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Abstract

This thesis is focussed on two aspects of solid-state laser development: optimising and

understanding diode-pumped Alexandrite laser performance, and a new laser cavity

design for vortex mode generation.

Due to its broad wavelength tunability (700 nm to 858 nm) and excellent physical

properties, Alexandrite has a wide range of potential applications from remote sensing to

quantum optics. Recent advances in red laser diode-pumping has enabled high power and

efficient laser operation. In this work a continuous-wave analytical model of end-pumped

Alexandrite lasers was developed and applied to experimental systems. This helped to

achieve a record diode-pumped slope efficiency of 54% with 1.2W of output power. A

record shortest wavelength (714 nm) and broadest tuning range (104 nm) was obtained

through optimising the crystal temperature between 8 ◦C and 105 ◦C. Investigation and

new measurements of the properties of Alexandrite gave rules applicable in general to

optimising these lasers, along with assessing the fundamental limits to Alexandrite laser

efficiency.

Optical vortex laser beams have attracted considerable attention from their wide

range of applications that cover many areas of science, from optical communications

to laser machining to microscopic laser manipulation. Directly generating them from a

laser has advantages due to the pure and high power modes that can be generated. In

this work an anti-resonant ring was proposed and used to couple two lasers through a

shared gain medium. Using one cavity to control the output of the other, first order

vortex Laguerre-Gaussian modes of power 9.0W from 24W of input power with high

quality (M2 = 2.1) were obtained, which had controllable and pure handedness. A

second order vortex mode with 4.3W of power was also created. This vortex generation

geometry could be applied to any solid-state laser gain medium, which would enable

vortex generation across the electromagnetic spectrum.
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Chapter 1

Thesis overview

Lasers are devices that convert energy into a coherent and concentrated beam of optical

radiation [1]. When in this form, they provide a method for the precision control and

delivery of energy, which has led to a vast array of applications that have helped to

catalyse the development of modern society. They have underpinned key technologi-

cal advancements, for example in optical communications, laser machining, and silicon

technologies, along with supporting scientific advancements where the controlled appli-

cation of electromagnetic energy is required.

A laser consists of a gain medium that amplifies light through stimulated emission.

The gain medium is positioned inside a resonant optical cavity that provides feedback of

the laser radiation into the amplifying gain medium, thereby creating a feedback loop.

The light extracted from this feedback is the output of the laser.

Energy is supplied to the gain medium in the form of a ‘pump’ source. There are a

wide array of energy sources, with some examples being chemical [2], electrical [3], or

optical [4]. The type of pumping that can be used is dependent on the gain medium

used. For efficient operation of the laser the pumping energy should be supplied to a

concentrated area in the gain medium, where it can then be efficiently extracted by the

resonating laser light.

Solid-state gain media are generally classified as bulk materials where a laser active

ion is supported in either a crystalline or glass host. In these materials optical pum-

ping is most commonly required. The wavelength of pump light needed determines the

source that can be used and is dependent on the laser gain medium. The pump can

be conventional sources of light, for example electrical gas discharge lamps have been

widely used as pump sources [5]. The sun has also been used as a form of renewable

pump energy [6]. A laser can itself be used as a pump source for a secondary laser [7].

In this work semiconductor diode lasers are used as pump sources for solid-state gain

media, which are termed diode-pumped solid-state (DPSS) lasers. When compared to

most other solid-state lasers these can have many advantages [4]. They are typically

efficient, both from the high efficiency of the laser diodes and the usually precise delivery
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CHAPTER 1. THESIS OVERVIEW

of the optical power to the gain medium. The laser diodes are compact and have lower

electrical power requirements compared to other pump sources, particularly the low

efficiency gas discharge lamps. The laser diodes also have long lifetimes that allow long

operation periods of the DPSS laser before replacements are needed.

Chapter 2 gives an overview of the theoretical and practical considerations of DPSS

lasers. The analysis and requirements of optical cavities are shown, along with the

impact of thermal effects when used as a laser cavity. The output beams of these

cavities are shown in terms of the laser cavity modes, which determine the spatial and

frequency structure of laser output. Methods to experimentally analyse the output of a

laser cavity are demonstrated for both the spatial and frequency properties.

The remainder of this thesis is focussed on two different DPSS lasers. Chapters 3

and 4 contain work on tunable Alexandrite lasers, with Chapters 5 and 6 looking at the

Nd:YVO4 gain medium for optical vortex generation.

The first gain medium investigated in this thesis is Alexandrite, which is a broadly

wavelength tunable (700 nm to 858 nm) room temperature vibronic gain medium [8].

This wide gain bandwidth gives it a range of applications. Its fundamental emission

wavelengths make it suitable for vegetation light detection and ranging (LIDAR), which

can be performed from aerial platforms to monitor the health of ecosystems [9]. With

non-linear frequency conversion into the near and deep UV additional LIDAR methods

can be used, for example water vapour [10] or metallic ion [11] measurements. The

broad gain bandwidth also makes it suitable as an ultra-short pulsed source [12] with a

theoretical minimum pulse duration below 10 fs [13].

Alexandrite has broad absorption bands throughout the visible spectrum, which

makes it suitable for optical pumping from a range of sources [14]. Historically gas

discharge lamps have been used [15]; however, recent advances in high power red laser

diodes has enabled the construction of high power and efficient DPSS Alexandrite lasers

[16]. Titanium doped Sapphire is another broadly tunable gain medium with a similar

wavelength range, which is extensively used as both a tunable and ultra-short pulse

length source; however, it is challenging to diode-pump this laser. Blue laser diodes are

commonly used [17], but this brings additional heating and losses compared to the more

optimal green pump wavelengths. This makes Alexandrite a potential replacement for

Ti:Sapphire in some applications, bringing the advantages of DPSS laser systems.

An aim of the presented work was to develop an improved understanding of the

laser mechanisms in Alexandrite lasers. The gain medium has many optical proces-

ses, with excited-state absorption (ESA) at pump [14] and laser [18] wavelengths, and

ground-state absorption (GSA) at the laser wavelength [19]. These processes, along

with the stimulated emission strength, are all wavelength dependent and change across

the gain spectrum. Additionally, they are all temperature dependent, as is the upper

state lifetime [20]. These processes makes Alexandrite a complex laser gain medium to

understand and optimise.
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In Chapter 3 the detailed properties of Alexandrite are investigated. To complete the

set of temperature dependent parameters, the pump ESA cross sections were measured

as a function of crystal temperature for the first time. The cross section was measured to

decrease by 12% from 10 ◦C to 90 ◦C. An analytical end-pumped continuous-wave (CW)

laser model was derived that was applicable to Alexandrite. This allowed investigation

of the effects of pump ESA on laser performance and provided a model that could be

investigated across the gain bandwidth and operating temperature range of Alexandrite

lasers. The model is of interest for other gain media that have similar optical processes

to Alexandrite.

In Chapter 4, the second part of the work on Alexandrite was focussed on experimen-

tal demonstrations and investigations of its diode-pumped laser performance. A high

efficiency ‘compact’ laser cavity was constructed to demonstrate the efficiencies that can

be achieved in red diode-pumped Alexandrite. This resulted in the record highest slope

efficiency diode-pumped Alexandrite laser to date of 54% with 1.2W of CW output

power.

A wavelength tunable ‘extended’ cavity Alexandrite laser was constructed to investi-

gate the performance and behaviour of tunable Alexandrite lasers. Using the theoretical

model for comparison, the detrimental effects of pump ESA loss on the laser slope ef-

ficiency and threshold were shown, with reducing the intra-cavity losses identified as

important to reducing its impact. Through optimisation of the crystal temperature a

laser tuning range of 714 nm to 818 nm was achieved, which is a record lowest wave-

length and total tuning range for a diode-pumped Alexandrite laser. The experimental

results confirmed the accuracy of the laser model derived in Chapter 3, which was then

investigated to give general rules for optimising Alexandrite lasers, where the particular

importance of crystal temperature is shown.

The remainder of this thesis is focussed on the generation of optical vortex modes.

An optical vortex is created when light has a spiralling phase along its propagation axis.

This gives the wavefront a twisted structure and it possesses orbital angular momen-

tum (OAM). Laser beams with an optical vortex have attracted considerable interest

since their OAM was identified in 1992 [21], where the optical vortex doughnut shaped

Laguerre-Gaussian (LG) modes are most commonly used. These modes have a wide

range of scientific applications, with some examples being microscopy [22], laser machi-

ning [23], optical memory [24], optical communications [25], and quantum mechanics

experiments [26].

The common Gaussian shaped output of lasers can be converted into optical vorti-

ces [27, 28, 29, 30]; however, these methods generally have the drawbacks of requiring

specialist optics, being wavelength dependent, requiring low power input, having low

conversion efficiency, and being sensitive to misalignments or variations in the input

beam [31]. An alternative source of vortex beams is to have them directly generated

by the laser cavity [32, 33, 34, 35], these are termed intra-cavity techniques and can
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(a) (b)

Figure 1.1: The anti-resonant ring (ARR) designs showing (a) the ARR structure with a
50% beamsplitter (BS) and mirrors (M), which reflects input radiation, and (b) an ARR
laser design with an output coupler (OC) and gain medium internal to the ring.

generate pure and high power vortex modes. An intra-cavity vortex generation method

was developed in this work.

The vortex laser design investigated used an anti-resonant ring (ARR) as part of

the laser cavity. This is a ring structure formed by a beamsplitter and turning mirrors

that reflects any input beam, the design is shown in Figure 1.1(a). A laser cavity can

be formed with the ARR with an output coupler providing feedback into the ring, as

shown in Figure 1.1(b). An ARR laser with the gain medium internal to the ring has

only had one published demonstration [36] since its proposal by Siegman in 1973 [37],

so the first focus of this work was to understand and evaluate the performance of a laser

with this design.

Chapter 5 presents work on the ARR laser geometry. This includes the theoretical

basis of lasers with this configuration, with a particular focus on how the laser cavity

should be designed to minimise the loss from the ARR. Experimental lasers were con-

structed with a side and end diode-pumped Nd:YVO4 gain medium to investigate the

experimentally achievable performance of the ARR laser geometry. The round trip loss

from the ARR in the end-pumped laser was maintained below 0.02%, which was a sig-

nificant improvement on the previous demonstration of 0.4% [36]. This low loss shows

the suitability of the geometry for high power and efficient lasers. The improved per-

formance was achieved by ensuring symmetry in the ARR. The side pumped laser had

a higher loss of 1.5%; however, this implementation had issues with ensuring symmetry

of the ARR so could be improved upon with an altered design.

Chapter 6 begins with an overview of vortex generation techniques, both conversion

and intra-cavity, along with the methods to correctly analyse vortex laser outputs. This

is followed by the experimental work on ARR vortex lasers. The vortex outputs were

generated by sharing a gain medium between two otherwise independent laser cavities.

One cavity was used to alter the shape of the gain distribution, which induced the

other laser to operate on vortex modes. This was achieved with the shared ARR laser
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Figure 1.2: The anti-resonant ring coupled laser, where two cavities share a gain medium.

geometry shown in Figure 1.2. Each laser used a separate input into the ARR, which

allowed access to a common gain medium.

The ARR coupled vortex laser used diode end-pumped Nd:YVO4 as the gain me-

dium. With 24W of pump power, first order vortex beams with 9.0W of power were

generated. The handedness of the vortex could be controlled with the secondary laser

cavity. Through simple adjustments to the laser cavity second order vortex beams were

also produced, these had 4.3W of power.

These results demonstrate the capability of the ARR coupled laser geometry to

generate vortex laser modes. An advantage of this technique is that it could be applied

to any gain medium because only a beamsplitter and mirrors are required to form the

ARR. This enables the possibility of vortex beam production across the wavelength

ranges accessible by existing laser gain media. Non-linear frequency conversion could

then be used to further extend this range and create vortex beam sources tailored to

many different applications [38].

Chapter 7 gives a summary of the main results of the thesis, along with conclusions

and potential directions of future work.

In summary, the work presented in this thesis has contributed to solid-state la-

ser science in two key ways. Firstly, the modelling capabilities and understanding of

diode-pumped Alexandrite lasers has been furthered. This knowledge contributed to

demonstrating record efficiencies and tuning ranges in diode-pumped Alexandrite la-

sers. Secondly, the ARR laser was shown to be an effective laser geometry, which could

be used to construct novel coupled cavity designs. One such implementation demonstra-

ted was vortex mode generation. This technique was effective at producing pure and

high power vortex modes and could be applied to a wide range of solid-state gain media.

16



Chapter 2

Diode end-pumped solid state

lasers

Semiconductor diodes are widely used sources for optical pumping of laser gain media.

Their source of energy is from electricity, which allows for simple and efficient delivery

of power to the laser system. The semiconductor emitters can either be manufactured

as light emitting diodes (LED), where photons are emitted in all directions in the semi-

conductor, or as semiconductor laser diodes, where the semiconductor is manufactured

into a resonant laser cavity.

LEDs are lower in cost per power, but they suffer as a pump source in having low

brightness. This can make it challenging to reach laser threshold when used as a pump

source. Luminescent concentrators can be used to increase the brightness of an array of

LEDs for more efficient laser pumping [39].

Semiconductor laser diodes are more expensive per unit of power, but have orders of

magnitude higher brightness than LEDs. These high brightness and high power sources

make them more easily applied as pump devices.

End-pumping of a laser is where the pump beam is delivered to the gain medium

along the longitudinal axis of the cavity, which gives the pumped region and the intra-

cavity beam of the laser a high overlap. Combined with the electrical to optical efficien-

cies of the laser diodes that are typically above 50% [3], diode end-pumped lasers can

be high efficiency laser sources.

The following sections in this chapter present the theory of laser resonators applicable

to solid-state gain media. The requirements of a suitable resonant cavity are given, with

the impact of thermal lensing in the gain medium also described. The modes of the

laser resonator are shown, along with experimental techniques to analyse them.
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2.1 Background

The first diode-pumped solid state (DPSS) laser was demonstrated in 1964 [40]. Fol-

lowing this early demonstration, most early work focussed on Neodymium doped laser

hosts, specifically Neodymium doped Yttrium Aluminium Garnet (YAG) in side and

end-pumping configurations [4]. The relatively high gain and pump absorption of these

materials made them suitable for diode-pumping.

Early DPSS lasers, although more efficient than other systems, were limited by the

power available from laser diodes. As diode technology improved so did the perfor-

mance of DPSS lasers. In 1988 the record electrical to optical conversion efficiency of

diode lasers was approximately 25% [4], whereas with modern technology efficiencies

are commonly above 50% with higher peak output powers [3].

Single diode emitters are limited in their output power, typically at the watt level.

To increase the total power from a diode pump source multiple emitters can be coupled

into a single optical fibre. This creates a high power and high brightness source that

can be easily delivered to a gain medium and has a symmetrical beam profile. For

end-pumping it is desirable to have a symmetrical pump source to uniformly excite the

laser modes of the cavity [41]. This makes fibre-coupled diodes ideal for end-pumped

systems, where a high beam overlap can be achieved by matching the fibre output to

the internal cavity mode size.

The efficient and high power diodes available today commonly make them the best

choice for solid-state lasers that have high overall efficiency, and are compact and cost

effective; however, this performance is dependent on the diodes being available at the

wavelength and brightness required for the gain medium. Advances continue to be made

in diode technology that are enabling higher performance in existing DPSS lasers, along

with diode-pumping in new gain media; for example, recent advances in high power red

diodes have enabled efficient and high power diode-pumping of Alexandrite [16].

2.2 Cavity stability

The optical cavity of a laser is used to steer the propagating beam of electromagnetic

radiation so that it can feedback into itself. The imaging properties of a paraxial cavity

with no limiting apertures can be analysed in terms of a ray transfer matrix (RTM),

which describes how a beam is imaged by the cavity optical elements. This concept is

shown in Figure 2.1(a), where a reference plane is chosen in the cavity from which the

round trip RTM is computed. Using the complex beam parameter q̃ to define the beam

at the reference plane, the reproducing modes are given by

q̃ =
Aq̃ +B

Cq̃ +D
, (2.1)

where A, B, C and D are the components of the round trip RTM [1].

18



CHAPTER 2. DIODE END-PUMPED SOLID STATE LASERS

(a) (b)

Figure 2.1: The cavity round trip ray transfer matrices with respect to reference planes
for (a) a general cavity round trip and (b) a one way matrix in a linear cavity between
planes 1 and 2.

Although the solutions for q̃ of Equation (2.1) give mathematically correct repro-

ducing beams, they are not necessarily physically meaningful or possible. Determining

the physically real solutions for q̃ is the basis of laser cavity analysis. The values of A,

B, C and D can be complex, which leads to additional classes of laser resonator. The

most commonly used cavity class, and those in this work, are the geometrically stable

cavities with real RTM elements.

The case of a linear resonator composed of two end mirrors is shown in Figure 2.1(b),

where the mirrors are defined with plane reference surfaces 1 and 2. The internal

optical components are given by the one way RTM of A1B1C1D1. In this geometry, the

condition for real stable solutions to Equation (2.1) is that

0 < A1D1 < 1 . (2.2)

If the cavity has a stable solution, the mode is a plane wave at each reference surface

and has beam radii at surfaces 1 (w1) and 2 (w2) of

w1 =

√
λ

π

(
−B1D1

A1C1

)1/4

, (2.3)

w2 =

√
λ

π

(
−A1B1

C1D1

)1/4

, (2.4)

where λ is the radiation wavelength [42].

In this work the investigated laser cavities can be approximated to the design shown

in Figure 2.2. This cavity consists of two end mirrors with curvatures R1 and R2, which

are distances l1 and l2 from an internal thin lens of focal length f , respectively. The

cavity can be analysed in terms of the ‘g’ parameters, where in this case g1 = A1 and
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Figure 2.2: A linear cavity geometry with two mirrors (i = 1, 2) of curvature Ri, which
are distances li from a lens of focal length f .

g2 = D1, which are given by

g1 = 1− l2
f
− l′

R1
, (2.5)

g2 = 1− l1
f
− l′

R2
, (2.6)

l′ = l1 + l2 − l1l2/f , (2.7)

where l′ is the effective cavity length [42]. The stability condition of Equation (2.2) then

becomes

0 < g1g2 < 1 . (2.8)

The cavity is said to be near the edge of stability if g1g2 ≈ 0 or g1g2 ≈ 1. The beam

radii (wi) at the end mirrors (Ri) in this resonator are

w1 =

√
λ|l′|
π

[
g2

g1(1− g1g2)

]1/4
, (2.9)

w2 =

√
λ|l′|
π

[
g1

g2(1− g1g2)

]1/4
, (2.10)

for i = 1, 2. If the cavity is not near the edge of stability the mode sizes can be

approximated by w1,2 ≈
√
λ|l′|.

In a typical laser system there will be constraints or requirements for the mode sizes,

for example this could be from optical damage thresholds requiring large beam sizes or

the gain region requiring small beam sizes. Adjusting the cavity length to match the

required beam sizes is not usually practical because the mode sizes are not sensitive to

the cavity length. For this reason, laser cavities are typically designed to operate near

the edge of stability, where the g1 and g2 numerators or the (1 − g1g2) factors in the

denominator of Equations (2.9) and Equation (2.10) will asymptote to zero or infinity.

In this way large variations in beam sizes can be achieved with small adjustments to the

cavity design.
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Figure 2.3: The thermal management in an end pumped gain medium. The crystal is
thermally contacted to a copper heat sink with Indium foil. The absorbed pump beam
creates an approximately radial temperature distribution in the crystal, with thermal
expansion causing the crystal to bulge outwards at the input face.

2.2.1 Thermal lens

In most optically pumped laser gain media the pump photons have a shorter wavelength

than the laser photons, which means that during the pumping process energy is lost and

is usually released as heat in the gain medium. The fraction of pump energy lost in this

way is called the quantum defect fraction and represents an unavoidable heating of the

gain medium. Different gain media may have additional heating processes.

The gain medium is usually required to be at a certain temperature so the heat energy

must be removed. A common thermal management system for end-pumped solid state

gain media is shown in Figure 2.3, where the gain medium is thermally contacted to a

copper heat sink through indium foil. This system allows the gain medium to be held

at approximately the temperature of the heat sink.

Localised heating of the gain medium from the absorbed pump is unavoidable and

an approximately radial temperature distribution will be established in the crystal. For

top-hat pump beam profiles the temperature distribution is approximately quadratic

[43] and gives the gain medium a lensing effect to the laser mode through three main

sources.

The refractive index of a gain medium is temperature dependent through its thermo-

optic coefficient. The temperature distribution results in a radially dependent optical

path length for a propagating laser beam, which causes a lensing effect.

Temperature gradients cause stresses in the gain medium due to thermal expansion.

The refractive index is dependent on stress, which results in additional lensing for a

propagating laser beam.

In end-pumping the deposited heating power is concentrated towards the input face,

where thermal expansion will cause the pumped face to deform and result in a plane

surface becoming curved. This effectively turns the gain medium into a thick lens.

By making simplifying assumptions, the net thermal lens focal length for end face

bulging along with thermal and stress dependent refractive indices can be analytically
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calculated [44]. For more complex pumping and crystal geometries or heating processes

numerical modelling can be performed. This requires precise knowledge of the gain

medium properties; the thermal and mechanical mounting of the gain medium; and

the pump beam distribution. It is generally challenging to accurately determine these

parameters in advance, which makes prediction of the thermal lens in a given laser

system a difficult task. A pragmatic approach to thermal lens management is to use

simple formulae to estimate the thermal lens strength in advance and then optimise the

laser of interest when operating.

2.3 Laser cavity modes

The key requirement of the propagating field in a laser cavity is that it reproduces itself

exactly on one round trip of the cavity. This ensures that the field is self-reproducing

and can be sustained after multiple traverses of the laser cavity. The self-reproducing

fields are called the cavity modes and can be sustained in the laser cavity. The modes

fit two requirements: both their transverse profile and phase must be unchanged after

a cavity round trip. These properties can be thought of separately, but it will be shown

that each cavity mode is uniquely defined by the combination of transverse profile and

phase reproduction.

2.3.1 Transverse modes

In the following definitions the electric fields are defined through a complex field term

ũ, such that the electric field, E, and corresponding intensity, I, of any given field are

E = R
[
ũei(kz−ωt)

]
, (2.11)

I =
1

2Z0
|ũ|2 , (2.12)

where k = 2π/λ is the wavenumber, λ is the wavelength, z is the distance along the

propagation axis, ω = 2πν is the angular frequency, ν is the frequency, t is time, and Z0

is the impedance of free space.

The transverse modes of a resonator are propagation invariant, in that they do

not change shape after propagation through free space. This ensures that they fulfil

the self reproducing requirement of a cavity mode. They are found through solving

the paraxial Helmholtz wave equation, with the solution in rectangular co-ordinates

giving the Hermite-Gaussian (HG) modes and in cylindrical co-ordinates the Laguerre-

Gaussian (LG) modes. The HG modes are a suitable basis set in cavities that have

symmetry about the horizontal (x-z) and vertical (y-z) planes, with the LG modes

appropriate for cavities with cylindrical symmetry.

The complex field parameter of the HG modes, ũHG
nm, is given in cartesian co-ordinates
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Figure 2.4: The intensity profiles of the HGnm modes.

as

ũHG
nm(x, y, z) =

√
2

πw2
00(z)2

n+mn!m!
Hn

(
x
√
2

w00(z)

)
Hm

(
y
√
2

w00(z)

)

× exp

[
−(x2 + y2)

w2
00(z)

− ik
(x2 + y2)

2R(z)
− i(n+m+ 1) tan−1

(
z

zR

)]
, (2.13)

where n ≥ 0 is an integer horizontal mode order, m ≥ 0 is an integer vertical mode

order, and Hµ are the Hermite polynomials of order µ [27]. The intensity profiles of

the HGnm modes are shown in Figure 2.4. The number of nodes increases with the

mode orders in each axes respectively, and the modes become larger with respect to the

Gaussian radius w00.

The complex field parameter of the LG modes, ũLGpl , is given in cylindrical co-

ordinates, r =
√
x2 + y2 and φ = tan−1(y/x), as

ũLGpl (r, φ, z) = (−1)p

√
2p!

πw2
00(z)(p+ |l|)!

(
r
√
2

w00(z)

)|l|

L|l|
p

(
2r2

w2
00(z)

)
× exp

[
− r2

w2
00(z)

− ik
r2

2R(z)
− i(2p+ |l|+ 1) tan−1

(
z

zR

)
− ilφ

]
, (2.14)

where p ≥ 0 is an integer radial mode order, l is an integer azimuthal mode order, and

L
|l|
p are the generalised Laguerre polynomials [27]. The phase accumulated around the

circumference of the mode is equal to 2πl. Usually the LG modes of interest are those
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(a) (b)

Figure 2.5: The intensity profiles of the (a) LGpl modes and (b) petal [LGpl + LGp−l]
modes, where the nodes will be rotated for the oppositely phased superposition [LGpl −
LGp−l].

with zero radial mode order (p = 0), which have the simplified form of

ũLG0l (r, φ, z) =

√
2

πw2
00(z)|l|!

(
r
√
2

w00(z)

)|l|

× exp

[
− r2

w2
00(z)

− ik
r2

2R(z)
− i(|l|+ 1) tan−1

(
z

zR

)
− ilφ

]
, (2.15)

where L
|l|
0 = 1 has been used. In these definitions the fields have been normalised to∫∫

dxdy|ũ|2 = 1. The intensity profiles of the LGpl modes are shown in Figure 2.5(a),

where they are the same for +l and −l modes. An important feature of the LG modes is

the result of coherently adding two modes of opposite handedness, LGpl + LGp−l. This

addition forms the petal modes shown in Figure 2.5(b), where the azimuthal nodes are

due to the exp(−ilφ) term giving constructive and destructive interference azimuthally.

The HG and LG modes propagate using the standard Gaussian beam relationships

[27] of

R(z) = z +
z2R
z
, (2.16)

w00(z) = w00(0)

√
1 +

z2

z2R
, (2.17)

zR =
πw2

00(0)

λ
=
kw2

00(0)

2
, (2.18)

where R is the radius of wavefront curvature, zR is the Rayleigh length, w00(z) is the

radius of the underlying Gaussian function, and w00(0) is the minimum radius that is

defined to be at z = 0.
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As both the HG and LG modes are orthogonal sets, either can be used to represent an

arbitrary field distribution. For example, an arbitrary field, U(x, y), can be decomposed

into the HG modes as

U(x, y) =

∞∑
n=0

∞∑
m=0

c̃nmũ
HG
nm(x, y) , (2.19)

c̃nm =

∫∫ ∞

−∞

[
ũHG
nm(x, y))

]∗
U(x, y) dxdy , (2.20)

where c̃nm is a complex valued coefficient and the asterisk denotes complex conjugation

[1]. The coefficients obey
∑

n,m |c̃nm|2 = 1 when U is normalised as
∫∫

|U |2 dxdy = 1.

The value |c̃nm|2 therefore represents the relative power of the constituent HGnm modes

[45].

In addition to this, each mode from one set of solutions can be decomposed into

components of the other [27]. An LG mode in terms of the HG modes is given by

ũLGpl (x, y, z) =

(n+m)∑
j=0

ijb(n,m, j)ũHG
(n+m−j),j(x, y, z) , (2.21)

where p = min(n,m), l = (n−m), and b are real coefficients given by

b(n,m, j) =

[
(n+m− j)!j!

2n+mn!m!

]1/2 1

j!

dj

dtj
[(1− t)n(1 + t)m]t=0 . (2.22)

Example decompositions of the LG01 and LG02 modes are shown in Figure 2.6. The

LG01 mode is formed from a coherent superposition of the HG01 and HG10 modes with

a π/2 phase difference. To reverse the handedness of the LG modes the relative phases

of the HG modes are altered; for the LG01 and LG02 decompositions given, the −i/
√
2

coefficient is replaced with +i/
√
2. In the decomposition the total mode orders of each

mode are constant so (n+m) = (2p+ |l|). This is apparent in the LG02 decomposition

where HG modes of order (n+m) = 2 are the constituent components.

2.3.2 Longitudinal modes

The phase reproduction requirement in a laser cavity determines the electromagnetic

frequencies of the modes. In general, these frequencies are not independent of the

transverse modes of the cavity due to different Gouy phase shifts on propagation for

higher order modes. In this section the analysis will be performed for the HGnm modes;

however, the relations can be easily altered for the LGpl modes by substituting (n+m)

for (2p+ |l|) where it appears.

For the phase of a beam to be reproduced after one cavity round trip the total

phase shift must be 2πq, where q is an integer and is the longitudinal mode order. This
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Figure 2.6: The decomposition of the LG01 and LG02 modes into their HG counterparts.

condition gives
2πpνnmq

c
−∆ψnm = 2πq , (2.23)

where p is the round trip optical path length perimeter of the cavity, c is the speed

of light, νnmq is the frequency, and ∆ψnm is the round trip phase change [42]. The

quantities that are dependent on the transverse modes are explicitly labelled by their

orders n and m. Rearranging the equation gives the longitudinal mode frequencies as

νnmq =
c

p

[
q +

∆ψnm

2π

]
. (2.24)

There may be additional phase changes on propagation in the cavity, but these will only

act as a fixed frequency offset for all the cavity modes. The case of mirror inversion

astigmatism will be considered in a later chapter, see Section 5.2.1.

As a Gaussian beam propagates through a focus it experiences a Gouy phase change.

This is the source of the transverse mode dependent phase change, ∆ψnm, as different

order Gaussian modes undergo different amounts of Gouy phase changes. The amount

of Gouy phase a beam will accumulate depends on how the beam is focussed on pro-

pagation, therefore, the phase changes in a laser cavity are dependent on the focussing

geometry of that cavity. For a general stigmatic stable resonator this is given by

∆ψnm =

⎧⎨⎩+(n+m+ 1) cos−1
(
A+D
2

)
forB > 0

−(n+m+ 1) cos−1
(
A+D
2

)
forB < 0

(2.25)

where A, B, and D are the components of the round trip ray transfer matrix of the

cavity. This can then be used in Equation (2.24) to find the longitudinal modes of a

general laser cavity.

It can be shown that for a linear cavity this gives the mode frequencies as

νnmq =
c

2L

[
q +

(n+m+ 1)

π
cos−1 (±√

g1g2)

]
, (2.26)
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where L is the cavity optical path length, g1 = A1 and g2 = D1 are the components of

the one way ray transfer matrix, and the + or − signs are for g1, g2 > 0 or g1, g2 < 0

respectively [42].

In the case of an astigmatic resonator that is symmetric about the xz and yz planes

(simple astigmatism), there are separate stability parameters g1µ, g2µ for the µ = x, y

planes. The mode frequencies of this cavity are then

νnmq =
c

2L

[
q +

(n+ 1
2)

π
cos−1(±√

g1xg2x) +
(m+ 1

2)

π
cos−1(±√

g1yg2y)

]
, (2.27)

where the + or − signs correspond to positive or negative g1µ and g2µ as before [46]. If

the cavity is symmetric with g1 = g1x = g1y and g2 = g2x = g2y then the relationship

simplifies to Equation (2.26). Alternatively, the cavity may have astigmatic components

but satisfy g1xg2x = g1yg2y.

A key feature of the symmetric cavity mode frequencies, Equation (2.26), is that

HGnm modes are degenerate in frequency if they have the same total mode order (n+m).

When a cavity is astigmatic, as in Equation (2.27), this degeneracy is broken by the

separate Gouy phase shifts in the different axes.

2.3.3 Mode analysis

In usual laser applications specific modes of the resonator are required, so diagnostic

techniques are needed to analyse them. In this section the measurement and analysis

of the transverse profile of a laser beam is presented using a beam quality parameter.

The frequency analysis of the longitudinal modes of a resonator can be performed using

a Fabry-Perot interferometer.

Beam quality parameter

A seemingly simple measurement of a laser beam is to measure its diameter; however,

this is not a trivial task. In practice a laser will typically not oscillate on a pure transverse

mode such as those given in Section 2.3.1, but potentially a mixture of them. Different

applications of lasers also have varying requirements of the beam, for example the power

distribution may be more important than its detailed structure.

A widely used measurement technique is the second moment width defined in ISO

11146-1/2/3. This is measured by taking an the intensity distribution I(x, y) at one

plane and computing the relationship

w2
x = 2

∫∫
(x− x̄)2I(x, y) dxdy∫∫

I(x, y) dxdy
, (2.28)

where wx is the second moment radius and x̄ is the centroid location. For the Gaussian

shaped HG00 mode this is equivalent to the distance from the peak intensity to 1/e2
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that value. The second moment width can be calculated analytically for the transverse

modes of Section 2.3.1, giving beam radii in the x, wx, and y, wy, directions of

HGnm :

⎧⎨⎩wx(z) = w00(z)
√
2n+ 1 ,

wy(z) = w00(z)
√
2m+ 1 ,

(2.29)

LGpl : wx,y(z) = w00(z)
√
2p+ |l|+ 1 , (2.30)

where w00 is the radius of the underlying Gaussian function in Equations (2.13) and

(2.14).

An advantage of this measurement method is that the resulting radii obey the Gaus-

sian beam propagation formula along the z direction of

wµ(z) = wµ0

√1 +

(
M2

µλz

πw2
µ0

)2

, (2.31)

where µ = x or y is the considered axes, wµ is the second moment beam radius, wµ0 =

wµ(0) is the minimum beam radius located at z = 0, and M2
µ is the beam quality

parameter, all with respect to the x or y direction.

To determine the M2 parameter the beam radius is measured in many planes along

z as it focusses through a beam waist. If the wavelength is known, then Equation (2.31)

can be fitted to the radius measurements to find a best-fit value of M2. If the beam is

astigmatic the beam quality will be different in each axis, so this procedure is performed

along orthogonal directions to give separate beam qualities of M2
x and M2

y. A cylindrical

beam quality M2
r can also be defined, which quantifies the average beam quality from

each axis.

The beam quality parameter can be derived analytically for the pure Hermite-

Gaussian or Laguerre-Gaussian transverse modes given in Section 2.3.1, with a beam

composed of one of these pure modes having a beam quality of

HGnm :

⎧⎪⎪⎪⎨⎪⎪⎪⎩
M2

x = 2n+ 1 ,

M2
y = 2m+ 1 ,

M2
r = n+m+ 1 ,

(2.32)

LGpl : M2
x,y,r = 2p+ |l|+ 1 . (2.33)

For a beam that is an incoherent mix of HGnm modes [47], each with normalised power
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fractions |c̃nm|2, the beam qualities are given by

M2
x =

∞∑
n=0

∞∑
m=0

(2n+ 1) |c̃nm|2 , (2.34)

M2
y =

∞∑
n=0

∞∑
m=0

(2m+ 1) |c̃nm|2 , (2.35)

M2
r =

∞∑
n=0

∞∑
m=0

(n+m+ 1) |c̃nm|2 . (2.36)

Therefore, the beam qualities are the averages of the constituent HGnm modes with

weighting equal to |c̃nm|2.
A more realistic model of a laser output allows for coherent addition of modes with

equal total mode order (n + m). This adds significant complexity for the M2
x and

M2
y formulae [45]; however, their average value 1

2(M
2
x + M2

y) gives the same result as

for the cylindrical beam quality M2
r in the case of fully incoherent addition [48] in

Equation (2.36). The LGpl modes are formed of coherent additions of the HGnm modes

with (n +m) = (2p + |l|), so for a resonator oscillating on a pure LGpl mode then the

expected value M2
r = (n+m+1) ≡ (2p+ |l|+1) of Equation (2.33) holds. For a mix of

LGpl and HGnm components the difference between M2
x and M2

y will identify astigmatism

in the beam, with M2
r indicating the most likely dominant LGpl mode oscillating.

Beam quality measurements can be used to indicate the dominant modes in any

given beam. However, this measurement alone is not sufficient to determine the precise

contributions and purity of a laser mode, because for M2
x,y ̸= 1 there are infinitely many

combinations of |c̃nm|2 that could match any given M2
x,y,r value.

Frequency measurement

The oscillation frequency of a laser can be measured with a spectrometer, these can

measure the frequency with resolutions typically ranging from 0.5 nm to 0.07 nm for

digital devices. This level of resolution is sufficient to find the average wavelength of

oscillation, but is too large to analyse the finer level structure of the longitudinal modes

where the mode spacing is 1GHz for a 15 cm linear cavity, for example. This level of

resolution could be measured using a large finer resolution spectrometer; however, a

more efficient method can be to use a Fabry-Perot (FP) interferometer.

A FP interferometer consists of two plane partially reflecting surfaces, with reflec-

tance R, separated by an optical distance of L [1]. The transmission, TFP, of a plane

wave incident at an angle β is given by

TFP =

[
1 +

4R

(1−R)2
sin2

(
2πνL cosβ

c

)]−1

. (2.37)

The transmission is maximised when 2πνL cosβs/c = sπ, where s is an integer interfe-
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Figure 2.7: The Fabry-Perot (FP) frequency measurement technique. The input beam is
diverged with lens 1 and passes through the FP. Lens 2 images the fringes at a distance
equal to its focal length away, f . The observation plane has a series of concentric rings,
where each corresponds to a different mode order s.

rence fringe order. The highest order fringe is at normal incidence (β = 0) and is given

by s′ = 2Lν/c, which will typically be a large number. For example, a 1 cm long air

spaced Fabry-Perot interferometer for near infrared light at 1 µm has s′ = 20 000. The

angles of the interference peaks can then be approximated as

β2m ≈ 2(s′ − s)

s′
, (2.38)

where it has been assumed that s′ ≫ 1 and βs ≪ 1 (near normal incidence).

The free spectral range (FSR) of the interferometer is defined as the frequency dif-

ference, νFSR, between two input waves where the interference fringes overlap at fixed

input angle β. It is given by

νFSR =
c

2L cosβ
, (2.39)

and determines the maximum bandwidth of the input beam that can be measured before

the fringes of different orders s overlap.

The finesse of a FP is F = π
√
R/(1−R) (for R > 0.5 [49]) and determines the ratio

of the fringe full width half maximum (FWHM) to FSR of the interference pattern. A

high finesse gives a high resolution interference pattern due to the small FWHM and

allows frequency components much smaller than the FSR of the FP to be resolved. For

example, R = 0.9 gives F = 30, so frequency components at least an order of magnitude

smaller than νFSR could be resolved.

The FP can be used to analyse the frequency structure of a laser beam using the

configuration shown in Figure 2.7. The beam to be analysed is given a large radius of

curvature wavefront from a diverging lens. It is then incident on the FP, where it can be

modelled as a mixture of plane waves at a range of incident angles β. The lens after the

FP focusses the transmitted beam to reveal the interference fringes at the focal length

away from the lens. In this way the fringe angles βs are converted into displacements in

the observation plane of fβs.

The fringe pattern is a series of concentric circles, each corresponding to a decreasing
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order s from the centre outwards, see Figure 2.7. The square of the radial distance r

is proportional to (s′ − s), see Equation (2.38), which can be shown to be linear in

frequency. The r2 distances can be calibrated into a frequency scale using the known

νFSR of the FP and the separation of the repeating fringe pattern of different mode

orders s.

Using this technique the frequency separation of components of an input beam can

be determined with the resolution determined by the finesse and FSR of the FP. It can

give access to frequency measurement resolutions of the order of 100MHz in a simple

and compact geometry that is sufficient to analyse the longitudinal frequency structure

of a laser.
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Chapter 3

Alexandrite properties and model

Alexandrite was the gain medium used in the first room temperature vibronic laser in

1976 [50]. Due to its vibronic emission it possesses a broad gain bandwidth with lasing

demonstrated from 701 nm to 851 nm [8, 51]. This makes it suitable for a wide range of

applications from vegetation LIDAR [9] to a femtosecond pulsed source [13].

Historically flashlamp pumping has been most commonly used [15]; however, the

broad absorption bands also make Alexandrite suitable for a range of pumping geo-

metries. Recent advances in high power red laser diode technology has made this an

attractive option for use with Alexandrite [16], making it a potential diode-pumped

competitor to the extensively used Titanium doped Sapphire laser.

In this section the properties of Alexandrite are explored, analysing the physical and

optical properties that make it suitable as a high power laser gain medium. The many

optical process, such as laser and pump excited-state absorption (ESA) and laser ground

state absorption (GSA), all have temperature and wavelength dependence, making it

a complex material to understand. These characteristics highlight the need for a laser

model to efficiently analyse its lasing properties.

A new end-pumped laser model was developed incorporating all of the Alexandrite

transitions. This model and analysis was published in international peer reviewed jour-

nals, each time being recognised as significant works (Laser Physics Letters - Highlight

of the year 2015 [52], Optical Society of America - Spotlight on Optics December 2016

[53]).

The temperature dependence of the pump ESA cross section was also measured

for the first time, giving a complete set of parameters for Alexandrite modelling and

highlighting the effect of laser performance on the temperature of crystal.

3.1 Optical and material properties

For a material to be a suitable laser gain medium it must satisfy certain physical and

optical parameters. The material must be physically strong enough to withstand the
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Table 3.1: Comparison of the key mechanical, thermal and optical properties of Alexan-
drite, Ti:Sapphire, Ruby and Nd:YAG.

Alexandrite Ti:Sapphire Ruby Nd:YAG Ref.

Formula BeAl2O4:Cr
3+ Al2O3:Ti

3+ Al2O3:Cr
3+ Y3Al5O12:Nd

3+ [54, 55]
Dopant concentration (at.%) 0.05-0.2 0.1 0.03 1.0 [54, 55]
Dopant ion density (cm−3) 1.75-7.0× 10−19 4.56x10−19 1.58 x 1019 1.38 x 1020 [54, 55]
Melting point (◦C) 1870 2040 2040 192 [54, 55]
Density (g cm−3) 3.7 3.98 3.9 4.56 [54, 55]
Thermal expansion coefficient
(10−6 C−1)a

6.2 5 5.8 7.9 [54, 55]

Thermal conductivity (W
cm−1 K−1) at 300Ka

0.23 0.33 0.42 0.13 [54, 55]

Heat fracture limit (W cm−1) 600 ˜1000 1000 120 [8]
Hardness (Knoop) 2000 2000a 2276 1215 [56, 55]
Refractive indexa 1.74 (750nm) 1.76 (633nm) 1.76 (693nm) 1.82 (1064nm) [5, 55]
dn/dT (K−1) 8 x 10−6 8 x 10−6 12.6 x 10−6 7.3 x 10−6 [57, 55]
Scattering loss (cm−1) <0.003 0.002 0.001 0.002 [5, 55]
Non-linear refractive index
(10−20 m2W−1) at 1064nm

2.0 ± 0.2 2.8 ± 0.3 2.5 ± 0.35 7.23 ± 1.4 [58, 59]

aaveraged over the principal axes

heat loading of pumping. It must also have a suitable energy level structure to support a

population inversion for stimulated emission to provide gain. In this section, the optical

and material properties of Alexandrite are explored, showing the characteristics that

makes Alexandrite a suitable high power laser gain medium, along with the complexities

of the material.

3.1.1 Physical properties

Alexandrite is a naturally occurring gemstone, it consists of trivalent Chromium doped

in a Chrysoberyl host, with the composition Cr3+:BeAl2O4. A summary of the pro-

perties of Alexandrite, compared to Titanium doped Sapphire (Ti:Sapphire), Ruby and

Neodymium doped Yttrium Aluminium Garnet (YAG), is shown in Table 3.1. Ruby

and Ti:Sapphire are useful for comparison as a benchmark for a laser material because

their common Sapphire host material has some of the best mechanical properties for

solid state lasers. Ruby is also interesting as it is another trivalent Chromium material.

Nd:YAG is a highly successful solid state laser medium, so is indicative of a suitable set

of material properties for a laser medium.

The thermal conductivity of a gain medium is an important property due to the

many detrimental thermal effects on laser operation. These may be optical, such as

thermal lensing or optical constants changing with temperature, or mechanical, such as

thermal stress fracture or thermally induced birefringence. A higher conductivity will

allow faster heat dissipation, aiding cooling of the crystal, reducing the severity of these

effects. It can be seen from Table 3.1 that Alexandrite has a relatively high thermal

conductivity, twice that of Nd:YAG, which indicates its good thermal properties and

suitability as a gain medium for high power operation.

The heat fracture limit is an estimate of the heating power that can be absorbed, per
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Figure 3.1: The unit cell of the Chrysoberyl host in Alexandrite projected along the c
crystallographic axis, the a and b directions are indicated. The horizontal mirror planes
are denoted by M. Adapted from [61]

unit length of a rod, before fracturing due to heat induced stress. Alexandrite performs

well in this measure, with five times the heat loading it can withstand compared to

Nd:YAG, partly due to its higher thermal conductivity and lower thermal expansion

coefficient. This shows that Alexandrite can withstand the large heat loading that is

necessary for high pump power operation.

High quality synthetic Alexandrite crystals can be grown via the Czochralski process

[55] with typical dopant concentrations used up to 0.5 at.% Cr, where the at.% is the

fractional substitution of Cr3+ in the crystal host Al3+ sites. The quality of the crystals

is shown by the scattering loss being comparable to that of Nd:YAG.

Other wavelength tunable chromium doped laser gain media use colquiriite (fluoride

based) hosts [60], for example Cr3+:LiSAF. The key advantage of Alexandrite over these

materials is its superior physical properties, being harder and having greater thermal

conductivity [5].

3.1.2 Optical properties

The unit cell of the Alexandrite crystal is shown in Figure 3.1. It has orthorhombic

symmetry and the Al3+ ions, which the Cr3+ replaces, are enclosed in octahedral arran-

gements. The octahedra can exist in two states with either mirror, when on a crystal

mirror plane, or inversion symmetry [61].

It was found by Forbes [62] that for lightly doped samples (0.1-0.3 at.% Cr) grown by

the Czochralski process, the mirror site occupancy fraction is 78±3%. It was determined

that this occupancy fraction is likely to be independent of dopant concentration up to

approximately 5 at.%.

The optical transition strength of Chromium in mirror sites is orders of magnitude

higher than in inversion sites due their relatively strong electric dipole transitions. The

inversion sites are restricted to weaker magnetic dipole transitions. This means that
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Figure 3.2: Refractive index of Alexandrite with wavelength for the three polarizations
relative to the crystallographic axes. Adapted from [8]

only ions in mirror sites play a role in the spectroscopic properties of the crystal [8].

The main effect of the mirror sites is to reduce the number of optically active ions

in the crystal, increasing the total Chromium doping needed for a required active ion

density. The inactive ions act also as a potential energy sink via energy transfer from

mirror sites [63]. They have a long fluorescence lifetime of approximately 10ms, which

raises the overall fluorescence lifetime in Alexandrite for increasing chromium doping

concentrations [64]. The extra Chromium impurities in the crystal will also increase the

probability of doping induced defects at higher concentrations.

The intrinsic optical damage threshold (surface and bulk) of Alexandrite has been

reported to exceed power densities of 23GWcm−2 and fluences of 270 Jcm−2 [15]. These

thresholds were found using a 12 ns pulse duration test beam of 16 µm diameter. The

areas tested for these thresholds were pre-screened to exhibit low scattering, when this

was not done, the thresholds decreased significantly. It has been found during laser expe-

riments that optical damage from power density occurs at approximately 1.5GWcm−2.

Repeatable damage free operation has been performed at fluences of 30 Jcm−2. The

decreased damage limits in operation are most likely due to surface defects.

The non-linear refractive index is lower than that of Nd:YAG, so Alexandrite is less

susceptible to high intensity effects, such as self focussing.

Alexandrite is optically biaxial as a consequence of its orthorhombic symmetry. The

refractive index over the wavelength range 0.25 µm to 2.5 µm is shown in Figure 3.2.

3.1.3 Laser characteristics

Alexandrite is part of a family of gain media with trivalent Chromium as the active ion.

These all exhibit similar lasing characteristics, but with distinctive differences due to

the different crystal hosts.
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Figure 3.3: The pumping mechanism and lasing modes of the Cr3+ ion in Alexandrite.
Solid lines are stimulated optical transitions, dashed lines are non-radiative transitions.
Energy levels are labelled with their spectroscopic notation.

Lasing mechanisms of trivalent chromium

The energy levels involved in laser action for the Cr3+ ion are shown in Figure 3.3.

Vibronic transitions can occur between the ground and 4T2 excited state, resulting in a

band of absorption, which is the transition used in most pumping schemes. The pump

photons excite ions to a higher vibrational level of the 4T2 band, which then decay

non-radiatively to the base of the 4T2 level. The excited ion population then becomes

thermally distributed between the 4T2 and 2E states via non-radiative transitions. Two

modes of lasing can then occur.

The first is a four-level scheme using the 4T2 level. A vibronic transition from 4T2

to a higher vibrational state of the ground level is the source of stimulated emission.

The ions then decay non-radiatively down to the base of the ground level, depleting the

excited vibrational population, which results in a four-level lasing scheme.

The second is a three-level scheme using the 2E level, in which electronic transitions

to the ground state occur. This has the characteristic narrow bandwidth of an electronic

transition and is called R-line operation.

The type of lasing that will occur in a given system is that which has the lowest

threshold inversion for laser action. It is therefore critical how the excited ion population

is distributed between the excited states. Four level lasing has an intrinsically much lower

threshold compared to three-level, which means that the vibronic mode will typically

dominate if the 4T2 level is populated.

The exact energy structure of the Cr3+ excited states depend on the crystal host.

When the ion is present in different host media it will experience different crystal fields,

which control the energies of the levels. Trivalent Chromium has a d-configuration of

d3, the simplified Tanabe-Sugano diagram [65] for a d3 ion in an octahedral complex is

shown in Figure 3.4. It can be seen that the different crystal fields result in a changing

separation, △E, of the 4T2 and 2E levels.

When the crystal field is large, as in Ruby, △E is 2350 cm−1. This means that the
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Figure 3.4: The Tanabe-Sugano diagram [65] for trivalent Chromium, the crystal fields of
various crystal hosts have been marked. The crystal field splitting parameter is Dq, the
energy of the state is E, B is the Racah parameter, and △E is the energy separation of
the excited states. Adapted from [66]

thermal population of the higher 4T2 level is vanishingly small and almost all of the

excited population resides in the 2E level.

For a smaller crystal field, as in Cr3+:LiSAF, the 4T2 level is below the 2E level,

resulting in the population being distributed in the vibrational states of 4T2.

In the case of Alexandrite, 4T2 is above the 2E level, but with △E being 800 cm−1.

This means that at room temperature the 4T2 level is thermally populated.

The structure of the energy levels can be used to determine the type of lasing that

will occur in each crystal host. For Ruby, with its large △E, the population in 4T2 is

vanishingly small, meaning only three-level lasing occurs. For LiSAF, 4T2 is below
2E so

has the majority of the excited population, resulting in vibronic lasing dominating. In

Alexandrite the energy separation is at a critical point where the thermal population of
4T2 is approximately 4% of the excited ions at room temperature [8], which is sufficient

for four-level lasing to dominate.

The threshold inversion of four-level lasing is much lower compared to three-level.

It was estimated by Sevast’Yanov [67] that the approximate fractional total population

inversion required for room temperature R-line lasing is 0.508 in Alexandrite. The

threshold inversion required for vibronic lasing is approximately one order of magnitude

lower, which results in vibronic lasing occurring at room temperature and above in

Alexandrite. If R-line lasing is required the vibronic mode must be suppressed, which

can be achieved at low temperatures.

The excited ion populations in the 4T2 and 2E levels are determined by the occu-

pation probabilities of the two levels, which are affected by both energy separation and

temperature; therefore these parameters are critical to lasing characteristics. It is the

variation in the populations of the excited states that gives Alexandrite its interesting

thermo-optical properties.
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Figure 3.5: The upper state lifetime of Alexandrite as a function of temperature. The
data points and models (solid lines) are shown from two groups, Walling et. al. [8] and
Zhang et. al. [20]. The data from Zhang are higher than those of Walling, which is
attributed to radiative trapping. Walling is assumed to be more accurate.

Spontaneous processes

An important property for a gain medium is the upper state lifetime. This is a combi-

nation of fluorescence emission and quenching processes. It is assumed that Alexandrite

has 100% quantum yield, that there are no spontaneous processes other than fluores-

cence for excited ions in the upper lasing level. This was supported by the accuracy

of cross section calculations performed at different temperatures ranging from 77K to

300K [8].

The fluorescence lifetime in Alexandrite has a strong temperature dependence. This

is due to lifetime of 2T2 →4A2 being much shorter than that of 2E→4A2, because the

latter is doubly forbidden by spin and parity. This gives 4T2 a transition strength one or

two orders of magnitude stronger [66]. The fluorescence lifetime is therefore dependent

on the relative populations of the two levels. A two level model was successfully used

by Walling et. al. to predict the fluorescence lifetime of Alexandrite for temperatures

of 70K to 500K, Figure 3.5, given by

τf = τE

[
1 + e−△E/kbT

1 + (τE/τT)e−△E/kbT

]
, (3.1)

where kb is the Boltzmann constant. This model assumes the total upper state lifetime

is from the thermal occupation of two excited levels, each with its own intrinsic lifetime.

The 4T2 level has a lifetime of τT = 6.6 µs, 2E of τE = 1.54ms, and the levels have an

energy separation of △E = 800 cm−1.

An investigation of the fluorescence lifetime for temperatures up to 973K was con-

ducted by Zhang et. al. [20], see Figure 3.5. It was found that at approximately 670K

thermal quenching occurs, where non-radiative transitions start to dominate the upper
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state lifetime. This indicates that the quantum yield starts to drop below 100% at

this temperature and above. A configurational coordinate model was used to fit the

lifetime data, where a thermal activation energy allowed non-radiative transition to the

ground state. Their calculated lifetimes were, τT = 7.96 µs, τE = 2.75ms and 6.8 fs for

thermal quenching. The energy separation of 4T2 and 2E was △E = 740 cm−1, and

the activation energy for thermal quenching was 12 400 cm−1. The excited state fluo-

rescence lifetimes are higher than those of Walling, which was attributed to increased

radiative trapping from a higher doped crystal sample; however, the Cr3+ concentration

of 0.042-0.12 at.% is more representative of doping concentrations of laser media.

The long fluorescence lifetime of Alexandrite is a key advantage over the broadly

wavelength tunable Ti:Sapphire gain medium, which has a lifetime of 3.2 µs [5]. This

gives Alexandrite a greater potential for energy storage for Q-switching or as an optical

amplifier, particularly when used with limited peak power laser diodes.

It is usually beneficial in laser rate equation analysis to assume non-radiative tran-

sitions are instantaneous, the approximation being that they are on a much shorter

time scale than optical transitions. The intra-vibrational band non-radiative lifetimes

in Alexandrite were studied by Gayen et. al. [68]. Non-radiative relaxation from higher

vibrational levels of 4T2 to its base has a lifetime of 17 ps; the lifetime for the non-

radiative transition from the base of 4T2 to 2E is 27 ps; and thermal re-population of
4T2 from 2E has a lifetime of 290 ps. These lifetimes are all many orders of magni-

tude shorter than the optical transitions, so the assumption that they are instantaneous

holds.

3.1.4 Spectroscopic properties of Alexandrite

As in any laser material, the details of the spectroscopic properties of Alexandrite can

be used to determine its lasing characteristics.

The fluorescence spectrum is shown in Figure 3.6 for the a, b and c axes. The

intensity is an order of magnitude larger for E∥b (electric field parallel to the b-axis).

As a consequence of the relationship between fluorescence intensity and emission cross

section, this results in polarised vibronic laser emission in Alexandrite [8].

The GSA cross section is shown in Figure 3.7. The absorption and emission spectra

can be understood by examining the energy level structure of the Cr3+ ion in Alexan-

drite.

The absorption spectra in the pumping region consists of two broad vibronic absorp-

tion bands at room temperature. They are centred around 420 nm and 590 nm, and are

due to absorption into the vibrational bands of 4T1 and 4T2, respectively.

Absorption from the ground state into 4T2 is weaker and shifted to higher energies

for the E∥a and E∥c polarisations compared to that of E∥b. This can partly be explained

from the fine structure of 4T2. The crystal field and spin-orbit interactions split the 4T2

level into three, which are denoted as the T1, T2 and T3 levels in order of low to high
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Figure 3.6: The fluorescence rate spectra of Alexandrite for the three polarizations. The
E∥a and E∥c polarizations have been amplified by the amounts indicated. Inset : The
higher resolution data around the R lines. Adapted from [8]

Figure 3.7: The absorption coefficient of Alexandrite in the pump region for the three po-
larizations. The doping concentration was 2.2× 1019 cm−3 Cr3+. Cross section calculated
assumes 78% mirror site occupancy fraction. Adapted from [8]
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Figure 3.8: The emission and GSA cross sections of Alexandrite. The points indicate
measurements, the solid line is the theoretical prediction. Adapted from [19]

energy. Vibronic transitions for E∥b are allowed between the ground state and all of the

three split levels; however, transitions involving T1 and T2 are forbidden for the other

two polarisations [63]. This means that vibronic absorption must occur with higher

energy photons because T3 is the highest energy level of the group. This causes the

shift in the absorption peak to shorter wavelengths for E∥a and E∥c and a reduction in

the absorption strength.

A second consequence of the selection rules is reduced vibronic fluorescence intensity

for the E∥a and E∥c polarisations. This is partly due a lower occupancy of the T3 level.

The 4T2 levels are thermally populated so by restricting the emission to that from

T3, the highest energy level, the available population is greatly reduced. This directly

results in a lower fluorescence intensity. The less intense fluorescence is also due to

weaker vibronic transition strengths for these polarizations [8].

Early Alexandrite lasers used the overlap between these bands and electrical gas

discharge lamps for optical pumping of Alexandrite. Recent availability of high power

red diode laser pump modules at 639 nm has enabled diode pumping of Alexandrite.

This can be achieved with the shortest absorption depth for E∥b.
The GSA cross section extends into the laser wavelengths in Alexandrite and is

effectively an extension of the pump absorption cross section. It was calculated and

measured by Shand [19] and is shown in comparison to the emission cross section in

Figure 3.8 over the typical lasing wavelength range. It is clear that GSA is insignificant

at longer lasing wavelengths due to the cross section being many orders of magnitude

smaller than the emission cross section. The GSA acts as a limit to the shortest la-

sing wavelength in Alexandrite, it is a significant loss factor due to the typically low

inversions during CW operation. This has resulted in the shortest wavelength operation

demonstrated of 701 nm, where the GSA cross section is one order of magnitude smaller

than the emission cross section.
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GSA arises from vibronic transitions from vibrational levels of the ground state into

the 4T2 band. The vibrational states are thermally populated, so excitation into 4T2

with higher energy photons is more likely due to the higher probability of thermal occu-

pation of the lower vibrational states. The transition probability at a specific wavelength

of excitation is therefore dependent on both temperature and the transition strength,

these are both embodied in the GSA cross section, which is a function of wavelength

and temperature. A theoretical determination of the GSA cross section was derived

by McCumber [69] and expanded upon for Alexandrite by Walling et. al. [8], the key

relationship being

σa(E, T ) = σe(E, T ) · exp[(E − E∗)/kbT ] , (3.2)

where E is the photon energy, E∗ is the effective no-phonon transition energy, σa(E, T ) is

the GSA cross section, σe(E, T ) is the effective emission cross section, kb is Boltzmann’s

constant and T is the temperature of the crystal [19]. The value of E∗ in wavelength

units is 680.3 nm and 682.7 nm in Alexandrite at 300K and 375K respectively, which

correspond on the graph to the point where the GSA equals the emission cross section.

The effective emission cross section, σe, is found from an equation relating it to the

fluorescence rate and lifetime, see [19], and E∗ is calculated by considering the fine energy

level structure, see [8]. The key points of note are the relative exponential decrease in σa

with decreasing E and the increasing relative strength of GSA to emission cross section

for increased temperatures.

This theory is based on the assumption that the excited states of Alexandrite are

in quasi-thermodynamic equilibrium, as assumed by Walling et. al. [8]. The close fit

of this theory to experiment is shown in Figure 3.8, which verifies this assumption as

accurate and allows the theory to be more widely applied [19].

A simplified energy level diagram of the Chromium ion is shown in Figure 3.9 up

to what is thought to be the charge-transfer band [70]. The higher lying energy levels

can absorb radiation via ESA, which is absorption from excited ions. In Alexandrite

this is absorption from the meta-stable 2E and 4T2 levels. Once further excited through

absorption, the ions then decay back to the meta-stable states non-radiatively. This

constitutes a loss process, converting the optical energy into heat after absorption.

ESA occurs for photon wavelengths throughout the pumping and lasing bands, this

can be clearly seen in Figure 3.9 by the broad absorption bands of the higher excited

states. In Figures 3.10 and 3.11 more precise measurements of the ESA cross sections

are shown. ESA will prevent lasing when the ESA and emission cross sections are

equal, in the absence of GSA, because it will reduce gain to zero. This limit is reached

at approximately 818 nm. Due to the relatively large ESA cross sections in both the

pump and lasing regions, ESA has a substantial impact on the laser performance of

Alexandrite.

It was determined by Gayen et. al. that ESA initiates from both the 2E and 4T2
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Figure 3.9: The energy levels of Alexandrite as determined by ground and excited state
spectroscopy in the E∥b polarization. The key energy levels have been labelled next to
their absorption peaks. The greyed areas represent broad absorption bands. Lines are
the centres of absorption for different energy levels, as determined by Sevast’yanov et.
al. The highest energy band absorption cross section has been multiplied by the amount
indicated. Adapted from [71]

levels [68], but absorption from 4T2 has a cross section seven times greater than that

from 2E. This was consistent with previous studies that assumed ESA initiated from
4T2 [14, 18, 72]. Due to the much larger cross section for absorption from 4T2 it can be

assumed that absorption dominates from this level.

It was found that both the emission and ESA cross sections increase with temperature

[72]. They increase at approximately the same rate, so that the long wavelength lasing

cut-off remains at 818 nm. The increase in emission cross section can be explained by the

increased 4T2 population at elevated temperatures. The larger population in the lasing

level will result in an increased probability of stimulated emission, which is reflected in

the larger emission cross section. The same proportional increase in temperature for

ESA can also be explained in this way by using the finding that ESA also initiates from
4T2.

Spectral properties of lasing

By combining the absorption and emission processes the spectral and thermal charac-

teristics of Alexandrite lasing can be explained, which can inform design considerations

when making an Alexandrite laser.

The long wavelength lasing limit for Alexandrite comes from ESA. The ratio of

ESA to emission cross section does not appear to change in the range of 300K to

560K [72], but the increase in overall gain means that the threshold for lasing can be
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Figure 3.10: GSA (solid lines) and ESA (dashed lines) cross sections in the pump region
of Alexandrite. Sample 1: N = 1.1× 1020 cm−3, Sample 2: N = 9.2× 1019 cm−3. Mirror
site occupancy of 78% assumed. Adapted from [14]

Figure 3.11: The ESA cross section in the lasing region of Alexandrite, compared to the
emission cross section. Adapted from [18]
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Figure 3.12: The calculated gain per unit length of Alexandrite including the effect of
GSA. p+ is the inversion fraction. Solid lines: 25 ◦C, dashed lines: 75 ◦C. Adapted from
[8]

reduced at elevated temperatures [67] and increased performance found [73]. It was

demonstrated by Strotkamp et. al. [74] that when an Alexandrite laser is operated at

longer wavelengths the optimum operating temperature increases.

The ESA limit on lasing range was expected to be 818 nm, but it was shown by

Kuper et. al. [51] that continuous tuning could be achieved up to 858 nm by operating

at increasing temperatures up to a maximum of 786K; although, this was achieved at

the cost of severely reduced efficiency. This work suggests that the wavelength at which

the ESA cross section equals the emission cross section increases for temperatures above

560K. It also demonstrated that efficient lasing can be achieved in the 800 nm to 820 nm

range when using these higher temperatures.

The short wavelength lasing limit for Alexandrite comes from GSA of laser radiation,

which introduces a significant loss factor. The effect of GSA on laser gain, excluding

the effects of ESA, is shown in Figure 3.12. A free running laser will operate at the

peak of a gain curve, so these plots highlight the main impacts of GSA. Both lower

inversions and higher temperatures will red shift the peak gain due to stronger GSA.

The shortest demonstrated lasing wavelength for Alexandrite is 701 nm [8], limited by

the pump energy available to reach laser threshold.

Analysing the general causes of the upper and lower wavelengths lasing limits in

Alexandrite is useful to gain an understanding of the general characteristics of the me-

dium; however, it does not provide information on practical limitations in terms of laser

threshold or efficiency. To gain a full understanding of the lasing behaviour a laser

model incorporating all these effects together is required.
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3.2 Measuring Alexandrite pump ESA

Of crucial importance to quantifying the effect of pump ESA is knowing the ratio of

the pump ESA, σ1, to pump GSA, σ0, cross sections: γ = σ1/σ0. This parameter has

previously been measured for Alexandrite at 20 ◦C [14]; however, there are significant

temperature dependences in Alexandrite, yet there had been no previous investigation of

the effect of crystal temperature on pump ESA. In this work the temperature dependence

of the pump ESA cross section in Alexandrite was measured, in order to provide a

complete set of temperature dependent parameters for Alexandrite. These results have

contributed to two published articles [53, 75].

The measurement can be made through pulsed pump-probe measurements by com-

paring the difference in transmission between the pumped and unpumped cases. Alter-

natively, the saturating transmission of a sample can be used to determine the pump

ESA fraction [14, 76].

The simplest way of using transmission saturation would be to compare the small

signal transmission to that of a highly saturated sample as in [14], but due to the

limited brightness and power of the available pump source, instead the rate of crystal

transmission saturation with incident intensity was used.

Theory

The transmission, Tp, of a plane wave pump beam of intensity I0 through a saturable

absorber with pump ESA is given by [76]

I0
Is

=
1

γ

[
(Tp/T0)

γ
1−γ − 1

]
[
1− Tp(Tp/T0)

γ
1−γ

] , (3.3)

where Is = hνp/(σ0τf) is the pump saturation intensity, h is the Planck constant, νp

is the pump radiation frequency, σ0 is the pump GSA cross section, τf is the fluores-

cence lifetime, T0 = exp−(Nσ0l) is the small signal transmission, N is the active ion

population density and l is the length of the absorbing medium.

The non-linear nature of the transmission with respect to incident intensity means

that non-uniform beams, such as Gaussian beams, cannot directly use this relationship

to accurately give their transmissions. This relationship was adapted to apply to the

Gaussian profile beams used in this work.

The intensity as a function of radius, I0(r), for an incident Gaussian beam is

I0(r) = I0p exp
[
−2(r/w)2

]
, (3.4)

where I0p is the peak intensity and w is the (1/e2) intensity beam radius. To find the

transmission of a Gaussian beam, TG, the ratio of output to input power is calculated
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Figure 3.13: The analytical model of transmission against the normalised peak incident
intensity I0p/Is for different pump ESA ratios γ.

as

TG =

∫∞
0 2πrI(r)dr∫∞
0 2πrI0(r)dr

, (3.5)

where I(r) is the pump intensity exiting the crystal. This equation is calculated through

substitution of Equation (3.4), yielding

TG = 4

∫ ∞

0
r′e−2r′2Tp(r

′)dr′ , (3.6)

where r′ = r/w is the normalised radius and Tp(r
′) is the transmission of the Gaussian

beam at a normalised radius. The Gaussian beam intensity, and therefore transmission,

is constant at a given radius, so Equations (3.3) and (3.4) give Tp(r
′).

To find the transmission of a non-divergent Gaussian beam, the integral of TG is

then found. This must be calculated numerically due to the transcendental nature of

Equation (3.3). In the case of a diverging beam, the average beam radius over the

absorbed path can be used as an approximation.

Using Equations (3.3) and (3.6), the crystal transmission versus peak incident in-

tensity is shown in Figure 3.13 for a range of ESA ratios γ. The saturable absorber

range is when γ < 1, increasing intensity causes a larger transmission because excited

ions absorb less than when in the ground state. When ESA is present, the asymptotic

high intensity transmission is less than one as there is residual absorption of the excited

ions. When γ = 1 there is no change in transmission with intensity because the excited

ion absorption is equal to that of the ground state. When γ > 1 the material is a re-

verse saturable absorber, so called because increasing incident intensity causes a lower

transmission.
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Figure 3.14: The pump ESA measurement experiment design. Pump power control was
from two cube polarisers (CP) and a half-waveplate (HWP). The beam was focussed and
re-collimated with two lenses (f1, f2) and attenuated with an anti-reflection coated wedge.

Method

The experimental apparatus that was designed to measure the pump ESA cross section

is shown in Figure 3.14, which enabled the saturating transmission of the Alexandrite

crystal to be measured. The pump source was a 5.7W, 637 nm, fibre-delivered diode

module that was linearly polarised with a cube polariser (CP), giving an available pump

power of 3.2W. Due to wavelength changes with diode current, its power control was

achieved by rotating its linear polarisation with a λ/2 wave plate and then passing

through another cube polariser, which was aligned to the b-axis of the Alexandrite

sample. The pump was focussed into the crystal with an f1 = 26mm aspheric lens,

resulting in a pump beam on the crystal of diameter 170 µm, Rayleigh length 0.84mm,

and M2 = 45. Further details on the pump source are given in Section 4.2.

To measure the small signal transmission, the pump beam diameter at the crystal

was increased by moving f1 so that the beam waist was outside of the crystal. In this

way the intensity at the crystal could be reduced, but the transmitted power was kept

within the dynamic range of the power meter.

The pump transmitted through the crystal was collimated with an f2 = 18mm

lens and attenuated with an anti-reflection coated wedged optic. The beam also passed

through a 635± 10 nm band pass filter to minimise any fluorescence detection.

The crystal was a 0.16 at.% Cr Alexandrite slab with a depth of 2.08mm mounted

with indium foil on a water cooled copper heat sink. This could maintain a temperature

between 10 ◦C to 85 ◦C, which was assumed to be the crystal temperature. The crystal

faces were uncoated, so the Fresnel reflections were corrected for in the analysis.

The crystal transmission was measured by lowering and raising the Alexandrite cry-

stal into the beam path and measuring the power in each case. By using this method,

the attenuation of the wedge and filter did not need to be known, which enabled the

high accuracy transmission measurements needed.
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Figure 3.15: The transmission T of an Alexandrite sample at 55 ◦C against the ratio
of peak incident intensity I0p to saturation parameter Is, compared to the model for
different γ. The shaded area represents the uncertainty on γ, the black points are from
pump intensity modulation with the half-wave plate, and the red points are from pump
defocussing to control intensity.

Results

The saturating transmission of Alexandrite is shown in Figure 3.15 at 55 ◦C, with the

crystal transmission, T , against normalised incident peak intensity, I0p/Is. The black

points are measurements from using waveplate control and the red points from defo-

cussing the beam to adjust the incident intensity. The defocussing control had more

accurate measurements at low intensities and was used to determine the small signal

transmission. The waveplate control provided higher intensity measurements to deter-

mine the slope of the saturation for γ determination.

The theoretical transmission curves were fitted to the experimental data, with a least-

squares method to determine the γ measurement. The theoretical curves are shown in

Figure 3.15 alongside the experimental data, with the γ = 0 curve as a reference. The

modelling shows a close fit to the data, with the result γ = 0.73 ± 0.02 for 55 ◦C. The

relevant parameters for the fitting were taken from the literature, with τf = 197 µs and

σ0 = 8.7× 10−24m2 at 55 ◦C [8, 14]. The small signal transmission at this temperature

was T0 = 0.333, which gave a predicted active ion density of N = 6.08× 1025m−3.

This saturation experiment was repeated at different crystal temperatures, with the

resulting pump ESA ratio γ measurements shown in Figure 3.16 (red squares), with a

linear fit calculated and 95% confidence bands. These results show a decrease in γ when

going to higher crystal temperatures, with γ approximately 0.8 at 10 ◦C and 0.7 at 90 ◦C.

These values are consistent with the previously reported measurement of γ = 0.75±0.01

at room temperature [14].

The GSA coefficient is α0 = σ0N . It was measured through the small signal trans-

mission and is shown in Figure 3.16 as a function of crystal temperature, it was found

to increase as has been previously reported [20, 77].
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Figure 3.16: The pump ESA to GSA ratio γ values (red squares) against crystal tempe-
rature with a linear fit and 95% confidence band (red area). Also shown is how γ would
change assuming the ESA coss section is constant and GSA changes from the measured
small signal transmission (black points).

The ESA coefficient (α1 = σ1N) can be determined using γ = α1/α0, which from

the measured γ values is α1 = 388m−1 at 45 ◦C. Assuming the pump ESA coefficient

remains constant at that value, the expected γ from the measured α0 is shown in Fi-

gure 3.16 (black points). The close match between the two data sets indicates that the

observed γ temperature dependence could be solely due to the temperature dependence

of GSA. This suggests that the trend in γ measured between 10 ◦C and 90 ◦C could be

extrapolated to temperatures beyond this range with reasonable accuracy, where the

temperature dependence of the pump GSA has been measured [20].

Further study would be required to determine the impact of temperature on pump

ESA at other pump wavelengths, but for red diode pumping this work has highligh-

ted a potential benefit to efficiency through moving towards higher temperatures in

Alexandrite.

3.3 Alexandrite laser model

The many processes in Alexandrite make it a complicated laser medium to analyse.

Even limiting the number of parameters to just the energy transitions of the ions leaves

a complicated system. The laser rate equations of the system can be solved numerically,

and although this approach yields solutions for the laser, the underlying behaviour and

the specific effects of different laser parameters are difficult to analyse. For this reason
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an analytical model is a powerful tool in assessing and optimising laser performance. It

can give simple relations to quickly know the effect of the various parameters on the

laser, along with identifying those that are unimportant.

For a model to be valid across the gain bandwidth of Alexandrite it must include the

effects of pump and laser ESA, along with laser GSA. The diode end-pumping geome-

try is of particular interest in Alexandrite, so the longitudinal variation of population

inversion could be important.

The effect of laser GSA has been included in many analytical laser models. Early

models used the assumption of no ground state depletion [78], this would not necessarily

be valid in Alexandrite where a low emission cross section could require a large popula-

tion inversion to achieve threshold gain; however, a benefit to this simplification is the

ability to more easily include transverse pump and laser beam profiles [79, 80]. Later

works included ground state depletion [81], with the addition of pump retro-reflection

and dual end-pumping [82, 83, 84]. Pump ESA could be included in some of these

models [82], but this would be through a fixed pumping efficiency parameter without a

way to derive what value that should be.

The effect of pump ESA has had significantly less attention in the literature. A model

was developed that included laser GSA and both laser and pump ESA [85]; however,

significant approximations were made in the derivation of low laser GSA and weak pump

ESA. Another model that included pump and laser ESA used the approximation of low

population in the analysis of their result [86].

Solutions that have transverse field distributions and require numerical analysis have

been produced with laser and pump ESA [87], and with the addition of laser GSA [88].

The numerical analysis needed makes it difficult to isolate the different processes, and

shows that including transverse field variation makes the problem intractable analyti-

cally.

In this section, a new model is derived that is applicable to end-pumped Alexandrite

lasers, along with other gain media that have similar laser processes. The model derived

in this section has contributed to three published articles [52, 53, 75], which contain the

derivation of this model and its application to Alexandrite.

3.3.1 Complete model

The energy level model considered in this analysis is shown in Figure 3.17. The pump

excites population from level 0 to 2 with cross section σ0, which then decays non-

radiatively to level 1 with a lifetime of τ21. Gain at the laser wavelength is by stimulated

emission from level 1 to 0 with cross section σe, and ground state absorption (GSA)

occurs with cross section σa from level 0 to 1. There is also excited state absorption

(ESA) from level 1 to 3 at both the pump and laser wavelengths with cross sections σ1

and σ1a respectively. This excited population then decays non-radiatively down to level

1 with a lifetime τ31. There is also fluorescent decay from level 1 to 0 with a lifetime τf .
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Figure 3.17: Diagram of the energy level structure of a quasi-three level laser, with a
fourth level providing ESA at the pump wavelength.

Different gain media can be modelled by the energy level system in Figure 3.17,

either because they directly match the system, or through appropriately combining

energy levels to match those of the model. For example, in Alexandrite the population

in the upper 4T2 and 2E states can be combined and treated as the single population of

n1. The thermal and spectral dynamics are implemented by using effective parameters

for the fluorescence lifetime and cross sections.

Different kinds of quasi three-level systems can be modelled by altering the definition

of σa. For example, when laser gain is from a vibronic transition and thermalisation

is sufficiently fast, as in Alexandrite, the GSA cross section is given by the extended

McCumber theory of Equation (3.2). Alternatively, if the terminal laser level is well

defined (as in Yb:YAG) the GSA cross section can be a simple fraction of the emission

cross section [82], given by the Boltzmann filling of the level.

The laser rod considered in this analysis is end pumped from the rod end position

z = 0, resulting in a longitudinal variation in the pump radiation intensity I(z), and

active ion excitation density n1(z). The pump and laser radiation are taken to be

collinear, monochromatic, non-divergent and have constant transverse intensity profiles.

The non-radiative transition rates are assumed to be fast, such that (τ21, τ31) → 0,

therefore n2 = n3 = 0 and n0+n1 = N . Under these conditions the equations governing

the system are

∂n1(z, t)

∂t
= 1

hνp
ηp,0σ0n0(z, t)I(z, t)− cσen1(z, t)φ(z, t)

+cσan0(z, t)φ(z, t)− 1
τf
n1(z, t) ,

(3.7)

dI±l
dz

= ±[σen1(z, t)− σan0(z, t)− σ1an1(z, t)]I
±
l (z, t) , (3.8)

dI

dz
= −[σ0n0(z, t) + σ1n1(z, t)]I(z, t) , (3.9)

where I±l is the laser radiation intensity in the forwards (+) or backwards (-) direction, I

is the pump radiation intensity, φ = (I+l + I−l )/hνlc is the two way laser photon density

in the medium, h is the Planck constant, νl is the laser radiation frequency, c is the
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speed of light in the medium, and ηp,0 is the fraction of ions transferred from the upper

pump level n2 to the upper laser level n1. The value of ηp,0 could be less than 100%

if there is decay from n2 into a non-lasing band. The equations will be solved in the

steady state so the time dependence is eliminated.

The equations are linked to a specific laser cavity through the laser round trip thres-

hold gain condition of

R(1− L)G2
th = 1 , (3.10)

where R is the output coupler reflectivity, L is the round trip cavity loss, and Gth is the

single pass gain at threshold.

Integrating Equation (3.8) along the length of the medium, l, gives the single pass

gain

ln(Gth) = ln

[(
I±l (l)

I±l (0)

)±1
]
= F (αe + αa − α1a)− αal , (3.11)

where F =
∫ l
0 f(z)dz is an integrated population inversion function, f(z) = n1(z)/N is

a normalised population inversion fraction, and αi = σiN for any cross section denoted

by i. Then substituting Equation (3.11) into (3.10) gives

F =
− ln[(1− L)R] + 2αal

2(αe + αa − α1a)
, (3.12)

which defines the integrated population inversion necessary for laser action and is fixed

at and above threshold.

Solving Equation (3.7) in the steady state gives the solution

f

1− f
=
ηp,0I/Is + φ/φa

1 + φ/φs
, (3.13)

where Is = hνp/(σ0τf) is the pump saturation intensity, φa = 1/(cσaτf) is the laser GSA

saturation photon density, and φs = 1/(cσeτf) is the laser emission saturation photon

density.

To complete the solution Equations (3.9) and (3.13) are combined to find F under

the assumption of constant laser cavity photon density, φ(z) = φ, which is accurate for

all but high gain cavities [89, 90]. The derivation is given in Appendix A, which yields

the relation between the input pump intensity I(0) and intracavity laser photon density

φ of

I(0)

Is(1 + φ/φs)
=

(1 + aγ)

γηp,0

[
eα1[F−a(l−F )] − 1

1− T eα1[F−a(l−F )]

]
, (3.14)

where a = (φ/φa)/(1+φ/φs) is a laser saturation factor, T = I(l)/I(0) is the pump trans-

mission, and γ = σ1/σ0 characterises the strength of pump ESA. The output laser po-

wer, Pl, is extracted from this expression using Pl = (1−R)I+l (l)A ≈ 1
2φ[− ln(R)]hνlcA,

where A is the beam cross sectional area [5].
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The laser threshold pump intensity I0th is obtained from Equation (3.14) by setting

φ = a = 0, giving
I0th
Is

=
1

γηp,0

(
eα1F − 1

1− T eα1F

)
, (3.15)

which is the pump intensity required for laser action from a ‘cold’ start with no initial

intracavity flux. The gain required for a specific laser cavity is contained in the value of

F .

To understand the laser efficiency the two mechanisms of pump absorption, GSA

and ESA, must be evaluated. The power absorbed through GSA constitutes useful

absorption as it generates inversion, whereas power absorbed as ESA is a loss because it

is absorption from already excited population. The total power absorbed, Pa, is found

using Equation (3.9), giving

Pa = A[I(0)− I(l)] = P0(1− T ), (3.16)

T = e−α0leα0(1−γ)F , (3.17)

where P0 = AI(0) is the pump input power. The useful pump power absorbed, Pu, is

the ηp,0 quantum efficiency fraction of the total pump GSA in the medium, given by

Pu = Aηp,0

∫ l

0
σ0n0(z)I(z)dz

= Aα0Is

(
1 +

φ

φs

)
[F − a(l − F )] , (3.18)

where Equation (3.13) has been used to evaluate the integral. These two powers define

two efficiency factors. The pump absorption fraction ηa = Pa/P0 is the fraction of input

power that is absorbed. The pump quantum efficiency ηp = Pu/Pa is the fraction of

absorbed pump photons that generate inversion. Use of Equations (3.14), (3.16) and

(3.18) give

ηa = 1− T , (3.19)

ηp = ηp,0ηp,ESA (3.20)

ηp,ESA =
α1

(1 + aγ)

[
1− T eα1[F−a(l−F )]

eα1[F−a(l−F )] − 1

] [
F − a(l − F )

1− T

]
. (3.21)

The resulting pump quantum efficiency ηp can be split into two parts. The contribution

from pump ESA is contained in ηp,ESA. This reduces the quantum efficiency as ESA

originates from already excited ions, which then non-radiatively decay back to the upper

laser level resulting in no net generation of inversion. All other quantum efficiency

factors, for example decay from the upper pump level into a state other than the upper

laser transition, are contained in ηp,0.

To quantify the overall laser efficiency the slope efficiency ηs is commonly used, which
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is the fraction of additional pump power that is converted to laser power above threshold.

Equation (3.14) shows that the laser photon density φ, and hence the laser output power,

is a non-linear function of input pump intensity I(0), therefore the slope efficiency is not

constant; however, it is asymptotically constant for φ ≫ φs, where a → σa/σe and can

be assumed to be constant. The slope efficiency is given by ηs = 1
2hνlc[− ln(R)] dφ

dI(0) ,

which yields

ηs =
− lnR

2αe[F − (σa/σe)(l − F )]
ηqηaηp , (3.22)

where ηq = λp/λl is the Stokes efficiency, and λp and λl are the pump and laser wa-

velengths, respectively. The slope efficiency can be simplified by substituting F from

Equation (3.12), giving

ηs = ηocηqηaηp, (3.23)

ηoc = (1− γl)

[
− lnR

− lnR− ln(1− L) + 2γlαal

]
, (3.24)

where ηoc is the output coupling efficiency and γl = σ1a/(σe + σa) quantifies the laser

ESA fraction. The output coupling efficiency is the ratio of useful output coupling to

total intracavity flux lost from the cavity, with the γl factors including the laser ESA

loss.

The slope efficiency has now assumed a standard form involving the output cou-

pling, Stokes, and pump absorption efficiencies (including the pump quantum efficiency).

Another term in experimental systems is the mode overlap efficiency, the spatial mat-

ching of the laser and pump modes. This is not considered in the current analysis, but

will be discussed in a later section when comparisons are made to experimental data.

The Stokes efficiency can normally be used as the intrinsic maximum slope efficiency,

η0, of a laser gain medium. This efficiency would occur with perfect spatial overlap and

a high output coupling fraction, such that passive cavity losses are negligible; however,

in the presented model there are reductions to the slope efficiency that are not affected

by cavity design through both the output coupling efficiency, ηoc, and pump quantum

efficiency, ηp, terms. These result in a modified intrinsic efficiency of

η0 = ηp,0
λp
λl

[
1− γl

1 + (σa/σe)γ

]
. (3.25)

The Stokes efficiency appears as before, laser ESA loss occurs through the γl term, and

pump ESA loss is dependent on laser GSA in the γ term. This coupling is due to

laser GSA causing inversion at threshold in the limit of L = 0 and R = 1, resulting in

unavoidable pump ESA loss.

Key parameters for a laser are the threshold and slope efficiency. The full solutions

for the laser threshold (Equation (3.15)) and the slope efficiency, which depends on the

pump quantum efficiency (Equation (3.21)), are in forms that obscure their dependencies
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on the various laser parameters. In order to elucidate the behaviour of these equations

approximate forms can be derived. The first approximation that can be made is that

the input pump power is totally absorbed, T → 0. This is a good approximation in most

lasers, as non-absorbed pump can reduce overall efficiency. The second is that α1F ≪ 1,

which is the case of low inversion. Under these conditions the pump threshold and ESA

quantum efficiency are

I0th ≈ hνp
τf
α0F [1 +

1
2α1F ] , (3.26)

ηp,ESA ≈ 1
1+aγ {1−

1
2α1[F − a(l − F )]} . (3.27)

In these forms the effects of pump ESA through α1 are more clearly seen as higher order

effects in F on the underlying quasi-three level system.

3.3.2 Pump ESA effects on a four-level laser

To isolate the effect of pump ESA it is useful to first consider a simplified case where

the model is reduced to a four-level laser with pump ESA. This is achieved by removing

the laser ESA and GSA from the generalised model in Section 3.3.1, and removing other

pump quantum efficiency factors by setting ηp,0 = 1 to isolate the effect of ESA on the

pump quantum efficiency. This results in the typical linear relationship between input

pump power and output laser power

Pl = ηs(P0 − P0th) , (3.28)

where P0th = AI0th is the threshold pump power. The resulting relations are

ηs = ηqηocηaηp , (3.29)

ηq =
λp
λl
, (3.30)

ηa = 1− T , (3.31)

ηoc =
− ln(R)

− ln(R)− ln(1− L)
, (3.32)

ηp =
1− Teα1F

1− T
· α1F

eα1F − 1
, (3.33)

I0th
Is

=
1

1− Teα1F
· e

α1F − 1

γ
. (3.34)

Approximations can be made of a suitably long gain medium (T ≪ 1) and low inversion

(α1F ≪ 1), giving the solutions

ηp ≈ 1− 1
2α1F , (3.35)

I0th
Is

≈ α0F (1 +
1
2α1F ) . (3.36)
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Figure 3.18: The normalised inversion, f(z), and pump intensity, I(z)/Is, distributions
with (red dashed curves) and without (black solid curves) pump ESA, for the case I0/Is =
1.

To understand the impact of pump ESA its effect on the population inversion must

be understood. Figure 3.18 shows the normalised inversion distribution f(z) and the

normalised pump intensity distribution I(z)/I ′s for the case with (γ = 1) and without

(γ = 0) pump ESA. There is stronger absorption in the gain medium with ESA, but

this extra absorption does not result in greater population inversion and concentrates it

towards the input of the pump radiation. The reduction in inversion for the same input

power is due to the energy lost through ESA.

Figures 3.19 and 3.20 show example solutions for the pump quantum efficiency and

threshold incident pump intensity against output coupling factor (− lnR) from Equati-

ons (3.33) and (3.34), respectively. These results show what is intuitively expected. A

higher pump ESA fraction, γ, leads to a greater ESA loss that causes decreased efficiency

and a higher lasing threshold. This is partly due to the increased ESA fraction leading

to a correspondingly larger loss, but also due to the concentration of population inver-

sion towards the pump input end, as shown in Figure 3.18, which results in the majority

of pump absorption occurring over a higher population inversion. Increasing output

coupling (− lnR) also increases ESA loss by requiring a higher integrated population

inversion for threshold gain.

To better understand the parameters affecting laser efficiency and threshold when

pump ESA occurs the definition of F (Equation (3.12)) can be used with the approximate

forms of ηp and I0th (Equations (3.35) and (3.36)), giving

ηp ≈ 1− σ2
σe

{− ln[(1− L)R]}
4

, (3.37)

Ith ≈ hνp
τfσe

{− ln[(1− L)R])}
2

[
1 +

σ2
σe

{− ln[(1− L)R]}
4

]
, (3.38)

These equations show the general trend of how ηp and Ith will be affected when changing
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Figure 3.19: The pump quantum efficiency ηp against output coupling factor (− lnR)
for different ratios of pump ESA to GSA (γ, labelled). Parameters: α0 = 1000m−1,
αe = 100m−1, L = 1% and l = 0.01m.

Figure 3.20: The threshold pump intensity, Ith, normalised to saturation intensity, Is,
against output coupling factor (− lnR). Parameters: see Figure 3.19.
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the system parameters.

The terms involving the pump ESA cross section σ1 in Equations (3.37) and (3.38)

explicitly show the effect of pump ESA on laser threshold and efficiency. The (− ln[(1−
L)R]) factor quantifies the total round trip loss of laser radiation. A larger cavity loss

requires a higher threshold inversion for lasing, increasing the amount of ESA.

Reducing σ1 results in decreased pump ESA loss due to lower ESA strength. Increa-

sing the stimulated emission cross section σe gives a higher gain, which leads to a lower

threshold inversion and a resulting lower ESA loss. These changes both improve ηp and

I0th.

It should be noted that σ0 and N are absent from the pump quantum efficiency and

threshold pump intensity of Equations (3.37) and (3.38). The more exact formulations,

Equations (3.33) and (3.34), are also independent of σ0 and N , assuming a suitably long

gain medium and not excessive pumping (note I ′s is inversely proportional to σ0).

In addition to considering the material cross sections and cavity loss factors, the

pumping geometry can impact the effect of pump ESA; the preceding formulation in

this section was for single end pumping.

If a laser is approximated to have spatially constant population inversion fraction

f̄ the pump quantum efficiency becomes ηp ≈ 1 − γf̄ . To compare different pumping

geometries the integrated inversion F , and therefore losses, of the cavities are kept con-

stant. The different geometries result in different average population inversions needed,

with the following results

Single end-pumping: f̄s =
α0
2 F ηp ≈ 1− γf̄s , (3.39)

Double end-pumping: f̄ = α0
4 F ηp ≈ 1− 1

2γf̄s , (3.40)

Side-pumping: f̄ = 1
lF ηp ≈ 1− 2

α0l
γf̄s , (3.41)

where in the single end-pumped case the average population inversion is approximated

as being distributed within two small signal absorption depths, the double end-pumped

inversion is over twice that amount, and the side-pumped geometry distributes it over

the pumped crystal length l. These equations show that double end-pumping requires

half the average inversion of single end-pumping and has a corresponding increase in

efficiency. Side pumping can also give an arbitrarily large increase in efficiency when

compared to end-pumping, provided that the crystal length l is long compared to the

effective single or double end-pumped length (≈ 2/α0 or 4/α0).

An important descriptor of laser efficiency is the slope efficiency, ηs. To examine the

effect of output coupler reflectance on ηs it is useful to define a reduced slope efficiency

of η′s = ηpηc, which eliminates the terms not dependent on R. Figure 3.21 shows the

reduced slope efficiency as a function of output coupling (− lnR) and the impact of

changing the strength of pump ESA (γ). With no ESA, γ = 0 and ηp = 1, η′s has

the typical trend of a four-level laser. When ESA is present, γ > 0 and ηp < 1, there
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Figure 3.21: The reduced slope efficiency, η′s = ηpηc, versus output coupling factor
(− lnR). Parameters: see Figure 3.19.

becomes an optimum R for maximum slope efficiency that increases with increasing γ.

The cavity loss L becomes a doubly important design parameter for systems with pump

ESA, with regards to slope efficiency, as it reduces both ηp and ηc.

The trend of slope efficiency with output coupling in Figure 3.21 has been seen in end-

pumped Alexandrite lasers [16, 91], which have pump ESA [14]. In these investigations

it was suggested that this could be due to energy transfer upconversion - a process that

had not been identified for Alexandrite in the literature; however, the presented analysis

suggests that this behaviour could be caused by the effect of pump ESA.

3.3.3 Bi-stable lasing

To analyse the full effects of pump ESA it is necessary to consider its interaction with

laser ESA and GSA. To simplify the analysis and clarify the effect of pump ESA on

the quantum efficiency, it will be assumed that ηp,0 = 1 in the following section so

ηp = ηp,ESA. This does not affect the results as it is a simple multiplying factor in the

equations.

The key parameters that are affected by pump ESA are the laser threshold and pump

quantum efficiency, which have approximate solutions that are simpler to analyse. The

first approximation that can be made is that the input pump power is totally absorbed,

T → 0. This is a good approximation in most lasers, as non-absorbed pump can reduce

overall efficiency. The second is that α1F ≪ 1, which is the case of low inversion. Under

these conditions the pump threshold and quantum efficiency are

I0th ≈ hνp
τf
α0F

[
1 + 1

2α1F
]
, (3.42)

ηp ≈ 1
1+aγ

[
1− 1

2α1F + 1
2α1a(l − F )

]
. (3.43)

The factors relating to pump ESA can be identified as those including α1a. To first
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Figure 3.22: The pump quantum efficiency against laser output power for different ratios
of σa/σe. R = 99%, L = 0.5%, l = 10mm, γ = 0.8, A = π(100 µm)2, α0 = 521m−1,
αe = 78m−1, α1a = 9m−1, and τf = 262µs.

order the threshold is linear in F and pump ESA is a second order effect proportional to

F 2, which increases the threshold. The pump quantum efficiency is linear in F , but is

also dependent on laser cavity flux through a. The effects of laser ESA and GSA enter

through the integrated inversion F , see Equation (3.12), where increasing either results

in a higher F value.

A plot of pump quantum efficiency against output laser power is shown in Figure 3.22

for different ratios of σa/σe, from four-level (σa/σe = 0) to three-level (σa/σe = 1) lasing

with fixed laser and pump ESA. The pump quantum efficiency is at a minimum at

threshold, its value approximated by Equation (3.43) when a = 0. It asymptotes to a

maximum efficiency as laser power increases and a→ σa/σe.

The cause of the increasing pump quantum efficiency is clarified in Figure 3.23,

which plots the population inversion distribution at different laser output powers. As

laser output power increases, laser GSA causes the inversion of less pumped regions to

increase; however, to satisfy the laser round trip gain condition there must be a fixed

integrated inversion F , so the inversion at the pump input is correspondingly decreased.

A lower population inversion over the main pump absorption region results in a smaller

pump ESA loss and an increase in the pump quantum efficiency.

The increasing efficiency with laser power causes interesting effects when output

laser power is compared to input pump power, as in Figure 3.24. For low GSA ratios

(σa/σe) the power curves approximate to the linear form previously shown for end-

pumped quasi three-level lasers. However, at higher GSA strengths the rate of change

in pump quantum efficiency is large enough that multiple steady state solutions for the

output laser power occur, giving bistable operation. When T = 0, the condition for

bistability is

eα1F

[
1− α1(l − F )

(σe/σa + γ)

]
< 1 , (3.44)
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Figure 3.23: The normalised inversion (f) against distance into the gain medium for
different laser output powers Pl, with σa/σe = 1. Other parameters as in Figure 3.22.

Figure 3.24: Laser output power against pump input power for changing ratios of σa/σe.
Other parameters as in Figure 3.22.

which is found through differentiation of Equation (3.14) and is an equality for a cavity

on the edge of bistability.

For bistable operation to occur the change in population distribution must be large

enough to have a sufficiently large effect on the pump quantum efficiency. This can

be achieved, for example, through making the change in population distribution larger

by increasing the strength of GSA, σa/σe, or having larger areas of unpumped gain

medium by increasing its length, l. Alternatively, the pump quantum efficiency change

can be enhanced through a larger γ. Increasing these parameters individually gives

power curves identical to those seen Figure 3.24.

Bistable power operation has been observed in CW lasers including a saturable

absorber or non-linear dispersive medium [92], but has only been seen intrinsic to two

classes of solid-state laser. It has been shown in the Tm, Ho [93] and Yb [94] classes of

lasers, where the medium acts as its own saturable absorber; however, to the best of our
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knowledge, this is the first identification of bistable behaviour in a solid state system

due to a changing efficiency of pump absorption in the medium and should occur in any

medium that has both pump ESA and laser GSA.

3.3.4 Heating fraction

Of particular interest in high power laser systems is the amount of heat generated in the

medium. This has varying consequences, in particular thermally induced lensing. The

heating fraction ηH = PH/Pa is the fraction of absorbed pump power that is converted

into heat (PH).

In the laser model presented in Section 3.3.1 there are four sources of heat power:

the Stokes quantum defect PStokes, the pump ESA heating Pp,ESA, the laser ESA heating

Pl,ESA, and ions from the upper pump level that did not transfer into the upper laser

level Pp,t, giving

PH = PStokes + Pp,ESA + Pl,ESA + Pp,t . (3.45)

Stokes heating is present in every laser system due to non-radiative decay from the upper

pump level to the upper laser level. It is given by PStokes = P0ηaηp(1 − ηq) as it is the

quantum defect fraction of the pump absorbed from the ground state.

ESA generates heat because the absorbing ions non-radiatively decay back to the

upper laser level, so all of the absorbed energy is converted to heat, giving Pp,ESA =

P0ηa(1− ηp,ESA).

For ions that have transferred to a level other than the upper laser level there is a

variable amount of heat that can be released, depending on how the ion decays back to

the ground state - either fully non-radiatively or mixed with fluorescence. To incorporate

this variability, the fraction of energy converted to heat from these ions is defined as

ηH,t, giving a heating power of Pp,t = P0ηaηp,ESAηH,t(1− ηp,0).

The laser ESA power is given by Pl,ESA = 1
2φ[2α1aF ]hνlcA, which is the same as

that for the laser output power expression, except that the output coupling − ln(R) has

been replaced by 2α1aF , the effective round trip laser ESA coupling factor. This leads

to an output coupling fraction of laser ESA, ηl,ESA, of

ηl,ESA =
2α1aF

− ln[R(1− L)] + 2α1aF
, (3.46)

= γl

[
− ln[R(1− L)] + 2αal

− ln[R(1− L)] + 2γlαal

]
, (3.47)

which can be used to replace ηoc in Equation (3.23) to relate input pump power to laser

ESA loss power. This means that the heating fraction scales with laser power.

By combining all the sources of heating in Equation (3.45) the heating fraction
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becomes

ηH =

⎧⎨⎩1− ηp,ESA(1− ηp,0)(1− ηH,t)− ηpηq(1− ηl,ESA) for P0 ≫ P0th ,

1− ηp,ESA(1− ηp,0)(1− ηH,t)− ηpηq for P0 = P0th ,
(3.48)

where P0th = AI0th is the input pump power at threshold. At an intermediate pumping

level, the heating fraction is between these two limiting values and is dependent on how

far above threshold the laser is operating. The largest heating fraction occurs far above

laser threshold where fluorescence loss is negligible.

Useful approximations are that the laser GSA is small compared to the output

coupling and cavity losses (− ln[R(1 − L)] ≫ 2αal); the laser is operating far above

threshold (P0 ≫ P0th); and there is negligible transfer of pumped ions into non-laser

levels (ηp,0 = 1), giving

ηH ≈ 1− λp

λl
(1− γl)ηp,ESA , (3.49)

where the Stokes heating factor is easily identified as λp/λl, laser ESA heating contri-

butes through γl, and pump ESA heating is the ηp,ESA factor. Using this equation and

the approximation for ηp,ESA given in Equation (3.27) will give a quick estimation of

the heat load in any given laser system.

3.4 Summary

This chapter has presented an overview of the properties of the Alexandrite crystal and

its suitability as a high power laser gain medium. It has excellent physical properties to

withstand the heating stresses of pumping. The broad gain bandwidth gives it a diverse

range of applications; however, the complications of laser and pump ESA, and laser

GSA, along with other temperature related effects must be considered when designing

a laser system.

The ratio of pump ESA to GSA (γ) was measured to decrease with crystal tempera-

ture from approximately 0.8 at 10 ◦C to 0.7 at 90 ◦C. With this new measurement, and

values from the literature, there is a complete set of parameters for red diode-pumped

Alexandrite over a range of temperatures.

An end-pumped analytical laser model was developed that is applicable to Alexan-

drite across its gain bandwidth, which gives insight into the effect of various parameters

on laser performance. This model is also applicable to other gain media that has any

set of laser and pump ESA, or laser GSA.

With the analytical model the effects of pump ESA could be isolated. This showed

the negative impact on laser performance of pump ESA when intra-cavity losses are

increased; however, it also provides solutions to mitigate its impact. Different pumping

geometries of side and double end-pumping can reduce pump ESA loss. The combination

of pump ESA and laser GSA is also predicted to have a bi-stable solution.
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The heating effects of ESA through both the pump and laser radiation was formula-

ted, with an approximate solution giving an estimation of the heat load in a laser that

is an important cavity design consideration.
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Chapter 4

Diode-pumped Alexandrite lasers

Lasers with tunable output wavelengths are beneficial in many applications, for example

in remote sensing or scientific studies. Alexandrite, Cr3+:BeAl2O4, is an attractive gain

medium for these applications due to its broad tunability of 701 nm to 858 nm [8, 51],

excellent thermo-mechanical properties [8], and efficiency [16, 95].

Many pumping schemes have been applied to Alexandrite. Historically, electrical gas

discharge lamp pumping has been the most prolific [15]; however, solar [6], LED [39],

Krypton ion [7], frequency doubled Neodymium [96], and red laser diode side [97] and

end [16] pumping have been demonstrated. Of these techniques, diode end-pumping has

been shown to be a route to efficient and high beam quality operation.

Alexandrite has a range of competing effects across its gain spectrum. In addition to

the wavelength dependent emission cross section, these include ground state absorption

(GSA) at laser wavelengths [19] and excited state absorption (ESA) at both pump

[14] and laser [18] wavelengths. The complex spectral interplay of these lead to differing

conditions for optimal laser performance. A key parameter and further complexity is the

temperature of the gain medium, which has been shown to be important in optimising

power output and crucial to accessing the full tuning range available in Alexandrite

[51]. Previous works have shown by experiment the effect of temperature on Alexandrite

performance [74, 98], but were limited in scope to the specific systems investigated and

the conclusions drawn are not necessarily applicable to Alexandrite lasers in general.

The aim of this chapter is to elucidate, quantify, and predict the effect of temperature

on laser performance in diode-pumped Alexandrite, yielding rules useful in general to

optimising Alexandrite lasers. This involves understanding the temperature impact

on the wavelength dependent properties, in addition to the upper-state lifetime, and

provides practical advice for CW laser optimisation.

The experimental systems investigated were end-pumped with fibre-coupled red di-

odes. The cavities were either a ‘compact’ high efficiency geometry or ‘extended’ wa-

velength tunable design. In the compact geometry a record slope efficiency of 54%

was obtained, along with a route to power scaling through pump retro-reflection giving
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2.05W laser power from 5.7W of pumping.

The wavelength tunable cavity was used to investigate, in particular, the crystal

temperature related effects in Alexandrite. It achieved a record tuning range of 714 nm to

818 nm for a diode-pumped system by optimising the crystal temperature. The extended

cavity was also used to verify the accuracy of the model developed in Section 3.3.1, which

was then explored to find the ultimate efficiency limits of Alexandrite lasers.

Some of the results and analyses in this chapter have contributed to two published

works [53, 75], which showed the high efficiency and broad tuning range that can be

achieved in diode-pumped Alexandrite lasers, along with comparison to the theoretical

model derived in Chapter 3 to understand and predict laser performance.

4.1 Background

When using red diode pump sources there are different schemes available. The first

demonstration of diode-pumped Alexandrite used two 5mW emitters at 680 nm in 1990

[99]. This gave an output power of 2mW with a slope efficiency of 20%, which demon-

strated the efficiency achievable with diode-pumped Alexandrite. Recent advances in

diode technology have enabled higher power applications. Single emitter diodes with

high beam quality are available around 635 nm, but are limited to sub-watt level power.

The high beam quality pump enables efficient laser operation, with a slope efficiency of

36% at 48mW output power in the HG00 mode demonstrated [98]. The ultimate power

of these systems is limited by the pump diodes, which are not likely to have significant

increases in single emitter power.

Single emitter multi-mode diodes are available with 1W output power at 680 nm.

These were used to demonstrate a tunable system from 724 nm to 816 nm with up to

200mW laser power [91]. This had a high slope efficiency of 38%, however this was

with a multimode output of M2
x = 1.25 and M2

y = 5. To scale to multi-Watt powers in

Alexandrite multiple emitters must be combined.

Seven red single emitters have been stacked to create a pulsed pump source with

14W peak power with a symmetrical beam quality of M2 = 40 [74]. With this unit a

slope efficiency of 30% in the HG00 mode was achieved, and a wavelength tunable cavity

had a range of 745 nm to 805 nm.

To obtain a multi-ten watt pump source the single emitters can be manufactured

into a row, with the rows then stacked on top of each other to closely pack together the

emitters. These modules can achieve above 60W CW power [16]. The output is highly

asymmetric in both intensity profile and beam quality and requires careful reshaping

optics or cavity design.

The diode stacks can be used in a side-pumping configuration, which gave the first

multi-watt demonstrations of diode-pumped Alexandrite lasers [100]. This system had

a high CW output power of 6.4W from an incident 58W pump power but with multi-
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mode emission. A later higher efficiency bounce design obtained 12W laser power from

56W absorbed pump and a slope efficiency of 33% [97]. The side-pumped geometry can

be operated in a close to HG00 mode, an output power of 4.5W was achieved at 48W of

pump power [97]; however, the efficiency was lower than that possible with end-pumping

due to the difficulty in achieving good laser mode and pump beam overlap.

Using red diode stacks in the end-pumping configuration 26W laser power from 65W

of pump has been demonstrated [16]. This power increase from red diode stacks was due

to the greater overlap efficiency between the pump and laser modes, with the laser having

a maximum slope efficiency of 49%; however, in this high efficiency configuration the

laser had a low beam quality of M2
x = 22 and M2

y = 16 [101]. Closer to HG00 operation

was possible in a different design, albeit with lower efficiency. In this system, wavelength

tuning of Alexandrite was achieved between 730 nm to 792 nm.

Another power scaling option for diode-pumping is coupling multiple emitters into

an optical fibre. A power of 6W can be coupled into a fibre with a core diameter of

105 µm, higher powers can be achieved using larger core diameter fibres at the cost

of lower output beam quality. Mode mixing in the fibre makes the pump source both

symmetric in intensity and beam quality, these properties are useful for an end-pumping

source as asymmetries do not need to be corrected for in either the pump optics or the

laser cavity. The mode mixing also causes the pump to lose the linear polarisation of

the free-space emitters, which is potentially a disadvantage for use in Alexandrite where

the pump absorption is strongly polarised along the b-axis (see Figure 3.10, p.44).

A slope efficiency in Alexandrite as high as 44% and 1.1W laser power in a HG00

mode using a 6W fibre-coupled pump has been demonstrated [95]. In a lower power

configuration the system had a tuning range of 737 nm to 796 nm with up to 600mW

laser power.

4.2 Diode pump source

For the Alexandrite lasers investigated a fibre-coupled red (636 nm) diode module was

used, as this had been shown to enable watt-level laser power with a HG00 beam [95].

The simplicity and symmetry of this pump source also reduced the number of variables

in understanding the performance of the Alexandrite lasers. The module was mounted

on a water cooled copper block, had a maximum power of 5.7W, a fibre core diameter of

105 µm with NA = 0.22, and beam qualities of M2
x = 43 and M2

y = 44 in the horizontal

and vertical axes, respectively.

The pump delivery system for the Alexandrite lasers is shown in Figure 4.1. The

fibre output of the module was first collimated with a 11mm focal length collimator

attachment. A cube polariser linearly polarised the beam, with the angle chosen to

maximise the transmitted linearly polarised power. A half-waveplate rotated the linear

polarisation to match that of the b-axis of the Alexandrite, and an fp focal length
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Figure 4.1: The pump delivery system for the Alexandrite lasers.

Figure 4.2: The central wavelength of the pump module for changing input current and
coolant temperature.

aspheric lens then focussed the beam into the Alexandrite to the required size.

The focal length of fp was a balance between having a small beam waist to increase

the pump intensity for a low laser threshold and a large beam waist to minimise pump

divergence over the absorbed path. By experiment, it was found that fp = 20mm was

the optimum focal power, giving a 1/e2 beam waist diameter of 150 µm and confocal

parameter of 2.1mm in the crystal. This matched well with the measured absorption

depth of 1.9mm for the 0.22 at.% Alexandrite crystal used.

A final consideration for the pump was the temperature of the water cooled copper

mount, which had two effects. The first was the central wavelength decreased at lower

temperatures, which is shown in the plot of central wavelength against pump current in

Figure 4.2 at different temperatures. A shorter wavelength is beneficial in Alexandrite as

this decreases the absorption depth (see Figure 3.10, p.44). The wavelength is also longer

at higher pump currents due to heating of the emitters; however, this is unavoidable

and the higher power output is more beneficial.

The second effect of coolant temperature was a higher power output at colder tem-

peratures. To avoid condensation in the module, the lowest temperature used was 12 ◦C.

The output pump power versus supplied current is shown Figure 4.3 at this temperature.

The data given shows the module output directly from the collimator (unpolarised) and

when linearly polarised with the cube polariser. The linearly polarised power was 57%

of the unpolarised power, which shows that the fibre did not fully mix the polarisation

state of the modes.

The inset of Figure 4.3 shows the intensity profile of the pump at the beam waist,
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Figure 4.3: The pump power against input pump current at 12 ◦C when unpolarised and
linearly polarised through a cube polariser. Also shown is the fraction of the linearly
polarised power at 0.7A compared to the unpolarised pump (57%). Inset : The beam
waist intensity profile.

Figure 4.4: The ‘compact’ cavity Alexandrite laser.

which was approximately Gaussian. This suggests incomplete mode mixing in the fibre.

4.3 High efficiency compact cavity

The ‘compact’ laser geometry is shown in Figure 4.4. The crystal used was a 0.22 at.%

Cr-doped Alexandrite rod, which was 4mm long with a diameter of 2mm. It had a

measured pump absorption coefficient of 7.5 cm−1 and absorbed 95% of incident pump

radiation. It was contacted with indium foil to a water cooled copper mount, see Fi-

gure 2.3, with a thermoelectric cooler (TEC) controlled temperature range of 8 ◦C to

105 ◦C. The minimum temperature accessible was limited by the risk of condensation

forming on the crystal or mount, and the maximum temperature was limited by a combi-

nation of the heating power of the TEC and the risk of the indium foil flowing under heat

and pressure. The back mirror (BM) was dichroic with high transmission for the pump

and high reflectance at laser wavelengths, and the partial reflectance output coupler

(OC) completed the cavity.

To achieve the most efficient operation from this cavity every controllable parameter

was optimised. The cavity length was changed to alter the mode size to match it to the
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(a) (b)

Figure 4.5: The impact of the OC reflectance on the compact cavity. (a) The absorbed
pump power threshold and slope efficiency against OC reflectance at 70 ◦C crystal tem-
perature. (b) The central laser wavelength against output coupler reflectance at crystal
temperatures of 40 ◦C, 70 ◦C, and 100 ◦C.

size of the pump region, with 15mm the resulting length. The waist diameter of the

pump beam was varied to find the best balance between low threshold and high slope

efficiency.

The choice of OC was also important and affected the laser in two ways. The effect

of the OC reflectance on the threshold and slope efficiency of the compact cavity are

shown in Figure 4.5(a). A lower reflectance increased the laser threshold, on average, as

would be expected from four-level laser theory. The decreasing OC reflectance had more

a more complex impact on the slope efficiency. Initially, reducing from 100% reflectance

increased the slope efficiency as expected from the higher output coupling efficiency.

However, there was an optimum reflectance at approximately 99.2%, where beyond this

point the slope efficiency decreased. This was due to the effect of pump ESA, as outlined

in Section 3.3.2, where the higher laser threshold increased the population inversion and

the pump ESA loss.

There are clear overall trends to the threshold and slope efficiency in Figure 4.5(a);

however, there are deviations from this, particularly around reflectances of 99%. This

was due to the central laser wavelength changing, as shown in Figure 4.5(b) as a function

of OC reflectance and crystal temperature. The wavelength of a laser is determined by

the wavelength of the lowest threshold mode. As there was no specific wavelength control

in the compact cavity, the lowest threshold wavelength was determined by the properties

of the optical coatings of the cavity components and the properties of Alexandrite.

The laser GSA in Alexandrite is stronger at shorter wavelengths, so increases the

thresholds of the modes in this region. Lower population inversions also increase laser

GSA. This effect explains the trend towards longer wavelengths for higher OC reflec-

tance, because the decreasing population inversions push the laser wavelength higher.
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Figure 4.6: The laser output power versus absorbed pump power for the compact cavity
with a record slope efficiency of 54.4%. Inset: The laser intensity profile and wavelength
spectrum at maximum power, FWHM = 5.7 nm.

Laser GSA is also increased at higher temperatures, which explains the increasing wa-

velength with crystal temperature. From these results it is clear that the crystal tem-

perature affected the lasing wavelength, along with the Alexandrite optical properties,

so requires optimisation.

The sharp changes in wavelength around 99% reflectance were due to the wavelength

dependence of the reflectance of the OCs. Depending on the spectral shape of the

reflectance curve either shorter or longer wavelengths had a lower threshold. These

sharp changes of wavelength also manifest themselves in the off-trend threshold and

slope efficiencies in Figure 4.5(a).

The optimum OC had a reflectance of 99.5% at 700 nm, decreasing to 99.2% at

820 nm. With this and the other optimisations performed on the laser, the resulting

laser output power versus absorbed pump power is shown in Figure 4.6. The maximum

output power was 1.22W at 762 nm from an absorbed pump power of 2.74W. The

threshold was at 0.46W of absorbed pump power giving a slope efficiency of ηs = 54.4%,

which is to our knowledge the highest slope efficiency diode-pumped Alexandrite laser

to date.

The output beam waist diameter was 180 µm at the OC, which matched well with

the pump beam size, giving a HG00 spatial mode with a high beam quality of M2 = 1.08.

The spatial profile of the mode is shown in the inset of Figure 4.6. The compact cavity

design benefited from being very low loss with an approximate round trip loss of 0.2%,

which was determined through direct loss measurements of the intra-cavity optics.

The spectral profile of the compact cavity is shown in the inset of Figure 4.6. It had

a broad FWHM wavelength emission of 5.7 nm, which is typical in Alexandrite lasers

without a frequency selective element [98]. The central wavelength was 762 nm with the

crystal oven temperature at 70 ◦C.

Coarse wavelength tuning of the compact cavity was achieved by altering the cry-
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Figure 4.7: The laser wavelength versus crystal temperature in the compact cavity for
output coupler reflectances R. The theoretical predictions are also shown based on the
model in Section 3.3.1.

stal temperature. The effect of crystal temperature on laser wavelength is shown in

Figure 4.7. The theoretical operation wavelength is also shown, which was calculated

from the model presented in Section 3.3.1 [53] by finding the wavelength that minimised

the threshold at a given temperature, which due to gain clamping would be the oscilla-

ting laser mode. The offset between theory and experiment was most likely due to there

being a higher crystal temperature than that of the TEC set temperature from localised

heating at the pumped region. Additionally, there were uncertainties in the Alexandrite

properties, for example the optical cross section values, which would affect the lowest

threshold wavelength. The intracavity losses were also wavelength dependent from the

optical coating reflectances, which introduced additional uncertainty.

The maximum tuning range achieved solely via crystal temperature control was

18 nm, centred on 763 nm, with an output coupler reflectance of R = 99.4%. The tuning

range reduced to 4 nm when using R = 95.2%. This shows that wavelength tuning is

possible in Alexandrite via crystal temperature control when no wavelength selective

elements are used, as shown in other studies [98], but has a small range compared to

the gain bandwidth available and is limited to the central gain region. The tuning range

possible solely from crystal temperature control is generally much smaller than the range

possible with dedicated wavelength control methods.

To explore the possibility of adding intracavity components to the high efficiency

compact design, the effect of cavity length was investigated by extending the output

coupler away from the crystal. The laser power and threshold versus cavity length is

shown in Figure 4.8. The maximum cavity length was 33mm, at which point the laser

would not operate.

Towards the maximum cavity length the alignment precision required increased ra-

pidly, with it becoming increasingly difficult to obtain sufficient alignment for lasing.

The ultimate cavity length achieved could have been due to the alignment precision
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Figure 4.8: The laser output power at 3.3W pump power and the threshold of the compact
cavity versus cavity length. Beyond 33mm lasing could not be achieved.

possible. Alternatively, it could have been due to the resonant cavity stability conditi-

ons, which would suggest a thermal lens in the crystal of length 30mm.

It would be expected that if the cavity length was unstable at 33mm the threshold

should have increased rapidly, following the diverging mode size at the crystal [79].

However, as the threshold was only steadily increasing it is likely that the alignment

precision limited the cavity length, and the thermal lens focal length was longer than

30mm. Despite the cause, the maximum cavity length achieved in Figure 4.8 meant

that up to 19mm of intracavity space was available in the compact design.

4.3.1 Double-pass pumping

Although the compact cavity was highly efficient with respect to absorbed pump power,

when end-pumped with fibre-coupled red diodes 43% of the available pump power could

not be used as it was the incorrect polarisation to be absorbed. To reduce this power

loss and increase the overall power output of the laser, unabsorbed pump can be reused

and absorbed by the gain medium [95].

When an unpolarised pump beam passes through a sufficiently long Alexandrite

crystal the polarisation component parallel to the b-axis will be completely absorbed,

and the component orthogonal to it will be almost completely transmitted. The resulting

beam will therefore be linearly polarised orthogonal to the b-axis. This transmitted

component can then be retro-reflected back into the crystal and its polarisation rotated

to match the b-axis. The retro-reflected pump can then be efficiently absorbed in the

crystal.

The laser cavity design for a retro-reflected pump is shown in Figure 4.9, which used

the same 0.22 at.% 4mm Alexandrite crystal at 70 ◦C and fibre-coupled diode pump as

the compact cavity. The unabsorbed pump was polarised parallel to the Alexandrite c-

axis. A dichroic turning mirror (TM) was included to transmit the unabsorbed pump as
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Figure 4.9: The laser geometry for retro-reflection of the unabsorbed pump. Unabsorbed
pump (polarised orthogonal to Alexandrite b-axis) is refocussed and reflected back by the
concave mirror (CM), with its polarisation aligned to the b-axis by the quarter-wave plate
(QWP). The pump is separated by a dichroic turning mirror (TM). The laser cavity is
formed between the back mirror (BM), output coupler (OC), and TM.

dichroic output couplers were unavailable. The pump beam was then reflected back by

a concave mirror (CM), which was positioned a distance equal to its radius of curvature

away from the crystal (25mm). This re-imaged the pump back to an equal size beam

waist at the crystal, with the position of the waist in the crystal optimised for laser

output power. The double pass of the quarter-wave plate (QWP) made it act as a

half-wave plate and rotated the linear polarisation. The QWP was aligned so that the

polarisation of the reflected beam was parallel to the b-axis of the Alexandrite.

In the retro-reflection geometry the laser was effectively the compact cavity design

with a cavity length of 24mm, which was short enough to not significantly reduce the

output power, see Figure 4.8. However, there would have been some efficiency lost from

this cavity extension, along with the longer focal length (fp = 26mm) pump lens that

was required to allow space for the retro-reflection optics.

The OC had a reflectance of 99.4%, with the BM and TM both designed to be high

reflectance at laser wavelengths. It was found that the TM actually had a transmission

of 0.12% at the laser wavelength and contributed to a significant output coupling of

the intra-cavity laser power when compared to the 0.6% transmission output coupler.

With a better quality high reflectance coating on the TM the power lost on each pass

P ′
l would instead be additional power in the laser output Pl. To correct for this loss and

give a more accurate measure of the laser performance, the total laser output power was

calculated as Pl,t = Pl + 2P ′
l .

The total laser output power against input pump power both with and without the

retro-reflected pump is shown in Figure 4.10. When the pump was retro-reflected the

beam quality remained high, with M2 = 1.08, and the maximum laser power was higher

at 2.05W, an increase of 58% from 1.30W.
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Figure 4.10: The total laser output power versus input pump power with (black circles)
and without (red squares) the pump retro-reflected back into the crystal. Also shown are
the slope efficiencies (ηs) and threshold pump powers (Pth).

For the single end-pumping laser model derived in Section 3.3.1 it can be shown

that the threshold pump power P0,th ∝ 1/(ηaηp) and the slope efficiency ηs ∝ ηaηp.

Retro-reflection pumping can be approximated as increasing the absorption efficiency

ηa. Assuming the pump absorption efficiency increased from ηa,0 = 0.57 (the pump

polarisation purity) to ηa = 1 with retro reflection, the slope efficiency and threshold

should have changed by factors of 1/ηa,0 and ηa,0, respectively.

The results in Figure 4.10 show that the slope efficiency and threshold changed by

factors of 1/0.68 and 0.73, respectively, when the pump was retro-reflected. These are

approximately consistent with each other, with the denominator of the slope efficiency

factor being almost equal to the threshold multiplier. However, the gains in slope

efficiency and threshold were lower than expected, which could have been due to several

factors. The retro-reflected pump had reflection losses from a double pass of each of

the rear face of the crystal, TM and QWP. Additionally, the pump will not have been

ideally re-imaged back into the crystal, where a larger or more distorted re-imaged beam

would have had a lower overlap efficiency with the laser mode and so contributed less

to both the slope efficiency and threshold.

These results show that retro-reflection of the unabsorbed pump is an effective option

to increase the overall power output and efficiency of fibre-delivered diode end-pumped

Alexandrite lasers. The laser power output of a compact geometry increased by 58%

to 2.05W for 5.7W of pump power. If implementing this geometry with Alexandrite,

care should be taken to use a high quality turning mirror to reduce losses with the low

transmission OCs used.

An alternative geometry could be to use the compact cavity with no TM, where

the laser output and unabsorbed pump both pass through the OC. These beams could

then be separated external to the cavity with a dichroic TM, allowing the pump to be

retro-reflected back. This could provide a low loss cavity and enhance the efficiency.
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This would require a dichroic OC, which was not available in this investigation.

4.4 Wavelength tunable laser

To study the wavelength tuning properties of an Alexandrite laser it is important to

have a laser geometry that provides full control over all aspects of the laser. These

parameters include: the laser mode size at the crystal, to compensate for changing

thermal lens effects in the crystal and give a consistent mode overlap efficiency; the

temperature of the Alexandrite crystal, to investigate its many temperature dependent

effects; and control of the laser wavelength, to be able to assess performance away from

the natural gain peak.

4.4.1 Birefringent filter tuning

To construct a wavelength tunable Alexandrite laser that can access its full gain band-

width there must be a frequency selective element for the cavity. This has been demon-

strated with an external feedback grating in the Littrow configuration [16]; however, the

tuning range was limited by the self-seeding strength. Alternatively, intra-cavity tuning

elements can be used. A Fabry-Perot etalon is not ideal for use with Alexandrite be-

cause of the low gain available, and subsequently high reflectance output couplers used,

which means that small intra-cavity losses can significantly impact performance. A bi-

refringent filter (BiFi) tuning element at the Brewster angle can be used in Alexandrite

because of its linearly polarised emission [8]. This device has a low reflective insertion

loss, as it is used at the Brewster angle, and can provide sufficient losses to tune across

the gain bandwidth of Alexandrite.

The implementation of a single plate BiFi is shown in Figure 4.11(a). The BiFi

element is a birefringent plate of thickness d, which has ordinary and extraordinary

refractive indices no and ne, respectively. The input beam is p-polarised and incident at

the Brewster angle θB, where tan(θB) = n, and n = (no+ne)/2 is the average refractive

index.

The angles used in the analysis of the BiFi are given in Figure 4.11(b). The optic

axis of the BiFi element is parallel to the plane of its surface and is at an angle of φ

to the plane of incidence. The angle between the optic axis and the refracted ray is η.

The angle between the plane of incidence and the plane containing the optic axis and

the refracted ray is α.

As the refracted ray is not propagating along the optic axis (η ̸= 0) its projected

polarisation components experience different refractive indices and therefore phase chan-

ges. If the relative phase difference is a multiple of 2π when incident on the exit face of

the BiFi then its polarisation will be unchanged. In this case the BiFi is a full-waveplate
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(a)
(b)

Figure 4.11: The design of a birefringent filter (BiFi) tuning element. (a) The input ray
is incident on the BiFi surface with p-polarisation at the Brewster angle. The BiFi has a
thickness d and is rotated about the axis normal to its surface for tuning. (b) The angle
definitions used. The input ray is at the Brewster angle θB. The optic axis is parallel to
the BiFi surface and is at an angle φ to the plane of incidence. The angle between the
refracted ray and the optic axis is η. The angle between the plane of incidence and the
plane containing the optic axis and refracted ray is α

and the ray remains p-polarised. The condition for this is given by

λ =
(ne − no)d sin

2 η

m′ sin θB
, (4.1)

where m′ is an integer [102]. The free spectral range (FSR) is the wavelength separation

(∆λ) of the solutions to Equation (4.1) and is given by

∆λ =
λ2 sin θB

(ne − no)d sin
2 η

, (4.2)

assuming no wavelength dispersion of the refractive index. Both of these equations hold

if the optic axis is at an arbitrary angle to the BiFi surface [103].

In the case of the optic axis being parallel to the plane of the BiFi surface, the

relationships between the angles are

cos η = cosφ cos θB , (4.3)

tanφ = tanα sin θB . (4.4)

The key observation for these equations is that the angle η is a function of the BiFi

rotation angle φ (note that θB is a constant).

With these relationships the wavelength tuning of a BiFi in a laser cavity can be

understood. For input rays with wavelengths given in Equation (4.1) the input ray will

be 100% transmitted as it remains in p-polarisation at the exit face of the BiFi. For all
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other input wavelengths there will be s-polarisation components at the exit surface of

the BiFi that will undergo Fresnel reflection. This loss mechanism will give these laser

modes a higher threshold, so the wavelengths of Equation (4.1) will be favoured.

Wavelength tuning of the laser is achieved through rotation of the BiFi about the

axis normal to its surface. This controls φ, which in turn changes the angle η through

Equation (4.3) and alters the fully transmitted wavelengths λ through Equation (4.1).

To effectively control the laser wavelength the FSR of the BiFi should be greater

than the gain bandwidth of the laser medium. Precisely determining the FSR of a BiFi

of given thickness d is not a trivial task. An approximate relation can be used of

∆λ ≈ λ2

(ne − no)d

(1 + sin2 θB)

2 sin θB
, (4.5)

where the derivation and approximations made are given in Appendix B. For reference,

it can be shown that sin θB = n/
√
1 + n2.

The bandwidths of the transmission peaks are narrower for smaller FSR BiFis [104].

For a single element BiFi, the laser linewidth will be limited by the FSR needed. If a

narrower laser linewidth is required, multiple BiFi elements of varying thicknesses can

be used that each act to suppress the higher order tranmission wavelengths of the others

[105]. In this way a narrower transmission bandwidth is achievable.

4.4.2 Laser design

A BiFi was chosen to provide wavelength tuning, which required an intracavity space ap-

proximately 4 cm long. The BiFi was a 0.5mm thick quartz plate mounted at Brewster’s

angle. At 750 nm crystalline quartz [106] has no = 1.5394, ne = 1.5483 and n = 1.5439,

which gives a FSR of ∆λ ≈ 130 nm using Equation (4.5). The compact cavity design

could not accommodate this device due to limitations of the cavity length (see Figure 4.8,

p. 74). To use the BiFi an ‘extended’ cavity was designed that had sufficient intra-cavity

space.

The extended end-pumped Alexandrite laser system was built with the cavity ge-

ometry shown in Figure 4.12. The Alexandrite was a nominally 0.22 at.% Cr doped

rod with length 4mm and diameter 2mm. The crystal faces were anti-reflection (AR)

coated for both the laser and pump wavelengths. It was mounted in a thermoelectric

cooler (TEC) controlled copper mount with a temperature range of 10 ◦C to 105 ◦C,

which allowed investigation of the temperature dependent behaviour of Alexandrite.

Stability of the cavity was achieved with an intracavity lens of focal length f =

100mm, which had a super-V AR coating centred at 760 nm with a per surface loss

of 0.03%, rising to 0.18% 40nm either side. Both the output coupler (OC) and back

mirror (BM) were planar. By using an intracavity lens and planar mirrors there was

great flexibility in the laser mode size at the crystal through simple adjustments of

lens to mirror distances. An alternative would be a spherical surface OC, which would
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Figure 4.12: The ‘extended’ cavity of the wavelength tunable Alexandrite laser.

Figure 4.13: The output laser power versus input pump power for the extended cavity
with no birefringent plate. Inset: The laser intensity profile and wavelength spectrum at
maximum power.

have lower losses, but would have been more constraining in mode size control and the

availability of optics.

The extended cavity laser was first operated without the birefringent element, the

laser output power versus pump input power is shown in Figure 4.13 for a crystal tem-

perature of 60oC. It operated with a wavelength of 760 nm at maximum pump power,

a slope efficiency of 40% and a HG00 spatial mode profile, shown in the inset of Fi-

gure 4.13. The laser operated at two wavelengths separated by 3 nm with an average

wavelength of 762 nm. This is typical in Alexandrite and is attributed to birefringence

of the crystal [98].

The extended cavity was then operated with the BiFi for tuning the laser wavelength.

Before inserting the BiFi the polarisation direction of the cavity was measured, which

accurately determined the Alexandrite b-axis orientation. The BiFi was then aligned

to the Brewster angle of this polarisation by ensuring that the cavity polarisation was

unchanged after insertion. The reflective round trip loss was 0.01% from the BiFi.

The laser output power against input pump power is shown in Figure 4.14(a) for three

different laser wavelengths, corresponding to the three regimes of operation, at a crystal

temperature of 60 ◦C.
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(a) (b)

Figure 4.14: The output powers of the wavelength tunable Alexandrite laser in the typical
wavelength and temperature range used. (a) The output laser power versus input pump
power at three laser wavelengths, at a crystal temperature of 60 ◦C. The inset shows
the beam profile at the indicated point. (b) The laser power against wavelength for two
crystal temperatures, with an input pump power of 2.73W. The dashed lines indicate the
wavelengths shown in (a).

The laser was most efficient operating at 760 nm with a peak output power of

785mW, lowest threshold of 0.45W and maximum slope efficiency of 30%. The ef-

fect of tuning to 790 nm was a slightly increased threshold of 0.63W and reduced slope

efficiency of 22%. At 727 nm was the least efficient operation, with the highest threshold

of 0.88W and a significantly lower slope efficiency of 7%. The laser output had excellent

spatial quality in all cases and with an M2 = 1.02 at 760 nm, the beam profile is shown

in Figure 4.14(a). The output spectrum typically had a FWHM bandwidth of 2GHz,

which was narrower than prior work due to the presence of the BiFi [16].

The effect of laser wavelength tuning on the output power is shown in Figure 4.14(b),

at crystal temperatures of 10 ◦C and 60 ◦C. The optimum wavelengths of 765 nm and

770 nm at 10 ◦C and 60 ◦C, respectively, are typical for Alexandrite [8, 91, 95]. Elevated

temperatures extended the upper tuning range, as has been previously reported [51],

but in turn increased the lower bound by 7 nm. The higher temperatures resulted in

improved output powers above 750 nm.

It is the complex interplay of effects in Alexandrite lasers, with the changing effi-

ciencies across the laser output spectrum seen in the experimental data, that makes it

important to understand the various factors at play to aid in optimisation. With this

cavity design there was full control over the parameters that could effect the lasing per-

formance of Alexandrite. The intra-cavity lens enabled mode size control, so differing

thermal lenses could be compensated for. The BiFi provided laser wavelength control

to explore the gain bandwidth available. The TEC controlled oven for the Alexandrite

crystal allowed a range of operation temperatures to be stably accessed. This tunable
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Table 4.1: The calculation parameters used in the Alexandrite laser modelling.

Crystal Temperature / ◦C

10 60

Laser wavelength / nm

Parameter Unit 730 760 790 730 760 790 Source

σe 10−25m2 6.64 4.16 2.23 11.4 8.53 5.43 [72]

σ1a 10−25m2 2.03 0.03 0.53 2.13 0.12 0.60 [72]

σa 10−25m2 0.0376 0.0015 0.000 06 0.164 0.0118 0.0009 [19]

τf µs 314 190 [8, 20]

σ0 10−25m2 71.1 [8, 14]

γ = σ1
σ0

- 0.75 [14]

l mm 4.00 -

N 1026m−3 1.01 -

A mm2 0.025 -

laser system could then be used to investigate the parameters that affect performance

of Alexandrite lasers.

4.4.3 Pump ESA effects

The influence of pump ESA on Alexandrite laser performance has had little attention in

the literature. Aside from the measurement of the pump ESA cross section [14], there

has been no quantitative analysis of its effect on laser efficiency. Some models include a

pump ESA loss factor but give no way to calculate it, so it must be estimated [107]. In

this section, the pump ESA effects on CW Alexandrite lasers across the tuning range

are investigated quantitatively for the first time, using the theoretical model developed

in Section 3.3.1.

To determine the impact of pump ESA, a comparison was made between the analyti-

cal model predictions and experimental measurements from an Alexandrite laser system.

Equations (3.15) and (3.23) were used to find the thresholds and slope efficiencies, re-

spectively, using the parameters in Table 4.1. The corresponding experimental results

for threshold and slope efficiency were taken from the experimental laser described in

Section 4.4.

The results are shown in Figure 4.15, with experimental measurements in Figu-

res 4.15(a) and 4.15(c), and modelling in Figures 4.15(b) and 4.15(d), at crystal tempe-

ratures of 10 ◦C and 60 ◦C respectively. The effect of output coupling was investigated

at three laser wavelengths corresponding to the three regimes of lasing in Alexandrite,

those distinguished in Section 4.5. The theoretical predictions were computed with (so-

lid lines) and without (dashed lines) pump ESA, to clarify the effect of pump ESA on

the laser behaviour.

The experimental thresholds were accurately computed by the model across the

parameter range. For example at 727 nm and 60 ◦C, Figures 4.15(c) and 4.15(d), the
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(a) 10 ◦C Experiment (b) 10 ◦C Theory

(c) 60 ◦C Experiment (d) 60 ◦C Theory

Figure 4.15: Experimental and theoretical data of the thresholds and slope efficiencies
of laser operation against output coupler reflectance at different laser wavelengths, with
crystal temperatures of 10 ◦C and 60 ◦C. In the theoretical plots the solid lines correspond
to γ = 0.75 and the dashed lines to γ = 0.
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thresholds were correctly modelled as being higher than those of the other wavelengths

at high OC reflectance, but becoming lower than at 790 nm for reduced reflectances.

The theoretical slope efficiency curves exhibited the same trends as the experimen-

tal system. For example, it predicted an intersection between the 730 nm and 790 nm

slope efficiency curves at 10 ◦C, Figure 4.15(b). This is apparent in the experimental

data, Figure 4.15(a), where the efficiency is initially higher at 790 nm, but then rapidly

decreases. The magnitudes of the theoretical slope efficiencies were in general higher

than those of the experimental system. The most likely source of the discrepancy was

the mismatch between the spatial profiles of the laser and pump beams, which was not

included in the model. This effect would have caused a reduction in efficiency if included.

The modelling predicts that pump ESA causes an approximately quadratic increase

in threshold with OC reflectance, Equation (3.26). This is seen throughout the mo-

delling by comparing the thresholds with and without pump ESA in Figures 4.15(b)

and 4.15(d) by the solid and dashed lines, respectively. The approximately quadratic

relationship is also seen in the experimental data, being particularly clear at 760 nm

at 10 ◦C, Figure 4.15(a). The non-linear thresholds in the experiment can therefore be

confidently attributed to pump ESA effects.

The experimental slope efficiencies had an optimum output coupler reflectance for

maximum slope efficiency, for example at 99% OC reflectance with 760 nm and 10 ◦C

in Figure 4.15(a). An optimum reflectance is apparent in the modelling, but only with

the inclusion of pump ESA. This is due to a reduction in pump quantum efficiency

for decreasing output coupler reflectance, Equation (3.27), with an approximate linear

form. The optimum slope efficiency in Alexandrite is therefore highly likely to be from

pump ESA effects and has been observed experimentally by others [16, 95].

Pump ESA gives a second order correction to the laser threshold for OC reflectance,

whereas for the slope efficiency it is first order in reflectance. It is therefore clearer to

determine the accuracy of the pump quantum efficiency expression through comparison

of the slope efficiencies, rather than the thresholds. In the experimental measurements,

the slope efficiency decreased more quickly by lowering the output coupler reflectance

than in the model, being particularly clear at 760 nm and 60 ◦C, Figures 4.15(c) and

4.15(d). This discrepancy can be explained by a lower pump quantum efficiency in the

experimental system compared to the model.

The pump quantum efficiency is reduced when inversion is concentrated in one area

due to the non-linear nature of the loss. There are two factors that are most likely

to have caused an overestimation of the pump quantum efficiency in the model when

compared to experiment. The first is the approximation of constant transverse intensity

profiles. The Gaussian profiles in the experimental system had a higher intensity in the

centre than the wings and would concentrate the inversion there. The second is the

assumption of a non-divergent pump beam. In the experimental laser the 4mm crystal

length was longer than the confocal parameter of the pump beam, so the intensity
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varied longitudinally from divergence in addition to the absorption and would have

concentrated the inversion towards the beam waist.

Although the pump quantum efficiency of the model appears to not be accurately

matched in magnitude, it exhibits the same behaviours with changing laser parameters

as the experimental system. The relations found from this analytical model, such as

Equations (3.26) and (3.27), give insight into how the various parameters affect laser

efficiency and can aid in laser cavity design, with only the sacrifice of accuracy.

If a laser model included transverse spatial variation analytical solutions would not

be possible, due to the non-linear nature of the ESA loss. This would require numerical

solutions, which would limit insight into the effects of different laser parameters.

4.4.4 Temperature effects on tuning range

Similarly to the pump ESA loss, there has been limited quantitative investigation into

the effect of crystal temperature on the tuning range in Alexandrite lasers. It has been

experimentally shown that low temperatures favour shorter wavelengths [8] and high

temperatures allow longer wavelengths [51]; however, these demonstrations could not

quantitatively explain the efficiencies that were achieved. This section presents an ana-

lysis of the temperature effects on laser slope efficiency and threshold in an Alexandrite

laser across the tuning range, with the experimental trends explained with the use of

the analytical laser model of Section 3.3.1.

The laser power versus wavelength is shown in Figure 4.16(a), where the crystal

temperature was optimised from between 8 ◦C and 105 ◦C to achieve the maximum laser

output power at each wavelength. The laser power with wavelength at a fixed crystal

temperature of 60 ◦C is also shown for comparison. The flat portions of the optimum

temperature curve correspond to the limits of the TEC equipment.

The laser was tunable from 714 nm to 818 nm, a record lowest wavelength and broa-

dest range for a diode-pumped Alexandrite system. Key to achieving this tuning range

was adapting the temperature of the Alexandrite crystal. A wider tuning range and

higher output powers at both the upper and lower wavelength limits would have been

possible without the 8 ◦C to 105 ◦C limit of the equipment used.

The wavelength tuning was continuous up to approximately 10 nm from the extremes,

at this point the laser had regions of 5 nm width where it would not lase. It is likely

that the crystal birefringence was interfering with the tuning effect of the birefringent

element in these areas [98].

The frequency spectrum in Figure 4.16(b) shows the typical spectral structure of

the laser output. Multiple longitudinal modes oscillated, separated by 680MHz, with a

resulting FWHM of 2.1GHz. The spectrum could have been narrowed by using a BiFi

with a smaller FSR, this would have given a narrower transmission peak and therefore

reduced the spectral width. Alternatively, additional frequency selective elements could

have been introduced, for example a Fabry-Perot etalon.
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(a) (b)

Figure 4.16: (a) The laser output power versus laser wavelength at the optimum crystal
temperature and at a fixed crystal temperature of 60 ◦C. The optimum crystal tempera-
ture is given on the right axis of the graph. (b) The typical output frequency spectrum
across the tuning range, FWHM = 2.1GHz.

The laser could be operated with M2 ≈ 1, similarly to without the BiFi. However,

approximately 20% higher output power could be achieved by operating at a lower beam

quality with M2
x = 2.3 and M2

y = 1.5.

The output laser power is useful in giving an overview of laser performance across

the lasing spectrum, but to understand its behaviour more fundamentally the slope

efficiency and threshold are more useful measures. The threshold pump powers and slope

efficiencies at different crystal temperatures (10 ◦C, 60 ◦C, 105 ◦C) across the output laser

spectrum with comparison to model results are shown in Figure 4.17, with both relative

to absorbed pump power.

The underlying causes of the output power changes in Figure 4.16 are apparent from

Figure 4.17. Towards the edges of the tuning range the thresholds increased and slope

efficiencies decreased, resulting in the reduced output power, but responded oppositely

to the crystal temperature at each end. The experimental results were a close fit to the

theoretical predictions for the thresholds showing the validity of the model. The slope

efficiencies had similar trends in experiment and modelling, but were less accurately

matched. This is likely due to mode matching efficiency not being included in the

modelling.

The optimum output power for the extended cavity was at a wavelength of 765 nm,

see Figure 4.16; however, when operated with no BiFi control the laser wavelength was

760 nm at 60 ◦C. The cause of this seeming discrepancy is that the wavelengths for

the lowest threshold and highest slope efficiency were not coincident. The free running

laser operated at its lowest threshold wavelength of 760 nm, and the lowest threshold

of the BiFi tuned laser was also at approximately 760 nm, see Figure 4.17. However,

the optimum power output was achieved at the longer wavelength of 765 nm, closer to

86



CHAPTER 4. DIODE-PUMPED ALEXANDRITE LASERS

Figure 4.17: The threshold (top) and slope efficiency (bottom) of the laser at 10 ◦C, 60 ◦C
and 105 ◦C crystal temperatures against laser output wavelength.

where the slope efficiency was highest at 770 nm.

The mismatch of lowest threshold and maximum slope efficiency is explained in

Section 4.5, and is due to the different spectral forms of the laser emission and ESA

cross sections. This behaviour suggests that in general Alexandrite lasers can benefit

from a wavelength selective element to optimise power output by forcing it to lase at a

higher threshold, but where it also has a larger slope efficiency. The significance of this

effect will increase when operating at pump powers further away from threshold.

4.5 Modelling Alexandrite lasers

The experimental systems showed complicated behaviour across the wavelength tuning

range, particularly with regard to the crystal temperature. This is the result of a com-

plex interplay of factors and is best explained through interrogation of a model, where

parameters not readily accessible in experiments can be isolated to explain different

features in the experiment.

The dependence of the transition cross sections on laser wavelength gives Alexandrite

three regimes of operation as indicated in Figure 4.18. Below 760 nm it is an increasingly

quasi-three-level system with additional increasing laser ESA. Above 760 nm the laser

GSA cross section becomes negligible, so from 760 nm to 780 nm it is approximately a

four-level laser with the ESA cross section becoming zero at 770 nm. Above 780 nm the

lasing is four-level, with an increasing influence of ESA at longer wavelengths. At 828 nm

and a crystal temperature of 28 ◦C the laser ESA and emission cross sections are equal

and no gain is possible, forming an upper wavelength limit. The boundaries between
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Figure 4.18: The laser GSA, ESA and emission cross sections with wavelength at 28 ◦C.
The GSA cross section has been magnified by a factor of 5. The three regimes of operation
are indicated. Source data: [18]

Figure 4.19: The fluorescence lifetime (black), net emission cross section (σe − σ1a) at
760 nm (red), and their rescaled product in arbitrary units (dashed) against crystal tem-
perature in Alexandrite. Source data: [8, 72]

the lasing regimes are not well defined and are presented as a guide to understanding

the behaviour of Alexandrite.

Another consideration in Alexandrite is the crystal temperature, which further af-

fects the lasing regimes. The effect of crystal temperature on the fluorescence lifetime

and emission cross section is shown in Figure 4.19. The dominant cause of temperature

related effects in Alexandrite is the upper laser level being split between two sub-levels.

These have an effective separation of approximately 800 cm−1 so have a thermal Boltz-

mann population distribution between them [8]. The upper sub-level (4T2) has stronger

vibronic transitions, with the lower sub-level (2E) being mostly inactive and acting as

a storage state. The different properties of the two levels and thermal population dis-

tribution between them results in the decreasing fluorescence lifetime and increasing

emission cross section with temperature.
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Figure 4.20: The intrinsic slope efficiency of Alexandrite at 28 ◦C for red diode pumping
at 636 nm, with the constituent contributions from the Stokes, laser ESA and pump ESA
efficiencies.

The intrinsic slope efficiency η0 (Equation 3.25) is a useful guide to the ultimate

performance of a gain medium that can be expected, and it is shown for Alexandrite

as a function of wavelength in Figure 4.20 along with its constituent components for

red diode pumping at 636 nm and 28 ◦C crystal temperature. In Alexandrite, ηp,0 = 1

because all absorbed pump photons from GSA decay into the upper laser level [8]. The

peak intrinsic efficiency of 82% is at 770 nm, where the limiting factor is the Stokes

efficiency. An efficiency of near or greater than 40% is available from 700 nm to 815 nm,

illustrating the suitability of Alexandrite as a tunable source.

The main factor reducing the intrinsic efficiency is laser ESA from (1−γl); however,
its effect is minimised at 770 nm where there is negligible laser ESA [18]. At either side

of this peak the efficiency decreases due to the increasing laser ESA cross section, but

occurs at a higher rate towards longer wavelengths where the emission cross section is

decreasing. There is an intersection point between the emission and ESA cross sections

at 830 nm. At this point no gain is possible and the efficiency becomes zero.

The intrinsic slope efficiency is a function of temperature due to the temperature

dependence of all cross sections in Alexandrite. The dominant effect is from laser ESA

in the output coupling efficiency, which is shown against laser wavelength at different

crystal temperatures in Figure 4.21. There is a shift in the intersection point of the laser

emission and ESA cross sections, which increases the long wavelength lasing limit. It is

difficult to minimise the effect of laser ESA as it is isolated in the efficiency terms and

only a factor of material properties.

In the intrinsic slope efficiency the pump ESA component is only significant below

720 nm where laser GSA is largest; however, in a real laser non-zero cavity losses means

the pump ESA needs to be more carefully considered. The pump quantum efficiency is

shown in Figure 4.22 as a function of wavelength with nominal laser cavity parameters

of R = 0.98 and L = 0.01 to illustrate its behaviour in a realistic laser at different
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Figure 4.21: The maximum output coupling efficiency (1− γl) versus laser wavelength at
different crystal temperatures.

Figure 4.22: The pump ESA quantum efficiency versus laser wavelength for different
crystal temperatures for R = 0.98 and L = 0.01. In Alexandrite ηp = ηp,ESA.

temperatures. As ηp,0 = 1 in Alexandrite, only pump ESA contributes to the pump

quantum efficiency and ηp = ηp,ESA.

To understand the form of the pump quantum efficiency across the tuning range,

it is important to note that the pump ESA quantum efficiency decreases for increasing

integrated population inversion F , see Equation (3.21). Where there is a higher net

gain coefficient (σe − σ1a) there will be a lower threshold inversion and a correspon-

dingly higher pump quantum efficiency. The efficiency is maximised in the region near

750 nm, the peak net gain in Alexandrite. Towards shorter and longer wavelengths the

net gain decreases giving a lower efficiency, but decreases at a much greater rate to-

wards long wavelengths where the net gain reduces to zero. This point of zero net gain

occurs at longer laser wavelengths for increasing crystal temperatures, as clearly seen in

Figure 4.22.

The effect of pump ESA is less constraining than that of laser ESA because it depends
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Figure 4.23: From the model in Equations (3.15-3.21), the slope efficiency (top, ηs) and
threshold (bottom, Pth) of an Alexandrite laser with output coupler R = 98% and round
trip loss L = 0.5%, versus laser wavelength and crystal temperature. The hatched regions
are where lasing is not possible due to zero net gain.

on the inversion level, which can be controlled to some extent by the cavity design

parameters of L and R.

With an understanding of the underlying processes in Alexandrite lasing, the com-

bination of them in a CW laser can be analysed. The medium was modelled using the

pump ESA ratio measured in Figure 3.16 and all other parameters were taken from the

literature. The cavity parameters were R = 98%, L = 0.5%, l = 4mm, and a circu-

lar pumped area diameter of 180 µm, similar to the experimental cavity in Section 4.4.

The threshold and slope efficiency against laser wavelength and crystal temperature are

shown in Figure 4.23 for this system.

Between 750 nm to 770 nm temperature has the least effect on both the threshold

and slope efficiency, which is the region of four-level lasing where the effects of laser

GSA, and pump and laser ESA are minimised. The product of the fluorescence lifetime

and the emission cross section is the dominant temperature dependent factor in the laser

threshold, via Is in Equation (3.15), but as this product is approximately constant with

temperature so is the threshold, see Figure 4.19.

Below 750 nm laser GSA becomes increasingly significant, with both shorter wave-

lengths and higher crystal temperatures increasing the laser GSA, which is the limiting

factor for short wavelength lasing. A higher GSA requires more inversion for gain and

increases the threshold. This means that colder crystal temperatures are optimum for

short wavelength lasing. Shorter crystals are also preferential for short wavelength ope-

ration because unpumped population will increase the laser threshold, see the 2αal loss

term in Equation (3.12). There is a negligible impact of temperature on the slope

efficiency, mainly due to the pump quantum efficiency being typically invariant with
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temperature in this region, see Figure 4.22.

Above 770 nm laser GSA no longer has any effect and laser ESA is the cause of

the temperature and wavelength dependent behaviour. Laser ESA creates a point of

zero net gain at increasingly longer wavelengths for higher crystal temperatures. Higher

temperatures are favoured in this wavelength region to maximise the available gain.

This both reduces the threshold and makes certain wavelengths accessible by moving

the point of zero net gain. The efficiency increases with temperature because the laser

ESA efficiency (1− γl) increases (Figure 4.21) along with the pump quantum efficiency

significantly improving (Figure 4.22). This is due to the higher emission cross section,

hence a larger gain, that reduces the threshold population inversion. This behaviour

will be common to all Alexandrite lasers due to the intrinsic nature of the laser ESA to

Alexandrite.

4.6 Summary

This chapter has presented results from experimental fibre-delivered diode end-pumped

Alexandrite lasers. Through optimising the crystal temperature and cavity losses, a

record slope efficiency was obtained of 54% with a power of 1.22W in the HG00 mode.

Fibre-delivered pumping can achieve these high efficiencies with respect to absorbed

pump power and excellent beam qualities due to the symmetry and brightness of the

source. A drawback of this technique is that only a fraction of the overall pump power

can be absorbed in one pass of the crystal, because absorption is polarised in Alexandrite

and the fibre delivery scrambles the polarisation of the pump. It was shown that by

retro-reflecting and rotating the polarisation of the transmitted pump, the power output

of a laser with fibre delivered pumping could be increased by 58%.

A tunable Alexandrite laser was developed, which achieved a record laser wavelength

tuning range of 714 nm to 818 nm. Key to this achievement was shown to be through

optimising the crystal temperature between 10 ◦C to 105 ◦C, with a greater wavelength

range expected if the temperature range could have been increased.

The best laser performance was obtained from the compact cavity in terms of thres-

hold pump power, slope efficiency, and output power. The highest slope efficiencies

achieved in the compact and extended cavities were 54% and 40%, respectively. The

reduced efficiency in the extended cavity was a combination of increased losses from

additional intracavity optical components and a likely poorer match between the pump

and laser modes.

With the tunable Alexandrite laser as an experimental reference, the analytical mo-

del was analysed to verify its accuracy. It was found to have an excellent fit with respect

to laser threshold, with the slope efficiency matching the trends of the experimental sy-

stem, but with an offset likely caused by the lack of a mode overlap efficiency term in

the model. With the model shown to be valid in Alexandrite, it was explored to show
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the effects of laser and pump ESA across its tuning range. This highlighted the impor-

tance of crystal temperature in Alexandrite laser design, with low temperatures suitable

for short wavelength lasing, and high temperatures extending the range and improving

performance in the longer wavelength regime.
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Chapter 5

Anti-resonant ring lasers

The anti-resonant ring (ARR), also known as a Sagnac interferometer, is an interfero-

metric device that acts like a mirror and reflects any input field, its structure is shown in

Figure 5.1(a). Input fields are split by a 50% beamsplitter (BS), propagate in opposite

directions around the ring formed by turning mirrors (M), and recombine at the BS.

Due to phase changes at the BS they constructively interfere towards the input direction

so are reflected.

The reflection and transmission of the ARR can be altered for a wide variety of uses

by modifying the alignment or reflectances of the ring structure, or by additional optical

components inside the ring. In this chapter the focus is on including a gain medium

inside the ARR and forming a laser cavity, as in Figure 5.1(b), by providing feedback

into the ARR with a partially reflecting output coupler (OC). This geometry was first

proposed by Siegman in 1973 [37], but has only been demonstrated once before in the

literature in a CO2 laser [36]. This configuration has many interesting applications

through sharing a gain medium between two laser cavities.

Before applying the ARR to coupled laser geometries, the basic laser cavity of Fi-

gure 5.1(b) must first be understood. In this chapter there is an overview of the proper-

ties of the ARR, both exploring the mechanism of total reflection but also the parameters

that can negatively affect it. The ARR laser geometry is then experimentally investi-

gated using the Nd:YVO4 gain medium in both the diode end and side-pumping con-

figurations. This gain medium was selected due to it being a simple, high-performance

four-level system that is commonly used, in contrast to Alexandrite. This allowed the fo-

cus to be maintained on the ARR laser geometry design without complications from the

gain medium. Using the end-pumped solid-state gain medium the losses were reduced

by a factor of twenty compared to the CO2 laser, which for the first time demonstrates

the ARR laser to be a high-performance cavity geometry.
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(a) (b)

Figure 5.1: (a) The anti-resonant ring geometry, where the input beams are split by the
50% beamsplitter (BS), which propagate around the ring formed by turning mirrors (M)
and recombine at the BS. (b) The ARR laser cavity concept, with feedback provided by
an output coupler (OC) and a gain medium is internal to the ring.

5.1 Background

The ARR has many uses, ranging from an optical gyroscope exploiting the Sagnac effect

[108], a proposed gravitational-wave detector [109], and inverting interferometers [110].

It was first proposed for use in a laser geometry by Siegman in 1973 [37], who conducted

the earliest investigations of the design.

The most common use of the ARR has been in colliding pulse mode locking, where

a saturable absorber is placed inside the ARR [111]. This technique enhances the satu-

ration effects in the absorber leading to more easily obtainable modelocking [112, 113].

Mode locking has also been implemented with an ARR by inserting a non-linear

element into the ring, which made the ARR act as a non-linear mirror [114]. This

implementation is similar to the non-linear amplifying loop mirror (NALM) used exten-

sively for mode locking in fibre lasers, which uses the fibre equivalent of the free-space

ARR - the Sagnac loop.

The ARR has been used as an adjustable transmission output coupler for an opti-

cal parametric oscillator (OPO), where the angle of incidence on the beamsplitter was

continuously adjusted to optimise the parametric conversion process [115].

The sharing of an ARR has been demonstrated with two OPOs using it as an end

mirror [116]. In this implementation, each cavity used a separate input direction to the

ARR, as shown in Figure 5.1(a). This was possible due to the wavelength insensitivity

of the ARR, where the reflectance is independent of the input wavelength.

The only example of the laser gain medium being internal to the ARR, as in Fi-

gure 5.1(b), was in a CO2 cavity-dumped laser [36]. This design also incorporated an

electro-optic modulator in the ARR to modulate the phase of the counter-propagating

beams and generate a pulsed output from the laser. Although successful, the incorpo-
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Figure 5.2: A diagram indicating the notation used for a general ARR.

ration of the electro-optic modulator, in particular, caused round trip losses of 1.5% in

the ARR.

These prior works show the suitability of an ARR in a laser cavity, along with

the gain component being internal it it. These examples are also the main extent of

ARR implementations in laser cavities, which highlights the opportunity to find new

applications with this structure.

5.2 Anti-resonant ring properties

To understand the reflection and transmission properties of the ARR the propagation

of input electric fields must be calculated. The input field, Ein, and the corresponding

intensity, Iin, considered are

Ein = R
[
ũ(x, y)ei(kz−ωt)

]
, (5.1)

Iin =
1

2Z0
|ũ(x, y)|2 , (5.2)

where ũ(x, y) is an arbitrary complex field distribution, k is the wavenumber of the field,

ω is the frequency, t is time, and Z0 is the impedance of free space. The input direction

and axes orientation are shown in Figure 5.2. In the following derivations the electric

fields will be assumed to be the real part of the complex numbers.

On entering the ring, the input field is split by a lossless beamsplitter (BS) that has

intensity transmission (T ) and reflection (R) coefficients such that T + R = 1. The

clockwise (CW) and counter-clockwise (CCW) beams propagate around a ring that has

nm mirrors, perimeter length pR, and intensity gain coefficient of G. The resultant

beams are then again split by the BS with CW and CCW transmitted (ũT,CW, ũT,CCW)

and reflected (ũR,CW, ũR,CCW) complex coefficients. The ring is aligned so the axes of

each pair of beams are collinear. A reflection from a mirror or BS inverts the x-axis

to preserve a right-handed system, with the final axes orientation shown in Figure 5.2.

Considering all the above effects and defining z = 0 at the entrance to the ring, the
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resultant fields are

ũR,CW = −
√
GRT ũ

[
(−1)(nm+1)x, y

]
, (5.3)

ũR,CCW = −
√
GRT ũ

[
(−1)(nm+1)x, y

]
, (5.4)

ũT,CW = −R
√
G ũ [(−1)nmx, y] , (5.5)

ũT,CCW = T
√
G ũ [(−1)nmx, y] , (5.6)

where the π phase shift from the BS is represented as a negative sign [117].

The total transmitted field is given by ũT = ũT,CW + ũT,CCW and reflected field by

ũR = ũR,CW + ũR,CCW. By introducing a parameter δ that defines the difference from

50% BS reflectance, such that R = (0.5− δ) and T = (0.5 + δ), the resulting fields are

ũR(x, y) = −
√

1− 4δ2
√
G ũ
[
(−1)(nm+1)x, y

]
, (5.7)

ũT(x, y) = 2δ
√
G ũ[(−1)nmx, y] . (5.8)

The corresponding reflected and transmitted field intensities (IR, IT) are

IR(x, y) = Iin

[
(−1)(nm+1)x, y

]
G
(
1− 4δ2

)
, (5.9)

IT(x, y) = Iin [(−1)nmx, y]G
(
4δ2
)
. (5.10)

For simplicity, if plane waves are assumed the total intensity reflection (RARR = IR/Iin)

and transmission (TARR = IT/Iin) coefficients of the ARR are then

RARR = G
(
1− 4δ2

)
, (5.11)

TARR = 4Gδ2 . (5.12)

With Equations (5.7-5.12) the properties of the ARR can be analysed.

The ARR reflects all incoming power when the BS has 50% reflectance, δ = 0

when TARR = 0. A perfect 50% BS coating is in practice impossible to achieve, so the

difference from this design reflectance will always give some transmission to an ARR. A

BS tolerance of δ = 0.01 is not difficult to achieve in practice. In an ARR with no gain

(G = 1) this would result in TARR = 0.04%, which would be a negligible loss in most

laser systems, so this source of asymmetry loss will usually be insignificant in practice.

The dependence of TARR on the BS reflectance can be used advantageously by using

the ARR as a continuously tunable transmission output coupler. This has been demon-

strated by changing the BS reflectance through altering the angle of incidence [115].

The conversion to intensity reflection and transmission coefficients for the ARR also

shows that an aligned ARR works at all wavelengths, with there being no wavelength

term in RARR or TARR. The wavelength of the incident beam will only alter the phase

of the exiting beams through k in Equation (5.1), but the intensity is unaffected. This
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property is due to the common path of the interferometer, where the CW and CCW

travelling beams have the same phase shift when propagating around the ring.

The wavelength invariance of the ARR is in contrast to the usual use of interferome-

tric components in laser cavities, where it is the wavelength selectivity that is the desired

property. The standard linear Fabry-Perot or ring cavities are themselves interferome-

ters, which results in the longitudinal frequency mode selection of these geometries.

Alternative interferometric cavity designs [118] or additional Fabry-Perot cavities [119]

can be used for more precise frequency selection.

A more subtle feature of the ARR is the potential for horizontal reflection astigma-

tism. The input field can have an arbitrary field distribution ũ(x, y), see Equation (5.7).

The reflected field has the distribution ũ
[
(−1)(nm+1)x, y

]
, Equation (5.7), where the

(−1)(nm+1) term shows that the reflected field will be horizontally inverted for an even

number of ARR mirrors.

It should be noted that in the previous analyses it was assumed that there were no

time dependent phase or amplitude changes for the counter propagating fields in the

ring. If there were, then the recombining fields would have asymmetries from this time

dependent change that would alter the transmission and reflection properties. As the

ARR has a common path design, these will only be significant when the time dependent

changes are on the time-scale of the transit time of a beam around the perimeter. For a

ring perimeter below one meter, this corresponds to changes with frequency components

of GHz and above.

As environmental changes are typically below GHz rates, this is the reason why the

ARR is insensitive to environmental perturbations. The time dependence property of

the ARR can be exploited by incorporating optical elements that can effect changes on

this time scale. For example, an electro-optic modular with a 3 ns rise time has been

used for laser cavity dumping from an ARR [36].

If the ARR contains components that alter the wavefront of the CW and CCW

propagating beams, for example lenses or diffraction from apertures [36], this can cause

more transmission through the ARR due to differently phased or shaped beams incident

on the BS. The case of asymmetric beam imaging was considered by Sheng [120], who

theoretically analysed the cavity mode solutions in a cavity similar to the ARR laser

geometry of Figure 5.1(b).

The round trip ABCD matrix of the ARR, MR, is

MR =

(
AR ±∆ BR

CR AR ∓∆

)
, (5.13)

where the ± and ∓ signs refer to either CW (+, −) or CCW (−, +) propagation, and

∆ is a measure of asymmetry in the round trip matrices. The transmission of the ARR
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Figure 5.3: The ring section of an ARR laser with a thermal lens (fR) offset from the
centre of the perimeter by ∆f .

is then given by ζm, where m is the mode order of the HGm0 mode. The solution gives

ζ0 ≈ 1
2∆

2, ζ1 ≈ 3ζ0, ζ2 ≈ 7ζ0, ζ3 ≈ 13ζ0 , (5.14)

which shows that if there is no asymmetry (∆ = 0) then there will be no transmission

of the ARR, as expected. It also predicts that higher order transverse modes will have

a larger transmission through the ARR, which could act to suppress them. Another

finding of the model was that the transmission was spatially dependent, typically with

a ring shaped pattern. Despite this, the transverse modes were approximately equal to

the Hermite-Gaussian set [120].

The derivation by Sheng can be applied to the ARR laser proposed in Figure 5.1(b),

where a thermal lens in the crystal will be inside the ring. This geometry is shown in

Figure 5.3, where a thermal lens of focal length fR is offset from the centre of the ring

perimeter of length pR by a distance ∆f . The ray transfer matrix of this path is

MR =

⎡⎣1− pR
2fR

± ∆f

fR
pR − (pR−4∆2

f)
4fR

−1
fR

1− pR
2fR

∓ ∆f

fR

⎤⎦ , (5.15)

where the upper and lower signs are for the CW and CCW paths, respectively. This

matrix fits the form of Equation (5.13) with ∆ = ∆f/fR, giving an ARR transmission

of

ζ0 =
1

2

(
∆f

fR

)2

. (5.16)

This result is useful in ARR laser design, as it predicts that the transmission loss of

the ARR from this form of asymmetry is independent of the perimeter of the ARR and

that the position tolerance of the thermal lens in the ring will be lower for a stronger

thermal lens.

Another source of transmission through the ARR is from misalignment of the in-

tracavity components, which has two consequences. The first is a position mismatch
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of the CW and CCW beams from the BS, where one field is displaced from the other,

which is termed a shear. If the beams have transverse amplitude or phase modulation

through ũ(x, y) then a shear will cause an amplitude and phase mismatch across the

recombining fields. Any resulting field difference will result in transmission through the

ARR. This effect is difficult to quantify in general as it depends on the specific form of

ũ(x, y), which will change depending on quantities such as HG mode order or wavefront

curvature.

The second consequence is angular misalignment of the CW and CCW beams, which

introduces a linear phase difference between them. If the resulting misalignment is

assumed to be in the x-z plane, with each beam misaligned by an angle α that is equal

and opposite for the CW and CCW beams. The combining fields become

ũ′R,CW = eiθxũR,CW , (5.17)

ũ′R,CCW = e−iθxũR,CCW , (5.18)

ũ′T,CW = e−iθxũT,CW , (5.19)

ũ′T,CCW = eiθxũT,CCW , (5.20)

where θ = k tanα is the linear phase shift gradient and the primed fields are the tilted

counterparts of those in Equations (5.3-5.6). This gives the resulting reflected and

transmitted fields

I ′R(x, y) = Iin

[
(−1)(nm+1)x, y

]
G
(
1− 4δ2

)
cos2(θx) , (5.21)

I ′T(x, y) = Iin [(−1)nmx, y]G
[
sin2(θx) + 4δ2 cos2(θx)

]
, (5.22)

with the reflection (R′
ARR) and transmission (T ′

ARR) coefficients for plane waves of

R′
ARR = G cos2(θx)

(
1− 4δ2

)
, (5.23)

T ′
ARR = G

[
sin2(θx) + 4δ2 cos2(θx)

]
. (5.24)

These relations show the characteristic fringe pattern from tilted interfering plane waves,

which can be used to aid alignment of the ARR. As is the case for shear misalignment,

the sensitivity to this type of misalignment depends on the transverse profile of the

incident beam so it is difficult to quantify the transmission or reflection properties in

general.

The combined effects of shear and angular misalignment of the ARR, along with

asymmetric beam imaging, is a complex problem. It requires numerical simulation in

most cases to find the spatial form of and total transmitted intensity. However, the

key difference with the ARR common path interferometer design is the insensitivity

to path length or other phase changes around the ring, which makes it robust against

environmental factors. This is in contrast to other interferometric designs, for example
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(a) (b)

Figure 5.4: (a) The schematic of an ARR laser cavity with gain internal to the ring, which
has a thermal lens of focal length fR. (b) The equivalent linear cavity of the ARR laser
design, where the thermal lens is a curved end mirror with a radius of curvature of R2.

the Michelson interferometer, where careful stabilisation of the path lengths is required.

5.2.1 Laser Cavity Design

In the following section some of the design considerations for an ARR laser as in Fi-

gure 5.4 are determined. This includes spatial mode control, the mode frequencies, and

a method to determine the transmission of the ARR.

A key consideration in laser cavity design is controlling the size of the intracavity

modes, which is usually focussed on matching the mode diameter to that of the pumped

region of the gain. In an ARR laser the same requirements must be met, so there needs

to be a model of how the spatial modes of a cavity form in such a laser.

In this work the focus is on ARR lasers with the gain medium internal to the ring. A

pumped gain medium will have a lensing effect on a wavefront due to heating from the

absorbed pump radiation, see Section 2.2.1. Previous works have shown that asymmetric

imaging of a beam will result in losses from the ARR at the BS [120], so to minimise

this the gain medium should be positioned halfway around the ring perimeter pR, see

Figure 5.4. In a symmetrically designed ring this will be in line with the BS.

The laser cavity may need additional optical components to control the mode sizes.

If these are placed inside the ring, they should be ordered and positioned symmetrically

to reduce losses, as represented by the A2B2C2D2 matrices in Figure 5.4. Any other

imaging optics, A1B1C1D1, can be external to the ring.

With the ARR laser designed as in Figure 5.4(a), the laser modes can be calculated

using the equivalent linear cavity of Figure 5.4(b). The symmetrical ring is considered

as a double pass of the equivalent linear section of length pR/2. The thermal lens in

the crystal of focal length fR has the same effect as a curved end mirror with a radius

of curvature of R2 = 2fR, which has equal focal power. The linear section of the ARR

laser of length lL remains unchanged.

The analogy to a linear cavity extends to the longitudinal modes. The longitudinal
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mode frequency spacing, ∆ν = (νnm(q+1) − νnmq), of an ARR laser cavity is

∆ν =
c

2(pR/2 + lL)
, (5.25)

where c is the speed of light in the cavity [121]. This is equivalent to that of a linear

cavity of length (pR/2 + lL).

The model of the linear cavity equivalent of the ARR laser cavity is a conceptually

useful one; however, care must be taken that the horizontal astigmatism of odd mirror

ARRs will not affect the desired modes. In a typical linear cavity the end mirrors invert

the horizontal axis of the incident mode, which has no significant consequences as the

mode is inverted at each end of the cavity so any inversion effects are cancelled out in

the round trip. However, an ARR acting as an end mirror will not invert the horizontal

axis of an incident beam if it has an odd number of mirrors. This will result in the

horizontally odd transverse modes to be inverted on one round trip of the cavity, which

means that an additional π phase shift is required for the mode to reproduce itself. The

extra phase shift is quantified as πϵn and is an additional term on the left hand side

of the round trip phase condition in Equation (2.23). The resulting longitudinal mode

frequencies are

νnmq =
c

2(pR/2 + lL)

[
q +

(n+m+ 1)

π
cos−1 (±√

g1g2) +
1
2ϵn

]
, (5.26)

ϵn =

⎧⎨⎩ 0 for even nm, n even

0 for even nm, n odd
(5.27)

ϵn =

⎧⎨⎩ 0 for odd nm, n even

1 for odd nm, n odd
(5.28)

where the π phase shift is obtained by altering the longitudinal mode frequencies.

This horizontal inversion astigmatism is the same as that of ring lasers with an odd

number of mirrors [122], which has several documented consequences in ring lasers. For

example, the horizontally odd HG10 mode is separated from the HG01 mode by half

a longitudinal mode frequency spacing [123]. Alternatively, there can be problems in

supporting circular polarisation modes when this astigmatism is present [124]. When

designing an ARR laser this astigmatism should be considered to assess whether the

ARR mirror number will affect the desired cavity modes. In addition, the effects of

non-reciprocal or mirror-inversion dependent elements must be carefully considered, for

example Faraday rotators or other polarisation sensitive optics.

In a laser cavity, an important quantity is the intra-cavity loss. This is the fraction

of internal circulating power that is lost from the cavity other than through the output

coupler transmission. The ARR will have losses associated with it from the optics it

uses, for example imperfect high reflectance coatings on the mirrors, which will be fixed
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Figure 5.5: The clockwise (PCW) and counter-clockwise (PCCW) powers incident on the
BS, and the transmitted (PT) and reflected (PR) powers, in an ARR laser with output
coupler reflectance R and output power Pl.

quantities and independent of the alignment. An important ARR loss parameter is the

fraction of power returning to the BS that is transmitted and not reflected back to the

input direction, which is dependent on the ARR transmission properties discussed in the

previous section. This recombination loss LR is the round trip loss from asymmetries in

the ARR, and is independent of other losses or gains in the ARR.

The notation used for the powers is shown in Figure 5.5. The powers returning to

the BS are from the clockwise (PCW) and counter-clockwise (PCCW) paths, with the

transmitted (PT) and reflected (PR) powers from the recombined beams. In an ARR

laser, the reflected beam will return to an output coupler, with reflectance R, and result

in an output laser power of Pl = PR(1 − R). Due to a lossless BS the input power

equals the output power so (PCW +PCCW) = (PT +PR). Using these two relations, the

recombination loss becomes

LR =
PT(1−R)

Pl + PT(1−R)
, (5.29)

where it is assumed there are no losses in the propagation of PR to the output coupler.

This quantity is easily measurable for an ARR laser, needing access to only the PT and

the output laser power. It is also equal to the round trip loss of the beam recombination

at the BS and can be used in standard laser equations, for example the round trip gain

condition.

5.3 Experimental anti-resonant ring lasers

In this section the results of experimental ARR lasers are presented, where the gain

medium is internal to the ring. The aim of these investigations was to validate the

proposed ARR laser design and show that it is suitable for low loss, high performance

lasers. With only one previous example in the literature of gain internal to the ring [36]
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(a) Absorption (b) Emission

Figure 5.6: The main absorption (a) and emission (b) cross section lines versus wavelength
in Nd:YVO4 for polarisations parallel to the c and a-axes. Source data: [126]

that was demonstrated over 40 years ago, this work is an important demonstration of

how this geometry performs with more modern technology and techniques.

Diode-pumped Nd:YVO4 was chosen as the gain medium for this investigation. It

has been widely demonstrated as an efficient and high power laser gain medium, so

was suitable for this work where the focus was on the cavity design rather than the

performance of the gain medium itself. It also has similarities to the widely used Nd:YAG

medium, so the results presented are also an indicator of the performance that could be

expected if this medium were used instead.

Two pumping geometries were investigated. A fibre-delivered 808 nm diode module

was used for end-pumping of the crystal, which had the advantages of a symmetrical

and well defined pumping region. An 808 nm diode bar was used in a side-pumped

bounce geometry laser, which gave access to a higher gain than the fibre-delivered pump;

however, this also gave rise to more challenges in controlling the intra-cavity mode.

5.3.1 Nd:YVO4 gain medium

Neodymium is a commonly used rare-earth ion in laser gain media. A common host

material is Yttrium Vanadate (Nd:YVO4), where trivalent Neodymium replaces the

similarly sized the Yttrium atom. It is an early laser material that was identified for

its efficient laser characteristics [125]. It can be lamp or diode pumped, with the latter

being widely adopted due to its strong absorption lines at 808 nm and 880 nm where

high power laser diodes can be manufactured. The crystal absorption in this infra-red

pumping region is shown in Figure 5.6(a). Nd:YVO4 is a uniaxial crystal giving it

natural birefringence, with the absorption at 808 nm being four times stronger parallel

to the c-axis.

The emission cross section of Nd:YVO4 is shown in Figure 5.6(b) around the highest
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Table 5.1: Spectroscopic and physical properties of the Nd:YVO4 and Nd:YAG gain media.
Nd:YAG is isotropic so has no special crystallographic axes, and Nd:YVO4 is uniaxial with
separate properties for the c and a-axes. Source data: [5, 126, 128, 129]

Nd:YVO4 Nd:YAG
c-axis a-axis isotropic

Emission cross section (1064 nm) / 10−19 cm2 11.4 4.4 2.8

Absorption cross section (808 nm) / 10−19 cm2 5.8 1.5 0.77

Absorption depth (1% at. doping) / mm 0.14 0.54 0.94

Nd density (1% at. doping) / 1020 cm−3 1.24 1.38

Fluorescence lifetime / µs 98 230

Refractive index (1064 nm) 2.17 1.96 1.82

dn/dT / 10−6K−1 3.0 8.5 7.3

Density / gcm3 4.22 4.56

Moh hardness 5 8.5

Thermal conductivity / Wm−1K−1 5.23 5.10 13

Thermal expansion / 10−6K−1 11.4 4.43 7.9

strength emission peak of 1064 nm that permits four-level lasing. This emission peak

is polarised, being 2.5 times higher for the c-axis, which typically results in linearly

polarised laser emission. There is an additional commonly used emission peak at 1342 nm

that has a 3.5 times lower cross section [87].

The combination of large absorption and emission cross sections makes Nd:YVO4 a

high efficiency and low threshold gain medium. The main loss mechanism is through

energy transfer upconversion (ETU). This is where an excited ion transfers its energy to

a neighbouring ion exciting it to a higher energy level, which will then typically fluoresce

to release its energy. This process constitutes a loss of excited population so reduces laser

performance. ETU is not usually significant when operating on the 1064 nm transition,

where the large emission cross section requires a low inversion for laser gain. It can

however be an issue when operating on the lower cross section emission lines [127].

Another widely used host material for trivalent Neodymium is Yttrium Aluminium

Garnet (Nd:YAG), where Neodymium replaces Yttrium in the crystal lattice. A sum-

mary of properties for both Nd:YAG and Nd:YVO4 are given in Table 5.1. Unlike

Nd:YVO4, Nd:YAG has no natural birefringence and is isotropic.

Nd:YVO4 has both higher emission and absorption cross sections, which gives it a

higher gain. This makes it well suited to high pulse repetition rate lasers, where up to

160GHz in mode-locking has been shown [130]

The fluorescence lifetime of Nd:YVO4 is lower at 98 µs. The shorter lifetime makes

it less suitable for high pulse energy Q-switched operation as it is less effective at storing

energy.

The CW performance of the two media are similar, where the shorter lifetime in
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Figure 5.7: The output power of the fibre coupled diode pump versus input current, the
inset shows the beam profile at the beam waist.

Nd:YVO4 is compensated by its higher emission cross section. The thermal conductivity

is lower in Nd:YVO4, but as the temperature dependence of the refractive index also

lower the thermal lensing effects are similar.

In summary, diode-pumped Nd:YVO4 is suitable as a high power and efficient gain

medium. It performs similarly to Nd:YAG in the CW regime, but is less well suited to

high energy pulsed operation.

5.3.2 End-pumped laser

The pump source was a fibre-coupled 808 nm diode module (Jenoptik JOLD-30-FC-12).

The output power versus input current of the module is shown in Figure 5.7. It had a

maximum output power of 26.2W that was unpolarised due to mode scrambling in the

fibre.

The fibre had a 200 µm core diameter and NA = 0.22. The output was collimated

with a 35mm focal length collimator that gave a beam quality of M2
x = 72 and M2

y =

73 with a top hat profile at the beam waist, see inset of Figure 5.7. The pump was

focussed into the gain medium with a 75mm focal length lens giving a 440 µm beam

waist diameter.

In an ARR laser the ARR should have the minimum losses possible to achieve the

highest efficiency, therefore, a BS transmission as close as possible to 50% is required.

The BS coating was analysed to assess its performance, with its transmission for different

angles of incidence (AOI) and polarisations shown in Figure 5.8. An AOI of 45◦ was

desirable for its simplicity in aligning the ARR. With s-polarisation at 45◦ AOI the BS

transmission best matched 50%, so this combination was used.

The gain medium was a 0.5% doped Nd:YVO4 crystal, 5mm long by 2mm square,

which was operated on the 1064 nm laser transition. It was positioned inside the ARR

as shown in Figure 5.9(a). It was end-pumped through a dichroic turning mirror that
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Figure 5.8: The transmission of the beamsplitter for s and p-polarised light.

(a) (b)

Figure 5.9: (a) The schematic of the end-pumped ARR laser cavity with gain internal to
the ring. (b) The equivalent linear cavity of the ARR laser for mode analysis.

had high reflectance at 1064 nm and high transmission for the pump at 808 nm. Mode

control of the cavity was through adjustment of the external arm length and intracavity

lens of focal length f . The lens was positioned external to the ARR as it limited the

intra-ARR focussing optics to the thermal lens in the crystal. This resulted in less

probability of asymmetry in the beam focussing of the ARR and therefore lower ARR

loss. The precise position of the crystal was found through minimising the loss from the

ARR when moving the crystal longitudinally to the cavity mode. The equivalent linear

cavity of the ARR laser is shown in Figure 5.9(b).

The ARR laser was operated in a configuration to minimise the ARR loss, with the

output laser and ARR lost power versus input pump power shown in Figure 5.10(a).

The maximum power was 9.7W for 23.3W of input, with a slope efficiency of 51.7%,

which had a ARR recombination loss power of 4mW. The recombination loss was below

0.018% throughout the range of pump powers, which is a significant improvement from

the only other example of a similar laser system that had a loss of 0.4% [36].

The laser was not optimised for HG00 operation and at higher powers the beam

became increasingly multimode as the thermal lens in the crystal increased, reaching a

maximum of M2
x = 2.89 and M2

y = 2.43 at the highest power. The laser mode profile at
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(a) (b)

Figure 5.10: (a) The laser output power (Pl) and ARR loss power (PT) versus input pump
power for the ARR laser. Also shown is the ARR loss percentage and the slope efficiency
and threshold of the output. (b) The output laser and ARR loss profiles at the indicated
points.

different output powers is shown in Figure 5.10(b). The increasing proportion of higher

order modes implies that the HG00 beam diameter was decreasing at the crystal, and

was smaller than the pumped diameter. The ARR ring perimeter was 55mm and the

BS to lens distance was 72mm, giving a crystal to lens distance of l2 = 100mm. The

intracavity lens had a focal length f = 75mm and l1 = 87mm. This cavity information

and the knowledge that the beam diameter at the crystal was smaller than the pump

diameter can be used to estimate the thermal lens in the crystal. Using the equivalent

linear cavity model of Figure 5.9(b) gives an estimated thermal lens of fR ≈ 50mm at

24W of pump power, from the cavity stability analysis of Section 2.2.

Higher order modes are expected to have higher recombination losses in an ARR

when there is asymmetry in the intra-ARR imaging [120]. In the presented laser the

recombination loss increased from 0.010% to 0.018% with a beam quality increase from

M2 ≈ 1 to M2 ≈ 3. This shows that the asymmetry of the thermal lens was a small

proportion of the overall recombination loss in the system. Although a multimode

laser is not desired in many applications, this result is a useful demonstration that the

asymmetry loss from positioning the gain medium thermal lens can be insignificant.

The profiles of the recombination loss beams are also shown in Figure 5.10(b). The

loss profiles closely match those of the laser mode, which would not be expected for

asymmetry in the thermal lens misalignment. The roughly uniform recombination loss

of the laser mode suggests gain asymmetry in the CW and CCW beams or deviation

from 50% reflectance at the BS was the dominant asymmetry in the beam paths. The

deviation from symmetrical loss profiles was most likely from residual thermal lens

asymmetry. A recombination loss of 0.01% corresponds to a BS reflectance asymmetry

of δ = 0.5%, see Equation (5.12), which is within the alignment tolerance that could be
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Figure 5.11: The output power versus input pump power of the ARR laser for different
OC reflectances R.

expected from the BS transmission curves of Figure 5.8. This suggests that a significant

part of the ARR loss was from BS reflection asymmetry and could have been further

reduced with a more optimal BS AOI.

The ARR laser was operated with a range of OC reflectances from 50% to 80%

in a slightly altered cavity geometry. The laser output versus input powers are shown

in Figure 5.11. The higher reflectance OCs reduced the laser threshold, as would be

expected from four level laser theory, and increased the slope efficiency from 55% to

57% for R = 50% to 80%, respectively. The higher slope efficiency was most likely

from less ETU loss from a lower population inversion at R = 80%.

For all the OCs the ARR recombination loss was below 0.03%, with variations due

to differences in alignment between the lasers, so the ARR component had a negligible

impact on performance of the laser. However, it should be noted that the ARR recom-

bination loss power increased from 4mW to 9mW from R = 50% to 80% due to the

higher circulating intra-cavity power for the R = 80% OC. This had a negligible impact

on the laser efficiency but could be significant in an application that requires minimal

power output from the BS transmission.

To more clearly show the effect of thermal lens asymmetry on the ARR recombination

loss, an ARR laser with a perimeter pR = 216mm was constructed to allow space for

the crystal to be moved a distance ∆f = 20mm. The output laser powers versus input

pump powers for the symmetrical and asymmetrical thermal lens positions are shown

in Figure 5.12. The output laser mode profiles and ARR recombination loss profiles

are also shown for each case. The laser output was more multimode than the previous

geometry due to the different ARR perimeter.

The symmetrical thermal lens cavity performed similarly to the previously geometry

in Figure 5.10, with low dependence on the ARR recombination loss to input pump

power. The ARR recombination loss remained below 0.45% over the range of pump
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(a) Symmetrical thermal lens

(b) Asymmetrical thermal lens

Figure 5.12: The output laser and recombination loss powers versus input pump power
for (a) symmetrical thermal lens (b) asymmetrical thermal lens. Also shown is the recom-
bination loss and the laser mode and loss profiles (right).
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powers.

The asymmetrical thermal lens had higher ARR recombination losses across the

range of pump powers, from a minimum of 6% at 15W pump power to a maximum

of 44% at 24W pump power. This was as expected from the thermal lens asymmetry

calculations of Sheng [120]. The transverse profiles of the transmitted beam are also

similar to those predicted by Sheng, which consists of a central spot surrounded by

concentric rings.

The initial decrease in ARR recombination loss from 11% at laser threshold to 6%

at 15W of pump power was most likely due to the cavity being near the edge of stability

at threshold, causing a greater sensitivity to the thermal lens asymmetry. Beyond this

pump power, the ARR recombination loss increases as expected. Using the thermal

lens estimate at 24W pump power of fR = 50mm and the thermal lens asymmetry

of ∆f = 20mm, the expected loss is 8% for the HG00 mode from Equation (5.14).

Considering the highly multimode laser mode profile at this pump power that would

increase the losses, the experiment roughly validates the theory.

5.3.3 Side-pumped laser

Due to the low absorption depth of the pump in Nd:YVO4, side pumping can be an

effective geometry because the population inversion is highly concentrated towards the

pumped face. A side-pumped Nd:YVO4 ARR laser was constructed with the geome-

try shown in Figure 5.13(a). The pump source used was a diode bar that provided a

line shaped pump source. This was focussed onto the crystal face with a horizontal

cylinder lens (HCL) that compressed the beam vertically, which generated a line shaped

population inversion next to the crystal face.

In order to efficiently extract energy from this population the laser mode must overlap

with this region. It has been shown that a bounce geometry can provide the necessary

overlap, where the laser mode undergoes total internal reflection (TIR) at the pump

face. If a symmetrical trapezoidal Nd:YVO4 crystal is used with a face angle of 14◦, an

incident beam parallel to the pump face undergoes a TIR bounce at the pumped face

of 7◦, which then refracts out of the opposite crystal face to give an undeflected beam.

A diagram of this geometry is shown in Figure 5.13(b)

The thermal lens of a side pumped crystal is highly astigmatic, with the horizontal

lens being weak due to the small temperature variation in this axis [35]. The vertical

lensing is strong due to the tight vertical concentration of the pump power. To effectively

match the internal laser mode to this pumped region in the cavity, HCLs were placed

at their focal length of 50mm away from the crystal to vertically focus the mode into

the crystal. The horizontal mode was only focussed by the thermal lens in the crystal.

The gain medium was a 1% doped Nd:YVO4 slab, which had a symmetrical trapezoid

shape with a 14◦ face angle as in Figure 5.13(b). It was contacted with Indium foil to a

water cooled copper mount. Both the diode bar and copper crystal mount were cooled
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(a)

(b)

Figure 5.13: (a) The side pumped ARR laser geometry. The diode bar pump is focussed
with a horizontal cylinder lens (HCL) onto the crystal face. The laser mode totally
internally reflects off the pump face. HCLs control the vertical mode size in the crystal.
(b) The crystal face and beam angles for Nd:YVO4 for a 7◦ bounce and an undeflected
input beam.

with water at a temperature of 22.5 ◦C. The output coupler reflectance was R = 30%.

The output laser power and ARR recombination loss power versus input pump power

are shown in Figure 5.14(a), with the output profiles in Figure 5.14(b). The laser had

the typically high efficiency of this geometry, with a total output power of 19W at 46W

pump power.

Near threshold the laser output was close to HG00, but as the pump power increased

the laser became increasingly multimode in the horizontal plane. This was due to a wider

gain size with the increased pump power, along with a decreasing horizontal mode size

at the crystal. The horizontal mode order could have been reduced by increasing the

cavity length or using a shallower bounce angle in the crystal. The mode remained

approximately Gaussian in the vertical axis.

Near threshold the recombination loss was 1.5%. At this power, the horizontal

fringe pattern in the loss profile in Figure 5.14(b) suggests that the dominant source

was vertical asymmetry in the ring. The pair of 50mm focal length HCLs inside the

ARR were the most likely source of this, where asymmetry in their position could have

caused both angular misalignment and imaging asymmetry of the recombining fields.

At maximum power the loss increased to 18.7%, but with the horizontal axis being

the dominant source due to the vertical fringe pattern. The increasingly multimode

beam could have caused this, as higher order modes would have had greater losses on

112



CHAPTER 5. ANTI-RESONANT RING LASERS

(a) (b)

Figure 5.14: The side-pumped ARR laser results, (a) The output laser and ARR loss
powers versus input pump power, (b) the output profiles of the laser (Pl) and ARR
transmission (PT) at the numbered points.

recombination [120].

It has been shown that the laser mode can be maintained at HG00 in the bounce

geometry for increasing pump powers [35]. If this was achieved in the ARR laser de-

monstrated, the recombination loss could have been kept near to the threshold value of

1.5%. At this point, the main source of loss was from vertical alignment or imaging

asymmetries, which were most likely from the short focal length HCL lenses used. It

was not possible to place these external to the ARR in the experimental system due to

physical limitations of the optical mounts; however, if these were mounted externally it

is likely that the recombination loss could have been significantly reduced.

This preliminary investigation suggests that a bounce geometry gain medium internal

to an ARR is a viable cavity design. It would be important to ensure that the vertically

focussing optics are external to the ARR, which would significantly reduce the losses

from those demonstrated in the presented system.

5.4 Summary

This chapter has investigated the application of an ARR in a laser cavity with the gain

medium internal to the ring. To achieve ideal 100% reflection from the ARR it has

been shown that symmetry of the ring is required. This includes ensuring the BS has

close to 50% reflectance and that the thermal lens in the crystal is halfway around the

perimeter of the ring.

It was shown that an equivalent linear cavity can be used for ARR laser design

provided that the ring is symmetric, which is required for a zero transmission ARR. The

mode propagation and frequencies are the same as this linear cavity, which allows the

use of linear cavity design procedures.
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The first demonstrations of experimental solid-state ARR lasers were constructed

using the Nd:YVO4 gain medium with diode pump sources. The end-pumped geometry

achieved ARR transmissions below 0.02%, a substantial improvement from the only

other demonstration of a similar geometry of 0.4% [36]. The ARR maintained this

low loss even in multimode operation. The laser showed the typically high efficiency of

Nd:YVO4 systems, having a slope efficiency of 52%.

The effect of asymmetry in the position of the thermal lens was demonstrated in

the end-pumped laser. Where the transmission of the ARR increased as predicted from

applying a theoretical analysis [120].

A side-pumped ARR laser was demonstrated. This geometry had ARR transmissi-

ons above 1.5%, which was substantially higher than in the end-pumped lasers. This

was due to insufficient HG00 mode control in the cavity and asymmetry of the optical

components inside the ARR. These issues would be simple to overcome by using diffe-

rently sized optical components, which would allow the ARR to have a smaller perimeter

and decrease asymmetries. This would make the side-pumped geometry a viable cavity

design for ARR laser implementations.

This work has shown how to design and implement ARR laser cavities. It has

demonstrated lasers with losses below 0.02%, making this configuration suitable for

high-performance laser designs.
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Chapter 6

Vortex mode generation

The generation of optical vortex beams can be broadly classified as either extra-cavity

conversion, where a laser output is converted into a vortex, or intra-cavity, where the

vortex is the direct output from a laser. In this work the focus is intra-cavity generation

of the scalar vortex LG0l laser modes. These methods can have significant advantages

over extra-cavity techniques in the mode purity and power that can be obtained.

This chapter begins with the motivation for obtaining optical vortex modes. An

overview of the different techniques of vortex generation is given, along with how the

resulting modes can be analysed and the conditions for supporting them in a laser cavity.

The intra-cavity vortex generation method of coupling laser cavities through a com-

mon gain medium is investigated theoretically and experimentally. A new cavity geo-

metry for vortex generation is proposed and implemented, where an anti-resonant ring

(ARR) is used to couple two laser cavities. With this design, watt-level LG01 and LG02

vortex modes were obtained using a diode-pumped Nd:YVO4 gain medium. The use

of the ARR is shown to have significant advantages over other coupling methods, for

example it requires no specialist optics and is wavelength insensitive.

6.1 Motivation

Since the identification of the orbital angular momentum (OAM) in vortex modes by

Allen in 1992 [21] a wide variety of uses have been found for them spanning a range

of scientific fields. Some of these applications exploit the doughnut intensity profile of

the vortex modes. The laser machining of glasses can be enhanced using a doughnut

instead of a Gaussian profile [131] and stimulated emission depletion microscopy can be

performed using vortex modes as the depletion beam [132].

A key property of the vortex modes is the OAM they possess, which is from their

spiral phase structure encoded in the integer l parameter of the electric field, see

Section 2.3.1. The OAM can be used to transfer angular momentum to trapped particles

to manipulate them for microscopy [22, 133]. Alternatively, the angular momentum can
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be transferred during laser machining to manufacture nano-scale chiral structures [23].

The OAM state can also be stored to act as a form of optical memory [24].

Other applications exploit the OAM l parameter to encode information. The pa-

rameter can be used to multiplex information streams in optical communications to

enhance transfer rates [25] and improve the security of free-space communications [134].

The OAM is also a rich test-bed for quantum mechanical experiments [26].

The range of wavelengths that an optical vortex can be generated in can be extended

through non-linear conversion processes [38], with the conversion processes enhanced

using a resonant optical parametric oscillator [135]; however, the efficiency losses and

additional complexity of these techniques means that generating the vortex at the source

is preferable. Additionally, these systems have been seeded by optical vortices converted

from Gaussian laser outputs, so were limited by the power and vortex quality of these

sources.

All of these applications require sources of optical vortex beams. Most extra-cavity

methods are restricted in the wavelength range that they can be applied to, or require

optics to be designed for a specific wavelength. Intra-cavity generation methods are

typically limited in the range of gain media that they could be applied to. Having an

intra-cavity vortex generation technique that can be applied to a variety of gain media

could enable vortex generation in previously inaccessible wavelength ranges. This would

exploit the benefits of intra-cavity generation and enable turn-key optical vortex lasers.

The availability of these systems would help the potential of vortex beams to be fully

realised.

6.2 Orbital angular momentum

The mathematical treatment of the angular momentum in LG modes was first outli-

ned by Allen [21] and is summarised here. The angular momentum density, M, of an

electromagnetic field is given by

M = ϵ0r× (E×B) , (6.1)

where ϵ0 is the permittivity of free space, r is the radial vector, E is the electric field

vector, and B is the magnetic field vector. The total angular momentum, J, of an

electromagnetic field is then the volume integral

J = ϵ0

∫
r× (E×B) dr . (6.2)

The time averaged angular momentum density per unit power of the LGpl modes

116



CHAPTER 6. VORTEX MODE GENERATION

defined in Equation 2.14 is found to be

M =
l

ω

z

r
|ũpl|2 r+

r

c

[
z2

(z2 + z2R)
− 1

]
|ũpl|2φ+

l

ω
|ũpl|2 z , (6.3)

where φ and z are unit vectors, and ω is the angular frequency. Upon integration over

the beam profile to find the total angular momentum J, the r and φ terms disappear

due to their symmetry. The per photon orbital angular momentum along the axis of

propagation, Lz, is then

Lz = ~l . (6.4)

This is the OAM because it is created by the Poynting vector having an azimuthal

component off axis and spiralling about the propagation direction.

The OAM is not the only source of angular momentum. The previous analysis

only considered linearly polarised light, but it can be generalised to include circular

polarisation. The coefficient σz defines the polarisation state, where σz = 0 is linear

polarisation and σz = ±1 is for right or left handed circular polarisation, respectively.

The total angular momentum per photon, Jz, is then

Jz = Lz + Sz = ~(l + σz) , (6.5)

where Sz = ~σz is the spin angular momentum associated with circular polarisation

states. It is worth noting that the circular polarisation is limited to giving ±~ angular

momentum to the photons, whereas OAM is determined by l, which theoretically has

the range of ±∞.

Spin angular momentum can be easily imparted onto a linearly polarised beam

through a quarter-wave plate, which converts the polarisation state. The relative diffi-

culty of making OAM states is why generating linearly polarised LG0l vortex modes is

the focus of this work.

The source of the OAM in the LGpl modes is from the spiral phase term exp(−ilφ)
of their electric field, see Section 2.3.1. This term can be visualised through the 2π

equiphase surfaces of the propagating LG0l modes, these are shown for l = 0 to 3 in

Figure 6.1, where the different colour surfaces refer to increasing multiples of 2π. In the

case of l = 0 the phase fronts are planar and there is no OAM. When l ̸= 0 the phase

fronts spiral around the propagation direction, with the total phase change around the

propagation axis in any transverse plane of 2πl. The increasing rate of phase rotation

with l results in the increasing amounts of OAM. For opposite handedness vortices,

when l is negative, the helices are in the opposite direction.
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l = 0 l = 1 l = 2 l = 3

Figure 6.1: The 2π equiphase surfaces of the LG0l modes. The mode profiles are shown
underneath the phase fronts for upwards propagation over three wavelengths.

6.3 Vortex generation techniques

In this section a general overview of the methods to generate vortex modes is presented.

These include conversion methods to convert a laser output into a vortex mode and

intra-cavity techniques to directly generate a vortex from the laser itself.

An important issue for vortex generation is being able to measure the properties of

a laser output to verify both the quality and if a vortex mode is being generated. The

measurement techniques of the intensity and phase of the vortex output are discussed.

The requirements of a laser cavity to be suitable for vortex mode generation are given,

along with ways to control the handedness of the oscillation.

6.3.1 Conversion

Vortex conversion methods use laser inputs, typically in the HG modes, and convert

these planar wavefront modes into beams with phase singularities that can have a LG0l

type profile. This can be achieved in a variety of ways, which makes these techniques at-

tractive due to their potential flexibility of input source and well determined handedness

of the output.

A Gaussian beam can be converted into an optical vortex through use of a hologram,

where the Gaussian input is used as the reference beam to produce the encoded vortex.

The holograms are typically computer generated and can be fixed holographic structures

[28, 136] or variable with spatial light modulators [137]. An advantage of computer

controlled spatial light modulators is the desired vortex can be rapidly changed through

changing the hologram structure.

The spiral phase can be directly imparted on a Gaussian beam using a spiral phase

plate [30], where a radially dependent phase delay is added to the beam, resulting in a

spiral phase output. These can be cascaded or specifically designed to generate higher

order vortices.
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A vortex can be generated from self interference of a Gaussian beam [29], where the

spiral phase is added through adjustment of the shear and angular alignment of the two

interfering Gaussian components.

Alternatively, the spin angular momentum of a Gaussian beam from its circular

polarisation can be converted into OAM through a q-plate [138]. This uses a structured

birefringent medium, typically liquid crystal, to generate an optical vortex.

Using the relationships between the HG and LG modes, see Equation (2.21), HG

modes can be converted into LG beams with astigmatic mode converters. This is where

a Gouy phase shift is introduced along one beam axis to generate the phase differences

required to convert a HG mode into a LG mode of the same total mode order, see

Figure 2.6 for examples of the HG components of LG modes. This can be performed

with cylindrical lenses [27, 139] or off axis spherical mirrors [140]. These conversion

techniques require HG inputs, which can be produced directly from a laser cavity [141].

Vortex conversion methods have advantages, but also have significant limitations.

In general, each method will suffer some of the following problems. Specialist optical

components can be needed, which can be expensive and need to be tailored to the

application. Additionally, they may only be manufacturable and used at a limited range

of wavelengths. These optics can have limited power and intensity handling before

damage will occur. The conversion can have low efficiency [31] with respect to the

input power. Finally, the conversion method can be sensitive to the input beam in size,

alignment, and collimation. Due to these limitations there is still a need for alternative

vortex sources.

6.3.2 Intra-cavity

Vortex beams can be generated directly from a laser source, where the mode inside the

optical cavity is an optical vortex, these are termed intra-cavity generation methods.

An advantage of these methods is that they can exploit the natural noise filtering cha-

racteristics of lasers to produce high purity LG0l modes. If the lasers are constructed

with standard high power laser optics, then the vortex beams can also be produced at

high power.

The earliest methods of generating a vortex mode laser used spatially dependent

absorbers to suppress the usually dominant HG00 mode and make the LG0l mode most

favourable. This can simply be achieved using a spot defect mirror [33, 142], where

the absorbing dot is used to suppress the HG00 mode but have limited impact on the

doughnut LG0l modes. This can be combined with circular absorbers to give additional

mode control [143]. A recent implementation of this technique used modern liquid-

crystal technology to have programmable phase and intensity reflective elements with a

spatial light modulator (SLM), a so called digital laser [32, 144].

An alternative to increasing the loss of the HG00 mode is to increase the gain of the

LG0l modes to give them a lower threshold. This can be achieved through reshaping the

119



CHAPTER 6. VORTEX MODE GENERATION

gain region to match the desired LG0l mode. An annular pump beam can be used to

match the doughnut shape of the vortex modes by imaging the output of a multimode

capillary fibre [34, 145] or using diffractive elements to reshape a Gaussian profile [146],

provided that the pump is able to be reshaped. Alternatively a more standard top-hat

pump profile can be used and the gain region reshaped using a double resonator design

[147, 148, 149].

Another vortex mode generation method exploited the strong negative spherical

aberration in a bounce laser configuration [35, 150]. This allowed the HG00 to be an

unstable cavity mode whilst the LG01 was not. In this way the lasers were forced to

oscillate in the vortex mode.

The q-plate conversion method can be applied inside a laser cavity to generate a

vortex output [151]. Similarly a diffractive output coupler has been used [152], where

the vortex beam is the result of the interaction between the laser mode and the specially

designed diffraction optic.

Using intracavity spiral phase plates has been shown to induce a vortex mode in a

bulk laser [153]; however, this necessitated a more complex unstable resonator geometry.

In a semiconductor laser a spiral phase perturbation has been shown to generate vortex

modes [154].

The wide variety of intra-cavity vortex generation methods shows the depth of inte-

rest in this topic. Despite this, the current techniques, in general, all have limitations.

The required optical components may have a limited power handling capability or be

restricted in their wavelength range of operation. Alternatively, the pump may need to

be able to be reshaped or the gain medium have certain properties.

6.4 Vortex mode measurement and control

Generation of the vortex LG0l modes is the aim of this work, so robust measurement

methods must be used to analyse them. In this section the methods and complications

of measuring the LG0l modes is presented. It will be shown that observing the intensity

profile alone is not sufficient to identify the LG0l modes and that the phase structure

must be verified independently. An interferometric technique is demonstrated to directly

observe the spiral phase of a beam.

There are symmetry requirements on a laser cavity to be able to support the LG0l

modes, which will be discussed along with techniques to break the cavity symmetry to

select the handedness of the vortex phase.

6.4.1 Vortex mode analysis

For the Laguerre-Gaussian modes a key feature for their applications is the vorticity of

their phase through the exp(ilφ) term in Equation (2.14), which is usually required in a

pure vortex LG0l mode with zero radial index p. The sign of l gives the handedness of the
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phase, and therefore the direction of OAM. There may be many LG0l modes at different

wavelengths from a vortex source, but provided they all have the same handedness the

OAM expected will be unchanged.

An unambiguous method to determine both the mode order and handedness com-

ponents of a beam is to use a modal decomposition method, which can quantify the

proportions of each transverse mode in a beam. This is typically performed using dif-

fraction of the beam from a series of holograms, with the diffraction strength proporti-

onal to the fraction of the targeted mode in the beam. The holograms can be computer

generated using liquid crystal phase and/or amplitude modulating devices [151, 155]. If

this technique is not available then other analysis techniques may be used.

The M2 beam quality parameter can be used as a guide to the vortex order |l| by
comparing the measured beam quality to that of the LG modes in Equation (2.33).

However, the ambiguity of the modal components that give the resulting M2 means that

it cannot quantify the purity of an LG mode, see Equation (2.36). Another limitation

is that it cannot measure the handedness of the OAM.

The beam quality measurement can be used to identify the likely dominant LG0|l|

mode. The purity can then be assessed by comparing the transverse mode profile to

that given by theory (Equation (2.15)), where a close match implies a high purity and

vice versa [149].

Analysing the intensity profile of a beam is not sufficient to confirm the existence

of pure handedness LG0l modes. To illustrate this, two different ways of generating

the correct intensity pattern for the LG0l modes are shown in Figure 6.2. Firstly, in

Figure 6.2(a), an incoherent combination of the HG10 and HG01 modes has the same

intensity distribution of an LG01; however, this beam has no OAM as the HG modes

must be coherently combined with the correct phasing to possess OAM. For higher order

vortex modes this is analogous to incoherent superpositions of the LG petal modes, see

Figure 6.2(b) [32]. Secondly, in Figure 6.2(c), an incoherent combination of LG01 and

LG0,−1 modes has the intensity profile of an LG0,±1 mode [156], but has no net OAM

due to the opposing handedness components.

The amount of and direction of the OAM in a beam can be directly measured in a

variety of ways, for example by measuring the beam twist parameter [157], astigmatic

focussing with a cylindrical lens [158], or modal decomposition [159]. These techniques

can measure non-integer OAM densities; alternatively, the existence of a pure OAM

state can be verified by simply analysing the transverse phase profile of a beam. If the

phase profile matches that expected of a pure LG mode then the pure handedness OAM

is confirmed.

Interference of a beam with a plane wave reference will reveal information about its

phase structure. If a collimated LG0l beam is interfered with a plane wave propagating

at an angle α in the x-z plane with wavenumber k, the intensity pattern in Figure 6.3(a)

is formed, where the fringe boundaries match the equation y = ∓x tan(xk tanα) for
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Figure 6.2: Examples of incoherent mode additions that have intensity profiles identical
to a pure LG0l mode but without OAM.

l = ±1 [160]. The phase singularity is revealed from the additional bright fringes above

or below the origin causing a forked structure, a ‘fork’ interferogram. The number of

additional fringes is equal to |l|, for example |l| = 2 gives a 2 additional fringes, see

Figure 6.3(a). The handedness of the vortex determines whether the additional fringes

are above or below the origin.

Another more suggestive visualisation of the phase singularity is to interfere a plane

wave with a LG0l beam that has a significant radius of curvature, R in Equation (2.14).

If there is no vorticity (l = 0) then the interferogram forms a pattern of concentric circles.

When there is a phase singularity, the multiple of 2π phase shifts on a closed path around

the singularity break the azimuthal symmetry and a spiral pattern is formed, as shown

in Figure 6.3(b), a ‘spiral’ interferogram [161]. The spiral arms follow the polar equation

r = +(2R/k)
√
s2π − lφ, where s is an integer order of interference. The charge of the

vortex |l| is revealed through the number of spiral arms from the centre of the pattern,

with the handedness determined by the clockwise or anticlockwise fringes.

To produce the fork or spiral interferograms, the reference beam can be generated

using a Mach-Zehnder interferometer, as shown in Figure 6.4. In one arm the beam

is demagnified with a telescope and is termed the signal beam. In the other arm the

beam propagates in free space with no modification, this is the reference beam. In this

configuration, the signal beam is smaller than the reference beam when recombining at

the second beamsplitter, which means that over the interference area the reference beam

can be approximated to be a plane wave.

To generate a fork interferogram, the collimated signal and reference beams are ad-

justed so that there is a small angle between their propagation axes, as in Figure 6.4(a).
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Figure 6.3: The interference patterns of the LG0l modes with (a) a tilted plane wave to
produce a fork pattern and (b) a plane wave with a relative radius of curvature between
the wavefronts to produce a spiral pattern.

(a) Fork (b) Spiral

Figure 6.4: The Mach-Zehnder interferometer design for (a) fork and (b) spiral interfero-
grams. The resulting wavefront alignments are shown by the dotted lines for the signal
(blue) and reference (purple) beams.
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Figure 6.5: The (a) fork and (b) spiral interferograms for an incoherent superposition of
[(1 − A)LG01 + A · LG0,−1] modes. The handedness purity can be assessed through the
clarity of the fork or spiral pattern.

To make a spiral interferogram, the signal beam is focussed with an additional lens

to give the signal wavefront curvature, and the reference beam is aligned to propagate

parallel to it, Figure 6.4(b).

Typically a laser will oscillate on multiple longitudinal modes, where each mode can

have different transverse mode profiles [148]. The transverse profiles will add incohe-

rently as they are at different frequencies. Incoherent mixtures of modes can have the

characteristic doughnut profile of the LG0l modes yet possess no OAM. For example,

incoherent mixtures of the LG petal modes can produce a doughnut intensity profile

[32], see Figure 6.2. Alternatively, there could be multiple LG0|l| modes but with a

mixture of handednesses.

The fork and spiral interferograms of a vortex laser output can verify if pure handed-

ness LG0l modes are oscillating. The calculated interferograms of a superposition of two

incoherent LG01 and LG0,−1 modes with relative intensities (1−A) and A, respectively,
are shown in Figure 6.5. When A = 0 or 1 there is only a single handedness mode, when

A = 0.5 the opposite handedness modes are of equal intensity.

When there is no LG0,−1 component (A = 0) the fork and spiral interferograms

appear as expected. As the LG0,−1 strength increases the interferograms become in-

creasingly distorted until the point of equal contribution (A = 0.5) where the fork and

spiral patterns are no longer visible. As the LG01 contribution decreases the interfe-

rograms return to their expected forms but for the opposite handedness (A = 1). For

mixtures of petal beams the interferograms appear the same as for the case A = 0.5

[145].
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6.4.2 Symmetry requirements

For a laser cavity to support LG modes it must meet a set of symmetry requirements.

The LG modes are solutions to the paraxial wave equation for a cavity with cylindrical

symmetry, therefore for a laser to support an LG mode it must have that symmetry.

The cylindrical symmetry affects a range of laser cavity parameters.

The gain region should have circular symmetry. If the gain region is larger along

one axis with respect to the mode size, then the LG modes may not have the optimal

intensity distribution to exploit this. For example, if the gain region were larger in

the horizontal axis then the asymetrical HGn0 set of modes could have a better spatial

overlap with the gain region. This would make the laser preferentially oscillate in these

modes rather than the circular LG modes.

In Section 2.3.1 the HG components of the LG modes were shown. The LG modes

are formed of coherent combinations of HG modes, where the total mode orders of

the components are the same, (2p + |l|) = (n +m). The decomposition requires that

the HG modes are coherently combined, which means that they must be at the same

frequency. In a symmetric cavity the longitudinal modes of total mode order (n +m)

are degenerate in frequency, see Equation (2.26), which implies that the LG modes

could be formed in such a cavity. In an astigmatic cavity with different g(1,2)x and

g(1,2)y parameters the HG modes will not be at the same frequency so cannot coherently

combine [162, 142], see Equation (2.27). For the HG modes to be degenerate the cavity

must satisfy g1xg2x = g1yg2y.

In an ARR laser cavity the number of mirrors in the ARR can affect the mode

frequencies. If there are an odd number of mirrors the odd n HG modes are different

in frequency from the even n modes, see Equation (5.26). In this case the degenerate

frequency set of HG modes required to form an LG mode will not exist, so LG modes

could not be supported in such a cavity (unless a second ARR was used as the other

end mirror).

6.4.3 Intra-cavity handedness control

If a cavity meets the symmetry requirements of the previous section it will be able to

support LG modes. In general, to use these modes in applications a single handedness

vortex is required. The LG modes of different handednesses are cylindrically symmetrical

in intensity profile, which means that loss or gain mechanisms that are dependent on the

intensity profile of the intracavity mode cannot be used to select different handedness

LG modes. For example, the spot defect mirror and gain shaping techniques both use

radially dependent losses to make the doughnut shaped modes have the lowest threshold

and preferentially oscillate; however, as the different handedness modes have the same

intensity profile each is equally likely to oscillate in these designs.

One method to generate a single handedness vortex is to force the cavity to operate
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on a single longitudinal mode in combination with making the doughnut shaped modes

most favourable [156]. If opposite handedness LG modes were to both oscillate they

would coherently combine to form a petal structure, see Figure 2.5(b) p.24. This petal

profile will have a poorer overlap with the gain region than the doughnut shaped pure

handedness LG vortex, which means that a single handedness mode will have a lower

threshold and preferentially oscillate. In this way a single handedness vortex can be

generated; however, a further method to differentiate the handednesses is needed to

select the desired handedness.

To selectively generate modes with a single handedness the symmetry of the cavity

must be broken. This can sometimes be achieved through small misalignments of the

cavity components [156]; however, this is not an ideal strategy due to the ambiguity

of the mechanism and potential problems with repeatability. To solve this problem

alternative handedness selection techniques have been developed.

The standing wave patterns of opposite handedness modes in a linear resonator have

different longitudinal node positions. By using two nano-scale thickness wires, the losses

of the different handedness modes can be controlled by positioning the wires at the nodes

of the standing wave pattern [34]. In doing so the handedness with the lowest loss will

preferentially lase, therefore generating a selected handedness mode.

Another method exploits the property of the LG modes that the Poynting vector is

not parallel to the optical axis of the beam. By introducing a tilted etalon into the laser

cavity the amount of loss for each handedness mode is different, therefore a selected

handedness mode will preferentially oscillate [145].

The previous techniques are only necessary when the method to induce vortex mo-

des in a laser cavity is handedness independent. When the mode selection element is

inherently handedness dependent additional control methods are not necessary [151];

however, if the oscillating handedness needs to be reversed it may require replacement

of intracavity optics [153].

6.5 Coupled anti-resonant ring lasers

Intra-cavity generation of vortex modes has advantages over conversion methods in terms

of the mode purity and power that can be achieved. Coupling two separate laser cavities

through a common gain medium can be used to induce a vortex mode output from one

cavity, by using the second to control the gain distribution. In this section an overview

of the techniques to couple laser cavities in this way is given, and a new ARR geometry is

proposed as an alternative coupling method. The ARR has advantages over previously

demonstrated coupled cavity vortex generation, for example the gain medium does not

need to be isotropic [147, 148] and it can introduce negligible cavity loss.

In this section the theory and implementation of vortex generation using coupled

cavities is explained. The technique is then used with ARR coupled lasers to generate
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Figure 6.6: Examples of coupled cavity geometries. (a) Small relative angle. (b) Polari-
sation splitting. (c) Wavelength splitting with dichroic mirror. (d) Wavelength splitting
with anti-resonant ring and 50% beamsplitter (BS).

watt-level LG01 and LG02 laser modes using a diode-pumped Nd:YVO4 gain medium.

6.5.1 Coupled laser designs

The concept of coupling two laser cavities through a gain medium provides a rich set

of dynamics to explore. The competition between the two cavities for the limited gain

region has the analogy of a biological system, where multiple populations (the laser

modes) are competing for shared resources (the gain). As is common in biological

systems, a small perturbation to one population can have a considerable influence on

the other. In the context of laser cavities, this enables situations where one laser cavity

controls another, which could either be active or passive, that can allow control of the

laser behaviour in a way not possible through direct manipulation with optical elements.

There have been some investigations on this type of system, with conceptual cavity

designs shown in Figure 6.6. The challenge with these types of systems is to decouple

the two laser cavities except for their shared gain. If there is additional coupling between

the cavities it may prevent the rich set of dynamics forming due to the strong coupling

preventing them from oscillating independently.

A simple way of decoupling is to have separate beam paths for each cavity, where

a small angle between them allows the different cavity modes to be spatially separated

except in the gain region, as in Figure 6.6(a). This has been shown to be effective in the
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temporal control of the cavity gain to suppress unwanted breakthrough lasing in the Q-

switching regime [163]. A disadvantage for this type of cavity design is that the different

paths of the cavity modes means that the strength of coupling in the gain region will

be weaker, or non-existent, in some regions. This can limit the strength of the coupling

and therefore the performance of a system.

The cavity modes can have orthogonal polarisations, which allows a polariser to

separate the modes as in Figure 6.6(b). This type of system has been used to enable

spatial control of the cavity modes to generate optical vortex modes [147, 148, 149].

A limitation of this design is that it can only be used with an isotropic gain medium,

where the emission cross section is independent of polarisation. Additionally, the optical

components to separate the orthogonal polarisations can introduce significant intra-

cavity losses [149].

The different wavelengths of the cavity modes could be used to separate them, for

example, by using a dichroic mirror that reflected the wavelength of one cavity and

transmitted the other, as in Figure 6.6(c). This method will be limited by the availability

and quality of optics that could separate the wavelengths in this way. Dielectric mirrors

will be more effective where there is a larger difference between the two wavelengths,

making the transition from high reflectance to high transmittance easier to obtain.

Alternatives could be prisms or diffraction gratings, but these could have limited power

handling capabilities. For narrow gain bandwidth media where the wavelength difference

would be of the order of 1 nm all of these methods would likely have insufficient splitting

capabilities. These methods would be more suitable for gain media with a broad gain

bandwidth.

An alternative to using the different diffraction or reflection and transmission pro-

perties of the beams is to separate the wavelengths with an interferometric method. This

work proposes to use an ARR for wavelength separation, as in Figure 6.6(d), because

the ARR can support independent inputs to the ring if they are at different wavelengths.

This is due to the two inputs being incoherent when they recombine at the BS so they

do not affect the interferometric recombination of each other. In this way, the ARR can

separate input wavelengths when they are closely separated as the only requirement is

incoherence.

The concept of gain sharing with an ARR provides significant advantages over the

other methods in Figure 6.6. The alignment of the ring means that both cavities must

follow collinear paths through the gain region, which ensures the maximum possible

overlap of the two cavity modes. The design can be used for polarised emission gain me-

dia because each cavity can have the same polarisation, provided that the BS has equal

reflectance for each polarisation. It can also be used for narrow emission bandwidth gain

media as the ARR can separate incoherent wavelengths. Finally, the ARR introduces

a very small intra-cavity loss. The BS will typically introduce a single anti-reflection

coated face, and the recombination loss of the beams at the BS was demonstrated to
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be negligibly small at 0.01% in Section 5.3.2. These attributes gives the ARR coupled

geometry the potential to be widely applied for the range of known laser gain media.

6.5.2 Mode competition vortex generation

The shape of the gain distribution in a laser will determine the modes that oscillate.

Mode competition between two lasers sharing a common gain medium allows one laser

cavity to alter the gain distribution, which is used to control the modes in a second

cavity. In this section the theory behind this technique is explained and applied to

selective generation of the LG0l modes.

Generalised theory

The following analysis uses a model first developed for multiple transverse mode oscil-

lation [164], using the notation in [79], but has been adapted in this work for the case

of multiple cavities sharing a gain medium. The parameters of the separate cavities are

identified through the j value and the analysis will be performed using the LGpl modes,

but it could equally be expanded in terms of the HGnm modes. The transverse modes

are assumed to be incoherent so only add in intensity.

In this model, a four-level laser medium has a total pumping rate of Rp = Ppηa/(hνp)

that is distributed with the spatial form of rp(r, φ, z), which is normalised with its volume

(V ) integral as
∫
V rp dV = 1. Assuming no ground state depletion, the upper laser level

population, n2, and the corresponding gain coefficient, g, are given by

n2(r, φ, z) =
τfRprp(r, φ, z)

1 + cσeτf
∑

j,p,l Φjplφjpl(r, φ, z)
, (6.6)

g(r, φ, z) = σen2(r, φ, z) , (6.7)

where each cavity mode is identified through its cavity label j and the LGpl mode order

numbers, Φjpl is the total photon number in that mode, and φjpl is the normalised

distribution of the mode with
∫
V φ dV = 1. The round trip gain condition for lasing

equates the power gained from stimulated emission to that lost through losses and output

coupling, which in this spatially dependent case is

2

∫
V
g(r, φ, z)Ijpl(r, φ, z) dV = Pjpl(Ljpl + Tj) , (6.8)

where Ijpl is the one way intensity of each mode, Pjpl is the one way power of each mode,

and Ljpl and Tj are the round trip losses and output coupler transmissions of the jth

cavity, respectively. The losses are shown as dependent on mode order (p, l) to allow for

129



CHAPTER 6. VORTEX MODE GENERATION

spatially dependent loss elements. The mode intensities and powers are given by

Ijpl = Φjplφjpl
chνl
2

, (6.9)

Pjpl = Φjpl
chνl
2L

, (6.10)

where the relation for Pjpl is valid if the mode intensity is independent of z, and L is

the cavity length. Substituting these into the round trip gain condition yields

Jjpl(Φ1,0,0, . . . ) =
1

φsR

c(Ljpl + Tj)

2L
, (6.11)

Jjpl(Φ1,0,0, . . . ) ≡
∫
V

rpφjpl

1 + φ−1
s
∑

j,p,l Φjplφjpl
dV , (6.12)

where Jjpl is a function of all the Φjpl parameters, and φ−1
s = cσeτf is the laser saturation

factor. The solutions to this equation define how the laser modes in coupled cavities

will behave.

The function Jjpl quantifies the quality of overlap between the (j, p, l)th mode and

the pumped region. When there are no modes oscillating in the cavities, Φjpl = 0, the

overlap relationship is easily identified as

Jjpl(0) =

∫
V
rpφjpl dV . (6.13)

The additional terms in the denominator of Equation (6.12) represent the saturation of

the population inversion through stimulated emission and are only present when a mode

is oscillating (Φjpl ̸= 0).

To understand the consequences of this solution, it is easiest to consider a coupled

system starting with no pumping, R = 0. At this point, no mode could satisfy Equa-

tion (6.11) as Jjpl cannot be infinite, therefore Φjpl = 0 for all (j, p, l). As the pumping

rate R increases the first mode to reach threshold is the first to satisfy Equation (6.11)

with its Jjpl(0) parameter.

If this were the (j, p, l)=(1, 0, 0) mode, then as R increased beyond threshold the

value of Φ1,0,0 would be found by ensuring that Equation (6.11) was satisfied. As both

Φ1,0,0 and R are in the denominators, as one increases so must the other.

Further increasing the pumping rate R may mean that another mode satisfies Equa-

tion (6.11), for example the (2, 0, 0) mode. To find the powers of each mode at this point

Equation (6.11) gives a coupled system of equations in Φ1,0,0 and Φ2,0,0 that must be

solved.

The complexity of using this equation should now be apparent. As multiple modes

reach threshold each has its own gain condition to satisfy, giving a coupled system

of equations equalling the number of modes oscillating, which will typically require a

numerical solution. Despite the complexity of finding the full solution, the influences of
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each parameter in Equation (6.11) can be used to qualitatively understand the behaviour

of the transverse modes in a coupled cavity geometry.

Vortex generation

To induce a pure vortex mode in a laser cavity it must be made the lowest threshold

mode. For the typical Gaussian or top-hat transverse pump profiles the fundamental

HG00 will always have a lower threshold than the LG0l modes. This is because the

intensity of the HG00 is peaked at the centre of the optical axis, so matches well with

the Gaussian or top-hat pump. One method to make the LG0l modes lower in threshold

is to reshape the transverse spatial distribution of the gain.

The transverse gain distribution in a laser will change when a laser mode is extracting

energy from stimulated emission, which is shown through the Φjpl term reducing the

upper level population (n2) in Equation (6.6). This is the basis of the coupled cavity

technique for vortex generation. One laser cavity is used to saturate the gain and alter

its transverse profile, then a second separate cavity is induced into a pure vortex mode

from the reshaped gain region.

An example geometry for vortex mode production in a coupled cavity design is shown

in Figure 6.7. In this configuration the primary cavity (j = 1) is targeted for the vortex

mode and the secondary cavity (j = 2) is used to control the gain distribution. Both

cavities have similar HG00 mode sizes at the gain region, but the secondary has a lower

transmission output coupler (T2 < T1) and an aperture (AP) to control the losses of

higher order modes. The shared gain medium is end-pumped with a Gaussian profile,

with the size of the pumped region matching that of the required LG0l mode in the

primary cavity.

The gain reshaping mechanism for the coupled system of Figure 6.7 is illustrated in

Figure 6.8. The graphs in (a) to (d) show cross sections through the gain medium. The

gain distribution (green) was calculated using Equation (6.7). The mode distributions

are shown for the secondary cavity HG00 (blue), and the primary cavity LG01 (red) and

LG02 (cyan). The mode sizes for LG01 generation are shown in Figure 6.8(c), with the

LG02 configuration in Figure 6.8(d).

Below threshold the gain distribution matches the pump so is Gaussian shaped, see

Figure 6.8(a). As the pumping rate increases, the secondary cavity reaches threshold

first due to its lower total losses for the HG00 mode, (L2,0,0+T2) < (L1,0,0+T1). As the

pumping rate is further increased, the central gain region is clamped at the threshold

value of the secondary cavity, which changes the shape of the gain distribution, see

Figure 6.8(b). The higher order modes cannot reach threshold in the secondary cavity

because of the AP introducing a spatially dependent loss, so L2,p,l ≫ L2,0,0.

As the pumping rate is increased, gain clamping of the secondary cavity makes the

gain distribution better match the targeted LG0l mode in the primary cavity compared

to the HG00. In Figure 6.8(c) this is the LG01 mode, which makes it the lowest threshold
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Figure 6.7: A gain coupled cavity design for vortex generation. The secondary cavity
(j = 2) is used to control the spatial distribution of the gain using an intracavity aperture
(AP), which induces a vortex mode in the primary cavity (j = 1) by matching the reshaped
gain medium size to a LG0l mode. The mode sizes are indicated for the HG00 (blue),
LG01 (red) and LG02 (cyan) modes in each cavity, with the gain distribution in green.
The output coupler transmissions are Tj .

(a) (b) (c) (d)

Figure 6.8: The gain reshaping for vortex generation from the cavity configuration of
Figure 6.7 with Gaussian end pumping. The graphs are cross sections of the gain medium
showing the: gain (green), HG00 size of the secondary cavity (blue), LG01 size in the
primary cavity (red), and the LG02 mode size in the primary cavity (cyan). The distri-
butions given are: (a) below laser threshold; (b) above the secondary cavity threshold;
(c) at the primary cavity threshold for LG01 generation; and (d) at the primary cavity
threshold for LG02 generation.
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Figure 6.9: The ARR coupled laser geometry used for vortex generation. The primary
and secondary cavity paths are in red and blue, respectively. The ARR is formed between
a 50% BS and two turning mirrors, M1 and M2. The primary cavity has output coupler
OC1 and a lens of focal length f . The secondary cavity has output coupler OC2, a lens of
focal length f , and an iris aperture (AP). The Nd:YVO4 gain medium was end pumped
through M1.

mode in the primary cavity. This is the case of J1,0,1 > J1,0,0 from the generalised theory.

Once the LG01 mode has reached threshold in the primary cavity the entire gain region is

clamped by the oscillating modes and no further higher order modes can reach threshold.

This technique can be adapted to generate the higher order LG0l modes by changing

the relative sizes between the cavity modes and gain region. In Figure 6.7 this is achieved

by reducing the mode sizes in the primary cavity so that the LG02 mode matches the

gain region size. By doing so, the gain now overlaps the LG02 mode better than the LG01

mode giving the LG02 mode a lower threshold and making this the oscillating mode in

the primary cavity. This situation is shown in Figure 6.8(d), where the secondary cavity

now acts to suppress both the HG00 and LG01 modes in the primary cavity.

6.5.3 Experimental vortex generation

The proposed ARR coupled laser design was implemented for vortex generation using

the cavity shown in Figure 6.9, which used the principles of vortex mode control in

Figure 6.7. The ARR was formed between a 50% beamsplitter (BS) and two dichroic

turning mirrors M1 and M2, which both had high reflectance at laser wavelengths and

high transmission for the pump at 808 nm. The ring had a perimeter of 55mm.

The primary cavity used one input to the ARR and was formed with the output

coupler OC1, which had a reflectance of 60%, with spatial mode control from an f =

75mm lens. The secondary cavity used the other input to the ARR and was formed

with the output coupler OC2, with 80% reflectance, and had an f = 75mm intra-cavity

lens. The secondary cavity also had an iris aperture (AP) for higher order spatial mode

control. The primary cavity was designed to support the vortex laser modes, with the
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Figure 6.10: The measurement of the beam sizes at the gain region. The cavity modes
were partially transmitted through M2 of the ARR, which were then relay imaged onto a
camera using two lenses of focal length f . The beams were imaged at the plane at which
they would have been incident on the gain region.

secondary cavity providing spatial control of the gain region.

The gain medium was a 0.5% doped Nd:YVO4 slab, 5mm long by 2mm square,

which operated on the 1064 nm laser transition and was positioned centrally in the

ARR. It was end-pumped through M1 with the same source as in Section 5.3.2, an

808 nm fibre coupled diode module that had a maximum power of 26.2W. The beam

waist at the crystal was 440 µm in diameter.

A key parameter for vortex generation in this design is the size of the modes at

the gain region. This was adjustable in both cavities by moving the lenses or output

couplers to change the intra-cavity distances and therefore the mode sizes. Accurately

determining mode sizes in a laser cavity from theoretical equations, as in Section 2.2,

is generally a difficult task. There are uncertainties in the dimensions and properties of

the intra-cavity elements, along with accurately determining the thermal lens in the gain

region. If a cavity is near a stability edge any small variation in the input parameters can

have a large effect on the resulting mode sizes. If an accurate mode size measurement

is required it must be measured directly.

In the ARR coupled laser geometry it was possible to directly measure the mode

sizes in the gain region by imaging the fraction of the intra-cavity beams that were

transmitted through M2, as shown in Figure 6.10. Two lenses of focal length f were

used to reproduce the transmitted beam at the position of the gain region onto a camera,

which allowed direct measurement of the mode sizes.

Directly measuring the LG01 diameter of the primary cavity was not possible. When

the primary cavity was operating on the LG01 mode the transmitted beam through

M2 was a mixture of both cavity modes. To find the LG01 mode diameter in the

primary cavity, its HG00 mode diameter was measured by introducing an intra-cavity

AP to force HG00 oscillation, whilst having the secondary cavity AP fully closed. This

diameter corresponded to the underlying Gaussian size w00, so multiplication by
√
2

gave the LG01 mode diameter, see Equation (2.30) p.28.

An angled plate has different optical paths lengths for the horizontal and vertical

axes with respect to the rotation axis [162]. The BS used had a thickness of 3mm,

134



CHAPTER 6. VORTEX MODE GENERATION

(a) Primary (b) Primary (c) Secondary

Figure 6.11: The mode profiles of the primary and secondary cavities with: (a), AP closed;
(b) and (c), AP open.

which introduced an optical path length difference of 0.8mm between the horizontal and

vertical planes. The frequency difference between the HG(n+1)m and HGn(m+1) modes

is ∆ν = (ν(n+1)mq − νn(m+1)q), which is given by Equation (2.27), p.27, by introducing

the path length difference when calculating the g parameters.

The dimensions of the primary cavity were, R1 = ∞, l1 = 60mm, f = 75mm, l2 =

100mm, and R2 = 100mm (fR = 50mm). From these cavity dimensions and the BS

path length astigmatism, the frequency difference was calculated to be ∆ν = 1.2MHz.

For the cavity to support LG01 modes the HG01 and HG10 modes must be at the same

frequency (∆ν = 0). Although from these calculations it appears that the primary

cavity should not be able to support LG01 modes due to the frequency difference, it has

been shown that for separations of the order of a few MHz the transverse modes will

lock together in frequency [165].

First order vortex

The ARR coupled lasers were initially used to generate first order LG01 vortex modes

in the primary cavity. The iris AP had no calibrated scale or adjustment mechanism,

so the hole diameter had to be optimised for each measurement. The mode profiles of

the primary cavity before and after opening the secondary cavity aperture are shown in

Figure 6.11, along with the secondary cavity mode profile. The beam qualities of the

primary cavity mode with the AP open were M2
x = 2.1 and M2

y = 2.0, which indicates

an LG01 mode.

In vortex beam applications, an important parameter can be the azimuthal intensity

fluctuation, which is how the beam intensity changes along a circular cross section. This

was assessed by measuring the standard deviation of an azimuthal cross section centred

on the beam centroid at the radius of maximum average intensity. With the secondary

cavity blocked, the primary cavity mode in Figure 6.11(a) had an azimuthal intensity

standard deviation of 4%. When operating in the LG01 mode with the secondary cavity

lasing, Figure 6.11(b), this increased to 7%, which indicates that the secondary cavity

introduced a small asymmetry in the primary cavity.
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Figure 6.12: The typical frequency spectra of the primary (solid red) and secondary
(dotted blue) cavities in the ARR coupled laser, measured using a FP interferometer.

With the AP fully closed so that the primary cavity had exclusive access to the gain

region it oscillated on both the HG00 and LG01 modes, see Figure 6.11(a). To suppress

the HG00 mode the AP was opened. As the AP diameter was increased it would first

cause the centre of the primary cavity profile to become increasingly suppressed, until

the point of zero intensity, as in Figure 6.11(b). Further increasing AP diameter would

reduce the output power of the primary cavity until it was completely suppressed and

only the secondary cavity oscillated.

The secondary cavity could lase without completely suppressing the HG00 mode in

the primary cavity. At this point, the large round trip cavity losses from diffraction

at the AP would make the total round trip loss in the secondary cavity comparable

to that in the primary cavity. This means that both cavities had approximately equal

thresholds for the HG00 modes so could coexist. The AP diameter could be further

increased until the centre of the primary cavity profile reached zero intensity, at which

point the HG00 mode was completely suppressed. Provided that the LG01 mode size in

the primary cavity was properly matched to the gain region, then the primary cavity

oscillated on only LG01 modes.

To verify that the two cavities were sufficiently decoupled by the ARR the frequency

spectra of the outputs were measured with a FP etalon. The typical frequency spectra

are shown in Figure 6.12 for the primary (P1) and secondary (P2) cavity outputs. The

primary cavity oscillated on multiple longitudinal modes with 680MHz spacing. The

secondary cavity had a more complicated spectrum from the existence of higher order

transverse modes. The key result from this data is that the two cavities oscillated on

separate frequencies. This confirms that each laser was fully decoupled by the ARR,

otherwise they would have had common frequencies due to injection locking.

The presented results have shown that vortex modes can be generated in this cavity

design; however, the efficiency of pump to vortex power conversion is an important
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Figure 6.13: The primary (P1, red squares) and secondary (P2, blue circles) cavity po-
wers for changing HG00 mode diameter of the secondary cavity at the gain region. The
theoretical mode profiles above the graph shows the correctly scaled overlap of the modes
in the gain region at the indicated points.

factor to determine the practical usefulness of this technique. The relative mode sizes

of both the primary and secondary cavities compared to the gain region are important

parameters, so these were investigated to find the optimum efficiency of vortex generation

in the investigated system.

The mode size of the secondary cavity at the gain region was varied by altering the

distance between OC2 and the intra-cavity lens, as determined by Equations (2.9) and

(2.10). For a range of mode sizes the AP was optimally adjusted to maximise the power

of the primary cavity whilst maintaining LG01 modes, with the resulting powers of the

primary and secondary cavities shown in Figure 6.13. Also illustrated are the mode

profiles of the secondary cavity HG00 and primary cavity LG01 modes at the crystal.

For this set of measurements the LG01 mode diameter was 470 µm, from the underlying

Gaussian diameter of 330 µm. The power in the vortex mode was optimised when the

secondary cavity HG00 diameter was 230 µm, with P1 = 8.9W and P2 = 0.54W at a

pump power of 23.2W. As the mode size of the secondary cavity increased the power

of the vortex output decreased.

The reason for the changing powers in the vortex cavity can be seen from the mode

profiles shown in Figure 6.13. A large secondary cavity mode lead to a greater overlap

between the LG01 and HG00 modes in the primary and secondary cavities, respectively.

This meant that the secondary cavity clamped the gain region where the primary cavity

could have extracted energy from. In this way, the available gain for the primary cavity
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Figure 6.14: The primary (P1, red squares) and secondary (P2, blue circles) cavity powers
for changing LG01 mode size of the primary cavity at the gain region. The secondary cavity
AP was optimised at each point. The green line indicates the pump waist diameter.

was reduced so the power decreased. If the mode size was further increased it would

have likely prevented lasing altogether in the primary cavity.

As the HG00 mode size became smaller in the secondary cavity the HG00 mode was

still suppressed in the primary cavity but the LG01 mode had a greater overlap with

the gain region, which gave a greater efficiency. If the mode size of the secondary cavity

could have been decreased further there would have come a point at which its HG00

mode would have overlapped with too little of the gain region to suppress the HG00

mode in the primary cavity. At this point higher order modes would have to be allowed

in the secondary cavity to fully suppress the HG00 mode in the primary cavity.

The vortex generation efficiency was further optimised by changing the size of the

primary cavity mode in the gain region. The mode size was altered by changing the lens

to OC1 distance. The output powers P1 and P2 are shown against the primary cavity

LG01 mode diameter at the gain region in Figure 6.14, at each point the secondary cavity

AP size was adjusted for optimum vortex power output. The power in the vortex mode

increased for decreasing mode size and was optimised at a diameter of 467 µm, where

P1 = 9.2W and P2 = 0.43W at an input pump power of 23.2W. At this optimum

power the primary cavity LG01 mode was 6% larger in diameter than the pump beam

waist.

If the LG01 mode diameter was smaller than 467 µm pure LG01 modes in the primary

cavity could not be obtained. Other transverse modes could extract gain from areas that

the LG01 could not, which allowed them to reach threshold and oscillate. The LG01 size

optimisation was a balance between maximising the overlap between the LG01 profile

and the gain region, whilst ensuring that the higher order modes did not reach threshold.

The ARR coupled lasers were tested over a range of pump powers, with the output

powers of both cavities against input pump power shown in Figure 6.15(a). The changing

thermal lens with pump power also affected the mode sizes in the cavities. To ensure the
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(a) (b)

Figure 6.15: (a) The output power of the primary (P1, red squares) and secondary (P2,
blue circles) cavities for a range of input pump powers, with the output intensity profiles
and beam qualities at maximum pump power in (b).

optimum mode size in the primary cavity OC1 was moved at each pump power, the AP

was also adjusted for each measurement. The secondary cavity reached threshold first

as expected, with the threshold of the LG01 mode of the primary cavity being higher.

The higher power and efficiency of vortex generation was at the maximum pump power

of 24.0W, where P1 = 9.45W and P2 = 0.40W.

The power of the LG01 mode was higher as it had access to a greater proportion of

the gain region compared to the small HG00 mode of the secondary cavity. The efficiency

of vortex generation will have also benefited from the HG00 mode size becoming smaller

for increasing pump powers.

The beam profiles of the primary and secondary cavities at maximum power are

shown in Figure 6.15(b). The beam qualities of the secondary cavity were M2
x = 1.06

and M2
y = 1.09, which verify that it was oscillating on the HG00 mode. The beam

qualities of the primary cavity were M2
x = 2.11 and M2

y = 2.02, which indicates that it

was composed of LG01 shaped modes that have M2
x,y = 2.

To check the phase structure of the vortex modes the fork and spiral interferograms

were measured, as described in Section 6.4.1, and are shown in Figure 6.16. Both the fork

and spiral pattern were not clearly defined, which shows that the modes were either not

of pure handedness or were incoherent additions of other transverse modes, as discussed

in Section 6.4.1. A mixture of handedness modes would be expected for a symmetrical

cavity where there is no bias towards one handedness.

The handedness of the vortex could have been determined using the methods outlined

in Section 6.4.3; however, an alternative method of introducing asymmetry for handed-

ness control was found. The overlap of the two modes at the gain region is shown in

Figure 6.17, which shows the experimentally measured intensity at the gain region and

the corresponding primary and secondary mode positions. The initial alignment was
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(a) (b)

Figure 6.16: The (a) fork and (b) spiral interferograms of the primary cavity output at
the maximum power in Figure 6.15.

for both cavities to be collinear, as in Figure 6.17(b), which made the secondary ca-

vity symmetrically saturate the gain. The secondary cavity mode could be diagonally

offset from the central position by adjusting the horizontal and vertical tilt of OC2, as

in Figures 6.17(b) and (c). In doing so, the HG00 mode in the primary cavity would

remain suppressed without significantly effecting the output powers of the cavities; ho-

wever, it would also cause the primary cavity LG01 modes to oscillate with a common

handedness. By adjusting the position of the secondary cavity mode either handedness

direction could be selectively generated.

The position of the secondary cavity mode in Figure 6.17(a) compared to (c) was a

90◦ rotation about the primary cavity centre. The handedness control was also effective

for further 90◦ rotations, with opposite diagonal positions giving the same handedness

modes. The precise mechanism for this method to control the vortex handedness requires

further investigation; however, it is likely that the asymmetries introduced in the gain

region and thermal lens by the off-centre secondary cavity mode caused conditions more

favourable to one handedness than the other. Despite the precise mechanism being

unknown, this method of handedness selection was robust and repeatable.

The mode profiles, and fork and spiral interferograms for the (a), (b) and (c) cases

in Figure 6.17 are shown in Figure 6.18. When the secondary cavity was centered on the

gain region, as in Figure 6.17(b), the fork and spiral interferogram patterns were unclear

suggesting that there were multiple handededness LG01 modes oscillating. When the

secondary cavity position was changed in (a) and (c) the inteferogram patterns became

clear, showing that the LG01 modes were operating with common handednesses. The

direction of the patterns reversed between the (a) and (c) alignments, which shows that

the handedness direction of the modes reversed.

The output powers of the cavities remained approximately constant when imple-

menting the handedness selection. For the (a), (b) and (c) alignments in Figures 6.17

and 6.18, the primary cavity outputs were 8.90W, 9.00W and 8.95W, and the secon-

dary cavity outputs were 0.86W, 0.85W and 0.85W, respectively. The constant output

powers were because the mode content and gain overlap of each cavity did not change
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(a) (b) (c)

Figure 6.17: The handedness control method using the position of the secondary cavity
mode for (b) no selection, (a) and (c) opposite handednesses. The images show the
measured overlapping mode intensities at the gain region (top row) and illustrations of
the components (bottom row) with the primary cavity LG01 mode in red and the secondary
cavity HG00 mode in blue.

between the secondary cavity adjustments. As the secondary cavity mode was moved

and saturated another part of the gain region more strongly, there was a corresponding

region that was saturated less. This meant that the overall gain available to the primary

cavity was approximately constant. The overall efficiency of vortex generation was lower

than in Figure 6.15 because the AP diameter had to be larger for the secondary cavity

to be able to saturate the HG00 mode in the primary cavity when not centred.

The beam qualities of the secondary cavity remained close to one when changing its

mode position, so remained in the HG00 mode. The primary cavity had symmetrical

beam qualities that were between 2.0 < M2
x,y < 2.1 for every alignment, which implies

a high LG01 mode purity.

To further assess the mode purity of the pure handedness LG01 modes in Figure 6.18,

intensity profile horizontal cross sections were compared to the theoretical LG01 mode

and are shown in Figure 6.19. Both handedness modes were excellent matches to the

theoretical intensity profiles of Equation (2.15); in particular, the intensity minima at

the beam centres were 0.7% and 0.3% of the peaks in (a) and (b), respectively, with

the precision limited by the dynamic range of the camera. The excellent fits to the

theoretical LG01 profile confirm the high mode purity of the vortices generated.

Before offsetting the secondary cavity, Figure 6.18(b), the primary cavity mode azi-

muthal intensity standard deviation was 9%, which was higher than in Figure 6.11(b)
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(a) (b) (c)

Figure 6.18: The laser output using the secondary cavity position handedness control for
(a) one handedness, (b) no handedness selection, and (c) opposite handedness. The images
show the secondary cavity (top row) and primary cavity (second row) mode profiles, with
the spiral (third row) and fork (bottom row) interferograms.
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(a) (b)

Figure 6.19: The experimental (red) and fitted theoretical (black) intensity profile hori-
zontal cross sections of the LG01 pure handedness modes, where (a) is from Figure 6.18(a),
and (b) is from Figure 6.18(c). The horizontal scale has been normalised to the underlying
Gaussian size (w00).

due to the stronger influence of the secondary cavity and therefore asymmetry effects.

When offsetting the secondary cavity position to select the vortex handedness, Figu-

res 6.18(a) and (c), the primary cavity azimuthal intensity standard deviation increased

to 10%. This suggests an almost negligible impact of the handedness selection method

on the vortex beam asymmetry.

The presented results have shown that high spatial and handedness purity LG01

modes can be generated in the ARR coupled geometry, where the handedness could

be controlled with the alignment of the secondary cavity. The vortex generation was

efficient, with 9.0W of output power from 24W of pump power.

Second order vortex

The ARR coupled ring lasers were configured to generate a second order LG02 vortex

mode. As described in Section 6.5.2, this required that the LG02 mode in the primary

cavity was matched in diameter to the gain region and the secondary cavity suppressed

both the HG00 and LG01 modes.

To match the gain region size to the LG02 mode in the primary cavity the OC1 to

lens distance was increased. The secondary cavity was adjusted to suppress the LG01

and HG00 modes by increasing the AP diameter. These two parameters were optimised

to give the highest power and quality LG02 mode in the primary cavity. The resulting

mode profiles of the primary and secondary cavities are shown in Figures 6.20, along

with the fork and spiral interferograms of the primary cavity output.

The power of the primary and secondary cavities were P1 = 4.3W and P2 = 4.4W,

respectively, at a pump power of 24W. The vortex power was lower than for LG01

generation because the secondary cavity needed to saturate the gain region that the
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(a) (b) (c) (d)

Figure 6.20: Beam images for LG02 generation for: (a) secondary cavity, (b) primary
cavity, (c) spiral interferogram, and (d) fork interferogram.

Figure 6.21: The intensity profile horizontal cross section of the primary cavity for LG02

generation (red), fitted to the theoretical LG02 profile (black). The horizontal scale has
been normalised to the underlying Gaussian size (w00).

LG02 mode could extract from to suppress the LG01 mode. This is in contrast to LG01

generation, where the HG01 mode that was suppressed had its highest overlap with the

gain region at the centre where the LG01 mode had zero intensity.

The secondary cavity had a multimode beam, which was required to provide a large

enough mode to suppress the LG01 mode in the primary cavity. The secondary cavity

beam diameter at the gain region was 370 µm, which was larger than that for LG01

generation of 230 µm.

The LG02 diameter of the primary cavity at the gain region was 540 µm. The beam

qualities of the primary cavity were M2
x = 3.05 and M2

y = 3.13, which matched well

with the theoretical LG02 mode of M2
x,y = 3. To further assess the LG02 mode purity a

horizontal cross section of the intensity profile was taken and compared to the theoretical

LG02 mode and is shown in Figure 6.21. The LG02 mode had symmetry comparable to

the LG01, with an azimuthal intensity standard deviation of 9%. The peaks of the cross

section matched well with theory, which suggests that the LG02 mode was dominant;

however, the intensity on axis was 7% of the peak intensity and not zero as required.

The non-zero intensity on axis implies that there was some modal impurity to the

primary cavity output. With reference to Figure 2.5 (p.24), the LGp0 modes are the only
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LG modes that have intensity on axis. These modes have concentric rings of intensity

surrounding the central spot. It is possible that these rings were able to overlap gain

regions that were not clamped by the dominant modes of either the primary or secondary

cavities, which allowed them to reach threshold.

The fork and spiral interferograms of the primary cavity output in Figure 6.20(c) and

(d) show that the phase structure of the output matched that of the LG02 mode. The

fork pattern had two extra fringes and there were two arms in the spiral interferogram.

The clarity of the pattern suggests that the LG02 modes were oscillating with a common

handedness. The handedness selection method used for LG01 generation was not possible

for LG02 generation because the symmetrical position alignment of the secondary cavity

was needed to induce the LG02 modes. If it was moved off-centre pure LG02 generation

was not possible. The common handedness was likely due to an inbuilt asymmetry in

the cavity.

Summary

The experimental ARR coupled lasers have shown that this geometry is effective in

generating both first and second order LG0l vortex modes. From 24W of pump power,

LG01 modes of 9.0W and were generated. The mode purity was high, with symmetrical

beam qualities between 2.0 < M2
x,y < 2.1 and closely matching the theoretical mode

profile. The handedness could be controlled through alignment of the secondary cavity

mode, enabling pure handedness oscillation in either direction.

The primary cavity was easily adjusted to support LG02 modes, with 4.3W of output

power for 24W of pump power. The mode purity was good, however there remained

7% of the peak intensity on the beam axis. The handedness of the mode was pure, but

not controllable with the secondary cavity alignment. Alternative handedness control

methods could be used in this configuration.

6.5.4 Intra-cavity vortex techniques comparison

An advantage of gain shaping techniques over other intracavity vortex generation met-

hods is that they do not require specialist or lossy intracavity optics. This can improve

the laser efficiency from the lower losses, but also enable higher power vortex generation

in both average and peak power. Optical elements with absorbing losses will have limi-

ted power handling capability if the heating power cannot be removed sufficiently fast.

By avoiding these optics, the power capability of a design is improved. For example, in

the digital laser the SLM used had a total reflectance of 90% [144].

As the coupled cavity geometry is used to match the gain region to the vortex modes

it is most appropriate to compare it to other gain shaping techniques. The most common

method of gain shaping is to ensure that the input pump beam matches the LG0l mode

required. If the pump source is coherent diffractive techniques can be used, for example
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diffraction from a circular aperture [166] or a π-plate [146] can generate a doughnut

shaped intensity profile. A potential limitation with these methods is that a coherent

pump source is required, which could limit the pumping power available in some gain

media. Additionally, the pump distribution changes as it propagates through the focus

at the gain medium, meaning that the ideal doughnut intensity distribution may not be

maintained over the absorption depth in the gain medium.

Another established gain shaping technique is to image of the output of a multi-mode

capillary fibre [147, 167], which generates an annular pump region. The reshaped pump

light necessarily has a high M2 from the capillary fibre. This method can be effective

at selectively exciting vortex modes; however, for efficient vortex generation it relies on

the gain medium being able to efficiently operate with a high M2 pump source. For

this reason it has only been employed in the Nd:YVO4 and Nd:YAG gain media that

both have relatively high absorption and emission cross sections, and have access to high

brightness diode pump modules.

An advantage of performing gain reshaping with the input pump radiation is that

the laser cavities can have standard configurations, which can simplify the cavity design.

The difficulty is instead shifted to the potentially complex reshaping optics external to

the cavity, where the particular method of pump reshaping will be dependent on the

gain medium being used and the pump sources available.

In coupled cavity vortex generation there are no specific requirements from the pump

source as the gain reshaping is performed with the controlling cavity, which gives it great

flexibility for use with different gain media. The complexity of the technique is instead

focussed on the cavity designs and methods of separating the two laser cavities. Provided

that a standard laser cavity can be constructed with any given gain medium and pump

source, and there is a way to share the gain between two laser cavities, then a vortex

output could be achieved with the coupled cavity method.

The coupling mechanism of the ARR has been demonstrated in Chapter 5 to be

low loss, with a round-trip beam recombination loss as low as 0.01%. This means that

introducing the ARR should have minimal impact on laser performance.

A disadvantage of the gain reshaping technique using coupled cavities is that the

saturating cavity must use some of the input pump power, so not all the input power

is available for the vortex mode. This work has shown that for LG01 generation this

impact is minimal, where the secondary cavity had 4% of the combined primary and

secondary cavity powers. For high order modes, this loss is more significant, where

for LG02 generation the secondary cavity had 51% of the total output power. The

efficiency of both LG01 and LG02 generation could have been improved by combining

pump reshaping methods with the coupled cavity technique.

The limitations of previous coupled cavity designs are not present in ARR coupling.

There are no specific requirements for the gain medium of isotropy or operation wave-

length. The ARR uses standard optical components and does not introduce significant
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losses into the laser cavities.

6.6 Summary

The wide variety of applications for vortex beams that touch many areas of science

has created a need for vortex beam sources. Intra-cavity generation is attractive due

to the possibility of generating pure and high power LG0l vortex modes. This work

has demonstrated the use of laser cavities coupled through a common gain medium as

a method of vortex mode production. An ARR was proposed and demonstrated as a

device to enable the sharing of a gain medium between two laser cavities.

Gain coupled ARR lasers were constructed using a diode end-pumped Nd:YVO4 gain

medium. With 24W of pump power, LG01 modes with 9.0W power were generated,

which were of high purity and quality. The handedness was controllable using the

alignment of the non-vortex mode secondary laser cavity, with pure handedness modes

achieved. The lasers were also configured to generate LG02 modes with 4.3W of power.

This work has shown the effectiveness of vortex mode generation for gain coupling

with an ARR. It could be applied to any gain medium because the ARR requires no

specialist optical components. This could allow high quality vortex modes to be gene-

rated across the frequency spectrum where laser gain media are known. The presented

work was in the CW regime; however, the geometry could be easily adapted to pulsed

operation using standard Q-switching or mode locking methods.
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Thesis summary

The first part of this thesis presented work on red diode-pumped Alexandrite lasers,

with the focus on understanding and optimising their performance. A new analytical

model was developed of an end-pumped gain medium that included the optical processes

in Alexandrite, namely excited-state absorption at pump and laser wavelengths, and

ground-state absorption at the laser wavelength.

With this model, the parameters affecting laser performance in Alexandrite were

identified and investigated. Pump ESA was found to be the cause of an optimum

output coupler reflectance for slope efficiency, which has been seen experimentally by

many authors [16, 98]. It was shown that the temperature of the Alexandrite crystal has

a significant impact on laser performance; however, the temperature dependence of the

ratio of pump ESA to GSA had not been measured in the literature. This was measured

to decrease with crystal temperature from approximately 0.8 at 10 ◦C to 0.7 at 90 ◦C.

With this new measurement and values from the literature, there is a complete set of

parameters for red diode-pumped Alexandrite over a range of temperatures.

Using the understanding gained from the theoretical modelling, experimental diode-

pumped Alexandrite lasers were constructed. In a high efficiency compact cavity design

a record slope efficiency of 54% with 1.2W of output power was achieved. This result

demonstrates the potential efficiency attainable in diode-pumped Alexandrite. With

a wavelength tunable laser a record tuning range of 714 nm to 818 nm was obtained.

Optimising the crystal temperature was key to achieving this result, with the precise

effects analysed used the theoretical model.

The work and analysis presented should be useful to future development of con-

tinuous wave Alexandrite lasers, in particular narrow linewidth tunable sources are

of interest. The model could also be applied to other solid-state materials that have

excited-state absorption effects, so may aid laser development in other applications. A

useful extension of this work would be to apply the model to pulsed Alexandrite lasers,

which are of particular interest for LIDAR applications [9]. The continuous-wave mo-

del presented will help to approximate the performance of these systems; however, it
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is likely that pump excited-state absorption effects will be more significant due to the

higher population inversions used in these designs.

The second part of this thesis was focussed on vortex laser mode generation. This

first involved assessing the suitability of the anti-resonant ring (ARR) laser geometry

where the gain medium is internal to the ring, which had only one previous demon-

stration in the literature [36]. With a diode end-pumped Nd:YVO4 gain medium the

transmission of the ARR was 0.02%, which was a factor of 20 lower than the previous

example. This verified that the ARR could be used in end-pumped lasers with a low

impact on efficiency. The side-pumped geometry had higher losses of 1.5%; however,

altering the cavity design to achieve more symmetry would improve this result.

The ARR laser design was then used to couple two laser cavities through a shared

gain medium in the ARR. In this configuration one laser cavity was used to control the

distribution of gain, which caused the other cavity to oscillate in a vortex mode. A diode

end-pumped Nd:YVO4 gain medium was used with 24W of available pump power. With

this system first order vortex LG01 modes with 9.0W power were generated, these had

a high spatial purity and were of controllable single handedness. Second order vortex

LG02 modes were also generated with 4.3W of power.

There were two main outcomes of the ARR vortex laser investigation. The first

was demonstrating that the ARR can be a low loss component in laser cavities. This

structure is interesting as it can allow sharing of optical elements between two cavities,

which makes it a rich test-bed for coupled laser cavity investigations. The particular

application focussed on in this work was sharing a gain medium between two laser

cavities. This was used to generate vortex laser modes, but there are many other possible

applications. For example, pulse control in a Q-switched laser has been shown using

coupled laser cavities [163], where the performance of this system could be improved or

implemented in other gain media using the ARR.

The second outcome was the demonstration of the new ARR coupled laser geometry

to generate vortex modes. A particular advantage of this method is it generates vortex

beams with high symmetry and power. These properties lend themselves to optical levi-

tation, where vortex beams can trap and manipulate objects in unique ways compared

to conventional methods. This has two immediate applications. The first is to use the

orbital angular momentum to trap and spin a liquid droplet, this can be used to test

fundamental properties of surface tension on micron sized objects, which is of particular

interest in torus nuclear fusion reactors. A second application is in trapping reflective

spherical metal shells in the annular intensity profile. These are a potential source of

high energy protons (> 150MeV) when vaporised with a high intensity laser pulse. This

would create a revolutionary proton source for cancer treatment, being lower cost and

more practical than the currently used cyclotron accelerators.

This vortex generation technique could be applied to any solid-state gain medium,

which would enable vortex generation at a range of wavelengths and powers. Of particu-
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lar interest would be implementing it in a wavelength tunable gain medium, for example

Alexandrite, which would provide a tunable vortex source. This is usually difficult to

achieve with other methods that are designed for a specific wavelength. A wavelength

tunable vortex source could be useful in machining applications, where access to alter-

native wavelength ranges can alter the machining behaviour of different materials.

Additionally, although this method was demonstrated in CW operation the laser

cavity could be adapted to pulsed operation using standard techniques, for example

in Q-switching or modelocking. This would enable pure, high power, and high energy

vortex modes to be generated tailored to the required application.
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Appendix A

Laser model derivation

To find an equation governing the population inversion distribution, Equation (3.13) is

used to eliminate I in Equation (3.9), giving

df

dz
= −α0(1− f)[1− (1− γ)f ][(1 + a)f − a] , (A.1)

where a = (φ/φa)/(1+φ/φs) is a laser saturation factor. This can be integrated, yielding

D(z) = D(0)e−α0z , (A.2)

D(z) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(1− f)

− 1
γ [1− (1− γ)f ]

1−γ
γ(1+aγ)

[(1 + a)f − a]
1+a
1+aγ

for γ > 0 ,

(1− f)−(1+a)[f(1 + a)− a](1+a)

exp[(1− f)−1]
for γ = 0 .

(A.3)

With Equations (3.13) and (A.2) it is possible to calculate the longitudinal variation

of pump intensity and population inversion in the gain medium for a given incident

pump intensity and laser photon density. The input pump intensity I(0) determines

the population inversion f(0) through Equation (3.13). This inversion is then used in

Equation (A.2) to calculate f(z), which through Equation (3.13) will also give I(z).

To find the relationship between the incident pump and laser output intensity the

integral definition F =
∫ l
0 f dz is calculated, through a change of variables using Equa-

tion (A.1), giving

α0F =

∫ f(l)

f0

−f
(1− f)[1− (1− γ)f ][(1 + a)f − a]

df , (A.4)

where f0 = f(0). Performing the integral and using Equation (3.13) for simplification

yields

− α1(1 + aγ)F = aγ ln[T ] + ln

⎡⎣1 + γ f(l)
1−f(l)

1 + γ f0
1−f0

⎤⎦ , (A.5)
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where T = I(l)/I(0) = e−α0leα0(1−γ)F is the pump transmission. Further simplification

can be made with Equation (3.13) through

f(l)

1− f(l)
= I(l)

[
ηp,0

Is(1 + φ/φs)

]
+ a

= TI(0)

[
ηp,0

Is(1 + φ/φs)

]
+ a ,

(A.6)

where a = (φ/φa)/(1 + φ/φs) is a laser saturation factor. This relation is used to

eliminate f in Equation (A.5) and give the final result of Equation (3.14).
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Appendix B

Birefringent filter

Following the instructions of [103] the optimum thickness of a BiFi can be found for a

required wavelength and FSR. However, in practise, these exact dimensions are unlikely

to be available. A more realistic situation is that a BiFi of a fixed thickness is available

and an estimate of its FSR is needed. To precisely determine the FSR, valid pairs of m′

and η at the required wavelength should be found from

λ =
(ne − no)d sin

2 η

m′ sin θB
. (B.1)

The corresponding values of φ and α for these solutions are given through Equations (4.4)

and (4.3). The transmission bandwidth is at a minimum for α = 45◦ [103], so the m′

and η pair that is closest to this value will be the optimal BiFi alignment. The exact

FSR can then be calculated with

∆λ =
λ2 sin θB

(ne − no)d sin
2 η

. (B.2)

It is not trivial to calculate the FSR in this way, so an approximate relationship can be

more useful.

A approximation to calculate the FSR is to allow m′ to become non-integer in

Equation (B.1). When the optic axis is parallel to the plane of the BiFi surface,

sin2 η = (1 − cos2 φ cos2 θB) from Equation (4.3), and cos2 φ = 1/(1 + sin2 θB) when

α = 45◦ from Equation (4.4). Inserting the two relationships into Equation (B.2) gives

∆λ ≈ λ2

(ne − no)d

(1 + sin2 θB)

2 sin θB
. (B.3)
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