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Majorana Algebras and Subgroups of the Monster

Madeleine L. Whybrow

Abstract

Majorana theory was introduced by A. A. Ivanov in [[va09] as an axiomatisation of certain
properties of the 2A axes of the Griess algebra. This work was inspired by that of S. Sakuma
[Sak07] who reproved certain important properties of the Monster simple group and the Griess

algebra using the framework of vertex operator algebras.

The objects at the centre of Majorana theory are known as Majorana algebras and are real,
commutative, non-associative algebras that are generated by idempotents known as Majorana
azes. To each Majorana axis, we associate a unique involution in the automorphism group of

the algebra, known as a Majorana involution.

These involutions form an important link between Majorana theory and group theory. In partic-
ular, Majorana algebras can be studied either in their own right or as Majorana representations

of finite groups.

The main aim of this work is to classify and construct Majorana algebras generated by three axes
ag, a1 and ao such that the subalgebra generated by ag and aq is isomorphic to a 2A dihedral

subalgebra of the Griess algebra.

We first show that such an algebra must occur as a Majorana representation of one of 26
subgroups of the Monster. These groups coincide with the list of triangle-point subgroups of the
Monster given by S. P. Norton in [Nor85]. In particular, our result reproves the completeness of
Norton’s list. This work builds on that of S. Decelle in [Decl3].

Next, inspired by work of A. Seress, we design and implement an algorithm to construct the
Majorana representations of a given group. We use this to construct a number of important

Majorana representations which are independent of the main aim of this work.

Finally, we use this algorithm along with our first result to construct all possible Majorana
algebras generated by three axes, two of which generate a 2A-dihedral algebra. We use these
constructions to show that each of these algebras must be isomorphic to a subalgebra of the

Griess algebra.

This is our main result and can equivalently be thought of as the construction of the subalgebras

of the Griess algebra which correspond to the groups in Norton’s list of triangle-point groups.
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Notation

M the Monster simple group

Vi the Griess or Monster algebra

m' the elementary abelian group of order m™

Do, the dihedral group of order 2n

Sn the symmetric group of degree n

A, the alternating group of degree n

L, (p") the projective special linear group of dimension n over the field of order p*

pi_+2” the extraspecial group of order p'™2” and type +

GL(V) the general linear group of a vector space V.
For a Majorana algebra V:

(X) the smallest subspace of V' containing the set X C V'

(X)) the smallest subalgebra of V' containing the set X C V

7(a) the Majorana involution corresponding to the Majorana axis a

Vu(a) the p-eigenspace of (the adjoint action of) the Majorana axis a
For two groups G and H:

(X) the smallest subgroup of G containing the set X C G

Gx H the direct product of G and H

G.H an extension of G by H

G H a semidirect product of G and H

Gwr H the wreath product of G and H



Chapter 1

Background

In the classification of finite simple groups, it was shown that there are exactly 26 sporadic
simple groups, groups that do not lie in any of the infinite families that make up the rest of the
classification. The Monster simple group, M, is the largest of these sporadic groups and contains

20 of the others as subgroups or quotients of subgroups. It has order

246.320 .59 . 76.112.133.17-19-23-29-31-41-47-59 - 71 =~ 8 x 10°3.

The existence of the Monster was independently conjectured by B. Fischer and R. Griess in
1973. Tt was first constructed by Griess in [Gri82] as the automorphism group of Vi, a 196,884-
dimensional commutative, non-associative, real algebra known as the Griess or Monster algebra.
The algebra Viy is the direct sum (as a vector space) of an irreducible module of M and the
one-dimensional trivial module. This construction was later simplified by J. H. Conway [Con84]
and J. Tits [Tit84].

It is well known (see |[CCNT85]) that M contains two conjugacy classes of involutions which
we will refer to as 2A and 2B, where 2A is the smaller of the two. These two classes play an
important role in the study of the Monster. The 2A involutions are 6-transpositions in that
the product of any two has order at most 6. Moreover, M is generated by the 2A involutions,

making it a 6-transposition group.

Conway [Con84] showed that for each x € 24, we may define an idempotent vector ¢ (z) € Viy
called the 2A-azis corresponding to z. S. P. Norton and Conway [Con84, [Nor96] have described
all the subalgebras generated by two 2A-axes ¢ (z) and v¢(y). They are known as dihedral
subalgebras and are completely determined by the conjugacy class in M of the product xy, for

which there are nine distinct possibilities:
1A,2A,2B,3A,3C,4A,4B,5A,6A.

The type of the dihedral subalgebra generated by ¥ (x) and ¥(y) is defined to be the conjugacy
class of the product xy.

Simply by its position as the largest of the sporadic groups, the Monster is an object of great sig-



nificance in group theory. However, as mathematicians began to work on the so-called “Friendly
Giant”, they began to see some surprising connections between the Monster and another area

of mathematics, modular functions.

In 1978, J. McKay noticed that the first coefficient in the g-expansion of the elliptic modular
function (commonly denoted j) is equal to 196,884, the dimension of the Griess algebra. He
informed J. Thompson of this remarkable observation who then went on to show that in fact
all of the first few coefficients in the g-expansion of the function j can be expressed as linear

combinations of the dimensions of the smallest irreducible representations of M [Tho9).

This numerical link between the Monster and the function j appeared to suggest a deeper
connection between the two objects. In [CNT9], Conway and Norton proposed a number of

conjectures formalising this idea, which they christened “Monstrous Moonshine”.

In [FLMSS], I. Frenkel, J. Lepowsky and A. Meurman constructed an infinite graded algebra 1%&
known as the moonshine module such that Aut(V?) = M and such that the graded dimension
of V¥ is given by the function j. In 1992, R. Borcherds [Bor92] used the moonshine module to
prove Conway and Norton’s Monstrous Moonshine conjectures in work that contributed to his

receipt of a Fields medal in 1998.

The module V¥ lies in a class of mathematical objects known as vertex operator algebras, or
VOAs. Both VOAs and their close relatives, verter algebras, were first introduced as purely
mathematical tools but have since been shown to have applications in certain areas of physics.

They play a key role in the motivation behind Majorana theory.

Suppose that V = @20:0 V, is a real VOA such that Vi = R1 and V; = 0. Then the space V5
has the structure of a commutative non-associative algebra and is referred to as the generalised
Griess algebra of V. Crucially, when V = V1, V5 2 Vjy, which means that the Griess algebra is

an example of a generalised Griess algebra.

M. Miyamoto [Miy96] showed that, for a VOA V as above, there exist involutions 7, € Aut(V)
that correspond to special generators a € Va known as Ising vectors. Moreover, when V = V¥,
the vectors %a are 2A-axes of Viy and the 7, are 2A-involutions of M. S. Sakuma, a student
of Miyamoto, then proved the following result, which we refer to later in the text as Sakuma’s

theorem.

Theorem 1.0.1. If V5 is a generalised Griess algebra and ay,as € Vo are Ising vectors then the

subalgebra {{ay,as2)) is isomorphic to one of the nine dihedral subalgebras of the Monster algebra.

This was a remarkable result that reproved the classification of the dihedral algebras of the
Griess algebra, but in the more general setting of VOAs. It offered hope that this approach
might lead to a new way of studying the Monster. However, VOAs are very complex objects

and it is difficult to fully exploit their potential in studying the Monster.

Majorana theory offers a solution to this problem. In 2009, A. A. Ivanov [Iva09] introduced
Majorana theory as an axiomatisation of certain properties of generalised Griess algebras which

reframed the approach of VOAs in a way which could easily be applied to group theoretic
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problems.

In particular, the Majorana axioms allow the construction of non-associative real algebras known
as Majorana algebras, which can be considered as analogues of generalised Griess algebras. Ma-
jorana algebras are generated by certain idempotents, known as Majorana azes, that correspond
to involutions in the automorphism group of the algebra, known as Majorana involutions. Ma-

jorana axes and involutions correspond to Ising vectors and Miyamoto involutions respectively.

In 2010, [IPSS10] Ivanov et al. proved that a Majorana algebra generated by two Majorana axes
is isomorphic to one of the dihedral subalgebras of V3. This reproved Sakuma’s theorem using

the Majorana axioms, demonstrating the potential of the new theory.

Since then, a number of publications have further developed the theory (cf. [CRI14], [Deci4],
[[PSST0], [Tvallb), [Ivallal], [IS12a], [IS12b], [Ser12]). In particular, Majorana theory has been
used to construct a number of important subalgebras of the Griess algebra including two algebras

of dimension 20 and 26 corresponding to the 2A-generated As-subgroups in the Monster [IS12a].

Majorana algebras show a remarkable tendency to embed into the Griess algebra, with only a
few of the known Majorana algebras existing independently. In fact A. A. Ivanov has posed the

following Straight Flush Conjecture.

Conjecture 1.0.2. Every indecomposable Majorana algebra in which 2,3,4,5 and 6 appear as

the order of the product of two Magjorana involutions, always embeds into the Griess algebra.

If the conjecture was true, it would place the Griess algebra as the universal object in the class of
Majorana algebras, adding weight to the belief that Majorana theory will prove to be a crucial

tool in the study of the Monster and the Griess algebra.

We will later show (Lemma [2.3.1)) that the eigenvectors of the adjoint action of a Majorana
axis must obey what are known as the Majorana fusion rules. This is a phenomenon which has
long been known to hold in the Griess algebra, as well as certain other important examples of

non-associative algebras.

In 2015, J. I. Hall, F. Rehren and S. Shpectorov [HRS15b| defined an azial algebra to be a
commutative, non-associative algebra that is generated by idempotents whose eigenvectors obey
fusion rules. Majorana algebras are one of the earliest, and most important, examples of axial

algebras and play a crucial role in this new theory.

Since their inception, a number of papers ([CRMR17], [CRM18|, [HRS15a], [DR17], [DV1T],
[HRS15a], [HSS17], [Rehl15], [Yabl7]) have further developed the theory of axial algebras. In
particular, many of the definitions and results in Chapter [2, have analogues in the language of

axial algebras.

Virasoro algebras are objects occuring in mathematical physics, notably relating to the Ising and
n-state Potts models in statistical mechanics. The discrete series Vir(p, ¢) of Virasoro algebras
gives rise to many examples of fusion rules. In particular, the Virasoro operator algebra Vir(4, 3)

is the operator algebra of the Ising model of free Majorana fermions and its associated fusion
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rules are those of Majorana algebras, giving the theory its name.

This thesis primarily addresses the problem of classifying and constructing certain 3-generated
Majorana algebras as a natural part of the classification of low-dimensional Majorana algebras.
In particular, these algebras are closely related to triangle-point groups, a class of finitely gener-

ated groups which play an important role in the study of the Monster group.

In Chapter we use the work of S. Decelle [Dec13] on triangle-point groups to prove the following

classification result.

Theorem 1.0.3. Suppose that V' is a Majorana algebra which obeys axiom M8 and which is
generated by three Majorana azes ag, a1, as such that the dihedral algebra {{ag, a1)) is of type 2A.
Then V. must occur as a Majorana representation of one of 27 groups, each of which occurs as

a subgroup of the Monster.

In Chapter 4] we give the details of the implementation of an algorithm to construct generic
finite dimensional Majorana representations. This is work is inspired by that of A. Seress [Ser12].
We also give some details of the algebras constructed using this algorithm, some of which are

examples which have not before been constructed. This work is independent of Chapter [3]

In Chapter [5] we combine the work in the preceding two chapters to give a full classification and
construction of Majorana algebras as in the hypothesis of Theorem [I.0.3] The following is the

main theorem of this thesis.

Theorem 1.0.4. Suppose that V is a Majorana algebra which obeys axiom M8 and which is
generated by three Majorana azes ag, a1, as such that the dihedral algebra ({ag, a1)) is of type 2A.

Then V' is isomorphic to a subalgebra of the Griess algebra Vyy.

In [Nor85], Norton gives a list (up to conjugacy) of all triangle-point subgroups G = (a, b, ¢) of
the Monster such that a,b,c,ab € 2A. The work in this thesis proves that this list is complete
and provides constructions of each of the corresponding subalgebras of the Griess algebra, details
of which are given in Table

In most cases, the number of times that a triangle-point group G = {(a, b, ¢) appears in Norton’s
list is equal to the number, up to isomorphism, of Majorana representations of the form (G, T, V)
where a, b, c,ab € 2A. However, this is not the case for the groups Ly(11), 2*.D1o and Ss. This

implies the following result.

Corollary 1.0.5. Let G be one of the groups Lo(11), 2* : Dy and Ss. Then, from [Nor83)],
there are two non-conjugate embeddings vy and vy of G as a triangle-point group into M. The
subalgebras (((1o(G) N 2A))) and ((Y(11(G) N2A)Y) of Viu are isomorphic.
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Chapter 2

An introduction to Majorana

theory

In this section we go over some basic definitions and results in the Majorana theory. Our main

reference for this section is [Tva09].

2.1 Majorana algebras

Majorana algebras are the objects at the heart of Majorana theory. They are defined using a
series of axioms which have their roots in the theory of VOAs. These axioms are all known to

hold in the Griess algebra Vjy.
Let V be a real vector space equipped with a positive-definite, symmetric, bilinear form (, ) and
a bilinear, commutative, non-associative algebra product - such that
M1 (, ) associates with - in the sense that
(u,v-w) = (u-v,w)
for all u,v,w € V;
M2 the Norton inequality holds so that
(u-u,v-v) > (u-v,u-v)

for all u,v € V.

Let A be a subset of V\{0} and suppose that for every a € A the following conditions M3 to
MT7 hold:

M3 (a,a) =1 and a - a = a, so that the elements of A are idempotents of length 1;

13



M4 V = ‘/'l(a)@VO(a)EBVE)@V(la) where Vu(a) ={v|v €V, a-v = puv}is the set of p-eigenvectors

22 25
of the adjoint action of a on V;

M5 V) = {Aa | A € R};

M6 the linear transformation 7(a) of V' defined via

7(a) :u— (—1)25“u

foru e Vu(a) with p = 1,0, 35, 55, preserves the algebra product (i.e. u™(@.v7(®) = (y-v)7(@
for all u,v € V);
M7 if V_i(_a) is the centraliser of 7(a) in V, so that V_ﬁa) =V ) g Vo(a) & VS), then the linear
22

transformation o(a) of Vf_a) defined via
ola):uw (—1)22“u

for u € Vu(a) with p = 1,0, 2%7 preserves the restriction of the algebra product to V+(a) (i.e.
u(@ (@) = (4. 1)7(@ for all u,v € V_ﬁa).

Definition 2.1.1. The elements of A are called Majorana axes while the autormorphisms 7(a) are
called Majorana involutions. A real, commutative, non-associative algebra (V,-,(,)) equipped
with an inner product (, ) is called a Majorana algebra if it satisfies axioms M1 and M2 and is

generated by a set of Majorana axes.

Definition 2.1.2. If V is a Majorana algebra then its dimension is its dimension as a vector

space over R.

Definition 2.1.3. Two Majorana algebras Vi and Vs are isomorphic if there exists a linear map
¢ from Vi to Vo which preserves the inner and algebra products and which induces a bijection
from the Majorana axes of V1 to the Majorana axes of V. If Vi = Vo then ¢ is an automorphism
of 1.

The Majorana axes and Majorana involutions correspond to the 2A-axes in the Griess algebra
and the 2A-involutions in the Monster respectively. The fact that the 2A4-axes obey the axioms
M3 - M7 was implicitly stated in [Nor96] and was explicitly shown in Proposition 8.6.2 of [Iva09].

The following is a natural axiomatisation of the relationship between the Monster and the Griess

algebra.

Definition 2.1.4. A Majorana representation is a tuple
R= (G7T7M'7(7)7<pvw)

where

e (G is a finite group;

o T is a G-invariant set of generating involutions of G;

14



e V is a real vector space equipped with an inner product (, ) and bilinear, commutative,
non-associative algebra product - satisfying M1 and M2 such that V is generated by a set

A of Majorana azes;
e 0:G— GL(V) is a linear representation that preserves both products,

o ¢ : T — A is a bijective mapping such that for allt € T and g € G

v(E) = w19,

We also require that if T(1(t)) is the involution defined as in axiom M6 then T(1)(t)) = @(t) for
allteT.

Majorana representations have proved to be a very powerful tool in Majorana theory, allowing
us to exploit the natural relationships between Majorana algebras and groups in order to study
and construct Majorana algebras. Almost all known examples of Majorana algebras have been

constructed as Majorana representations of finite groups.

A key example of a Majorana representation is when G is isomorphic to M, T is the conjugacy
class of 2A-involutions of M and V' is Vjy. In this case, the map v is Conway’s bijection from
the 2A-involutions of M to the 24 axes of V3 [Con&4].

We say that a Majorana representation is based on an embedding into M if G is isomorphic
to a subgroup of M generated by 2A-involutions and V' is isomorphic to the subalgebra of Viy

generated by the corresponding 2A axes.

We note that it is possible for a Majorana algebra to be infinite dimensional. However, there
are no known non-trivial examples of such an algebra. In fact, almost all known examples of
Majorana algebras are equal to the linear span of the set of their elements which are the product

of most two Majorana axes or, equivalently, are 2-closed, as defined below.

Definition 2.1.5. Let V be a commutative algebra and let X C V. Then we say that the
subalgebra ((X)) is k-closed (with respect to X ) if it is equal to the linear span of the set

k
U{x1~x2~~xn cx € X}
n=1

In this definition, as the algebra product is not necessarily associative, we must specify that the
notation i - xs - - - &, refers to the algebra products obtained from all possible combinations of

brackets on the elements. For example, if n = 3, we include 1 - (23 - x3) as well as (z1 - z3) - 3.

2.2 Sakuma’s theorem

The seminal paper in Majorana theory was that of Ivanov et al. [[PSS10]. In the first part of
the paper, they reproved Sakuma’s theorem (Theorem [1.0.1]) as stated below. This result truly
forms the foundation of Majorana theory. It can equivalently be thought of as the classification

of 2-generated Majorana algebras, i.e. those generated by at most two Majorana axes.
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Theorem 2.2.1 ([[PSSI0]). Let R = (G, T,V,-,(,),¢,%) be a Majorana representation of G,
as defined above. For to,t; € T let ag = (to), a1 = ¥ (t1), 70 = @(to), 71 = @(t1) and p = toty.
Finally, let D < GL(V) be the dihedral group {9, 71). Then

(i) |D|=2N for some N with 1 < N < 6;

(i) the subalgebra U = ({ap,a1)) is isomorphic to a dihedral algebra of type NX for X €
{A, B,C}, the structure of which is given in Table '

(111) fori € Z and e € {0,1}, the image of a. under the i-th power of p, which we denote ag;y.,

is a Majorana axis and T(agi4c) = p i pl

Table does not show all pairwise algebra and inner products of the basis vectors. Those that
are missing can be recovered from the action of the group (7o, 1) together with the symmetry
between ag and a;. We also note that the dihedral algebra of type 14 is a 1-dimensional algebra

generated by one Majorana axis and so is omitted from Table 2.1}

We can use the values in Table to calculate the eigenvectors of these algebras with respect

to the axis ag.

Proposition 2.2.2. The eigenspace decompositions with respect to the axis ag for each dihedral
Magorana algebra are given in Table [2.9. In each case, the 1-eigenspace is the 1-dimensional

space spanned by ag and so is omitted from this table.

The following result is also a direct consequence of the values in Table

Proposition 2.2.3. Let V be a Majorana algebra and let ag,a; € A. Let U := ({ag,a1)) and

let to := 7(ap) and t1 := 7(ay).

If U is of type 3A or 4A then U contains the additional basis vector wp(yy.¢,) OT Vp(to,1,) TESPECtively

where uy(4y.4,) and v ) depend only on the cyclic subgroup (tot1). That is to say,

p(to,t1
Up(to,t1) = Up(to,totito) and Up(to,t1) = Up(to,totito)-

Similarly, if U is of type 5A then U contains an additional basis vector wy, ) which, up to a

possible change of sign, depends only on the cyclic subgroup (tot1), as below

Wp(tg,t1) = ~Wp(tg,trtotr) — — Wp(to,totitotite) — Wp(to,totito)- (2'1)

Moreover, if U := ({ao,a1)) is a dihedral algebra of type 3A, 4A or 5A then Uy, +,) = Up(t, t0)s

Up(to,tr) = Vp(trto) OT Wo(to,tr) = W(ty t) Tespectively.

Sakuma’s theorem provides a crucial tool in Majorana theory. If the dihedral subalgebras of a
Majorana algebra are known, they provide initial values for the inner and algebra products which
can be used to explore the structure of the whole algebra. As such, it is important to classify
the possibilities for the dihedral algebras which are contained in a given Majorana algebra. This

idea is formalised in the following definition.
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Type Basis Products and angles

1 _ 1
ag - a1 = 55 (a0 + a1 = Gp(te,t))s A0 Ap(to,t1) = 35(A0 + Ap(to,t,) — A1)

2A a0, A1, Ap(to,ty) Ap(to,t1) " Ap(to,t1) = Ap(to,t1)

(a07a1) = (ao’ap(toytl)) = (aP(t0>t1)7aP(t0>t1)) = ZL3

2B aog, ai ap - a1 =0, (ag,a1) =0

_ 1 2 2 335
ag - a1 = 55(2a0 +2a1 +a_1) = ST Up(to,11)
_ 1 5
3A a_1,a0,ar, ao - Up(ty,ty) = 32 (200 — @1 — a_1) + 55Up(z0,11)
Up(to,t1) Up(to,t1) * Up(to,tr) = Up(to,t1)
3

(a07a1) = %’ (G'Oaup(tg,tl)) = 2%’ (Up(to,tl)aup(to,h)) = %

|~

1

3C a—1,ag, a1 ap - a1 = 55(aop +ar —a-1), (ag,a1) = 5

=

2

ap - a; = 2%(3(10 +3a1 +az +a_1 — 3Vy,.1,))
4A a_1,0a9,0a1, ao * Vp(to,t1) = 2%(5(10 —2a1 —az —2a_1 + 3v40,1,))
A2, Up(tg,t1) Up(to,t1) ~ Vp(to,t1) = Yp(to,ty)> @0 A2 = 0

(ao,a1) = 35, (ao,a2) =0, (a0, Vp(tot1) = 25, (Up(to,tr)s Vp(tosts)) = 2

1
4B a_i,ag,a1, ap- a1 = s5(ao +ay —a_1 — az + apry.t,))
_ 1
ag; Gp(to,t2) ag - az = 53 (ao + a2 = Ap(ty 1))

(aOaal) = 2%) (aO)aQ) = (a07ap(t0,t1)) = 2%

ap-a; = 2%(3% +3a1 —az —a_1 —a_2) + Wy ty)
5A a_s,a_1,do, ag - az = 3-(3ag + 3az — a1 — a—1 — a—2) — Wp(to 1)
a1, 02, Wp(ty,ty) Qo - Wo(ty,t) = 2%(@1 +a_1—ax—a_z)+ %wp(to,tl)
Wp(tg,t1) " Wo(to,ty) = %(0—2 +a_1+ap+ay +az)

3.
(ag,a1) = 2, (a0, Wo(tg.11)) = 0, (Wote.t1)s Wplto,tr)) = 3o

1 3%.5
ap- a1 = g5(a0 + a1 —a_2 —a_1 —az —az + p(ty,t5)) + ST Up(to ta)
1 3%.5
6A a_2,a_1,0a, ap - az = 55 (2a0 + 2a2 + a_2) — ST Up(to,t)
_ 1 5
ai,az,as a0 * Up(ty,ts) = 32 (200 — @2 — a_2) + 55Up(10,1,)
a u ap-as = 5 (ap+az—a ), a u =0
p(to,ts)s Up(to,tz) 043 = 23100 3 p(tosts) /s Lo(tots) p(to,t2) —

(a'p(to,tg)7up(t0,t2)) = 07 (aOaa‘l) = 2%7 (aOaGQ) = %%7 (Go,ag) = 2%

Table 2.1: The dihedral Majorana algebras




1 1
Type 0 57 55
1
24 ar + Ap(to,tr) — 32 a1 = Qp(to,ty)
2B ai
23
. 5 Up(tg,t;) — 32.500
3A Up(to,t1) T %ao + %S(al +a_q) p(zfi, DR a1 — a—_q
—g5(a1 +a-)
3C a+a_1 — 2%0,0 a; —a_1
Up(to,t1) — lao
4A Vp(to,tr) — %ao +2(a1 +a_1),a2 P 3 a1 —a_q
. 2 1
—g(al + a,l) — gaz
1 1
a1 +0a-1 — 3500 — QT(ap(to,tg) —az),
4B 1 a2 = Qp(to,t2) a1 —a—1
a2 + Ap(ty,t) — 3200
3 35 1 1
54 Wp(te,t;) T 5500 — 7(a1 + a—l) - f(az - a—2)7 Wp(ty,ty) T 2—7(a1 + a—l) a; —a-u,
3 1 35 1
Wp(te,t1) — 3900 T 27(@1 +a_1)+ 7(&2 +a_s) —2—7(a2 +a_s) ag — a_2
2 28 23
Up(to,t2) + 37500 — 375(01 — a-1) Up(to,tz) — 32540
2° 25
6A —gsx(a2 + a9+ a3 — ayu,.1,)), —g5g(a2 +a_o +a3) ar —a—i,
1 2°
a3 + Qp(ty,t;) — 3200, T35 Ap(t0,t3)> az — a_2

25 2°
Up(t,t2) — 3700 + 53 (a2 + a—2)

a3 = Qp(to,ts)

Table 2.2: The eigenspace decomposition of the dihedral Majorana algebras




Definition 2.2.4. If R = (G, T,V) is a Majorana representation then we define a map ¥ which
sends (t,s) € T? to the type of the dihedral Majorana algebra ({(as, as)). Then the shape of R is
the multiset [ ((ti,,¢,)), U((tiy,t5,)) - -, U((ti,,t5,))] where the (t;,,t;,) are representatives of
the orbitals of G on T.

It is worth noting that, whilst it is not necessarily the case that two non-isomorphic Majorana
representations must have different shapes, no such examples have been found where this is not

the case. It is an open question as to whether this is true in general.

When determining the shape of a Majorana representation, if ¢,s € T and (t,s) & Doy then
U((t,8)%) = NX for X € {A,B,C}. If N = 1,5 or 6, there is only one option for the value of
X. If N takes any other value, we must use other results to restrict the possible value of X. In
particular, the following lemma can be deduced from the structure of the dihedral algebras (see
Lemma 2.20, [IPSS10]).

Lemma 2.2.5. Let U be an algebra of type NX (as in Table that is generated by Majorana
azes ag and a1. Then U contains no proper, non-trivial subalgebras, with the exception of the

following cases.

(i) If U is of type 4A or 4B then the subalgebras {{ap,az)) and {{a1,a_1)) are of type 2B or
2A respectively.

(ii) If U is of type 6A then the subalgebras ({ag,as)) and {{a1,a_2)) are of type 3A and the
subalgebras ({ag, as2)), ({a1,a_1)), {{ap,a—2)) and {{a1,a3)) are of type 2A.

Informally, this means that we have the following inclusions of algebras:
2A — 4B, 2B — 4A, 2A — 6A, and 3A — 6A

and that these are the only possible inclusions of non-trivial algebras.

Given a group G and a set of G-invariant involutions 7', we let I' be the directed graph whose
vertex set is the set of orbitals of G on T and where (to,t1)¢ — (t2,t3)¢ if and only if
({aty, ag,)) — {{at,,a+,)) and tg # t1. If we fix the type of the dihedral algebra correspond-
ing to one vertex v € V(I') then this determines the types of the algebras corresponding to all
vertices in its connected component. In particular, there are at most 2¢ possible shapes for a

representation of the form (G, T, V'), where c is the number of connected components of T".

2.3 Basic results
We now survey a few basic results which follow as a consequence of the Majorana axioms. We
will frequently refer to this section in the remainder of the text.

Perhaps the most important consequence of the Majorana axioms is that the eigenspace de-
composition of (the adjoint action of) a given Majorana axis must obey the Majorana fusion

rules.
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Table 2.3: The Majorana fusion rules

Lemma 2.3.1. For a fixred Majorana axis a, if u € V;a), v E V,,(a) then the product u - v lies in

the sum of eigenspaces with corresponding eigenvalues given by the (u,v)-th entry of Table .

Proof. As in the hypothesis, let u € Vu(a)7 v E Vl,(a). If 1 € {u, v} then the result follows from
axiom M4. If either zero or two of {u, v} are equal to 55 then 7(a) preserves u - v which must

then lie in Vl(a) &) Vo(a) EBVS). However, if exactly one of i and v is equal to 2%, then 7(a) inverts
22

u~vandsoum€V$).
25
A similar analysis using the action of o(a) shows that if {y, v} = {0, 55} then u-v € VS) and
22
if 4 = v is equal to 0 or 2% then u-v € Vl(a) 2 Vo(a). Finally, axioms M1 and M4 show that if

1= v =0 then the projection of u - v on to Vl(a) is zero. O

The fusion rules give Majorana algebras much of their structure and play a crucial role in the
construction of these algebras. In particular, although Majorana algebras are, in general, non-
associative, the fusion rules allow us to consider products of the form a - (u-v) for a € A and
u,v € V, even if the value of the product u - v is not known. As mentioned in Chapter [I} the
fusion rules mean that Majorana algebras are examples of a larger class of algebras, known as

axial algebras.

A further important consequence of the fusion rules is the resurrection principle. This result
first appeared in its current form in [IPSS10] but the basic ideas were used in [Sak07]. It takes
its name from that fact that the vector v disappears at the start of the proof, only to reappear
at the end.

Proposition 2.3.2 (The Resurrection Principle). Let V' be a Majorana algebra and let a € V' be
a fixred Majorana axis. Let W be an a-stable subspace of V' (i.e. a subspace such that a-w € W
for allw € W). Forv € V suppose that

ozvzv—l—waEVo(a) and,@v:v—i—wgeV(la)

22
for some wq,wg € W. Then
v=—[4da- (wa —wg) + wg]

in particular, v € W.

Proof. From the fusion rules,

1 1 1

= —Z—Qﬁv = ——=U — swWgs.

a-(we —wg) =a- (ay, — By) 92 92
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The following results are further consequences of the Majorana axioms.

Lemma 2.3.3. Let V be a Majorana algebra and let a € V' be a Majorana axis. If v € V then

v—o™(@ ¢ V(j).

5
Moreover, if v € Vf) then
v—0"@ ¢ V(la).

22
Proof. Let v € V then as 7(a) is an involution,
(v— vf(a))T(a) = —(v— UT(a))

and so we must have v —v7(®) € V(f). As similar argument follows for the second statement. [
25

Lemma 2.3.4. Let V' be a real vector space satisfying the axioms M1 to M5, and let a be a
Majorana axis of V. Then the eigenspace decomposition in M/ is orthogonal with respect to (, )

(i.e. (u,v) =0 for allu € V,fa), v e Vi with v €{1,0, 55, 55} and p # v).

Proof. Let u € Vlfa), v € Vy(a) with p # v as in the hypothesis. Suppose first that 4 = 0 and
v # 0. Then, from axiom M1,

1 1
(u,v) = ;(u,aw) = ;(a-u,v) =
If both p and v are non-zero then

1 1 1
;(awu,v) = (u,v) = ;(u,a-v) = ;(a~u,v)

and so, as pu # v, (a-u,v) = (u,v) = 0. O

Lemma 2.3.5. Let V' be a real vector space satisfying the axioms M1 to M5, and let a be a

Majorana azis of V.. Then for all v € V', the projection of v onto the eigenspace Vl(a) is (a,v)a.

Proof. Let v € V and write

v:/\a+vo+vz% 4—712%5

where A € R and v, € V#a) for € {0, 2, 5 }. Then, from Lemmam

(a,v) = Ma,a) + (a,v9) + (a,v )+ (a,v1) = A

22 25
and so the projection of v onto Vl(a) is Aa = (a,v)a. O

Lemma 2.3.6. Let V be a Majorana algebra and let a be a Majorana azis of V.. Then the
linear transformation 7(a) defined in aziom M6 preserves the inner product (,) on V, i.e.
(u™(@) v @) = (u,v) for all u,v € V. Similarly, the linear transformation o(a) defined in aziom

M7 preserves the inner product (, ) on Via).
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Proof. We start by writing v and v as
U=u;+utusr +us
22 25

v=v1+v+vL +vL
22 25

where u,, v, € Vu(a) for u € {1,0, 2%, 2%} From Lemma the eigenspaces of a are mutually

orthogonal with respect to the inner product and so

(u,v) = (u1,v1) + (uo,v0) + (v, v )+ (ur,vr).

22 22 25 25

Now as

uT(a):u1+uo+u%—ui
2

25

0@ =y fvg+va —va
22 5

2

we clearly have

(u™ @, o7 @) = (ug,v1) + (ug, vo) + (uy,vz)+ (ug,va) = (u0)

22 25 25

A similar argument follows for the transformation o(a). O

Lemma 2.3.7. Let V' be a Majorana algebra and let a and b be two Majorana azes of V. Then
(b
7(a™®) = 7(b)1(a)7(b) on V and o(a™®) = 7(b)o(a)7(b) on V_f_a ™.

Proof. We will show that for all v € V, p7(@™ ) = yT(®)T(@)7(®) | Recall that

. a™®
(0 ®) v ifv e Vi )
v = . (a™®)
—v ifveVy .
25
Now, by definition, 7(b) is an involution which preserves the algebra product on V and so
(5 (6
v e V,L(a ) if and only if v™® € V;f‘” for p € {1,0, 55, 35 }. Thusifv € Via ) then v7® € VJEG)
and so
7@ T(@)T(b) — (UT(b))T(a)T(b) — " ®OT®) —

- . (a™®)
Similarly, if v € Vi then
25
pTOT(@7T0) — (TN T(@)TO) — _yTO)T(®) — ),
and so the action of 7(b)7(a)7(b) on V coincides with that of 7(a7®)).

A similar argument follows to show that o(a™®) = 7(b)o(a)7(b). We only note that, again, if
(b T(b
v E Vf_a ®) then v™® ¢ V_‘(_a) and so the action of 7(b)o(a)7(b) is well-defined on V_f_a “. o

Proposition 2.3.8. Let V be a Majorana algebra and let a and b be two Majorana axes of V.
Then a™®) obeys the azioms M3 - M.

Proof. By axiom M6 and Lemma the action of 7(b) preserves the inner and algebra prod-
ucts on V and so axioms M3 - M5 hold for a™®. By Lemmal2.3.7, 7(a™®) and o(a™®)) are both
products of linear transformations which preserve the algebra product on V' and Viar ”) respec-
tively. Thus 7(a”®) and o(a™®) must also be linear transformations preserving the algebra,

product on their respective spaces, and so a”® also obeys axioms M6 and M7. O
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We note that in the definition of a Majorana representation (Definition [2.1.4)), as is customary,
we require that the set T" be closed under the action of G. This proposition shows that such an
assumption is not in any way restrictive as any additional axes of the form a9 for a € A and

g € G are already required to obey the Majorana axioms.
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Chapter 3

Classifying Majorana
representations of triangle-point

groups

With Sakuma’s classification of the Majorana algebras generated by two Majorana axes complete,
it is natural to consider the classification of algebras generated by three Majorana axes. Whilst
the question of classifying all 3-generated Majorana algebras is clearly beyond the scope of this
work (the Griess algebra itself is one such example), we consider a natural first step towards this

question.

In particular, we are interested in the classification of Majorana algebras generated by three
axes, two of which generate a 2A dihedral algebra. In this chapter, we will prove the following

result.

Theorem 3.0.1. Suppose that V is a Majorana algebra that satisfies axiom M8 and which is
generated by three Majorana azes ag, a1, as such that the dihedral algebra ({ag, a1)) is of type 2A.
Then V. must occur as a Majorana representation of one of 26 groups, each of which occurs as

a subgroup of the Monster.

In order to prove this result, we will consider a class of groups known as triangle-point groups,
which are finitely generated groups of importance in the study of the Monster group. Before

defining these groups, we first discuss the role of the axiom M8, which we state below.

M8 Suppose that V is a Majorana algebra and suppose that ag,a; € V' are Majorana axes such
that the dihedral algebra U := {{ag, a1)) is of type 2A. Then the basis vector

a, :=ag+a; —8ap - ay

is a Majorana axis of V' and 7(a,) = 7(ag)7(a1). Conversely, we require that the map
7 : A — Aut(V) is injective and that if ag,a1,a2 € V are Majorana axes such that

T(ap)7(a1) = 7(az) then the algebra ({ag,a1)) is of type 24 and a, = as.
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This axiom is a very natural additional condition which is known to hold in the Griess algebra.
A similar (but slightly weaker) version for Majorana representations is assumed in nearly all
published works in Majorana theory. Moreover, this additional assumption means that the

Majorana axioms model the behaviour of the Griess algebra extremely closely.

In particular, of all known Majorana algebras which have been constructed, there is only one (a
representation of Ag constructed in [Ivallal) which obeys axiom M8 and which does not embed
as a subalgebra of the Griess algebra. As one of the main aims of Majorana theory is to study the

Griess algebra as closely as possible, it is reasonable to include this axiom in our assumptions.

Axiom M8 and the inclusions of dihedral algebras imply the following useful lemma.
Lemma 3.0.2. Suppose that (G,T,V) is a Majorana representation which obeys axiom M8 and
suppose that ty,t1 € T. Then
(i) if o(tot1) = 2 then the dihedral algebra (((to),¥(t1))) is of type 2A if and only if tot, € T';
(ii) if o(tot1) = 4 then the dihedral algebra ((1)(to), v (t1))) is of type AB if and only if (tot1)? € T;
(iii) if o(tot1) = 6 then we must have (tot1)® € T.
Proof. The claim (i) follows from axiom M8. In particular, if to,¢; € T such that tot; € T then

P(tot1) is a Majorana axis such that 7(¢(tot1)) = tot1 = 7(¢¥(t0))7(¥(t1)). Axiom M8 then
implies that ((¢(to),¥(t1))) is of type 2A.

Conversely, if ((1(to), ¥ (t1))) is of type 24 then from axiom M8, the basis vector a, := ¥ (to) +
W(t1) — 8Y(to) - ¥(t1) is a Majorana axis and 7(a,) = 7(¢¥(to))7(¥(t1)) = tot1 € T as required.

If to,t1 € T such that o(tgt1) = 4 then the dihedral algebra ((1)(t9), ¥ (t1))) is of type 4B if and
only if the subalgebra ((1(to), ¥ (tE'))) is of type 2A. Part (i) implies that this occurs if and only
if (tot1)?> € T.

Similarly, if tg,t; € T such that o(tot;) = 6 then the dihedral algebra ((1(to),1(t1))) is of type
6A and contains the 24 subalgebra ((¢(to), ¥ (t°""))). Part (i) then implies that (tot,)> € T. O

The work in this chapter has been published by the author in [WhyI§].

3.1 Triangle-point groups

We begin by considering the structure of the groups G that may admit a Majorana representation
(G, T,V) where V is of the desired form.

Definition 3.1.1. Let G be a group such that

(i) G is generated by three elements a, b, ¢ of order 2 such that ab is also of order 2;
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(i3) for any two elements t,s € X :=a® Ub® Uc® U (ab)®, the product ts has order at most 6

then G is a triangle-point group.

Proposition 3.1.2. Suppose that V' is a Majorana algebra that satisfies axiom M8 and which is
generated by three Majorana azes ag, a1, as such that the dihedral algebra {{ag, a1)) is of type 2A.
Then V' must exist as a Majorana representation (G, T, V) where G = {(a,b, ¢) is a triangle-point

group and T C G is such that a,b,c,ab € T.

Proof. Let G := (1(ag), 7(a1),7(az2)) < Aut(V). From Proposition if a € V is a Majorana
axis and g € G then a9 is also a Majorana axis. Thus the elements of B := a§ Ua§{ Ua§ are all

Majorana axes.

As V obeys axiom M8, if a,b € B such that ({a, b)) is a 2A dihedral algebra then the element

a+b—8a-bis also a Majorana axis with Majorana involution 7(a)7(b). Thus if we let
A:=BU{a+b—8a-b|a,be Bs.t. ({a,b)) is of type 24}

then we can take A to be the Majorana axes of V. Note that this set is closed under the action
of G.

We will now choose a set of involutions 7" and maps ¢ and % such that (G,T,V,p,9) is a

Majorana representation. We let

T:={7(a)|a€ A} ={7(a) | a € By U{7(a)T(b) | a,b € B s.t. {{a,b)) is of type 24} < G.

As V obeys axiom M8, the map 7 : A — T is a bijection and so we can take v := 77!

and, as
we already have G < Aut(V'), we can choose ¢ to be the identity map. It is then easy to check

that (G,T,V, p,%) is a Majorana representation as required.

We will now show that G := (7(ag),7(a1),7(az)) is a triangle-point group. As the subalgebra
({ag,a1)) is of type 2A and the algebra V' obeys axiom M8, the element 7(ag)7(a1) is a Majorana

involution and so is of order 2, as required.

Now, if X :=7(ag)® UT(a1)% UT(az)® U (1(ap)T(a1))¢ then X C T and so 1 is well defined on
X. Then if t,s € X, then the algebra ((1)(t),%(s))) is a dihedral algebra and so we must have
o(ts) < 6. Thus G is a triangle-point as required. O

Triangle-point groups are of particular interest in the context of the Monster group. The Mon-
ster graph is defined to be the graph whose vertices are the 2A-involutions of M such that two
vertices are joined by an edge if and only their product is also a 2A-involution of M. Nor-
ton [Nor85] studied the subgraphs of the Monster graph induced by sets of vertices the form
a,b,ab,c. He named these subgraphs triangle-point configurations of the Monster graph and
studied the possibility of constructing the Griess algebra as a permutation representation on

these configurations.

In particular, his work includes a list of subgroups of the form G = (a, b, ¢) such that a, b, ¢, ab €

2A which we partially reproduce in Table In each case he gives explicit generators of these
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subgroups (usually as elements of Aj2) and so it is easy to check that these are indeed triangle-
point subgroups of the Monster. However, Norton does not prove that this list is complete. A
consequence of this work is to give a proof, independent of the Monster, that this list is indeed
complete (see the discussion following Theorem .

In general, we say that a triangle-point group G = (a, b, ¢), 2A-embeds into the Monster if there
exists an injective homomorphism ¢ : G — M such that ¢(a), ¢(b), t(c), (ab) € 2A.

In [Nor85|, for each triple (a,b,c) of 2A involutions, Norton defines the corresponding ancestor

subgroups of {(a,b,c) to be
Ay = {a,b,a%, As :=(a,b,b°) and A3 := (a, b, (ab)°).

In Table 5 of [Nor85], as in our reproduction in Table for each triple (a,b,c), the column

labelled “ancestors” gives the indices of the rows corresponding to the groups A;, As and As.
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Classes of

Classes of

No. | Order Iso. Type ae. be. abe Ancestors || No. | Order Iso. Type ae. be. abe Ancestors
1 4 22 (1A 2A 2A) (1,1,1) 20 32 242 (4A 4B 4B) (8,2,2)
2 8 23 (24 2A 2B) (1,1,1) 21 160 24: D1y (4ABABA)  (8,27,27)
3 12 D1y (2A 34 6A) (1,3,3) 22 | 240 2 x Ss (4A 54 64)  (9,22,11)
4 16 2 x Dy (2A 4A 4A) (1,2,2) 23 96 22 xSy (4A6A64) (7,11,11)
5 8 Dg (2A 4B 4B) (1,1,1) 24 | 192 2*: Dy, (4A6A464)  (8,10,10)
6 8 23 (2A 2B 2B) (1,1,1) 25 64 24,22 (4B 4B 4B) (4,4,4)
7 16 2 x Dg (2B 4A 4A) (1,2,2) 26 72 32.Dg (4B 4B 6A)  (3,3,13)
8 16 2x Dg (2B 4B 4B) (1,2,2) 27 | 160  2*: Dy, (4B 5A5A)  (4,21,21)
9 24 22 x S3 (2B 64 6A) (1,3,3) 28 | 120 Ss (4B 5A 5A)  (3,28,10)
10 24 Sy (3434 4B)  (10,10,5) || 29 48 2 x Sy (4B 5A 64) (5,10, 10)
11 48 2 x Sy (3A4A 64)  (11,7,11) || 30 | 384 25. D1 (4B 6A 6A)  (4,11,11)
12 60 As (3A5A 54) (12,12,12) || 31 | 660 Ly(11) (5A 5A 5A)  (33,33,33)
13 36 Sy xS3  (3A6A64)  (13,3,3) 32 | 960 24 A (5A 54 64) (32,32,12)
14 24 Sy (3C 3C 4B)  (14,14,5) || 33 | 660 Ly (11) (5A 64 64)  (31,12,12)
15 60 As (3C' 54 5A)  (15,15,15) || 34 | 1440 2 x Sg (5A 64 64)  (34,11,11)
16 | 108 31222 (3C 64 6A) (16,3,3) 35 | 120 Ss (6464 64) (12,12,12)
17 32 22 wr 2 (44 4A 44) (6,6,6) 36 | 576 1.5, wr2 (6A6464) (12,12,12)
18 64 23.23 (4A 4A 4B) (7,7,4) 37 | 3840 25.55 (6A 64 64) (12,12,12)
19 | 144 2x32.Dg (4A4A64)  (9,9,13)

Table 3.1: Norton’s list of triangle-point subgroups of the Monster




) Added relations
Name Isomorphism Gomme) R 2A-embeds in M
type (m,n,p) '
(11,72,73,74,75)
G, 23,23 (4,4,4) Y
Gy (S3 x S3) : 22 (4,4,6) Y
Gs 24: Dyg (4,5,5) Y
Gy 2 x S (4,5,6) Y
Gs Lo(11) (5,5,5) Y
Gs (2% : Dyp) x 2 (4,6,6) (4, =, —, —, — Y
G 241 As (6,5,5) (5,—, —,—,—) Y
Gs 2 x Sg (6,6,5) (4, —, —, —,—) Y
(4, 6, 6,—,—)
Gy | (2*:(S3 x S3)) x 2 (6,6,6) (6,4, 6,—,—) N
(6,6, 4, —, —)
G1o 2 : S5 (6,6,6) (5,5, 5, 4,—) Y
Gu | (3*:2):(317%:22)  (6,6,6) (6, 6, 6,—, 3) N

Table 3.2: The groups Gy, ...,G11

A crucial first step in the proof of our main result was completed by Decelle in Theorem 3.3 of
[Dec13].

Theorem 3.1.3 ([Decl3]). Fach triangle-point group must occur as a quotient of at least one
of the 11 groups given in Table|3.2. Fach of these groups occurs as a quotient of a group of the
form

GmmP) .= (a,b, ¢ | a®,b%, ¢, (ab)?, (ac)™, (be)", (abc)P)

for m,n,p € [1..6], potentially with additional relations of the form R;* for i € [1..5] and

Ri:=a-b° Ry:=ab-b°, Ry:=ab-a°, Ry :=c-b°, Ry :=c"- .

Our first aim is to use Theorem to construct a list of all possible triangle-point groups.
We do this by classifying the normal subgroups, and the corresponding quotients, of the groups
G1,...,G11. However, some smaller examples will appear as quotients of many of the above
groups. Thus, to significantly reduce the number of normal subgroups that we must classify, we

first consider small examples of triangle-point groups.

Proposition 3.1.4. Suppose that G is a triangle-point group of order at most 12. Then G is

either a dihedral group or an elementary abelian group of order 8.

Proof. Suppose that G = (a,b,c) is a triangle-point group. Then G contains the subgroup
{a,b) = 2% and so the order of G' must be a multiple of 4 and so must be equal to 4, 8 or 12. Up
to isomorphism, the only groups of these orders that are generated by their involutions are Dy,

Dsg, 23 and D15 and it is easy to check that each of these is indeed a triangle-point group. O
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In Tables and below, for each i € [1..11] we give a complete list of the non-trivial normal
subgroups N < G; such that [G; : N] > 12. Note that the groups G5 and G5 have no such normal

subgroups and are thus omitted from these tables.

The lists of normal subgroups in Table have been calculated in GAP [GAP16] using explicit
generators of each of the groups Gi,...,G1¢ and by using the group presentation in the case
of G11. In most cases, the generators used below are given in [Nor85]. In particular, where

possible, we choose these generators to be elements of Aps.

Proposition 3.1.5. For 1 <1i <10, Table[3.5 gives

e clements a,b,c € G; such that G; = {(a,b,c) as a triangle-point group;
e generators in terms of a,b, ¢ of all normal subgroups N < G; such that [G; : N] > 12;

e the isomorphism types for the corresponding quotients G;/N.

Table gives generators of all normal subgroups N < G11 such that [G11 : N] > 12 and the

isomorphism types for the corresponding quotients G11/N.

Using Tables and and Proposition [3.1.4} we have compiled a complete list (up to isomor-
phism) of triangle-point groups which we give in Table With the exception of the groups
of order less than or equal to 12, for each triangle-point group G, we give the indices i of the

groups G1,...,G11 such that G occurs as a quotient of the group G;.

3.2 The main theorem

In this section we prove the main result of this chapter.

Theorem 3.2.1. Suppose that V is a Majorana algebra that satisfies axiom M8 and which is
generated by three Majorana azes ag, a1, as such that the dihedral algebra {{ag, a1)) is of type 2A.
Then V' must occur as a Majorana representation of one of 26 groups, each of which occurs as

a subgroup of the Monster.

By comparing the list of triangle-point groups in Table [3.5] with Norton’s list of triangle-point
subgroups of the Monster (Table 3 of [Nor85]), we see that of the 36 triangle-point groups, there
are 10 that do not appear on Norton’s list. We reproduce the rows of Table which contain
these 10 groups in Table

In the remainder of this section, we consider these ten groups and show that none of them can
admit a Majorana representation of the form (G,T,V) where G = (a,b,c) and a,b,c,ab € T.
In doing so, we also show that these groups cannot exist as triangle-point subgroups of the
Monster (as otherwise they would have to admit such a Majorana representation) and so prove

that Norton’s list of triangle-point groups is complete.

Throughout this section, we make use of the following result, which is Lemma 8.6.3 in [Iva09].
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G Generators a, b, ¢ N XcGst. N=(X)¢ G/N
22 (ac)? 2 x Ds
o 1 2)(2’ i) < 22 (bc)? 2 x Dg
1| (1,3)(2,4)(5,6)(7,8) 02 (abe)? 2 % Dq
(1,52 7) 2 (a-b°)? 242
(1,2)(3,4) 32 (a-b%)? 2 x Dy
G| (5,6)(7.8) 2 (a-b)? (S5 x S3) : 2
(1,2)(3,9)(4,5)(6, 10) so s
1,2)(3,4)
Ga | (1,2)( (7,8) 2 (ac)? S5
1,9) ,8)
24 (bc)3, (abc)? Sy
24 (ac)? 22 x S3
1,2)(3,4) 23 (ab-b°)3, (a® - c*)? 2 xS,
Gs | (1,3) 5,6)(7,8)(9,10)(11, 12) 23 (be)? 2 % Sy
1,2)(3,5)(4,7)(6,9)(8,11)(10, 12) 23 (abe)? 2% Sy
22 (a®-c)? 22 x Sy
2 (ab . bc)B 24 : D12
(1,3)(2,15)(4,13)(6,12)(7,11)(14, 16)
Gr 11)(2,12)(3,9)(4,10)(5,6)(13,14)  2* (ac)? As
(1,3)(2,15)(4,13)(6,12)(7,11)(14, 16)
1,2)(7,8)
Gs 1,2)(3,4)(5,6)(9,10) 2 ((bc)3 - be2)3 Se
1,3)(4,5)(7,8)(9,10)
24:3  (ac)?, (a-b°)? 22 x S3
1,2)(3,4)(5,6)(7,8) 2.3 (be)?, (a-b%)? 22 % S5
Gg 1 8)(2, 4)(5,6) 25 (abc)Q, (a bc)2 53 X Sg
2,5)(3,6)(9,10)(11,12) 24 (a-b°)? 2 x S5 x S3
2 a-(b-co)3 241 (S5 x S3)
(172)(374)(576)(77 8)(9710)(11712) 5 2 2\2
Go | (L2 A)G.86NO.100,1) o (@) %
2 (c® - (bc)3) 2%: S5
(1,7)(2,6)(3,9)(4,11)(5,10)(8,12)

Table 3.3: Some normal subgroups of Gy, ..., Gio




N X C G st N=(X)91 G /N

(3%:3):3  (ac)? 22 x 3

(3%:3):3  (be)?, (a-b°)? 22 x 3

(3%:3):3  (abc)? 22 x 3

(3%:3):2  (ac)3, (ab- b°)? S3 X S3

(3%:3):2  (be)3, (ab - a)? S3 X S3

(31:3):2  (abc)3, (a-a)? S3 X S3

31:3 (a- )2 2 % Sy x S

31:3 (ab - b°)? 2 % Sy x S

3*:3 (ab - a®)? 2 x 83 X S3

34:2 (ac)3 3},_+2 : 22

34:2 (be)3 342 22

3*:2 (abe)? 342 22

3t (acbcach)? S3 x S3 x S35

34 (a-cb)? 2 x (3142 : 22)

34 (b- cac)? 2 x (3142 22)

34 (ab - c*¢)? 2 x (3412 :2%)

33 (ab- a)?, (a - beabe)? Sy : (31421 22)

33 (ab- b)2, (q - beabe)? Sy : (31421 22)

33 (ab- b°%)2, (ab - ab)? Sy : (31421 22)

32 (a - beabe)2, (32:2) : (34421 22)
32 (ab - boac)2, (32:2) : (3442 22)
32 (ab - ache)? (32:2) : (3442 22)
3 cacbeach | beachea (33:2) 1 (312 22)

Table 3.4: Some normal subgroups of G11




Quotient of

Quotient of

i G G| i G G|
G, for i in G, for ¢ in

1 22 4 - 19 24: Dy 160 3
2 23 8 - 20 24: Dy 192 6
3 Dy 8 - 21 S3 x Sz x S3 216 11
4 D1y 12 - 22 2 x (3412 :22) 216 11
5 2 x Dg 16 1,2 23 2 x S5 240 4
6 22 x 3 24 6,9,11 24 2% : Dy 384 6
7 Sy 24 6 25 24 : (S5 x S3) 576 9
8 24.2 32 1 26 | (3:2):(317%:2%) 648 11
9 S3 x S3 36 9,11 27 Ly(11) 660 6
10 2x 8, 48 6 28 Se 720 8
11 As 60 7 29 24 As 960 7
12 2393 64 1 30 | (2%:(S3x S3)) x2 1152 9
13| 2x83x8; 72 9,11 31 2 x Sg 1440 8
14 | (S3x83):2 72 2 32 24 S5 1920 10
15 22 x S, 96 6 33 | (3%:2):(3172:22) 1944 11
16 34222 108 11 34 2°.55 3840 10
17 Ss 120 10 35 | (3%:2): (3172 :2%) 5832 11
18 | (S3x S3):22 144 2 36 | (3%:2):(3172:22) 17496 11

Table 3.5: A complete list of triangle-point groups




) o G Quotient of
G; for 7 in

13 2 x 53 x 53 72 9,11

21 S3 x S5 x S3 216 11

22 2 x (312 22) 216 11

26 | (3:2):(3}7:22) 648 11

28 Se 720 8

30 | (2%:(S3x S3))x2 1152 9

32 24 S5 1920 10

33| (32:2):(317%:2%) 1944 11

35 | (3%:2): (3117 :22) 5832 11

36 | (3*:2): (3172 :22) 17496 11

Table 3.6: The triangle-point groups that do not 2A-embed into the Monster



Lemma 3.2.2. Suppose that there exists a group G that admits a Majorana representation
(G, T,V). Suppose also that G contains a subgroup K isomorphic to the elementary abelian
group of order 8. Then there must exist at least one non-identity element of K that does not lie
i T.

Proof. Suppose that K := (tg, t1,t2) and suppose for contradiction that all non-identity elements
of K lie in T. Since any two axes ¥(t;) and ¢(¢;) generate a 24 algebra,

Y(t1) — p(tot1), P(t2) — Y(totz) and Y(titz) — P(totat2)

are all z-eigenvectors of 1(ty). However,

(¥(t1) — ¥(tot1)) - (Y(t2) — P (tot2)) = —2%(1#(1?1752) — Y (totata)).

is also a %—eigenvector of ¥(tg). This contradicts the fusion rules and so such a representation

cannot exist. O

In most of the cases below, we have explicit generators for the groups in question. However, as
Tables and provide an exhaustive list of all triangle-point groups of order greater than
12, we can also use these to determine the exact presentations of these groups. Whether we use

explicit generators or the group presentation for our calculations is simply a question of clarity.

3.2.1 The group 2 x S5 x S3

Proposition 3.2.3. Suppose that G = (a,b,c) = 2 x S5 X S3 is a triangle-point group and
suppose that T C G such that a,b,c,ab € T. Then there exist no Majorana representations of
the form (G, T, V) which obey axiom MS.

Proof. From Tables[3:3]and [3.4] we see that G occurs either as a quotient of Gy, or as a quotient

of G11. In either case, we must have
G = {a,b,c| a®,b*, ¢, (ab)?, (ac)8, (bc)8, (abc)®, (a - b%)™, (ab-b)"2, (ab - a®)"®)

where (r1,72,73) € {(2,6,6), (6,2,6), (6,6,2)}. We first suppose that (r1,72,73) = (2,6,6) and
show that the group
K = (a,b, (abc)®) < G

is isomorphic to 22 and that all of its non-identity elements are contained in 7. Using the
presentation of G in GAP, we have checked that o(ac) = o(bc) = o(abc) = 6. By assumption,
a,b,ab € T and, from Lemma [3.0.2] as o(abc) = 6, (abc)® € T. Using the presentation of G, and

in particular the relation (a - b°)? = 1, we can show that

a- (abe)® = ((be)*)* €T
b-(abe)® = ((ac)®)c e T
ab- (abc)® = eT
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and so 23 =2 K C T U {e}. This is a contradiction with Lemma and so no such represen-
tation can exist. In the case that (ry,72,73) = (6,2,6) or (6,6,2), we take K to be (a,b, (ac)?)
or {a,b, (bc)) respectively. In either case, we find that 22 = K C T U {e}, again giving a

contradiction. O

3.2.2 The group S

Proposition 3.2.4. Suppose that G = {(a,b,c) = Sg is a triangle-point group and suppose that
T C G such that a,b,c,ab € T. Then there exist no Majorana representations of the form
(G, T,V) which obey aziom M8.

Proof. From Tables [3.3] and 34} we see that G must occur as the group
{a,b,c| a?,b?, %, (ab)?, (ac)®, (be)®, (abc)®, (a - b%)*, x3)

where x = (bc)3 - b°?, so that 23 is the central element of Gg. In this case, we use explicit

generators. If we pick

a:=(1,2)(3,4)(5,6)
b= (5,6)
c:=(2,3)(4,5)

then a, b, ¢ satisfy the relations above and generate the group Sg. Thus we may take G = (a, b, c).

By definition, 7" must contain the conjugacy classes
a® = (1,2)(3,4)%, 0% = (5,6)%, (ab)” = (1,2)(3,4)(5,6)°.

In particular, as the conjugacy classes in Sg are indexed by the cycle types of their elements,
this must mean that all involutions of G are contained in T'. Finally, G contains the subgroup
((1,2),(3,4), (5,6)) = 23, all of whose non-identity elements must be contained in 7. This is in
contradiction with Lemma [3.2.2] and the result follows. O

3.2.3 The group (2%: (S5 x S3)) x 2

Proposition 3.2.5. Suppose that G = {(a,b,c) = (2* : (S3 x S3)) X 2 is a triangle-point group
and suppose that T'C G such that a,b,c,ab € T. Then there exist no Majorana representations
of the form (G, T, V') which obey aziom M8.

Proof. In this case, we must have G = Gg. Although we have explicit generators of the group, it
is easier to consider G as a finitely presented group with generators a, b, c. We now let x := ab-c®¢
and claim that

K := (a,b,z%)
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is isomorphic to 23 and that all the non-identity elements of K lie in 7. By definition, a, b,ab € T.
We calculate that

a-x®=(b-c")?
b- x3 _ ((aC)S)bcacac

ab - 1,3 _ cacabcacac.

Either by using explicit generators, or by calculating with the group presentation in GAP, we see
that x, b- ¢*¢ and ac are all of order 6. Moreover, as they are each the product of two elements
of T', by Lemma[3.0.2] their cubes must all also lie in 7". This shows that K must be isomorphic
to 23 and that all non-identity elements of K are contained in T. This is in contradiction with
Lemma [3.2.2] and the result follows. O

3.2.4 The group 2*: S5
We deal with this group using slightly different techniques to the other cases. We begin by
noting that from Tables [3:3] and [3:4] we see that G must occur as the group

(a,b,c | a® b% 2, (ab)?, (ac)S, (bc)®, (abe)S, (a - b°)®, (ab- b%)°, (ab - a®)®, (c- b°)*, 23)
where x = ¢ - (bc)3, so that 23 is the central element of G1g. If we take

a = (1,2)(3,4)(5,6)(7,8)(9,10)(11,12)
b= (1,3)(2,4)(5,6)(7,8)(13,14)(15, 16)
c:=(1,12)(3,14)(4,6)(5,16)(7,11)(9, 13).

then a, b, ¢ generate a group of order 1920 and satisfy the presentation of G' and so we may take
G = (a,b,c).

We will show that G contains a subgroup K 2 2 x Dg and that there exist no representations of
the form (K, K NT,U). This will in turn show that there exist no representations of the form
(G, T,V).

Lemma 3.2.6. Let K := ((1,2),(1,3)(2,4), (5,6)) = 2x Dg then K contains eleven involutions,
which we label t; for 1 <i <11 as below.

Tt it it

1 (L,2) 5 (1,3)(2,4)(5,6) | 9 (1,2)(3,4)

2 (3,4) 6 (1,4)(2,3)(5,6) | 10 (1,2)(3,4)(5,6)
3 (1,2)(5,6) | 7 (1,3)(2,4) 11 (5,6)

4 (3,4)(5, 8 (1,4)(2,3)

If we let S :={t1,...,t10} then there exist no Majorana representations of the form (K,S,U).

Proof. We suppose for contradiction that such a representation exists and show that it cannot
obey axiom MI1. In the following, we let a; := ¥(¢;) for 1 < i < 10. Note that t;t4 =
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(1,2)(3,4)(5,6) = t10 and so the algebra ({a1,a4)) is of type 24 and
1
ai - a4 = ﬁ(al + ag — ajp).
Now o(t1t5) = o(tats) = 4 and (t1t5)?, (t4t5)? € S and so, by Lemma the algebras ({a1, as))

and ({a4,as)) are of type 4B and

1
(a17a5) = (a47a5) = %
Finally, tiots = (1,4)(2,3) = ts and so {(a10,as)) is of type 24, (a19,a5) = 35 and
3
(01 a1,05) = — 5.

Similarly, we calculate that

1
a4-a5:—(a4+a5—a3—a6+ag)

26
and that
(a1,a4 - a5) = 2% # (a1 - as,as)
which is in contradiction with axiom M1, showing that such an algebra cannot exist. O

Proposition 3.2.7. Suppose that G = {(a,b,c) = 2* : S5 is a triangle-point group and suppose
that T C G such that a,b,c,ab € T. Then there exist no Majorana representations of the form
(G, T,V) which obey aziom M8.

Proof. If we let

z:=a, y = b and z := ((ac)?)’
then it is easy to check that the map f that sends

z s (1,2)(3,4)(5,6)
Y (3,4)
z = (1,4)(2,3)

is an isomorphism from K := (z,y,z) to 2 x Ds.
By definition and by Lemma we have x,y,z € T. Moreover,
zy = (ab)®e®e° € T,
rz=c"eT,
(y2)? = (b- b°acac)3 € T,
By considering the conjugacy classes of 2 x Dg, we see that
25 Uy UK U (o) S U (@2)5 U ((9)2)%|= 10

and so, as K contains 11 involutions in total, |[K N7 is equal to 10 or 11.

If [KNT|= 11 then K contains an elementary abelian subgroup of order 8 all of whose involutions
are contained in T and so the representation (K, K NT,U) cannot exist. If |K NT|= 10 then
(K,KNT,U) is the representation in Lemma and so equally cannot exist. Thus we may

conclude that there exist no representations of the form (G,T,V), as required. O
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3.2.5 The group S35 x S3 x S3

Proposition 3.2.8. Suppose that G = (a,b,c) = S5 x S3 x S3 is a triangle-point group and
suppose that T C G such that a,b,c,ab € T. Then there exist no Majorana representations of
the form (G, T, V) which obey axiom MS.

Proof. From Tables [3.3] and we see that G must occur as the group
<a7 ba c | a27 b2a CQa (ab)27 (ac)67 (bc)67 (abc)67 (a ' bc)67 (ab ' bc)67 (a’b : ac)6> (Ca ' Cbc)gv 332>
where x = acbcacb. In this case, we use explicit generators. If we pick

(1,2)(4,5)

S]
I

then a, b, c satisfy the relations above and generate the group S3 x S3 X S3. Thus we may take
G = {a,b,c). By assumption, 7' must contain the conjugacy classes a®,b%, c“, (ab)®. By Lemma

it must also contain

We now let
K :={((1,3),(4,6),(7,9)) < G.

then K is clearly elementary abelian of order 8 and, from the above discussion, all the non-
identity elements of K are contained in T'. This is a contradiction with Lemma [3.2.2] and so such

a representation cannot exist. O

3.2.6 The group 2 x (3% :2?)

Proposition 3.2.9. Suppose that G = {(a,b,c) = 2 X (35r2 : 22) is a triangle-point group and
suppose that T C G such that a,b,c,ab € T. Then there exist no Majorana representations of
the form (G,T,V) which obey axiom MS.

Proof. From Tables [3.3] and we see that G must occur as the group
<aa ba c |7 a27 b27 627 (a’b)zv (aC)Gv (bC)Ga (abC)Ga (a : bC)Ga (ab : bC)Ga (ab ' aC)Gv (Ca : Cbc)Sv y2>
where y € {a - ¥, b- ¢, ab - c*}.

Note that any of the possible values for y can be sent to any other by a suitable permutation of the
generators a, b, ab. Moreover, such a permutation preserves all other relations in the presentation

of these groups (to show this for the relation (¢*-c*®)® = 1 requires some calculation, in all other
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cases it is clear). Thus, permutating a, b and ab induces pairwise isomorphisms between the

three groups arising from the different choices of y.

Without loss of generality, we can now pick y = a - ¢’ and let
a=(1,4)(2,6)(3,5)(8,9),b = (1,4)(2,8)(6,9)(10,11), ¢ = (2,7)(3,4)(5,9).

Then it is easy to check that a, b, ¢ satisfy the presentation of G and generate a group of order
216. Thus we may take G = (a,b,c). We then calculate that

ac = (1,3,9,8,5,4)(2,6,7)
b-c" = (1,8,6)(2,4,9)(10,11)
ab- c* = (17 9,6,4,8, 2)(3v 5)(10a 11)

are all of order 6. We now let
K :={(a,b,y).

where y := (b - ¢*)3. From Lemma (b )3, (ab- )3, (ac)® € T. Thus

y=(ab-c*)?eT
by = ((ac)®)"" e T
Yy

_ Cacabc(ac)2 cT.

We now have K = 23 C T U {e}, which is a contradiction with Lemma and so such a

representation cannot exist. O

3.2.7 The remaining quotients of the group G1;

Here we consider the case where G = (a,b,c) = (3' : 2) : (3172 : 22) for i = 1,2,3,4. The
following is Proposition 3.52 in [Dec13].

Lemma 3.2.10. Let K be the quotient of G(%%5 with the additional relations
(a : bC)G = (ab . bC)G = (ab . aC)G — (C . bca)r4 -1
then
o if ry € {1,5} then K = Di;
o ifry € {3} then K = G(3,6,6) o~ 3};*-2 £ 92,

o ifry € {2,4} then K =2 x GB66) 222 x (3172 22),

We will also require the following result.

Lemma 3.2.11. Let G := G566 thep
o ifm=1,G=2%
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e ifm=2 G=2x Dqy;

o ifm=3, G322
In particular, if m € {1,2,3} then |G(™69)|< 108.
Proof. We let G := G(™%9) and deal with the cases m = 1,2,3 in turn.

e m =1: Here a = c and so G = (a,b | a?,b?, (ab)?) = 22.
e m = 2: Here a commutes with b and ¢ and is of order 2 and so G =2 x (b, ¢) = 2 X Dis.
e m = 3: This case is given in Lemma |3.2.10] above. O

Proposition 3.2.12. Suppose that G = {(a,b,c) = (3' : 2) : (3172 : 22) for i = {1,2,3,4} s
a triangle-point group and suppose that T C G such that a,b,c,ab € T. Then there exist no
Majorana representations of the form (G,T,V) which obey axiom MS.

Proof. Let m := o(ac), n := o(bc) and p := o(abc). We will show that we must have (m,n,p) =
(6,6,6). Suppose for contradiction that this is not true. Then G must be isomorphic to a
quotient of G(™%) for m € {1,2,3}. However, |G|> 648, in contradiction with with Lemma
above, and so we must have (m,n,p) = (6,6,6). With Lemma this implies that
(ac)?, (be)?, (abe)® € T.

We now consider the element z := b - (ac)3. As G is a triangle-point group and (ac)® € T, we
must have o(z) < 6. If we were to have o(z) < 6 then Ry = 2°*® would also be of order strictly
less than 6 and so G would have to exist as the quotient of one of the groups in Lemma [3.2.10

Comparison of orders again shows that this cannot be the case, and so we get o(R4) = o(z) = 6.
We claim that

K :=(a,b,z%)
is elementary abelian of order 8 and that all its non-identity elements lie in T'. By assumption,

a,b,ab € T and, by Lemma 23, (abe)?, (ac)® € T.

a - 1‘3 — ((abC)S)bcabcabca
acbcacac

b-a®=c¢

ab- 2 = (ac)>.

We now have K = 23 C T U {e}, which is a contradiction with Lemma and so such a

representation cannot exist. O
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Chapter 4

An algorithm for constructing
n-closed Majorana

representations

4.1 Background

Since its inception, Majorana theory has proved to be an impressive tool with which to study the
Griess algebra and related objects. Over the past few years, a number of important subalgebras
of the Griess algebra have been constructed using Majorana theory. Most of the early work
on Majorana theory was completed by hand. However, it soon became clear that, in order to

construct larger and more complex algebras, a more computational approach was necessary.

In 2012, Seress published a celebrated paper [Serl2] in which he announced the existence of an
algorithm to construct 2-closed Majorana algebras. This was hailed “a groundbreaking work”
that “marks a turning point in Majorana Theory.” Sadly, shortly after the publication of this
paper, Seress passed away and recovering the full details of his algorithm and results has been

an important aim of the theory ever since.

We have sucessfully used GAP to implement and run an algorithm based largely on Seress’
method and have completely recovered his results, given in Section Moreover, we have also
extended Seress’ methods and are also able to construct generic Majorana algebras, including

those which are not 2-closed, as explained in Section 4.5

This work is joint with Markus Pfeiffer of the University of St Andrews who has contributed
invaluable help in the implementation of the algorithm. All of our work can be found at
https://github.com/mwhybrow92/Majoranallgebras, where it is also possible to see the exact

contributions of the two authors.
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4.2 Additional axioms

Recall that if (G,T,V,p,) is a Majorana representation and tg,t; € T then, from Theorem
the algebra U := ({(¢(0), % (t1))) must be isomorphic to one of the nine dihedral algebras
of the Griess algebra. In particular, if U is of type 3A, 44 or 5A respectively then U is spanned
as a vector space by its Majorana axes and one further axis, denoted w,(1,,1,)s Vp(to,t1) O Wp(to,t1)

and referred to as a 34, 4A or 5A axis respectively.

As in Seress’ original work, in the implementation of our algorithm we assume five axioms 2Aa,
2Ab, 3A, 4A and 5A as described below in addition to the Majorana axioms M1 - M7. These

enforce certain equalities on the 24, 34, 44 and 5A axes.

Definition 4.2.1. Let (G,T,V) be a Majorana representation and let to,t1,ta,t3 € T, with
corresponding Majorana azes ay, = ¥(t;) for 0 < i < 3. We define the axioms 2Aa, 2Ab, 34,
4A and 5A as below.

2Aa Iftotita =1 and ((ary,as,)) is of type 2A then ay, € ((at,,as,)) and ay, = a, for the basis

element a, = a,t,.¢,) of ((at,,at,))-

2ADb Ifo(tot1) = o(tats) = 2 and (tot1) = (tats), and both ({as,,as,)) and ({(ai,,at,)) are of type

2A then the basis elements a,,,¢,) and apt,,1,) of the two subalgebras are equal.

3A If o(tot1) = o(tats) = 3 and (tot1) = (tats), and both ({aty,as,)) and ({as,,a:,)) are of type

3A then the basis elements wp(yy.¢,) and Uy, 1) are equal.

4A If o(tot1) = o(tats) = 4 and (tot1) = (tats), and both ((as,, at,)) and ((at,,at,)) are of type

4A then the basis elements vy, 1) and v, i) are equal.

5A If o(tot1) = o(tats) = 5 and (tot1) = (t2ts), and both ({at,,at,)) and ({as,,a,)) are of type
5A then, up to a possible change of sign, the basis elements W,y ¢,) and Wy, 1,) are equal

as in .

We note that axiom 2Aa above is a weaker version of axiom MS.

In general, the axioms above say that if two axes are indexed by the same group element then
they are equal, even if they arise from different dihedral algebras. Thus, where we assume these

axioms, if t,s € T' and h := ts then we write

Up = Up(t,s)y Vh ‘= VUp(t,s)s Wh ‘= Wp(t,s)-

In particular, we can represent a spanning set of the algebra by a duplicate-free list of group

elements corresponding to the Majorana axes and the 34, 44 and 5A axes.

The axioms 2Aa - 5A are known to hold in the Griess algebra and, crucially, these axioms restrict
the cardinality of the spanning set used in the algorithm. That is to say, to assume axioms 2Aa

- 5A gives a more restrictive but more efficient algorithm.

As the main goal of our computational work is to use the Majorana axioms to construct large

subalgebras of the Griess algebra, it is advantageous to assume these additional axioms. However,
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we have in fact implemented two different versions of the algorithm; one which obeys the axioms
2Aa - 5A above, and another which requires no axioms, other than the Majorana axioms M1 -
Mr7.

Whilst this more general version of the algorithm is less efficient, it is necessary to have such a
version if we wish to use our algorithm(s) to prove full classification results in Majorana theory.
In particular, we use the more general version of the algorithm to prove the main theorem in
Chapter [5] We give full details of this version of the algorithm in Section [5.1

For the remainder of this chapter, we assume that the axioms 2Aa - 5A hold and consider the
algorithm in which these hold to be the default method.

Note that if we assume axiom 2Aa then to additionally assume axiom MS leads only to restric-
tions on the possible shapes of the Majorana representation, not in the construction itself. As
such, in the main version of the algorithm, the user can choose to consider only shapes which
obey axiom M8, by using the function ShapesOfMajoranaRepresentationAxiomM8 in place of

the function ShapesOfMajoranaRepresentation in Step 1 of Section below.

Finally, we discuss the role of axiom M2, known as Norton’s inequality, in this work. This axiom
is used neither in Seress’ algorithm nor in any other published papers which construct Majorana
algebras and it is an open problem as to whether it is a consequence of the other Majorana

axioms. Like Seress, we do not use axiom M2 in our algorithm.
Using the result below, we are able to check if an algebra obeys axiom M2. However, it is
computationally very expensive to do so and so we do not routinely perform this check.

Lemma 4.2.2 ([[S12a) Lemma 7.8]). Let V' be an n-dimensional algebra with commutative
algebra product - and scalar product (, ). Let {v; : 1 < i < n} be a basis of V, and define
a (n? x n?)-dimensional matriz B = (bij k1) in the following way. The rows and columns are

indexed by the ordered pairs (i,7) for 1 <i,j <n and
bijrt = (Vi - Vg, v - v1) — (V5 - Uk, ;- V).

If B is positive semidefinite then V satisfies Norton’s inequality M2.

Proof. For u,v € V, write u and v as linear combinations

n n
U= Z)\ivi and v = Zujvj
i=1 j=1
and form the n?-long vector z with entries A;u;. In this vector, the coordinate A;u; is in the

position indexed by (4, ) in the matrix B. Then the inequality (u-wu,v-v) — (u-v,u-v) >0 is
equivalent to 2Bz > 0. Hence, if B is positive semidefinite then M2 must hold in V. O

4.3 Notes on the implementation

The construction of these algebras is expensive both in terms of time and memory and a large

part of the implementation of the algorithm involves mitigating these factors. In particular, we
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exploit the fact that the algebra and inner products on the algebra are preserved by the action
of the group on the algebra. That is to say, for all u,v € V and g € G, (u9,v9) = (u,v) and

ud - v9 = (u-v)I.

Thus, given a spanning set C' of V', we store the products corresponding to a proper subset of
all possible pairs of elements of C. From this subset we can use the action of the G to recover
the full product values. Similarly, we store eigenvectors only for representatives of the orbits of
G on the axes of V.

In the following, we take C' to be the union of the Majorana axes and the 34, 4A and 5A axes of
V. Note that the value of C' can be immediately determined from the shape of the representation.

Moreover, if V' is 2-closed then C' will be a spanning set of V.
Recall from Proposition that we have the following equalities on 34, 4A and 5A axes:
Up = Up2, Vp = Ups, and wp = —wWp2 = —Wp3 = Wpa.

In the implementation of the algorithm, we exploit these equalities, as well as those from the

axioms above, whilst keeping track of any sign changes from the 54 axes.

Note that the spanning set C' is invariant under the action of G, up to possible changes of sign.
In a departure from Seress’ methods, if the set C' is of size n, we express the elements of G as
signed permutations on the n points. This is more efficient both in terms of time and memory
and also makes it easier to implement an n-closed version of the algorithm (see Section [4.5). In

particular, we express an element g of G as
[£i1, ia, ..., Ein]
where C[j]9 = £Ci;].

For each algebra, we store the following data structures which enable the calculation of the
signed permutation corresponding to a given element. As we assume the axioms 2Aa - 5A; the
elements of C' can be indexed by elements of the group and we store C in terms of these elements,

rather then vectors themselves.

e coordinates: This is the set C, a sorted, duplicate-free list consisting of all elements of
T, as well as, or including, exactly one generator of each cyclic group of the form (tot;) for
to,t1 € T such that the dihedral algebra ((¢(to), 1 (t1))) is of type 24, 3A, 4A or 5A.

e longcoordinates: This is a set consisting of all elements of T as well as, or including,
all generators of each cyclic group (tot;) for ¢g,t; € T such that the dihedral algebra
((¢(t0),(t1))) is of type 24, 3A, 4A or 5A.

e positionlist: This is a list whose order is equal to the cardinality of longcoordinates.
The absolute value of positionlist[i] is the index of the element of coordinates which
corresponds to longcoordinates[i]. The entry positionlist[i] is negative if and only
if longcoordinates[i] is of order 5 and is equal to h? or h3, where h is the corresponding

element of coordinates.
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We note that in the case of the n-closed algorithm, we store further elements in the lists

coordinates and longcoordinates as described in detail in Section

We now describe how we use these signed permutations to recover generic product values. The
set longcoordinates is invariant (up to signs) under the action of G and so this action partitions
the set longcoordinates X longcoordinates. We consider the classes formed by the closure

of this partition with respect to the following conditions, where P is a class and u,v,w,z € V:

o if (u,v) € P then (v,u) € P;

o if (u,v) € P, (u) = (w) and (v) = (z) then (v,w) € P.

We label these equivalence classes Py, ..., Pr,. We do not need to explicitly store these classes.

Instead, we have implemented a bespoke orbits algorithm which outputs the following structures.

e pairrepresentatives: From each equivalence class P;, we pick a representative p;.
The entry pairrepresentatives[i] is a list of length two consisting of the positions

in coordinates of the elements of p;.

e pairorbitlist: This is a matrix of size |C|x|C| whose entries lie in {1,2,... k}. If

[coordinates[il], coordinates[j]] € Py then pairorbitlist[i] [j] is equal to k.

e pairconjelements: This is a list of length |G| consisting of the signed permutations
corresponding to each element of G.

e pairconj: This is a matrix of size |C|x|C| whose entries liein {1, 2,...,|G|}. If [coordinates[i],
coordinates[j]] € Py then the value of pairconj[i] [j] gives the index in pairconjelements

of a signed permutation which sends the representative px of P to [coordinates[i],

coordinates[j]].

In order to recover the product of the two basis vectors corresponding to the elements C[i] and

C[j], we execute the following steps:

1. Let k := pairorbit[i][j] and let 1 := pairconj[i] [j].

2. Then u := algebraproducts[k] will be a row vector and g := pairconj[1] will be a
signed permutation representing a group element which sends the representative of the

orbital Py to [coordinates[i], coordinates[j]].

3. The desired product will be equal to the row vector v where

ulglil] if g[il >0
-u[-gl[i]] if g[i] <O.

v[i] :=

Finally, we store eigenvectors only for representatives of the orbits of G on T. Again, instead
of storing the full orbits, we use a bespoke orbits algorithm which outputs the following two

structures.
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e orbitrepresentatives: This is a list whose entries give the indices in coordinates of

representatives of orbits of G on T'.

e conjelements: This is a duplicate free list of signed permutations corresponding to the
group elements which send an element of coordinates to one of the representatives in

orbitrepresentatives.

Finally, we note that the methods used in this algorithm require the solving of potentially large
systems of linear equations over the rational numbers. Storing the matrices involved and reducing
them to row echelon form takes a large amount of the memory and time required by the program.
In what we believe to be an improvement on Seress’ methods, we use the sparse matrix format
provided by the GAP package Gauss [GBG] as an efficient way to store and compute with the

matrices in question.

4.4 The algorithm

Input: A finite group G and a G-invariant set of involutions such that G = (T). The user must
also choose which one of the possible shapes found by the function Shapes0fMajoranaRepresentation

is to be considered by the algorithm.

Output: The algorithm returns a record with the following components.

e group and involutions: The group G and generating set of involutions 7', as inputed by

the user.
e shape: The shape of the representation, as chosen by the user.
e setup: A record whose components are the 9 structures given in Section 4.3

e algebraproducts: A list of row vectors (in sparse matrix format) where algebraproducts[i]

gives the algebra product of the two basis vectors whose indices are given by setup.pairreps[i].

e innerproducts: A list where innerproducts[i] gives the inner product of the two basis

vectors whose indices are given by setup.pairreps[i].

e evecs: If ¢ is in setup.orbitrepresentatives then for j = 1,2,3, evecs[i] [j] gives

respectively a basis (in sparse matrix format) of the 0-, 2%— or %—eigenspace of the ith

axis.

e nullspace: A matrix (in sparse matrix format) which forms a basis of the nullspace of

the algebra with respect to the spanning set C' (as defined below).

Suppose that V' is an algebra with a spanning set C. Then the space (C') will also be an algebra
but, as C' is not necessarily a basis of V', there might be some linear combinations of vectors of

C which are equal to zero. As the bilinear form (, ) is positive definite, we can use this form to
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determine which vectors of (C) are equal to 0 in V. In particular, we define the nullspace of V
with respect to C to be
N(C):={ve(C)| (v,v) =0}.

Then, V = (C)/N(C) and the ideal N(C) is equal to the row space of the nullspace of the Gram

matrix of (, ) on C.

Step 1 - Shapes

The first step is to find all possible shapes of a Majorana representation of the form (G,T,V).
That is to say, we find representatives of the orbitals of G on T'x T and determine the possibilities
for the types of the dihedral algebras generated by the Majorana axes corresponding to each
of these representatives. Note that the possible shapes must respect the inclusions of dihedral

algebras, as described in Lemma [2.2.5

The function ShapesOfMajoranaRepresentation takes as its input a group G and a set of
involutions T" and returns a record, of which one of the components is labelled shapes and gives
a list of possible shapes for a representation of the form (G, T, V). The user may then choose

which of these possible shapes they want to use for the constructive part of the algorithm.

This output is then used as the first input variable in the function MajoranaRepresentation.
The second variable is an integer ¢ which signifies that the user has chosen the shape at the

position i.

Step 2 - Set Up

The first step is to build the nine objects which form the record setup, as described in Section
[433] We then record all product values and eigenvectors which are given from the known values
on dihedral algebras, i.e. those in Tables and

Step 3 - Inner Products

The first step in the main part of the algorithm is to find inner product values on the spanning
set C' of V given by setup.coordinates. Let u, v and w be elements of C. Then, from axiom
M1

(u,v-w) = (u-v,w).

We consider all cases where the algebra products v - w and u - v are known, but at least one
of the inner products above are not. Using equations of this form, we build systems of linear
equations of the unknown products (u,v) where u and v are elements of C. We then solve this

system and record any new inner products.

Example 4.4.1. Suppose that to,t1,ts € T such that the algebras ({(1¥(to), ¥ (t1))) and (¢ (t1), ¥ (t2)))
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are of types 3A and 2B respectively. Then

(U(to), ¥(t1) - ¥(t2)) =0

and so, by axiom M1,

3.
(Blt0) - 9(12), () = g (20(10) + 26(1) + (1) — 2o P, 0(12)) = 0.

As the inner product value of any two Majorana azxes is known, we can use this expression in

order to determine the value of (U, , Y(t2)).

If at this stage, all inner product values are known then we construct the Gram matrix of the
inner product and store basis vectors of its nullspace as the component nullspace. In particular,
as the inner product is positive definite, these vectors will form a basis of the nullspace of the

algebra.

We note that Seress instead uses the orthogonality of eigenvectors (Lemma [2.3.4]) to determine
new inner products. We have tested both methods and have found that our approach tends to
find more products and is more efficient. However, in either case, finding inner products tends

to take only a small amount of the total running time.

Step 4 - Fusion of Eigenvectors

For each of the orbit representatives of G on T given by setup.orbitrepresentatives we take
the corresponding Majorana axis a and consider all pairs of known eigenvectors a € VPEG) and
B e Vl,(a). If the product « - 5 is known then we can use this along with the fusion rules to find

further eigenvectors.

If u # v, or if p = v = 0 then - is itself an eigenvector, and is added to the relevant eigenspace.
Ifu=v= 2% then, using the fusion rules and Lemma |2.3.5
1
a-ﬂzvo—i—(a,a-ﬁ)a:UO+2—2(a,,6’)a

where vy € V()(a). Thus, if the value of (a, 8) is known, then we can recover the eigenvector vg

and add it to the 0-eigenspace of a.

Similarly, if p =v = 2% then

1
()(.6:1]0—#’()2L2 +¥(Ol76)a
where vg € Vo(a) and v € VE). If the value of («, ) is known, then we further calculate
2 22

1 1

a-(a-B) =505 + (@ Bla

and so we can recover both vy and v .. and add them to their respective eigenspaces.
2
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Step 5 - Algebra Products

We seek products of the form u - v for u,v € C. We write a system of linear equations of the

unknown products from the following sources:

° ifvEVM(a) for someaEAand,uG{l,O,Q%,Q%} then a - v = pw;

e if u € C and v € V such that (v,v) =0 then v-v = 0.

If there remains unknown algebra products then we again construct a system of linear equations,

this time making use of the resurrection principle.

Proposition 4.4.2 (The Generalised Resurrection Principle). Fiz a € A and let a,y € Vo(a)
and B € Vu(a) for w€ {3, 5}. Then
a-((a=p)-7)=—ply-P).

Similarly, if a,y € Vg) and B € V;a) for we€ {0, 35}. Then
2

a-((a = 5) ) = gyl y)a—vly- )

whereu:%zifuzo andu:%sifuzz%.

Proof. Firstly,

a-((a=B)-v)=a-(a-y)—a-(B-7).

The result then follows from the fusion rules. O

In particular, where possible, we choose «, 8 and 7 such that the product (o — ) - v is known,
but 8- is not known. In this way, we obtain a linear combination of terms a - x for the x € C
occuring in (a — ) -, and y - z for y € B and z € v. Using these, we construct and solve a

system of linear equations.

Example 4.4.3. Suppose again that to,t1,ta € T such that the algebras (((to),¥(t1))) and
({((t1), 9 (t2))) are of types 3A and 2B respectively. Then the following are eigenvectors of
Y(ty) given by the known values of the dihedral algebras of type 2B and 3A:

2-5 2°

0= try, — g ¥(t) + g5 ((to) + () € V"
3 5
B = utyt, — mw(h) — ﬁ(iﬁ(to) + @/J(tio)) € Vg(tl)

v = 1(ts) € Vb(w(tl).

We consider the equality )
Y(t) - (@ = B) %) = 5587,

All product values required to calculate -~ are known, with the possible exception of the product

Utot, - (t2). Similarly, the product (a—B) -~y can be calculated using the known values of dihedral
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algebras. If the product (t1) - ((a — B) - ) is also known then we can immediately record the
value utyt, - Y(t2). Otherwise, this equality gives rise to a linear equation where the unknown

values are ugyt, - YW(t2) as well as some products of the form (ty) - v forv e C.

In some cases, there still remains unknown algebra and inner product values and so we run steps
3 - 5 repeatedly until all values have been found. In some rare cases, it is not possible to find

all products and the program exits with the output fail.

Step 6 - Check the algebra

Finally, we check that the algebra obtained in these calculations is indeed a Majorana algebra.
We first check that all triples of basis vectors obey axiom M1. This then implies that axiom M1

is satisfied by all triples of vectors in V.

We also check that, for each a € A, the eigenspaces of the adjoint action of ¢ on V obey the
fusion rules. From the following result, this is sufficient to show that the algebra V is indeed a

Majorana algebra.

Lemma 4.4.4. Suppose that V is a real vector space equipped with a commutative algebra product
.. Suppose also that V is generated by a set A of idempotents such that for some a € A, a obeys
the axiom M4 (Definition as well as the fusion rules of Majorana algebras (Table .
Then a also satisfies axioms M6 and M7. That is to say, the linear transformation 7(a) of V
defined via

7(a):u— (—1)25“u

forue Vu(a) with = 1,0, 2%, 2%and the linear transformation o(a) of V_,(_a) = Vl(a) @Vo(a) @VS)
2
defined via ’

ola) 1 v (=1)FHy

forv e V#(a) with p=1,0, 2% preserve the algebra product. That is to say, for all uy,us € V and
for all vy,v9 € V_f_a)

uI(a) ~u;(a) = (uy 'U2)T(a) and vf(a) ~v;’(“) = (v ~v2)"(a).

Proof. Let u,v € V, let a € A, and suppose that V obeys axiom M4 and the fusion rules. Then

u and v possess unique presentations of the form

u=2z1+m
”U:.’E2+")/2

where z1, x5 € Vo(a) ® Vl(a) ® VS) and 1,72 € VE). Then
pl 25

2

u-v=(r1+7) - (v2 +72)
=1 -To+7122+T1-7+ 71 Ve
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By the fusion rules,
U"U+’)/1 “ Y c W](a)@vl(a)®Vi;l) and’yyszrlﬁ ")/6 V(L:)
2 2

As 7 acts as the identity on Vo(a) D Vl(a) D Vf) and as multiplication by the scalar —1 on Vf).
22

25
So

(U'U)T(a):$1'$2—V1-x2—$1'7+71'72

= (21 —m) - (22 — ) = u™(@ . p7(@

as required. A similar argument applies for the transformation o(a). O

4.5 The n-closed algorithm

In a significant improvement on Seress’ work, we have been able to implement a version of the
algorithm which allows the construction of n-closed representations, theoretically for any given
n. Of course, technology limits the value of n in practice. We have implemented this part of the
algorithm so that the first step is to attempt construction of the 2-closed part of the algebra as,

in the vast majority of cases, this is sufficient.

If the algorithm is unable to determine all algebra products of the 2-closed algorithm then the
user may pass the incomplete algebra outputted by the function MajoranaRepresentation to
the function NClosedMajoranaRepresentation in order to attempt construction of the 3-closed
algorithm. In order to attempt construction of the n-closed part of the algebra, the user must
pass the incomplete algebra to the function NClosedMajoranaRepresentation n — 2 times for

n > 2.

We describe the implementation of the function NClosedMajoranaRepresentation. We note
that this method crucially relies on our use of signed permutations to encode the action of the

group on the algebra, as described in Section [£-3]

The main steps of the n-closed algorithm are the same as those for the 2-closed algorithm. The
function NClosedMajoranaRepresentation extends the spanning set of the algebra and adjusts
the record encoding the algebra as described below. We then perform Steps 2 - 5 of the main

algorithm until no more algebra products can be found. We describe this process in detail below.

Input: A record which has been outputted by the function MajoranaRepresentation where
at least one of the entries in the component algebraproducts has the value false, indicating

a product which has not yet been determined.

Output: The function has no output. We record additional values in the components of the

input record.

We first record a list of indices k such that algebraproducts[k] has the value false. For each

52



entry k of this list, if the value of algebraproducts([k] is still false, then we perform the

following steps.

Step 1 - Extend the spanning set of the algebra

For all 4,5 € {1,...,|C|}, if the absolute value of pairorbitlist[i][j] is equal to k, then
we add the ordered pair [i,j] to the list coordinates. This corresponds to adding the vector

C[i] - C[j] to the spanning set of the algorithm.

Step 2 - Extend the known values

For all known products in algebraproducts and all vectors in evecs and nullspace, extend
the length of the vectors to the new cardinality of coordinates by adding zeroes to the end.
Set the value of the entry algebraproducts[k] to be the vector with a one at position i and

zeroes elsewhere, where 1 is such that coordinates[i] is equal to pairrepresentatives[k].

Step 3 - Extend the signed permutations

Let p be an element of pairconjelements or conjelements corresponding to an element g € G.
Let 1 be such that coordinates[1] is equal to [i,j] where [i,j] is one of the additional

elements recorded in Step 1.

Let x be the ordered list consisting of the abolute values of p[i] and p[j]. Then
pll] = £ Position(coordinates, x)

where p[1] > 0 if and only if p[i]*p[j] > 0.

The generality of the method of signed permutations means that this method works regardless of
whether the vectors corresponding to coordinates[i] and coordinates[j] are in the 2-closed
part of the algebra and are thus stored as group elements, or whether they are in the n-closed

part for n > 2 and are stored as ordered pairs of integers.

Step 4 - New orbitals

We can now use the orbits function developed for the main algorithm along with the signed
permutations found in the previous step to find any additional orbitals of G on coordinates
x coordinates. We add any new entries to pairrepresentatives and add new values to the

matrices pairorbitlist and pairconj.
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Step 5 - New eigenvectors

Finally, if t € T and u,v € V then, from Lemma|2.3.3] the vector u-v— (u-v)! is a Q—E—eigenvector
of the 24 axis 9 (t). We use the signed permutations found in Step 3 to find and record any

vectors of this form.

Step 6 - The main steps

The extended algebra can now be passed through Steps 3 - 5 of Section If at any point
all products have been found then the algebra is complete and the function exits. If no more
products can be found, but there are still missing values then we repeat the above Steps 1 - 6

with the next index k from our original list of unknown algebra product values.

If we have performed these steps for all values in this list and there still remains unknown
products then the function exits and the algebra is still incomplete. The user may then decide
to again run the function NClosedMajoranaRepresentation on the incomplete representation

in order to attempt the construction of the n-closed algebra for the next value of n.

4.6 Results

We now present the basic details for some of the representations which we have constructed

using our program. For each representation (G, T, V), we give the following information

e the isomorphism type of G;

e the cardinality of T, where ¢; + ¢3 + ... + ¢ indicates that T is the union of k£ conjugacy

classes of size c1,co,...,Ck;

e a subset of the shape of V', showing only the values of ¥ for the orbitals where a choice

has been made on the type of the corresponding dihedral algebra;

e the cardinality of the spanning set C' of the 2-closed part of the algebra, which consists of
the 24, 3A, 4A and 5A axes;

e the dimension of the algebra V' as a vector space over R;

e whether the algebra is 2-closed or not, all those which are not 2-closed are 3-closed.

We note that, for a given group G and set of involutions for a T, and for a given shape, if
the algorithm returns a completed algebra then this must be the unique representation of the
form (G, T,V) with this shape. In particular, our work reproves the constructive results found
in [IPSS10], [IS12al, [IS12b], [Ivallb], [Ivalla] and [DecId]. Additionally, many of the above
algebras had not been constructed before Seress’ work [Ser12] and the algebras in the above list

which are not 3-closed are completely new examples.
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i G T Shape |C|  dim. 2-closed
1 Sy 6+3 (2B,3C) 12 12 e
2 Sy 6+3 (24,30) 9 9 Y
3 Sy 6+3 (2B,34) 10 25 N
4 Sy 6+3 (24,34) 13 13 Y
5 Sy 6 (2B,3C) Y
6 Sy 6 (24,30) Y
7 Sy 6 (2B,34) 28 13 N
8 As 15 (2B,3C) 21 21 Y
9 As 15 (24,3C) 21 20 Y
10 As 15 (2B,34) 31 46 N
11 As 15 (24,34) 31 26 Y
12 Ss 15+10  (2B,24) 41 36 Y
13 Ss 15+10  (24,24) 41 36 Y
14 L3(2) 21 (24,3C) 21 21 Y
15 Ls3(2) 21 (24,34) 49 49 Y
16 Ag 45 (24,3C) 81 70 Y
17 Ag 45 (24,34) 121 76 Y
18 Se 45+15 (24,2B,34) 136 91 Y
19 3. Ag 45 (24,3C,3C) 81 70 Y
20 3.4¢ 45 (24,3A,3C) 141 105 Y
21 3.Ag 45 (24,34,3C) 201 76 Y
22 3.56 45+45 (24,34,3C) 187 136 Y
23 | (SuxS3)NA; 18+3 (24,34) 34 30 Y
24 | (Sy x S3)N Ay 18 (24,34) 34 30 Y
25 Ay 105 (24,34A) 406 196 Y
26 3.A; 105 (24,34,3C) 336 211 Y
27 3.4 105 (24,34,34) 756 196 Y
28 3.57 105+ 63 (24,34,3C) 400 254 Y
29 Ly(11) 55 (24,34) 176 101 Y
30 Ls(3) 117 (24,3C,34) 169 144 Y
31 My, 165 (24,34) 781 286 Y
32 | (S5xS3)NAs 30415 (34) 62 67 N

Table 4.1: Certain constructed Majorana representations




The groups which have been considered above are all know to exist as subgroups of the Monster.
However, it is of course possible to use this algorithm to construct Majorana representations of

groups which are not known to embed into the Monster.
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Chapter 5

Constructing Majorana
representations of triangle-point

groups

In this section, we contribute to the classification of Majorana representations of triangle-point

groups. We will prove the following result.

Theorem 5.0.1. Suppose that V' is a Majorana algebra which obeys axiom M8 and which is
generated by three Majorana azes ag, a1, as such that the dihedral algebra {{ag, a1)) is of type 2A.
Then V is must be isomorphic to one of the 34 Majorana algebras whose dimensions are given

in Table[5.1. In particular, V must be isomorphic to a subalgebra of the Griess algebra.

Recall that axiom MS is defined as below. For a full discussion about its use, see Chapter |3} For

the remainder of this chapter, we assume that axiom M8 holds.

M8 Suppose that V is a Majorana algebra and suppose that ag,a; € V' are Majorana axes such
that the dihedral algebra U := {{ag, a1)) is of type 2A. Then the basis vector

a, :=ag+ a1 —8ag - ay

is a Majorana axis of V' and 7(a,) = 7(ap)7(a1). Conversely, we require that the map
7 : A — Aut(V) is injective and that if ag,a1,a2 € V are Majorana axes such that

T(ag)T(a1) = 7(az) then the algebra ((ag, a1)) is of type 24 and a, = as.

In Theorem [3.2.1} we show that an algebra as in the hypothesis of Theorem [5.0.1) must occur as
a Majorana representation of the form (G, T, V) where G = (a, b, ¢) is isomorphic to one of the

26 triangle-point subgroups of the Monster and T is such that a,b,c,ab € T.

The orders and isomorphism types of these 26 groups are given in Table This table also
gives the cardinality of the set 7" and the dimension of the algebra V for all possible Majorana
representations (G, T, V') such that a,b,c,ab € T.
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In order to prove the main theorem, we take each of these triangle-point groups in turn. We
classify all possible values for the set T such that a,b,c,ab € T and such that (G,T,V) is a

Majorana representation of G.

Finally, for each choice of G and T, we use a slightly generalised version of the algorithm
described in Chapter [f] to classify and construct all possible Majorana representations of the
form (G, T,V). This is equivalent to constructing all Majorana algebras as in the hypothesis of
the main theorem above. We then check that each of these Majorana representation is based on

an embedding on G into the Monster.
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No. G |G| |T] dim V | No. G |G| |T] dimV
1 22 4 3 3 14 22 x S, 96 30 36
3 4 4 142 2

2 2 8 15 3,702 108 27 32
6 6

3 Dg 8 5 5 16 Ss 120 25 36

4 Do 12 7 8 17 | (S3x S3):22 144 34 45
8

5 2 x Dg 16 8 10 18 24: Dyg 160 30 46
10 11

6 22 x Ss 24 12 13 19 24 : Dis 192 28 54
9 9

7 Sy 24 20 2 X S5 240 36 61
9 13
10 18

8 2492 32 21 25: Dis 384 60 76
14 15

9 S3 x S 36 15 18 22 | 24:(S3x S3) 576 66 93
16 20

10 2 xSy 48 23 Lo(11) 660 55 101
16 23
15 20

11 As 60 24 24 As 960 70 125
15 26
18 28

12 2323 64 25 2 x Sg 1440 106 151
22 24

13 | (S3xS3):2 72 21 25 26 2555 3840 156 231

Table 5.1: The triangle-point subgroups of the Monster and their Majorana representations



5.1 A generalised version of the constructive algorithm

Before we commence with the main body of this chapter, we describe the implementation of the

modified algorithm which we have used in the proof of our main theorem above.

Recall that in the main implementation of the algorithm we assume five axioms 2Aa, 2Ab, 3A,
4A and 5A in addition to the Majorana axioms M1 - M7. In order to prove Theorem [5.4.1
we have implemented and used a version of the algorithm which assumes none of these further

axioms, but does assume axiom MS.

For completeness, we have also implemented a version of the algorithm which assumes no axioms
other than the main Majorana axioms M1 - M7. However, we have not had need to use this

third version in this work.

It is important to note that, although we are no longer assuming that two axes indexed by the

same group element are equal, certain equalities between axes still hold as a consequence of

Theorem 2.2.11

Recall from Proposition that if (G,T,V) is a Majorana representation and if tg,t; € T
such that the dihedral algebra ({¢(to), ¢ (t1))) is of type 34, 44 or 5A then

Up(to,t1) = Up(to,totito)r Yp(tot1) = Up(to,totito)

or
Wp(tg,t1) = ~Wp(te,trtotr) — _wp(t07t0tlt0t1t0) = Wp(tg,tot1to)-

respectively.

Furthermore, the structure of 6A dihedral algebras gives further equalities on the 3A-axes.

Proposition 5.1.1. Suppose that (G, T, V) is a Majorana representation. Iftog,t1 € T such that
the dihedral algebra ({(v(to),¥(t1))) is of type 6A then

Up(to,titots) = Up(ty,totito)-

Proof. From the structure of the dihedral algebras given in Table we see that the algebra
({(¢(t0), ¥ (t1))) contains two distinct dihedral algebras of type 3A. By considering the action of
the group (to,t1) on the algebra, we see that the 3A axes contained in these two algebras must

be equal. O

In particular, if the intersection of two distinct 6A dihedral algebras contains a 3A dihedral
algebra then the 34 axes from both algebras must be equal. In this version of the algorithm,
we exploit the equalities given by Proposition and the intersection of 6A algebras whilst

assuming no further equalities.

We now describe the implementation of this algorithm. We note that this version differs from
the main algorithm only in the set up of the algebra. The main steps described in Section [4:4]

are common to both.
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Moreover, the data structures used in the main algorithm play a similar role in this algorithm,

as described below.

e coordinates: This is a set consisting of all elements of T" and exactly one ordered pair
[i,j] for each 34, 4A and 5A axis such that the dihedral algebra generated by the axes
corresponding to T[i] and T[j] contains the 34, 44 or 5A axis in question.

e longcoordinates: This is a set consisting of all elements of T" and all ordered pairs [i,j]
such that the dihedral algebra generated by the axes corresponding to T[i] and T[j] is
of type 34, 4A or 5A.

e positionlist: This is a list whose order is equal to the cardinality of longcoordinates.
The absolute value of positionlist[i] is the index of the element of coordinates which
represents the 34, 44 or 5A axis contained in the dihedral algebra corresponding to the
involutions whose indices are given by longcoordinates[i]. The entry positionlist[i]
is negative if and only if the involutions in longcoordinates[i] correspond to a 5A axis

which is equal to the negative of its representative axis.

If we want to implement the algorithm in full generality (i.e. without the assumption of axiom
MB) then we also record indices corresponding to the 2A axes of the algebra in coordinates

and longcoordinates.

In order to find the signed permutations which encode the group’s action on the set coordinates,
we first use the group structure to find the signed permutations of the action on T using the
method described in Section [£.3] We then use the method used in the n-closed version of the
algorithm, as described in Step 3 of Section to extend the signed permutation to the full

spanning set of V.

We can then use the orbits function from the main algorithm to construct the components
pairrepresentatives, pairorbitlist, pairconjelements and pairconj. These components

play exactly the same role here as in the main version of the algorithm.

As in the case of the n-closed algorithm, once this setup has been achieved, all components are
compatible with the main part of the algorithm, and we can run Steps 2 - 5 in Section [.4] until

all possible products have been found.

5.2 Constructions

In the following, if (G, T,V, p, ) is a Majorana representation then we write
a; = ag, = VY(t;)

for t; € T.

The following result shows that we may be able to exploit automorphisms of the group G in

order to restrict the number of possibilities for the set T which we must consider.
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Lemma 5.2.1. Suppose that G is a finite group and that (G,T1,V1) and (G, T, V) are two
Majorana representations of G. Suppose further that there exists an automorphism « of G such
that the image of Th under a is To. Then the possible shapes for the Majorana representation
(G, T1, V1) will be the same as those for (G, Ty, Va) .

Proof. The possible shapes of a Majorana representation (G, Ty, V1) are determined by the iso-
morphism types and inclusions of the dihedral groups of the form (¢, s) for s,t € Ty. These are

preserved under the action of the automorphism a. O

Lemma 5.2.2. Suppose that G is a finitely presented group with generators X := {x1,...,2,}
and relations Rx := {R1(x1,...,2n) =1,..., Rp(x1,...2,) = 1}. Suppose further that there ex-
ists a second set of generators Y := {y1,...,yn} of G such that for all1 <i <k, Ri(y1,--.,Yn) =
1. Then there exists a € Aut(G) such that

Ty = U ye = U a(zf).
i=1

=1

Proof. As X and Y both generate G and satisfy the same relations, we may choose « to be the
automorphism which maps z; + y; for 1 < i < n. Then a will also map z{ to y&, and the

result follows. O

Suppose that G is a triangle-point group and suppose that we know all possible presentations
for G as a triangle-point group. Then these two results show that for each possible presentation
of G it is sufficient to classify representations of the form (G, T, V) where a,b,c,ab € T for any

set of generators {a, b, c} which generate G and which satisfy the relations in question.

In most cases, this is the first time that these groups have been considered in the Majorana
framework. We now briefly discuss the groups where this is not the case. Each of the dihedral
groups have at most two possibilities for the set T, and their Majorana representations are
classified in [IPSS10].

The group S; has exactly two conjugacy classes of involutions, C; := (1,2)%* and Cy :=
(1,2)(3,4)%+. As the conjugacy class Cy does not generate the whole group, we must have
Cy CT. Moreover, if a,b € C; such that o(ab) = 2 then we must have ab € C and so we must
take T'= C7 U Cy. Consider a Majorana representation of the form (G, T, V). Then the algebra
generated by a(; 2y and a(; 3y may be of type 34 or 3C. Each of these possibilities gives rise to

a Majorana representation, as shown in Section 4 of [IPSS10].

The group As has exactly one conjugacy class of involutions so there is only one choice for the
value of the set T. There are exactly two Majorana representations of As, as shown in [IS12a].

Finally, in [Decl4], Decelle shows that there is exactly one Majorana representation of Lo(11).

We now consider each of the remaining groups in turn. Recall that, as the inner product (, ) is
assumed to be positive definite, the nullspace of an algebra V' with respect to a spanning set C
is defined to be

N(C) :={ve(C)] (v,v) =0}.
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In particular, the dimension of the algebra is given by the rank of the Gram matrix of (, ) on

C.

In the following, all representations have been shown to be 2-closed unless otherwise stated.

5.2.1 The Group 2°

Proposition 5.2.3. Let G = (a,b,c) = 22 be a triangle-point group. Then G admits exactly
two Magjorana representations of the form (G,T,V) where a,b,c,ab € T.

With the exception of 22, which is a dihedral group, 23 is the only abelian group to be considered
and thus is dealt with slightly differently to the other groups. In particular, every conjugacy class
of G is of size 1 and there are seven conjugacy classes of involutions (one for each non-identity

element).

From Lemma if 77,75 C G and there exists an automorphism of G sending T to Ts, then
the Majorana representations (G,T1, V1) and (G, Ts, Vs) have the same shape. Our first task is
thus to determine the orbits of Aut(G) on candidates for the set T in a Majorana representation
of G.

Lemma 5.2.4. If G = 23 then the automorphism group Aut(G) is transitive on the following

sets for x, y and z pairwise distinct non-identity elements

i) X1 :={{a,b,c,ab} | G ={a,b,c)};
it) Xo :={{a,b,c,ab,z} | G = (a,b,c), z € G,z ¢ {a,b,c,ab}};
i) X3 :={{a,b,c,ab,z,y} | G ={a,b,c), z,y € G,z,y ¢ {a,b,c,ab}};
w) X4 :={{a,b,c,ab,x,y,z} | G = (a,b,c), z,y,2 € G,x,y,z ¢ {a,b,c,ab}}.
Proof. Considering 23 as the vector space of dimension 3 over GF(2), we see that Aut(G) =
GL(3,2). Moreover, if three elements a,b,c € G generate G then their corresponding vectors

must be linearly independent. It follows from basic linear algebra that GL(3,2) is transitive on

3-tuples of linearly independent vectors and so Aut(G) is transitive on minimal generating sets
of G.

Now let {a,b,c,ab},{d,e, f,de} € X;1. Then, from the preceding discussion, there exists o €
Aut(G) such that a(a) = d, a(b) = e and «a(c) = f. Then we also have a(ab) = a(de) and «
maps the first set to the second which implies that Aut(G) acts transitively on X;.

Now, if {a,b,c,ab,x},{d,e, f,de,y} € X5 then, by permuting the elements {a,b,ab}, we may
assume without loss of generality that = ac. Similarly, we may assume that y = df. Then the

element o € Aut(G) which maps {a,b, ¢, ab} to {d, e, f,de} also sends = to y and we are done.

Similar arguments follow for the final two cases. O
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Proof of Proposition|5.2.5 The above lemma shows that when classifying the Majorana repre-
sentations of G as a triangle-point group we need only classify the Majorana representations of
the form (G, T;, V) where T; is a representative of X; for 1 <14 < 4.

Propositions and below show that there are no representations of the form (G, T5,V)
or (G,Ty,V). We have checked in GAP that T} and T3 each give exactly one representation,
details of which are given in Propositions and below. O

We now label the elements of the T; as below.

1t it

1 a 5 ac
2 b 6 be
3 ¢ 7 abc
4 ab

Proposition 5.2.5. There is exactly one Majorana representation of the form (G, Ty, V) where
The algebra V' contains no further axes and its nullspace is zero dimensional and so the dimension

of V is 4.

Note that this algebra is in fact the orthogonal annihilating sum of the 24 algebra ((a(1,2), a(3,4)))

and the one-dimensional algebra spanned by as ) -

Proposition 5.2.6. There are no Majorana representations of the form (G, Tz, V') where

Proof. Suppose for contradiction that there exists a Majorana representation of the form (G, Ts, V).
As tits =ty € Ty and totz = tg ¢ Th, the algebras ({a1,a2)) and ({(az, a3)) are of types 24 and

2B respectively and so from the known values of dihedral algebras
1
ai - ag = g(a1+a2+a4)
as - as = 0.
Similarly, we calculate that

1
(a1 -ag,a3) = T
(al,az . 03) = 0

In particular, (a; -as,as) # (a1, a2 -as) which contradicts axiom M1. Thus such a representation

cannot exist. O
Proposition 5.2.7. There is exactly one Majorana representation of the form (G, T3, V) where
T3 :={t; |1 <i<6}.

The algebra V' contains no further axes and its nullspace is zero dimensional and so the dimension

of V is 6.
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Proposition 5.2.8. There are no Majorana representations of the form (G, Ty, V') where

Ty :={t; | 1<i<T}

Proof. In this case, the set Ty consists of all non-identity elements of G. We have already shown

in Lemma [3.2.2] that there can be no Majorana representations of this form. O

5.2.2 The Group 2 x Dy

Proposition 5.2.9. Let G = (a,b,c) = 2 x Dg be a triangle-point group. Then G admits exactly
three Majorana representations of the form (G,T,V) where a,b,c,ab € T.

Proof. From Tables and we can see that we must have G = G(442). If we let

a:=(1,2), b:=(1,2)(5,6), and c:= (1, 3)(2,4)(5,6)

then a, b, ¢ generate G and satisfy the presentation of G(**2). We label the conjugacy classes of
involutions of G C1,...Cy, as below.

i G ICil | ¢ C; |C]

1 a“ 2 |5 (abe)® 2

2 ¢ 2 |6 ((ac)®)®

3 ¢ 2 |7 (a-b9)¢ 1

4 (ab)® 1

By assumption, 7' must contain X := Cyj U...UCYy.
Furthermore, G' contains a subgroup
K :=1((1,2),(3,4),(5,6)) = 2°.

If T C G is a set of involutions such that |T'N K|€ {5,7} then section shows that there are
no representations of the form (G,T,V). As

|[KNX|=5and |[KNCs|=|KNCr|=1,

T must contain exactly one of Cg or C7. Thus there are four possibilities for the value of T, as

shown below.

i T T | i T ||
1 XUCGCs 8 3 XUC;UCCs 10
2 XUucly 8 4 XUCgUCy 10

Proposition [5.2.12 below shows that there is no representation of the form (G,T5,V). We have
checked in GAP that Ty, To and Ty each give exactly one representation, details of which are

given in Propositions [5.2.10] [5.2.11] and [5.2.13] below. O
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In the following, we label the elements of the T; as below.

it it Pt

1 a 5 ¢ 9  (abc)®
2 af 6 * 10 (ac)?
3 b 7 ab 11 a-b°
4 b° 8 abc

Proposition 5.2.10. There is exactly one Majorana representation of the form (G, T, V) where
T Z:XUCGZ{ti | 1§i§7}U{t10}.

The algebra contains no further axes and its nullspace is zero dimensional and so the dimension

of the algebra is 8.
Proposition 5.2.11. There is exactly one Majorana representation of the form (G, T, V') where
T2 :XUC7:{t1 | 1§Z§7}U{t11}

The algebra V' contains two 4A-azwes, vy, 15) and V(1 45)- The nullspace of V' is zero dimensional

and so the dimension of V is 10.
Proposition 5.2.12. There are no Majorana representations of the form (G,Ts,V) where

Proof. Suppose for contradiction that there exists a Majorana representation of the form (G, T3, V).
As tit3 = (5,6) € Ty, tsts = (1,4,2,3) and (t3t5)? = (1,2)(3,4) € Ty, the algebras ({a;, a3)) and
((as,as)) are of type 2A and 4B respectively. Thus

ai-az = 2*3(01 +az — ar)

1
as - as = 2—6(a3 —a4+a5 —a6—|—a10).

Similarly, we calculate that

(a1 ‘03,%) = 28
3
278.

In particular, (a; -as, as) # (a1, as - as) which contradicts axiom M1. Thus such a representation

((117@3'615) = -

cannot exist. O
Proposition 5.2.13. There is exactly one Majorana representation of the form (G, Ty, V') where
T4 Z:XU06UC7:{ti ‘ 1§Z§9}U{t11}

The algebra V' contains four 4A-azes, Vp, 15), Vp(ty,ts)r Vp(tsits) A Vp(ey ). The nullspace of

V' is spanned by the vectors
3
nyi=a;+az+asg+as+as+as—ar+ag+ag—app — 5 (Up(tl,ts) + vp(tl,tg))

N2 2= Up(t1,ts5) — Vp(ta,ts)
N3 = Up(ty,ts) — Up(ts,ts)

and so the dimension of V is 11.
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5.2.3 The Group 2° x Ss

Proposition 5.2.14. Let G = (a,b,c) = 22 x S3 be a triangle-point group. Then G admits

exactly one Majorana representation of the form (G,T,V) where a,b,c,ab €T

Proof. We first show that we must have G = G(26:6), From Tables and we can see that
G must occur as a quotient of G; for i € {6,9,11}. If G occurs as a quotient of Gg, then we

must have
G = (a,b,c|a® %, (ab)?, (ac)?, (be)®, (abe)®, (a - b)*).

However, if (ac)? = 1 then
o(a-b%) = o((ab)®) =2

and so we have G = G(2:6:6)
If G occurs as a quotient of Gg then we must have either
G = (a,b,c|a? b2 2, (ab)?, (ac)?, (be)S, (abc)®, (a - b%)?, (ab - b°)8, (ab - a©)®)

or

G = (a,b,c| a?, b, 2, (ab)g, (ac)G, (bc)z, (abc)ﬁ, (a- bc)z, (ab - bc)6, (ab - ac)6>.

In this first case, as a? = b? = ¢2 = (ab)? = (ac)? = (bc)® = (abe)® =1,

o(a - b°) = o(cacb) = o(ab) = 2,
o(ab - a®) = o(bacac) = o(b) = 2
and o(a) = 2, o(bcbe) = 3 and [a, bebe] = 1 and so
o(ab-b) =6
6,2,6) o (7(2,6,6)

as required. Similarly, in the second case, we can show that G = G

If G occurs as a quotient of (G1; then we can again show that each of the three possibilities from

Table gives G = G(26:6),

If we let
a:=(1,2), b:=(3,4), c:=(4,5)(6,7)

then a, b and ¢ generate G and satisfy the presentation of G(26:6). We label the conjugacy

classes of involutions of G C1,...C7, as below.
i C Cil | i G |l
1 a“ 1 |5 ((be)®)“ 1
2 ¢ 3 |6 ((abe)®)® 1
3 ¢ 3 17 (ac)® 3
4 (ab)® 3
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Note that, as o(bc) = o(abc) = 6, the elements (bc)® = (6,7) and (abc)® = (1,2)(6,7) must be
contained in 7" and so X := Cy U...UCs C T. Moreover, G clearly contains an elementary
abelian subgroup of order 8 and so 7' cannot contain all involutions of G. Thus we must have
T = X. We have checked in GAP that T gives exactly one Majorana representation of GG, details
of which are given in below. O

In the following, we label the elements of T" as below.

it it t b

1 a 5 ¢ 9 (ab)°
2 b 6 10 (ab)*®
3 b 7 11 (be)?
4 bb 8 ab 12 (abe)?

Proposition 5.2.15. There is exactly one Majorana representation of the form (G,T,V') where
T:= {th PPN 7t12}.

The algebra V' contains one 3A-axis, Uy, 1,)- The nullspace of the algebra V' is zero dimensional

and so the dimension of the representation is 13.

5.2.4 The Group 2*2

Proposition 5.2.16. Let G = (a,b,c) = 2%.2 be a triangle-point group. Then G admits two
Majorana representations of the form (G,T,V) where a,b,c,ab € T.
Proof. From Tables [3.3] and we see that G must occur as the quotient of G and that
G = (a,b,c| a® %, (ab)?, (ac)*, (be)*, (abe)?, (a - b°)?).
If we let

a:=(1,2)(3,4), b:=(5,6)(7,8), c:=(1,3)(5,7)

then a, b, c satisfy the relations of G and generate a group of order 32 and so we can take

G = (a,b,c). We label the conjugacy classes of involutions of G C1,...Cqq, as below.

i G ICi) | i C; ICi| | i Ci |C;]
1 a“ 2 |5 ((ac)®)¢ 1 9 (ab-b%)¢ 2
2 bC 2 16 ((be)®)€ 1 [ 10 (ab-a®)® 2
3 ¢ 4 |7 ((abe)®)€ 1

4 (ab)® 2 |8 (a-b9)¢ 2
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Now note that the group G contains the following subgroups:

Ky = {a,b,b°) = 23
Ky := (a,b,a") =23
K3 := {(ab,a®,b°) = 2°
Ky :=(c’, ¢ (be)?) = 23.

If we let X :=a® Ub® Uc® U (ab)¥ then by assumption we have X C T. Moreover, we see that
|[K;NX|=4for1<i<4and

|[K1NCs|=|K1NCsl=|K1NCyl=1
|K2 n 05‘ = ‘KQ N Cg|: |K2 n 010|: 1
|K3 n 07‘ = ‘K3 N 09|= |K3 N 010|: 1
|K4 N 05‘ = ‘K4 N CG|: |K4 N 07‘: 1.
Thus T must contain exactly 0 or 2 of the conjugacy classes C;, C; and C}, for

{i,5,k} € {{6,8,9},{5,8,10},{7,9,10},{5,6, 7}}.

This means that there are no possibilities for T which contain exactly 1, 5 or 6 of {C5,...,Cio}.
We can also put strong restrictions on the remaining possibilities for T. At this stage, all

possibilities are shown below. Here, as before, we denote X := a® U b% U c“ U (ab)®

i T; ITi| | i Ti T3]
1 X 10 | 5 XUCsUCyU 16
2 XUC;UCgUCs 14 |6 XUC;UCgUCyUCH 16
3 XUC;UC;UCh 14 |7 XUC;UC;UCsUCy 16
4 XUCgUCrUCy 14 | 8 XUCsUC;UCsUCqy 16

We further restrict the possibilities for T' by considering automorphisms of GG. As the relations of
G are preserved by permuting {a, b, ab}, any such permutation induces an automorphism of G.
In particular, there exist permutations of {a,b, ab} sending T5 to T3 and Ty and permutations
sending Tg to T7 and Tg. Thus we need only consider representations of the form (G, T;, V) for
1€{1,2,5,6}.

Propositions|5.2.19|and [5.2.20| below show that there are no representations of the form (G, T5, V)

or (G,Ts,V). We have checked in GAP that T and T, give exactly one representation each,
details of which are given in Propositions [5.2.17] and [5.2.18| below. O

In the following, we label the elements of the 7T; as below.
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. 7 t; 7 t;

1 a g8 15 (a-b%)°
2 a 9 ab 16 ab-b°

3 b 10 (ab)° 17 (ab-b°)°
4 b 11 (ac)? 18 ab-a°

5 ¢ 12 (be)? 19 (ab-a®)°
6 13 (abc)?

7 14 a-b°

Proposition 5.2.17. There exists exactly one Majorana representations of the form (G,Ty,V)
where

The algebra is spanned by the ten 2A azes, siz 4A azes and also by the products ay - vy, 15y and
as - Vp(t,,t,)- Lhe nullspace on the algebra generated by this spanning set is zero dimensional and

so the dimension of the algebra is 18.

Unlike all other algebras that we have constructed in this chapter, this is an example of an

algebra which is 3-closed not 2-closed.
Proposition 5.2.18. There is exactly one Majorana representation of the form (G, T, V') where
Tg = {ti | 1 S ) S 12} U {t14,t15}.

The algebra contains four 4A azes, Vp(is t9)s Vp(ts,tra) Vp(te,ts) N Vp( t14)- The nullspace of V

is spanned by the vector
2
ny:=as +asg+ay+ag+ag+ap—an — a2+ a3+ a — g(vp(tg),tg) + Vp(ts,t14))
along with two vectors of the form
Up(so,51) ~ Up(s2,83)
where sg, $1, 82, 83 € To and (sgs1) = (s283). Thus the dimension of V is 15.
Proposition 5.2.19. There exist no Majorana representations of the form (G,Ts, V') where
It is not possible to show that this algebra does not exist by considering only the 2-closed part

of the algebra, one must attempt a construction of the 3-closed part before a contradiction is

found. This proof is given in full in Section [5.3.1
Proposition 5.2.20. There exist no Majorana representations of the form (G,Ts, V') where
To:={t; |1 <i<12}U{t; | 16 <i < 19}.
Proof. Suppose for contradiction that there exists a Majorana representation of the form (G, Ts, V).
As t1t3 = ab = tg, the dihedral algebra ({a1,as)) is of type 24 and so

1
ay - az = 27(&1 + as —ag).
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Using the known values of the inner product on dihedral algebras, we can then calculate that
(a1 . (137(15) = 0

Now, as t3t; = bc is of order 4 and (t3t5)? = t1o, the dihedral algebra ((a3,as)) is of type 4B

and so

1
as - as = 2—6(a3 — a4 + a5 — a7 + ai2).

Similarly, we calculate that )

ﬁ .

In particular, (a1, as - as) # (a1 - as, as), in contradiction with axiom M1, and so such a repre-

(0,1,@3 : a5) =

sentation cannot exist. O

5.2.5 The Group S3 X S3

Proposition 5.2.21. Let G = {(a,b,c) = S3 x S3 be a triangle-point group. Then G admits

exactly one Majorana representation of the form (G,T,V) where a,b,c,ab € T.

Proof. We use the natural embedding of S5 x S3 into Sg, that is to say
<(15 2)7 (L 3)7 (47 5)a (576)> = S3 X S3~

We can see that G has only three conjugacy classes: (1,2)%, (4,5)% and (1,2)(4,5)¢. Moreover,
considering the values of a, b and ab, we see that they must each belong to different conjugacy

classes. Thus the only possibility for T is
T:=(1,2)U(4,5)% U (1,2)(4,5)°.

In the following, we label the elements of T" as below.

it it it

1 (1,2) 6 (5,6) 11 (1,3)(4,6)
2 (1,3) 7 (1,2)(4,5) 12 (1,3)(5,6)
3 (2,3) 8 (1,2)(4,6) 13 (2,3)(4,5)
4 (4,5) 9 (1,2)(5,6) 14 (2,3)(4,6)
5 (4,6) 10 (1,3)(4,5) 15 (2,3)(5,6)

Note that t7t11 = (1,2,3)(4,5,6) and there exists no elements ¢;,¢; € T such that o(t;t;) = 6
and (t;t;)> = t7t11. Thus the axes ay and a1; generate an algebra which may be of type 34 or
3C.

In Proposition [5.2.23] below, we show that this algebra cannot be of type 3C. We have checked
in GAP that when this algebra is of type 3A, T gives exactly one representation, details of which
are given in Proposition [5.2.22] below. O

71



Proposition 5.2.22. There is exactly one Majorana representations of the form (G, T, V) where
the algebra ({az,a11)) is of type 3A. The algebra contains eight 3A azes and the nullspace of V
is spanned by the vector

95 15

e _32 -5 Zai + Up(ty,ts) + Up(ty,ts) + Up(tz,t11) + Up(tz,t12)
=T

along with four vectors of the form

Up(s,s1) — Up(s2,s3)

where Sg, 81, 82,83 € T and (sps1) = (s2s3). Thus the dimension of V is 18.

Proposition 5.2.23. There exist no representations of the form (G,T,V) where the algebra
({a7,a11)) is of type 3C.

Proof. We will show that such a representation cannot obey axiom M1. Suppose that such a
representation exists. Firstly, the axes a; and a4 generate an algebra of type 2A and so

a1 -as = (a1 +as —ay)

8

and
3
(a1 - aq,a11) = 910"

However, the axes a4 and a1; generate an algebra of type 6A and so
1 32.
Qa4 a1 = ﬁ(az +as—as —ag — aio+ a1 —ai2) + Wup(t4,t5)'
The axes a; and u,, ;) are contained in the 64 algebra generated by as and ar; and so

(a1, Up(ts,t5)) = 0. We can now calculate that

3
(a1,a4 - a11) = ol # (a1 - as,a11)
which is in contradiction with axiom M1. Thus such a representation cannot exist. O

5.2.6 The Group 2 x S,

Proposition 5.2.24. Let G = (a,b,c) = 2 x Sy be a triangle-point group. Then G admits
exactly two Majorana representations of the form (G, T, V) where a,b,c,ab € T.

Proof. From Tables and we see that G must occur as a quotient of Gg. If we let
m := o(ac), n := o(bc), p := o(abc) then we must have (m,n,p) € {(4,3,6), (4,6,3),(4,4,6)}. In

the first two cases, we in fact have G = G(mmP),

In order to procede, we need to determine the conjugacy classes of G. To do so, we use the

following embedding of G into Sg:
G=((1,2),(1,3),(1,4),(5,6)).

We label the conjugacy classes of involutions of G (1, ..., C5, as below.

72



i G Ci| | i G |C;]
1 (1,2)¢ 6 |4 (1,2)(3,4)(5,6)¢ 3
2 (1,2)(3,4)¢ 5 (5,6)¢ 1
3 (1,2)(5,6)¢

We first suppose that (m,n,p) € {(4,3,6),(4,6,3)} in which case we have G = G("™"™P). More-
over, as G436 =~ G463)  without loss of generality, we can take (m,n,p) = (4,3,6). From

Lemma [5.2.3] we need only consider one set of generators a, b, ¢ of G. If we pick
a:=(1,2)(3,4)(5,6), b := (1,2), c:= (1, 3)

then a, b and ¢ generate G and obey the presentation of G""P?). By assumption, and from

axiom MS8, we must have X; C T where

X1 2201UC3UC4UC5.

Now note that G contains a subgroup K := ((1,2),(3,4), (5,6)) = 23. If T were to contain all
involutions of G, then there would exist a subrepresentation (K, TNK,U), such that [TNK|= 7.
This is a contradiction from Proposition We conclude that if (m,n,p) = (4, 3,6) then we
must have T'=C; UC3 U Cy UCs.

We now turn to the case (m, n,p) = (4,6,6) and put restrictions on the value of T' by considering
the conjugacy classes of G. We let C; := a%, C; = b%, C), = ¥ and C; := (ab)® where
1 <i,5,k,l <5. Either by inspection, or by considering the structure constants of Sy, we see

that, as o(bc) = o(abc) = 6, we must have

(4 k), (1 k) € {(1,3), (3, 1)}

We suppose first that £ = 1 then j = = 3 and so we must have ¢ = 2. Similarly, if £ = 3 then
j=1=1and, again, i = 2. In each of these cases, (bc)®> = (abc)® = (5,6) and so, by axiom M8,
we must have (5,6) € T. Thus, if (m,n,p) = (4,6,6), we must have

Xo=Ch1UCUC3UCs <T.

As before, T' cannot consist of all involutions of G, else we would have a contradiction with
the representations of 23 and so in this case we have T = C; U Cy U C3 U C5s. This is indeed a

possibility, as can be shown by choosing, for example, the generators

a:=(1,2)(3,4), b:= (1,2)(5,6), ¢ := (1,3).

Thus the possibilities for T" are given below.

i T; | T3]
1 CiuCsuCysUCs 16
2 CiUCuUC3UCs 16

We have checked in GAP that T7 and T» each give exactly one Majorana representation, details
of which are given in Propositions [5.2.25| and [5.2.26| below. O
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In the following, we label the elements of 17 and T3 as below.

it it it

1 (1,2) 8 (1,3)(2,4) 15 (3,4)(5,6)

2 (1,3) (1,4)(2,3) 16 (1,2)(3,4)(5,
3 (1,4) 10 (1,2)(5,6) 17 (1,3)(2,4)(5,
4 (2,3) 11 (1,3)(5,6) 18 (1,4)(2,3)(5,
5 (2,4) 12 (1,4)(5,6) 19 (5,6)

6 (3,4) 13 (2,3)(5,6)

7 (1,2)(3,4) 14 (2,4)(5,6)

Proposition 5.2.25. There is exactly one Majorana representation of the form (G, Ty, V) where
T = {ti | 1< < 15} @] {tlg}.

The algebra V' contains four 3A-azxes and the nullspace of V is zero dimensional and so the

dimension of the representation is 20.
Proposition 5.2.26. There is exactly one Majorana representation of the form (G, T, V') where
To:={t; |1 <i<6}U{t;|10<i<19}.

The algebra V' contains four 3A-azxes and six 4A-axes. The nullspace of V is spanned by the

vectors

2
ny ::3—2(3a1 + 3@6 — aiQ + 2&11 + 20,12 + 2(113 + 2&14 — als — 3(116 — 3&17 — 3&18 — 3@19)

- g(upm,m) T Up(ty t3) T Up(ta,ts) T Up(ta,ts)) + Vp(tio tar)

1
- g(vp(thtn) - 2vp(t27t16) - 2Up(t3,t16))

2
::¥(3a2 + 3as + 2a19 — a11 + 2a12 + 2a13 — a14 + 2a15 — 3a16 — 3a17 — 3a18 — 3&19)

n2
= 55 (Up(tr,02) T Up(ta,t) F Up(ta o) + Up(ra,t5)) + Vp(trs o)
= 5220010  Uplta,16) ~ 20p(ts,t10))
ns ::?(3@, + 3a4 + 2a10 + 2a11 — a12 — a1z + 2a14 + 2a15 — 3a16 — 3ar7 — 3a1s — 3aqg)

- ﬁ(up(thtz) F Up(ty,t3) T Up(ta,t) T up(t47t5)) T Up(trz,t16)

- g(_QvP(t1>t17) - 2UP(7527t16) + Up(ta,tw))
and so the dimension of the representation is 23.

Remark 5.2.27. We note that 2 X Sy contains two subgroups isomorphic to Sy, that there are
four Majorana representations of Sy and that these have shapes (2B,3A), (24,3A), (2B, 3C) and
(2A4,3C) [IPSSI0]. The representation given in Proposition contains subrepresentations
Uy, Uy <V of Sy of type (2B, 3A).

As representations of Sy, Uy and Uz are not 2-closed, each containing 3 basis vectors in ad-

dition to the 2A and 3A axes. The above result shows that in V these vectors are equal to

{Up(t107t17)’Up(tll,t16)7vp(t12,t15)} and {Up(tl,tn)’Up(tz,tw)?’up(ta.,tm)} in the case Of Ui and Uy re-

spectively.

74



5.2.7 The Group 23.23

Proposition 5.2.28. Let G = {(a,b, ¢) = 23.23 be a triangle-point group. Then G admits exactly
two Magjorana representations of the form (G,T,V) where a,b,c,ab € T.

Proof. From Tables [3.3| and we see that G must occur as a quotient of GG1, in which case
we in fact have G = G1. Thus, the presentation of G is known and, by Lemma [5.2.1] we may

consider some fixed generators a, b, c of G.

If we let
a:=(1,2)(3,4), b:=(1,3)(2,4)(5,6)(7,8) ,c := (1,5)(2,7)

then a, b, ¢ satisfy the relations of G; and generate a group of order 64 and so we can take
G = (a,b,c).

We label the conjugacy classes of involutions of G C ...y as below.

i G |Cil | i C; ICil | i C; |Cs|
1 af 4 |4 (ab)® 4 |7 ((abc)®)€ 2
2 ¢ 5 ((ac)®)® 8 (acabcbe)® 4
3 ¢ 6 ((bc)®)¢ 9 ((a-b°)%)¢ 1

The group G contains the following subgroups:

Kl _ <a7 G/Cb7a/0bc> ~ 23

Ky = (e, e, (ac)2> ~ 93,

If we were to have T' C G such that |TNK;|€ {5, 7} or [TNK,|€ {5, 7} then, from the classification
of Majorana representations of the group 23, there would be no Majorana representations of the

form (G,T,V). We can thus use these groups to restrict the possibilities for the set T'.

Note first that
|K1 n 01|: 4, |K1 N 03|: 2, ‘Kl N Cg|: 1.

Thus, as we must have Cy C T, we cannot have Cy C T'. Furthermore,
|[KoNCs|=3, |[KoaNCsl=|Ke N Cgl= | K2 N Crl= |K2N Csl= 1.
As we must have C5 € T, we must have precisely 0, 1 or 3 of {C5, Cs, C7,Cs} contained in T'.

At this stage, we have the following possibilities for the values of T'. In the table below we denote
X :=a®Ub®uctuU(ab)’.
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i T i n 7]
1 X 16 |6 XUC5UCgUCy 22
2 XUdGds 18 | 7 XUC5UCgUCs 24
3 XUCGCs 18 | 8 XUC5UC;UCs 24
4 XUCy 18 |9 XUCsUuC;UCs 24
5 XuUudls 20

We can restrict these choices further by considering the automorphisms of G. The follow map is

an automorphism of G (as can be verified by checking that it preserves the presentation of G).
a:aw b b— ab, c— c”.

Moreover, it is an outer automorphism inducing the following action on the conjugacy classes of
G,

a® = b% — (ab) — a®,
((ac)®)? = ((b6)*) = ((abe)®)< = ((ac)*).

In particular, either « or its inverse maps T3 and Ty to Ts and Tz and Ty to T7. Thus, by Lemma

5.2.1] we need only consider representations of the form (G,T;, V) for i € {1,2,5,6,7}.

In Propositions [5.2.29] and [5.2.31] we show that there exist no representations of the form
(G, T1,V) or (G,Ts5,V). We have checked in GAP that Ty and T each give exactly one Majorana
representation, details of which are given in Propositions [5.2.30] and [5.2.32] below. L]

In the following, we label the elements of the T; as below.

it it 1t

1 a 10 ¢* 19 (be)?

2 a° 1 e 20  ((be)?)e

3 a®? 12 ¢ 21 (abc)?

4 actc 13 ab 22 ((abc)?)e

5 b 14 (ab)° 23 acabcbe

6 b° 15 (ab)*@ 24 (acabcbe)®
7 b 16 (ab)eec 25 (acabcbe)®
8 beee 17 (ac)? 26 (acabcbe)™
9 ¢ 18 ((ac)?)® 27 (a-b%)?

Proposition 5.2.29. There are no representations of the form (G,T1,V) where
It is not possible to show that this algebra does not exist by considering only the 2-closed part

of the algebra, one must attempt a construction of the 3-closed part before a contradiction is

found. This proof is much more involved than the others in this chapter and is given in full in

Section [£.3.2)
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Proposition 5.2.30. There is exactly one representation of the form (G, T2, V') where
Tziz{ti|1§i§18}.

The algebra V' contains eighteen 4A axes. The nullspace of V is spanned by the vectors

ny ::5(—a1 +az+ a3 —as —ag —ar — a1q4 — 15 — G17 — A18) + Up(ty,te) T Up(ty,tia)
2
N2 3=§(a1 —as —az+ a4 —as —ag — a13 — a16 — a17 — a18) + Up(ta,ts) T Vp(ta,tis)

na ::§(a5 +ag + a1q + a15 + a17 + 18) — Vp(ty t6) — Up(tatiz) — Upltstia) T Uplte,tis)
2
ng4 125(2% +2a6 + 2a7 4 2a8 — a13 — @14 — Q15 — Q16 + Q17 + A18) — Vp(ty t6) — Vp(ta,ts)
~ Up(ts,te) — Up(ts,tio) — Yp(te,tio) — Up(tr,te) T Up(te,tis) T Vp(ta,trs) T Vp(tro,trs) T Vp(tio,tra)

along with four vectors of the form

Up(s0,51) — Yp(sa,s3)
where Sg, 81, 82,83 € Ta and (sps1) = (s283). Thus the dimension of V is 28.

Proposition 5.2.31. There are no representations of the form (G,Ts, V) where

Ts:={t; |1 <i<16}U{t; | 23 <i < 26}.

Proof. We will show that if such a representation were to exist then it would contain a subalgebra
U which is a Majorana representation of the form (G,T;,V). As we have shown in Proposition
5.2.29| that such a representation cannot exist, this implies that the representation (G,T5,V)

cannot exist either.

As Ty C Ts, we can take U = ((¢(t) | t € T1)), where 9 is the bijective mapping associated with
the representation (G, T5, V). Then this algebra is clearly a Majorana representation of the form
(G,T1,U) which is contained in V.

In particular, we have checked that for all t,s € T}, ts ¢ {tos,...,t2s} this means that the

representation (G, T1,U) obeys axiom M8 and so neither U nor V' can exist. O
Proposition 5.2.32. There is exactly one Majorana representation of the form (G, Tg, V') where
To:={t; | 1 <i<22}.

The algebra contains eighteen 4A azxes. The nullspace of V' is spanned by the vectors

ny 125(—611 +az +az —as — ag — ar — @14 — A15 — Q17 — A18) + Vp(ty t6) T Up(ty tra)

2
ng I=§(a1 —ay — a3+ a4 — a5 — g — 13 — G16 — Q17 — G18) + Up(ts,ts) T Vp(ts,t1s)

ng 125(—611 —ag+as —ag —ay +ag — a3 — aie — a9 — a20) + +Vp(t; t5) T Vp(ts,t10)
2
Ny ::§(—a2 — a3z —as + ag + a7 — ag + a13 + a16 + a17 + a18 — a1 — az) — Up(ty,t6) T Vp(ty,ta1)

2
ns ::§(a13 +ais + a5+ aie + air + aig + arg + a0 — a21 — a22) = Vp(ey,t6) — Vp(ta,ts)
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along with twelve vectors of the form

Up(so,51) — VYp(sz,s3)
where s, 81, 82,83 € Tg and (sos1) = (s2s3). Thus the dimension of V is 23.
Proposition 5.2.33. There are no representations of the form (G,T7, V) where

Tri={t; |1 <i<20}U{t; |23 <i< 26}

Proof. We will show that such an algebra cannot obey axiom M1. Suppose that such a repre-
sentation exists. Firstly, the axes a1 and as generate an algebra of type 24 and so
ai - az = 2*3(111 +az —arr)

and
3

— 55

Conversely, the axes as and a1 generate an algebra of type 4B and so

(al - ag, 1111) =

1
as - aip = 27)-(a2 —as+ann — a2 + ag)

and
1
(a1,a2 ~a11) = %~

In particular,

(a1 : a2,a11) 75 (al,az . Cln)

which contradicts axiom M1 and so such an algebra cannot exist. O

5.2.8 The Group (S3 x S3) : 2

Proposition 5.2.34. Let G = (a,b,c) = (S5 X S3) : 2 be a triangle-point group. Then G admits
exactly one representation of the form (G,T,V) where a,b,c,ab € T.

Proof. From Tables and we see that G must occur as a quotient of Gy and must have
presentation
G = (a,b,c|a®,b% ¢ (ab)?, (ac)*, (be)*, (abe)®, (a - 0°)?).

If we let
a:=(1,2), b:=(4,5), ¢c:=(1,6)(2,5)(4,3)

then a, b, c satisfy the relations of G and generate a group of order 72 and so we can take

G = (a,b,c). Then G has just three conjugacy classes
Cy :=a%, Cy:=c% C3:= (ab)®

and so T" must contain all involutions of the group G. We have checked in GAP that T' gives

exactly one Majorana representation, details of which are given in Proposition [5.2.35 below. [
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In the following, we label the elements of T as below.

it it 1t

1 a c® 15 (ab)e®

2 a 9 16 (ab)®

3 a® 10 ¢ 17 (ab)cb
4 b 11 cobe 18  (ab)eec
5 b° 12 cabea 19  (ab)ebe
6 b 13 ab 20 (ab)eact
7 ¢ 14 (ab)° 21 (ab)cbee

Proposition 5.2.35. There exists exactly one Majorana representation of the form (G,T1,V)
where
T:={t;|1<i<21}.
The algebra V' contains four 3A axes and the nullspace of V' is spanned by the vector
5 21
n =9 E Z @i + Up(ty,te) T Up(ta,ts) T Up(tr tro) + Up(ts,to)

2.
35 i=13

and so the dimension of V is 24.

5.2.9 The Group 22 x S,

Proposition 5.2.36. Let G = (a,b,c) = 22 x Sy be a triangle-point group. Then G admits

exactly one Majorana representation of the form (G, T, V), where a,b,c,ab € T.

Proof. From Tables and we can see that G must occur as a quotient of Gg and must

have presentation
G = (a,b,c|a?,b? %, (ab)?, (ac)*, (be)S, (abe)®, (a - b%)%, (a® - *)?).

If we take
a:=(1,2)(3,4)(5,6), b :=(1,2)(7,8), c:= (2,3)(5,6)

then a, b, c satisfy the relations of G and generate a group of order 96 and so we can take

G = (a,b,c). We label the conjugacy classes of involutions of G (1, ..., C11, as below.

i C; Cil | i G Gl | i@ G |Cil
1 a“ 3 15 ((ac)®€ 3 9 (a¢-c")¢ 6
2 bC 6 |6 ((be)®)® 1 [ 10 (ab-c*)¢

3 ¢ 6 |7 ((abec)®)® 1 [ 11 (b-c®o)@

4 (ab)® 6 |8 ((ab-b%)*)¢ 1
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As o(be) = o(abe) = (ab-b°) = 6, T must contain X := C; UC2 UC3UCy U Cs U CrUCs The

group G contains the subgroups
= ac-cb7(bc)3,(abc)3> ((2,4),
Ky = (a® - (a®- "), (ab- b)) = (
Ky = (a®- " (a°- )%, (be)?) = (
Ky = ((ac)?, (be)®, (ab - b)%) = ((

,6)(7,8), (7, )> 2 23

(4
(,4)7( :3),

Note that

[KiNX| =6, |K1NCyl=1

|[KoNX| =4, |[KanNCs|=1, |[KoNCyl=2
|[KsNX|=5,|KsNCyl=1, |[KsNCii|=1

|[KynNX|=4, |[KynCsl=1, |[KyNCiol=1, |[KsNCra|= 1.

Thus T must contain C1¢ and C7; but cannot contain Cs or Cg, leaving just one possibility for
T:

T, := X UCipUCqy.
We have checked in GAP that T gives exactly one Majorana representation, details of which are
given in Proposition [5.2.37| below. O

In the following, we label the elements of T" as below.

1 a 11 ¢° 21 (ab)c*

2 af 12 ¢ 22 (be)?

3 a® 13 ¢ 23 (abc)?

4 b 14 b 24 (ab-b°)?

5 b° 15 cobe 25 ab-c*

6 b 16 ab 26 (ab- c*)°
7 b® 17 (ab)® 27 (ab- cb®)
8  peab 18  (ab)® 28 b cabe

9  beae 19  (ab)® 29 (b cabe)e
10 ¢ 20 (ab)c® 30 (b cobeyeh

Proposition 5.2.37. There exists exactly one Majorana representation of the form (G, T,V)
where
T:={t; |1 <1i<30}.

The algebra V' contains four 3A-azxes and twenty-seven 4A-azxes and the nullspace of V' is spanned

by the vectors ny,...,nig, as below, along with fifteen vectors of the form

Up(s0,81) — VYp(sz,s3)

where Sg, 81, 82,83 € T and (sps1) = (sas3). Thus the dimension of V is 36.
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T ony
1 —g(cn +az +as + ag + a1z + a13 — aze + azs + a7 — 20) + Vp(ey t5) T Vp(ty,t10)
2 %(m +az + ar + ag + aio + a1 — aze + azs + a6 — a30) + Vp(ey 7)) T Vp(ty,tr0)
3 —2(a1+az + a0+ a11 + a19 + azo — a3 — Aa7 + Azs + A20) + Vp(ty t10) T Up(t,tie)
4 —2(a1+ a3+ a12 + a13 + a7 + a1s — ag3 — A26 + A28 + A30) + V(e 15) + Up(ts t17)
5 %(ag +az + a4 + ag + arg + ars — aga + g6 + ao7 — a28) + Vp(ty,ta) + Vp(ta tria)
6 %(ag +az + aig + ais + aie + a1 — azz — azs + A20 + A30) + Vp(ta,t14) T Vp(ta,tre)
7 %( ai + ag + ag + a1 + a1 — G4 + Qo6 + A7 + A29 + A30) + Vp(ty t06) T Vp(tatao)
8 %( az + as + ag + a17 + a1g — G4 + o5 + Ao7 + Gog + A30) + Vp(ts t05) T Vp(ts tas)
9 —3(—a3+ a7+ ag + a9 + a0 — azs + ags + g6 + s + 29) + Vp(ty 1a5) T Up(tytas)
10 _% Z?:l Zl 4 @i Zz 220 — 3 Zz 25 @i + 24 Zu€V<3> Ut Up(ty,tr0)

T Up(tr,t12) T Vp(ta taa)

5.2.10 The Group 3?2 . 22

Proposition 5.2.38. Let G = {a,b,c) = 3?2 : 22 be a triangle-point group. Then G admits
exactly one Majorana representation of the form (G,T,V) where a,b,c,ab € T.

Proof. From Tablesand we see that G must occur as a quotient of GU™™P) for (m,n, p) €
{(6,6,3),(6,3,6),(3,6,6)}. In fact, by Lemma [3.2.11) we have G = G395 Furthermore, any
permutation of a, b and ab induces an automorphism of G which permutes the values m, n and

p and so, without loss of generality, we may take G = G(3:6:6),

Now that we have the presentation of G, Lemma allows us to consider fixed generators
a,b,c of G. If we let

a:=(1,2)(3,4)(5,6), b:=(1,3)(2,4)(7,8), c :=(1,9)(3,8)(5,7)

then a, b, ¢ satisfies the relations of G(3:%:6) and generate a group of order 108 and so we can take
G = {a,b,c).

Using these generators, we calculate there are just three conjugacy classes of involutions, C; =
a% =%, Cy = b% and O3 = (ab)¥. Thus there is only one choice for T

T:=C;UCyUC(C5.

In the following, we label the elements of T" as below.
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it it it
1 a 10 b 19 ab

2 af 11 b 20 (ab)°

3 a 12 b= 21 (ab)™

4 a 13 b 22 (ab)®

5 acb 14 peab 23 (ab)ee
6 G,Cbc 15 bcabc 24 (ab)cbc

7 qcbea 16 peabeb 25 (ab)Cbe
8  qCbeac 17  peabebe 26 (ab) cbebe
g cbecaca 18  peabcbeb 27 (ab) cbebea

Note that ¢1t2 = (ac)? is of order 3 and there exists no elements t;,¢; € T’ such that o(t;t;) = 6
and (t;t;)? = t1t5. Thus the axes a; and as generate an algebra which may be of type 34 or 3C.

Proposition [5.2.39] below shows that if this algebra is of type 3A then the representation does
not exist. We have checked in GAP that if this algebra is of type 3C then there is exactly one
representation of the form (G, T, V), details of which are given in Proposition |5.2.40 O

Proposition 5.2.39. There are no Majorana representations of the form (G,T,V) where the
algebra {{a1,as)) is of type 3A.

Proof. Suppose for contradiction that G does admit such a representation. As t1t19 = ab € T,
the dihedral algebra ({a1,a10)) is of type 2A and
1
ai - ajp = g(m +aio — a).

We now let w := a3 + 3a11 then

13

?.

Now, the algebra ((as,a1p)) is of type 64 and contains the algebra ({a19,a11)). Therefore the

(a1 : al()»w) =

algebra ({a10,a11)) must be of type 3A and we have the products

1 335
ay -+ a1 = $(2a10 +2a11 + a13) — ST Up(tiostin)-
and
32.5
as - aip = 27(“3 —as — ag + ajg — a1 — a1z + agy) + 2Tup(tw,tu)~
Thus

1
aig - W = ﬁ(Sag —3as — 3ag + Taig + a11 — a3 + 3a27)

and so we can use the known values of the inner product on dihedral algebras to calculate that
25
(al,alo . w) = ﬁ

In particular, (aq-a19,w) # (a1, a10-w), which contradicts axiom M1. Thus such a representation

cannot exist. O
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Proposition 5.2.40. There is exactly one Majorana representation of the for (G,T,V) where
the algebra ((ayg,a20)) is of type 3C. The algebra contains seven 3A axes and the nullspace of

V' is spanned by the vectors

25
ny = 335 Z 8a; + Up(ty,t) + Up(ta,ta) T Up(ts,ts) T Up(tio,trs)
=10
95 26
n2= 33.5 Z ai + Up(ty,te) + Up(ta,ts) + Up(ts,ta) + Up(t10,t15)
1=19

and so the dimension of the representation is 32.

5.2.11 The Group Ss

Proposition 5.2.41. Let G = (a,b,c) = S5 be a triangle-point group. Then G admits exactly
one Majorana representation of the form (G,T,V') where a,b,c,ab € T.

Proof. It is well known that G contains just two conjugacy classes of involutions: C; := (1,2)¢
and Cy := (1,2)(3,4)¢ and G = (C;). However, if a,b € C; and o(ab) = 2 then we must have
ab € Cy. Thus we must take

T :=(1,2) U(1,2)(3,4)¢.

We have checked in GAP that T gives exactly one Majorana representation, details of which are
given in Proposition [5.2.42) below. O

In the following, we label the elements of T" as below.

it it it
1 (1,2) 10 (4,5) 19 (1,5)(2,4)
2 (1,3) 11 (1,2)(3,4) 20 (1,3)(4,5)
3 (1,4) 12 (1,3)(2,4) 21 (1,4)(3,5)
4 (1,5) 13 (1,4)(2,3) 22 (1,5)(3,4)
5 (2,3) 14 (1,2)(3,5) 23 (2,3)(4,5)
6 (2,4) 15 (1,3)(2,5) 24 (2,4)(3,5)
7 (2,5) 16 (1,5)(2,3) 25 (2,5)(3,4)
8 (3,4) 17 (1,2)(4,5)

9 (3,5) 18 (1,4)(2,5)

Proposition 5.2.42. There is exactly one Majorana representation of the form (G,T,V') where
T := {tl, NN ,t25}.

The algebra contains ten 3A azes and siz 5A axes. The nullspace of V' is 5-dimensional and so
the dimension of V is 36.
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5.2.12 The Group (53 x S3) : 2

Proposition 5.2.43. Let G = (a,b,c) = (S3xS3) : 2% be a triangle-point group. Then G admits

exactly one Majorana representation of the form (G,T,V) where a,b,c,ab € T.

Proof. From Tables |3.3| and we see that G must occur as a quotient of G, and in fact we
have G = Gs.

If we let
a:= (1,2)(3,4), b:= (1,2)(5,6), c:= (1,10)(2,9)(3,8)(4,5)(6,7)

then a,b, ¢ satisfy the relations of G2 and generate a group of order 144 and so we can take

G = (a,b,c). We label the conjugacy classes of involutions of G C1,...,Cy, as below.

i G Cil | i G |Cil
1 a“ 6 |5 ((ac)®)® 9
2 ¢ 6 |6 ((abc)®)

3 ¢ 6 |7 ((a-b°)3)¢

4 (ab)® 9

The group G contains the subgroup
K := {a,b, (a- b)) =23,

If we were to have T' C G such that |KNT|€ {5, 7} then, from the classification of Majorana rep-
resentations of the group 23, there would be no Majorana representations of the form (G, T, V).

We can thus use this group to restrict the possibilities for the set T.

We let X := a® Ub% Uc® U (ab)® and note that, by assumption, we must have X C 7. Note
further that
IKNX|=5, | KNCs|=|KNC7|=1.

Therefore T' must contain ezactly one of Cs and C7. Finally, as o(abc) = o(a - b°) = 6, from

axiom M8, T must also contain Cg and C5.
Thus we have just one possibility for T
T:=XUCgUCH.

We have checked in GAP that T gives exactly one Majorana representation, details of which are
given in Proposition [5.2.44] O

In the following, we label the elements of T" as below.
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it it it
1 a 13 ¢ 25 (ab)ebe

2 a° 14 o 26 (ab)each

3 a® 15 ¢ 27 (ab)bee

4 actc 16 ¢ 28 (abc)?

5 qcbea 17 cobe 29 ((abe)?)e

6 qcbeac 18  cabeca 30 ((abc)B)ac
7T 0b 19 ab 31 ((abe)?)aca
8 b° 20 (ab)° 32 ((abc)3)ach
9 b 21 (ab)ee 33 ((abc)?)acab
10 beae 22 (ab)®® 34 (a-b°)?

11  peach 23 (ab)®®

12 bcacbc 24 (ab)cac

Proposition 5.2.44. There exists exactly one Majorana representation of the form (G,T1,V)
where
T:={t; |1 <i<34}.

The algebra V' contains four 3A axes and thirty-siz 4A azes. The nullspace of V is spanned by

the vectors ny,...,n11, as below along with eighteen vectors of the form

Up(so,51) — VYp(sz,s3)

where sg, $1, 82,83 € T and (sos1) = (sas3). Thus the dimension of V is 45.

TN,

1 —2(a1 + a4 a11 + a1z 4 a13 + a14 — a6 + a3z + a33 — a34) + Vp(ey t15) + Vp(tytas)

2 —2(ay + a3+ a0+ a1z + a15 + a1 — a2 + az0 + az1 — asa) + Vp(ey,t15) + Up(tata0)

3 —2(a14as + a7 + a1z + ar7 + a1z — @19 + aos + G20 — A34) + Up(ty117) + Vp(ty tas)

4 —3(az +ag+ag + an + ar5 + a7 — ag1 + agg + a30 — 434) + Vp(ta,t15) + Vp(ta,tao)

5  —3(az+ a5+ as + a1 + ais + ais — ag0 + azs + a30 — A34) + Vp(ty,t16) + Vp(tastas)

6 *%(as +as + ag + aip + a13 + a1s — azz + ass + azs — asa) + Up(ts,t1s) T Up(ts,tas)

7 —2(a3+ a5+ as + a10 + a1a + a17 — G2 + A0 + A3z — A34) + Up(tg,t10) + Vp(ts,tas)

8 —Z(as+as+ar+ag+ais+ aie — azs + azo + as2 — a3a) + Vp(ta,t14) + Up(tatao)

9  —2(as +as + ar + as + a1z + a15 — g7 + a31 + 33 — A34) + Vp(tr,t15) + Up(trtaz)
Up(ty,tra) T Up(ta,tis) T Vp(ta,tir) T Vp(ta,tis) T Up(tastie) T Up(ts,trs) T Up(ts,tra) T Up(ta,tra)

10 T+ Up(ta,trs) = Up(ta,tso) ~ Up(tr,ts2) — Up(tastas) — Vp(ta,tao) — Up(ts,tas) — Up(ts,tao)

= Up(tastso) — Up(ts,tar) — Up(tr,tar)
- 32;5 Z?Lw Qi + Up(ty ta) T Up(ts,ts) T Up(tas,tie) T Up(tratis)
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5.2.13 The Group 2*: D,

Proposition 5.2.45. Let G = (a,b,c) = 2* : Dyg be a triangle-point group. Then G admits

exactly one Majorana representation of the form (G,T,V) where a,b,c,ab € T.

Proof. From Tables [3.3| and we see that G must occur as a quotient of G3, and in fact we
have G = Gs.

If we let
a:=(1,2)(3,4), b:= (1, 3)(2,4)(5,6)(7,8)(9,10), ¢ := (1,2)(3,5)(4,7)(6,9)(8, 10)

then a,b, c satisfy the relations of G3 and generate a group of order 160 and so we can take

G = (a,b,c). We label the conjugacy classes of involutions of G C1,...Cy, as below.

i G Ci | i G |Ci
1 a“ 5 |3 ((ac)®)¢ 5
2 ¢ 20 [ 4 ((a-b)H)“ 5

By assumption, 7" must contain the classes C; and Cs. Note that G contains the group
K = {a,b, ((a- b%)2)) = 2.

Moreover,
KN Cyl=4, [KNCi|=|KNCs)=|KNCyl=1

and so T must contain exactly one of C3 and Cy. At this stage, we have two possibilities for the

value of T, as shown below. Here, we denote X := a® U b®.

1 XuUuCs; 30 |2 Xudldy 30

We can restrict these choices further by considering the automorphisms of G. The follow map is

an automorphism of G (as can be verified by checking that it preserves the presentation of G).
a:ar ((a-0)) b b, crs e

Moreover, it is an outer automorphism inducing the following action on the conjugacy classes of
G,

a® s ((a-b9)2)C

b s b

((ac)®)¢ — o
((a-b9)%)% = ((ac)*)“.

In particular, @ maps T} to T». Thus by Lemma [5.2.1] we need only consider representations of
the form (G,Ty,V).

We have checked in GAP that T} gives exactly one Majorana representation, details of which
are given in Proposition [5.2.46} O
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In the following, we label the elements of T as below.

Tt Tt it

1 a 11 bebe 21 (ab)ete

2 af 12 ¢ 22 (ab)ebeb

3 a® 13 ¢ 23 (ab)cbee
4 gche 14 cab 24 (ab)cbeab
5 qcbeb 15 cabe 25 (ab)cbeac
6 b 16 ab 26 (ac)?
7T 17 (ab)° 27 ((ac)?)®
8 bea 18 (ab)e@ 28 ((ac)?)b
9 bt 19  (ab)® 29 ((ac)?)beb
10 bpeac 20 (ab)cac 30 ((ac)Q)bcbc

Proposition 5.2.46. There exists exactly one Majorana representation of the form (G,T1,V)
where

The algebra V' contains twenty 4A axes and sixteen 5A azxes. The nullspace of V is 20-dimensional

and so the dimension of V is 46.

5.2.14 The Group 2*: D,

Proposition 5.2.47. Let G = (a,b,c) = 2* : Dyy be a triangle-point group. Then G admits

exactly one Majorana representation of the form (G,T,V) where a,b,c,ab € T.

Proof. From Tables [3.3] and we see that G must occur as a quotient of Gg and must have

presentation
G = (a,b,c| a®,b? 2, (ab)?, (ac)*, (be)®, (abc)®, (a - b%)*, (ab - b°)3).

If we let
a:= (172)(374)a b:= (1a2)(576)7 Ci= (175)(2a 7)(376)(478)

then a, b, c satisfy the relations of G and generate a group of order 192 and so we can take

G = (a,b,c). We label the conjugacy classes of involutions of G C1,...Cg, as below.

i G Ci| | i G |Cil
1 a“ 6 |4 ((ac)®)® 6
2 ¢ 12 |5 ((be)®)¢ 4
3 ¢ 12 | 6 (ab-be*)C 3

By assumption, T" must contain the classes C, Cy and C3 and, by axiom M8, T" must contain
C5. In the following we let X = C; U Cs U C3U C5. Note that G contains the group

K := (a,b,b"c) = 23,
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Moreover,
IKNCil=2, | KNCyl=4,|KNCg|=1

and so T cannot contain Cg. At this stage, we have the following possibilities for the value of T'.

i T IR 7]
1 X 34 |2 XU(Cy 40

Proposition|5.2.49|below shows that there are no Majorana representations of the form (G, T, V).
We have checked in GAP that T3 gives exactly one Majorana representation, details of which
are given in Proposition [5.2.48 O

In the following, we label the elements of the T; as below.

it it it it

1 a 11 peab 21 b 31 (be)3

2 a 12 peae 22 ot 32 ((be)?)®

3 a® 13 peabe 23 cbe 33 ((bc)®)ae
4 g 14 ab 24 cobe 34 ((be)3)ace
5 acbh 15 (ab)® 25 cbea 35  (ac)?

6 acbcbc 16 (ab)ca 26 cabca 36 ((ac)2)b

7 b 17 (ab)e®® 27 cbeac 37 ((ac)?)be

8 be 18 ab) cac 28  cabcac 38 ((ac)z)bcb
9 ) 19 ¢ 29  cbeach 39 ((ac)?)bebe
10 b 20 @ 30 cabeach 40 ((ac)?)bebed

Proposition 5.2.48. There exists exactly one Majorana representation of the form (G,T1,V)
where

The algebra V' contains sizteen 3A axes and forty-two 4A azxes. The nullspace of V is 38-

dimensional and so the algebra is 54-dimensional.

Proposition 5.2.49. There exist no Majorana representations of the form (G,Ta, V') where

Ty :={t; | 1 <i <40}

Proof. Suppose for contradiction that such an algebra exists. Then t1t3 = (ac)? = t35 and so

the algebra ({a1,as)) is of type 24 and
1
aj - ag = ﬁ(al + as — ass).

We then calculate that )

(a1 - ag,a7) = ok
However, tot7 = a®- b= (1,2)(5,7,6,8) and (tat7)? = tg € T» and so the algebra ((az,as)) is of
type 4B and

1
ag - a7 = 276(@ — a3+ as + a7 — a2).
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We then calculate that

((117 as - 0,7) =0.

Thus we have

(a1 - az,a7) # (a1,az - ay)

and so the algebra does not obey axiom M1. O

5.2.15 The Group 2 x Sx

Proposition 5.2.50. Let G = (a,b,c) = 2 X S5 be a triangle-point group. Then G admits

exactly one Majorana representation of the form (G,T,V) where a,b,c,ab € T.

Proof. From Tables and we see that G must be equal to Gy = G*:5:6),

If we let
a = (172)v b:= (132)(3a4)(677)7 = (135)(2a3)(677)

then a,b, ¢ satisty the relations of G4 and generate a group of order 240 and so we can take

G = (a,b,c). We label the conjugacy classes of involutions of G C1,...Cj5, as below.

i C; ICil | ¢ C; |C]
1 a“ 10 | 4 (ac)? 15
2 ¢ 15 | 5 (ab-a®)? 1

3 (ab)® 10

The group G clearly contains a subgroup K which is elementary abelian of order 8 and so T
cannot contain all involutions of G. By assumption, 7' must contain the classes o, b“, ¢© and
(ab)®. By axiom M8, T' must also contain (ab-a®)3. This leaves us with just one possibility for
T:

T1201UCQU03UC5.

We have checked in GAP that T gives exactly one Majorana representation, details of which are

given in Proposition O

In the following, we label the elements of T' as below.
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it it it
1 (1,2 13 (1,4)(2,3)(6,7) 25 (2,5)(3,4)(6,7)
2 (1,3) 14 (1,2)(3,5)(6,7) 26 (1,2)(6,7)

3 (1,4) 15 (1,3)(2,5)(6,7) 27 (1,3)(6,7)

4 (1,5) 16 (1,5)(2,3)(6,7) 28 (1,4)(6,7)

5 (2,3) 17 (1,2)(4,5)(6,7) 29 (1,5)(6,7)

6 (2,4) 18 (1,4)(2,5)(6,7) 30 (2,3)(6,7)

7 (2,5) 19 (1,5)(2,4)(6,7) 31 (2,4)(6,7)

8 (3,4) 20 (1,3)(4,5)(6,7) 32 (2,5)(6,7)

9 (3,5) 21 (1,4)(3,5)(6,7) 33 (3,4)(6,7)

10 (4,5) 22 (1,5)(3,4)(6,7) 34 (3,5)(6,7)

11 (1,2)(3,4)(6,7) 23 (2,3)(4,5)(6,7) 35 (4,5)(6,7)

12 (1,3)(2,4)(6, 24 (2,4)(3,5)(6,7) 36 (6,7)

Proposition 5.2.51. There exists exactly one Majorana representation of the form (G,T,V)

where

The algebra V also contains ten 3A axes, thirty 4A azes and siz 5A axes. Its nullspace is 21

T:={t;|1<i<36}.

dimensional and so the algebra V is 61 dimensional.

5.2.16 The Group 2°: D,

Proposition 5.2.52. Let G = (a,b,c) = 25 : Dyy be a triangle-point group. Then G admits

exactly one Majorana representation of the form (G,T,V) where a,b,c,ab € T.

Proof. From Tables [3.3] and we see that G must be equal to Gg. If we let

then a, b, ¢ satisfy the relations of G and generate a group of order 384 and so we can take

G := {(a,b,c). We label the conjugacy classes of involutions of G C1,...C3, as below.

i G ICil | i G |Cil
1 a“ 6 ((ac)®)€ 6

2 B¢ 12 ((a-b%)%)C 6

3 ¢ 12 | 10 (ab-bcee)C 3

4 (ab)® 12 [ 11 ((a-c)H)¢ 3

5 ((be)®)® 4 |12 (bc- (ab)tea)¥ 12
6 ((abc)®)“ 4 |13 (ac-cbeach)@ 6

7 ((ab-b°)%)¢ 1

By assumption and by axiom M8, T must contain X :=C7; UCy UC3 U Cy UC5 U Cg U C.
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The group G contains the following subgroups

Ky = {(a,b, (ab-b%)3) =23
Ky := (a, b, b*°) = 23
Ks = (a, b, abebe) = 93
Ky := (b, (bc)?, ab™*c) = 23

Ks = {(a- b ((a-b%)?), (ab- b)) = 2°.

We use these groups, along with the fact that if, for some 4, |[K; N T|€ {5, 7} then the represen-
tation (G, T, V') cannot exist. Note that

|[KiNX| =6, |K;NCyl=1

|[KoNX| =5, |KaNCol=1, |[KaNCiol=1

|[KzsNX| =6, |K3sNChl=1

|[KyNX|=5, |KyNCiol=1, |[K4NCia|=1
|[KsNX|=3, |KsNCs|=1, |KsNCy|=2, | K5 N Crs|=2

and so T must contain C}g, cannot contain any of Cy, Cq1, C12 and cannot contain both Cg and

C13. Thus there are just three possibilities for the value of T

i T T | i T ||
1 XuCy 54 3 XUCizUCis 60
2 XUCi;ouUCy 60

We show in Propositions|[5.2.53|and [5.2.55|that there are no representations of the form (G, Ty, V)
or (G,T3,V). We have checked in GAP that T» admits exactly one Majorana representation,
details of which are given in Proposition [5.2.54] O

In the following, we label the elements of the T; as below.
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vt it Tt vt

1 a 18 peabeabe 35  (ab)**® 52 ab-b°

2 af 19 ¢ 36 (ab)e*c 53 (ab-beec)°

3 at 20 37 (ab)te 54 (ab-beec)®

4 acte 21 38 (ab)bee 55 (ac)?

5 a? 22 ¢ 39 (ab)< 56 ((ac)?)

6 acbcbc 23 cbc 40 (ab)cbvab 57 ((ac)Z)bc

7 b 24 cobe 41 (ab)ebebe 58 ((ac)?)beb

8 be 25 chea 49 (ab) cbcabe 59 ((ac)2)bcbc

9 b 26 cobea 43 (be)? 60 ((ac)?)bebeb
10 b 27 (beac 44 ((be)®)e 61 ac- cboacd

11 bcab 28 Cabcac 45 ((bC)S)aC 62 (ac . Cbcacb)b
12 peac 29 Cbcacb 46 ((bc)3)aca 63 (ac . Cbcacb)c
13 peabe 30 cabeach A7 ( abe)3 64 ( ac - cbcacb)bc
14  peabea 31 ab 48 ((abc)®)® 65 (ac- cbeack)eb
15  peabed 32 (ab)© 49 ((abe)3)ee 66 (ac - cbeach)beb
16 beabead 33 (ab)™ 50 ((abe)?)ee

17 peabebe 34 (ab)*® 51 (ab-b°)3

Proposition 5.2.53. There are no Majorana representations of the form (G,Ty, V) where

T1 :XUCloz{tZ|1§z§54}

Proof. Suppose for contradiction that such an algebra exists. From the known values of the

algebra and inner products on dihedral algebras, we calculate that

1 1

(a1 - a7,a19) = 2*3(611 + a7 —azy,aig) = 58

Now, the dihedral algebra ({(a7, a19)) is of type 6A and contains the 34 algebra ({(a7,a11)) and

SO

ar - a9 = 2*6(07 — a1 — aie + aig — azs — asgs + as1) + 511 Up(tr,tn):

We now determine the value of (a1, uy(t,,¢,,))- Firstly, using the known values of dihedral algebras

as before, we calculate that

1 1
(a1 -ar,a11) = (a1 + a7 —asi,a11) = .
23

27
Conversely,
1 135 11 135
(al,a7 : an) = 2*5(01,2117 + 2a11 + a16) - QT(alaup(t7,tu)) = 910 QT(alaUp(t7,tu))
therefore, by axiom M1,
2

(a1, Up(tr111)) = 2.5

We can now calculate that

1
(a1, a7 - ar9) = 5
This contradicts axiom M1 and so such an algebra cannot exist. O
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Proposition 5.2.54. There is exactly one Majorana representation of the form (G, T, V') where
TQ I:XU08UC10:{t1‘ | ].SZSGO}

The algebra V' contains sizteen 3A axes and one hundred and fifty-sixz 4A azes. Its nullspace is

132-dimensional and so the algebra V is 100-dimensional.
Proposition 5.2.55. There are no Majorana representations of the form (G, T3, V) where
T3 IZXUCmUClg:{ti | 1§Z§54}U{tz|6lg’b§66}
Proof. We will show that if such a representation were to exist then it would contain a subalgebra
U which is a Majorana representation of the form (G,T1,V). As we have shown in Proposition

[5:2353] that such a representation which obeys axiom M8 cannot exist, this implies that the

representation (G, T5, V) cannot exist either.

As Ty C T3, we can take U = ((¢(t) | t € T1)), where v is the bijective mapping associated with
the representation (G, T3, V). Then this algebra is clearly a Majorana representation of the form
(G,T1,U) which is contained in V.

In particular, we have checked that for all t,s € Ty, ts ¢ {t61,...,tes} this means that the

representation (G,T1,U) obeys axiom M8 and so neither U nor V' can exist. O

5.2.17 The Group 2*: (S3 x S3)

Proposition 5.2.56. Let G = (a,b,c) = 2* : (S3x S3) be a triangle-point group. Then G admits

exactly one Majorana representation of the form (G,T,V).

Proof. From Tables [3.3] and [3:4] we see that we must have
G =(a,b,cla®,b?,c? (ab)? (ac)®, (be)®, (abe)®, (a - b%)*,a- (b c™)%).

If we let

Then a, b and c satisfy the presentation of G and generate a group of order 576, so we may take

G = (a,b,c). We label the conjugacy classes of involutions of G C1,...Cs, as below.

i G ICi| | i C; |Cil
1 a 12 | 4 (abe)? 6
2 12 |5 (a-b%)? 9
3 ¢ 36
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By assumption, 7" must contain Cy, Cs, C3 and C4. However, as G clearly contains an elementary
abelian subgroup of order 8 so T' cannot contain all involutions of the group G. Thus we have

just one choice for the value of T"
T:=CiUCyUC3UCCy.

We have checked in GAP that T gives exactly one Majorana representation, details of which are
given in Proposition O

In the following, we label the elements of T" as below.

1 a 18 peac 35 cacbc 52 cbcacabc

2 a’ 19 bcabc 36 Cbcac 53 Cabcacac

3 ace 20 peaca 37 Cabcac 54 Cabcacbc

4 acb 21 bcabcb 38 cacbca 55 cacbcaca

5 acab 29 peacac 39 cacbcb 56 cacbcacb

6 acbc 23 bcabcbc 40 Cacbcab 57 Cacbcabca

7 acabc 24 bcacacb 41 Cbcaca 58 Cacbcabcb

8 acbcb 25 c 49 cbcacb 59 Cacbcabcac

9  qgeabe 26 43 cbeacab 60 ab

10 qebebe 27 & 44 cobeaca 61 (abc)?

11 acabcac 28 Cab 45 Cabcacb 62 ((abC)S)a
12 acbcbca 29 cac 46 cabcacab 63 ((abc)3)ac
13 b 30 b 47 ocbeac 64 ((abc)3)e
14 b 31 cobe 48 cocbebe 65 ((abc)?)act
15 pea 32 Cacb 49 Cacbcabc 66 ((abc)3)acab
16 bcb 33 cbca 50 cbcacac

17 bcab 34 cabca 51 cbcacbc

Proposition 5.2.57. There is exactly one Majorana representation of the form (G,T,V') where
T:={t; |1 <i<66}.

The algebra V' contains fifty-siz 3A azxes and ninety 4A azes. Its nullspace is 119-dimensional

and so the algebra is 93-dimensional.

5.2.18 The Group 2*: A;

Proposition 5.2.58. Let G = (a,b,c) = 2% : A5 be a triangle-point group. Then G admits

exactly one Majorana representation of the form (G,T,V) where a,b,c,ab € T.
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Proof. From Tables 3.3 and we see that G must be equal to G7. If we let
a:= (1,2)(3,4)(5,6)(7,8)(9,10)(11,12)
b= (1,11)(2,12)(3,9)(4, 10)(5, 6)(13, 14)
c:= (1,3)(2,15)(4, 13)(6, 12)(7, 11)(14, 16)

then a,b, c satisfy the relations of G7 and generate a group of order 960 and so we can take

G := {(a,b,c). We label the conjugacy classes of involutions of G C1,...Cj3, as below.

e Gl | i Gy (&1
1 a“ 60 |3 ((b-c*)?)¢ 5
2 ((ac))¢ 10

By assumption, a € T and by axiom M8, (ac)® € T. Moreover, G contains an elementary abelian
subgroup of order 8 and so T' cannot contain all involutions of G. Thus we have one choice for
the value of T":

T, := C1UCs.

We have checked in GAP that 77 gives exactly one Majorana representation, details of which
are given in Proposition [5.2.59] O

In the following, we label the elements of T' as below.

11 i1 Tt T 1

1 a 19 acabcbcac 37 bcabcac 55 (ab)cacbcab

D) ac 20 qcabcbeaca 38 peabebe 56 (ab) cacbcac

3 ac? 21 acabcbcacb 39 bcabcaca 57 (ab) cacbcbe

4 a(‘b 22 b 40 bcabcacb 58 (ab) cacbcbeb
5 ac cab 23 bC 41 bcabcacab 59 (ab)cacbcbcbc
6 acbe 24 peo 49  pcabcache 60 (ab) cacbcacabe
7 acobe 25 b 43 ab 61 (ac)®

8 e 26 beob 44 (ab)* 62 ((ac)?)®

9 ae 27 beae 45 (ab)™ 63 ((ac)®)¥

10 acbead 28 bebe 46 (ab)® 64 ((ac)®)bee
11 gcabea 29 peabe 47 (ab) cac 65 ((ac)?))bcb

12 gcabed 30 peaca 48 (ab) cbe 66 ((ac)3)bc“b
13 gcabeab 31 pebea 49 (ab)caca 67 ((ac)?’)bd’c
14 acbcac 32 bcbcb 50 (ab)cacb 68 ((ac)S)bcabc
15 qcbcabe 33 peabea 51 (ab)cacac 69 ((ac)?’)bd’ca
16 acabcac 34 bcabcb 592 (ab)cacbc 70 ((ac)fi)bcabca
17 acabcbc 35 bcabcab 53 (ab) cacbca

18 acabcbca 36 bcbcac 54 (ab) cacbcb

Proposition 5.2.59. There exists exactly one Majorana representation of the form (G,T1,V)
where
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The algebra V' contains forty 3A axes, ninety 4A azxes and ninety-siz 5A axes. Its nullspace is

171-dimensional and so the algebra is 125 dimensional.

5.2.19 The Group 2 x Sg

Proposition 5.2.60. Let G = (a,b,c) = 2 x Sg be a triangle-point group. Then G admits

exactly one Majorana representation of the form (G,T,V) where a,b,c,ab € T.

Proof. From Tables and we see that G must be equal to Gg. If we let
a:=(1,2), b:=(1,2)(3,4)(5,6)(7,8), c:= (2,3)(4,5)(7,8)

then a, b and c generate a group of order 1440 and satisfy the presentation of Gg and so we may

take G := (a,b,c). We label the conjugacy classes of involutions of G C1,...C7, as below.

i C; ICi| | i C; |Cil
1 a 15 |5 (be)? 15
2 b 15 | 6 (a-((ac)?)’)? 1

3 ¢ 45 |7 (a-b9)? 45
4 (ac)? 15

By assumption and by axiom M8, T' must contain C; U...U Cg. The group G clearly contains
an elementary abelian subgroup of order 8 and so 7" cannot contain all involutions in G. Thus

we have only one choice for the value of T
T2101UCQU03UC4UC5U06.

We have checked in GAP that T" admits exactly one Majorana representation, details of which
are given in Proposition [5.2.61} O

Proposition 5.2.61. There exists exactly one Majorana representation of the form (G, T,V)

where
6

T:=|JCi={t:|1<i<106}.
i=1
The algebra contains forty 3A axes, four hundred and five 4A azxes and thirty-six 5A azes. The

nullspace is 436-dimensional and so the algebra is 151-dimensional.

5.2.20 The Group 2°: S;

Proposition 5.2.62. Let G = (a,b,c) = 2° : S5 be a triangle-point group. Then G admits

exactly one Majorana representation of the form (G,T,V) where a,b,c,ab € T.
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Proof. From Tables 3.3 and we see that G must be equal to G1g. If we let

a = (1,2)(3,4)(5,6)(7,8)(9,10)(11, 12)
b= (1,3)(2,4)(5,7)(6,8)(9,11)(10,12)
c = (1,8)(2,6)(3,9)(4,12)(5,10)(7, 11)

then a, b and ¢ generate a group of order 3840 and satisfy the presentation of G1g and so we

may take G := (a, b, c). We label the conjugacy classes of involutions of G C1,...Cr, as below.

i G G | i G |Ci
1 a 60 | 5 a-(b-c™)? 15
2 ¢ 40 | 6 ((ac)? - (be)?)? 15
3 (ac)? 40 | 7 (a-cb)? 60
4 ((ac)3 . c(lbc)3 1

By assumption and by axiom M8, 7" must contain X := C;UC3UC3UCY. The group G contains
the subgroups

K := {c, (ac)?, (c - c*b)?) = 23
K2 = <(l,CaCb, ((abc)3)a-bc-abc> o~ 23

K3 = {(a,c®, (b-c*)?) = 23,
Note that
|K1ﬂX| :6,\K1006|: 1

|K2ﬂX| :6,‘K2007|:1
KN X|=5|K3sNCs|=1,|K3NCr[=1

and so T must contain Cy but cannot contain either Cg or C7. Thus we must have T :=
X UCs. O

Proposition 5.2.63. There is exactly one Majorana representation of the form (G,T,V) where
T = X UC5. The algebra contains one hundred and twenty-nine 3A azxes, one thousand and
twenty 4A azes and ninety-six 5A axes. Its nullspace is 1201-dimensional and so the algebra is

231-dimensional.
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5.3 The 3-closed examples

We now deal with the two non-existence results which involve algebras which are not 2-closed.
These proofs are rather involved and are presented here in order to show the logical steps of the
argument rather than the full details of the calculations. All calculations have been performed

in GAP and are reproducible using the tools available as part of the package MajoranaAlgebras
[WP].

5.3.1 The Group 2*2

Let
a:=(1,2)(3,4), b:=(5,6)(7,8), c:=(1,3)(5,7)

and let G = (a,b,c) = 2%.2.

In the following, we label certain involutions of G as below.

it 1 t; 7 t;

1 a g8 15 (a-b%)°
2 a 9 ab 16 ab-b°

3 b 10 (ab)° 17 (ab-b°)°
4 b 11 (ac)? 18 ab-a®

5 ¢ 12 (be)? 19 (ab-a®)°
6 c* 13 (abc)?

7 14 a-b°

Proposition 5.3.1. There exist no Majorana representations of the form (G,Ts,V)
In the following, we suppose that there exists such an algebra V and let a; := 9 (¢;) for 1 <i < 10
and 14 <7 < 19.

Lemma 5.3.2. Suppose that V is a Majorana algebra as in Proposition|5.53.1 Then Table 5.2

gives the value of the inner product on certain vectors of V.

Proof. We use axiom M1 to find the required products.

Row 1 First,

1 5 3
(a1,a6 - ag) = 2?(@173‘16 + a7+ 3ag + a10 — 3Vp(t.,19)) = 29~ %(ala Vp(teto))-

Conversely,

1
(a1 - ag,a¢) = 53(a1 —az + ag, ag) = 28

23

Axiom M1 then implies that (a1, v(.t9)) = 2% as required.
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i | u v (u,v)
1
Ll a Up(te,to) 35
2| a L
3 Up(ty,ts) 23
1
3| as Vp(te,to) 2
1
4| as Up(ts,tic) 23
5| a L
14 Up(te,to) 25.3
6| a L
16 Up(te o) 55
71 a L
18 Up(te to) 7
8 | a- . _2
3 a1 - VUp(tg,to) 26

Table 5.2: Some inner product values on V for G = 24.2

Row 2 First,

1 5 3
(az,a1 - as) = 2—6(a3,3a1 +az + 3as + ag — 3V, 45)) = 2~ ﬁ(a&”ﬂ(tl,ts))-

Conversely,
L 1
(a1 - a3, a5) = 3 (a1 + a3 —ag,as) = 3

Axiom M1 then implies that (a3, v, +5)) = 2% as required.

Row 3 First,

1 5 3
(a3, a6 - ag) = 273(a3,3a6 + a7 + 3ag + a0 — 3Vp(t4,19)) = 29~ ¥(a3, Vp(ts,te))-

Conversely,

1
(a1 — a3 — ag,a6) = —.

1
(a3 - ag, ag) = —5 58

923
Axiom M1 then implies that (as,vp(ts,t0)) = 55 as required.

Row 4 First,

1 5 3
(as,as - aig) = %(as, 3as + ag + 3aie + a7 — 3Up(t5,t16)) = 29~ 2*6(0137Up(t5,t16))'

Conversely,

1 1
(a3 - aie,as) = —(az — ajs + aig, a5) = =

23 28
Axiom M1 then implies that (a3, v,;.4,4)) = 2% as required.
Row 5 First,
1 1 3
(a14, a6 - ag) = 27(“14’ 3ag + a7 + 3ag + a10 — Vp(tg,t0)) = 59 2*6( 145 Up(te to) ) -

Conversely, ag - a14 = 0 and so (ag - a14,a16) = 0. Axiom M1 then implies that

_ 1 .
(@14, Vp(t,t9)) = 333 as required.

Row 6 First,

1 5 3
(a16,a6 - ag) = 275(%67 3ag + a7 + 3ag + a0 — 3Vp(t4,t9)) = 29~ 2*6(‘“6’ Up(te to))-
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Conversely,

1
(a9 : a167a6) = —2*3(a4 —ag — a167a6) = 278
Axiom M1 then implies that (aig, Up(t@,tg)) = 2% as required.
Row 7 First,
1 5 3
(a18, 6 (19) - 276(6“87 3a6 a7+ 3(19 +aio — 3/Up(t67t9)) = ? - 276(0’1877)10(%,1‘/9))).
Conversely, 1
(ag : a187a6) = 7273((12 — ag — CL187CL6) = 2—8

Axiom M1 then implies that (ais,vy(4,t)) = 2% as required.

Row 8 Using the inner product values given by rows 1 and 3 of this table, we calculate that

(a3, a1 - Vp(tg,t0)) = (A1 - A3, Vp(ag,t0)) = 2f3(a1 + a3 — a9, Vp(ig 1)) = —2%.
O
Lemma 5.3.3. Suppose that V is a Majorana algebra as in|5.5.1. Then
a10 - (Vp(ts,t15) T Up(te,trs)) = — ﬁ(ﬁu — as — 2a4 + ag — baig + 2a16 — 2a19)

1 1
- 274<vp(t1¢5) + Uﬁ(tl,h)) - 275(1]9(755,%) + 3vp(t6,t9))

1

+ 273(1]/)(155,7518) + Up(te‘,tlg)) +2ay - Up(te,to)-

Proof. The dihedral algebras ({a1,a10)) and ({ag, a10)) are of types 24 and 4A respectively and
SO
. 1 (a10)
ag = 2a¢ + 2a7 — §a10 + Vp(te,te) € Vo
1
Bo == f§(2a6 + 2a7 + ag + a10) + Vp(te,ty) € V(ij)
2
1
S22
pr1:=a1 —ayg € VSIO)-
22

o = aq ap + a9 € Vo(am)

Using the inner product values given by rows 1 and 7 of Table 5.2, we calculate that (5y, 31) = 0.

Thus, using the fusion rules,

a1o - ((a0 = Bo) - (1 — B1)) = —2%(040 - B1+ o1 - Bo). (5.1)

We calculate that

(a17 — 6a1s)

1 1 1
(a0 = Bo) - (a1 = f1) :237.(01 + 2as5 + Sag + 2a7 + 2as) + ?(ag +a) — 2.3

3
13 1 1
+ 23 . 30‘19 + 274UP(t6,t9) - 272(/09(75571518) + UP(tG,hs))'

Thus

1 1
aio - ((ao — Bo) - (a1 — B1)) = a1 + ———=(2a3 + as + ag + a7 + ag + ag + 13a10)

o4 26.3

1 1

- 257.3(2(116 + a7 — a1s — 6arg) — ?(vp(t{;,tg) + Vp(tg,to))
1

- 27a10 : (Up(t5.,t18) + UP(tG,hs))'
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It remains only to calculate that

1 1 1
- f1+oq-fo=— 23,3(a1 —az —as) — m(a5+a6+a7+a8) - g(ag-i-am)
1 1
+ ﬁ(aw — 2a15 — 4azg) — ?(Up(tlﬂ%) + Up(ta t2) T Up(to.to))
1
+ 273(UP(755¢18) + Uﬂ(tts,tls)) + 2a; - Up(te,to)"
Putting these values into (5.1) give the value of a1 - (Vp(ts,415) + Vp(te,t1s)) @S Tequired. O

Lemma 5.3.4. Suppose that V' is a Majorana algebra as in Proposition|5.3.1L Then

1

(bag — a17) — %3

(a18 - C119)

96 . g\t T 42) T g s T ) T o6y

1 1
- 275(Up(t1;t5) + Up(t17t7)) + 275(Up(t57t16) - Up(t7,t16)) +a - Up(te,te)-

16 " Up(te,te) =

Proof. The dihedral algebras ({ag, a10)) and ({a10,a16)) are of types 44 and 2A respectively and

SO
L _ 1 (a10)
ap = 2a¢ + 2a7 2a10 + Vp(te,te) € VO

1 a
Bo 1= _§(2a6 +2a7 + ag + a10) + Vp(te,t0) € Vz(%m)

1
ap = 7?0,10 + aig +aig € Vo(am)
61 = a1 — a18 € Vi;lm).
2

Using the inner product values given by rows 6 and 7 of Table 5.2, we calculate that (8o, 31) = 0.

Thus, using the fusion rules,

aro - (a0 — Bo) - (1 — B1)) = *2%(040 - B1+ a1 - Bo). (5.2)

We calculate that

1
(2&2 - 2(15 - 5a6 - 50,7 - 2(18) + 27(0,9 - alo)

(@0 = fo) (a1 = B1) =~ 555

1 1 1
+ 53 3016 + 13a1s — 4a19) = o5 (Vp(as,t1s) + Vptotis)) 57 p(t6,t0)-

Then, using the value of a1 - (Vp(t5,t,5) + Vp(ts,t1s)) given by Lemma we calculate that

1 1
ao - ((Oéo — ﬁo) . (041 — 51)) = ﬁ(5a1 — 2ay9 — 2a3 + CL4) + 267.3(&5 +ag + a7 + ag)
1 1 1
+ 56 (@0 + a10) = 5552016 — 3a1s) + 55 (Vp(ur,t0) + Vp(er,m)

1 1
+ ﬁvﬂ(te’ts) - 275(vp(t5’t18) + Up(tﬁﬁtls)) - 5“1 “Up(te,to):

It remains only to calculate that

1 1 1
op - P41 fo = m(az +aq) — m(a5 +ag + ay +ag) — ?(ag + a1o)
1 1
B 23.3 (CL16 —a17 +4a1g + 2&19) - 274(Up(t5,t15) + VUp(te,tie) + Uﬂ(tﬁ,tg))

1
+ 273(1}9(155,7518) + Up(t67t18)) + 2a16 - Up(ts,to)"

Putting these values into (5.2) gives the value of a6 - vp(s4,0) s required. O
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Proof of Proposition|5.3.1, We will show that such a Majorana representation cannot obey ax-

iom M1. Using the inner product values in rows 3, 5 and 6 of Table 5.2 we calculate that

5

(as : a167vp(t67t9)) = ﬁ(as — a4 + a167vp(t6,t9)) = 2?_3'

Now, the value of a1 - v 1) 18 given by Lemma Using the inner product values in rows
2, 4 and 8 of Table 5.2 we calculate that

5

(a3, @16 - Vp(to,10) = ~ 55 3-

In particular, (a3 - @16, Vp(ts,t0)) 7 (a3, 016  Vp(tg,to)), N contradiction with axiom MI. O

5.3.2 The Group 23.23

Let
a:=(1,2)(3,4), b:= (1,3)(2,4)(5,6)(7,8),c:= (1,5)(2,7)

and let G = (a,b,c) = 23.23.

In the following, we label certain involutions of G as below.

1t Tt Tt

1 a 10 ¢* 19 (be)?

2 a° 11 e 20  ((bc)?)e

3 a®? 12 ¢ 21 (abc)?

4 actc 13 ab 22 ((abc)?)e

5 b 14 (ab)° 23 acabebe

6 b° 15 (ab)*® 24 (acabcbe)®
7T b 16 (ab)eec 25 (acabcbe)®
8 b 17 (ac)? 26 (acabcbe)™
9 ¢ 18 ((ac)?)® 27 (a-b%)?

Proposition 5.3.5. There are no representations of the form (G,T1, V) where

We first give a brief summary of the proof of this result. In Lemma [5.3.6] we give some of the
inner products on the 2-closed part of the algebra. In Lemma [5.3.10| we give some of the inner
products on the 3-closed part of the algebra, using the algebra products given in Lemmas [5.3.

and Finally, Lemma gives one further algebra product which then allow us to

prove our main result.

In the following, we suppose that there exists such an algebra V and let a; := 9(¢;) for 1 <14 < 16.

Lemma 5.3.6. Suppose that V is a Majorana algebra as in Proposition[5.53.5. Then Table 5.3

gives the value of the inner product on certain vectors in the 2-closed part of V.
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i |u v (u,v)
3
1 a1 Up(ts,to) 23
2 |a v L
3 p(t1,to) 233
3
3 | as Up(t:,to) 25
1
4 | ag Up(t1,t6) 27
1
5 Qg Up(t,ti1) 23.3
6 | a v L
9 p(ts,t10) 23.3
7 | a v L
9 p(te,t13) 27
3
8 @13 Up(ty,t11) 55
3
9 | a3 Up(ts,to) P
10 | v v L
p(t1,to) p(t1,t11) 32
11 | v v =
p(t1,to) p(ts,to) 32
12 | v v L
p(t1,to) p(ts,t10) 2.32
19
13 Up(ty,t14) Up(ta,t11) 23.32

Table 5.3: Some inner product values on the 2-closed part of V for G =2 23.23

Proof. In most cases, we use the orthogonality of eigenvectors (Lemma in order to calculate
these inner product values. As such, we begin by listing some eigenvectors of axes of V. These
eigenvectors can all be deduced from the shape of the algebra and the known eigenvectors of
dihedral algebras.

The following are eigenvectors of a;:

a(()al) ‘=az € Vo(al)

a 1 a
Ozg 1) = —§a1 + 2a11 + 2a12 + Up(ty,ti1) € VO( v

a 1 ¥
(() V. _g(cn +az + ag + a12) + Vy(r, 1g) € Vz(%l).

The following are eigenvectors of aig:

Oé(()am) ‘= ag € Vo(alo)
a 1 “
ol = 245 + 204 — 5010 F Vp(ts,ta) © Ve

a 2 — + t V
a2( 10) = 2(1,] + 2a9 f;aw 'Up(th 9) = 0( v

(a10) , 2a0 + a +a p(t1,tg 7(2 v
30 . g(‘2(1]—|— 2 9 )+’U(1,t)EV1

1 1 1
%a 0) = 75(20,5 + 2a7 + a9 + alg) —+ Up(ts,t10) e Vi: 0).
2
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The following are eigenvectors of ai1:
a(()an) = ag € Vo(au)

a 1 a
(() 1) . —§(2a1 +2a3 + ain +ai2) + Uy 0,) € yla)

1 .

22

Row 1 First,

1 17 3
(a1,as5 - ag) = ﬁ(aly 3as + ag + 3ag + a11 — 3Vp(¢5.10)) =

ﬁ — 2—6(0,1, 'Up(t:s,t%)))'
Conversely,

1
(a1 . a5,ag) = *((11 +as — a137a9) = 98"

23
Axiom M1 then implies that (a1, v, 1)) = 2%, as required.

Row 2 This is given by the equality (a((]a‘), (()“1)) =0.

Row 3 First,

1 17 3
(a5, aj - ag) = %(a& 3@1 + as + 3(19 “+ a9 — 3vp(t1,t9)) = 21 - 26 (a5, vp(tl,tg))

Conversely,

1 1
(as - ay,a9) = ?(al +as — a3, a9) = —

28"
Axiom M1 then implies that (as, v, 1)) = 35 as required.

Row 4 Using row 1 for the value of (a1, v, +,)), We calculate that

1
(a1,0a6 - ag) = ﬁ(al, as + 3ag + 3ag + a11 — 3Vp(, 1)) = 310"
Conversely,

1
((11 : a63a9) = 56

1
56 (a1 + aa + 3a6 + a7 = 3Vy(1,45), a9) = 55 ~ 55(9, Vp(er ) )-

Axiom M1 then implies that (ag, v, 1)) = 2%, as required.

Row 6 This is given by the equality (a(()a“) (()““)) =0.

Row 7 This is given by the equality (a(()a“’), BY“O)) =0.
Row 8 Using row 9 for the value of (a13,v,,,+,)), We calculate that

1 1
(a13,a6 - ag) = %(0137 as + 3ag + 3ag + a11 — 3Vp(t5 1)) =

510"
Conversely,

1 1 3
(a13 - ag, a,g) = ¥(3a6 + a7 + 3a13 + aig — 3Up(t6,t13)a ag) =

278 - 2*6(0197'Up(t6,t13))-
Axiom M1 then implies that (ag, v,(ts.t,4)) = 2%, as required.

Row 9 First,

1
93 (a11,a1 + a13 — as) = 28

(011#11 '013) =

Conversely,

1 17 3
((111 'a17a13) = 2?(3041 + a3 + 3a11 + a12 — 32}p(t1,t11),a13) = —

QT - 26( 137vﬂ(t17t11))'

Axiom M1 then implies that (a13,v,x,,4,,)) = 2%, as required.
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Row 10 First,

1 17 3
(a13,a5 - ag) = 273(01373(15 + ag + 3ag + a11 — 3,5,10)) = o 27;( 1, Up(ts te))-
Conversely, )
(a13 - as,ag) = 5(013 +as —ai,a9) = 28"
Axiom M1 then implies that (a13,v,(5,49)) = 2%, as required.

Row 11 This is given by the equality (!, 3*")) = 0 along with the values of (as, Up(ts ta1))

and (@11, Vp(t, te)) = (@12, Vp(ty ,0)) = (@9, Vp(t, 1)) @8 given by rows 2 and 5 respectively.

(a10)

Row 12 This is given by the equality (aﬁ““’), o ') = 0 along with the value of (a3, v, 1)) =
(a4,vp(t17t9)) = (ay, Up(tg,tg)) = (ag,vp(t?”tg)) as given by row 2.

(a10) (a10)

Row 13 This is given by the equality (ay ', 3;""°") = 0 along with the values of (a1, vt ,t,0)) =

(@2, Vp(ts,t10))s (@5, Vpty o)) = (@7, Vpty 10)) @0 (@12, Vp(t, 1)) @S given by rows 1, 3 and 5

respectively.

Row 14 First, using the value of (a1s, vp(t%tu)) as given by row 8, we calculate that

1
(@15, @4 Vp(ty,11,)) = —27(0157612 = Bag + 2a11 + 2a12 — 3Up(15,611)) = R

Conversely, using the values of (a1, Vp(ty,4,,)) and (@14, Vp(ts,t,1)) = (A15, Vp(ea,e1,)) @S given
by rows 2 and 8 respectively, we calculate that

1
(CL15 c a4, Up(tg,tll)) = 2?(“1 + 3aq4 + a14 + 3a15 — 3vp(t1,t14)7 vp(tz,tn))

37 3
29 .3 B %(vp(tz,tn)?Up(tl,t14))-

Axiom M1 then implies that (v, ¢1,), Up(ta,tr1)) = 3542, S required.

Lemma 5.3.7. Suppose that V' is a Majorana algebra as in Proposition|5.3.5. Then

1 1
az - (a1 - 'Up(t27t11)) = m(al —3az +az —aq — 3Up(t1,t11) + 3Up(t2,t11)) + 2?(@2 : Up(t1,t11))'

Proof. The dihedral algebras ({as,a11)), ((a2,a1)) and {{as,a3)) are of types 44, 2B and 2B

respectively and so

1 a
—502 + 2011 + 2012 + Vp(ty,001) € vy

Qp -
a1 =ay € Vo(az)

o = asz € Vo(az)

Bo :

1 a
_g(ag + a4 + 2a11 + 2&12) + Vp(ta,t1n) € Vj%z)

We now use the fusion rules to determine further eigenvectors. We calculate that

1 1 a
a3 ‘= Qo - 1 — ?(3C¥1 + 0[2) = 27(2@11 + 2&12 — 3vp(t1,t11)) + aip - vp(t’z,tll) S Vb( 2)
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and

(3@1 + as + 2a11 + 2a19 — 3Up(t1,t11)) +ai - Up(ta,t1r) € V(IGQ).

1
B1i=ao- o= %3 5

We now use the resurrection principle to find the value of a3 - (a1 - v,(,,4,,)). Firstly,

1

az - ((043 —51)'042) = m

as - (a1 —2a3 + a1 + 2a12 — Svp(tl,tn))

1
28 3(3@2 + aq + 2(111 + 2@12 3Up(t27tu)) — 270,2 . vp(tl,tll)'

However, using the fusion rules,

1

ag - ((az = B1) - az) = —2*2/31 s
1 1
= 8 3((11 + a3z + 2a11 + 2a12 — 3'Up(t17t11)) — 27&3 . (a1 . Up(tz,tu))-
Equating these two expressions gives the value of a3 - (a1 - vy,,4,,)) as required. O

Lemma 5.3.8. Suppose that V' is a Majorana algebra as in Proposition[5.3.5. Then

1 1
ai - (a1 -v p(tzﬂfu)) 925 Bt 53 22 “Up(ta,tin)-

Proof. The dihedral algebras ((a1,a4)) and ({(a1,a11)) are of type 2B and 4A respectively. Thus

from the known eigenvectors of dihedral algebras,
ag = A
0o=a4 €V
S S PR p(an)
ap = 2a1 + 2a11 + 2a12 +Up(t1,t11) S

1 a
Bo = _§(a1 + a3 + 2a11 + 2012) + Vp(ty,t11) € V(%l)'
2

We now use the fusion rules to determine further eigenvectors. We calculate that

1 a
B1:=ap - By = ot 3(@2 + 3a4 + 2a11 + 2a12 — 3Up(t2,t11)) + G4 - Vp(ty,t1,) € Vj%l)

and

214 (a2 + 2a4 + 2a11 + 2a12 — 3Vp(t,41,)) + Q4 - Vp(ty 10,) € V( @)

We now determine the product a4 - (a4 - vy, +,,)). We do this using the resurrection principle
with ag and ;. Firstly,

Qg = Qg 1 —

1
ar - ((a2 —p1) - ) = ay - (22 3(02 + 3aq4 + 2a11 + 2a12 — 3Up(t27t11)) 'Oto>

1
=aj - (24 3(&2 + 9a4 + 2a11 + 2a12 — 3vp(t2,t11)))

1

28 3(3a1 + a3 + 2a11 + 2a12 — 3Up(t1,tu)) - 2701 *Up(ta,t11)-

However, using the fusion rules, we have

ar - ((a2 = B1) - ap) = a1 - (a2 - g — B1 - )
1
— 561 g

1
(ag 4+ 9a4 + 2a11 + 2a12 — 3Vp(15,1,,)) — 4 (ag - Vp(ty t10))-

28.3
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Equating these two expressions gives

1
aq - (a4 . UP(thtll)) = 2673(3@1 — az + az — 9@4 — 3’UP(t17t11) + 3Up(t2,t11)) + 270/1 . Up(t2,t11)'

Using this, we can now calculate that

By i =4ag - 51 = 241 3(3a1 +az + 2a11 + 2012 — 34, 4,,)) + Q1 Up(ea,tyy) € Vgl).
Moreover,
B3 := P2 — 4By = Pz = 253+ a1 Up(a ) EV( o,
We can then use 33 to calculate the value of ar - (a1 - Vp(ty,t,,)) 88 requlred. O

Lemma 5.3.9. Suppose that V' is a Majorana algebra as in Proposition[5.3.5. Then
1 1
a9 - ((Zl U/)(tz t11)) 27 3 (a1 “+ as + as + a4 + a1 + 7042) 28 (Up(tl,tu) + vp(tz,tn))

1
26 ((5a1 +3a3) - Vp(t,,,) — (4az +4ay) '”p(tl,tn)) )

Proof. The dihedral algebras ({a1,a12)) and ({as,a12)) are both of type 44 and so

ap = 2a71 + 2a3 — 52 —ao + Vp(ty,t11) S ‘/'0(1112)
o = 209 + 2a4 — 2 55012 + Vp(ta,t1,) € Vo(am)
1 a
Bo := —§(2a1 + 2a3 + a1 + a12) + Up(ty,t11) € V(%m)
2
1 a
B1 = —§(2a2 + 2a4 + a1 + 013) + Up(ta,t1y) € VQ%H).
From the fusion rules,
1
aiz - (oo — Bo) - (1 + 1)) = 27(@0 B — a1+ Bo — (Bo, Br)ai2). (5.3)
We calculate that
1 1 1
(040 - 60) . (041 + 61) = 32 (7a1 +az + Taz + a4) 22 Sziz 23. 3(7vp(t1,t11) + vﬂ(tziu))
16
+ ?(al *Up(ta,tin) +agz- Up(tz,tu))'
Thus
a1z - ((ao — Bo) - (a1 + p1)) = — 1 (Tar + ag + Tag + aq) — ! ——a —La
12 0 0 1 1)) =~ g e 3 2 4 55321~ 5 g2

16

— (@12 - (a1 - Vp(ty,001)) + @12 - (A3 Vp(ty,011)))-

1
+ 7(7Up(t1,t11) + vp(t27t11)) + 3

25.3

We now consider the right hand side of 1D We calculate that (8y,81) = 73% using the values

of (a1, Vp(ty,t11)) = (@3, Vp(ty.t11)) = (@2, Vp(ty,111)) = (@2, Vp(t5,80)) a0 (a13,Vp(t, 1,,)) as given by

rows 2 and 8 of Table 5.3 respectively.

Moreover,

1 1
ag-fP1—ar-fo=— m(al —az +az —ag) + ?(Up(tl,tll) - Up(tg,tll))
8
+ 3 (a1 +a3) - Vp(ea ) — (a2 +a0) - Vpger 1))
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T | u v (u,v)
1 aq a1 VUp(ty,t11) 231~3
2 | as A1 " Up(ta,tiy) 0

3 as aj - Up(tz,tll) 0

4 a4 A1 - Vp(tg,t11) 0

5 ag A1 - Vp(tg,t11) 261~3
6 | ag a1 Uptat)

7 a9 a1 Up(ts,t10) _2973
8 aiq a1 Up(ta,t11) QL6

9 | a3 a1 - Up(ta,t11) 261~3
10 | a4 a1 Up(ta,t11) 2813
11| gy to) A1 - VUp(tg,tin) 0
121 Up(ty,t0) a1 " Up(ta,t11) _231~3
13 Up(ta,t11) A1 " Up(ty,t1y) ﬁ
14 Up(ts,to) a1 " Up(tg,t11) _ﬁ
15 Up(to,t13) a1 Up(ty,t11) ﬁ
16 | a7 - Up(ta,tin) Q1" Up(ta,tyy) 2%
L7 1 a1 Vp(ty,tn) 01 Up(ts,te) _ﬁ

Table 5.4: Some inner product values on the 3-closed part of V for G =2 23.23

where all values are given by the known values of the algebra product on dihedral algebras,

except for the products v, 1,,) - Vp(zs,,,) Which cancel out.

Putting these values into (5.3) gives

a1 - (a1 - Vp(ty,t1,)) + @12 - (a3 - Vp(ey 10,)) (a1 +az + a3 + ag + a1y + Taio)
1

ST

263
1
(’Up(tl,tn) + UP(tQ,tu)) + ﬁ((a’l + (lg) *Up(ta,tin) — (a’2 + a4) 'Up(tl,tu))'

Finally, we note that (a1 - Up(ty,4,))"2 = a3 Up(ty,41,) SO that

1

a12 - (@1 Up(ty,tr1) — @3 Vp(ta t11)) = 2*5(01 Up(ta,tr) — @3 Vp(ta,ti1))
which allows us to calculate ais - (a1 - vp(tz’tu)) as required. O

Lemma 5.3.10. Suppose that V is a Majorana algebra as in Proposition|5.3.5. Then Table 5.4

gives the value of the inner product on certain vectors in the 3-closed part of V.

Proof. We use axiom M1 to recover the inner product values in all cases below.
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Row 1 From row 2 of Table 5.3, (ahvp(t%tn)) = ﬁ and so

1
(a1, a1 'vp(tmtn)) = (a1 - alvvp(tmtll)) = (G1,Up(t2,t11)) - 93.3"

Rows 2 - 4 For v € {az,a3,a4}, v-a1 =0 and 5o (v,a1 - Vp(ty,4,,)) = (V- @1, Vp(ty,¢,,)) = 0.
Rows 5 - 7 The value of a; - ag is given by the known values of dihedral algebras as

al - ag = 21—6(3a1 + az + 3ag + a0 — 3Vyt, t9))-
Then, using the values of (a1, vy(5,t0)) = (A1, Vpts,t10))s (A1, Vp(ta,trn))s (@95 Vptati1)),
(a9, Vp(ts,te)) = (A9, Vp(ts,t10)) AN (Vp(ty 105 Up(ta,ti,)) @S given by rows 1, 2, 5, 6 and 10 of
Table 5.3 respectively, we calculate that

1
26.3

((19, ai 'Up(t27t11)) = ((11 'a97vp(7527t11)) =

(CLg,CLl 'Up(ts,tg)) = (al 'a9vvp(t57t9)) = ?

7
(a9’a1 'Up(tsﬂflo)) = (al 'a9>vp(t57t10)) - 729 3

Row 8 The value of a; - a1 is given by the known values of dihedral algebras as
1
ay - ajl = 2—6(3a1 + as —+ 3@11 + aig — 3vp(t1,t11))~
Then, using the values of (a1,v,(,,6,,)) = (43, Vp(ts,t11)) aNA (Vpey t11)s Up(ta,tr,)) @S given

by rows 2 and 11 of Table 5.3 respectively, we calculate that

(a117a1 "Up(tg,tll)) = (al 'a1170p(t2,t11)) = 26"

Row 9 The value of a; - a13 is given by the known values of dihedral algebras as
1
ap - a3 = 2*3(61 — a5 + ai3).

Then, using the values of (a1, Vp(ty,411)), (@5, Vp(ts,t1,)) A0 (@13, Vp(1y,¢,,)) @S given by rows
2, 3 and 8 of Table 5.3 respectively, we calculate that

1

(a13,a1 'Up(tz,tn)) = (al : a13avp(t2,t11)) = 2.3

Row 10 The value of a; - a14 is given by the known values of dihedral algebras as
1
al a4 = 27).(3611 +agq + a4 + a5 — 3Up(t1,t14))'

Then, using the values of (a1, vp(t,,¢1,))s (@145 Vp(ts,11)) = (@15, Vp(ta,t11)) A0 (Vp(ea,t11) Vp(ts 1))

as given by rows 2, 8 and 13 of Table 5.3 respectively, we calculate that
1
(a14,al 'Up(tg,tll)) = (a1 : a14,Up(t2,t11)) = 287_3-
Row 11 The value of a1 - v, +,) is given by the known values of dihedral algebras as

a1 Vot tg) = 2—4(5a1 —az — 2a9 — 2a10 + 3Vp(t, o))

Then, using the values of (a1, Vp(t,,¢1,))s (@9, Vp(ty.t11)) = (@10, Vp(ta,t11)) A (Vp(ty 20)s Vp(ta,tir))

as given by rows 2, 5 and 11 of Table 5.3 respectively, we calculate that
(Uﬂ(tth)’ a - v/)(t27t11)) = (al : vﬂ(t17t9)7vl)(t27t11)) =0.
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Row 12 The value of a1 - v,, ¢,,) is given by the known values of dihedral algebras as

1
a1 Up(ty,t11) = 27(5@1 —az —2a11 — 2a12 + 3’UP(t1»t11))'

Then, using the values of (a1, Vp(t,.4,,)) = (83, Vp(ta,t11)) A0 (Vp(e, £11), Vp(ta,try)) @S given
by rows 2 and 11 of Table 5.3 respectively, we calculate that

1
(Up(t1,11), 01 Vp(tz,11)) = (@1 Vp(er 1) V(tzt11)) = ~ 5573+

Row 13 From row 2 of Table 5.3, (a1, V,t,,t,,)) = ﬁ and so

1
(Up(tzxtu)?al 'Up(tz,tn)) = (Up(tzﬂfu) ’ vP(t2>t11)7a1) = (al?vp(t27t11)) = 93.3"

Rows 14 From Lemma [5.3.

1
as - (0,1 . Up(tz,tu)) = m(al - 3“2 + a3 —aq — 3’Up(t1,t11) + 3vp(t2,t11)) + 272(0'2 . vp(t1,t11))'
Using the value of (ag, vy, ,¢,,)) = (@9, Vp(t,,t1,)) s given by row 5 of Table 5.3, as well as

the value of (ag, az - v,,,4,)) as given by row 5 of this table, we calculate that

1
(a97a3 : (a‘l ! vp(t27t11))) = QTO
Conversely, using the value of (as, v, 4,)) as given by row 3 of Table 5.3 as well as the

values of (a3, a1 Vp(ty,41,))s (04,01 - Vp(ty,0,,)) a0 (a9, Q1 - Vp(ey,t1,)) = (@10, 1 - Vp(ty,,,)) BS
given by rows 3, 4 and 5 respectively of this table, we calculate that

(ag - as,ay - Up(t27t11)) = 275(3‘13 + aq + 3ag + aio — 3Up(t3,t9)7 ai - vp(tz,tu))

1 3
T o10.3 ﬁ(”p(ts,tg)aal “Up(ta 1))

_ 1 :
Thus (Vp(ts,t0)5 @1 * Vp(ta,t1,)) = — 33,52 as required.

Row 15 From Lemma|[5.3.9

1 1
aiz - (a1 - Up(tz,tn)) Zﬂ(al +ag +az + aq + a1 + Ta12) — 278(vp(t1,t11) + vp(t2,t11))

1
+ 275((5‘” +3a3) - Vp(ty,1,) — 4az + aa) - Vp, 111))-

Using the value of (a13,v,(,,4,,)) = (@13, Vp(t5,4,,)) @s given by row 8 of Table 5.3, as
well as the values of (a13,a1 - Vp(ty,4,,)) = (013,04 - Vpey 1y,)) and (@13,03 - Vpty t0,)) =
(@13,a2 - vy, 1,,)) @s given by rows 9 and 10 respectively of this table, we calculate that

(a13,a12 - (a1 'Up(tz,tu))) = 21%-
Conversely,
a1o - ay3 = %(ag + 3a12 + 3a13 + a14 — 3Vp(tg,115))-
Using the values of (a9, a1 - Up(ty11))s (012,01 - Up(ta 1)) (@13, @1 - Vp(tg 1)) and (@14, az -
Up(ta,tn))> given by rows 5, 8, 9, and 10 respectively of this table, we calculate that

53 3
(a12 $a13, a1 'Up(tz,tu)) = o143 275(%(1&9,1:13),&1 'Up(tg,tu))'

_ T .
Thus (Vp(te,t15)5 @1 * Vp(ts,t1,)) = 3752 as required.
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Rows 16 and 17 From Lemma[5.3.8]

1
= 27,&1 + ?Ch “Up(ta,tin)-

ai - (al 'Up(tzﬂfn))
Thus, using the value of (a1,v,,,,,)) as given by row 2 of Table 5.3 as well as the values
of (Up(ta,t11), A1 * Vp(ta,ta1)) AN (Vp(tg.t)5 Q1 = Up(ty,t1,)) from rows 13 and 14 respectively of

this table, we calculate that

(al “Up(ta,tin)r A1 "Up(tmtu)) = (vp(tz,tu)?al ’ (al 'Up(tmtu))) = 278

and
5
(al “Up(ta,tir)r 01" UP(t3,t9)) = <vﬁ(t3’t9)’a1 ’ (al .Up(t%t“))) - _W.

Lemma 5.3.11. Suppose that V' is a Majorana algebra as in Proposition|5.3.5. Then

1 1
ay — 7((14 + 8as — 2ag — 2a7 — 23a13 + 2a16 + 2a15 — a16)

as - Uﬂ(tl,tg) = — 2—6 26 3

+ 276(1)/’(1‘/177‘/6) + 3Up(t1,t0) T Up(ts,t1) — Up(ta,trs) — Fp(ts,te) — 4”P(t57t10))

1 1
+ 2*5(Up(t9,t13) + 'Up(tlo,tm)) + §(a1 “Up(ts,te) T A1 vﬂ(ts,tm))'

Proof. The dihedral algebras ({a1,a9)) and ({a1,as)) are of type 4A and 2A respectively and so

1 a
Qo = *ial —+ 2(0,9 + (110) + Up(tl,tg) S VO( 1)
_ 1 V(al)
o = 7270,14*0,54*(1136 0 .
1 1
50 = 75(0,1 + ag + 2a9 + 20,10) + Up(ty,te) € Vi:’ )
2

B1:=as — a3 € VSI).
22
From the fusion rules,

ar - ((ag — Bo) - (1 — B1)) = —%(ao P14+ a1 - Bo — (Bo, Br)ar). (5.4)

We calculate that

1
(040 — 50) (g + 61) :2573(—6@1 + as + as + 4as + 8ag + 8ar + ag + 20ag + 20a1¢

1
=+ 8@11 + 8@12 + 47@13 + 6vp(t1,t9) — 3/Up(t2,t5)) — ?(Up(ts’tg) + vp(t5,t10)>'
This then gives

7 1
ar - (o — Bo) - (a1 + p1)) = ?al + 287.3(2@ + 2a3 + 2a4 + 43a5 + 4ag + 4ar + ag + 4ag

1
+4ayo +4air +4a1z — 43a13 — a14) — ?(’Up(tl,tg) F Up(ty,te)  Vp(ty t11))

1 1
- 278<vp(t2,t5) - Up(t27t13)) - 272(a1 “Up(ts,te) T 01 -,Up(t57t10))'

We now consider the right hand side of (5.4). Using the values of (a5, vy, 1)) and (a13, vy, t))
as given by rows 3 and 8 of Table 5.3 respectively, we calculate that (8o, 1) = 0.
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It remains to calculate that

1 1
ag-P1—ay-Po= 2—4(11 + ﬂ(?ﬂ@ + 2a3 + 27a5 + 8ag + 8ar + ag + 4ag + 4a1g + 4a11 + 4aq2

1
+ 3a13 — 4a14 — 4as + alG) + ?(vp(thtg) - QUP(tsvtg) - 2vp(t57t10) + VUp(to,trs) T vﬂ(tmﬂfm))
= 56 (Vo(ta,ts) T Vp(tz,ts)) = 2013 - Up(ta to)-

We can then use these values in (5.4) to give the value of a13 - vy, +,) as required. O

p(t1,

Proof of Proposition[5.3.5 Suppose for contradiction that G does admit such a representation.
We will show that

(ag - a13, (a1 - Vp(ty,111))) 7# (@9, 013 - (@1 - Vp(ty 1)) (5.5)
which is in contradiction with axiom M1.

We start with the left hand side of (5.5). The algebra ((ag, a13)) is of type 44 and contains the

4A axis vp(ty,¢,4) and so

1
ag - a1z = 2*6(309 + a1z + 3013 + @14 — 3V (19.415))-

USing the values of (a97a1 : Up(tg,tn))) (a’12a ay - Up(tz,tll))’ (a/137 ay - ’Up(tz,tll))’ (a147a’1 : Up(tz,tll))
and (Vp(tg.t15), A1 * Vp(ts,t1,)) @S given by rows 5, 8, 9, 10 and 15 of Table 5.4 respectively, we

calculate that

23
(a9 - a1s, a1 - Up(ty,t11)) = 914 . 3"

We now consider the right hand side of (5.5) and begin by calculating the value of a3 - (a7 -

Vp(tartrn))- AS (A1 * Up(tg,111)) ™ = a1 * Up(ts,t0), from Lemma we have
_ V(a13)
A1 Up(ta,tr1) — Q1" Up(ts,te) € V1
55

and so

1
ais - (Cl1 'Up(tzin)) — a3 - (0,1 : Up(ts,tg)) = ?(al *Up(ta,tin) — A1 "Up(ts,tfa))' (56)

We can check using the inner product values in rows 2, 5 and 10 of Table 5.3 and rows 1, 2, 3,
5,8, 11, 12, 16 and 17 of Table 5.4 that the following is an element of the nullspace of V'

1 1
n:i=— m(&ll + as + ag + 2ag9 + 2a19 + 2a11 + 2C112) + 27(Up(t1,tg) + Up(tl,tu))
+ap- (’Up(tz,tu) + vp(t?ntg))

and s0 a1z - n = 0. Note that vy, 1g) = Vp(ty,t1,) € v{m3) and so

25

as - (Up(tl,tg) + ’Up(tl,tu)) = a3 - (2UP(t1,t9) + (’Up(tl,tg) - Up(thtu)))
= 2a13 - Up(t1,to) + 275(vp(t1’t9) - Up(tl,tu))

where the value of ai3 - v, 1) is given in Lemma [5.3.11
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We can now calculate that, for n as above,

13 1
a3 == ogar — ﬂ@ag + 2a3 + a4 + 16a5 — 2ag — 2a7)

- 2771_3(09 + a0 + a1 + aiz +4a13 + a4 + ays) + Q%Up(tl,tﬁ)
+ 55 (Wa(t,00) + Voer,011)) = %(”p(ts,tg) F Up(ts t10) ~ Vp(to,trs) ~ Up(trostrs))
F a1z (a1 - Vp(yt1,) T 01 Vp(tg t))

Using this equation with the fact that a13-n = 0 gives the value of a13-(a1-vVp(t,,¢,,) 01 Vp(ts,t0))-

From (j5.6)), we have the value of a13 - (a1 - Vp(1y,¢,,) — @1 * Up(ts,0)) @and s0 we can calculate that

13

a13 - (a1 Vp(ty,t1y)) = S0 + m@ag + 2a3 + a4 — 16a5 — 2ag — 2a7)
1 1
+ 2.3 (ag + a0 + air + aiz +4aiz + arg +ays) — 510 Vr(t1.te)

- @(vp(tl,tg) + Up(tlﬂfu)) + ﬁ(vﬁ)(tsig) + Up(ts,tio) — Up(te,tis) — Up(t107t13))
1 1
+ ﬁ(al “Up(ta,tin) — @1 "Up(tsﬂfsa)) - 275(‘11 " Up(ts,te) T 01 'Up(tsﬂflo))‘

Finally, we use rows 4 - 7 of Table 5.3 and rows 5 - 8 of Table 5.4 to calculate that

35

T 9li.3 # (a9 - a13, a1 Vp(ty 111))-

((l97 ai13 -+ (al 'Up(tg,tn)))

5.4 The main theorem

We can now prove the main results of this work.

Theorem 5.4.1. Suppose that V is a Majorana algebra which obeys axiom M8 and which is
generated by three Majorana azes ag, a1, as such that the dihedral algebra {{ag, a1)) is of type 2A.
Then V is must be isomorphic to one of the 34 Majorana algebras whose dimensions are given
in Table[5 1

Proof. In Theorem [3.2.1] we show that such an algebra must occur as a Majorana representation
of the form (G, T,V) where G = (a, b, ¢) is isomorphic to one of the 26 triangle-point groups in
Table 5.1 and T is such that a,b,c,ab e T.

In Section for each of these groups we have classified the possible values for the set 7". Then,
for each choice of G and T, we have used the algorithm described in Chapter [4] to classify and
construct all representations of the form (G, T, V). Their dimensions are given in Table O

Theorem 5.4.2. Each of the 34 Majorana algebras whose dimensions are given in Table [5.1] is

isomorphic to a subalgebra of the Griess algebra.

Before proving this result, we first recall some important results concerning Majorana represen-

tations and the Griess algebra.
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Definition 5.4.3. A Majorana representation (G,T,V) is based on an embedding into the
Monster if there exists an injective homomorphism ¢ : G — M such that «(T) C 2A.

Proposition 5.4.4. Suppose that G is a finite group generated by a G-closed set of involutions T .
Suppose further that there exists an injective homomorphism v : G — M such that «(T) = «(G) N
2A. Then the subalgebra V of the Griess algebra that is generated by the 2A axes corresponding
to «(T) is a Majorana representation of G of the form (G,T,V) that obeys axiom MS.

Proof. As the Majorana axioms M1 - M8 are known to hold in the Griess algebra [Iva09, Propo-
sition 8.6.2], V' is certainly a Majorana algebra. If ¢ is Conway’s bijection [Con84] between the

2A involutions and 2A4 axes then (G,T,V,,t 0 ) is the required Majorana representation. [J

In the following, as in [Nor85], we will consider the subgroups in question as subgroups of the

group Az, or in one case as a subgroup of the group 2D5(2) = O;,(2). Both these groups are

known to 2A-embed into the Monster, as described below.

Lemma 5.4.5 ([Nor85], Lemma 6).

1. Lett be an embedding of A2 into M and suppose thatt € Aja. Then 1(t) is a 2A involution
of M if and only if t is an involution of A1a of cycle type 22 or 25.

2. Let v be an embedding of 2D5(2) into M and suppose that t € 2Ds5(2). Then u(t) is a
2A involution of M if and only if t is an involution of >Ds(2) and is a product of two

commuting 3-transpositions in the automorphism group of 2D5(2).

Proof of Theorem[5.4.3 For each of the 24 triangle-point groups G = {(a, b, ¢) given in Table
Norton [Nor85l Table 3] gives embeddings ¢ : G < M such that ¢(a), ¢(b), t(c), (ab) € 2A. We

do not assume that this list is exhaustive.

From Proposition if ¢ is such an embedding, then the subalgebra of Vi of the form
((p(1(G) N 2A))) must be isomorphic to one of the Majorana algebras whose dimensions are
given in Table We therefore need to show that, for each group G = (a, b, ¢) given in Table
the number (up to isomorphism) of Majorana representations of the form (G,T,V’) with
a,b,c,ab € T is equal to the number (up to isomorphism) of subalgebras of Vi of the form
((p(1(G) N 2A))) for the embeddings ¢ given by [Nor85l Table 3].

For each group in Table the corresponding Majorana representations are all of different
dimensions and so must be pairwise non-isomorphic. Moreover, for each group, the number of
embeddings given in [Nor85lL Table 3] is equal to the number of Majorana representations given
in Table Thus it suffices to check that for each group, the embeddings given in [Nor85,

Table 3] give rise to pairwise non-isomorphic subalgebras of Vjy.

In the cases where a group admits only one Majorana representation (and equivalently has
only one embedding into M), there is nothing to check and we are done. For the cases where
G =2 S or G is dihedral and the case where G = Aj; then the fact that the corresponding

Majorana representations are isomorphic to subalgebras of Viy is given by [IPSS10] and [IS12al
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respectively. The remaining cases are treated below. In each case, for each embedding we state

to which Majorana representation it corresponds.

The group 2 x Dg. Let G =2 2 x Dg. Then, up to conjugacy, there are three embeddings of G
into M and these are given by rows 4, 7 and 8 of Table 3 in [Nor85]. We label these embeddings
t1, L2 and 13 respectively. Using the generators given in the seventh column of Table 3 of [Nor85],

we calculate that
[t1(G) N 24|= 10, |12(G) N 2A|= 8 and [13(G) N2A4|=8.
Thus the representation constructed in Proposition [5.2.13|is based on the embedding ¢;.

As |12(G) N 2A]= |13(G) N 24|, we must check that these two embeddings give non-isomorphic
algebras. Firstly, for all ¢, s € 15(G) N2A such that o(ts) = 4, we find that (ts)? ¢ 2A and so the
corresponding subalgebra of Vi contains dihedral algebras of type 4A but none of type 4B.

Conversely, for all t,s € 13(G) N 2A such that o(ts) = 4, we find that (ts)> € 24 and so the
corresponding subalgebra of Vj contains dihedral algebras of type 4B but none of type 4A4. Thus

these two algebras are indeed non-isomorphic and the Majorana representations constructed in

[5.2.10 and |5.2.11| are based on the embeddings ¢35 and o respectively.

The group 2%.2. Let G = 2%.2. Then, up to conjugacy, there are two embeddings of G into
M and these are given by rows 17 and 20 of Table 3 in [Nor85]. We label these embeddings ¢q
and ¢ respectively. Using the generators given in the seventh column of Table 3 of [Nor85], we
calculate that

[t1(G) N 2A|= 10 and |12(G) N24|= 14.

Thus the Majorana representations constructed in Propositions [5.2.17] and [5.2.18] are based on

the embeddings ¢; and ¢5 respectively.

The group 2 x Sy. Let G = 2 x S4. Then, up to conjugacy, there are two embeddings of G
into M and these are given by rows 11 and 29 of Table 3 in [Nor85]. We label these embeddings
t1 and ¢ respectively. Using the generators given in the seventh column of Table 3 of [Nor85|,
we calculate that

[t1(G) N2A|= 16 and [|t2(G) N 24|= 16.

As [11(G) N 2A|= |12(G) N 24|, we must check that these two embeddings truly give different
algebras. Firstly, for all ¢, s € 11(G) N2A such that o(ts) = 4, we find that (ts)? ¢ 2A and so the
corresponding subalgebra of Vjy contains dihedral algebras of type 4A but none of type 4B.

Conversely, for all t,s € 12(G) N 2A such that o(ts) = 4, we find that (ts)? € 2A and so the
corresponding subalgebra of Vi contains dihedral algebras of type 4B but none of type 4A. Thus
these two algebras are indeed non-isomorphic and the Majorana representations constructed in
[5.2.25] and [5.2.26] are non-isomorphic and are based on the embeddings t» and ¢; respectively.
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The group 22.23. Let G =2 23.23. Then, up to conjugacy, there are two embeddings of G into
M and these are given by rows 18 and 25 of Table 3 in [Nor85]. We label these embeddings ¢4

and ¢y respectively.

We calculate in Proposition [5.2.28| that a triangle-point group G' = (a, b, c) = 23.23 has three

conjugacy classes of size two. We label these classes
Cs = ((ac)®)%, Cg := (bc)? and C7 := (abc)?.

Moreover, there are two possiblilities for the value of a set T such that (G,T,V) is a Majorana
representation and a,b,c,ab € T. The smaller of the two, which is of size 18, contains exactly
one of the conjugacy classes C5, Cg and C;. The larger of the two, which is of size 22, contains

all three classes.

The generators of ¢1(G) are given in [Nor85| as elements of A5 and so it is straightforward to
calculate that
|t1(G) N2A|=18.

This implies that the Majorana representation constructed in Proposition [5.2:30]is based on the
embedding ¢;.

The generators of 12(G) are given in [Nor85] as elements of 2D5(2) as follows
a:=(12).(34), b:=(13).(24) and c:= (45).(123678 45910 11 12).
We can then calculate that

(ac) (12).(125678]349101112)

(be)? = (24).(135678]2491011 12)

(abc)®* = (23).(145678 2391011 12).
Thus, by Lemma 12((ac)?), 12((bc)?), ta((abe)?) € 24 and so |12(G)N2A|= 22. This implies
that the Majorana representation constructed in Proposition [5.2.32] is based on the embedding

Lo.

An explanation of the notation of elements of 2D5(2) and full details of the calculations in the
group 2D5(2) 2 O;,(2) can be found in Appendix O

Finally, we recall that the Majorana axioms, including M8, are known to hold in the Griess
algebra ([Iva09), Proposition 8.6.2]) and so any subalgebra of the Griess algebra which is generated
by 2A axes is a Majorana algebra which obeys axiom MS8. In particular, Theorem [5.4.1] directly

implies the following corollaries.

Corollary 5.4.6. Let V' be a subalgebra of the Griess algebra generated by three 2A azes ag, a1
and az such that ag and a; generate a 2A dihedral algebra. Then V' must be isomorphic to one

of the 34 Majorana algebras whose dimensions are given in Table[5.1]

Corollary 5.4.7. Let G be one of the groups La(11), 2* : Do and Ss. Then, from [Nor83,
Table 3], there are two non-conjugate embeddings o and 11 of G as a triangle-point group into
M. The subalgebras {(1o(G) N 2A)) and ({t1(G) N2A)) of Vi are isomorphic.
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Appendix A

Calculations in 2Ds(2)

A.1 The group 2Ds(2)

Our main references for this appendix are [Nor85] and |[CCNT85|. We consider the group
2D5(2) = O;,(2) and describe in detail various calculations which appear in the proof of Theorem

b4d

These calculations are best performed in the automorphism group of O7,(2) which is isomorphic
to GO1,(2), the group consisting of all 10 x 10 matrices over GF(2) preserving a quadratic form
of Witt defect 1.

We first construct the quadratic space upon which this group will act. Take the vector space
V to be the set of all even weight length 12 vectors over GF(2) modulo complementation. We

define an orthogonal form (, ) on V where for all u,v € V such that u # v,

0 if u+ v is of even weight
(u,v) =
1 if w4 v is of odd weight

and

0 if u is of weight 0 mod 4
(U, u) =
1 if u is of weight 2 mod 4.

The set of linear transformations preserving this form will be GO1,(2) = O,(2).2. In particular,
this group contains transvections of the form

T(z):v—v+ (v,z)z
where x is any vector of norm 1. These transvections form a set of 3-transpositions.

In a slight abuse of notation, we identify the group element T'(z) with the vector z. In particular,
if  is of weight 2 with ones in positions ¢ and j then we denote the transvection T'(z) by the

pair (¢ 7). In fact, there is a natural embedding of Sis into GO1,(2) such that the permutation

117



(i,7) is mapped to the transvection (¢ j) for all 1 <4 < j < 12. Otherwise, if z is of weight 6
then we used bifid notation (abcde f|ghijkl) todenote the transvection T'(x).

The following lemma is easy to check using the definitions above.

Lemma A.1.1. Suppose that w,v € V. If (u,v) = 0 then T(u)T") = T(u). Otherwise, if
(u,v) =1, then T'(u)T®) = T(u +v).

A.2 Calculations for the proof of Theorem [5.4.1]

Now, recall from the proof of Theorem that if
a:=(12).34), b:=(13).(24) and ¢:=(45).(123678|459101112).
then a, b, ¢ generate 23.23 as a triangle-point group.
We now denote
ay = (12), ag:=(34), by :=(13), by:=(24), ¢c1 :=(45),c2:=(123678|459101112)
so that a = ajas, b = by1by and ¢ = cico.
We pick the following set to be a basis of V:
{(1d)|2<i<11}.

With respect to this basis, we express the transvections aq, as, b1, b2, c1,co as 10 x 10 matrices
over GF(2), as below.

1111111111 1
1. 1
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1 [ 1 |
1111111111 1
1 . 1
1 : 1
T P T 1
A T 1
1 1
1 1
1 . 1
1 1
1 ] 1 11 11 1]
1 11 1 11 1
1 . 1
1 1
T T 11 1 111
@ 1 @ 11 .1 . 111
1 11 111 1
1 1
1 . 1

L 1_ L 1_

Using these matrix representations, we can now check that
(ac)* = ag - 5>
(be)? = by - 2

(abc)? = by - chrarer,
Finally, using Lemma [AT] it is straightforward to calculate that

(ac)* =(12).(125678 3491011 12)
(be)* =(24).(135678[24910 11 12)
(abc)* =(23).(145678|2391011 12).

Thus the elements (ac)?, (bc)? and (abc)? are each the product of commuting transvections, as
required in the proof of Theorem
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