every homogeneous element
T € I of negative degree. The structure group * on the other hand is associated
to the valuations that extract the values (IIT)(x) for all homogeneous elements
T € I of positive degree.

We show in particular that the twisted antipode related to the action of €¢* is
intimately related to the algebraic properties of Taylor remainders. Also in this
respect, regularity structures provide a far-reaching generalisation of rough paths,
expanding Massimiliano Gubinelli’s investigation of the algebraic and analytic
properties of increments of functions of a real variable achieved in the theory of
controlled rough paths [|Gubo4]].

1.1 A general renormalisation scheme for SPDEs

Regularity Structures (RS) have been introduced [[Hai14]] in order to solve singular
SPDE:s of the form
Owu = Au + F(u, Vu,§)

where © = u(t, z) with t > 0 and 2 € R?, ¢ is a random space-time Schwartz dis-
tribution (typically stationary and approximately scaling-invariant at small scales)
driving the equation and the non-linear term F'(u, Vu, £) contains some products
of distributions which are not well-defined by classical analytic methods. We write
this equation in the customary mild formulation

u =G *(F(u, Vu,§)) (1.7)

where G is the heat kernel and we suppose for simplicity that u(0, -) = 0.
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If we regularise the noise £ by means of a family of smooth mollifiers (¢%):~0,
setting £° := 0° x &, then the regularised PDE

u® =G * (F(u”, Vu®, )

is well-posed under suitable assumptions on F'. However, if we want to remove
the regularisation by letting ¢ — 0, we do not know whether u® converges. The
problem is that £ — ¢ in a space of distributions with negative (say) Sobolev
regularity, and in such spaces the solution map £° — u® is not continuous.

The theory of RS allows to solve this problem for a class of equations, called
subcritical. The general approach is as in Rough Paths (RP): the discontinuous
solution map

'R 3 € — uf € D'(RY
is factorised as the composition of two maps:
PRHYSE X e, XE = uf = (X°) € B'(RY),

where (. ,d) is a metric space that we call the space of models. The main
point is that the map ® : .# — P'(R%) can be chosen in such a way that its is
continuous, even though . is sufficiently large to allow for elements exhibiting
a local scaling behaviour compatible with that of £&. Of course this means that
&° +— X is discontinuous in general. In RP, the analogue of the model X¢ is the
lift of the driving noise as a rough path, the map & is called the It6-Lyons map,
and its continuity (due to T. Lyons [Lyog8]]) is the cornerstone of the theory. The
construction of ® : . #Z — &’ (Rd) in the general context of subcritical SPDEs is
one of the main results of [Hai14].

The construction of ®, although a very powerful tool, does not solve alone
the aforementioned problem, since it turns out that the most natural choice of X¢,
which we call the canonical model, does in general not converge as we remove the
regularisation by letting € — 0. It is necessary to modify, namely renormalise, the
model X¢ in order to obtain a family X¢ which does converge in .# as ¢ — 0 to
a limiting model X. The continuity of ® then implies that 4° := ®(X¢) converges
to some limit & := <I>(§§), which we call the renormalised solution to our equation,
see Figure A very important fact is that 4° is itself the solution of a renormalised
equation, which differs from the original equation only by the presence of additional
local counterterms, the form of which can be derived explicitly from the starting
SPDE, see [BCCH17|].

The transformation X¢ — X¢ is described by the so-called renormalisation
group. The main aim of this paper is to provide a general construction of the space
of models .# together with a group of automorphisms 6_ > S : .# — .# which
allows to describe the renormalised model X¢ = S.X¢ for an appropriate choice of
S.€6_.

Starting with the gp§ equation and the Parabolic Anderson Model in [Hai14]], sev-
eral equations have already been successfully renormalised with regularity struc-
tures [Hai16bl, [HL15a, [HL15b, [HP15, HQ15s) [HS16l HS15| [SX16]. In all these
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Figure 1: In this figure we show the factorisation of the map £° — «° into
& — X& = (X% = uf. We also see that in the space of models .Z we
have several possible lifts of £¢ € S/(R%), e.g. the canonical model X¢ and the
renormalised model X¢; it is the latter that converges to a model X, thus providing
a lift of £. Note that 4¢ = ®(X¢) and @ = ®(X).

cases, the construction of the renormalised model and its convergence as the regu-
larisation is removed are based on ad hoc arguments which have to be adapted to
each equation. The present article, together with the companion “analytical” article
[CH16] and the work [BCCH17|, complete the general theory initiated in [Hai14]
by proving that virtually everyé subcritical equation driven by a stationary noise
satisfying some natural bounds on its cumulants can be successfully renormalised
by means of the following scheme:
e Algebraic step: Construction of the space of models (., d) and renormalisation
of the canonical model .# > X¢ — X¢ € ., this article.
e Analytic step: Continuity of the solution map @ : .#Z — 9’ (Rd), [Hai14]].
e Probabilistic step: Convergence in probability of the renormalised model Xe
to X in (., d), [CH16].
o Second algebraic step: ldentification of <I>(§§5) with the classical solution map
for an equation with local counterterms, [BCCH17].
We stress that this procedure works for very general noises, far beyond the Gaussian
case.

IThere are some exceptions that can arise when one of the driving noises is less regular than white
noise. For example, a canonical solution theory for SDEs driven by fractional Brownian motion can
only be given for H > i, even though these equations are subcritical for every H > 0. See in

particular the assumptions of [CH16, Thm 2.14].
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1.2 Overview of results

We now describe in more detail the main results of this paper. Let us start from
the notion of a subcritical rule. A rule, introduced in Definition [57] below, is
a formalisation of the notion of a “class of systems of stochastic PDEs”. More
precisely, given any system of equations of the type (1-7), there is a natural way
of assigning to it a rule (see Section [5.4] for an example), which keeps track of
which monomials (of the solution, its derivatives, and the driving noise) appear
on the right hand side for each component. The notion of a subcritical rule, see
Definition translates to this general context the notion of subcriticality of
equations which was given more informally in [Hai14), Assumption 8.3].

Suppose now that we have fixed a subcritical rule. The first aim is to construct
an associated space of models .#Z°*. The superscript ‘ex’ stands for extended
and is used to distinguish this space from the restricted space of models .#, see
Definition which is closer to the original construction of [Haii4l]. The
space .# % extends . in the sense that there is a canonical continuous injection
M — M, see Theorem[6.32] The reason for considering this larger space is that
it admits a large group €%* of automorphisms in the sense of [Haii4] Def. 2.28]
which can be described in an explicit way. Our renormalisation procedure then
makes use of a suitable subgroup §_ C €% which leaves .# invariant. The
reason why we do not describe its action on .# directly is that although it acts by
continuous transformations, it no longer acts by automorphisms, making it much
more difficult to describe without going through .Z¢*.

To define .#*, we construct a regularity structure (7%, 6¢") in the sense of
[Hai1gl Def. 2.1]. This is done in Section [5] see in particular Definitions
and Proposition The corresponding structure group 65" is constructed
as the character group of a Hopf algebra J*, see (5.23), Proposition [5.34] and
Definition The vector space J** is a right-comodule over T, namely there
are linear operators

AJerx S gex _ grex ® gjr:x, AJerx . gjr:x SN gﬁx ® gﬁx’
such that the identity

(d ® AL)AL = (AL, @ id)AL (1.8)

ex ?

holds both between operators on J** and on J{*. The fact that the two operators
have the same name but act on different spaces should not generate confusion since
the domain is usually clear from context. When it isn’t, as in (1.8)), then the identity
is assumed by convention to hold for all possible meaningful interpretations.

Next, the renormalisation group €% is defined as the character group of the
Hopf algebra T*, see (523), Proposition and Definition The vector
spaces J** and J* are both left-comodules over T, so that €** acts on the left
on I and on J{*. Again, this means that we have operators

N H - TSQH,  He{T™THT¥}
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such that
(ld & AEX)AEX = (Agx & ld)Agx

The action of €% on the corresponding dual spaces is given by
(Gh)(T) = (g@ AT, heH"', T, gec €.

Crucially, these separate actions satisfy a compatibility condition which can be
expressed as a cointeraction property, see in Theorem [5-37, which implies
the following relation between the two actions above:

g(hf) = (gh)(gf)a h € %*’ g e (g?(’ f € @33(, #H € {gex,gix s (19)

see Proposition [3:33] and (527). This result is the algebraic linchpin of Theo-
rem where we construct the action of €°* on the space .Z* of models.

The next step is the construction of the space of smooth models of the regularity
structure (F*,6%). This is done in Definition [6.6 where we follow [Hai14]
Def. 2.17], with the additional constraint that we consider smooth objects. Indeed,
we are interested in the canonical model associated to a (regularised) smooth noise,
constructed in Proposition and Remark[6.12] and in its renormalised versions,
namely its orbit under the action of €%, see Theorem

Finally, we restrict our attention to a class of models which are random, stationary
and have suitable integrability properties, see Definition In this case, we can
define a particular deferministic element of €%* that gives rise to what we call the
BPHZ renormalisation, by analogy with the corresponding construction arising in
perturbative QFT [BP357, [Hep69, [Zim6g, [FMRS85]], see Theorem We show
that the BPHZ construction yields the unigue element of ‘€% such that the associated
renormalised model yields a centered family of stochastic processes on the finite
family of elements in I with negative degree. This is the algebraic step of the
renormalisation procedure.

This is the point where the companion analytical paper [CH16] starts, and then
goes on to prove that the BPHZ renormalised model does converge in the metric d on
M , thus achieving the probabilistic step mentioned above and thereby completing
the renormalisation procedure.

The BPHZ functional is expressed explicitly in terms of an interesting map
that we call negative twisted antipode by analogy to [CKggl, see Proposition [6.5]
and (6.24). There is also a positive twisted antipode, see Proposition which
plays a similarly important role in (6.11). The main point is that these twisted
antipodes encode in the compact formulae and a number of nontrivial
computations.

How are these spaces and operators defined? Since the analytic theory of [Hai14]]
is based on generalised Taylor expansions of solutions, the vector space J* is
generated by a basis which codes the relevant generalised Taylor monomials, which
are defined iteratively once arule (i.e. a system of equations) is fixed. Definitions[s.8]
and ensure that 7 is sufficiently rich to allow one to rewrite (T77) as a
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fixed point problem in a space of functions with values in our regularity structure.
Moreover J°* must also be invariant under the actions of €%*. This is the aim of
the construction in Sections 2, 3]and [4} that we want now to describe.

The spaces which are constructed in Section [5]depend on the choice of a number
of parameters, like the dimension of the coordinate space, the leading differential
operator in the equation (the Laplacian being just one of many possible choices),
the non-linearity, the noise. In the previous sections we have built universal objects
with nice algebraic properties which depend on none of these choices, but for the
dimension of the space, namely an (arbitrary) integer number d fixed once for all.

The spaces T*, T and T are obtained by considering repeatedly suitable
subsets and suitable guotients of two initial spaces, called §; and §2 and defined in
and after Definition -1 more precisely, § is the ancestor of I and T*, while §»
is the ancestor of J*. In Section [4] we represent these spaces as linearly generated
by a collection of decorated forests, on which we can define suitable algebraic
operations like a product and a coproduct, which are later inherited by 7, T*
and I (through other intermediary spaces which are called #,, #; and 72’2). An
important difference between J* and J* is that the former is linearly generated
by a family of forests, while the latter is linearly generated by a family of trees; this
difference extends to the algebra structure: I * is endowed with a forest product
which corresponds to the disjoint union, while T{* is endowed with a tree product
whereby one considers a disjoint union and then identifies the roots.

The content of Section[g]is based on a specific definition of the spaces §1 and §».
In Sections 2 and [3however we present a number of results on a family of spaces
(84)ier with I C N, which are supposed to satisfy a few assumptions; Section [
is therefore only a particular example of a more general theory, which is outlined
in Sections @ and 3} In this general setting we consider spaces §; of decorated
forests, and vector spaces (§;) of infinite series of such forests. Such series are not
arbitrary but adapted to a grading, see Section 23}, this is needed since our abstract
coproducts of Definition [3-3] contain infinite series and might be ill-defined if were
to work on arbitrary formal series.

The family of spaces (§;);cr are introduced in Definition [3712] on the basis of
families of admissible forests 2(;, ¢ € I. If (2;);cr satisfy Assumptions 0, 2} [3} [4}
and [6] then the coproducts A; of Definition [J-3) are coassociative and moreover
A; and A; for i < j are in cointeraction, see (3.27). As already mentioned, the
cointeraction property is the algebraic formula behind the fundamental relation
(T-9) between the actions of €$* and €% on J{*. Appendix [Alcontains a summary
of the relations between the most important spaces appearing in this article, while
Appendix Bl contains a symbolic index.
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2 Rooted forests and bigraded spaces

Given a finite set .S and a map £: .S — N, we write

ne H Ux)!,

zeS

and we define the corresponding binomial coefficients accordingly. Note that if ¢;
and /5 have disjoint supports, then ({1 + ¢)! = ¢1!45!. Givenamap 7: S — S,
we also define 7,/: S — N by 7,4(z) = > yen—1() L)

For k, ¢ : S — N we define
k def k(l’)
()= I (i)
€S

with the convention (’;) = O unless 0 < ¢ < k, which will be used throughout the
paper. With these definitions at hand, one has the following slight reformulation of
the classical Chu-Vandermonde identity.

Lemma 2.1 (Chu-Vandermonde) For every k: S — N, one has the identity

=)=

where the sum runs over all possible choices of £ such that 7,0 is fixed. O

Remark 2.2 These notations are also consistent with the case where the maps &
and ¢ are multi-index valued under the natural identification of a map S — N¢ with
amap S x {1,...,00} — N given by 4(z); <> l(x, 7).

2.1 Rooted trees and forests

Recall that a rooted tree 7' is a finite tree (a finite connected simple graph without
cycles) with a distinguished vertex, o = g7, called the root. Vertices of T, also
called nodes, are denoted by N = Np and edges by E = Er C N?2. Since we
want our trees to be rooted, they need to have at least one node, so that we do not
allow for trees with N7 = @. We do however allow for the trivial tree consisting
of an empty edge set and a vertex set with only one element. This tree will play a
special role in the sequel and will be denoted by e. We will always assume that our
trees are combinatorial meaning that there is no particular order imposed on edges
leaving any given vertex.
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Given a rooted tree 7', we also endow N7 with the partial order < where w < v
if and only if w is on the unique path connecting v to the root, and we orient edges
in Er so that if (x,y) = (x — y) € Er, then x < y. In this way, we can always
view a tree as a directed graph.

Two rooted trees T and T” are isomorphic if there exists a bijection t: Ep — Eqv
which is coherent in the sense that there exists a bijection ¢y : N7 — N7 such that
uz,y) = (ty(x), Ly (y)) for any edge (x,y) € e and such that the roots are mapped
onto each other.

We say that a rooted tree is typed if it is furthermore endowed with a function
t: Er — £, where £ is some finite set of types. We think of £ as being fixed once
and for all and will sometimes omit to mention it in the sequel. In particular, we
will never make explicit the dependence on the choice of £ in our notations. Two
typed trees (7', t) and (1”,t') are isomorphic if 7" and T" are isomorphic and t is
pushed onto t’ by the corresponding isomorphism ¢ in the sense that t' o ¢ = t.

Similarly to a tree, a forest F' is a finite simple graph (again with nodes N
and edges Er C NI%) without cycles. A forest I is rooted if every connected
component 7" of F'is a rooted tree with root g7. As above, we will consider forests
that are typed in the sense that they are endowed with a map t: Fr — £, and we
consider the same notion of isomorphism between typed forests as for typed trees.
Note that while a tree is non-empty by definition, a forest can be empty. We denote
the empty forest by either 1 or ().

Given a typed forest F', a subforest A C F' consists of subsets F4 C Er and
N4 C Np such that if (x,y) € FE4 then {z,y} C N4. Types in A are inherited
from F. A connected component of A is a tree whose root is defined to be the
minimal node in the partial order inherited from F'. We say that subforests A and
B are disjoint, and write AN B = @, if one has Ny N Np = @ (which also implies
that E4 N Ep = ). Given two typed forests F, G, we write F' LI GG for the typed
forest obtained by taking the disjoint union (as graphs) of the two forests F' and
G and adjoining to it the natural typing inherited from F' and G. If furthermore
A C F and B C G are subforests, then we write A LI B for the corresponding
subforest of F' LI G.

We fix once and for all an integer d > 1, dimension of the parameter-space R%.
We also denote by Z(£) the free abelian group generated by £.

2.2 Coloured and decorated forests

Given a typed forest F', we want now to consider families of disjoint subforests of
F, denoted by (Fj,7 > 0). It is convenient for us to code this family with a single
function F': Fr U Nr — N as given by the next definition.

Definition 2.3 A coloured forest is a pair (F, E") such that
1. FF=(FEp, Np,t) is a typed rooted forest
2. P:’: Er I_lNF - N is such that if F(e) # (0 for e = (z,y) € Ep then
F(z) = F(y) = F(e).
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We say that Fisa colouring of I'. For v > 0, we define the subforest of F’
F;=(E;, Ny, Ei=F'@ONEp, N;=F'@0nNr,
as well as ' = Uiso E;. We denote by € the set of coloured forests.

The condition on £’ guarantees that every F} is indeed a subforest of F for i > 0
and that they are all disjoint. On the other hand, '~1(0) is not supposed to have
any particular structure and 0 is not counted as a colour.

Example 2.4 This is an example of a forest with two colours: red for 1 and blue
for 2 (and black for 0)

L / L3
) .\I< /. \\ /\/ e o
wh= X X/ .

QA3 QA4

We then have F} = F=1(1) = A; U As and Fy = F~1(2) = Ay U Ay.
The set € is a commutative monoid under the forest product
(F,F)-(G,&)=(FUG, F + @), (2.1)

where colouringss defined on one of the forests are extended to the disjoint union by
setting them to vanish on the other forest. The neutral element for this associative
product is the empty coloured forest 1.

We add now decorations on the nodes and edges of a coloured forest. For this,
we fix throughout this article an arbitrary “dimension” d € N and we give the
following definition.

Definition 2.5 We denote by § the set of all 5-tuples (F/, F, n, 0, ¢) such that
1. (F, F ) € €is a coloured forest in the sense of Definition 273}
2. Onehasn: Np — N¢
3. One has 0: Np — Z & Z(£) with supp o C supp F.
4. One has ¢: Ep — N% with suppe C {e € Ef : F(e) = 0} = Ep\ E.

Remark 2.6 The reason why o takes values in the space Z? @ Z(£) will become
apparent in (3:33) below when we define the contraction of coloured subforests and
its action on decorations.

We identify (F, F',n,0,¢) and (F’, F’,n,0’,¢) whenever F is isomorphic to
F, the corresponding isomorphism maps F' to F’ and pushes the three decoration
functions onto their counterparts. We call elements of § decorated forests. We will
also sometimes use the notation (F, F)™° instead of (F, F',n, 0, ¢).
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Example 2.7 Let consider the decorated forest (F) 2 ,M,0,¢) given by

#(8), e(8)

(n(k), o)) (0D, 0®)  (n(m), 0(m))

€(10), ¢(10)

#(13), ¢(13)

n(d), o(d)

In this figure, the edges in Er are labelled with the numbers from 1 to 13
and the nodes in Ny with the letters {a,b,c, f,e, fig.h. i, 5,k lm, p}. We set

F~Y1) = {b,d,e,j, k} U{3,4,9} (red subforest), F~1(2) = {a,c, f,g,l,m} U
{2,5,6,11,12} (blue subforest), and on all remaining (black) nodes and edges a
is set equal to 0. Every edge has a type t € £, but only black edges have a possibly
non-zero decoration ¢ € N?. All nodes have a decoration n € N¢, but only coloured
nodes have a possibly non-zero decoration 0 € Z¢ & Z(£).

Example [277)is continued in Examples [3-2} [3-4] and

Definition 2.8 For any coloured forest (F, F), we define an equivalence relation ~
on the node set Ny by saying that x ~ y if x and y are connected in F; this is the
smallest equivalence relation for which = ~ y whenever (z,y) € E.

Definition[z.8 will be extended to a decorated forest (F, F', n, 0, ¢) in Definition|[3.18]
below.

Remark 2.9 We want to show the intuition behind decorated forests. We think of
each 7 = (F, F',n, 0, ¢) as defining a function on RHNF in the following way. We
associate to each type t € £ a kernel ¢ : R? — R and we define the domain

def

Up ={z e RHYNF . g, =2, if v~ wh,

where ~ is the equivalence relation of Definition 2.8l Then we set H,, € €>°(Up),

Hy(zp,ve Np) = [ @)™ [ 0pwe@u—1),  (22)
vENF e:(u,v)GEF\E'

where, for z = (z!,...,2%) e R, n = (n',...,n% e N% and ¢ € €°(R%)
x

d
@" [, =00 0%p e BXRY.

In this way, a decorated forest encodes a function: every node in N/ ~ represents
a variable in R%, every uncoloured edge of a certain type t a function ©y(e) of the
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difference of the two variables sitting at each one of its nodes; the decoration n(v)
gives a power of x,, and e(e) a derivative of the kernel py,).

In this example the decoration o plays no role; we shall see below that it allows to
encode some additional information relevant for the various algebraic manipulations

we wish to subject these functions to, see Remarks [377] and below
for further discussions.

Remark 2.10 Every forest ' = (N, E'r) has a unique decomposition into non-
empty connected components. This property naturally extends to decorated forests
(F,F,n,o0,¢), by considering the connected components of the underlying forest F’
and restricting the colouring F and the decorations n, o, e.

Remark 2.11 Starting from Section[f] we are going to consider a specific situation
where there are only two colours, namely F - {0,1,2}; all examples throughout
the paper are in this setting. However the results of Sections 2 and [3]are stated and
proved in the more general setting F — N without any additional difficulty.

2.3 Bigraded spaces and triangular maps

It will be convenient in the sequel to consider a particular category of bigraded
spaces as follows.

Definition 2.12 For a collection of vector spaces {V;, : n € N?}, we define the

vector space
v-Fv.
neN?

as the space of all formal sums ZnENQ v, With v,, € V,, and such that there exists
k € N such that v, = 0 as soon as ny > k. Given two bigraded spaces V' and W,
we write V' & W for the bigraded space

vowd [ P vmewy|. (23)
neN?

m+l=n

One has a canonical inclusion V @ W C V & W given by
<va>®<2wg>»—>z< Z Um®U)g>, U € Vi, wp € Wy
m Y4 n m-+l=n
However in general V' & W is strictly larger since its generic element has the form
> ( > v,t;®wg>, v, € Vo, wj € We.
n m+l=n

Note that all tensor products we consider are algebraic.
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Definition 2.13 We introduce a partial order on N? by
(my, mg2) > (n1,n2) < my > ny & mg <ny.

Given two such bigraded spaces V and V/, a family {Amn}m,neN2 of linear maps
Apn + Vo =V, is called triangular if A,,,, = 0 unless m > n.

Lemma 2.14 Let V and V be two bigraded spaces and {Amn} i nen? a triangular
family of linear maps Ay, : Vi, — Vyn. Then the map

AvﬁZ<ZAmnun)e HH v, v=) weHHWw

meN? neN?

is well defined from V to V and linear. We call A : V — V a triangular map.

Proof. Letv =) v, € V and k € N such that v,, = 0 whenever ny > k.

First we note that, for fixed m € N2, the family (A;,vn),en2 s zero unless
n € [0,mq] x [0, k]; indeed if no > k then v, = 0, while if ny > my then
Apn = 0. Therefore the sum ) A,,,vy is well defined and equal to some
Um € Vin.

We now prove that ,,, = 0 whenever my > k, so that indeed ) 0, €
EE|m6N2 Vin. Let mg > k; for ng > k, vy, is 0, while for ng < k we have ny < mo
and therefore A,,,,, = 0 and this proves the claim. O

A linear function A : V — V which can be obtained as in Lemma [z.14]is called
triangular. The family (A, )m,neN2 defines an infinite lower triangular matrix and
composition of triangular maps is then simply given by formal matrix multiplication,
which only ever involves finite sums thanks to the triangular structure of these
matrices.

Remark 2.15 The notion of bigraded spaces as above is useful for at least two
reasons:

1. The operators A; built in (377) below turn out to be triangular in the sense
of Definition 2713] and are therefore well-defined thanks to Lemma 2774} see
Remark z-15) below. This is not completely trivial since we are dealing with
spaces of infinite formal series.

2. Some of our main tools below will be spaces of multiplicative functionals, see
Section[3.6|below. Had we simply considered spaces of arbitrary infinite formal
series, their dual would be too small to contain any non-trivial multiplicative
functional at all. Considering instead spaces of finite series would cure this
problem, but unfortunately the coproducts A; do not make sense there. The
notion of bigrading introduced here provides the best of both worlds by con-
sidering bi-indexed series that are infinite in the first index and finite in the
second. This yields spaces that are sufficiently large to contain our coproducts
and whose dual is still sufficiently large to contain enough multiplicative linear
functionals for our purpose.
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Remark 2.16 One important remark is that this construction behaves quite nicely
under duality in the sense that if V' and W are two bigraded spaces, then it is still
the case that one has a canonical inclusion V* @ W* C (V @ W)*, see e.g.
below for the applications we have in mind. Indeed, the dual V* consists of formal
sums » vy with v}, € V,* such that, for every k € N there exists f(k) such that
vy, = 0 for every n € N? with n; > f(no).

The set §, see Definition admits a number of different useful gradings and
bigradings. One bigrading that is well adapted to the construction we give below is

def

[(F, B loi = (Je|, |[F\ (F U op))) (2.4)

where

d
le| = Z lee)], la| = Zai, YaeN?,
i=1

ecEp

and |F\ (F U gr)| denotes the number of edges and vertices on which F' vanishes
that aren’t roots of F'.
For any subset A C § let now (A) denote the space built from A with this
grading, namely
(A) = HH Vee{F € A+ [F|oi = n}, (2.5)
neN?

where Vec S denotes the free vector space generated by a set S. Note that in general
(M) is larger than Vec M.

The following simple fact will be used several times in the sequel. Here and
throughout this article, we use as usual the notation f[ A for the restriction of a map
f to some subset A of its domain.

Lemma 2.17 Let V = [, Vi, be a bigraded space and let P : V' — V be a
triangular map preserving the bigrading of V' (in the sense that there exist linear
maps P, : V,, — V,, such that P|V,, = P, for every n) and satisfying P o P = P.
Then, the quotient space V= V/ker P is again bigraded and one has canonical
identifications

V =,/ ker ) = FH@. V) -

3 Bialgebras, Hopf algebras and comodules of decorated forests

In this section we want to introduce a general class of operators on spaces of
decorated forests and show that, under suitable assumptions, one can construct in
this way bialgebras, Hopf algebras and comodules.
We recall that (H, AL, 1, A, 1*) is a bialgebra if:
e [ is a vector space over R
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e there are a linear map M : H ® H — H (product) and an element 1 € H
(identity) such that (H, 4(, n) is a unital associative algebra, where n: R — H
is the map 7 — r1 (unit)

e there are linear maps A : H — H ® H (coproduct) and 1* : H — R (counit),
such that (H, A, 1*) is a counital coassociative coalgebra, namely

ARIDA =(d®A)A, TRIDA=>G([RIHA=id  (3.1)

o the coproduct and the counit are homomorphisms of algebras (or, equivalently,
multiplication and unit are homomorphisms of coalgebras).
A Hopf algebra is a bialgebra (H, 4,1, A,1*) endowed with a linear map
o : H — H such that

JM(d @ DA = M(Ad @ id)A = 1*1. (3.2)

A left comodule over a bialgebra (H, A, 1, A, 1%) is a pair (M, ) where M is a
vector space and ¥ : M — H ® M is a linear map such that

Aidy = (d@ )y,  1*@idy =id.

Right comodules are defined analogously.
For more details on the theory of coalgebras, bialgebras, Hopf algebras and
comodules we refer the reader to [Mol77, |Caro7]].

3.1 Incidence coalgebras of forests

Denote by & the set of all pairs (G; F) such that F' is a typed forest and G is a
subforest of F' and by Vec(9) the free vector space generated by 9. Suppose that for
all (G; F) € P we are given a (finite) collection (G F') of subforests A of F' such
that G C A C F. Then we define the linear map A : Vec(P) — Vec(P) ® Vec(P)
by
AGR)E ) (GiARAP). (3.3)
AeUG;F)

We also define the linear functional 1* : Vec(?) — R by 1*(G; F) = Lg=p).
If A(G; F) is equal to the set of all subforests A of F' containing G, then it is a
simple exercise to show that (Vec(P), A, 1*) is a coalgebra, namely (3-1)) holds. In
particular, since the inclusion G C F' endows the set of typed forests with a partial
order, (Vec(P), A, 1*) is an example of an incidence coalgebra, see [Sch87,/Scho4].
However, if 2A(F'; G) is a more general class of subforests, then coassociativity is
not granted in general and holds only under certain assumptions.

Suppose now that, given a typed forest F', we want to consider not one but several
disjoint subforests G1, ..., Gy, of F. A natural way to code (G1,...,Gp; F)isto
use a coloured forest (F, F') where

Fx) = Zk liea,, z € Np U Ep.
k
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Then, in the notation of Definition 23} we have F,=@G,;fori >0and F —10) =
In order to define a generalisation of the operator A of formula (3-3) to this
setting, we fix ¢ > 0 and assume the following.

Assumption 1 Let i > 0. For each coloured forest (F), F ) as in Definition g3 we

are given a collection A;(F, F) of subforests of I such that for every A € 2;(F, F)
. Ec AandF N A= @ forevery j > i,

2. for all 0 < j < i and every connected component T of Fj, one has either

TCAorTNA=q.

We also assume that U; is compatible with the equivalence relation ~ given by forest

isomorphisms described above in the sense that if A € U;(F, 2 Yand v: (F, 2 ) —

G,G)isa forest isomorphism, then 1(A) € A;(G, G).

It is important to note that colours are denoted by positive integer numbers and
are therefore ordered, so that the forests Fj, F; and F}, can play different roles in
Assumption @if j < ¢ < k. This becomes crucial in our construction below, see
Proposition [3727] and Remark

Lem{lla 3.1 Let (F), F) ec¢ beAa coloured forest and A € U;(F, F). Write
o ['[ A for the restriction of F'to No U E»
e F'U; A for the function on Er LI N given by

) ifr e Eg4U Ny,
a (x) otherwise.

(memz{

Then, under Assumption(Dy (A, F [A) and (F, F U; A) are coloured forests.

Proof. The claim is elementary for (A, F'| A); in particular, setting G = F'[A, we
have G; = F; N A for all j > 0. We prove it now for (F, ' U; A). We must prove

that, setting G ¥ F'U; A, the sets @j “aY 7) define subforests of F' for all j > 0.
We have by the definitions

and these are subforests of F' by the properties 1 and 2 of Assumption 1l O

We denote by Vec(€) the free vector space generated by all coloured forests.
This allows to define the following operator for fixed ¢ > 0, A; : Vec(€) —
Vec(€) ® Vec(€)

N(F,F)E Y (A FIA) @ (F,FU; A). (3.4)
A, (F,F)

Note that if i = 1 and ' < 1 then we can identify
e the coloured forest (F', ') with the pair of subforests (Fy; F) € P,
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o A(F}; F) with 24 (F, F)
e Ain (33) with Ay in (32).

Example 3.2 Let us continue Example [277], forgetting the decorations but keeping
the same labels for the nodes and in particular for the leaves. We recall that F’ is
equal to 1 on the red subforest, to 2 on the blue subforest and to 0 elsewhere. Then

hiJ kIl mp
= X

A valid example of A € As(F, F) could be such that

(A, F1A) @ (F, F Uy A) =

Note that in this example, one has Fy C A, sothat A ¢ A1 (F, F) since A violates
the first condition of Assumption @ A valid example of B € 2;(F, F) could be
such that

i J
(B,FIB)® (F,F U B) = K/k

In the rest of this section we state several assumptions on the family 2;(F’, F)
yielding nice properties for the operator A; such as coassociativity, see e.g. As-
sumption 2 However, one of the main results of this article is the fact that such
properties then automatically also hold at the level of decorated forests with a
non-trivial action on the decorations which will be defined in the next subsection.

3.2 Operators on decorated forests

The set §, see Definition is a commutative monoid under the forest product
(F,F,n0.¢0) (GG, 0, ) =(FUG F+Gn+no+0,e+¢), (35

where decorations defined on one of the forests are extended to the disjoint union
by setting them to vanish on the other forest. This product is the natural extension
of the product (1) on coloured forests and its identity element is the empty forest
1.
Note that
|F - Gloi = |F|vi + |Clvi (3.6)

for any &, € € §, where | - |p; is the bigrading defined in above. Whenever M
is a submonoid of §, as a consequence of (3.6) the forest product - defined in (33)
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can be interpreted as a triangular linear map from (M) & (M) into { M), thus turning

((M),-) into an algebra in the category of bigraded spaces as in Definition 12

this is in particular the case for M = §. We recall that (M) is defined in (Z3).
We generalise now the construction (3-7)) to decorated forests.

Definition 3.3 The triangular linear maps A;: (F) — (F) ® (F) are given for
7= (F, F,n,o0,¢) by

Ar= > ) Fl( >(A FlA,ng+meli, 0l Na,e[Ex) (3.7

AEQI (FF)EAvnA
®(F,F Ui An—ny, o+ ng+ 7l —ep), el +eh),
where
a) For AC BC Fand f : Er — N%, we use the notation ff e fLlep\Ea-

b) The sum over n4 runs over all maps ng4 : Np — N? with suppng C Ny4.
¢) The sum over ai runs over all afg : Ep — N9 supported on the set of edges

NA,F)E {(ep,e_) e Ep\E4 : e, € Na}, (3.8)

that we call the boundary of A in F. This notation is consistent with point a).
d) Foralle : Ep — Z¢ we denote

me: Np — Zd, me(x) o Z ee).
e=(z,y)EEF

We will henceforth use these notational conventions for sums over node / edge
decorations without always spelling them out in full.

Example 3.4 We continue Examples [277] and 3.2, by showing how decorations
are modified by A;. We consider first i = 2, corresponding to a blue subforest
A € Ay (F, F). Then we have that (4, F[A ng+ weA, 0[ N4, e[E4) is equal to

nA+7rsAa nA+ﬂ'sA (39)

na +7r5£,o
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while (F, a Us An—mng, 0o+ng+ w(ei — eé), ei + si) becomes

[nan n+nA][n7nA n+nA] ]

&

[l\—l\A,U+l\A+7l'EA n—ng, o+nA+7rsA

" vae tua treh) EomaeE )
(—hae )

(3.10)

n—mny,0+ny

CEYREIYELD

Note that €% is supported by d(A, F) = {7,8,10,13}, where we refer to the
labelling of edges and nodes fixed in the Example 277, and

rehid) =M +e5©®),  meli(H=<h00),  wehig) = 503).

Note that the edge 1 was black in (F/, F ) and becomes blue in (F/, F Uy A); accord-
ingly, in (F,F Us A,n—ny, o+ ng + w(ei — e%), ei + ei) the value of ¢ on
1 is set to 0 and e(1) is subtracted from o(a). In accordance with Assumption
A € As(F, F') contains one of the two connected components of FY and is disjoint
from the other one.

Example 3.5 We continue Example [3-4] for the choice of B made in Example 32
and for i = 1, corresponding to a red subforest B € 241 (F, F'). Then (B, F'[B,np+
msB, 0[Np, e[ Ep) is equal to

(3.11)
ng,o
(nB®,0®) (npk),0k)  [np@)]
while (F FUl B,n—ng, 0+ np + 7wk — eB), el + L) becomes
) ’ ’ B @/ vB B
[nan,nBj [nan,ojtnBj [n7n5,0+n5]
e+sg
[n7n3,0+n3+7r(8§7£g)} n—ng,o0+ng n, o (3.12)

n—npg,o0+npg

Here we have that O(B, F') = {7}, where we refer to the labelling of edges and
nodes fixed in the Example 277, Therefore 7T€g(d) = aﬁ(?). Note that the edge
8 was black in (F) 2 ) and becomes red in (F) F Uy B); accordingly, in (F) 3 U1
B,n—npg, 0+ng+ W(ag eg), eg + Eg) the value of ¢ on 8 is set to 0 and ¢(8) is
subtracted from o(d). In accordance with Assumption, B € 2y (F 2 ) is disjoint
from the blue subforest F and, accordingly, all decorations on F, are unchanged.
Finally, note that the edge 1 is not in (B, F’) since it is equal to (a,b) with b € B
and a ¢ B.
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Remark 3.6 From now on, in expressions like (3-7) we are going to use the sim-
plified notation

(A7 FVL nyg+ nga orNAa erEA) = (A7 FrAa nyg+ Wfi? 0, e)a

namely the restrictions of 0 and ¢ will not be made explicit. This should generate no
confusion, since by DefinitionZ:5]in (A, A0, 0, ¢ywehave o’ : Ny — ZEBZ(L)
and ¢’: E4 — N? On the other hand, the notation F'[ A refers to a slightly less
standard operation, see Lemma [3:1] above, and will therefore be made explicitly
throughout. Note also that n 4 is not defined as the restriction of nto V4.

Remark 3.7 It may not be obvious why Definition [3-3]is natural, so let us try to
offer an intuitive explanation of where it comes from. First note that (3-7) reduces
to (3-4) if we drop the decorations and the combinatorial coefficients.

If we go back to Remark and we recall that a decorated forest encodes a
function of a set of variables in R? indexed by the nodes of the underlying forest,
then we can realise that the operator A; in (377) is naturally motivated by Taylor
expansions.

Let us consider first the particular case of 7 = (F, F, 0,0,¢). Then ny4 has to
vanish because of the constraint 0 < n4 < n and (3-7) becomes

1 R
A=Y ZE(A,F[A,wai,o,e) (3.13)
AeW(F By f A

® (F,FU; A,0, o+ m(eh —e), el + ) .

Consider a single term in this sum and fix an edge e = (v, w) € J(A4, F'). Then, in
the expression
(F,F Ui A,0, 0+ (el — ), e +€h) .

the decoration of e is changing from e(e) to e(e) + Ei(e). Recalling &2, this
should be interpreted as differentiating ei(e) times the kernel encoded by the edge
e. At the same time, in the expression

(Aa Fan 7T€£7 0, e) >

the term wafz(v) is a sum of several contributions, among which afg(e). If we take
into account the factor 1/ ei(e)!, we recognise a (formal) Taylor sum

(xv)k e(e)dk
Z Tam Pe)(@y — Tw), e = (v,w) € (A, F).
keNd

If n is not zero, then we have a similar Taylor sum given by

k
> (x;;)')—a;ie”’“ (@)oo @y — )], €= @,w) € XA, ),
keNd
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The role of the decoration o is still mysterious at this stage: we ask the reader
to wait until the Remarks [5.38] and below for an explanation. The
connection between our construction and Taylor expansions (more precisely, Taylor
remainders) will be made clear in Lemma|6.9]and Remark 6. 10 below.

Remark 3.8 Note that, in (377), for each fixed A the decoration n4 runs over a
finite set because of the constraint 0 < nyg < n.

On the other hand, si runs over an infinite set, but the sum is nevertheless well
defined as an element of (F) @ (), even though it does not belong to the algebraic
tensor product (F) ® (F). Indeed, since |e[Ea| + e + k| = [e| + €] > |¢| and

JAN\ ((FTAYU ga)| + [F\ (FU; AU or)| < |F\ (FU or)

bl

it is the case that if |7|p; = 7, then the degree of each term appearing on the right
hand side of ([3-7) is of the type (n1 + k1, n2 — k2) with k; > 0. Since furthermore
the sum is finite for any given value of |41, this is indeed a triangular map on (),
see Remark above.

There are many other ways of bigrading § to make the A; triangular, but the
one chosen here has the advantage that it behaves nicely with respect to the various
quotient operations of Sections and (-1 below.

Remark 3.9 The coproduct A; defined in (377) does not look like that of a combi-
natorial Hopf algebra since for si the coefficients are not necessarily integers. This
could in principle be rectified easily by a simple change of basis: if we set

def

~ 1 ~
(F7F7n707e)0 - E(FaFanaoae) s

then we can write (377) equivalently as

e+ef\ /n R
AiT - Z Z ( Ei A)( >(A,FTA,11A —{—7&55,0,8)0

N na
AeUy(FFy el ng
©(F,F Ui An—na, o+ g+ meh — ), e + b,

for 7 = (F, F ,M,0,¢),. Note that with this notation it is still the case that
(F,F,n,0,¢ (G,G1,0,¢)=FLUGE+Gn+n,0+0d ¢e+¢).

However, since this lengthens some expressions, does not seem to create any signif-
icant simplifications, and completely destroys compatibility with the notations of
[Hai14]], we prefer to stick to (377).

Remark 3.10 As already remarked, the grading | - | defined in (3.6) is not
preserved by the A;. This should be considered a feature, not a bug! Indeed, the
fact that the first component of our bigrading is not preserved is precisely what
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allows us to have an infinite sum in (3-7). A more natural integer-valued grading in
that respect would have been given for example by

((F, )| = [Ep| = |El + |n| — lef,

which would be preserved by both the forest product - and A;. However, since e
can take arbitrarily large values, this grading is no longer positive. A grading very
similar to this will play an important role later on, see Definition 53] below.

3.3 Coassociativity

Assumption 2 For each coloured forest (F, 2 ) as in Definition the collection
A;(F, F) of subforests of F satisfies the following properties.
1. One has

WFUGF+G) ={CUD : Cey(F,F)& D € A(G, D)} . (3.14)
2. One has R R
AeW(F,F) & BeA(F,FU;A), (3T3R)
if and only if R R
BeW(F,F) & Aec(B,FIB). @T3b)

Assumption 2lis precisely what is required so that the “undecorated” versions of
the maps A, as defined in (3-7)), are both multiplicative and coassociative. The next
proposition shows that the definition (377) is such that this automatically carries
over to the “decorated” counterparts.

Proposition 3.11 Under Assumptions M and 2 the maps A; are coassociative and
multiplicative on (§), namely the identities

Ai(F -G) = (AF) - (AG), (3.16pb)

hold for all F,6 € (F).

Proof. The multiplicativity property is an immediate consequence of prop-
erty 1 in Assumption 2 and the fact that the factorial factorises for functions with
disjoint supports, so we only need to verify (3.165).

Applying the definition (3-7) twice yields the identity

(A; @ id)A;(F, F.n,0,¢) =
_ ng +7T6§
D IED VD VD T (W E 1 (84
BeW(F,F)eEnp Ac;(B,F|B)e& na
(A, FlAng +mef 000 ® (3.17)
(B,(F[B) U; A,ng + wag —Ny, 04+ny+ ﬂ(sf — e%), ef + aﬁ) &
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(FaFUiB)u_nB, 0+HB+7T(5§_eg)aeg+5g)-

Note that we should wrlte for instance (A, F'[A,ny + wel ‘4,0 N4, e[E4) rather
than (A4, F A,y + melf ‘4,9,¢), but in this as in other cases we prefer the lighter
notation if there is no risk of confusion. Analogously, one has

(id ® ADA;(F, Fon,0,¢) =
_ 1 /m—ny
- Y Y ¥ Yal)ale
A€ (F,F) el na Cey(F,FU; A) efme
(A, F1A,ny +7ell 0, 0)® (3-18)
(C,(F U; A)IC, e +mel 0 +ng + 7l — ), o§ + DD @
(F,FU; C,n—ng—ng, 04+na+ne + w((ei)g + 65 — e%), eg + (ei)g + eg),

where we recall that, by Definition[3:3} for A C B C Fland f : Ep — N?, we use
the notation ff “r1 Ep\E,> in particular

EDEE g, .  EDIEel1p, . (3.19)

By this definition it is clear that (ei)g and (ei)g have disjoint supports and
moreover

(2)E + (DG = k.
This is the reason, in particular, why the term w((ei)g) appears in the last line of
(3-18). In the proof of we also make use of the fact that, since A C C, one

has
FuyuAYC=Fuy,;C.

We now make the following changes of variables. First, we set

_F def

_C def _F def _F

= EDE+et =2EDS.  dic=et—eb=ENE (320

with the naming conventions (3-19). Note that the support of 55,0 is contained in
J(A, F)N o(C, F). Now the map

F _F F -C -F
(ea.ec) = (Ec,€a,€4,0)
given by (3:20) is invertible on its image, with inverse given by
F C ZF F _F C , F F _ZF
(e éas€a,0) — (Easec) = Ea+Eac 8 —Eac)- (3.21)

Furthermore, the only restriction on its image besides the constraints on the supports
is the fact that ’5_5,0 < ég, which is required to guarantee that, with eg = ég — éi C
as in (32T)), one has ag > 0.

Now, the supports of EA? and 55;,0 are disjoint, since

suppe4 C O(A,F)NEc,  suppey o C (A, F)\ Ec.
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Since the factorial factorises for functions with disjoint supports, we can rewrite
the combinatorial prefactor as

11 1 1 1 < ek > (3.22)
—_— . 22
FIoF|  z01zF | (F — 2F ZO1ZF 3
€ Ec' A'EA,C! (€c — EA,C)' ealec! EA C

In this way, the constraint éﬁ c < ég is automatically enforced by our convention
for binomial coefficients, so that (3.18) can be written as

(id @ ADA(F, F,n,0,¢) =

SN SR S s - (A T

n
AEU,(F,F) Cey(F U, 4) £ 255 o mame ~C A,C ¢
(A, FlA,ny +7ell 0,00 ® (3-23)
(C,(FU; AICyng + mel 0+ na+ w(el — ¢f), G + D ®
(F, FuU; Cn—ng—ng,0+na+ne + W(ég — eg), eg + e‘g) ,

where ei and eg are determined by (3:21).
We now make the further change of variables

- _ _F
ng =nyg +ng, nA:nA—l—WaA’C.

It is clear that, given éi ¢ this is again a bijection onto its image and that the latter
is given by those functions with the relevant supports such that furthermore

A>T c (3-24)
With these new variables, (3:21) immediately yields
IlA—|—7T€§:ﬁA+7T§g, nc+7rsg:ﬁc—ﬁA+7T§g . (3.25)

Furthermore, we have

n\ /m—ny n ng +ng n nc
() (e ) = (o o) (") = () (o o) - 020
ny no ng +nge ny no nA—TrEA,C

Rewriting the combinatorial factor in this way, our convention on binomial co-
efficients once again enforces the condition (3:24)), so that (3:23) can be written
as

(id @ ADA(F, F,n,o0,¢) = (3.27)

- Y Y Y Y (M) )

= —F] =F = _ =F
AEQ{Z(FF) CEQ{Z(FFU A)€A7€C’€ACnA’nC 8A,O nag 7T€A,C

(A,FrA,ﬁA +7T€A,U,e) &
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(C,(F Ui A)[C, g — g +7EC, 0 + g + 785 — mej, e +E3) @
(F,F U; C,n—tig, 0+0¢ + m(EG — ¢5), ef + E6)
with the summation only restricted by the conditions on the supports implicit in the

notations. At this point, we note that the right hand side depends on éi ¢ only via
the combinatorial factor and that, as a consequence of Chu-Vandermonde, one has

=F = =F - Z =F 5 o =F
iF eA,C ng WEA,C g 7T€A,C ng WEA,C
A,C A,C

_ (“C + ”55). (3.28)

na

Inserting into (3:27), using the fact that (F1C)U; A = (F'U; A)]C and
comparing to (3.17) (with B replaced by C') completes the proof. O

3.4 Bialgebra structure

Fix throughout this section ¢ > 0.

Definition 3.12 For 2; a family satisfying Assumptions Mand 2}, we set

def

D E(F P ece: F<i& {FF}CWF N},
dz“{(F,F,n,o,oes P <i & {FE} CcUAF D)} .

We also define the set U; of all (F,4,0,0,0) € 3,, where (F, 7) denotes the coloured
forest (F, F) such that either F' is empty or F = i on the whole forest F. In
particular, one has |7|, = O for every 7 € &l;. Finally we define 17: § — R by

setting
def

1;(7) = Lirey,.- (3-29)
For instance, the following forest belongs to 4{; where 1 corresponds to red:

@\@%

We also define 17 : ¢ — Ras 1(F, ) = Lpey

(3.30)

Assumption 3 For every coloured forest (F), F) such that F, € A;(F , F) and for
all A € A;(F, F), we have
{A F}CQ((A FlA)
2. sz<zthen{FA}CQl(FFU A).
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Under Assumptions @ and 3)it immediately follows from (37) that, setting

(1) = HH Vee{F € 3i : [Floi = n}

neEN?
as in (23), A; maps (F;) into (F;) @ ().

Lemma 3.13 Under Assumptions I 2and [3)

o (Vec(€y), -, Ay, 1,17) is a bialgebra

o ((8i),-, Ai,1,17) is a bialgebra in the category of bigraded spaces as in Defi-

nition
Proof. We consider only ((F;), -, Ai, 1, 17), since the other case follows in the same
way. By the first part of Assumption 2 §; is closed under the forest product, so that
({§i), -, 1) is indeed an algebra.
Since we already argued that A;: (F;) — (F:) ® (F:) and since A; is coasso-

ciative by , in order to show that ((;), A;, 1}) is a coalgebra, it remains to
show that

For A € A(F, F), we have (4, F]A,n',0',¢') € &I; if and only if F = i on A,
ie. A C Fj;since F; C A by Assumption @ then the only possibility is A = F}.
Analogously, we have (F, F U; A,1,0’,¢') € §l; if and only if A = F. The
definition (377) of A; yields the result.

The required compatibility between the algebra and coalgebra structures is given

by (3.16p), thus concluding the proof. O

3.5 Contraction of coloured subforests and Hopf algebra structure

The bialgebra ((§;), -, A;,1,1}) does not admit an antipode. Indeed, for any 7 =
(F,1,0,0,0) € 4;, see Definition[3:12} with F' non-empty, satisfies by (3-13)

AiT=TQRT. (3.31)

In other words 7 is grouplike. If a linear map A : (§;) — (§;) must satisfy (32),
then
T-AT=1](n1=1

by (3-29), which is impossible since F' is non-empty while 1 is the empty decorated
forest. A way of turning (F;) into a Hopf algebra (again in the category of bigraded
spaces as in Definition Z12) is to take a suitable quotient in order to eliminate
elements which do not admit an antipode, and this is what we are going to show
now.

To formalise this, we introduce a contraction operator on coloured forests. Given
a coloured forest (F), F), we recall that F, defined in Definition is the union of
all edges in Fj over all j > 0.
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Definition 3.14 For any coloured forest (F) F), we write K ;I for the typed forest
obtained in the following way. We use the equivalence relation ~ on the node set
Nr defined in Definition namely x ~ y if x and y are connected in E. Then
K I is the quotient graph of (N, Er \ E) by ~. By the definition of ~, each
equivalence class is connected so that & F' is again a typed forest. Finally, F
is constant on equivalence classes with respect to ~, so that the coloured forest
(K F, 2 ) is well defined and we denote it by

def

K(F, F) E (K pF, F).

If G := F . F, then there is a canonical projection 7 : Np — N¢. This allows to
define a canonical map ?]{Iﬁ? from subforests of F ; F' to subforests of F as follows:
if A = (Na,Ey)is a subforest of % - F, then 57{214 .= (Ng, Ep) where Np is
7 YNy) and Ep is the set of all (z,y) € EF such that either 7(z) = 7(y) € Na
or (m(x), m(y)) € Ea.

Note that in (X ;. F) F) all non-empty coloured subforests are reduced to single
nodes.

We are going to restrict our attention to collections 2; satisfying the following
assumption.

Assumption 4 For all coloured forests (F, F), the map 3{2 is a bijection between
(K F, F) and A;(F, F).

We recall that we have defined in (3.4) the operator acting on linear combinations
of coloured forests (F, F) — A;(F, F). Then we have

Lemma 3.15 If; satisfies Assumption ) then
(K R3F)A; = (K QFK)AK on  Vec(€).
Proof. It is enough to check that for all A € (K . F, F), setting A’ = S{Iﬁ}A,
KA, FIA) = H(A,FTA),
HK(F,FU; A) = K(KF, F U; A),
which follow from the definitions. O

Example 3.16 For the tree of Example[3:2] we have

m P

\/ \/ hod
(F.F) = \/\./\/ (HpF Fy= b /lf

)
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Moreover for the choice A" € Ap(K 1 F), F') given by

h 1

I bT I B AN bT . o N _ b -3 4
A=11 = WFA)= ] @FFuA)= "X

we obtain that A = 57{214’ is such that

Z I m h 2 J k'l m©P
ey <
(A, FlA) @ (F, F Uy A) = ®

Then in accordance with Lemma [3-13]we have

KA, FIA) @ H(F, F Uy A) = KA, F1A) @ H(KpF, F Us A),

hoi kD
and both are equal to ZI ® ‘\'\f/’ . For the choice of B’ € (K . F, F) given

by B'= '] & & sothat

h i
R ; R S kP
(B/7FTB/) = bI ]2 }.7 s (%ﬁ'F7FU1 B,) = M. s

we obtain that B = 3’{2B' is such that

i J ) \/
(B,FIB)® (F,F U B) = ”K/ Eop®

Then in accordance with Lemma [3-13] we have

H(B,FIB)® K(F,F Uy B) = H(B',F|B) ® (X F, F U B')

h
i 3
| & » ®

e o o

Contraction of couloured subforests leads us closer to a Hopf algebra, but there is
still a missing element. Indeed, an element like (F’, F) = (elle, 1), namely two red
isolated roots with no edge, is grouplike since it satisfies Ay (F), F)= (F, F)®(F F)
and therefore it can not admit an antipode, see the discussion after (3-31) above.

We recall that €; has been introduced in Definition 312} We define first the
factorisation of €; > 7 = - v where the forest product - has been defined in 1)
and

and both are equal to
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e v € & is the disjoint union of all non-empty connected componens of 7 of the
form (A, 7)
e 1, € ¢; is the unique element such that 7 = p - v.
For instance

. o
VA T T R VI

Note that by the first part of Assumption B, we know that if 7 = u - v € €,
then © € ¢; and v € €;. Then, we know by Assumption [] that if i1 € &;, then
F(u) € €;. Then, using this factorisation, we define F; : Vec(€;) — Vec(<;) as
the linear operator such that

Ki(r) = E (). (3.32)

For example

A EIERVES
Then

Proposition 3.17 Under Assumptions [IHg} the space 5; Y ker X, is a bialgebra
ideal of Vec(&);), i.e.

Vec(¢&,) - F; C I, AT C F; ® Vee(€;) + Vee(€) ® .F; .

Moreover setting B; = Vec(€;)/;, the bialgebra (B;,-,A;,1;,17) is a Hopf
algebra, where 1; Y + 5.

Proof. The first assertion follows from the fact that & is an algebra morphism, and
from Lemma 313}

For the second assertion, we note that the vector space ‘B; is isomorphic to
Vec(C;), where C; = {1 € & : ;7 = 7} = K;€;. Moreover Vec(¢;)/.¥; as a
bialgebra is isomorphic to (Vec(C;), KM, (K; @ K;)A;, 1;,17), where Al denotes
the forest product. The latter space is a Hopf algebra since it is a connected graded
bialgebra with respect to the grading |(F, F)|; £ |F \ Fj|, namely the number of
nodes and edges which are not coloured with . O

We now extend the above construction to decorated forests.
Definition 3.18 Let X : () — (§) be the triangular map given by

H(F, ) S (HpF, P (F e e,

where the decorations [n], [0] and [¢] are defined as follows:
e if z is an equivalence class of ~ as in Definition[3:14} then [n](z) = Zy@ n(y).

e [¢] is defined by simple restriction of ¢ on Fp \ E.
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o [0](z) is defined by
[ol@) = > o)+ Y He. (3.33)
yET ec EpNz?

The definition (3-33) explains why o is defined as a function taking values in
7% @ Z(L), see Remark 2.6 above.

Remark 3.19 The contraction of a subforest entails a loss of information. We use
the decoration o in order to retain part of the lost information, namely the types of
the edges which are contracted. This plays an important role in the degree | - |+
introduced in Definition [5-3)below and is the key to one of the main results of this

paper, see Remark

Example 3.20 If (F), )’ is

(3-34)

then K (F, F)™° is

(3-35)

(In11; [e11) (n2,02) (], [03]) (W4, 04)

Note that the types t of edges which are erased by the contraction are stored inside
the decoration [o] of the corresponding node.

Let now 901; C §; be the set of decorated forests which are of type (F) 4, n,0,0).
This includes the case F' = ¢ so that ; C 9;, where 4; is defined in Defini-
tion[3.12} For example, the following decorated forest belongs to 91

(3-36)

Compare this forest with that in (3-30), which belongs to £4;; in (3.36)) the decoration
n can be non-zero, while it has to be identically zero in (3:30).
We define then an operator k; : 1; — 9, by setting

def

kl(y) = (.7 Z.7 El/na 07 O) s
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for any v = (F,4,n,0,0) with X, n e ZNF n. For instance, the forest in (3:30)
is mapped by k; to (e, 1,0,0,0), while the forest v in (3.36) is mapped by k; to
(o,1,%n,0,0).
We define first the factorisation of §; > 7 = p - v where the forest product - has
been defined in (3-3) and
e v € 9N, is the disjoint union of all non-empty connected componens of 7 of
the form (4,4, n,0,¢)
e ;i € §; is the unique element such that 7 = p - v.
For instance, in (3:34) and (3-33), we have two forests in §2; in both cases we have
T = p - v as above, where p is the product of the first two trees (from left to right)
and v € My is the product of the two remaining trees.
By the first part of Assumption 2z we know that if 7 = - v € §;, then u € §;
and v € §;. We also know by Assumption [] that if © € §;, then H(u) € F;.
Therefore, using this factorisation, we define ®; : §; — §; by

Di(1) = - ki(v) . (3-37)

In (3:34) and (333), the action of ®5 corresponds to merging the third and fourth
tree into a single decorated node (e, 2, >n3 + Xny, 0, 0) with all other components
remaining unchanged.

We also define ®; : §; — §; by d; = P,o®; = ®; o P, where J%(G, @,n, 0,¢)
sets o to 0 on every connected component of G; that contains a root of G. For
instance, the action of 152 on the forests in (3-34) and (3-33) is to set to O the
decoration o of all blue nodes. On the other hand, we have

(3-38)

namely the red node which is not in the red connected component of the root is left
unchanged.
Finally, we define X;, X; : §; — 8

def def =

K ZEDioK, HiZ=d0HK. (3-39)
For instance, if 7 is the forest of (3:34) and o = H(7) is that of (3:33), then

Ho(1) = $2(0) = (3.40)
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Note that in Fo(7) the roots of the connected components which do not belong to
Iy may have a non-zero o decoration, while the unique connected component in
My (reduced to a blue root with a possibly non-zero n decoration) always has a
zero o decoration. In 3:52(7') all roots have zero o decoration.

Since K commutes with ®; (as well as with (i)i), is multiplicative, and is the
identity on the image of k; in 90;, it follows that for 7 = p - v as above, we have

Fi(r) = H(p) - ki(v) .

Moreover H; and 3@ are idempotent and extend to triangular maps on (§;) since
K, ®; and ®; are all idempotent and preserve our bigrading. We then have the
following result.

Lemma 3.21 Under Assumptions IHg} the spaces J; = ker X; and ﬁ, = ker 3&
are bialgebra ideals, i.e.

($i) - Ji C Fi, ApFi CFi @ (Fi) + (Fi) © 55,
and similarly for .

Proof. Although X, is not quite an algebra morphism of ((§;), -), it has the property
Ki(a-b) = Fi(a- FK;(b)) for all a, b € §;, from which the first property follows for
;. Since P, is an algebra morphism, the same holds for ;. To show the second
claim, we first recall that for all coloured forests (F/ F ), the map ?]{fm defined in
Definition is, by the Assumption [} a bijection between 24;(K ;. F), F) and
A (F, F ). Combining this with Chu-Vandermonde, one can show that K satisfies

(X QF)AK = (K FK)A,; . (3.41)

The same can easily be verified for ®; and 15@ so that it also holds for H; and 3@,

whence the claim follows. O
If we define

¥ = (30T, LE1+9 €%, (3.42)

then, as a consequence of Lemma[3.21} (#;, -, A4, 1;, 17) defines a bialgebra.
Remark 3.22 Using Lemma[217} we have a canonical isomorphism

(T, M, A 13,15 — (Hy), Hill, (K @ KA, 1,15,

(2

where H; = {F € §; : ;F = F} = H;$; and M denotes the forest product.
This can be useful if one wants to work with explicit representatives rather than
with equivalence classes. Note that H; can be characterised as the set of all
(F, F',n,0,¢) € 3 such that

1. the coloured subforests Fk, 0 < k < i, contain no edges, namely E = D,
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2. there is one and only one connected component of F' which has the form
(e,7,mn,0,0) and moreover o(e) = 0.
For example, the forest in is an element of Ho.

Proposition 3.23 Under Assumptions IHg} the space (#;, -, A;,1;,17) is a Hopf
algebra.

Proof. By Lemma[3.13} 17 is a counit in 7;. We only need now to show that this
space admits an antipode o;, that we are going to construct recursively.

For k € N% we denote by X*¥ € %; the equivalence class of the element
(e,1,k,0,0). It then follows from

L . .
AXFE = Z <j>X] ® Xk=i (3-43)

jENd

that the subspace spanned by (X*, k € N%) is isomorphic to the Hopf algebra of
polynomials in d commuting variables, provided that we set

i X* = (—1)F x* (3.44)

For any 7 = (F, F\,n,0,¢) € ;. let |7]; = |F\ F}| and recall the definition
of the bigrading |7|pi. Note that |#;7|; = |7|; and, as we have already remarked,
|HiT|oi = |7|bi» sO that both these gradings make sense on #;. We now extend o;
to #; by induction on |7 ;.

If |7|; = O then, by definition, one has 7 € 9; so that 7 = X* for some k
and (3-44) defines ;7. Let now N > 0 and assume that ;7 has been defined
for all T € #; with |7|; < N. Assume also that it is such that if |7|p; = m, then
(A;T)y, # 0 only if n > m, which is indeed the case for (3-44) since all the terms
appearing there have degree (0, 0). (This latter condition is required if we want o;
to be a triangular map.)

For r = (F,F,n,o,e) and k: Np — N%, we define Ry7 o (F,F, k,o0,¢). For
such a 7 with |7]; = N and |7|p; = M, we then note that one has

n _
AiT = Z <k> RkT ® Xz(n k) + Z T(Zl) ® T(gﬂ) »
k<n 4m>M
where X(n — k) := > p(n — k)() and for £ € N2
7_(41) S VGC{O' EH; - |U|bi =/, |O’|Z < N},

Té) € Vec{o € ¥, : |o|wi =4, |o|; < N}.

Note that the first term in the right hand side above corresponds to the choice of
A = F, while the second term contains the sum over all possible A # F. Here,
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the property |7'(£1)|i < N holds because these terms come from terms with A # F
in (377). Since for 7 # 1; we want to have

M(A; @id)A;7 =0,

this forces us to choose ;7 in such a way that

n — m
dir ==Y <k> di(Ryr)- XEOT = S slim) - (345)

k#n t+m>M

In the case n = 0, this uniquely defines of;7 by the induction hypothesis since every
one of the terms Tfl) appearing in this expression satisfies |7'(€1) li < N.

In the case where n # 0, d;7 is also easily seen to be uniquely defined by
performing a second inductive step over [n| € N. All terms appearing in the right
hand side of (3-3) do indeed satisfy that their total |- |pi-degree is at least M by using
the induction hypothesis. Furthermore, our definition immediately guarantees that
M(sA; @1id)A; = 1,17 It remains to verify that one also has M (id ® o;)A; = 1;17.
For this, it suffices to verify that of; is multiplicative, whence the claim follows by
mimicking the proof of the fact that a semigroup with left identity and left inverse
is a group.

Multiplicativity of s1; also follows by induction over N = |7|;. Indeed, it follows
from (3-44)) that it is the case for N = 0. Itis also easy to see from (3-43) that if 7 is
of the form 7/ - X* for some 7/ and some k > 0, then one has o;7 = (d,;7") - (s4; X*).
Assuming that it is the case for all values less than some N, it therefore suffices to
verify that o; is multiplicative for elements of the type 7 = o - with |o|; A|a|; > 0.
If we extend of; multiplicatively to elements of this type then, as a consequence of
the multiplicativity of A;, one has

M(A; @id)A;T = (M(A; @ 1d)A;o) - (M(A; @ id)A;0) =0,

as required. Since the map o, satisfying this property was uniquely defined by our
recursion, this implies that of; is indeed multiplicative. O

3.6 Characters group

Recall that an element g € %" is a character if g(7-7) = g(7)g(7) forany 7, 7 € %;.
Denoting by §; the set of all such characters, the Hopf algebra structure described
above turns §; into a group by

(fopm=(@9lir, g7 ') =g, (3.46)
where the former operation is guaranteed to make sense by Remark

Definition 3.24 Denote by J3; the set of elements F = (F) F, n,0,¢) € H; asin
Remark [3:27], such that
e [ has exactly one connected component
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e cither F is not identically equal to ¢ or F = (e,%,0,,0,0) for some n €
{1,...,d}, where (0,,(#)); = ;.

It is then easy to see that for every 7 € H; there exists a unique (possibly empty)
collection {7y,...,7n} C B; such that 7 = H;(71 - ... - Tn). As a consequence, a
multiplicative functional on #; is uniquely determined by the collection of values
{g(1) : 7 € PB;}. The following result gives a complete characterisation of the
class of functions g: 3; — R which can be extended in this way to a multiplicative
functional on 7%;.

Proposition 3.25 A function g: B; — R determines an element of ‘§; as above
if and only if there exists m: N — N such that g(t) = 0 for every T € P; with
|T|oi = n such that nq > m(ny).

Proof. We first show that, under this condition, the unique multiplicative extension
of g defines an element of %;*. By Remark we thus need to show that there
exists a function m: N — N such that g(7) = 0 for every 7 € H; with |T|p; = n
and n; > m(no).

If o = (F, F, n,0,¢) € P, satisfies no = 0, then F' is nowhere equal too on F
by the definition (2-4)); by property 2 in Definition 23} F'is constant on F, since
we also assume that F' has a single connected component; in this case ¢ = 0 by
property 3 in Definition therefore, if ng = 0 then n; = 0 as well. Therefore
we can set m(0) = 0.

Let now k£ > 1. We claim that m(k) = ksup; <y« m(¢) has the required

property. Indeed, for 7 = H;(1 - ... - 7n), one has ¢(7) = 0 unless g(m;) # 0
for every j; in this case, setting n/ = (nd,nd) = |7j|pi, we have m(n3) > nj
forall j = 1,...,N. Since n = (n1,ny) = ||y = > |7jlbi, this implies that

ng=3; ni, k =1,2. Then

m(ng) > ny max m(f) > ngy
1<0<ns 1<I<N

max nj > nj.
<¢<

The converse is elementary. O

3.7 Comodule bialgebras

Let us fix throughout this section 0 < ¢ < j. We want now to study the possible
interaction between the structures given by the operators A; and A;. For the
definition of a comodule, see the beginning of Section 3

Assumption 5 Let 0 < ¢ < j. For every coloured forest (F), F ) such that F < 7
and {F, F;} C U;(F, F), one has F; € 2;(F, F").

Lemma 3.26 Let0 < i < j. Under AssumptionsTHglfor i and under Assumption|s)
we have

Ai: (F5) = (Fi) © (3j) (17 ®id)A; =id,
which endows (§;) with the structure of a left comodule over the bialgebra (F;).
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Proof. Let (F, F n,0,¢) € §; and A € Ai(F, F); by Definition 3.12, we have

F < jand {F, F i} C U(F, F) so that by Assumption 3| we have F; € 2;(F, F).

Then, by property 1 in Assumption 3, we have EENA=F € A F [A).

Now, since A N F‘] = ¢ by property 1 in Assumption @ we have (F' U; A)j =

Fj \A = F‘] € Ql i(F, Fu; A) by the Definition [3:12) of §; all this shows that
it (§5) = (8i) ® (§5)-

ForAte(F F) we have (A, F1A,n,0',¢) € §I; 1fandonly1fF_zonA,
ie. AC Fj;since F; C A by Assumption M, then the only poss1b1hty is A= Fj.
By Assumption 5| we have F e A;(F, F) and therefore (17 ® id)A; =

Finally, the co-associativity of A; on § shows the required compatibility
between the coaction A;: (§;) — (§:) ® (§;) and the coproduct A;: (F;) —
(83) © (8i)- O

We now introduce an additional structure which will yield as a consequence the
cointeraction property between the maps A; and A, see Remark[3.28]

Assumption 6 Let 0 < i < j. For every coloured forest (F, 2 ), one has
AcA(F,F) & Bed(FFuU; A, @A)
if and only if
Be(F,F) & AcU(F FuU; By UA(B,FIB), @47b)
where 2 U 2 is a shorthand for {A LA : Ac A& A€ A}
We then have the following crucial result.
Proposition 3.27 Under Assumptions M and |6l for some 0 < @ < j, the identity
MDD (A @ A)A; = (1d ® AHA, (3.48)
holds on §, where we used the notation
MPPN( @7y @ T3 @ T4) = (11 T3 T2 @ Ty) - (3-49)

Proof. The proof is very similar to that of Proposition [3-TT}, but using (3.47) instead
of (313). Using (3-47) and our definitions, for 7 = (F, F',n,0,¢) € § one has

MDD (A, @ AYA; T =

= XX 2

BEW;(F,F) A1€Uy(B,F|B) Ay€y(F,FU; By e, el MBMAp A,

1 n n—ng nB—i-ﬂsg
F1.B | F | (3-50)
eplex, aA na, na,

(Aj U Ay, F rA, na, +na, + 768+l 0,0
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® (B,(F[B)U; Ay,np +mefy —nay,0 +ng, + s, — i), e +5)

© (F,(F U; B)U; Ag,n = np — 1y, 0+ np + nay + e + ely, — ¢ )

F F\F F
€0 T (ER)a, TEa,) -
We claim that Ay N B = ¢§. Indeed, as noted in the proof of Lemma [3:1] since

B e A,;(F, 13‘) one has (F Uj B)~1(j) = B and since Ay € ;(F, F U; B) one has
Ay N (F U B)~1(j) = ¢ by property 1 in Assumption @ This implies that

F
(eB)a, =€B -

since eg has support in O(B, F) which is disjoint from E4,. This is because, for
e = (e4,e_) € O(B, F) we have by definition e, € N C Np\ N4, and therefore
e¢ Ey,.

Similarly, one has

(id ® A)A;T =

- Z Z Z Z F|€F|< )(n_nA> (3-51)

nc
AU (FF) Celj(F,FU; A) el el nosma

(A7 FVL na + 7T€A7 0, e)

® (C,(F U; AIC,ng + meb,0 +na + m(ely — ), ey +h)

® (F), (F Ui A U; Cin—nyg —ng,0 +na +ng + w((ei)g + eg — %UA)

se0ua + Q)G +€0) -

By Assumption[6] there is a bijection between the outer sums of (3:30) and (335T)
given by (4, C) + (A1 U Ay, B), with inverse (A1, A, B) <+ (AN C, A\C,C).
Then one then has indeed (F'[B) U; A; = (£ U; A)[C. Similarly, since ¢ < j and
AyNC = @, one has (F'U; B)U; Ay = (F'U; A)U; C, so we only need to consider

the decorations and the combinatorial factors.
For this purpose, we define

_C a I '

€a, =c€alp., &4, =(a) Lon,r)
I F I a _F
Ea,c=¢€alocF) Ec=€ctEa 0>

as well as
ng, = malC)+ Wéil,c , g, =g [(F\CO), ng=nc+ ma[C).

As before, the supports of these functions are consistent with our notations, with
the particular case of 55;1,0 whose support is contained in d(A, F) N O(C, F) =
0(A1, F) N O(C, F), where we use again the fact that A, N C' = . Moreover the
map

(ef;,eg,uA,nc) — (égl,ggyéihc,ng,ﬁAl,ﬁAQ,ﬁc)
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is invertible on its image, given by the functions with the correct supports and the
additional constraint

= =F

A, 2> TEY, -
Its inverse is given by

F_ _F _F F_ C _F _F
Ec =E€C —EA0 > €A =EA TEA TEACS

_ _ _F = = =F
Ng =Ny, +04, —TEH ¢, NC=NC—Na +TEY o -

Following a calculation virtually identical to (3-22) and (3.26)), combined with
the fact that ng + ng = ¢ + n4,, we see that

1 1 1 1 ek
FW.Fy\  =C\zF\zF (zF _ =zF | — =F1=C zF |\ zF ’
eqlen! €A1'€A2'€A1,C'(€C EAhC). ecteqten, \ea, o

) () = G o e ) o )
ng ne ﬁA1+ﬁA2—7T§£17C o +ng, '

Since AsNC = Pand Ay C C, we can simplify this expression further and obtain

< o+ g, ) B < no >
N4, +N0g, — ﬂéihc ng, — 7T§£1’C

Following the same argument as (3.28)), we conclude that
A iy, —wek ng ’
ZF A1,C 1 A1,C 1
Aq,C
so that (3-3T) can be rewritten as

(id ® A)AT = Z Z Z Z

Ce;j(F,F) Ae;(F,F1C) Ac;(F,FU;C) égl 7§g2 EEMAy Ay

- _F
1 < n ) <nc + 7760>

“F\=C |=F |\ = = =

50!6A1!5A2! o +na, n4,

(A1 U Ao, FIA g, + g, + 7S, + 1), 0,0)
® (C,(F[C)U; Ay, ¢ + we6 — fia,, 0+ fia, +7(EG, — b, eq, +69))

® (F,(F Uj C)Uj Ag,n — fig — fia,, 0 + g + i, + 7(ES + 5, — ¢427)

(3-52)

F _F | -F
s Ca,uc T EC T EA,) -
We have also used the fact that
(me!)INe = m(el1g,) + meh Lo, r) = 79, + el ¢

On the other hand, since A, and B are disjoint, one has

ng na, nplng,!(n—np —ny,)! np + na,
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so that (3:30) can be rewritten as
J/L(13)(2)(4)(A,~ ® Ai)Aj T =

=2 2> )

BEW;(F,F) A1 €2;(B,F|B) Ay€Uy(F,FU; B) ey e el NBMAL 1A,

1 < n ) (nB + 7T€B>
eplel 1l 1\np +na, na, (3.53)

(A1 U Ag, FIA,np, +na, + 7, +eh,),0,e51742)

® (B,(FIB)U; A1, np + mefy — nay, 0 +na, + 7l — ), e +¢5)

® (F,(F Uj B)U; Ag,n — g —1a,,0 + 0p + na, + mef + el — %),
eh, +eb +eh,) -

Comparing this with (3:32) we obtain the desired result. O

Remark 3.28 Let 0 < i < j. If Assumptions @H6l hold, then the space (F;) is
a comodule bialgebra over the bialgebra (§;) with coaction A, in the sense of
[Mol77, Def 2.1(e)]. In the terminology of [Foi16l Def. 1], (F;) and (§;) are in
cointeraction.

Remark 3.29 Note that the roles of 7 and j are asymmetric for 0 < i < j: (F;)
is in general not a comodule bialgebra over (§;). This is a consequence of the
asymmetry between the roles played by ¢ and j in Assumption @ In particular,
every A € ;(F, F) has empty intersection with F‘] while any B € 20;(F, F) can
contain connected components of F;.

3.8 Skew products and group actions

We assume throughout this subsection that 0 < i < j and that Assumptions TH6l
hold. Following [Mol77]l, we define a space #;; = %; x #; as follows. As a vector
space, we set #;; = %; ® #;, and we endow it with the product and coproduct

(@@b)- (@b =@ ax0-b, (3.54)
Aija®b) = MMPPPO(d @ id @ id @ A)(A; @ Aj)a®@Db).

def def

We also define 1;; = 1; ® 1;, 11*] =1I'® 1;‘».

Proposition 3.30 The 5-tuple (#;j, -, N;j, 155, ZJ) is a Hopf algebra.

Proof. We first note that, for every 7 € 91;, one has A;7 = 1 ® 7 since one has
2;(F, j) = {} by Assumptions mand[3} It follows that one has the identity

(K @ ENA; = (H; @ KHAK;

see also (3-41). Combining this with Lemma[3.26] we conclude that one can indeed
view A; asamap A;: #; — #; © #;, so that (3:54) is well-defined.
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By Proposition[3.27, A;; is coassociative, and it is multiplicative with respect to
the product, see also [Mol77, Thm 2.14]. Note also that on #; one has the identity
(d®1)A; =1;17,

where 1; is the unit in #;. As a consequence, ll*j is the counit for #;;, and one can
verify that
Aij = (Al @ A;)(id @ Ay) ,

is the antipode turning 7;; into a Hopf algebra. O
Let us recall that ; denotes the character group of %;.

Lemma 3.31 Let us set for g € G;, | € Gj, the element gf € I}

def

GhHr =@ HAir, TEX;.
Then this defines a left action of §; onto G; by group automorphisms.

Proof. The dualization of the cointeraction property yields that g(f1f2) =
(¢9f1)(gf2), which means that this is indeed an action. O

Proposition 3.32 The semi-direct product G;; X G G, with group multiplication
(91, 192, f2) = (9192, f1(91f2)), 91,92 € G, f1,f2 €6, (3-55)
defines a sub-group of the group of characters of #;.
Proof. Note that (3:55) is the dualisation of A;; in (3:54). The inverse is given by
¢.H " =@l ' [,
since (g, f) - (g1 g7 D) = (997", flgg™ ) = (AF, 1)), O

Proposition 3.33 Let V' be a vector space such that ‘G; acts on 'V on the left and
G; acts on 'V on the right, and we assume that

g(hf) =(gh)Xgf), g€%G, f€G, heV. (3.56)
Then G;; acts on the left on' V by
(g, Hh=hf™, g€%, f€G, heV. (3:57)

Proof. Now we have

(91, (g2, fDR) = (g1, (2P f5 1) = (g1 (g2 f3 ) f !
= (q1920) (1.5 DIt = (g192, fi(gri f2)h = ((g1, f1)(g2, f2)) I,

which is exactly what we wanted. O
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For instance, we can choose as V' the dual space %;‘ of #;. Forall h € %;‘, ges;
and f € G; we can set

H; > gh = (g hA,, H: o hf = HA;

In this case (3.50) is the dualisation of the cointeraction property (3.48). The space
#; is a left comodule over #;; with coaction given by 3;;: #; — #;; @ #; with

Bii = o B @ djA; (3.58)

where 0132 (a ® b ® ¢) = a ® ¢ @ b. Note that (3:37) is the dualisation of (3.58).

4 A specific setting suitable for renormalisation

We now specialise the framework described in the previous section to the situation
of interest to us. We define two collections 2(; and 2(5 as follows.

Definition 4.1 For any coloured forest (F, F ) as in Definition 23] we define the
collection A (F, F) of all subforests A of F such that F; C A and Fh N A = .
We also define 2As(F), F ) to consist of all subforests A of F' with the following
properties:

1. A contains F

2. for every non-empty connected component 7" of F', "N A is connected and

contains the root of T’
3. for every connected component S of FY, one has either S € Aor SN A = .

The images in Examples [3-2 and above are compatible with these definitions.
We recall from Definition [3:12)that €; and §; are given for ¢ = 1,2 by

¢ ={FFec: F<i& {FE}CWEFE P},
§ ={F Fnoecg: (FF)ed}.

Lemma 4.2 Fort = (F, F) € € we have
e T ifandonlyifﬁ <1
o 7 € & ifand only if F <2and, for every non-empty connected component T
of F, Fy N T is a subtree of T containing the root of T

Proof. Let (F, F) € ¢ If FF <1then Fy = ¢ and therefore F' € 2A;(F, F);
moreover A = F} clearly satisfies FicAand ANF, = @, so that F e Aq(F, )
and therefore (I, 2 Yo'’ € &1. The converse is obvious.

Let us suppose now that F < 2 and for every connected component 1" of F',
F, N T is a subtree of T' containing the root of 7. Then A = F clearly satisfies the
properties 1-3 of Definition If now A = Fb, then A satisfies the properties 1
and 2 since for every non-empty connected component T of F, F, N'T is a subtree
of T" containing the root of 7', while property 3 is satisfied since FNE = @. The
converse is again obvious. O
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Example 4.3 As in previous examples, red stands for 1 and blue for 2 (and black
for 0):

Tv '\/\./. € ¢y, /. '\/ € &,.

On the other hand,
!
Ve L/ 2=

because FQ does not contain the root in the first case, and in the second FQ has two
disjoint connected components inside a connected component of F'. The decorated

forests (3-11), (330), (3-36) and (3.38)) are in €;, while the decorated forests in
9. @T0). (F12). (¢39) and @33) are in €.

Lemma 4.4 Let A1 and U5 be given by Definition
o 2y satisfies Assumptions M) 2 §)and
o 2y satisfies Assumptions I 2 3] and
o The pair (U1, 2s) satisfies Assumptions [5|and

Proof. The first statement concerning 2l; is elementary. The only non-trivial
property to be checked about 2l5 is (3-13)); note that 2> has the stronger property
that for any two subtrees B C A C F, one has A € 2As(F, F) if and only if
A € Ao(F,F Uy B) and B € Ao(F, F) if and only if B € Ao(A, F1 A), so that
property (3-13) follows at once.

Assumptlon [3]is easily seen to hold, s1nce for every coloured forest (F F) such
that /' < 2 and {F, F2} C Uy(F, F), for AZ [y onehas Fy C Aand FoN A = D,
so that Fy € 24(F, F).

We check now that 2(; and 2[2 satisfy Assumption [6l Let A € Qll(F F ) and
B € Ay (F, F Ui A); then AN F2 = @ and therefore B € QA (F), F) moreover
every connected component of A is contained in a connected component of Fy and
therefore is either contained in B or dlS]Olnt from B, ie. A € Ai(F, F U B) L
Qll(B F[B) Conversely, let B € ng(F Fyand A € A1 (F, FUQB)I_IQll(B F[B)
then F1 (F Uy B) U (F I B)1 and F2 C (F Us B)s so that A contains F1 and is
disjoint from Fg and therefore A € A1 (F, F) moreover (F U A)g C Fg so that B
contains (F' Uy A)a; finally (F'U; A); = A and by the assumption on A we have
that every connected component of (F Uy A); is either contained in B or disjoint
from B. The proof is complete. O

In view of Propositions [3:17} [3.23] and [3.27} we have the following result.

Corollary 4.5 Denoting by M the forest product, we have:
1. The space (B2, M, A2, 12,1%) is a Hopf algebra and a comodule bialgebra
over the Hopf algebra (°B1, M, A1, 11, 17) with coaction Ay and counit 17.
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2. The space (#a, M, A2, 12,1%) is a Hopf algebra and a comodule bialgebra
over the Hopf algebra (#1, -, A1, 11, 17) with coaction A, and counit 17.

We note that 25 can be canonically identified with Vec(C'), where C; = 1€, see
the definition of ¥; before Proposition [3:17} and C is the set of (possibly empty)
coloured forests (F, F) such that F < 1 and Fl is a collection of isolated nodes,
namely F; = ¢. For instance

VAV g

Analogously, B5 can be canonically identified with VCC(CQ) where Cy = 3‘{262,
and C is the set of non-empty coloured forests (F F)such that F < 2, F) is a
collection of isolated nodes, namely £; = ¢, and F} coincides with the set of roots
of F. For instance

T v,

The action of A7 on B;, i = 1,2, can be described on Vec(C};) as the action of
(F1 @ H;)A1, namely: on a coloured forest (F, F ) € Cj, one chooses a subforest B
of F which contains F} and is disjoint from F, which is empty if ¢ = 1 and equal to
the set of roots of F'if i = 2; then one has (B, F[B) e Cirand X, (F,F U1 B) € C;.
Summing over all possible B of this form, we find

(F1 @ H)AL(F, F) = Hi(B, F|B) @ Hi(F, F Uy B) € B, ® B;.
B

This describes the coproduct of 98, if ¢ = 1 and the coaction on B, if ¢ = 2.
In both cases, we have a contraction/extraction operator of subforests: indeed, in
(B,F[B) we have the extracted subforest B, with colouring inherited from F,
while in F;(F, F' U; B) we have extended the red colour to B and then contracted
B to a family of red single nodes. For instance, using Example[3.16|

h 1 h

kP i P kow
(3{1®3€2)A1&// =...+ I;z:@ '\I/' + ...

since by (3-32) the red node labelled £ on the left side of the tensor product is killed
by %1.
The action of As on By can be described on Vec(Cs) as the action of (K9 ®

FH2)As, namely: on a coloured tree (F) F ) € (5, one chooses a subtree A of F'
which contains the root of F'; then one has (A, F'[A) € Cy and Ho(F, FUs A) € Cs.
Summing over all possible A of this form, we find

(Ho @ Ho)Ao(F, F) = Ha(A, F1A) @ Ho(F, F Uy A) € By @ B
A
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If (F, F) =7 € Cy is a coloured forest, one decomposes T in connected compo-
nents, and then uses the above description and the multiplicativity of the coproduct.
This describes the coproduct of 2B, as a contraction/extraction operator of rooted
subtrees. For instance, using Example [3.16]

h @

kP be h i k P
(Fo @ Ha)Ag =+ e NN+

The operators { A1, As} on the spaces {#1, #> } act in the same way on the coloured
subforests, and add the action on the decorations.

4.1 Joining roots

While the product given by “disjoint unions” considered so far is very natural when
considering forests, it is much less natural when considering spaces of trees. There,
the more natural thing to do is to join trees together by their roots. Given a typed
forest I, we then define the typed tree _¢ () by joining all the roots of F' together.
In other words, we set # (F) = F/ ~, where ~ is the equivalence relation on
nodes in N given by x ~ y if and only if either z = y or both x and y belong to
the set o of nodes of F'. For example

1l = sl

When considering coloured or decorated trees as we do here, such an operation
cannot in general be performed unambiguously since different trees may have roots
of different colours. For example, if

. !
(F P = 18/
then we do not know how to define a colouring of ¢ () which is compatible
with F'. This justifies the definition of the subset &;(_#) C § as the set of all
forests (F, F',n, 0,¢) such that F'(9) € {0,i} for every root o of F'. We also write

D(J) = Uz‘zo Di(_#)and D;(_F) C D;(_#) for the set of forests such that every
root has colour 7.

Example 4.6 Using as usual red for 1 and blue for 2, we have
i .

! ! .
I V € d1(,7), I V € P1(,7), I \/ € Da( 7).
We can then extend _# to &(_#) in a natural way as follows.
Definition 4.7 For 7 = (F,F,n, 0,¢) € D(¥), we define the decorated tree

()€ Fby )
S (1) = (F(E),[F],[n], [o],0) ,

where [n](z) = 3, n(), [0](@) = 3 ¢, 0(y), and [F(x) = sup,c, F(y).
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Example 4.8 The following coloured forests belong to 2(_#)

T =

! 11 11
7'2='\./' TL T2 = I'\./' H(11-m) = '\T/'

The following coloured forests belong to @2( )

I I !
T = I TQZK/ Ty Ty = IK/ PAGERIIES '\{/'
It is clear that the &;’s are closed under multiplication and that one has
Ja-1)=_J(r (@), 7,7€D(F) (4.1)

for every @ > 0. Furthermore, _¢# is idempotent and preserves our bigrading. The
following fact is also easy to verify, where X, X;, ®;, ®; and P; were defined in

Section

*—o—o

Lemma 4.9 Fori > 0, the sets D;(_7 ) and @i(j) are invariant under X, ®;, ]5Z
and 7. Furthermore, ¢ commutes with both K and P; on 9;(_#) and satisfies
the identity

K f =FHi JHi,  on D7) (4.2)
In particular H; J is idempotent on @i( ).
Proof. The spaces &;(_#) and D ( _#) are invariant under X, ®; and P, because
these operations never change the colours of the roots. The invariance under ¢
follows in a similar way.
The fact that _# commutes with F is obvious. The reason why it commutes
with P; is that o vanishes on colourless nodes by the definition of §. Regarding

(#2)), since H; = P;®; K, and all three operators are idempotent and commute with
each other, we have

so that it suffices to show that

For this, consider an element 7 € @li(/) and write 7 = y - v as in (3:37). By the
definition of this decomposition and of &, there exist £ > 0 and labels n; € Nd,
0j € 24 Z(L) with j € {1,...,k} such that

KT = (Hp) - x%’i,ol e m%i,ok ’

where 2!, = (e,4,1,0,0). It follows that

O;HT = (Kp) - 2y, (4.4)
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withn = Z?Zl n;. On the other hand, by (-1)), one has

JHr = J(Hp) - 2l),) .

with o defined from the o; similarly to n. Comparing this to (Z=F), it follows that
F XK differs from ¢ &, K7 only by its o-decoration at the root of one of its
connected components in the sense of Remarkz1al Since these are set to 0 by P,

(@3) follows. U

Finally, we show that the operation of joining roots is well adapted to the defini-
tions given in the previous subsection. In particular, we assume from now on that
the 2; for ¢ = 1,2 are given by Definition Our definitions guarantee that

* §1 C D)

o 32 C D 7).
We then have the following, where _# is extended to the relevant spaces as a
triangular map.

Proposition 4.10 One has the identities

Do J=(F @ INA=(F® F)A2 7, on D(JF),

Proof. Extend ¢ to coloured trees by ¢ (F, F) = (JZ(F), [F]) with [£7] as in
Definition -7} The first identity then follows from the following facts. By the
definition of 2(5, one has

As( F(F,F)) = { FrA : AcA(F, F)}, 4.5)

where ¢ A is the subforest of ¢ F" obtained by the image of the subforest A of F’
under the quotient map. The map _ZF is furthermore injective on A (F, F'), thus
yielding a bijection between A2(_7 (F), F )) and 2As(F), F ). Finally, as a consequence
of the fact that each connected component of A contains aroot of F, there is a natural
tree isomorphism between #rA and _# A. Combining this with an application of
the Chu-Vandermonde identity on the roots allows to conclude.

The identity (7-5)) fails to be true for 24; in general. However, if (F), 2 ,n,0,¢) €
2, then each of the roots of F' is covered by F*1(2), so that (7-3) with 2l replaced
by 2; does hold in this case. Furthermore, one then has a natural forest isomorphism
between #rA and A (as a consequence of the fact that A does not contain any of
the roots of F'), so that the second identity follows immediately. O

We now use the “root joining” map ¢ to define

Ho = (o) / ker(_F Ha) = Ha/ ker( 7 P2) . (4-6)
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Note here that ¢ P, is well-defined on %, by ([@:2), so that the last identity makes
sense. The identity (4-2) also implies that ker(_¢ Fo) = ker(Ko _#), so the order
in which the two operators appear here does not matter. We define also

By = Veo(€2)/ ker(f Ha) ~ B/ ker(7) , 4.7)

where ¢ : &€y — &, is defined by (_7 (I, F ), which makes sense since all roots
in F have the same (blue) colour.
Finally, we define the tree product for ¢ > 0

D) X DI D (1, 7) =TT E J (T T) (4.8)
Then we have the following complement to Corollary [£-3]

Proposition 4.11 Denoting by Jl the tree product (4.3),
1. (#Ha, M, Ao, 19,1%) is a Hopf algebra and a comodule bialgebra over the Hopf
algebra (¥, M, A1, 11, 17) with coaction Ay and counit 17.
2. (Ba, M, Ay, 12,1%) is a Hopf algebra and a comodule bialgebra over the Hopf
algebra (B, M, Ay, 11, 17) with coaction Ay and counit 17.

Proof. The Hopf algebra structure of #> turns %, into a Hopf algebra as well by
the first part of Proposition and (F-1), combined with [Nic78, Thm 1 (iv)],
which states that if H is a Hopf algebra over a field and I a bi-ideal of H such that
H/I is commutative, then H/I is a Hopf algebra. For B,, the same proof holds.

O

The second assertion in Proposition is in fact the same result, just written
differently, as [CEFM11, Thm 8]. Indeed, our space B, is isomorphic to the
Connes-Kreimer Hopf algebra #ck, and *B; is isomorphic to an extension of the
extraction/contraction Hopf algebra #. The difference between our 28; and #
in [CEEM11] is that we allow extraction of arbitrary subforests, including with
connected components reduced to single nodes; a subspace of 8, which turns out
to be exactly isomorphic to # is the linear space generated by coloured forests
(F,F) € C; such that Np C Fy.

4.2 Algebraic renormalisation

We set

def

Fo E{(F,F,n0,¢0)eF: <1, Fisatree}, %, = (F.)/ker(X). (4.9)

Then, %, is an algebra when endowed with the tree product in the special case
7 = 1. Note that this product is well-defined on #, since & is multiplicative and
# commutes with K. Furthermore, one has 7-7 € @1(_¢#) forany 7,7 € §o. As
a consequence of and the fact that - is associative, we see that the tree product
is associative, thus turning #, into a commutative algebra with unit (e, 0,0, 0, 0).
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Remark 4.12 The main reason why we do not define #, similarly to Fs by setting
Ho = (§1)/ ker(_Z X) is that Ay is not well-defined on that quotient space, while
it is well-defined on 7, as given by (4.9), see Proposition

Remark 4.13 Using Lemma [2:17] as in Remark 322, we have canonical isomor-
phisms

K~ (H), Ho={FeFo:KF=F},
Wi~ (Hy),  HiS{F €F1:FF =F}, (4.10)
782:<ﬁ2>’ I:IZd:ﬁ{GJ€32iff7€2°J:°J}.

In particular, we can view #, and 7@2 as spaces of decorated trees rather than forests.
In both cases, the original forest product - can (and will) be interpreted as the tree
product (4.8) with, respectively, i = 1 and i = 2.

We denote by %, the group of characters of % and by €; the group of characters
of %1 .

Combining all the results we obtained so far, we see that we have constructed
the following structure.

Proposition 4.14 We have
1. ¥ is a left comodule over #, with coaction Ay and counit 17.
2. ?/’32 is a left comodule over #, with coaction A, and counit 17.
3. H#o is a right comodule algebra over F, with coaction Ay and counit 15.
4. Let # € {%,, 7%2} We define a left action of G, on H* by

gh(t) £ (g @ h)Aq T, gECG, heH*, TeX,

and a right action of Gy on H* by

def

hf(T) = (h @ f)AsT, fEG, heH*, T€H.

Then we have

g(hf) = (gh)gf), gE€G, fE€C, he#" (4.11)

Proof. The first, the second and the third assertions follow from the coassociativity
of Ay, respectively Ao, proved in Proposition[3:11} combined with Proposition[4:10]
to show that these maps are well-defined on the relevant quotient spaces. The
multiplicativity of Ay with respect to the tree product (4.8) follows from the first
identity of Proposition combined with the fact that %, is a quotient by ker ¢

In order to prove the last assertion, we show first that the above definitions yield
indeed actions, since by the coassociativity of A and Ay proved in Proposition[3.171]

91(g2h) = (91 ® (g2 ® H)A1)A] = (91 ® g2 ® h)(id ® A)A,
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= (g1 ® 92 ® W)(A1 ®id)A1 = (91 ® 92)A1 ® h)A1 = (g192)h,

and

(hf)fo = ((h® f1)A2 ® f2)As = (h ® f1 ® f2)(Ar ®id)Ag
= (h® f1® f2)(id ® Ag)Ag = (h ® (f1 ® f2)A2)As = h(f1 f2).

Following (3-57), the natural definition is for (g, f) € 61 x Gy and h € H
(9, Hh = G~ = (gh @ feda)Do = (g @ h & fel)(D1 @ id)As.
We prove now (4-11). By the definitions, we have

g(hf) = (g @ (h® [ANAI = (g @ h @ f)id ® Ag)Aq

=(g®h® [Hid® Az)Aq,
while
(gh)(gf) = (g @ WAL ® (g @ [H)A1)A,
=(@®h©g® AL AA,
= (g®h® HMPPDA; @ AA,.
and we conclude by Proposition 3:27} O

Proposition and its direct descendant, Theorem [5.36] are crucial in the
renormalisation procedure below, see Theorem [6.15]|and in particular (6.19).

By Proposition[3-33]and (4-11)), we obtain from that 7, is a left comodule
over the Hopf algebra ?212 = ¥ X ?/’%2 = (#H1 x H2)/ker(id ® _#), with counit
175 and coaction

AO T H — 7812 ® %o, Ao o 0'(132)(A1 ® Q@Q)AQ

where e 32 (a @ b® ¢) £ a ® c® b and 9 is the antipode of #». Equivalently, the
semi-direct product §; X € acts on the left on the dual space # by the formula

def

(0, Oh(T) Z (L @ h @ gsa)(A ® id)AgT,

for{ € 6,qg € @2, he#r, € #,. Inother words, with this action 7 is a left
module on G X Ga, see Proposition 333}

Remark 4.15 The action of A; on ?/’32 differs from the action on {#,, #; } because
of the following detail: s is generated (as bigraded space) by a basis of rooted
trees whose root is blue; since Aj acts by extraction/contraction of subforests
which contain Fl and are disjoint from Fg, such subforests can never contain the
root. Since on the other hand in #, and #; one has coloured forests with empty
F}, no such restriction applies to the action of A; on these spaces.
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4.3 Recursive formulae

We now show how the formalism developed so far in this article links to the one
developed in [Hai14l Sec. 8]. For that, we use the canonical identifications

#Ho = (H.,), # = (Hy), Fy = (Ho),

given in Remarks[3-2zjand[g.13} We furthermore introduce the following notations.
1. For k € N%, we write X* as a shorthand for (o, 0)1870 € H,. We also interpret
this as an element of %5, although its canonical representative there is (e, 2)118’0 €
f[g. As usual, we also write 1 instead of X©, and we write X; with i €
{1,...,d} as a shorthand for X* with k equal to the i-th canonical basis
element of N¢.
2. For every type t € £ and every k € N¢, we define the linear operator

ka: Ho — s (4.12)

in the following way. Let 7 = (F, F)¢'° € H,, so that we can assume that F
consists of a single tree with root o. Then, J,;‘(T) = (G, G)'E1 ® € H, is given by

Ng =NrpU{oc}. Eg=ErU{(oc, 0},

the root of G is p¢, the type of the edge (¢g, o) is t. For instance

. 11
(F, F) = \%/ — (G,G‘):\l/

el

The decorations of j]:(’T), as well as G , coincide with those of 7, except on the
newly added edge / vertex where C?, f and o vanish, while ¢(oa, 0) = k. This
gives a triangular operator and .J{: #, — % is therefore well defined.

3. Similarly, we define operators

ﬁ,:f: Ho — 7?2 (4.13)
in exactly the same way as the operators .% defined in (Z-12), except that the

root of ﬁl;‘(T) is coloured with the colour 2, for instance

o,

. 11 .
Fh= N = (©0O-=
e

4. Fora € 74 @ Z.(£), we define linear triangular maps R, : o, — #, in such a
way that if 7 = (T, T)'Q"’ € H, with root p € N7, then R, (1) € H, coincides
with 7, except for 0(p) to which we add o and T (o) which is set to 1. In
particular, one has R, o Rg = Ry 3.
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Remark 4.16 With these notations, it follows from the definition of the sets H,
H; and H o that they can be constructed as follows.
e Every element of H, \ {1} can be obtained from elements of the type X* by
successive applications of the maps .F}, R, and the tree product (4-8).
e Every element of H; is the forest product of a finite number of elements of H..
e Every element of Hy is of the form

XFI[ e, (4.14)

for some finite collection of elements 7; € H, \ {1}, t; € £ and k; € N%.

Then, one obtains a simple recursive description of the coproduct As.

Proposition 4.17 With the above notations, the operator Ao: Ho — Ho & s is
multiplicative, satisfies the identities

. Xt
Ao Flr) = (FE @id) Aot + Z T ® Fioo(m), (4.15)
7 !
AQE’RQ(T) == (E’Ra ® ld)AQT

and it is completely determined by these properties. Likewise, Ao : Ky — o & Hs
is multiplicative, satisfies the identities on the first line of (4.13)) and

. . xt .
A Fi(T) = (Z,i ® id) Y T ® Fr () (4.16)
— !

and it is completely determined by these properties.

Proof. The operator Ay is multiplicative on %, as a consequence of the first identity
of Proposition[g-10]and its action on X * was already mentioned in (343). Itremains
to verify that the recursive identities hold as well.

We first consider Ayo with ¢ = Ji(7) and 7 = (T, T)M°. We write o =
(F, F)';_’:kle, where e is the “trunk” of type t created by .} and g is the root of F’
moreover we extend n to Ng and o to N, by setting n(0) = o(g¢) = 0. It follows
from the definitions that

Ao(F, F) = {{o}} U{AU{o,e} : AeAe(T,T)} .

Indeed, if e does not belong to an element A of 2As(F, 13’) then, since A has to
contain ¢ and be connected, one necessarily has A = {p}. If on the other hand
e € A, then one also has ¢ € A and the remainder of A is necessarily a connected
subtree of 71" containing its root, namely an element of 25 (7, ).
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Given A € A5(T, T), since the root-label of o is 0, the set of all possible node-
labels n4 for o appearing in (37) for Ao coincides with those appearing in the
expression for Ay, so that we have the identity

1 /n
t o F
Ago = (Ff ®@id)Apr + Y = (ng> (0,0,1, + mcL,0,0)

F
Eg Mo

®(F,F+2]lg,n—ng,o,e+k]le+55)

. 1 ;
= (F} @id) AT + ) EXK ® Fhoo(7) .
— (!

This is because n(p) = 0, so that the sum over n, contains only the zero term.
Since Ag: Hy — Ho @ Hy, we are implicitly applying the appropriate contraction
K @ 7 Ko, see (&6)-@9).

We now consider Ayo with ¢ = R (7). In this case, we write 7 = (T, T)™° so
that, denoting by o the root of T', one has o = (T, Tv 1,,n,0+al,,e). Weclaim
that in this case one has

Ao(T,T) = Ao(T, TV 1,).

This is non-trivial only in the case T(Q) = 0. In this case however, it is necessarily
the case that T'(e) = 0 for every edge e incident to the root. This in turn guarantees
that the family Ao(7’, 7)) remains unchanged by the operation of colouring the root.
This implies that one has

AoRo(T) = (Ra @ Ra)AoT .

This appears slightly different from the desired identity, but the latter then follows
by observing that, for every T € Fs, one has R,7 = 7 as elements of H>, thanks
to the fact that we quotiented by the kernel of K which sets the value of 0 to 0 on
the root. O

We finally have the following results on the antipode of Fo:

Proposition 4.18 Let 9@2 : 7@2 — 7%2 be thg antipode of 7?2. Then
o The algebra morphism Ay : o — s is defined uniquely by the fact that
A X; = — X and for all j]:(T) € Ho with T € ¥,
A =Xt . .
dofi(r) = = 3 i M(Fiye @ o) Aot 4.17)
£eNd ’

wherg J: 7@2 ® 7@2 — 7?2 denotes the (tree) product.
e On #,, one has the identity

Arddy = (id @ o)A . (4.18)
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Proof. By (-14) and by induction over the number of edges in 7, this uniquely
determines a morphism 912 of %’2, so it only remains to show that

M(id @ o) AgT = 15, 1% (7).

The formula is true for 7 = X%, so that, since both sides are multiplicative, it is
enough to consider elements of the form j,;‘(r) for some 7 € #,. Exploiting the
identity (Z-17), one then has

M(id @ o) ApFi() =

= M (id ® dy)

. Xt .
(5t @id)2ar + > T @ Fiur)
SN

=M <j/:®&a2
gt
k
~ N
k

>_
) -
)-

X 7
X o L s 0 )| Aur

0,0
X - X)!

> E g o)

¢

MG @ 5| Aar =0,

Aot

— it | (3 @ s
= (5@ o

as required.
A similar proof by induction yields (4.18): see the proof of Lemma [6.4] for
an analogous argument. Note that is also a direct consequence of Propo-
sition [3:27] and more precisely of the fact that the bialgebras 77 and #> are in

cointeraction, as follows from Remark [3.28} see [Foi16, Prop. 2] for a proof. Hav-
ing this property, the antipode o5 is a morphism of the #;-comodule #>. O

In this section we have shown several useful recursive formulae that characterize
Ao, see also Section [6.4] below. The paper [Bru17] explores in greater detail this
recursive approach to Regularity Structures, and includes a recursive formula for
A1, which is however more complex than that for As.

5 Rules and associated Regularity Structures
We recall the definition of a regularity structure from [Hai14l Def. 2.1]

Definition 5.1 A regularity structure = (A,T,G) consists of the following
elements:
e Anindex set A C R such that A is bounded from below, and A is locally finite.
o A model space T, which is a graded vector space T' = @ 4 Ta, With each
T,, a Banach space.
o A structure group G of linear operators acting on 7" such that, for every I' € G,
every a € A, and every a € T,, one has

Fa—aE@Tg. (5-1)

B<a
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The aim of this section is to relate the construction of the previous section to
the theory of regularity structures as exposed in [Hai14) [Hai16b]. For this, we first
assign real-valued degrees to each element of §.

Definition 5.2 A scalingisamaps: {1,...d} UL — R\ {0} such that 5(s) > 1
fori € {1,...d}. By additivity, we then assign a degree to each (k,v) € 2D L(L)
by setting

d
e, 0)s Z Jkls + ols € R, [ks ED kisi, fols S wes®),  (5.2)
=1 tel

ifv =73 ovtwithv €Z

We henceforth write £ = £_ L £, where £, < {t € £ : [t|; > 0} and

def

g_={te L |t|; <0}

Definition 5.3 Given a scaling s as above, for 7 = (F) F, n,0,¢) € §2, we define
two different notions of degree |7|_, ||+ € R by

o= > (10l — le@ls) + > In@)s »
EEEF\E rENp

rle= > (Kol —le@l:) + > @+ > lo@)s .
GEEF\EQ zeNFp !L’GNF\NQ

where we recall that o takes values in Z¢ @ Z(£)and t : Er — £ is the map
assigning to an edge its type in I, see Section 11

Note that both of these degrees are compatible with the contraction operator &
of Definition [3.18] as well as the operator ¢, in the sense that |7|4 = |7|+ if and
only if [ 7|+ = |K7|+ and similarly for #. In the case of | - |, this is true thanks
to the definition (3-33), while the coloured part of the tree is simply ignored by |- |_.
We furthermore have

Lemma 5.4 The degree |- | is compatible with the operators X; and H; of (339
while ||+ is compatible with X+ and K. Furthermore, both degrees are compatible
with ¢ and X, so that in particular ¥ is | - |_-graded and Iy and ¥, are both
|- |- and | - | +-graded.

Proof. The first statement is obvious since | - | ignores the coloured part of the
tree, except for the labels n whose total sum is preserved by all these operations.
For the second statement, we need to verify that | - | is compatible with Py as
defined just below (3:37). which is the case when acting on a tree with p € F} since
the o-decoration of nodes in F5 does not contribute to the definition of | - |. [
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As a consequence, |- |_ yields a grading for %, |- |4 yields a grading for #», and
both of them yield gradings for #,. With these definitions, we see that we obtain
a structure resembling a regularity structure by taking 7, to be our model space,
with grading given by | - |} and structure group given by the character group G, of
%, acting on #, via

Fg: <go> — <30> > Fg7' = (id®g)A2T .

The second statement of Proposition [f-14] then guarantees that this action is multi-
plicative with respect to the tree product on #,, so that we are in the context
of [Hai14, Sec. 4]. There are however two conditions that are not met:
1. The action of €5 on %, is not of the form “identity plus terms of strictly lower
degree”, as required for regularity structures.
2. The possible degrees appearing in #, have no lower bound and might have
accumulation points.

We will fix the first problem by encoding in our context what we mean by
considering a “subcritical problem”. Such problems will allow us to prune our
structure in a natural way so that we are left with a subspace of #, that has the
required properties. The second problem will then be addressed by quotienting a
suitable subspace of Fs by the terms of negative degree. The group of characters
of the resulting Hopf algebra will then turn out to act on %, in the desired way.

5.1 Trees generated by rules

From now to Section [5.4]included, the colourings and the labels o will be ignored.
It is therefore convenient to consider the space

def

S:{(T,T,n,o,e)egz Tisatree, T =0, o =0} (5.3)

In order to lighten notations, we write elements of T as (T,n,e) = 1 with T" a
typed tree (for some set of types £) and n: Ny — N¢, ¢: Er — N? as above.
Similarly to before, ¥ is a monoid for the tree product (4.8). Again, this product is
associative and commutative, with unit (e, 0, 0).

Definition 5.5 We say that an element 7}' € ¥ is trivial if T consists of a single
node e. It is planted if T has exactly one edge incident to its root p and furthermore

n(o) = 0.

In other words, a planted 7" € T is necessarily of the form .7(7) with 7 € T, see

(#-12). For example,

a planted tree: ] and a non-planted tree: K/ .

With this definition, each 7 € ¥ has by (.14) a unique (up to permutations)
factorisation with respect to the tree product

T =@,TITy Tk, (5.4)
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for some n € N¢, where each 7; is planted and e, denotes the trivial element
(o,n,0) € %.

In order to define a suitable substructure of the structure described in Proposi-
tion we introduce the notion of “rules”. Essentially, a “rule” describes what
behaviour we allow for a tree in the vicinity of any one of its nodes.

In order to formalise this, we first define the set of edge types € and the set of
node types N by

E=g¢xN,  N=9)=]E", (5.5)

n>0

where [€]" denotes the set of unordered €-valued n-uples, namely [€]" = €™ /S,
with the natural action of the symmetric group S, on €". In other words, given
any set A, P(A) consists of all finite multisets whose elements are elements of A.

Remark 5.6 The fact that we consider multisets and not just n-uples is a reflection
of the fact that we always consider the situation where the tree product (4.8) is
commutative. This condition could in principle be dropped, thus leading us to
consider forests consisting of planar trees instead, but this would lead to additional
complications and does not seem to bring any advantage.

Given two sets A C B, we have a natural inclusion $(4) C P(B). We will
usually write elements of [€]™ as n-uples with the understanding that this is just
an arbitrary representative of an equivalence class. In particular, we write () for the
unique element of [8]°.

Givenany 7' € T, we then associate to eachnode z € N7 anode type N (x) € N
by

def

N(@) = (s(er), ..., s(en)), s(e) = (te),e(e)) €€, ec€ Er, (5.6)

where (ey, . . ., e,) denotes the collection of edges leaving z, i.e. edges of the form
(z, y) for some node y. We will sometimes use set-theoretic notations. In particular,
given N = (s1,...,8,) € Nand M = (r1,...,rp) € N, we write

def

MUN=(r1,...,70,81,---,5n) »

and we say that M C N if there exists NV such that N = M LI N. When we write a
sum of the type >, - We take multiplicities into account. For example (a, b) is
contained twice in (a, b, b), so that such a sum always contains 2" terms if NV is an
n-tuple. Similarly, we write t € NV if (£) C N and we also count sums of the type
> e With the corresponding multiplicities.

Definition 5.7 Denoting by PN the powerset of N, a rule is a map R: £ —
PN\ {P}. A rule is said to be normal if R(t) = {()} for every t € £_ and,
whenever M C N € R(%), one also has M € R(t).



RULES AND ASSOCIATED REGULARITY STRUCTURES 62

For example we may have £ = {t;, t2} and

o)) o ()6 ()} o

Then, according to the rule R, an edge of type t; or {5 can be followed in a tree by,
respectively, no edge, or a single edge of type t; with decoration ¢; with ¢ € {1, 2},
or by two edges, one of type t; with decoration ¢; and one of type t, with decoration
¢2. We do not expect however to find two edges both of type t; (or t3) sharing a
node which is not the root.

Definition 5.8 Let R be arule and 7 = 7' € T. We say that
o T conforms to R at the vertex x if either x is the root and there exists t € £
such that N (x) € R(t) or one has N (z) € R(t(e)), where e is the unique edge
linking x to its parent in 7.
e 7 conforms to R if it conforms to R at every vertex x, except possibly its root.
e 7 strongly conforms to R if it conforms to R at every vertex x.

In particular, the trivial tree e strongly conforms to every normal rule since, as a
consequence of Definition there exists at least one t € £ with () € R(t).

Example 5.9 Consider ? as in (57) and the trees

|

[aoea]ftzea]  [ten]

The first tree does not conform to the rule R since the bottom left edge of type
ty is followed by three edges. The second tree conforms to R but not strongly,
since the root is incident to three edges. The third tree strongly conforms to R.
If we call p; the root of the i-th tree, then we have N (01) = {(t2, ¢2), (t2,¢2)},
N(02) = {(t1,e1), (t1, 1), (t2,e2)}, N(03) = {(t1,¢1),(t2,¢e2)}, see (5.6). Finally,
note that R is normal.

Remark 5.10 If R is a normal rule, then by Definition we have in particular
that () € R(t) for every t € £. This guarantees that £ contains no useless labels in
the sense that, for every t € £, there exists a tree conforming to R containing an
edge of type t: it suffices to consider a rooted tree with a single edge e = (x, y) of
type t; in this case, N(y) = {(} € R(t). More importantly, this also guarantees
that we can build any tree conforming to R from the root upwards (start with an
edge of type t, add to it a node of some type in R(t), then restart the construction
for each of the outgoing edges of that node) in finitely many steps.
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Remark 5.11 A rule R can be represented by a directed bipartite multigraph
E(R) = (V(R), E(R)) as follows. Take as the vertex set V(R) = € LI N. Then,
connect N € Ntot € €ift € N. If ¢t is contained in N multiple times, repeat
the connection the corresponding number of times. Conversely, connect (t, k) € €
to N € N if N € R(t). The conditions then guarantee that () € N can be reached
from every vertex in the graph. Given a tree 7 € T, every edge of 7 corresponds
to an element of € and every node corresponds to an element of N via the map
z — N (x) defined above. A tree then conforms to R if, for every path joining the
root to one of the leaves, the corresponding path in V" always follows directed edges
in G(R). It strongly conforms to R if the root corresponds to a vertex in V' with at
least one incoming edge.

Definition 5.12 Given s as in Definition [5-2] we assign a degree |7|; to any 7 € T
by setting
TP = (K@)l — le@ls) + > [n@)]s - (5.8)

ecEp zENT
This definition is compatible with both notions of degree given in Definition

since we view ¥ as a subset of § with F and o identically 0. This also allows us to
give the following definition.

Definition 5.13 Given a rule R, we write
e T (R) C ¥ for the set of trees that strongly conform to R
e T (R) C § for the submonoid of § (for the forest product) generated by T, (R)
e To(R) C ¥ for the set of trees that conform to R.
Moreover, we write T_(R) C T,(R) for the set of trees 7 = 1" such that
o |7ls < 0,n(00) =0,
e if 7 is planted, namely 7 = .F:(7) with 7 € T, see (@-12), then |t|s < 0.

The second restriction on the definition of 7 € ¥ _(R) is related to the definition
(522) of the Hopf algebra J** and of its characters group 6%, that we call the
renormalisation group and which plays a fundamental role in the theory, see e.g.

Theorem
5.2 Subcriticality

Given a map reg: £ — R we will henceforth interpret it as maps reg: € — R and
reg: N — Ras follows: for (t,k) € €and N € ¥

reg(t, k) S reg(t) — |kls,  reg(N)E ) reg(t, k), (5.9)
t,k)eEN

with the convention that the sum over the empty word () € W is 0.

Definition 5.14 A rule R is subcritical with respect to a fixed scaling s if there
exists a map reg: £ — R such that

inf N .
reg(t) < [t|s + Nler}%(t) reg(V) , Vte L, (5.10)
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where we use the notation (5-.9).

We will see in Section [5.4] below that classes of stochastic PDEs generate rules.
In this context, the notion of subcriticality given here formalises the one given
somewhat informally in [Hai14]]. In particular, we have the following result which
is essentially a reformulation of [Haii4, Lem. 8.10] in this context.

Proposition 5.15 If R is a subcritical rule, then, for every v € R, the set {1 €
To(R) = |T|s < v} is finite.

Proof. Fix v € R and let T}' € T,(R) with |T}}|s < . Since there exists ¢ > 0
such that
IT]s > |T9]s + cln|

and there exist only finitely many trees in T,(R) of the type |T?| for a given number
of edges, it suffices to show that the number | E7| of edges of T" is bounded by some
constant depending only on ~.
Since the set £ is finite, (5-70) implies that there exists a constant £ > 0 such
that the bound
reg(®) + 4 < [ils + inf rea(N), (5.11)

holds for every t € £ with the notation (5:g). We claim that for every planted
T € T, (R) such that the edge type of its trunk e = (g, x) is (t, k) € &, we have

reg(t, k) < |10, — K| Exl. (5.12)

We denote the space of such planted trees by gtk (R). We verify (5:12) by induction
on the number of edges |Er| of T. If |[Er| = 1, namely the unique element of Ep
is the trunk e = (o, ), then NV (z) = () € R(t) in the notation of (5.6) and by (5-11)

reg(t) + K < |t|ls = regt,k) <|ts — |kl]s — K < |T}'|s — k.

For a planted T} € T,(R) with |Er| > 1, then N (x) = (s(ey), ..., s(ey)) € R(t)
and by (5-11) and the induction hypothesis

reg(t) — [kls + & < [t — [kls + ) [reg(t) — [kils) < [T0s — w(| Br| — 1),
i=1

where s(e;) = (t;, k;). Therefore (5.12) is proved for planted trees.

Given an arbitrary tree 7,' of degree at most +y strongly conforming to the rule
R, there exists tg € £ such that e € N (o) = R(tp). We can therefore consider the
planted tree 7} containing a trunk of type to connected to the root of 7', and with
vanishing labels on the root and trunk respectively. It then follows that

K‘ET‘ < K‘ET‘ < ‘Ten’5 —reg(ty) = ’Ten’5 + ’tO‘s —reg(to)
< inf (|t|s — Y),
<7+ 322(‘ |s — reg(t))

and the latter expression is finite since £ is finite. The claim follows at once. O



RULES AND ASSOCIATED REGULARITY STRUCTURES 65

Remark 5.16 The inequality (5:10) encodes the fact that we would like to be able
to assign a regularity reg(t) to each component u¢ of our SPDE in such a way that
the “naive regularity” of the corresponding right hand side obtained by a power-
counting argument is strictly better than reg(t) — [t|. Indeed, infyep( reg(IN) is
precisely the regularity one would like to assign to Fi(u, Vu, ). Note that if the
inequality in (5-10) is not strict, then the conclusion of Proposition [5.15]may fail to
hold.

Remark 5.17 Assuming that there exists a map reg satisfying (5.11) for a given
k > 0, one can find a map reg, that is optimal in the sense that it saturates the

bound (5-12):

reg (t,k) = min  (|T}|s — k|Er|)
TreTP(R)

where (t, k) € €. We proceed as follows. Set regg(t) = +o0 for every t € £ and
then define recursively

regt (0 = [t — i+ inf regl(N) (513)

By recurrence we show that n — reg}(t) is decreasing and reg < reg}; then the
limit
— & n
reg, (t) = nlgrgo reg,. (t)

exists and has the required properties. If we extend regj to ‘€ LI N by (5.9), the
iteration (5-13) can be interpreted as a min-plus network on the graph 6(R) with
arrows reversed, see Remark 57171}

5.3 Completeness

Given an arbitrary rule (subcritical or not), there is no reason in general to expect that
the actions of the analogues of the groups €; and %, constructed in Section @ leave
the linear span of T,(R) invariant. We now introduce a notion of completeness,
which will guarantee later on that the actions of €; and @2 do indeed leave the span
of T, (R) (or rather an extension of it involving again labels o on nodes) invariant.
This eventually allows us to build, for large classes of subcritical stochastic PDEs,
regularity structures allowing to formulate them, endowed with a large enough
group of automorphisms to perform the renormalisation procedures required to
give them canonical meaning.

Definition 5.18 Given N = ((t1, k1), ..., (t,, kn)) € N and m € N%, we define
O™N C N as the set of all n-tuples of the form ((t;, k1 + m1), ..., s, kn +my))
where the m; € N are such that > ;M = m.

Furthermore, we introduce the following substitution operation on N. Assume that
we are given N € N, M C N and an element M € % (N) which has the same
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size as M. In other words, if M = (rq,...,rp), one has M = (Ml, .. ,]\ng) with
M; € N. Then, writing N = M LU N, we define

RMN S NN UL UM, . (5.14)

Definition 5.19 Given arule R, for any tree T € T,(R) we associate to each edge
e € Er aset N(e) C W in the following recursive way. If e = (x,y) and y is a leaf,
namely the node-type N (y) of the vertex y is equal to the empty word () € N, then

we set
def

N(e) = R((e)) .

Otherwise, writing (eq, ..., ep) the incoming edges of y, namely e; = (y, v;), we
define

def

Ne) = {R}(,)N : N(y) C N € R(t(e)), M € N(er) x -+ x N(ep} .

Finally, we define for every node y € N a set Ml (y) C P(N) by () < {0}ify
is a leaf, and
M(y) = N(er) x -+ x N(ep)

if (e, ..., ep) are the outgoing edges of y.

It is easy to see that, if we explore the tree from the leaves down, this specifies N (e)
and J(y) uniquely for all edges and nodes of T'.

Definition 5.20 A rule R is ©-complete with respect to a fixed scaling s if, whenever
7 € T_(R) and t € £ are such that there exists N € R(t) with N (o,) C N, one
also has

O™ (R Yo N) C R(H)

for every M € Jl(o-) and for every multiindex m with |m/|s + |7|s < O.

At first sight, the notion of &-completeness might seem rather tedious to verify
and potentially quite restrictive. Our next result shows that this is fortunately not
the case, at least when we are in the subcritical situation.

Proposition 5.21 Let R be a normal subcritical rule. Then, there exists a normal
subcritical rule R which is ©S-complete and extends R in the sense that R(t) C R(t)
forevery t € L.

Proof. Given a normal subcritical rule R, we define a new rule Q R by setting

@R)) =R®OU | J R, (5.15)
TET_(R)

where R_(t;7) is the union of all collections of node types of the type

N € 9™(Ry,.N) .
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for some N € R(t) with N (p;) C N, some M € M (o.), and some multiindex m
with |m|s+|7|s < 0. Since (QR)(t) D R(t) and T_(R) is finite by Proposition[5-13]
this is again a valid rule. Furthermore, by definition, a rule R is ©-complete if and
only if QR = R.

We claim that the desired rule R can be obtained by setting

R =J@R)® .

n>0

It is straightforward to verify that R is ©-complete. (This follows from the fact that
the sequence of rules Q" R is increasing and @ is closed under increasing limits.)

It remains to show that R is again normal and subcritical. To show normality, we
note thatif Ris normal, then @ ?is again normal. This is because, by Definition[5.19]
the sets N (e) used to build .0 (o,) also have the property that if N € N (e) and
M C N, then one also has M € N (e). As a consequence, Q™ R is normal for every
n, from which the normality of R follows.

To show that R is subcritical, we first recall that by Remark 517} for « as in
(5-11), we can find a maximal function reg, : £ — R such that

reg, (t) = |t|s — x + Nlelg(t) reg, (N) . (5.16)

Furthermore, the extension of reg, to node types given by (5:9) is such that, for
every node type N and every multiindex m, one has

reg, (0™ N) =reg, (N) — |m|s . (5.17)

(We used a small abuse of notation here since 0™ N is really a collection of node
types. Since reg, takes the same value on each of them, this creates no ambiguity.)

We claim that the same function reg,; also satisfies (5.10) for the larger rule Q R.
In view of and of the definition (5-13) of QR, it is enough to prove that

reg,(t) < [tls — k+reg(N),  VNe [J R, (5.18)
TET_(R)

Arguing by induction as in the proof of (5:12), one can first show the following.
Let o € T,(R) any every planted tree whose trunk e has edge type (t, k). Then one
has the bound

reg,.(t, k) < |o|s +reg,.(G) , VG e Ne). (5.19)
Indeed, if e is the only edge of o, then N (e) = R(t) and by
reg,.(t, k) < [t|s — |k|s +reg, (G) = |o|s + reg,.(G).

If now e = (z,y) and (eq, . . . , e/) are the outgoing edges of y, then N (e) is the set of
all gz%y)N with N (y) C N € R(t(e)) and M = (M, ..., M;) with M; € N(e;).

By the induction hypothesis,

0
reg (W) < [Joils + reg, (M))]
i=1
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where o; is the largest planted subtree of o with trunk e;. Then

14 l

reg, (R, V) = reg, (N) — reg (N (W) + > _ reg, (M) > reg, (N) = > |oils.
i=1 i=1

Combining this with we obtain, since |t — |k|s + Zle loils = |o]s,
reg, (t, k) < [t|s — |k|s +reg(N) < |o|s +regn(9ij\,/[(y)N)

and (3-19) is proved.

We prove now (5.18). Let 7 € T_(R), N € R(t) with N(o,) C N, M =
(M, ..., M) € M(o;), and m € N¢ with |m|; + |7]s < 0. Let 7 = 71 ... 7 be
the decomposition of 7 into planted trees. Recalling (5-17) and Definitions [5.19]

and we have

reg, (0" (R N)) = reg(Rife N) — Imls

4
=reg, (N) + Z [regn(Mi) - regn(si)] —|mls,
i=1

where s; is the edge type of the trunk of 7;. Combining this with (5-19) yields

reg/{(am(g{%gT)N)) Z I'an(N) - |m|5 - |T|5 > regn(N) 5

with the last inequality a consequence of the condition |m|s +|7|s < 0. This proves
(5.18).

We conclude that also holds when considering N € (Q R)(%), thus yielding
the desired claim. Iterating this, we conclude that reg, satisfies (5.10) for each of
the rules Q™R and therefore also for R as required. O

Definition 5.22 We say that a subcritical rule R is complete (with respect to a fixed
scaling s) if it is both normal and ©-complete. If R is only normal, we call the rule
R constructed in the proof of Proposition [5.21) the completion of R.

5.4 Three prototypical examples

Let us now show how, concretely, a given stochastic PDE (or system thereof) gives
rise to a rule in a natural way. Let us start with a very simple example, the KPZ
equation formally given by

Ay = Au+ (Opu)® + €.

One then chooses the set £ so that it has one element for each noise process and
one for each convolution operator appearing in the equation. In this case, using the
variation of constants formula, we rewrite the equation in integral form as

u = Pug + P * 1t>0((aﬂcu)2 +&) .
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where P denotes the heat kernel and * is space-time convolution. We therefore
need two types in £ in this case, which we call {Z,.7} in order to be consistent
with [Hai14].

We assign degrees to these types just as in [Haii4]]. In our example, the under-
lying space-time dimension is d = 2 and the equation is parabolic, so we fix the
parabolic scaling s = (2, 1) and then assign to = a degree just below the exponent of
self-similarity of white noise under the scaling s, namely |Z|; = —3 — & for some
small £ > 0. We also assign to each type representing a convolution operator the
degree corresponding to the amount by which it improves regularity in the sense of
[Hai14, Sec. 4]. In our case, this is given by |.F|s = 2.

It then seems natural to assign to such an equation a rule R by

RE) ={0}, RI)={E),(H,R)},

where 1 is a shorthand for the edge type (., (0, 1)) and we simply write t as a
shorthand for the edge type (t,0). In other words, for every noise type t, we set
R = {0} and for every kernel type t we include one node type into R(%) for each
of the monomials in our equation that are convolved with the corresponding kernel.
The problem is that such a rule is not normal. Therefore we define rather

RE) ={0}, RI)=A0,E),F),(F, I},

which turns out to be normal and complete. It is simple to see that the function
reg, : {Z,7} - R

3 1
reg, (B) = — = — 2k, reg, (F) = = — 3k,
2 2
makes R subcritical for sufficiently small x > 0.
One can also consider systems of equations. Consider for example the system of
coupled KPZ equations formally given by

dyur = Auy + (Bpur)® + &1,
Apug = vAug + (Opua)® + Auy + & .

In this case, we have two noise types Z1 2 as well as two kernel types, which we
call .7 for the heat kernel with diffusion constant 1 and .¥” for the heat kernel with
diffusion constant v. There is some ambiguity in this case whether the term Ay
appearing in the second equation should be considered part of the linearisation
of the equation or part of the nonlinearity. In this case, it turns out to be more
convenient to consider this term as part of the nonlinearity, and we will see that
the corresponding rule is still subcritical thanks to the triangular structure of this
system.

Using the same notations as above, the normal and complete rule R naturally
associated with this system of equations is given by

RE)={0}, RWI)={0,E, (5, (5, I}
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R(I") =A0, (E2), (I, (J7, I, (J2)}

In this case, we see that R is again subcritical for sufficiently small x > 0 with
reg, (5;) = —3/2 — 2k, reg (F)=1/2—-3k, reg (F")=1/2—4k.
Our last example is given by the following generalisation of the KPZ equation:

Opu = Au+ g(u)(0pr)” + h(w)dpu + k(u) + f(W)E

which is motivated by (1.6)) above, see [Hai16al]. In this case, the set £ is again
given by {Z, .7}, just as in the case of the standard KPZ equation. Writing [.¥], as
a shorthand for .¥, ..., F where ¥ is repeated £ times, the rule R associated to this
equation is given by

R(E) ={0}, RI) ={1I10), (Fle; T, (Fe, F1, F1), (F]e, ), £ €N}

Again, it is straightforward to verify that R is subcritical and that one can use the
same map reg, as in the case of the standard KPZ equation. Even though in this
case there are infinitely many node types appearing in R(.¥), this is not a problem
because reg, (f) > 0, so that repetitions of the symbol .¥ in a node type only
increase the corresponding degree.

5.5 Regularity structures determined by rules

Throughout this section, we assume that we are given
e afinite type set £ together with a scaling s and degrees | - | as in Definition[53]
e anormal rule R for £ which is both subcritical and complete, in the sense of
Definition 522}
e the integer d > 1 which has been fixed at the beginning of the paper.

We show that the above choices, when combined with the structure built in
Sections 3] and [4}, yield a natural substructure with the same algebraic properties
(the only exception being that the subspace of #, we consider is not an algebra in
general), but which is sufficiently small to yield a regularity structure. Furthermore,
this regularity structure contains a very large group of automorphisms, unlike the
slightly smaller structure described in [Hai14]]. The reason for this is the additional
flexibility granted by the presence of the decoration o, which allows to keep track
of the degrees of the subtrees contracted by the action of €;.

Definition 5.23 We define for every 7 = (G, n’,¢’) € T and every node z € Ng a
set D(x, 1) C Ve Z(L) by postulating that o € D(z, 7) if there exist

e o=(Fne)ec¥

e A C Fis asubtree such that o conforms to the rule R at every node y € A

e functions ng: N4 — N withny < nfN, and afz: 0(A,F) — N¢
such that (4,0,n4 + 7T€£, 0,¢) € T_(R) (see Definition 5.13) and

(G, Ly, 0, all gy, ¢) = Fi(F, La,n—na,ng + 7wl — ), el + 1) (5.20)
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and in particular

a= Z (nA + 7'('(55; — eg)).
Na

We define § : § — T C Fby S(F, F,n,0,¢) 2 (F,n,e).

Definition 5.24 We denote by A = A(£, R, 5, d) the set of all 7 = (F, F, n,0,¢) €
§ such that 7 = K7 and, for all z € N, exactly one of the following two mutually
exclusive statements holds.

e One has F(z) € {0,2} and o(z) = 0.

e One has F(z) = 1 and o(z) € D(z,S7).

Lemma 5.25 Let 0 = (F,F,n,0,¢) € A and A € A (F, F) be a subforest such
that o conforms to the rule R at every vertex x € A and fix functions ng: Ny —
N¢ with ng < n|Ny4 and elii 0A F) — N, Assume furthermore that for
each connected component B of A, we have (B,0,n4 + 7'('55; ,0,e) € T_(R), see
Definition[5.13} Then the element

T=H1(F, F Uy An —ng,ng + m(ely — ), el + el (5.21)

also belongs to A.
Conversely, every element T of A is of the form (5:21) for an element o with
F(x) €{0,2} and o = 0.

Proof. Let us start by showing the last assertion. Let 7 = (G, G, n',0’,¢’) € A and
{z1,...,2,} C Ng all nodes is such that G(x;) = 1. Let us argue by recurrence
overi € {1,...,n}. By Definition 523 one can write

(G, é]l{thwi}, ', 0,]]'{9617---7961'}’ ¢)=Ky0;

= %I(Fia ]]-Ai, n— nAianAi + W(&iii - egi)a eill + eii)

as in (5.20). Setting F' = F), and A = A,, we have the required representation.
Now the first assertion follows easily from the second one. O

We now define spaces of coloured forests 7 = (F, F ,n,0,¢)suchthat (F,0,n,0,¢)
is compatible with the rule R in a suitable sense, and such that 7 € A.

Definition 5.26 Recalling Definition[5-13)and Remark[-13} we define the bigraded
spaces

def

I =(By)CHy, By={recHy:7eA & ST TR},
IN=(B_)Co ., B-E{reH :TeA & STeT(R},
CjeX:<BO>C%o, Bod:ef{TeHo:TGA&STGSO(R)}'
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Remark 5.27 The superscript “ex” stands for “extended”, see Section [6.4] below
for an explanation of the reason why we choose this terminology. The identification
of these spaces as suitable subspaces of #2, #1 and #, is done via the canonical

basis (.10).

Note that both T and Eﬁx are algebras for the products inherited from #; and
#> respectively. On the other hand, I * is in general not an algebra anymore.

Lemma 5.28 We have
AT 5 TCOH,, AT = TX0H, A:TE - THX0H,,

as well as No: H — H @ @f" for ¥ € {gex,gl:fx}. Moreover, BA“fX is a Hopf
subalgebra of %o and T * is a right Hopf-comodule over T* with coaction A,.

Proof. By the normality of the rule R, if a tree conforms to R then any of its
subtrees does too. On the other hand, contracting subforests can generate non-
conforming trees in the case of Ay, while, since Ay extracts only subtrees at the
root, completeness of the rule implies that this can not happen in the case of Ag,
thus showing that the maps A; do indeed behave as claimed.

The fact that Ojj" is in fact a Hopf algebra, namely that the antipode gy of %,
leaves Ojf‘ invariant, can be shown by induction using (#-17) and Remark[4.16] [

Note that T is a sub-algebra but in general not a sub-coalgebra of #; (and a

fortiori not a Hopf algebra). Recall also that, by Lemma 5.4} the grading | - |— of
Definition 53] is well defined on I and on T, and that | - | is well defined on
both Ojj" and I . Furthermore, these gradings are preserved by the corresponding
products and coproducts.

Definition 5.29 Let = C SJA“ieX be the ideals given by
§ =({r€By : 7= FHs(0-5), 0,6 € By, 0#1y, |o|. <0}),
¥+ ={reB- : 71=H(0c-5), 0,06 € B_, (5.22)
(c#1; & |o|l->0) or (c=JI") & |t|s >0} .

Then, we set
THXEGX)F, . TXEFH/F, (5.23)

A~

with canonical projections p$ : T — JF*. Moreover, we define the operator
t . grex grex t _ pex o gt
Fo T =T Tas J =pTo .

With these definitions at hand, it turns out that the map (p* ® id)A; is much better
behaved. Indeed, we have the following.

Lemma 5.30 The map A = (p* ® id)A; satisfies

N H = TEQH,  for# € {T, T, T,
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Proof. This follows immediately from Lemma [5.28 combined with the fact that
completeness of 12 has beed defined in Definition [5.20] in terms of extraction of
T € T_(R), which in particular means that |7|s = |7]|_ < 0. 0

Analogously to Lemma [3-21] we have

Lemma 5.31 We have
PZRpHAFL =0, (T pDAF- =0, (T @pDAF-=0. (524

Proof. We note that the degrees | - |+ have the following compatibility properties
with the operators A;. For0 <4 < j <2,7 € §jand A7 = Z’Ti(l) ® TZ-(Q) (with
the summation variable suppressed), one has

1 2 2 1 2
T2 = e 1 = 1B+ 10l = Tl (5.25)

The first identity of (5-24) then follows from the first identity of (3-23) and from
the following remark: if B_ 3 7 = .¥(0), then for each term appearing in the sum
over A € 2 in the expression (3-7) for A7, one has two possibilities:
e cither A does not contain the edge incident to the root of 7, and then the second
factor is a tree with only one edge incident to its root,
e or A does contain the edge incident to the root, in which case the first factor
contains one connected component of that type.
The second identity of (5.24) follows from the second identity of (5-23) combined
with the fact that, for 7 € §9, A7 contains no term of the form o ® 15, even when
quotiented by ker(_# FHs). The third identity of (5.24) finally follows from the third
identity of (5.23), combined with the fact that if 7 € B, \ {12} with |7|{ <0,
then the term 15 ® 15 does not appear in the expansion for Ay7. O

As a corollary, we have the following.
Corollary 5.32 The operator Ay = (p** ® id)A; is well-defined as a map
Ag: H = TXRH,  for ¥ € (T T TX T X

Similarly, the operator AL, = (id @ p$) Ay is well-defined as a map

A~

AL:H - H T, for#H € {T, T T

Remark 5.33 The operators AZ of Corollary [5-32]are now given by finite sums so
that for all of these choices of #, the operators Ay, and A}, actually map # into
I @ and #H @ T respectively.

Proposition 5.34 There exists an algebra morphism AT : T — T so that
(T, M, AL 19,15, ), where M is the tree product (4.8), is a Hopf algebra.
Moreover the map AL, : T — T* @ T, turns T into a right comodule for
I with counit 15,



RULES AND ASSOCIATED REGULARITY STRUCTURES 74

Proof. We already know that @ﬁx is a Hopf sub-algebra of P, with antipode sy
satisfying (4:17). Since §_ is a bialgebra ideal by Lemma 53T} the first claim
follows from [Nic78, Thm 1.(iv)].

The fact that AL, : T — T @ Ff* is a co-action and turns T into a right
comodule for T* follows from the coassociativity of As. O

Proposition 5.35 There exists an algebra morphism A% : T — T so that
(T, AL, 11,17, 4%) is a Hopf algebra. Moreover the map Ay : T —

TX* @ T turns T into a left comodule for T with counit 17.

Proof. One difference between T and T is that J s not in general a sub-
coalgebra of #; and therefore it does not possess an antipode. However we can see
that the antipode o1 of #; satisfies for all 7 # 1

AT =—7 — M QIDNAIT-TR1-1®7),

where J is the product map. By the second formula of (5-23), it follows that if
|7|— > Othen of;7 € ¥, and therefore, since 91, is an algebra morphism, 4;(¥+) C
F+. We obtain that o1, defines a unique algebra morphism A : T — J* which
is an antipode for J*. O

Definition 5.36 We call €5 the character group of I*.

We have therefore obtained the following analogue of Proposition

Theorem 5.37
1. On T%, we have the identity

MA@ Ay, ® AGAL = (id ® AL)HA, (5.26)

holds, with MDD q¢ in (349). The same is also true on gﬁx.
2. Let # € {T,T*}. We define a left action of € on H* by

gh(1) £ (g © h)AG,T, geECK, heH* TeH,

and a right action of € on #* by

def

hf(T) Z (h® HALT, fECK, he#*, T€H.
Then we have
g(hf) = (gh)(gf) . gEE™, feEl, heX”. (5-27)

Proof. By the second identity of (5.23), the action of A_, preserves the degree |- |;..
In particular we have
AgdT = (id @ pF) A, (5.28)
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From this property, one has:

MDD 5 AZ )AL = MIPODAL © (id @ po) Ag)As

= (b @id @ p) M PPDA; @ A)A,

and we conclude by applying the Proposition [3:271 Now the proof of (5:27) is the
same as that of above. O

Formula yields the cointeraction property see Remark[3.28]

Remark 5.38 We can finally see here the role played by the decoration o: were it
not included, the cointeraction property of Theorem [5-37] would fail, since it
is based upon (5.28), which itself depends on the second identity of (5:25). Now
recall that | - |4 takes the decoration o into account, and this is what makes the
second identity of (5:23) true. See also Remark [6.25]|below.

As in the discussion following Proposition we see that T * is a left comodule
over the Hopf algebra T = T x I, with coaction

= ~ def —
DNo:TX 5 TFHT™, Ao E oA @AY

where 0132 (a ® b ® ¢) “a®c®band A is the antipode of T*.

def

We define A = {|7|+ : 7 € B}, where 7 = (B,) as in Definition [5.26]

Proposition 5.39 The above construction yields a regularity structure T =
(A, T, 6%) in the sense of Definition

Proof. By the definitions, every element 7 € B, has a representation of the type
(3-z1) for some o = (1,0,1, 0, ¢) € €. Furthermore, it follows from the definitions
of |- |4+ and | - | that one has |7|; = |o|s. The fact that, for all v € R, the set
{a € A% : a <~} is finite then follows from Proposition 515}

The space T is graded by | - [ and €5* acts on it by I'y “ (id ® g)At,. The
property (5-1) then follows from the fact AY, preserves the total | - | -degree by the
third identity in (5-25) and all terms appearing in the second factor of AL, 7 — 7 ®1
have strictly positive | - | -degree by Definition 0

Remark 5.40 Since I is finitely generated as an algebra (though infinite-dimen-
sional as a vector space), its character group €% is a finite-dimensional Lie group.
In contrast, €5 is not finite-dimensional but can be given the structure of an
infinite-dimensional Lie group, see [BS17].
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6 Renormalisation of models

We now show how the construction of the previous sections can be applied to

the theory of regularity structures to show that the “contraction” operations one

would like to perform in order to renormalise models are “legitimate” in the sense

that they give rise to automorphisms of the regularity structures built in Section

Throughout this section, we are in the framework set at the beginning of Section[5:3]
Note now that we have a natural identification of J§* with the subspaces

({reBy:T&J>}) CIL.

Denote by i: I* — 5 the corresponding inclusions, so that we have direct
sum decompositions
IS =97 0 5. (6.1)

For instance, with this identification, the map j,; g - SJA“fX defined in ({:13)

associates to 7 € I an element jl;‘(T) € EILjX which can be viewed as 5];(7') €
9.\ {0} if and only if its degree | ()| is positive, namely |7|; + |t|s — |k[s > 0.

Proposition 6.1 Let A% : T — T be the antipode of T*. Then
o A is defined uniquely by the fact that AT X; = —X; and for all FHr) € T

—X)¢
o5 = - Y St o apas, 6.2)

LeN

where M : T* @ T — T denotes the (tree) product and N : T —
agrex crex
T @ T,

e On I, one has the identity

AL = (id ® A, . 6.3)
Proof. The claims follow easily from Propositions and [5.34} 0

6.1 Twisted antipodes

We define now the operator P, : SJA“fX — SJA“fX givenon 7 € B, by

@ [ T if 7|4 >0,
Pi(r) = { 0 otherwise.

Note that this is quite different from the projection i o p%*. However, for elements
of the form j];(T) € I for some 7 € T, we have P+j,;‘(7) = (i o p (j]:(’T)).
The difference is that i o p$* is multiplicative under the tree product, while Py is
not.
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Proposition 6.2 There exists a unique algebra morphism &i?ﬁ‘ T = ?ﬁ", which
we call the “positive twisted antipode”, such that A X; = —X; and furthermore
for all 5];(’7') €I
S&ex t _ (_X)ZP ﬁex gt Sz’!jex A+ 6
TH(T) = — Z a0t § (Frge @ AT)ALT (6.4)
£eNd

whfre j,; T* = g}“fx is defined in ({-13), similarly to above Jﬂ?ﬁ‘ is the product
in I and AL : T — T ® I is as in Corollary 532}
Proof. Proceeding by induction over the number of edges appearing in 7, one easily

verifies that such a map exists and is uniquely determined by the above properties.
U

Comparing this to the recursion for si$* given in (6.2), we see that they are very
similar, but the projection p$* in (6.2)) is inside the multiplication (<, while P, in
(6.4) is outside ﬂ?Lii‘
We recall now that the antipode <" is characterised among algebra-morphisms
of I * by the identity
M (d @ AT)AL, =115 on T, (6.5)

where AL : I — I ® I is as in Corollary 532} The following result
shows that /" satisfies a property close to (6.5)), which is where the name “twisted
antipode” comes from.

Proposition 6.3 The map gﬁi‘ (I = Ojf;" satisfies the equation

M (id @ AT)ALIT = 1915 on T, (6.6)
where A : Ojfr”‘ — ij‘ ® I is as in Corollary 532}
Proof. Since both sides of (6.6) are multiplicative and since the identity obviously
holds when applied to elements of the type X*, we only need to verify that the left

hand side vanishes when applied to elements of the form jl;‘(r) for some 7 € T
with ||+ + [t|s — |k|s > 0, and then use Remark [4.16] Similarly to the proof of

(#17), we have
M (id @ SI5) AL F(7) =

L - S X*
— i (id @ %) | ( @id) AL+ e féH(T)]
¢
. L~ Xt o=xm -
= M <5I§ ® 9@‘) A&T — o ® TP+/“?(5I§+Hm ® APIALT

£m
= [ (3t @ %) - Pras G @ d2)| LT = 0.

since | M (FE @ APVNE T = |FH )]+ > 0. O
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A very useful property of the positive twisted antipode &i?ﬁ‘ is that its action is
intertwined with that of A, in the following way.

Lemma 6.4 The identity

Al = (id @ d) A
holds between linear maps from J* to T @ @fx
Proof. Since both sides of the identity are multiplicative, by using Remark [4.16] it
is enough to prove the result on X; and on elements of the form $.(7) € I7*. The
identity clearly holds on the linear span of X* since Ag, acts trivially on them and

sﬂ?ﬁ preserves that subspace.

Using the recursion (6.4) for gi%%, the identity Ag, Py = (id ® Py)Ag, on ?Tf‘,
followed by the fact that A, is multiplicative, we obtain

— Jex ( )Z — X X
ARSI == Y (id® == ) AG Pl (B © A9 AT
éeNd

. (1d o 0 p M*)/u<13><2>(4>(A— Gl ® Ag )AL T .
¢eN?

Using the fact that AG, ! = (id ® jl;‘) o> as well as (5.26), we have

(—X)*

Afsﬂexjk()——z<d® 7

LeN?
x MIPPD((d @ ka)Aex @ (id @ A NG ) A

O M)

=-y (d® CX b it @ ))(ld®A VAT
LeN?
=@{d® Ae Zk)AEXT =>(d® QﬂeX)AEX}kT

Here, the passage from the penultimate to the last line crucially relies on the fact
that the action of 6 onto I{* preserves the | - | -degree, i.e. on the second formula

in (5.23). O

We have now a similar construction of a negative twisted antipode.

Proposition 6.5 There exists a unique algebra morphism <*: T — T that
we call the “negative twisted antipode”, such that for 7 € T Nker 17

A% T = — MA@ id)(Agi™T — 7 @ 1y). (6.7)
Similarly to (6.6), the morphism A% : T — T satisfies
M (A @A = 1,15 on T, (6.8)

where Ag : T 5 T @ T s as in Corollary 532}
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Proof. Proceeding by induction over the number of colourless edges appearing in
T, one easily verifies that such a morphism exists and is uniquely determined by

(6.7). The property (6.8)) is a trivial consequence of (6.7). 0
6.2 Models

We now recall (a simplified version of) the definition of a model for a regularity

structure given in [Hai14) Def. 2.17]. Given a scaling s as in Definition 5.2 and

interpreting our constant d € N as a space(-time) dimension, we define a metric ds
d

on R? by

d
= ylls = > |wi — il (6.9)
=1

Note that || - ||5 is not a norm since it is not 1-homogeneous, but it is still a distance
function since s; > 1. It is also homogeneous with respect to the (inhomogeneous)
scaling in which the ith component is multiplied by A\%:.

Definition 6.6 A smooth model for a given regularity structure .7 = (A, T, G) on
R? with scaling s consists of the following elements:
e Amapl: R? x RY — G such that I',, = id, the identity operator, and such
that 'y, I'y, = I, for every z,y, z in R
e A collection of continuous linear maps II,: T' — C6°<’(Rd) such that IT, =
I, o I'y, for every x,y € R
Furthermore, for every ¢ € A and every compact set & C R%, we assume the
existence of a constant Cy & such that the bounds

@) < Ceglirlle e =yl ITay7lm < Cogllrllellz = ylls™ » (6.10)
hold uniformly over all z,y € &, all m € A withm < £ and all 7 € Tj.

Here, recalling that the space 7' in Definitions [5.1] and is a direct sum of
Banach spaces (Ty)qc 4, the quantity ||o||,, appearing in denotes the norm
of the component of o € T in the Banach space T, for m € A. We also note that
Definition[6.6] does not include the general framework of [Hai14l, Def. 2.17], where
I1,. takes values in @’ (Rd) rather than %“(Rd); however this simplified setting is
sufficient for our purposes, at least for now. The condition on II,, is of course
relevant only for ¢ > 0 since II,7(-) is assumed to be a smooth function at this
stage.

As in Section we consider a label set of the type £ = £_ U £,. We fix a
collection of kernels {K{}ice,, K¢ : RY\ {0} — R, satisfying the conditions of
[Haiigl Ass. 5.1] with 3 = |t|s. We use extensively the notations of Section -3}

Definition 6.7 Given a linear map IT: T — 6>, we define for all z, z € R?
e a character g (IT): I* — R by extending multiplicatively

gf(IDX; = (IIX;)(2),  gF ADFHT) = (DF K+ IIT)(2)
for t € £, and setting g7 ID)F\(7) =0 for [ € £_.
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e alinear map II,: T — €°° and a character f, € €5* by
M= (@ )AL, fo =gl MDA, (6.11)

where I is the positive twisted antipode defined in (6-4)
e alinear map I'.z: I — T and a character .z € €7 by

[z = (id®@%2) AL, %z = (fAF ® f2)AL . (6.12)

Finally, we write £ : TI > (II, ") for the map given by (6.11) and (6.12)).

We do not want to consider arbitrary maps II as above, but we want them to
behave in a “nice” way with respect to the natural operations we have on I . We
therefore introduce the following notion of admissibility. For this, we note that since
the rule R used to construct our structure is normal in the sense of Definition
the only basis vectors of the type .F(7) with t € £_ belonging to T are those with
7 = X! for some £ € N, so we give them a special name by setting E}C = J,i(X D)
and Z' = E{),O'

Definition 6.8 Given a linear map Il: T — 6°°, we set “TI='for [ € £_.
We then say that 11 is admissible if it satisfies

=1, nxkr = 2F11r

6.1
ILY\ (1) = DK« IIT , =, , = Dk(te) | (6.13)

forall T € I, k.0l € N t e £i,1e £_, where Jlj 1 T — T s defined by
([@-12), * is the distributional convolution in R?, and we use the notation

d ok - d
DF = H . # RIS R, zFy) & Hyf’
] 1=1

Note that this definition guarantees that the identity ILF}(7) = D*ILF}(r) always
holds, whether tisin £_ orin £.

It is then simple to check that, with these definitions, II.I',z = IIz and (IL,I)
satisfies the algebraic requirements of Definition However, (II,I") does not
necessarily satisfy the analytical bounds (6.10)), although one has the following.

Lemma 6.9 IfIL is admissible then, for every J}(t) € T with t € £, we have

(—2)*

FGo) == Y (DMK ILT)G), (6.14)
e<IFE Ol
N
(ILID)E) = (D K+ L)@ — Y (Z’Tz)(Dk”Kt*HZT)(z).

[€]s<|FE )]+
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Proof. Tt follows immediately from and the admissibility of IT that IL, .} (1) —
DFK{ + 1,7 is a polynomial of degree |.7}(7)|. On the other hand, it follows
from (6.6) that II Zj];(’T) and its derivatives up to the required order (because taking
derivatives commutes with the action of the structure group) vanish at z, so there
is no choice of what that polynomial is, thus yielding the second identity. The first
identity then follows by comparing the second formula to (6.11). O

Remark 6.10 Lemmal6.g]shows that the positive twisted antipode I is intimately
related to Taylor remainders, see Remark 377]and (6.11).

Lemma [6.9| shows that (I1, I') satisfies the analytical property on planted
trees of the form J,;‘(T) € J . However this is not necessarily the case for products
of such trees, since neither I nor II, are assumed to be multiplicative under the
tree product (4.8). If, however, we also assume that IT is multiplicative, then the
map £ always produces a bona fide model.

Proposition 6.11 [fI1: T — B is admissible and such that, for all 7,7 € T
with 77 € T* and all o € 2% & Z(L), we have

II(77) = (Ir) - AI7), IR (7)) =117, (6.15)
then E*(I1) is a model for T,

Proof. The proof of the algebraic properties follows immediately from (6.12). Re-
garding the analytical bound (6.10) on II. o, it immediately follows from Lemmal6.9|
in the case when o is of the form j]:(T). For products of such elements, it follows im-
mediately from the multiplicative property of II combined with the multiplicativity
of the action of AY, on I, which imply that

I;(o0) = (1y0) - I1;0) .

Regarding vectors of the type 0 = R, (1), it follows immediately from the last
identity in (7-15)) combined with that IT, R, (7) = 11, 7.

The proof of the second bound in for ', is virtually identical to the
one given in [Hai14, Prop. 8.27], combined with Lemma|6.9] Formally, the main
difference comes from the change of basis mentioned in Section [6.4] but this
does not affect the relevant bounds since it does not mix basis vectors of different
| - |+-degree. 0

Remark 6.12 If a map II: I — €°° is admissible and furthermore satisfies

(6.15), then it is uniquely determined by the functions CII= for [ € £_. In this
case, we call Il the canonical lift of the functions &;.
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6.3 Renormalised Models

We now use the structure built in this article to provide a large class of renormali-
sation procedures, which in particular includes those used in [Hai14,[HP15,|[HS15].
For this, we first need a topology on the space of all models for a given regularity
structure. Given two smooth models (II, I") and (IT, T'), forall € A and & C R%a
compact set, we define the pseudo-metrics

def

(I, 0); (AL, D) |5 = T — | + I — Tlgss » (6.16)
where

’<(Hx - ﬁx)Tv (P%H
7| Af

HPIyT - fmyT“m

HH—lz[Hg;ﬁd:efsup{ : meﬁ,]T\Jr:E,)\e(O,l],apE%},

HF—ng;Rd:efsup{ :x,yeﬁ,x#y,]7\+:€,m<€}.

-/
Il = = ylls*

Here, the set B € 6§° (R%) denotes the set of test functions with support in the
centred ball of radius one and all derivatives up to oder 1 + |inf A| bounded by 1.
Given ¢ € B, @) : R? — R denotes the translated and rescaled function

P2y SN (g — e L), yeRY
forz € R%and A > 0 as in [Hai14)]. Finally, (-,-) is the usual L? scalar product.

Definition 6.13 We denote by .#* the space of all smooth models of the form
Z(II) for some admissible linear map I1: T — 6> in the sense of Defini-
tion We endow .Z5} with the system of pseudo-metrics (||; [|z.5)e.2 and we
denote by .Z* the completion of this metric space.

We refer to [Hai14), Def. 2.17] for the definition of the space .#Z** of models of a
fixed regularity structure. With that definition, .Z* is nothing but the closure of
AMEin M.

In many singular SPDESs, one is naturally led to a sequence of models % (IT)
which do not converge as ¢ — 0. One would then like to be able to “tweak”
this model in such a way that it remains an admissible model but has a chance of
converging as ¢ — 0. A natural way of “tweaking” ITT®) is to compose it with some
linear map M : T — . This naturally leads to the following question: what
are the linear maps M ®* which are such that if Z**(II) is an admissible model, then
FE*(AIM®) is also a model? We then give the following definition.

Definition 6.14 A linear map M : T — T is an admissible renormalisation
procedure if
e for every admissible II: T — 6> such that Z*II) € Z, IIM is
admissible and Z*(IIM) € 42
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e the map #ZZ > FII) — EXIAIM) € A extends to a continuous map
from 5" to .

We define a right action of €% onto %, with # € {T, T}, by g — M
with

MF % — %, Mg = (g @ id)AgT, geET, TeX. (6.17)
The following Theorem is one of the main results of this article.

Theorem 6.15 For every g € €%, the map Mg*: T — T is an admissible
renormalisation procedure. Moreover the renormalised model Z**(I1Mg*) =
(I19,1'9) is described by:

Y = ILMY, 7% =M. (6.18)

Proof. Let us fix g € €% and an admissible linear map IT such that £*(II) =
(ILI,T) is a model and set ITY = ITMg*. We check first that I1Y is admissible,
namely that it satisfies . First, we note that, in the sum over A in (377)
defining Alj]:(T), we have two mutually excluding possibilities:
1. A is a subforest of 7
2. A contains the edge of type t added by the operator J,: or the root of j];(T) as
an isolated node (which has however positive degree and is therefore killed by
the projection p* in Ag,).
When we apply gp®* to the terms corresponding to case 2, the result is 0 since A
contains one planted tree (with same root as that of j]:(T)) and pe_’&?,: = 0 by the
definition (522)) of ¥, . Therefore we have

(9 @ 1) A FHT) = (9 © FHAGT.
Therefore

I9.94(7) = (g ® IDALIE(T) = (9 @ TLIHAG T
= (g ® D*K* II)A,, 7 = DK * I197.

Since X" has positive degree, with a similar computation we obtain

X% r = (g @ IDA, X*r = (¢ @ TIXM)AL, 7
= (g ® 2" ID AL T = 2*I197

and this shows that ITY is admissible.
Now we verify that, writing Mg* as before and FEX(I19) = (I19,19), we have

V=010, T =(gIL)A, .

To show this, one first uses (6.3) to show that f¢ = (g ® f.)A,, where f and f9
are defined from IT and ITY as in (6.11)). Indeed, one has

f9 = gf MM = (9 ® gF ID) AT
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= (9 © gF ADAT) A = (9 @ fo)Nx = f- M~ .

One then uses on T to show that the required identity (©.18) for ITZ holds.
Indeed, it follows that

I = (I @ fOAL = (0TI ® g ® f.) (A ® Ag) A

= (9®T® £.)(id ® ML) Ay = (9 ©TL) A (6.19)

In other words, we have applied (5.27) for (g, f,h) = (g, f.,II). Regarding ~.:,
we have analogously

V= (115 @ F) AL = (FMAS @ fM) AL
= (A% ® f)(M* @ MX) AL = (£4% @ fHALMS  (6.20)
= (g ® WZE)AEX .

Note now that, at the level of the character .z, the bound reads |7y.z(7)| <
Iz — z|| LTH as a consequence of the fact that AL, preserves the sum of the | - |-
degrees of each factor. On the other hand, for every character g of ** and any 7
belonging to either B, or B, (see Definition [5.26)), the element (g ® id)Ag, 7 is a
linear combination of terms with the same | - | -degree as 7. As a consequence, it
is immediate that if a given model (II, I) satisfies the bounds (6.10), then the renor-
malised model (I19,1'9) satisfies the same bounds, albeit with different constants,
depending on g. We conclude that indeed for every admissible IT: I — 6>
such that Z*(I1) € .2, I1Y is admissible and £*(I19) € .Z3.

The exact same argument also shows that if we extend the action of €% to all of
/A and (6.20)), then this yields a continuous action, which in particular
leaves .Z§* invariant as required by Definition O

Note now that the group R? acts on admissible (in the sense of Definition [6.8)
linear maps IT: I — €°° in two different ways. First, we have the natural action
by translations T}, h € R? given by

def

(T,ADT)(2) = (IIT)(2 — h) .
However, R? can also be viewed as a subgroup of 6 by setting
gn(Xi) = ~hi,  gn(Fe(T) =0. (6.21)
This also acts on admissible linear maps by setting
(Th@D7)(2) = (L ) ALT)(2) - (6.22)

Note that if IT is admissible, then one has T, (IT) X* = Th(H)X k for every k € N¢
and every h € R%
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Definition 6.16 We say that a random linear map II: T — B is stationary
if, for every (deterministic) element h € R, the random linear maps 73 (IT) and
Th(H) are equal in law. We also assume that II and its derivatives, computed at 0
have moments of all orders.

By Definition and Remark J ¢ can be identified canonically with the
free algebra generated by B,. We write

for the associated canonical injection.
Every random stationary map IT: T — 6 in the sense of Definition
then naturally determines a (deterministic) character g~ (II) of I * by setting

def

g~ (ID)(to7) = E(II7)(0) , (6.23)

for 7 € B, where the symbol E on the right hand side denotes expectation over the
underlying probability space. This is extended multiplicatively to all of J**. Then
we can define a renormalised map II: g — | by

IIr = (¢~ (D™ @ ) Ag, 7, (6.24)

where dI: T — J js the negative twisted antipode defined in (6.7) and
satisfying (6.8)).

Let us also denote by B, the (finite!) set of basis vectors 7 € B, such that
|7|- < 0. The specific choice of g = g~ (IT)sI®* used to define II is very natural
and canonical in the following sense.

Theorem 6.17 LetI1: T — 6 be stationary and admissible such that Z°*(11)
is a model in M. Then, among all random functions I19: T — 6°° of the form

ITY = IIM* = (g ® IDA,T, g € €%,
with MZ* as in (6.17), I is the only one such that, for all h € R, we have
E(II7)(h) =0, VreBI. (6.25)
We call I1 the BPHZ renormalisation of II.

Proof. We first show that I1 does indeed have the desired property. We first consider
h = 0 and we write ITy: I — R for the map (not to be confused with 1)

Iy = E(II7)(0) .

Let us denote by B the setof 7 € B which are not of the form .7 (c") with [t|; > 0.
The main point now is that, thanks to the definitions of ¢~ (II) and A, we have

the identity

(i[d® )AL, = (i[d® g AD)As L, on T
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Combining this with (6.24), we obtain for all € B?
E(I17)(0) = (9~ D™ @ Tp) Ag7 = (g~ ADA™ @ g~ () Agytor
= g~ (IDM*(A™ @ id)AG, 1o = 0,

by the defining property (6.8]) of the negative twisted antipode, since ¢,7 belongs
both to the image of i** and to the kernel of 17.

Letnow 7 € By be of the form .F{(c) with [t|s > 0,i.e. T € By \BE Arguing
as in the proof of Theorem [6.15|we see that

AgiloFi(0) = (d ® 1o F) A0 .
It then follows that
E(II7)(0) = M (g~ ADA™ @ g~ (ID)1oF)Ago .

The definition of g~ (IT) combined with the fact that II is admissible and the
definition of IT now implies that

B(Ttr)0) = [ DMK B(lo) dy.

where DK, should be interpreted in the sense of distributions. In particular, one
has

E(IT7)(0) = (~ 1) / K(—y)D'E(TTo)(y) dy . (6.26)
Rd

For o = (F,F,u,o,e) and i: Np — N% with i < n, we now write Lio =
(F,F,n —1,o0,¢) and we note that for g, as in one has the identity

(d ® gh)AJeer' = Z <;> (_h)EﬁLﬁO' ,

n

so that the stationarity of IT implies that

E(Io)(y) = E(T-,10)(0) = ) | (:) Y E(TLL70)(0) .

n

Plugging this into (6.26), we conclude that the terms for which there exists 7 with
k; > (3n); vanish. If on the other hand one has k; < (3n); for every ¢, then
|k|s < |¥n|s and one has

|Laols = |ols — [En]s < |ols — [kls < |ols — [kls + |tls = |[Fe(o)]s <0,

so that Lyo € By and has strictly less colourless edges than 7 = J,;‘(J). If o

has only one colourless edge, then o belongs to Bg; therefore the proof follows by
induction over the number of colourless edges of 7.
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Let us now turn to the case h # 0. First, we claim that, setting f[h = Th(f[),
one has R
E(I1,7)(h) =0. (6.27)

This follows from the fact that IT is stationary since the action 7’ commutes with that
of €% as a consequence of (5.26), combined with the fact that (f © gp) Ag, ™ = gn(7)
for every f € €%, every 7 € I and every g, of the form (6.21).

On the other hand, we have

I = T_h(f[h)T .

It follows immediately from the expression for the action of T that II7 is a deter-
ministic linear combination of terms of the form II,o with |o|_ < |7|_, so that the
claim follows from (6.27).

It remains to show that IT is the only function of the type IT¢ with this property.
For this, note that every such function is also of the form IT¢ for some different
g € €%, so that we only need to show that for every element ¢ different from the
identity, there exists 7 such that E(TI97)(0) # 0.

Using Definitions and Remark and the identification (6.1]), T

can be canonically identified with the free algebra generated by BE. Therefore the
character g is completely characterised by its evaluation on Bg and it is the identity
if and only if this evaluation vanishes identically. Fix now such a g different from
the identity and let 7 € Bg be such that g(7) # 0, and such that g(o) = 0 for all
o € B with the property that either |o|_ < |7|_ or |o|_ = |7|_, but & has strictly
less colourless edges than 7. Since Bg is finite and g doesn’t vanish identically,
such a T exists.
We can then also view 7 as an element of J°* and we write

AgT=701; + Z Ti(l) ® TZ-(Q) ,

(2

so that
7 = g(r) + »_ g(ry HIr? . (6.28)
K3
Note now that Ag, preserves the | - |_-degree so that for each of the term in the
sum it is either the case that |7"|_ < |7|_ or that |7*] < 0. In the former case,
the corresponding term in (6.28)) vanishes identically by the definition of 7. In the
latter case, its expectation vanishes at the origin if |7(°| < 0 by (625). If |7*| = 0

then, since Ti(2) is not proportional to 1; (this is the first term which was taken out

of the sum explicitly), 7'52) must contain at least one colourless edge. Since Ag,
also preserves the number of colourless edges, this implies that again g(Ti(l)) =0
by our construction of 7. We conclude that one has indeed E(f[g 7)(0) = g(7) # 0,

as required. O
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Remark 6.18 The rigidity apparent in suggests that for a large class of
random admissible maps II®): T — € built from some stationary processes
£ by and (6.15)), the corresponding collection of models built from e
defined as in should converge to a limiting model, provided that the E,fg)
converge in a suitable sense as ¢ — 0. This is indeed the case, as shown in
the companion “analytical” article [CH16|]. It is also possible to verify that the
renormalisation procedures that were essentially “guessed” in [Hai13}/Hai14,[HP135|
HS15] are precisely of BPHZ type, see Section and Section [6.4.3] below.

Remark 6.19 One immediate consequence of Theorem|6.17]is that, forany g € €
and any admissible I, if we set ITY = (g ® IDAG, as in Theorem then the
BPHZ renormalisation of ITY is I1. In particular, the BPHZ renormalisation of the
canonical lift of a collection of stationary processes {&(}ice_ as in Remark[6.12]is
identical to that of the centred collection {5[}[6 ¢ where & = & — E&(0).

Remark 6.20 Although the map IT — IT selects a “canonical” representative in
the class of functions of the form ITY, this does not necessarily mean that every
stochastic PDE in the class described by the underlying rule R can be renormalised
in a canonical way. The reason is that the kernels K are typically some truncated
version of the heat kernel and not simply the heat kernel itself. Different choices of
the kernels K¢ may then lead to different choices of the renormalisation constants
for the corresponding SPDE:s.

6.4 The reduced regularity structure

In this section we study the relation between the regularity structure .7 ** introduced
in this paper and the one originally constructed in [Hai14}, Sec. 8].

Definition 6.21 Let us call an admissible map II: I — 6°° reduced if the
second identity in holds, namely IIR,(7) = II7 for all 7 € T and
acZlo Z(£). We also define the idempotent map Q;: § — § by

Ql: (F7F7n707e)'_>(F7alopvn707e)9
with91: N = N, 91(n) = nl(,+1), and set @ = Q; K.

For example

An admissible map is reduced if and only if IIT = IIQ7 for every 7 € T,
Moreover @ commutes with the maps ;, K; and ¢, and preserves the | - |-
degree, so that it is in particular also well-defined on J*, QJA:EX, g and T, 1t
does however not preserve the | - |-degree so that it is not well-defined on T !
Indeed, the | - |;-degree depends on the o decoration, which is set to 0 by Q, see

Definition
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Definition 6.22 Let J and 9;1 respectively be the subspaces of J* and S/A“f" given
by
TE{reIg*: Qr=r1}, °J+d:ﬁ{7'€97fx:©7':7'},

We also set I} = pi“L, where pT : giex — I~ is defined after (523).

The reason why we define I in this slightly more convoluted way instead of
setting it equal to {7 € I : Q7 = 7} is that although @ is well-defined on 97};",
it is not well-defined on J{* since it does not preserve the | - | -degree, as already
mentioned above. Since @ is multiplicative, J, is a subalgebra of J*. We set

AEAN T 5T0T,, ANMEAL T, 5T, 09, . (6.29)

Looking at the recursive definition (6.2)) of the antipode A%, it is clear that it also
maps I into itself, so that T, is a Hopf subalgebra of T{*. Moreover A turns J°
into a co-module over I .

We can therefore define 6, as the characters group of I, and introduce the
action of 64 on J:

Cr>f—=1p:9 =9, FfT‘E(ld@)f)AT TET.
If we grade I by | - |4 and we define 7 = (A,7,%,) where A = {|7] : T €
B,, 7 = Qr} and T = (B,) as in Definition [5.20] - then arguing as in the proof
of Proposition 539} we see that the action of 6 on 7 satisfies (5.1). Therefore .7
is a regularity structure as in Deﬁmtlon@
Wesetnow J : T — T™ and § : T — T,

N X)m
INGEEY - )mm(r) (6.30)

Imls <|Fx(Dl+

Suppose that {t,i} C £ with |t|; > 0 and |i|s < 0. We set =* := Fi(1). Then we
have by (#-13) and forallT €
Al=1®1, AZ==wl, AX;=X,01+1®X;,
. . Xﬁ xXm _
ATHT) = (FE@ DAT+ > O Frim(™) (6.31)

lm

as well as
AT1=101, ATX,=X,1+1X;,

Xﬁ
ATFi(T) = 1®Zm+z <Zk+g®( 7 ) )AT, (6.32)

with the additional property that both maps are multiplicative with respect to the
tree product.
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We see therefore that the operators A: T — J @ Ty and AT™: T, — I, @ T
are isomorphic to those defined in [Hai14, Eq. (8.8)—(8.9)]. This shows that the
regularity structure .7, associated to a subcritical complete rule R, is isomorphic
to the regularity structure associated to a subcritical equation constructed in [Hai14,
Sec. 8], modulo a simple change of coordinates. Note that this change of coordinates
is “harmless” as far as the link to the analytical part of [Hai14] is concerned since
it does not mix basis vectors of different degrees.

As explained in Remark[5.27], the superscript ‘ex’ stands for extended: the reason
is that the regularity structure .7°* is an extension of .7 in the sense that 7 C .7
with the inclusion interpreted as in [Hai14), Sec. 2.1]. By contrast, we call .7 the
reduced regularity structure.

By the definition of @, the extended structure I ** encodes more information
since we keep track of the effect of the action of €_ by storing the (negative)
homogeneity of the contracted subtrees in the decoration o and by colouring the
corresponding nodes; both these details are lost when we apply Q and therefore in
the reduced structure J .

Note that if IT: T — 6°° is such that Z*(IT) = (II,T") is a model of 7,
then the restriction ZE(IT) of £*(II) to .7 is automatically again a model. This
is always the case, irrespective of whether II is reduced or not, since the action of
€ leaves I invariant. This allows to give the following definition.

Definition 6.23 We denote by .Z, the space of all smooth models for .7, in the
sense of Definition [6.6] obtained by restriction to I of E*(II) for some reduced
admissible linear map IT: I — 6°°. We endow .#, with the system of pseudo-
metrics and we denote by . the completion of this metric space.

Remark 6.24 The restriction that IT be reduced may not seem very natural in view
of the discussion preceding the definition. It follows however from Theorem
below that lifting this restriction makes no difference whatsoever since it implies in
particular that every smooth admissible model on .7 is of the form Z (IT) for some
reduced II.

Remark 6.25 By restriction of Z%(ITM,)to 7 for g € €%*, we get arenormalised
model Z(IIM,) which covers all the examples treated so far in singular SPDEs.
It is however not clear a priori whether we really have an action of a suitable
subgroup of €** onto .#, or .#y. This is because the coaction of A on I
and J* fails to leave the reduced sector invariant. If on the other hand we tweak
this coaction by setting A~ = (id ® Q)Ay,, then unfortunately At and A~ do not

have the cointeraction property (3.48), which was crucial for our construction, see
Remark[5.38] See Corollary [6.36|below for more on A™.

Remark 6.26 In accordance with [Hai14, Formula (8.20)], it follows from (6.14)
and the binomial identity that, for all $(7) € F§* with |F{(1)|+ > 0

FAFH) = —(DVK( + TL,7)(2) .
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Remark 6.27 The negative twisted antipode A T — T of Proposition [6.5]
satisfies the identity QA = QA**@Q. This follows from the induction (6.7), the
multiplicativity of @, and the formula

Q®QALL =@ R0Q)A,, (6.33)

where AZ : T — T @ T, Therefore, if a stationary admissible IT is (al-
most surely) reduced, then the character g~ (IT) is also reduced in the sense that
g~ (II)(@QT) = g~ (II)(7). Using again (6.33), it follows immediately that I as
given by is again reduced, so that the class of reduced models is preserved
by the BPHZ renormalisation procedure.

There turn out to be two natural subgroups of €%* that are determined by their
values on QF **:

e Weset . & {g € €* : g(1) = g(Q7), VT € T}, This is the most
natural subgroup of € since it contains the characters ¢~ (IT)sd* used for the
definition of IT in (6.24), as soon as IT = TTQ. The fact that €_ is a subgroup
follows from the property (6.33).

e Weset 6% £ {g € €% : g(r) =0, Vr € T°} where T¢ is the bialgebra
ideal of T°* generated by {7 € B_, Q7 # 7}. Then one can identify € with
the group of characters of the Hopf algebra (97_6" JTE, Agx). It turns out that
this is simply the polynomial Hopf algebra with generators {7 € B_ : |7|_ <
0, QT = 7}, so that € is abelian.

We then have the following result.

Theorem 6.28 There is a continuous action R of €_ onto # with the property
that, for every g € 6_ and every reduced and admissible I1: T — 6 with
ZED) € A5, one has R;E(I) = Z(ALM,).

Proof. We already know by Theorem that 6_ acts continuously onto .Z*.
Furthermore, by the definition of 6_, it preserves the subset .Z C .#;* of reduced
models, i.e. the closure in .Z* of all models of the form Z*(II) for IT admissible
and reduced. Since .7 C %, we already mentioned that we have a natural
projection 7w : #Z5* — ./, given by restriction (so that Z(IT) = 7Z(II)),
and it is straightforward to see that 7°* is injective on .#(. It therefore suffices to
show that there is a continuous map (**: .#y — .Z§* which is a right inverse to
7, and this is the content of Theorem [6.32]below. O

Remark 6.29 We’ll show in Section[6.4.3|below that the action of 6_ onto .Z is
given by elements of the “renormalisation group” defined in [Hai14], Sec. 8.3].

6.4.1 An example

We consider the example of the stochastic quantization given in dimension 3 by:

ou = Au+ud + €.
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This equation has been solved first in [Hai14]] with regularity structures and then in
[CC13]. One tree needed for its resolution reveals the importance of the extended
decoration. Using the symbolic notation, it is given by 7 = . (2)2F(F(E)3). Then
we use the following representation:

Nz

J@= . %Jei:, Xi=o, §=]. 7=/,

where e; is the ith canonical basis element of N¢ and a belongs to {«, 5,~v} with
a=2F +25,8=25 +2=+ 1and v = 55 + 4Z. Then we have

.
AZX$Z$®11+11®$+3V ®K§+3Q@f ®$

¥
+%f®xif+%@f®

@ ®
(?) +3 Y ® +3<Kf%@f ® &
o
@) ®
+3V%§®+3 o +v®%+()

& T3YYeg + Ve H-
with summation over 7 and j implied. In (...), we omit terms of the form 7 ® 7(?
where 7 may contain planted trees or where 7(® has an edge of type .¥ finishing on
aleaf. The planted trees will disappear by applying an element of €%* and the others
are put to zero through the evaluation of the smooth model IT see [Hai14l Ass. 5.4]
where the kernels { K }c¢, are chosen such that they integrate polynomials to zero
up to a certain fixed order. If g € €% is the character associated to the BPHZ
renormalisation for a Gaussian driving noise with a covariance that is symmetric
under spatial reflections, we obtain

M7 1 = (9 @ id)AkT

= $+3C1 +C1if +3012+302§

where

Ci=—g | |, Co=—g @[y |.

and all other renormalisation constants vanish. Applying @, we indeed recover the
renormalisation map given in [Hai14), Sec 9.2]. The main interest of the extended
decorations is to shorten some Taylor expansions which allows us to get the co-
interaction between the two renormalisations. In the computation below, we show
the difference between a term having extended decoration and the same without:
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ijz ®1+@® @f
e

+ e
Aexl = l R1+1® l +X;®7T .
6.4.2 Construction of extended models

In general if, for some sequence IT™: T — €, EX(II™) € .# converges
to a limiting model in ./, it does not follow that the characters g (II™) of S}“fx
converge to a limiting character. However, we claim that the characters f™ of
I * given by do converge, which is not so surprising since our definition of
convergence implies that the characters %(CZ) of I* given by (6.12) do converge.
More surprising is that the convergence of the characters £ follows already
from a seemingly much weaker type of convergence. Writing @' for the space of
distributions on R%, we have the following.

Proposition 6.30 Let TI™ : T — € be an admissible linear map with
ZHM™) = @™, 1) € A4S

and assume that there exist linear maps 11,: T — @’ (Rd) such that, with the
notation of (616, |[II™ — 11|, — 0 for every ¢ € R and every compact set X.
Then, the characters fé") defined as in (6.11)) converge to a limit f,. Furthermore,
defining T, by (612), one has & = (IL,T") € A& and EX(MI™) — F in M.

Finally, one has II: T — @/(R?) such that 11, = (I ® f2)AL, and such that
™7 — II7 in D' (RY) for every T € T

Proof. The convergence of the f™ follows immediately from the formula given in
Lemma [6.9] combined with the convergence of the ng”) and [Hai14, Lem. 5.19].
The fact that (II, I") satisfies the algebraic identities required for a model follows
immediately from the fact that this is true for every n. The convergence of the Fgg;)
and the analytical bound on the limit then follow from [Hai14} Sec. 5.1]. O

Remark 6.31 This relies crucially on the fact that the maps IT under consideration
are admissible and that the kernels K satisfy the assumptions of [Hai14}, Sec. 5].
If one considers different notions of admissibility, as is the case for example in
[HQ15]], then the conclusion of Proposition may fail.

For a linear II: 5 — 6> we define IT™: T — 6°° by simply setting
I1®* = IIQ. Then we say that IT is admissible if II** is. We have the following
crucial fact

Theorem 6.32 If I1: I — B is admissible and E(I1%*) belongs t0 M, then
EXAI™) belongs to M. Furthermore, the map E(II7) — E*(II*) extends to
a continuous map from M to A"
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Before proving this Theorem, we define a linear map L : T — J ® I such that
L=, =E,®1, LX"=X‘el,

and then recursively
LR (1) = LT, L(tT) = L(1)L(7T) ,

as well as

_ xm - .
LINT) = (Fi@idLr — > —® My (Fep @A) LT, (6.34)

Imls>|Fgr]+

where il is the tree product (£.8) on T, and ¥ is as in (6.30).
Moreover Ly : T — J is the algebra morphism such that L X k = X* and
for $i(r) € T with |FL(D)|+ > 0

Ly Jy(r) = My (Fy ®id) L7 . (6.35)

The reason for these definitions is that these map will provide the required injection
My — A" by (6.37) below. Before we proceed to show this, we state the following
preliminary identity.

Lemma 6.33 On 5
(d ® M, A ®id)L = (@ ® L)AL, . (6.36)

Proof. We prove (6.36) by recursion. Both maps in (6.36]) agree on elements of the
form EL g or X k and both maps are multiplicative for the tree product. Consider
now a tree of the form .%}(7) and assume that (6.36) holds when applied to 7. Then

we have by
(id ® M)A ®id)LINT) = (id @ M )ATE @id) LT

_ AX™ - .
—Gd@dy) Y, e @y (Fy, @id) LT

[mls 2|7+
t : Xt X" gt .
= (Ft @ M)A RIDLT +> @ il (F o @IDLT
1 !

Xt xm =
- o © oM (Frppgm @A) LT
le+mls>|Tirl4 .

. Xt xm - ,
= (FtoM ) AidIr+ ) T Ol (B @) L7

\€+m\5<\51;7'|+
On the other hand

(@ ® L)AL F(r) =
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Xt Xm
=@ eL )AL+ Y O LG
|e+m|s<|Firly
l xXm _
= (FrQ® Ly) AL + Z o W/“nt(%Her ®id) L.
[e+m|s<|Firly ’

Comparing both right hand sides and using the induction hypothesis, we conclude
that (6.36) does indeed hold as claimed. O

Proof of Theorem[6.32] Let II: I — 6> be such that £(II%) = (II,T) is a
model of .7 and write (II*™*,I'**) = F*I**). In accordance with (6.11) and

(6.12), we set

fsx dZEf g;L(Hex)dji(, ex d_ef (f;:xgﬁex ® fe)()Achx ,
so that one has

I = (I @ )AL, T = (deq3)Ak.

With the notations introduced in (6.29), the model (I, I") = E(II%) is then given
by
7= (II® f.,)AT, [zm = (Id ® v.2) AT, TET,

where f, = f*[J} and similarly for 7,;. Define I :J - € and f. € G
by
SAL®f)L, S E fLy, (6:37)

where L, L are defined in (6.34)-(6.35). We want to show that II®* = (I, ®
fzsﬂeX)A for all z. By the definitions

(I, ® f.AAL = (1, ® f. @ f.ATNL @ id)AL
= (I ® folly @ fA4%)(A @id)L @ id)AL,
By (6.36)

(L, ® fANAL = ML ® f, @ fAS)(@ ® L)AL ©id)AL
— (TIQ ® f. ® f. )AL ©id)AL,
=M% ® f, ® fzsﬁ?@‘)(ld ® ALH)AL = T,

We want now to show that f, = [ on I*. By Remark[6.26] for {(c) € T with
|F(0)]+ > 0 we have

[A(Fi0) = —(D* K+ 11.0)(2) .
Therefore, by the definitions of fz and L, for all Zk(T) € I with | j,;(T)]+ >0

FF) = (£.58 @ f.) LT = —(D"K * (1L, ® f.)L7)(2)
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= _(Dth * ﬂZT)(Z) H

which is equal to ffx(jl;‘(T)) by Lemma[6.g|and Remark [6.26] Since f, and [ are
multiplicative linear functionals on I and they coincide on a set which generates
I as an algebra, we conclude that f.= ¥ on I * and therefore that I, = I
on J °*. Finally, we can prove by recurrence that for all 7 € T and 7 € T*

Lr=aro1+y fPer® Lir=e7+)Y 7,

3 K3

with |Tz‘(1)|+ > |7|4+ and |7"Z-(1)|Jr > |7|4+. This implies the required analytical
estimates for (II%*, I"®*). O

6.4.3 Renormalisation group of the reduced structure

In this section, we show that the action of the renormalisation group §_ on .#
given by Theorem [6.28]is indeed given by elements of the “renormalisation group”
R as defined in [Hai14, Sec. 8.3]. This shows in particular that the BPHZ
renormalisation procedure given in Theorem[6.17]|does always fit into the framework
developed there.
We recall that, by [Hai14, Lem. 8.43, Thm 8.44] and [HQ15, Thm B.1], 2R is the
set of linear operators M : 9 — T satisfying the following properties.
e One has j];M’T = MJ,;T and M X5+ = X*kMr forall t € Ly, ke Nd, and
TEYT.
e Consider the (unique) linear operators AV : I — F ® F, and M : Iy — I
such that M is an algebra morphism, MX* = X* for all k, and such that, for
every 7 € 7 and every o € T and k € N¢ with |Fi(o)|+ >0,

MFi(0) = My (3 @ id)AY o, (6.38)
(id ® M)A @id)AY T = (M @ M)A, (6.39)

where #!: I — I is defined by (6.30). Then, for all 7 € T, one can write
MM =570 @ @ with |[7D], > |74

Remark 6.34 Despite what a cursory inspection may suggest, the condition (6.38)
is not equivalent to the same expression with ],: replaced by j,;‘. This is because
(6-38) will typically fail to hold when |f}(c)|+ < 0.

We recall that the group €_ = {g € €% : g(1) = g(Q7), V7 € T} has beed
defined after Remark [6.27]

Theorem 6.35 Given g € G_, define MJ* on T and T as in and let
Mg:T — T be given by My = QM". Then My € R, g — My is a group
homomorphism, and one has the identities

My=L M*: T, -9, A=LM*:9 5909, (6.40)

where the maps L, L are given in (6.34)—(6.35).
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Proof. In order to check (6.38), it suffices by to use and the fact that

MZX preserves the | - | -degree. It remains to check (6.39). We have on I that

(id @ M)A @ id)AMs = (id @ M)A @ id) LM,
(My ® M)A = (@M @ Ly M)A =
= QMg ® L MJAY, = (@ ® Li)AGM™,
where we have used the co-interaction property in the last line. It follows from
(6.36) that these two terms are indeed equal. The triangularity of L and MZ*,

combined with (6.40), implies the triangularity of AMs.
The homomorphism property follows from (6.33) and the definition of 6_ since

MyMy = QMZQM* = (§ ® Q)ALAMg* = (§Q @ Q)A,QM*
= (7@ ® QAGME = (§ @ QNGMS = QMIMS = QM = My, ,

as required. O

Corollary 6.36 The space J_ A grex / ker Q inherits from T a Hopf algebra

structure and its group of characters is isomorphic to 6_. Furthermore, the map
AT 5T 0T, A ZiEdea)A,,
turns I into a left comodule for J_.

Proof. This follows immediately from (6.33]), Theorem [6.35] the definition of €_,
the fact that @ is an algebra morphism on %, and the same argument as in the
proof of Proposition O

By the Remarks and[6.27] the renormalisation procedures of [Hai13},[Hai14)
HP15,[HS15]| can be described in this framework.

Appendix A Spaces and canonical basis vectors

The following diagram summarises the relations between the main spaces appearing
in this article.

ex
Lt
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The next diagram similarly shows the relations between various sets of trees /
forests. The first four columns in this diagram show the canonical basis vectors for
the spaces appearing in the first four columns of the previous diagram.

/&1 T Hy~——B_ —=T(R)
F 8, — = H, >ETO = T(R) <——T_(R)
8o L2y «—B, —= Tu(R)

Appendix B Symbolic index

Here, we collect some of the most used symbols of the article, together with their
meaning and the page where they were first introduced.

Symbol Meaning

P;(_#) Allroots of colour in {0, 7}
E.:Z)i( ) Allroots of colour i

Page
| - |bi Bigrading on coloured decorated forests 10
|- ]- Degree not taking into account the label o
|- |+ Degree taking into account the label o 3O)
A Subforests appearing in the definition of A; z1
o, Antipode of %;
& Antipode of I~ 73
A Twisted antipode T§* — J£* 77
&@2 Antipode of ?/’32 B3
B, Elements of H, strongly conforming to the rule R 71
BS Elements of B, of negative degree 5]
Bg Elements of B that are not planted 5]
B_ Elements of H; strongly conforming to the rule R 71
B Elements of Hy conforming to the rule R 71
B; Hopf algebra of coloured forests B4
¢ All coloured forests (F, F)
¢ All coloured forests compatible with 2A;

49l

)
A Coproduct on (F) turning the (§§;) into bialgebras 23
€ Edge types given by € = £ x N¢
fTA Restriction of the function f to the set A
5 All decorated forests (F), F ,n,0,¢)
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Symbol Meaning Page
i All decorated forests compatible with 2A; 30
So Trees with colours in {0, 1} 52
0¥ Collapse of factors in 9i; [36]
g (IT)  Character on I defined by II
g, (II)  Character on J e defined by IT
G; Characters of #; 39)
g Character group of J* 74
‘@2 Characters of ?/’22 53]
7 Algebra given by (F,)/ker & 52
s Hopf algebra #>/ ker(_7 Py) 51
E# Hopf algebra (§;)/.%; 37
H, Representative of #, given by H, = X5,
H 5 Representative of 7@2 given by ﬁg =7 3%232
H; Representative of 7#; given by H; = H,;§; 37
ig Canonical injection T£* < J£¥ [76]
Nz Kernel of &; 37
ji Kernel of ?/’ZZ B7
ka Abstract integration map in #,
I Joins the root of all trees together 49|
g} Abstract integration map %, — s
Fr Subspace of terms in I with a factor of positive degree 72
J- Subspace of terms in Ojﬁ" with a factor of negative degree 72
K Contraction of coloured portions B34
X; Defined by H; = ®; o K [36]
K, Defined by #; = P, 0 ®; o & [36]
k| Unscaled length of a multi-index &
|kl Scaled length of a multi-index &
£ Set of all types 4]
o, Elements of §; completely coloured with ¢
M Space of all models
M Closure of smooth models
Moo Space of all smooth models
N Node types given by N = P(8)
N(z) Type of the node x
]51- Sets o-decoration to 0 on ¢-coloured roots @]
P(A) Powerset of the set A
P(A) Multisets with elements from the set A
g Canonical projection I* — F* 72
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Symbol Meaning Page
II Linear map 9% — 6> specifying a model
R Rule determining a class of trees
Ra Operator adding « to o at the root
5 Scaling of RY 59
T Simple decorated trees
To(R)  Trees strongly conforming to the rule R [63]
T1(R)  Forests strongly conforming to the rule R 63|
Ta(R) Trees conforming to the rule R [63]
T_(R) Trees strongly conforming to R of negative degree [63]
92'4?" Subspace of %, determined by arule R 71
I Subspace of #; determined by a rule R 71
VA Subspace of #, determined by a rule R [71]
T Quotient space 923?‘ /- 72
T Quotient space T/ 72
i Units of (§;) 30
(V) Bigraded space generated from a bigraded set V'
Xk Shorthand for (e, i)lg’o with ¢ € {0,2} depending on context [53|
= Element Jé(l) representing the noise
1z |ls Scaled distance
F Map turning IT into a model Badl
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