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In this thesis, three topics in Mean Field Games in the absence of complete
information have been studied.

The first part of the thesis focus on Mean Field Stackelberg Games between a
large group of followers and a leader, in such a way that each follower is subject
to a delay effect inherited from the leader. The case with delays being identical
among the followers in the population is first considered. Under mild assumptions
of regular enough coefficients, the whole Stackelberg game problem is solved via
stochastic maximum principle. The solution could be represented by a system of
six coupled forward backward stochastic differential equations. A comprehensive
study on the particular Linear Quadratic case has been provided. By consider-
ing the corresponding linear functional, the time-independent sufficient condition
which warrants the unique existence of the solution of the whole Stackelberg game
is obtained. Several numerical examples are also demonstrated.

The second work studies another class of Stackelberg games, under a Linear
Quadratic setting, in the presence with an additional leader. Given the trajectories

of the mean field term and two leaders, the follower’s optimal control problem is



first solved. Depending on whether or not the leaders cooperate, the solutions of
the respective Pareto and Nash games between the leaders are obtained, which can
be represented by systems of forward backward stochastic functional differential
equations. To numerically implement the obtained results, explicit expression of
solutions of the whole problem: Mean Field Game among the followers and Nash
(and Pareto) Game between the leaders, are provided. Finally, several examples
are given to study the impact of different games on the cost functionals of the
followers. An interesting example shows that the population are worse off as the
leaders cooperate.

The last part of the thesis studies discrete time partially observable mean
field systems in the presence of a common noise. Each player makes decision
solely based on the observable processes but not the common noise. Both the
mean field game and the associated mean field type stochastic control problem
are formulated. The mean field type control problem is solved by adopting the
classical discrete time Kalman filter with notable modifications; indeed, the unique
existence of the resulting forward-backward stochastic difference system is then
established by Separation Principle. The mean field game problem is also solved
via an application of stochastic maximum principle, while the existence of the

mean field equilibrium is shown by the Schauder’s fixed point theorem.
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Chapter 1

Introduction

To study and analyze the collective behavior of a dynamical system involving
multiple decision makers, one can model the population by stochastic differen-
tial games (SDGs). Under this framework, evolutions of individuals’ states are
described by stochastic differential equations (SDEs), each of which aims at op-
timizing certain objective functionals (e.g. cost minimization). The interactions
between each individual are explicitly given in terms governing the SDEs and the
cost functionals. For example, see Varaiya [47], Bensoussan and Frehse [7] for
details.

The computational complexity of the solution, for example, to solve for a Nash
equilibrium, increases dramatically as the number of particles in the system raises.
As an alternative macroscopic approach, Huang, Caines and Malhamé [29, 30] first
studied the limiting case - SDGs with infinitely many players. Independently,
Lasry and Lions [33, 34, 35| first developed the theory of Mean Field Games
(MFGs), which combines SDGs with the mean field theory originated in physics
describing phase transitions.

Unlike SDGs, which explicitly state the interactions between any two play-
ers, each individual in MFGs interacts with the community through a common

medium - the mean field term. By properly choosing it as a functional of the prob-



ability distribution of the population, one can show that the empirical interacting
system converges to the analogical mean field system, as the number of particles
increases, see for example [10]. In the simplest MFGs, each agent in the population
interacts indirectly through the deterministic mean field term only. Individuals
can hence be regarded as independent of each other, which significantly simplifies
the analysis of the whole dynamical system. To solve a canonical MFG, one first
solves the individual’s optimal control problem, considering the mean field term
as exogenous and given. The second step is to tackle the fixed point problem, by
equating function of the probability distribution of an individual, who adopts the
optimal control solved in the first step (which is clearly a functional fo the given
mean field term), with the mean field term.

Since the celebrated work by Lasry and Lions [33, 34, 35|, theories and appli-
cations of mean field games - the combination of mean field theory and SDG, has
enjoyed a rapid development. Carmona, Delarue and Lacker [19] studies Mean
Field Games with a common noise on top of the whole population. Unlike the
canonical case with a deterministic mean field term, the presence of a common
noise introduces randomness in that common medium. From modeling perspec-
tive, the common noise could be regarded as an external economic factor affecting
simultaneously the whole population. From the application perspective, Carmona,
Fouque and Sun [20] considers an interbank borrowing-lending model under the
mean field game framework. The log-monetary reserve of each bank is affected
not only by individual independent noises but also by a common noise, which
introduces a drastic effect on the dynamics and the value function of each bank,
and hence results in systemic risk. For other works in MFGs, also see Andersson
and Djehiche [1], Bardi [2], Bensoussan, Frehse and Yam[8], Buckdahn, Djehiche
and Li [13], Buckdahn, Djehiche, Li and Peng [14], Cardaliaguet [15], Carmona
and Delarue [16], Garnier, Papanicolaou and Yang [23], Guéant, Lasry and Lions

[24], Huang [27], Kolokoltsov, Troeva and Yang [32], Meyer-Brandis, Oksendal
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and Zhou [37], Nourian and Caines [39], and the references therein.

Mean Field Type Control Problem is another topic that is connected to, but
fundamentally different from MFGs. In MFGs, the mean field term is exogenous
to individual’s optimal control problem - perturbing individual’s decision would
not affect the mean field term as it is fixed at the first place. Intuitively, it
means that individual behavior has a negligible effect on the whole community
as his noise is averaged out when the number of agents in the system gets huge.
For mean field type control problems, on the other hand, the mean field term is
endogenous and it is also a state to be controlled. It is also called the control
problem of McKean-Vlasov type in the literature, see the recent work by Pham
and Wei [41], where they consider a continuous time model with full observation
in the presence of a common noise.

In this thesis, three topics in Mean Field Games and Mean Field Type Control
Problems in the absence of complete information will be investigated. In the first
work, we consider MFGs between a leader and a group of followers, where each
follower makes decision based on the delayed information received from the leader.
The second work introduces one additional leader. Depending on whether or not
the leaders cooperate, we investigate the impact on the cost of followers. The last
part of this thesis consider a discrete time mean field game and mean field type
control problems under a partial observation setting. Each player does not have

the information of his own state.

1.1 Mean Field Stackelberg Games with Heterogeneous Followers

Stackelberg game is first introduced by Heinrich von Stackelberg [44] to solve
for an equilibrium in hierarchical markets with a leader and follower. Based on
the policies issued by the leader, the follower makes his optimal decision based
on his performance index and his choice has negligible impact on the leader.

Assuming the follower is rational, the leader then makes his decision based on
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his objective functional. Mathematically, the follower would consider the leader
as exogenous factor in the follower’s stochastic control problem; while the leader
would consider the follower as a functional of the leader’s decision in his stochastic
control problem.

As a hierarchical model, Huang [28] first investigates mean field games between
a large group of small players and a big player under the Linear Quadratic setting
and later Nourian and Caines [39] generalize it to the general Lipschitz coefficients
case. In their model, the mean field term is exogenous to both the small players
and the big player; that is changes in decisions of the big player would not affect
the mean field term immediately. On the other hand, Bensoussan, Chau and Yam
[5] consider mean field games between a large group of followers and a leader,
where the mean field term is endogenous to the control problem of the leader.
Mathematically, the mean field term itself becomes a functional of the leader’s
control. Decisions of the leader would now directly affect the whole population
through the mean field term and this matches the philosophy of Stackelberg games.
Under a Linear Quadratic setting, our previous work [5] discuss the Mean Field
Stackelberg game with no terminal costs, where each follower is subject to a delay
affect from the leader. By choosing a suitable linear functional, a time dependent
sufficient condition is given to warrant the unique existence of the solution to the
Stackelberg game.

Chapter 2 generalizes our work [5] in certain aspects. We considers a general
Lipschitz Stackelberg game with terminal costs, where the dynamics and cost
functional of each follower is subject to an identical delay impact from the leader.
Interaction between followers are explicitly given as empirical measures. Assuming
the coefficients are sufficiently smooth, we argue that the empirical system would
converge to the limiting mean field one as the number of followers increase. We
then tackle the Stackelberg game by splitting it into three subproblems and they

are solved in order: 1) Follower’s Control Problem, 2) Mean Field Equilibrium
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and 3) Leader’s Control Problem.

Given a pair of exogenous mean field term and leader’s state processes, ap-
plying the stochastic maximum principle, we derive the necessary condition for
follower’s optimality in Section 2.2. The mean field equilibrium is then obtained
by equating the given mean field term and the density function of the optimal
state of the follower, which yields a pair of Hamilton-Jacobi-Bellman and Fokker-
Planck equation (HJB-FP). Hence, the optimal control problem for the leader in-
volves three controlled states - his original state and the HJB-FP pair. Applying
the stochastic maximum principle again, we obtain three adjoint equations cor-
responding to the three controlled states. The necessary condition for the leader
is given in Theorem 2.2.2, which can be represented by a system of six forward
backward stochastic differential equations and forward backward stochastic par-
tial differential equations (2.2.19) and (2.2.20). The results are then generalized
to the case with multiple classes of delays in Subsection 2.2.3.

A comprehensive study of the particular LQ case is given in Section 2.3. By
modifying the linear functional in [5], we can represent the original system of six
forward backward stochastic differential equation by a forward backward stochas-
tic functional differential equation. We provide a set of sufficient conditions, which
is independent of time length, to guarantee the unique existence of the Stackel-
berg equilibrium in Section 2.4. Several numerical examples are demonstrated in

Section 2.5.

1.2 Two-party Governance: Cooperation versus Competition

In game theory, there are certain notions of solution concepts in a multiple players
game. Pareto equilibrium (or Pareto efficiency), named after the Italian economist
Vilfredo Pareto, is an optimal solution in allocation of resources such that no in-
dividual could be better off without hurting other players’ benefits if he moves

away from the equilibrium. Under the SDGs framework, it is a cooperative solu-
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tion among all players. For example in a two person cost minimization SDG, one
could obtain the Pareto equilibrium by minimizing the sum of individual’s cost
functionals, such that infinitesimal changes in the decision of one player would
affect the choice of another player right away. See Chapter 5.2 in Yeung and
Petrosjan [48] and Reddy and Engwerda [42] for details.

Two persons would not always cooperate, see the prisoner’s dilemma, perhaps
the most famous layman’s example. Nash Equilibrium, first introduced by Nash’s
celebrated work [38] in 1950, plays a crucial role in a non-cooperative environ-
ment. In an interactive game, individual’s objective function depends not only on
his own decision, but also other players’. One should hence consider the choices of
all players in making decision, even in the non-cooperative setting. A Nash equi-
librium is a solution with the property that, assuming other players stand still,
one would be worse off if his decision moves away from the equilibrium point.
Nash equilibrium raises many applications in analyzing system with multiple in-
teractive decision makers in economics theory (Maskin [36]), evolutionary biology
((mathematical biology murray) Taylor [46]) and engineering (Ferris and Pang
22]).

Chapter 2 considers first a SDG between a leader and a group of followers. By
mean field approximation, we formulate and solve the corresponding Mean Field
Stackelberg game. In reality, for example in an oligopoly market, there might be
multiple leaders announcing policies. Different interactions between them might
lead to a significant impact on the population. We consider a model with two
leaders over a group of followers. By the very definition of a Pareto game, as the
leaders cooperate, the total cost among them reduces comparing with the non-
cooperative Nash game. It is however nontrivial that whether such cooperation
would benefit the community and that is the rationale behind this study.

In Section 3.1, we consider another class of Stackelberg games under a Linear

Quadratic setting - two leaders over a group of followers. Each individual follower
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has a negligible impact on two leaders as in the previous work and they are
significantly influenced by the policies set by the leaders. We assume that the
homogeneous followers would not cooperate. Given the evolutions of two leaders
and the population average (mean field term), we solve for the follower’s optimal
control and the e-Nash equilibrium for the community in Section 3.2.1. Depending
on whether or not the leaders cooperate, we define and solve for the corresponding
Pareto and Nash games between them in Theorem 3.2.9 and 3.2.8. The solutions
can be represented by two systems of Forward Backward Stochastic Functional
Differential Equation. We provide the explicit expression of solutions to the whole
problem: Mean Field Game among the followers and Nash (and Pareto) Game
between the leaders in Section 3.3. Finally, several numerical examples are given
in Section 3.4 to study the impact of different games on the cost functionals of

the followers.

1.3 Discrete-time Mean Field Partially Observable Controlled Systems Sub-

ject to Common Noise

Classical stochastic control problem assumes that each decision maker has the
knowledge of the state evolution or even the underlying driving noises. Normally,
the control process is chosen based on this set of full information. In the real world,
however, neither of them are applicable, this raises the importance of studying
the problem under a partially observable framework. In particular, one could
only choose his control based on an intermediate observable process. See the
comprehensive introduction in Bensoussan [3] and the references therein.

To incorporate the mean field game theory with the partial observation feature,
Huang and Wang [26] solves the continuous time linear quadratic mean field game
with a common noise subject to partial observation; the decisions of the player
are assumed to be made based on the knowledge of both the observable process

and the common noise. Sen and Caines [43] studies general non-linear mean field
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games with a major agent, in which the state of the major agent is partially
observed by individuals.

In Chapter 4, we consider a discrete time mean field game in a linear quadratic
setting, where each player makes decision based solely on the observable process,
in the absence of the knowledge of the common noise. The control in Huang
and Wang [26], by contrast, is still based on an observable common noise drives
the unobservable individual state. And their model can be solved by classical
Kalman filter as the evolution of the mean field process could be obtained easily.
In particular, to derive the evolution of the mean field process, they take expec-
tation on both sides conditional on the common noise to eliminate all negligible
individuals effects. If the control is adapted to both the filtration generated by
the common noise and the observable process, thanks to the tower property of
conditional expectation, the expectation of the control term conditional only on
the common noise could be greatly simplified. In our case, however, in which
the control process only depends on the observation but nothing more, the tower
property could not be applied and the mean field evolution is hardly obtained.
Our model brings in new mathematical challenges due to this implicit connection
between the filtrations generated by the common noise and that by the observable
process. Instead of finding the explicit evolution of the mean field process, we es-
tablish the existence of the equilibrium solution of the resulted forward backward
stochastic difference equation by an application of Schauder’s fixed point theorem.

Apart from the newly proposed mean field game, one may also be interested in
the mean field type stochastic control problem. While individuals have negligible
effect on the mean field term in mean field game, the mean field term is indeed
endogenous to the decision of the agent and is a functional of the density of the
agent’s state. To demonstrate the differences arising from the partial observation
feature, we also study mean field type stochastic control problems subject to only

the observable process. We anticipate that even under the same set of coefficients
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in the evolution and cost functional, due to the difference of the characters playing
in the mean field term, the very existence of the solutions of the mean field type
control problem and that of the mean field game control problem are not the
same.

We formulate the discrete time mean field partially observable systems subject
to a common noise in Section 4.1. Both the associated mean field game and mean
field type stochastic control problem are defined. We demonstrate the fundamen-
tal and structural differences of the mean field term between these two problems
due to the very definition: the mean field term is not affected by individual’s de-
cision in mean field game; while it is not the case in the corresponding mean field
type control problem. In Section 4.2, we first solve the mean field type stochas-
tic control problem, whose state is augmented with the mean field term, using
classical discrete time Kalman Filter with subtle modifications. We then decom-
pose the resulting forward backward stochastic difference equation into two parts.
The first system is decoupled whose unique existence is immediately guaranteed;
while the second part is a fully coupled forward backward system, in which the
solution of the backward equation can be written as an affine transformation of
the solution of the forward equation; and the unique existence of the second part
is therefore established by verifying with an Ansatz. For the mean field game,
we first solve for the individual optimal control in Section 4.3.1 by assuming the
existence of the mean field term. In Section 4.3.2, we seek for the equilibrium
solution by considering both the equilibrium condition and the optimal forward
backward system obtained in Section 4.3.1. Schauder’s fixed point is then utilized

to established the existence of the equilibrium forward backward system.

1.4 Hilbert Calculus and Mean Field Games

As shown in Chapter 2, using the tools in (stochastic) partial differential equa-

tion, the solution of a (stochastic) mean field game can be represented by a system
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of (Stochastic) Hamilton-Jacobi-Bellman Equation and Fokker Planck Equation.
The unique existence of a solution to this system is however difficult to be clarified
due to 1) The forward-backward nature of the system and 2) The infinite dimen-
sionality of PDE. This Chapter provides another direction of future researches
in probabilistic analysis of mean field games. We aim at establishing the gen-
eral unique and existence results of a system of a non-linear Forward Backward
Stochastic Differential Equation resulted from Mean Field Games, by interpreting
the McKean Vlasov type equation in an appropriate Hilbert space. The sufficient
condition we assumed is likely to be independent of the time horizon. The SHJB-
FP pair in Chapter 2 is connected to the FBSDE of McKean Vlasov through a
“Master Equation”, see [9], [17] and [18] for details.

10



Chapter 2

Mean Field Stackelberg (Games

with Heterogeneous Followers

In Section 2.1, we first formulate the Stackelberg game with finitely many players.
Each follower is subject to an identical delay impact from the leader. Interac-
tions between followers are explicitly given in this empirical system. Providing
the coefficients are sufficiently smooth, the empirical system would converge to
the mean field counterpart as the number of followers increases. In Section 2.2,
by applying the stochastic maximum principle, the necessary conditions for the
optimal control problems of the follower and leader are given in Theorem 2.2.1 and
2.2.2 respectively. The equilibrium solution of the Stackelberg game can then be
represented by a system of six forward-backward stochastic differential equations
(2.2.19) and (2.2.20). The results are then generalized to the case with multiple
classes of delays in Subsection 2.2.3. A comprehensive study of the case with
linear dynamics and quadratics costs is given in Section 2.3. We provide a set
of sufficient conditions, which is independent of time horizon, to guarantee the
unique existence of the Stackelberg equilibrium in Section 2.4. Several numerical

examples are demonstrated in Section 2.5.

11



2.1. Problem Setting

2.1 Problem Setting

Consider a complete probability space (2, F,P). We first consider a fixed delay
6 € (0,400) and a finite time horizon [—6,T]. We model a population consisting

of two types of individuals: a leader whose empirical dynamics are described by

N
dyo(t) = go(yo(t Z ))dt + oo (yo(t))dWo(t), t € (0,71,
= (2.1.1)
Yo(t) = &o(t), t€[-0,0];
and N followers whose empirical dynamics are given by
N
1 i
dyi (t) = g1 (v} (1), yolt — 6 NZ Sy VL (E)dE+ o (4} (D)W (D), ¢ € (0,T),
v1(0) = &,

(2.1.2)

where i € {1,2,..., N}. The (empirical) objective functional is defined as:

j() (Uo 5—E[f0 fo yo Z 5] 0<t))dt+h0(y()(T)7%Z§\;1 5y{(T))]v

under control vy(t). The corresponding (empirical) objective functional of the i-th

follower is given by
i T i
le, (Vl) = ]E[fg fl(yl(t)’ yO(t - ‘9)7 % Z;V 1 yj(t)a UO(t)>dt
(D), 9o(T = 0), £ 56|,

where
_ 1,2 N
Vi = (U17U17"'7U1 )

with its ¢-th component being the control taken by the i-th follower. The ini-
tial condition &, for the leader and the dy-dimensional Wiener process W, are

independent, and together they generate the filtration

F)=0(&(s N0),Wo(sV0):se[-0,t]), tec[-0,T)

12
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Similarly the initial random variables i-th (i € {1,2,..., N}) for the followers and
the d;-dimensional Wiener process W/ are independent, that together generate
the filtration

Fi' =&, Wis) : s € [0,1]).

We also assume that {&i}; (and {W}};) are identically and independently dis-
tributed among different followers. The filtrations generated by the leader F°
and any i-th follower F are also assumed to be independent.

Apart from the empirical system, we consider the analogical mean field system

for the leader and N followers, whose evolutions are respectively described by

dro(t) = golwo(t), m(t), vo(t))dt + oo(we(t))dWo(t),  t e (0,T],
l’o(t) = £O(t)a tG[—Q,O],

(2.1.3)

dzt(t) = gi(xi(t), zo(t — ), m(t),vi(t))dt + oy (x%(t))dWi(t), t e (0,T],

21(0) = &.
(2.1.4)

The cost functionals in the mean field system are given by:

Jolve) =B fi folwo(t), m(t), vo(t))dt + ho(zo(T), m(T))] .

and

Ti(w}) o= E[ 7 At (t), 2ot — 0).m{t), o{(0))dt + ha(a}(T). 2o(T — 0),m(T)|.
(2.1.5)

In the mean field system, m(t) is a probability density process on R™ which is
F? , adapted and to be determined. We now define our admissible set of controls

for the followers in the mean field formulation:

Definition 2.1.1. The control for the i-th follower, conditioning on F°,, is in
feedback form. That is vi(t) = Vi(2%(t),t) and V satisfies the following two con-

ditions

13
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1. Vi(,-) € L2([0,T], L2, (R™));

loc

2. Vi(-,t) is a F__, measurable random field on R™.

Without loss of generality, suppose that the first follower picks an arbitrary
admissible control v{ while other i-th followers adopt the same (functional form

described above) control u!.
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Let k € {0, 1}, before we move on, we first impose the following assumptions on

the coefficient functions:

1. gk, fr and hy are continuously differentiable in all Euclidean arguments with
bounded derivatives; oy is twice continuously differentiable with bounded

derivatives.

2. g is Lipschitz, uniformly on (z1,z¢, vp), in the measure argument with re-
spect to the 2"-Wasserstein metric. In particular, there exists L > 0 such

that

|g()<370, m, UO) - gO('r07 m/7 UO)’

+ g1 (21, 20, M, v0) — g1 (21, 20, M, 00)| < LWo(m,m').

Here,
1

Wamm') = (it [ e yParta)

vl (m,m’)

where I' is the collection of all measures with marginals m and m/'.
3. fi1, hy satisfy the locally Lipschitz property

|f1(x1,:c0,m,vl) - f1<1‘/1,$6,m/7’0/1)| + |h1(x1,x0,m) - hl(x/17x67m,)|
< L1+ Jaa| 4 [24] + |wo| + || + Wa(m, 0) + Wa(m/,0) + || + [v]]]

[lon = 2| + |20 — | + Wa(m, m') + [vr — vi]].
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2.1. Problem Setting

Under these regularity assumptions, if we choose m(t) to be the conditional prob-
ability density function of 33{ (j # 1), conditioning on F? ,, such that the empirical
system (yo, yi, {yi}:) converge to the mean field system (zo,x1, {x%};) in the sense

that

Esup,<7 [yo(t) — xo(t)]?

+E SUPi<r |y% (t) — x}(t)|2 + SUPjcra . N} ]ESUpth ’yi (t) — Ill (t)|2 = o(1),
(2.1.6)

see Appendix in Bensoussan, Chau and Yam [6]. We call the measure m the mean
field term and its thorough description will be given in later sections. Recall that
m(t) is a probability density on R™, we may write m(t) = m(xy,t) if necessary.

We also have the convergence for cost functionals:
| TN (vy) — Jiwh)| = o(1), where vq = (v}, u2,. .., ul).

Hence, by tackling the optimal control problem described by the mean field dy-
namics and objective functional (2.1.4,2.1.5), an e-Nash equilibrium for the em-

pirical system can be obtained:

Theorem 2.1.2. Suppose that vi = (vi,u?, ... ul). Then uy = (ul,u?, ... ud)

is an e-Nash equilibrium for the empirical system, where u} is optimal in the

stochastic control problem given by (2.1.4,2.1.5). In particular, we have
TN (ay) < TV (vy) +0(1). (2.1.7)

Remark 2.1.3. In some mean field game literatures, one would directly consider
the limiting case with infinitely many players and no index i is involved in the evo-
lutions and cost functionals. As in Bensoussan [5], we here keep the indexes and
consider the finite N -player counterpart in order to obtain the rate of convergence.

In particular, if the second assumption is relaxed:
|90(z0, M, v0) — go(zo, M, Vo)

-+ |91(1’1, Zo, M, UO) - gl(xla Zo, m/7 ’UO)’ S / $2m($)d$,
R™1

15



2.1. Problem Setting

then we would obtain the respective rate of convergence in (2.1.6) and (2.1.7):

ESUPth |?J0(t) - m0(75)|2
+Esup,r [y () — 21 (t)]* 4+ supicqo, . ny Esup,r [y (t) — 21 ()]* = O(5),

,,,,,

and
1
VN

Nonetheless, the evolution (2.1.4) and cost functional (2.1.5) of the i-th follower

TNV (uy) < TV (vy) + O(—=). (2.1.9)

are in fact symmetric and independent of the index i. We shall call the i-th
follower the representative follower and for simplicity, we skip the index i if no

ambiguity is caused. For details, please refer to Section 2 in [5].

To motivate more results in the later development, we also need the following

additional assumptions:

4. g;, f; and h; are Gateaux differentiable in the density argument. In partic-
ular, given m € L?(R™), m — f(m) is said to be Gateaux differentiable if
there uniquely exists g—i(m)(x) € L*(R™) such that

e —fo) _ [ of

li
1m om

e—0 €

(m)(z)m(x)dr,
for any m € L?(R"). We call %(m) as the Gateaux derivative.

Example 2.1.4. Let G(m) = [ g(z)m(x)dz, where g € L*(R"). We have

lim Gim +em) = G(m) = /g(x)m(a:)da:,

e—0 €

and hence g is the Gateaur derivative of G.
5. o; is uniformly elliptic.
Define the Lagrangian

Ll(l’l,ﬂ?o,mﬂha >\) = fl(xl, Lo, M, Ul) + A 91(371, Zo, m,’Ul), (2-1-10)

16



2.2. General Setting

and the Hamiltonian
Hi(x1,x0,m, A) := inf Ly(xq, g, m, vy, ).
V1

We assume that the infimum is uniquely attained at u(x1,xg, m, A). Also define

the second order operator

Ap(w) = —4tr|(107) (2) D (w)

and its adjoint is denoted by A*.

2.2 General Setting

2.2.1 Optimal Control for the Follower

In canonical mean field games without common noise (see Bensoussan et al. [10]),
the mean field term is simply the law (or probability measure) of individual’s
state, which is deterministic. If one introduce an additional common noise to
the population, then the mean field term is no longer deterministic. To be precise,
as in the recent work by Pham et al. [41], the mean field term becomes the law of
individual’s state conditional on the filtration generated by the common
noise, which is a random process.

In the present setting with the presence of a leader, the mean field term is
the law of individual’s state conditional on the leader (the filtration generated
by the Brownian noise which drives the evolution of the leader, to be precise).
That is, the mean field term itself is random and depends on the leader. To be
precise, let p"'(z1,t) be the probability density function of x;(t) with control vy,

conditioning on F} ,. Clearly, p"* satisfies the Fokker Planck equation:
Op”t (1, 1)
(A (e, )+ div (g3 (1, 20 (t = 0), (), 3 (0, 6))p" (21,1)) )t = 0,
P (21,0) = w(a1);

(2.2.11)
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2.2. General Setting

where w is the density function of the initial random variable & of the fol-
lower. Note that the coefficients in (2.2.11) depends upon zy(t — 0) and m(t),
which are both F? , measurable. With our regularity assumptions on the co-
efficients, the Fokker Planck equation (2.2.11) admits a unique solution p"' €
L>([0,T], L*(R™)) providing w(z) € L* N L*(R™). See Le Bris and Lions [12]

for details.

Proposition 2.2.1 (Necessary Condition for Follower). Given xo and m as ex-
ogenous process, which are adapted to F° and F°_, respectively. The control for the
representative follower is optimal only if vy (t) = uy(x1(t), xo(t—0), m(t), DY (x1(t), 1)),
where uy is the unique minimizer of the Lagrangian (2.1.10); 1 satisfies the

Stochastic Hamilton Jacobi Bellman (SHJB) equation (see Peng [40] for details):

_Onb(an,t) = (Hl(xl,xo(t —9),m(t), Dv(1, 1)) — A¢(x1,t)>dt
— Ky (w1, t)dWo(t - 0),
¢($1,T) = hl(,fl, Io(T — 9),m(T))
(2.2.12)

Proof. Suppose that 1 solves for the backward stochastic partial differential equa-
tion (BSPDE):

—Oab(x1,t) = (Ll(ml,:vg(t —9),m(t), v (x1, 1), Di(a1, 1)) — Aw(:pl,t)>dt
— Ky (w1, t)dWo(t - 0),
Y(x1,T) = hy(wr,20(T — 0),m(T));

Recall that zo(- — ) and m(-) are F°, measurable, we then have the expression
Bw) = B[ [TEP i (0) wolt - 0), m(t), vy (e (1), )
FEZH -0k (1 (T), 20(T — 6), m(T)) |

= E[foT S Jr(@1, zo(t — 0),m(t), vy (w1, t))p” (@1, t)dwy dt
F fony B0, 20(T — ), m(T))p* (x4, T)dxl} .

18



2.2. General Setting

Let € € R, v; be an arbitrary admissible control, where clearly v + €v stays in the

admissible set. Consider the first order condition

0 = % o J1(v1 + €vr)
= E [ fOT fR"l [fl,vl ($17 (L’O(t - 9)? m(t), U1 (xb t))@l (xla t)pvl (Ila t)
+fi(z1, 2ot — 0),m(t), vi(x1,t))p(z1,t)|dz1 dt

+ Jins Ml 2o(T = 0), m(T))p(es, T)d .

(2.2.13)

d

where p = 2| _ p" ™, satisfies

Oz, 1) + (A*ﬁ(a:l, £) + div (gl,vl (1, 2ot — 0), m(t), v1 (21, 8))n (1, )p* (1, t)>
—i—div(gl(xl, o(t — ), m(t), v (21, 1)1, t)))dt _0,
]5(1:1, 0) = 0.

We thus have

dem p(xy, ) (2, t)dry
S [ Filas, zo(t — 8), m(t), v1(z1, 1))
+D(21,t) - gr (1, 2o(t — 0), m(t), vy (21, 1)) — A (a1, t)}
- [«4*15(9617 t) +div (gl,qu (1, mo(t — 0), m(t), vy (21, 1))y (21, t)p* (21, t))
div (g1 1. 20(t = 0),m(0) va (1), 1)) [, 1)

+{... }dWy(t — 0).
(2.2.14)

We take integration over [0,7] and then expectation on both sides of (2.2.14). A

further application of integration by parts yields
E| fie, ha(1,20(T = 0), m(T))p(z1, T)dey
I S Srlwns ot = 0),m(0), vi (o1, ), da e
E| fy fiws 9ron (@1, zolt = 6).m(t), vi (01,05 (w1, " (w1,8) - D, )]

Together with the first order condition (2.2.13), we have

=E[ J} fun [ fron (1 20(t = 6).m(t), n(0,)
YD1, t) - 1oy (21, 20t — 0),m(t), 01 (21, t))] (e, Opt (2, t)dxldt] .
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2.2. General Setting

Since p*! is a probability density and hence always non-negative, and v is arbi-

trary, we have the necessary condition for the optimal control

fl,vl (xlv (EO(t - 0)7 m(t)7 Ul(xh t))
+ D(x1,t) - g1, (21, 2o(t — 0), m(t),v1(z1,t)) =0, a.e.(w,z1,1);
(w, z1,t)-almost everywhere on the support of p”*. To obtain the necessary con-

dition for the optimality, we choose v; to be the minimizer of the Lagrangian and

hence we obtain the SHIB (2.2.12) from (2.2.1). O

To obtain the equilibrium condition, i.e. the mean field term and the proba-
bility density function of z; conditioning on Fy , coincides, we have the following
coupled SHIJB-FP equations

;

oym(z1,t) = ( — Am(ay,t) — div (G1<x1, ot — 0), m(t), Dy (a1, t))m(z1, t)))dt,
m(x1,0) = w(x);
$ 0w, t) = (Hl(xl, ot — 0),m(t), Dy (x1, 1)) — Av(z, t))dt

- Kw(l’l, t)de(t - 0),

1/1(1’1, T) = h1<l’1, .CL’Q(T — 9), m(T)),

\

where
G1(z1, 2o(t—0), m(t), DY(x1,t)) = g1(x1, 2o(t—0), m(t), us (x1, 2o (t—0), m(t), D(x1,1t))).

Apparently, the backward equation in (2.2.1) is not classical SHJB as considered
in Peng [40] as it involves the delay z((t — 6), which might make K ill-posed as
we are working on the delayed filtration. That is not the case, as the whole system
(m, ) are F° , adapted and the time argument ¢ inside are just served as indexes.
Indeed, one can define and solve (m*(x1,t), ¥*(x1,t)) := (m(z1,t+6), (1, t+0)),

where the illusion of delays are eliminated in the new system.
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2.2. General Setting

2.2.2 Optimal Control for the Leader

We next proceed to solve the control problem for the leader. Since the mean
field term is endogenous to the leader, he should consider the interaction with
(m, 1) when making decision (control). We may write the three state processes
(xo, m, 1) = (25°, m™, ") to indicate the direct influence of vy. When we apply
the stochastic maximum principle to obtain the necessary condition for the leader’s
optimal control, we expect that there would be three adjoint equations as outlined

in the next theorem. We again define the Lagrangian
Lo(zo, m, v, A) = fo(zo, m,v0) + A+ go(x0, m, vp)
and the Hamiltonian
Ho(xg,m, \) = ig)f Lo(zo,m, vg, A).
We also assume that the infimum is uniquely attained at ug(xg, m, \).

Proposition 2.2.2 (Necessary Condition of Leader). The control for the leader
is optimal only if vo(t) = uo(xo(t), m(t),p(t)), where p satisfies

—dp(t) = Hy mo(xo(t) m(t), p(t))dt
—ZKZ AWt +Zaom K'(t)dt,t € (T - 6,T);

—dp(t) = <Ho,gc0 (o(t), m(t),p(t))

+ D((1,t + 0)G1zo (w1, 20(8), m(t + 0), Dp(1, L + 0))m(21,t + 0)dy

R™

+/n N(r, £ O)Hy sy (o0, (1), m(t +6), Db, 1+ 0))d )

—ZKl YWt +Zao,m Kl(t)dt,t € (0,T —9);

T) = Ry (ao(T), m(T));
AT =0) = (T =0)) = [ n(or, s ir,ao(T = 0), (7))

(2.2.15)
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2.2. General Setting

0, 1) = (= A, 1) + B0 20 g (0), mit) p(e)) ()
+ D((x1,t)G1 (21, 20(t — 0), m(t), Dp(z1,1))

[ pete I e wult — 0),mle), D, ) e )mie, 1)de

R™1

*/Rl US t>aH1<£ 7ot — 0), m(t), DY(E, 1) (w1)dg ) dt
— Ke(z, t)dWy(t — 0),

]:O (9h0
Glon, ) = B0 (ao(D) (D)) + [ e, D)

R™1

Ohy

(f zo(T — 0),m(T))(x1)dE.
(2.2.16)

dm(w1,t) = ( — A, t) — div(n(xl, ) Hy A(21, 2ot — 0), m(t), Dy (21, 1))
+ G, ot — 0), m(t), D(ar, £))DC (21, t)ymlan, t)))dt,
n(x1,0) = 0.
(2.2.17)

Proof. Let p satisfies the backward stochastic differential equation (with jump at
t=T-0)

~dp(t) = (fowo(@0(8), m(1), v0(t)) + Gora (w0 (£), m(1), volE) (1) )
124 K (DAW() + Y212, ot (o (0) K (1), te(T—0,T);
—dp(t) = (oo (w0(8), m(t), v0(8)) + o (w0 (), m(t), volt) p(t)t
+ Jam DC(1,t 4 0)Gy gy (21, 20(t), m(t 4 0), Dyp(x1,t + 0))m(21,t + 0)dx,
+ [y @1, t 4 0)H gy (1, 2o(t), m(t + 0), Dby, £ + 9))dx1>dt

2y K OAWE () + 3200 ot (2o(t) K (1)t te (0,7 —0);
p(T) = ho xo(Io(T) m(T));
p(T—0) = p((T — S 1(@1, Ty zo (21, 20 (T — 0), m(T) )da;.

Here ¢ and 7 are defined as in (2.2.16) and (2.2.17). We again consider the first
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2.2. General Setting

order condition
0 = ‘ -0 J (UQ + 6170)
10 Lfonalolt), m(t), vo(8)0()
t), vg
o(t

= E
OmEndE

+fR”1 oh {L‘()(t) m( (
oo (£)]dt

+ oo (2o(t), m(t), v
)

where 7o = - o
dio(t) = (o0 (wo(t), m(t), vo(t)) ()
(30 (¢), m(t), vo(£)) (E)(€, 1)

+ Jem 5o (@o(®),
90,00 (@0(£), (1), 0o (1)) o (2) ) dt
+Ez 1 00, (%0 (1)) 0 (1) AW (£),
Fo(t) = 0, te[-6,0]
dinfert) = (= A'i(as,t)
=i (G 1, w0 (t = 0), m(2), D1, £))Fo ¢ — 6)
(21, zo(t = 0), m(t), DY (21, £))(§) (&, 1)dE

Lo 5
#Gralansolt = 0 m(0, D O)DYCes, Ol (e1,1))

—div(Gl(xl,xo(t—Q) m(t), Dy (a1, t))iin (1, t)))dt

m(z,0) = 0.
0, t) = (Hiwo(w1, mo(t = 0),m(8), D, 1) Fo(t — 0)
+ fam G (w1, 20(t — 0), m(t), D (1, 1)) ()m(€, 1)dE
+Hyx (w1, 20(t — 0), m(t), Di(z1, 1)) Dip (a1, 1)
—A@E(xl,t)>dt— (@, AWy (t — 6),
(a1, T) = higy(21,20(T = 0),m(T))Zo(T — 0)
m(T))(§)m(&, T)d¢.

+fR"1 oh 1 1'1 ZL‘()(T 0)
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2.2. General Setting

Applying It6’s formula, we have the inner products

([<> o(T)] - [<T 0)30(T — 0)]) + (Elp((T — 0)-)30(T - 6) - 0])
= E| g pl0) oo G o(t). m(0) vo(t) (€)m(E. 1)ddl
+E| Jy P90 (wolt > m<t> (1)) o(t)
~E| Jy foun (@olt),m(t), vo(t))Fo(t)dt|
—E fOT ? fons DE(1, 4 0) Gy g (1, 20t ),m(t+9),D¢(a:1,t+9))m(x1,t+9)da;1:io(t)dt]
B[ 3 o nlrt 4 0)Hi g (21, 2olt), m{t + 0), Dib(, ¢+ 0))daro(t)at.

E| fin, (a1, Ty, T)das |

= [fo me D((21,t)G1 gy (21, 20(t — 0), m(t), Dp(x1,1))To(t — O)m (24, )dxldt]
+E fo S DC (1, 8)Gr A (1, ot — 0), m(t), D (w1, 1)) Dy, t)m (xl,t)dxldt}

S5 fen S o(t), m(e) vo(0) 2 (ar, )|

By Jan F2(@o(8), m(t), vo(0)) (@1 )in(w, o ip(t)dt

B[S fan (Soa m(6 0% (€, 0(t = 0),m(1). Db(E,0) (1) )i st

“E| [y 01, )i (w1, T)das |

- E| fo Jims 11, Hy ey (1, 30 (8 = 0),m(2), D1, )0 (t — 0)dard]

FE| g S 1(@0,8) (fyrs 2 (@0, molt = 0), (1), Dib(y, ) (E)ri(€, )€ ) drr |
—E_fo Jam Gia(zy, zo(t — 0),mi(t ),D@D(ml,t))DC(ml,t)m(xl,t)Dg/NJ(xl,t)dxldt}.

Summing three equations and putting the terminal conditions, we have

E[ho,0o (0(T), m(T))0(T)]
+E[ [on, 1(2, T) 1 2o (21, 20(T — 0), m(T))da1Zo(T — 0)]
E[ fy B0 (52 (o(T), m(T)) (1)
+ fin (& T) 3, 20(T = ), m(T)) ()€ ) (1, T |
[ fin, 121, T) (B 21, 20(T = 6), m(T)) (T — )
o+ fin @1, 0(T = 0),m(T))(€)7i(E, T)dE ) dar|
B[ Jy fron G2 (0t), m(t). vo(H) ()i, dad]
|

B[y p(E) g0 0(8), m(8), 00 (D)o (t)ct] — B[ ' fona wo(t), mt), vo())Fo()dt].
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2.2. General Setting

Or we can rearrange and cancel the terms to obtain
E[ho.zq (20(T'), m(T))Zo(T)] +E[ gon g (@o(T), m(T)) (1), T)das
R[S fa B2 o(t), ml0), vo(0) ea )i, )]
+1E[ T fom xo(t),m(t),vo(t))gzo(t)dt}
= B[ LT 00000 (o(1), m(0), v (1)) 0 (1)t

Combining with the first order condition (2.2.18), we finally obtain

[fo (fovo zo(t m(t)avo(t))+p(t)go,vo(930(t),m(t),vo(t))>z70(t)dt].

Since vg is arbitrary, we have the necessary condition for the optimal control

Jowo(xo(t), m(t), vo(t)) + p(£) - Gowo (x0(t), m(t), 00(t) = 0 a.s.
We choose vy to be the minimizer of the Lagrangian and we obtain (2.2.15). O

Let Go(xo(t), m(t),p(t)) = go(zo(t), m(t), uo(xo(t),m(t), p(t))). The full set of
solutions is represented by the system of six equations:

(

dro(t) = Golwo(t), m(t), p(t))dt + ao(wo(t))dWo(t),
zo(t) = &(t), te[-0,0];
Bym(x1,t) = (—A*m(xl,t)—div(Gl(xl,a:o(t—0),m(t),D¢(m1,t))m(x1,t)))dt,
)
)
T)

=)

= w(1);
- (Hlm, 2ot — 0),m(t), Dy (x1, 1)) — Av(z1, t))dt — Ky(x1, t)dWo(t — 0)
= hi(z1,20(T — 6),m(T)).

(xh
_atw(xb t

(xla

(2.2.19)
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2.2. General Setting

C(mla T)
atn<x17 t)

n(xho)

Hoay(o(t),m(t), p(t))dt
— S, KL(OAW(E) + S0, b, (w0(t)) KL () dt, te(T-0,T)
(Hou(ot), m(), (1))
+ Jom D1, 1+ 0)G g (21, 20(t), m(t + 0), Dip(x1, t + 0))m (w1, t + 0)day
o S (@1 O H gy (1, 20(8), m(E + 0), Dib(y, £+ 0))day )
= S KL AWH(E) + Y050, ok, (wo(t) KL (1)t te (0,7 - 0):
oo (20(T), m<T>>;
p((T — 0)— fRnl (@1, Tz (1, xo(T — 0), m(T))dx;.
(- A¢(an, > + BP0 8 (g (1), m(), p(t)) (1)
+D (@1, 0)Gi (@1, wo(t — 0), m(t), D (a1, 1))
+ frams DEE LG (€, w0t — 0), m(t), DY(E, 1)) (@1)m(E, t)de
S &V ULE ot — 0),m(£), D(E, ) (1) ) e
—Ke(xy, ) dWo(t — 6),
E77-0 810 (a0 (1), m(T)) (1) + [y 1(E TYGL(E, 20(T — 0), m(T))(1)dE.
(= Ao, 1) = div (e, ) Hys(wr, w0(t = 0),m(t), D (an, 1)
FG1A (1, 2o(t = 0),m(t), Dib(y, 1))DE(wy, Hym(as, 1) ) ),

0.
(2.2.20)

The unique existence of the system of SPDEs and SDEs (2.2.19,2.2.20) is difficult

to clarify and remains an open problem to literature. Apart from the partial

differential equation approach introduced in this chapter, a pure probabilistic

framework is recently gaining its popularity and we will discuss some results in

this direction in Chapter 5. Besides, we will apply the obtained results in the

PDE framework under a linear quadratic setting in Section 2.3. The existence for

the corresponding system is provided in Section 2.4.
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2.2. General Setting

2.2.3 Multiple Classes

Consider now 6 is discretely distributed in {a = 6, < 05 < --- < 6, = b} with
probability distribution {p', p?,...,p"}. Applying Proposition 2.2.1 analogically,
we have the necessary condition for the optimal control for the representative

follower with delay 6:

Proposition 2.2.3 (Necessary Condition). Consider xq and m as exogenous,
the control for the representative follower with delay & is optimal only if vi(t) =
uk 2k (t), wo(t —01), m(t), DYF(ak(t),t)), where i satisfies the Stochastic Hamilton

Jacobi Bellman equation:

O (1) = (H1<x1, o(t — 1), m(t), DvF (a1, 1)) — APk (a, t))dt
— Ky (21, t)dWo(t — a);
z/Jk(azl,T) = hi(z,20(T = 0;), m(T)).

We can write down the FP equation for the follower with delay dy:

Ot (a,t) = (= Ay, 1) — div(Gi(an, wo(t = B1), m(t), DY (e, ))m* (z1,1)) ) dt,
mF(x1,0) = w(r).

The fixed point problem for the equilibrium condition is now m = Y7_, p*m*

(see Bensoussan et al. [5]), or we can write the pair

(

Oy (1, 1) = ( — ArmE(zy, t)
_ diV(Gl(wl, xo(t — Qk)’ Zpkmk(t), D¢k(x1, t))mk(:m, t)))dt,
m*(z1,0) = w(z1);

O (@, t) = (Hi (o, 2o(t = 03), S pFmt (1), Du*(an,0)) — AV (a1, 1) ) de
k=1

— Kwk (.1'1, t)de(t — G),

(a1, T) = by (21, 20(T = 0i), Y p*m*(T).

\
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2.2. General Setting

Similar to the proof of Proposition 2.2.2, we now state the main results in this

section:

Proposition 2.2.4 (Necessary Condition of Leader). The control for the leader
is optimal only if vo(t) = ug(xo(t), m(t),p(t)), where p satisfies
—dp(t) = Hoa, (ﬂﬁo(t) m(t), p(t))dt
= S KO AW (1) + 212, 0ty (20(8) K (1)dt, ¢ € (T = a,T);
—dp(t) = (Hoay(zolt), m(2), p(1))
+ > r 1 P00, () [gn, DCF (21, t + Oy)-
G1 o (1, 2o(t), m(t + 0k), DY*(z1,t + Or))mF (x1,t + Ox)day
+ 2 1 P o0, (1) fgny 0 (@15t + )
Hy gy (1, 30(), m(t + 03), Db 1, + 05) )y )
= 0 Ky (OAW(t) + 338 o, (wo() K (B)dt, £ € (0,7 — a);
P(T) = hoa(2o(T), m(T));
p(T = 0r) =p((T —6k)—)
=" Jom 07 (@1, T)ha g (1, 20(T — i), m(T))dzy, k=1,...,m

0K, t) = (= ACH(ar, 0) + EFEe B (o 1), m(t), p()) (1)
+DCF (21, )G (21, 20(t — O1), m(t), DY*(z1, 1))
+ 30 P Tor—a,(t)-
Jam DE(E D) GA(E xo(t — 05),m(t), DY (€, 1)) (wr)mI (€, 1)dE
+ 2 Plor—a;)(t):
S W€ B €, wo(t = 05), m(t), DY (&, ) (1)d€ )
— K (21, 1)dWo(t — a),
(a1, T) = E7P e 29 (g (T), m(T) ) (1)
200 Jp W6 T)FE(E, mo(T — 6;), m(T)) (1) dE.
O (x1,t) = ( — A (e, t) — div <17k(x1, 1) Hy (21, 20(t — 0,), m(t), DYF (21, 1))
FGoa(@, 2ot — 0y), m(t), DYF (w1, £))DC* (21, t)m(ay, t)))dt,
n*(z1,0) =0.
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2.8. Linear Quadratic Case

2.3 Linear Quadratic Case

In this section we derive the solution for the linear quadratic problem from the

six equations in (2.2.19) and (2.2.20) directly. Let

= Agwo + By [ Em(§)dE + Cowy;
= 0p;

= Az + By [ E€m(§)dE + Crvy + Dixo;

20 — Eo [ Em(§)dE — Golg, + v5Rovol;

21 — By [ Em(§)dE — Fizo — Gulg, + vi Ryl
|20 — Eo [ €m(€)d€ — Go%o]

|21 — By [ &m(§)dE — Fiag — G, %1]

q
=
—~
2
S~— S~— N~— SN— S~— S~— SN— S~—
I
q
=

[
[
[
[

NI N N—= N

2.3.1 Optimal Control for the Follower

For simplicity, we may write z = [ &m(§)d€. We can write down the Lagrangian

for the representative follower

Ll(ZEhl’o,m,Ul,/\) = %|ZE1 - Elz - Fll'o - Gl‘él

—l—/\ . (A1$1 + Blz + Dll‘o) + %UTRl’Ul + - 011)1.
and the Hamiltonian

Hl(l'l, Lo, M, )\) = %|LIZ‘1 — Elz — le() - Gl’le + A (All’l + B12 + Dll‘o)
—INCIRTICEA

in which the minimum is evaluated at
u; = —RTOE.

Let P(t), B(t), a(t), Ks(t) and K,(t) be F, adapted, and P(t) € R™ x R™ is
a symmetric matrix for all ¢t € [0,7]. We give the Ansatz that

Y(xy,t) = 31 P(t)xy + 55 (t)z + ot)
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2.8. Linear Quadratic Case

and

Kw(l’l,t) = Kg(t)lj + Ka(t).

We then have Di(zy,t) = P(t)z; + B(t) and D*(xy,t) = P(t), and hence the

optimal control for the representative follower is

ui(t) = =Ry CH(P(H)a(t) + B(1)).
Then the coupled SHIB-FP becomes

(omiert) = (= A'm(as,t) = div[(Awe) + Biz(t) — R CH(P (8 + B(1))
+Dizolt = 0))m(x1, )] ) dt,

m(z1,0) = w(z1);

[ —ow(@nt) = [Her— Bis(t) = Fiao(t - 0) = Gif3,

+(P(t)r1 + B(t))* (Arwy + Brz(t) + Dixo(t — 0))

, —1(P(t)z1 + B(t))*CLR{ ' Cy (P(t)z1 + B(t)) + Str[oo*P(t)]| dt
—(Kp(t)z1 + Ka(t))dWo(t — 0);

W(a1,T) = Loy — Biz(T) — Fuao(T — 0) — Gu% .

Recall that 9, (z1,t) = L23(dP(t))z1 + dB*(t)z1 + do(t). Comparing coeffi-

cients yields

—dP(t) = (Q+ P(t)A; + AP(t) — P(t)CLR'CrP(t))dt,

P(T) = Q.

_dB(t) = [ — Qu(Er2(t) + Fyao(t — 0) + Gy)
+P(t)(B12(t) + Dixo(t — 0)) + AjB()
—P)CL Ry CEB(t) | dt — Ka(t)dWo(t — 6)
= [(41 = POCIR'CB() + (P(H)B1 — QuEy)=(1)
H(P()Dy — Qi Fy)ao(t — 0) — QlGl] dt — K5(t)dWy(t — 0),
B(T) = —Qi(Ez(T) + Frao(T — 0) — Gy).
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2.8. Linear Quadratic Case

—da(t) = |3|E12(t) + Fixo(t — 0) + G1,
+0%(t)(B12(t) + Dyzo(t — 0))
—1B*(t)CL Ry CB(t) + Ltrfoo™ P(t)] | dt — Ko (t)dWo(t — ),
o(T) = 3|Eiz(t) + Fiao(t — 0) + Gy
On the other hand, we have

|2,
Q1°

dz(t) = d [gu, zim(2y,t)de;
= Jom xl( — A*m(xq,t)
—div[(Aiz1 + Biz(t) — Ci Ry ' Cy (P(t)x1 + B(t)) + Dixo(t — 0))m(x1, t)})d:cldt
= (A1 + Bi = CiR{'CiP(1)2(t) — C1RTCYB(t) + Diao(t — 0))dt;
20) = Elg].
Observe that P satisfies a symmetric Riccati equation which guarantees a solution
on [0,77; on the other hand, the BSDE « always admits a solution once we solve
for z and 8. Hence the solvability of the mean field equilibrium, that is the coupled
SHJB-FP, reduce to the solvability of the following FBSDE:

dz(t) = ((A1+ By — C1R'CiP(1)z(t) — Ch R CrB(t) + Dizo(t — 0))dt;
2(0) = E[&].

—dB(t) = [(A1 = CiRTICIP(1)"B(t) + (P(t)Br — Q1 E1)z(t)
+(P<t>D1 — QlFl)l’g(t - 9) - QlGl dt — Kﬁ(t>dW0(t - 6),
B(T) = —Q1(E12(T) + Fiag(T — 0) — Gy).

(2.3.21)

2.3.2 Optimal Control for the Leader

In this subsection we investigate the six equations (2.2.19,2.2.20) derived in the

optimal control problem for the leader. Again we can write down the Lagrangian
Lo([[’o,m, Vo, )\) = %‘l‘o — EoZ — GOPQO + A (Ao.’L'o + BoZ) + %USRQUQ -+ A Covo.

Similarly, the Hamiltonian is given by
Ho(.iEo, m, )\) = %’270 - EQZ - GOPQO + A (ong + BQZ) - %)\*CORo_l(?S/\
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2.8. Linear Quadratic Case

in which the minimum point if evaluated at
uy = —Ry'Cy .
Similarly, for some F , adapted ¢, v, K, and K., we give the Ansatz:
C(@1,t) = q"()m1 + (1) (2.3.22)

and

Ke(r1,t) = Ky(t)z + K, (1)

Clearly we have D¢(x1,t) = q(t) and D*((z1,t) = 0. We write r(t) = [pn, z17(21, t)dx;.

To compute the Gateaux derivative, for example, 9L (21, 2o(t—0), m(t), Dy (x1,1))(+),

> Om
we first have
Gl(mlal'O(t - 9)7m(t):pw(331,t))
= All‘l + Bl fR"l §m(§,t)d£ - C’lRflel)w(xl,t) + Dlxo(t - 8)

Hence
G1(-,m(t)+em(t), )—G1(-,m(t),)

hme—)()

= fR”l (Blg) (m(éa t))dfa
in which we have %91 (zy, 2(t — 0), m(t), D(x1,t))(€) = Bi1€. Other derivatives

om

can be obtained by similar arguments. The six equations (2.2.19), (2.2.20) become

(

dzo(t) = (Aozo(t) + Boz(t) — CoRy ' Cip(t))dt + aodWy(t),
zo(t) = &(t), te[-0,0];
omiart) = (= A'm(as,t) = div[( Ay + Biz(t) =GR CH(P(t)ay + B(D))
+Dyao(t — 0))m(z, t)])dt,
m(z1,0) = w(z);
—Ow(e ) = [Sler— Biz(t) — Fuao(t — ) - Gil3,
H(P(t)z + 1)) (Avwy + Byz(t) + Dyao(t — 0))
—L(P(t)z1 + B(t))*C1RT'CT(P(t)z1 + B(1)) + tr[oo*P(t)] |dt
—(Ks(t)z1 + Ka(t))dWo(t — 0);
Yo, T) = 3llar — Brz(T) — Fuao(T — 6) — G ).

(2.3.23)
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2.8. Linear Quadratic Case

C(xla T)

atn(xh t)

n(xbo)

\

(Asp(t) + Qolwo(t) = Eoz(t) = Go) )dt — Ky (H)dWo(t), ¢ € (T —6,T);
(Atp(t) + Qolwolt) — Eox(t) — Go)
+ Jom Diq(t + 0)m(z1,t + 0)day
+ Jam n(@1, 6+ 0)[—(Q1F1)* (w1 — Er2(t + 0) — Fyao(t) — Gy)
+DH(P(t+ 0)zy + B(t+ 6))]dx1)dt — K, (4)dWo(t),
te (0, T —06);
Qo(wo(T) = Eoz(T) — Gy);
PUT = 0)=) + Jgu, n(x1, T)(Q1F1) (21 — Er2(T) — Frao(T — 0) — Gy)]day.
(Efg’g[—(xo(t) — Eyz(t) — Go)*(QoEo)x1 + p*(t) Bow1]
+q* (1) [Arzy + Bz(t) — CLR{ICH(P(t)xy + B(t)) + Dyxo(t — 6)]
+ Jgni @ (t) Byzym(&, t)dé
+ Jam 10— (€ — Er2(t) — Fiao(t — 0) — G1)* (Q1Fy)wy
H(P(DE + B(8)) ByanJd ) de
—(Kq ()1 + K4 (1)) dWo(t — ),
EF%‘(’[—(%(T) — Eoz(T) — Go)*(QoEo):]
+ Jam 1€ D)[=(C = Er2(T) — Fuao(T — 0) — G1)*(Q1E1)z1]dE.
( — A*n(xq,t)
—div (w1, Az, + Biz(t) = CLRT'Ci(P()ay + B(1)) + Dyo(t — 0)]
—C R Crq(t)m(ay, t)>>dt,

= 0.

(2.3.24)

From (2.3.22), we have 0,((z1,t) = dg*(t)zy + (dvy(t)); while [g., n(z1,t)dz; = 0.

Comparing coefficients yields

dg(t) = ((Ar+ Bi = CLR;\CiP()q(t) + BIE™-p(t) + (P(t) B — QuE1)'r(1)

—(QoBo)* (BT -0x0(t) — Eox(t) — GO))dt — K, (t)dW,(t — ),

qT) = _(QDEO)*(E}—%_MZO(T) - EOZ(T) - Go) - (Q1E1)*7’(T)-
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2.8. Linear Quadratic Case

dy(t) = q(t)*[Biz(t) — CLR{'C;B(t) + Dyxo(t — 0)]dt — Z.,(t)dWo(t — ),
1T) = 0
On the other hand, we have

dr(t) = [eu ©1(Om(a1,t))day
= Jom w1 (= A, t) = div(n(e, DAy + Bi2() - G CH(P () + B(1)
Dyt — 0)] — CLRTICrq(t)m(xy, t)))dxldt
= (A = CiR{'CTP())r(t) — CiRy ' Ciq(t),
r(0) = 0.
Note that the BSDE ~ always admits a solution once we can solve for ¢, z, 8

and zo. Hence, under the LQ setting, the solvability of the original six equations

(2.3.23,2.3.24) reduced to the solvability of the following FBSDEs:

dl‘o(t = (AOZE()(t) + B()Z(t) - C’ORalc(}“p(t))dt + O'(]dW()(t),
{L‘o(t = gO(t)v le [—0, 0]7
dz(t

= E[&].
= (A1 = CLRT'CTP())*B(t) + (P(t) By — Qi Eq)2(t)

H(P(#)Dy — Qi ot — 6) — Q1L dt — Ko(£)dWo(t — 0),
BT) = —QuEz(T) + Fuao(T — 0) — Gh).

)
)
) = ((A;+ By — CiR'CiP())2(t) — CLRy*C#B(t) + Dyxg(t — 0))dt;
)
)

(2.3.25)
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2.4. Sufficient Condition for Unique Existence

—dp(t) = (Aip(t) + Qolwo(t) — Eoz(t) — Go) )t
K, ()dWo(1), te(T—6,T);
—dp(t) = (Az;p< ) + Qolo(t) = Boz(t) — Go)
+Diq(t+0) + (P(t+0)Dy = QiR )r(t +6) ) di
— K, (1) AW, (1), t€ (0,7 - 0);
p(T) = Qo(zo(T) — Eoz(T) — Go);
p(T=0) = p((T = 0)-)+ (QF1)r(T).
—~dq(t) = ((Ai+ Bi— CiR{'CIP(1)"a(t) + BiEop(t)
+(P(t)Br — QuEv)r(t)
—(QoEo)* (BT -0 (t) — Eoz(t) — G0)>dt — Ko (t)dWo(t — 0),

o(T) = —(QoEo)"(E7P-0o(T) — Eoz(T) — Go) — (Q1E1)*r(T).
dr(t) = ((A; — CLR{'CEP(t))r(t) — CLRy ' Ciq(t))dt,
\ r(0) = 0.
(2.3.26)

2.4 Sufficient Condition for Unique Existence

In this section we demonstrate the sufficient condition which guarantees the exis-
tence of a unique solution to the forward backward stochastic differential equation
(2.3.25), (2.3.26). We first show the following lemma regarding the solvability of
system (2.3.21):

Lemma 2.4.1. Let xq be a given square integrable F° adapted process. Suppose

that the following conditions are satisfied:

BB
H L 1_H1 o= Kl >O,
2Amin (C117 7 CY) (2.4.27)

mm(Ql(I El)) K2 > O

)\min(Ql([ - El)) -

then the forward backward system (2.3.21) admits a unique solution.
Proof. To obtain the condition (2.4.27), which is independent of time, we first

35



2.4. Sufficient Condition for Unique Existence

denote
B'(t) = P(t)z(t) + B(t). (2.4.28)

We argue that the drift coefficients of z and (' is then independent of ¢. In
particular, a simple application of the Itd’s formula shows that (z, 5’) satisfies:

;

E[&];
—dB'(t) = |ATB(8) + Q1 (I — B))2(t) — Qi Fyao(t — 0) — QIGI] dt — Ky (£)dW(t — ),

[ A1)

2(0)

QI(I — El)Z(T) — lell‘o(T — 0) — Q1G61.

(2.4.29)

Define two linear operators
A:R"@R" - R" gR™,

and
A:R™ — R™,

In particular, A is defined through the drift coefficients in system (2.4.29)

J[7) [ A - @i - B

ﬁ/ (Al -+ Bl)Z — ClRflcikﬁ/

while A associates with the terminal condition in (2.4.29)
A(Z) = Q1<I — El)Z.

To obtain a unique solution of (2.4.29), it suffices to check the monotonicity con-

dition proposed in Hu and Peng [25] is satisfied. Providing there is no ambiguity,
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2.4. Sufficient Condition for Unique Existence

(-) represents the usual inner product on Euclidean space. To be precise, we have,

4 4
<A A >:(Blz,ﬁ’)—(Ql(I—El)z,z>—(B’,C&Rl‘l(]fﬁ’>
| By By ||
= i (CLRIOY)

= Amin(Q1(I = ) |2]1* = A (CLRTCD1 81

| B B 2
< - )\min I-F )
< (i i~ (@0 = )]

where we apply the Young’s inequality in the second row. On the other hand,

12117 + Auwin(CLEL CT) 181

(A(20), 20) = (Q1( — E1)z0, 20) = Amin(@1(1 — E1)) || 20|

We conclude that the monotonicity condition is satisfied providing the statement
hypothesis holds. After obtaining the unique existence of the pair (z, 5’), we can

recover the original (z, #) by reading equation (2.4.28) from right hand side. [

Remark 2.4.2. Recall that Q,, Q1 and CiR;'C} are positive definite matrices.
Lemma 2.4.1 suggests that providing the influences generated by the mean field
term (or the magnitude of By, E; and E\) on the followers are small, the mean

field term system (2.4.1) admits a unique solution for any given state process of

the leader (xg).

We assume that the two sufficient conditions (2.4.27) in Lemma 2.4.1 are sat-
isfied in the rest of this work. As in Bensoussan et al. [5] and Bensoussan et al.
[4], we can decompose forward backward system (2.3.21) such that (z, 5, Kg) =
(20, Bo, K,) + (2¢, B, 0), where (2o, Bo, Kp,) is linear to xy and (z., B, 0) is deter-

ministic (and hence the third element vanishes).

(

dzo(t) = ((Ay+ By — C1R{'CEP(1))20(t) — CLRyICi Bo(t) + Dyzo(t — 6))dt;
2%(0) = 0.
—dfo(t) = |(AL = CLRyICTP(4)*Bo(t) + (P(t) By — QuE1)z0(t)
H(P()Dy — QuF)ao(t — 9)] dt — K g, (£)dWo(t — 0),
| B(T) = —Qi(Brzo(T) + Frao(T — 0)).
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2.4. Sufficient Condition for Unique Existence

dze(t) = ((A1+ By — O1R7'CrP(1))z.(t) — CLRMCi Be(t))dt
2(0) = E[&].

—dB.(t) = [(A1— CiR{ICTP(1))*Be(t) + (P(t) By — Q1E1)z(t) — Q1Gy | dt
Be(T) = —Qi(Er2(T) — Gy).

Let k > 0 and n > 1, consider the Hilbert Space:
H(rk,n) = {{f(t)}ie[-nr—r : [ i progressively measurable (w.r.t.B([—k,t])@F, 4, ,) in R™.}

with inner product

oo Sobanm = E| S5 [0 - Lo(®)dt + (T = k) - fo(T = )]
Consider the linear operator
L: H(@, TL()) — H(O, nl)

defined by
L(x0)(t) = 20(t). (2.4.30)

The linear operator L is well defined as shown in Lemma 2.4.1; we argue in the

following that it is also bounded:
Lemma 2.4.3. The linear operator L defined in (2.4.30) is bounded.
Proof. Similar to the proof in Lemma 2.4.1, we define

Bo(t) = P(t)(t) + Bo(t),

where (29, 5) satisfies the forward backward stochastic differential equation:

’

dzo(t) = (A1 + Br)zo(t) — CLRTICI () + Dixo(t — 0))dt;
2(0) = 0;
—dB(t) [Amo +Qu(I — E))zolt) — Qi Frao(t — e)] dt — Ky (t)dWo(t — 0),
[ B0(T) = Qi(I = E1)z0(T) — QiFiao(T — 6).
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2.4. Sufficient Condition for Unique Existence

Applying It6’s formula on the inner product (z(t), 5,(t)) yields
T
Bl(20(T), 54T =B | (Buao(t), (o)
e T
—E/ (CLRTICTBy(t), By(t))dt —E/ (Q1(I — E1)z0(1), 20(t))dt
0 0

Together with the terminal condition of 3, we have
E[((T), Q1(I — Ev)zo(T))]
T
~ El(20(T), Qs Fun(T — 0))] + E | (Buzolt), Ay(e)
T ° T
~E [ (GRG0 A0~ E [ (@I - Ean(t) (e
0 0

T T
+ E/ <D1£L‘Q(t — 9), 56(t)>dt + E/ <Q1F1£L‘0(t — 9), Zo(t)>dt
0 0
Applying the Young’s inequality as before gives

Amin(Q1(1 = En))[l20(T) 172

Auin(@1(I = E1)) > | FyQq1Qq1 FA || >
< zo(T + = = xo(1T — 0
< S (T + gy S g (T = Ol
| Bi Bl 5 Amin(CLRTCY) |1 o
2)\min(C1Rl_le) ||Z0||L2([O,T]) + 92 ||ﬁo||L2([0,T])
- /\min(ClRfle)||66||iQ([07TD = Amin(Q1 (1 — El))HZOHQLQ([O,T})
| Dy D || 2 Amin(C1R7'CY) | oo
+ 2)\m1n(ClR1_10ik) HxOHLQ[—G,T—G} + 2 HBOHLQ([O,T])
| FQ1Q1 Fy| K
+ 12T||Io||%2[79,pe] + 7||20||%2([0,T])-
We can hence obtain the estimate
Ksl|zo(T)|[72 + K1||20||2L2([0,T])
| E5Q1Q1 F1 | 9
— — i T — 0 2
= o SIS
L[ DD IHQ@EI, .
Amin<OIRl_lcik) Kl 0llL2[—0,T7-6]>

t Ksllzo(T = 0172 + Kallzoll 2070
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2.4. Sufficient Condition for Unique Existence

which concludes that L is bounded. O

Denote
B KsVv K,

KAKY
we easily have ||[£|*> < K;. Once the boundedness of £ is guaranteed, by the

(2.4.31)

Risez representation theorem, the adjoint £* uniquely exists. In particular, for
any f € H(0,n1) and g € H(0,n0), we have (f, L(9))nuon) = (L(f): 9)nb.n0)-
That is:.
E|Jy £(t)- £(g)(t)dt + F(T) - L{g)(T)]
—E[ T, L)) - g(t)dt + L7 (F)(T = 0) - (T = 0)].

The explicit form of L£* is also given by the next theorem:

(2.4.32)

Theorem 2.4.4.
LX(f)(t) = Digt+6)+ (P(t+0)D; —Qi1Fy)*r(t+6), te|[-60,T—0),
LT =0) = ~(QuF)r(T);
where
—dg(t) = ((A1+ By = CLR'CIP()*a() + (P()By — QuE)r(t) + f(1) ) dt
— K, (t)dWy(t —0),
aT) = F(T) = (QuEr)n(T).
dr(t) = (4= CiRT\CIPW)r(H) — GBI Ca(t),
r(0) = 0.

\

Proof. Consider the difference of the inner products
d(<Q> Z0> - <T’, 60))
= @@ Dizolt = 0) = F*(0)z0(t) + 1 (D) (P() Dy = Qi Fy)xolt — 0)]
+25 () K (8)dWo(t — 0) — () K g, (£)dWo (t — 6).
Taking integration on [0, 7] and expectation on both sides yields
E[(f(1) = v (D)(@iE)20(T) + 1 (1)@ (Erzo(T) + Freo(T - 6)
— EJ [¢0)Diaolt = 0) = [*®)z0() + 7 ()(PO)D: = QuFy)zolt — 0)| .
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2.4. Sufficient Condition for Unique Existence

After rearranging, and by definition zo(t) = L(x¢)(t), we have

E[ 7 1) £la0)(1)dt + F(T) - £(xo)(T)]
- E| /5D T(t+0) (P(t +6)Dy — Q1 Fy)*r(t +6)) - zo(t)dt
~(@F)r(T) - o(T — 6)].

By putting

f(t) = BiETop(t)
—(QoEo)* (B o0xg(t) — Eo(L(x0)(t) + 2(t)) — Go), t€[0,T);
F(T) = —(QuEo)" (BT -0mo(T) — Eo(L(x0)(T) + 2(T)) — Go),

in the explicit adjoint operator £* given in Theorem 3.2.7, we can represent the
original six equations derived in (2.3.25) and (2.3.26) in the following functional

form:

(

dro(t) = (Agzolt) + Bo(L(wo)(t) + z(t)) — CoR7 Cop(t))dt + codWo(t),
$O<t) = £O(t)7 te [_07 0]7

—dp(t) = (Aip(t) + Qo(@o(t) = Eo(L(w0)(t) + 2(t)) = Go) )t
(

9 ( ) O(t)v te (T_07T>;
—dplt) = (Aap< )+ Qololt) — Bo(LLwo)(t) + (1)) — Go) + £°(f)(1) ) dt
K, (t)dWy(t), te (0,7 —0);

p(T) = Qolzo(T) — Eo(L(z0)(T) + 2:(T) = Go);
| p(T=0) = p((T=0)—) = LT —0).

(2.4.33)
The next theorem provides time independent sufficient conditions which guarantee
the unique existence of a solution to the forward backward stochastic functional

differential equation (2.4.33).
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2.4. Sufficient Condition for Unique Existence

Theorem 2.4.5. Define the constants K = Amin(Q0)Amin(Q0), K7 = Amin(CoRy 1 CF),
and Ks is given in (2.4.31). In addition to the assumptions in Lemma 2.4.1, sup-

pose that the following conditions are satisfied:

p

| B5 Bol|
2K (K A Kr)
([|E5QoQoEo|| V || E§QoQoEol|) + | EGQoEo||” V | E§QoEo|?
<
KG(KG A K7)

2K [

I;

2
+
2K By Bo|

< 1.
| K6(Kg N K7)

(2.4.34)
Then the Forward Backward Stochastic Functional Differential Equation (2.4.33)

admits a unique solution.
Proof. Consider the Hilbert spaces
H; = {{f}icj-o7) :[ is progressively measurable (w.r.t.B([—0,t]) @ F;) in R";
f(t) = &(t),t € [-0,0].}
and
Hs = {{f}ejo.r) :f is progressively measurable (w.r.t.B([0,t]) ® F/) in R™.}
with corresponding norms

11, = IF DLz + 1122027

and
11, = 1172 0.07)-

Let X, € Hy, P € H,. Consider the mapping T : (Xo,P) € Hy x Hy — (x,p) €
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2.4. Sufficient Condition for Unique Existence

Hl X Hg defined by

;

dao(t) = (Aoxo(t) + Bo(L(Xo)(t) + 2e(t)) — CoRy Cip(t))dt + oodWo(1),
zo(t) = &(t), te[-0,0]

—dp(t) = (Agp(t) + Qolwo(t) — Eo(L(Xo)(1) + (1)) — Go) )t
—K,(t)dWy(t), te(T—-0,T),

—dp(t) = (Agp(t) + Qolwo(t) — Eo(L(Xo) () + 2(t)) = Go) + L*(F)(1) )t
— K, (t)dWo(1), te (0,7 —0);

p(T) = Qolxo(T) — Eo(L(X)(T) + z(T)) — Gy);
L p(T'—=0) = p((T—0)—)—LF)T —0).

(2.4.35)
Here F € H(0,n;) is defined by

F(t) = BE7-oP(t)
—(QuEo)* (B70Xo(t) — Eo(L(Xo)(t) + 2(t)) — Go), t€[0,T).

F(T) = —(QOEO)*<E]E%*9X0(T) — Eo(L(Xo)(T) + 2(T)) — Go).
(2.4.36)

We first argue that the mapping T is well defined. In particular, for any given
Xo, P, system (2.4.35) is a classical linear forward backward stochastic differential
equation. The monotonicity condition suggested in Hu and Peng [25], which
guarantees the existence of a unique solution to (2.4.35), can easily be checked.
It remains to show that T is a contraction under the conditions (2.4.34). De-

note (Xo, P) and (X{,, P’) the two inputs into T, with corresponding outputs (zg, p)
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2.4. Sufficient Condition for Unique Existence

and (z(,p’). The difference (2¢, p) := (zg — x(, p — p') satisfies:

;

dio(t) = (Aodo(t) + BoL(Xo)(t) — CoRy ' Cp(t))dt,

Zo(t) = 0, te[-0,0];

—dp(t) = (A5p(t) + Qolo(t) — EoL(Ko)(t)) ) dt
Ky(t)dWo(0) te(T-0,7)

~dp(t) = ( B(E) + Qolo(t) — BoL(Xo)(1)) + £7(F)(1) ) dt
<> W), te (0,7 - 0)

BT) = Qulao(T) - BoL(Xo)(T));

[ BT —0) = (T —0)-) — L (F)T - 0).

X, and P are defined similarly as the difference between the inputs. We also have

F(t) = ByET-oP(t) — (QuEo) (E7oXo(t) — EoL(Xo)(t), t€[0,T)
F(T) = —(QOEO)*(EJT%”XO(T) _EOE(XO)(T)>'

Applying It6’s formula on the inner product (o, p), we have
E[(i(T), Qio(T))] — El(ao(T). QuEoL (%) (T)] + El(a(T — 0), £* (B)(T — )]
=~ 51 [ 900, Cor* Ciptopar] - B[ (0), Quite)]
< BoL (R, ()] + E] / QuELR®), o0
~ml[ @@, ao)
After rearranging and some algebra, we have
B{(20(T). Qao(1))] + Bl | (9(0), CoRg Cip(0)dt] + E] / (0, Quit)
—E[(30(T), GoFoL (%) (T))]
+ BoL ()0, 50 + E] / QBN (0, 20(1))d]
~ El{a0(T — 6),£°(B)(T - )] ~ B | e @), dole)at]
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2.4. Sufficient Condition for Unique Existence

Using the fact that o = 0 on [—#6, 0], together with the property of the adjoint

operator (2.4.32), it becomes
B{(an(T). Qn(T)] + B (9(0). oy 'Cip(t)t] + BL | ((0) Qui(t)e]

=E[(#0(T), QoEoL(Xo)(T))]

+E| / (BoL(R)(t), p(1))dt] + E / (QuEL(X) (), 20 (1)) ]
E[(£(30)(T), F(T))] — E| / (L(a0)(t), F(t) ]

One could get the following estimates by several applications of the Young’s in-

equality
Eo(llzo(T)II7> + 2ol Z2qo.ryy) + KBl 2o

< Eo(T)IE + I BsQu@oEalll £ ko) (DI
K7
B
K
T
+ e £ T + 2 BT

. 1 . 5
+ 1Dl 720y + 2—K7HBOBO|| 1£(Xo) (T 72 0.17)

R I o
+ H$0||%2([0,T]) + EHEOQOQOEOH ||£(X0>H%2([0,T})

K . \112 Ks | =09
+ 4_}(5||£($0)HL2([0,T]) + EHFHL?([O,T})‘
Using the operator bound obtained in (2.4.31), further simplification yields

Ks . . K7 .
7(||130(T)||%2 + [1ZollZ20.2y)) + 7||p||L2([0,T])

1o 1 .
<75 S QoQuEollI LGN T 122 + 5 1 Ba BollILE () (D2 go,my

1 . K, - K, -
+ EHEoQoQoEoH\’E(XO)H%2([0,T]) + EHF(T)\@ + EHFH%Q([O,T])

<K 2(]| E;QoQoEoll V | EgQoQoEoll) + | E;QoEoll® V || E; Qo Eol|? n | B Bo|
- K 2K,

. 5 Ks, . )
(XTI + 1Kol Z2o.z) + EHBOBOH”]P)”%?([O,T])
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2.4. Sufficient Condition for Unique Existence

Thus,

(I2o(M1Z2 + 2ol Z20,29)) + 18] 220.17)

<9k [Q(HESQoQoEoH V| E5QuQoEoll) + 11 E5QoEol” V | E; Qo Eoll? n B3 Boll
= K¢(Kg A K7) 2K (Kg A Kr)
A A 2K il
(Ko (D) |22 + |1Xo]22 — = BBl 0 11-
(o (T)[I72 + IXollz2(0,7) + KG(KG/\K7)H o BollIPl72(j0,7)

We conclude that T is a contraction providing the conditions in Theorem state-

ment hold. O

Remark 2.4.6. Providing the mean field component is removed from the dynamics
and cost functional of the leader (By = 0 and Ey = Ey = 0), the stochastic optimal
control problem for the leader is always solvable as in the classical case. In other
words, the conditions (2.4.34) in Theorem 2.4.5 state that if the mean field effects
are sufficiently small (magnitude of By, Ey and Ey) in the control problem for the
leader, then the stochastic functional differential equation (2.4.33) admits a unique

solution. The whole mean field Stackelberg game is hence uniquely solvable.
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2.5 Numerical Examples

We assume that oy = 0 in this section, i.e. the control problem for the leader is
deterministic; while we keep the followers’ randomness in their state evolutions.
Consider the following example:

Follower’s Problem
(i (1) = [(O.le(t) +0.22(t) — 0.4wo(t — 9)) + 040, (t)] dt + 0.1dW (¢);

.Z'1<0) -

| () = E[/OT [10|x1(t) ot —O) + 0.1\vl(t)|2] dt + 10|z(T) — zo(T — 0)?
Leader’s Problem
((dao(t) = [(O.lxo(t) - O.lz(t)) + o.zvl(t)} dt;

20(0) = 1. (2.5.37)

Jo(vo) = EUT [1O|x0(t) 152+ o.1|v1(t)|2} dt + 10[zo(T) — 1.5

\

It is easy to verify that the conditions in Theorem 2.4.5 are satisfied. The
history of zy before t = 0 is assumed to be sinusoidal. The follower would like
to minimize the squared distance between his own state (z1(¢)) and the delayed
leader’s state (zo(t — 0)); while the leader would like to minimize the squared
distance between his own state z((¢) and the desired level 1.5.

As in Theorem 2.4.5 regarding the uniqueness and existence of the solution of
Stackelberg game, for any given Xy and P, we first numerically solve for £(Xj)
and L£*(IF) by finite difference method, where F is given in (2.4.36).

For T'= 1, Figure 2.1 and 2.2 respectively show the simulation results for the
case with = 0 (no delay) and # = 1. The smooth red and blue lines respectively
represent the leader’s state and the mean field term; while we simulate five paths
of followers. As there is no randomness in the leader, trajectory of the mean field

term is in fact the average of individuals’. Starting from time 0, the leader’s state
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Figure 2.1: Trajectories of leader, mean Figure 2.2: Trajectories of leader, mean

field term and followers (7'= 1,0 = 0). field term and followers (T' = 1,6 = 1).

in both graphs move towards the level 1.5 stated in the cost functional (2.5.37).
Nonetheless, follower’s state (and the mean field term) evolutes differently in
different cases. The increase of xy instantly affects the follower’s evolution in
Figure 2.1 (# = 0); while the followers are influenced by the delayed sinusoidal
pattern of xy in Figure 2.2.

Note that the sufficient conditions assuring the unique existence of the Stack-
elberg solution given in Theorem 2.4.5 is independent of T". It is interesting to
investigate numerically solution of the Stackelberg game under a longer time hori-
zon. Figure 2.3 demonstrates the simulated evolutions of the leader and followers
with 6 = 1 and T" = 5. The leader’s state surges from T" = 0, and becomes steady
as it approaches 1.5. While the followers’ trajectories appear to be the leader’s

path shifted by a time length of 1.
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Figure 2.3: Trajectories of leader, mean field term and followers (7' = 5,0 = 1).

2.6 Conclusion

Mean field Stackelberg games under a linear quadratic setting with no terminal
cost has been studied previously in our previous work [5]. The sufficient condition
to guarantee the unique existence of a solution in [6] is also time horizon depen-
dent. In this chapter, we consider Mean field Stackelberg game with Lipschitz
coefficients and the presence of terminal costs. We provide the necessary condi-
tions of optimality under sufficiently smooth functional coefficients. We showed

that the resulting system of six forward backward stochastic differential equa-
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2.6. Conclusion

tions reduced to those in [5] under the Linear Quadratic setting. Choosing an
appropriate Hilbert space and a linear functional, the system of six equations is
equivalent to a forward backward stochastic functional differential equation. A
set of sufficient conditions, which is independent of the time horizon, is given to
guarantee the unique existence of the Stackelberg solution. This algorithm is then
numerically implemented in the example given in Section 2.5, which demonstrates
impact of different delay magnitudes and time horizon on the state evolutions of

the both leader, followers and the mean field term.
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Chapter 3

Two-party Governance:

Cooperation versus Competition

In this chapter we consider another class of Stackelberg games under a Linear
Quadratic setting - two leaders over a group of followers. Depending on whether
or not the leaders cooperate, we solve for the respective Pareto and Nash game
between the leaders in Theorem 3.2.9 and 3.2.8. For the ease of studying the whole
Stackelberg game numerically, we provide the explicit expression of solutions to
the whole problem: Mean Field Game among the followers and Nash (and Pareto)
Game between the leaders in Section 3.3. Finally, several numerical examples are
given in Section 3.4 to study the impact of different games on the cost functionals

of the followers.

3.1 Problem Setting

Consider a complete probability space (2, F,P). Let T' € RT be the fixed terminal

are independent Wiener processes over R, R% and R respectively. Suppose
that the random variables {, and {g, representing the initial states of the two

leaders, are square integrable and are independent of each other and the mentioned
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3.1. Problem Setting

-----

initial states of the followers, be square integrable, identically and independently
distributed and they are also independent of &, and £g; again they are assumed
to be independent of all the mentioned Wiener processes. Define the following

filtrations,

F =0, W(s):s<t), t>0;
FP =05, WP(s):s<t), t>0;
Fri=o0(&, Wi(s):s<t), t>0.
We now introduce the dynamical system of two leaders over N small players. The

empirical states for the leaders are described by the following stochastic differential

equations on R"> and R"? respectively:

( S vl
< dya = (Aaya (t) + Bayb’(t) ‘|‘ Ca% + Da'Ua (t))dt —|— UadWa(t);
\ya<0) = faa
( . (3.1.1)
dys = (Aﬁya(t) + Bgys(t) + Cﬂ—Zj:R,yl D Dﬁvﬁ(t)>dt + ogdWO(1);
Ly5(0) = &5.
(3.1.2)

The followers are homogeneous, and the empirical state for the i-th player is given
by the SDE on R"!:

N j
A . 1y (t , )
i = (i) + B2 )5 Do) + Bl )b + craie):
v1(0) = €.
(3.1.3)
Here v,,v5 and v} represent the controls for two leaders and the i-th follower corre-
spondingly. The matrices A,, By, Co, Do, 04, Ag, Bz, Cs, Ds, 03, A1, B1,Cy, D1, B}

and oy are assumed to be constant with appropriate dimensions. It is natural to
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assume that v,,vs € F*V F? and vi € F*V FP Vv F'. The two leaders and the

1-th player aim to minimize the following cost functionals respectively:

g > m i) ’
ja(voc; Uﬁ) = E/ ya(t) - Fa% - Gayﬁ(t) — M, + |Ua(t)|?%adt§
0 Qa
g > i) ’
T5(va, vg) = ]E/O ys(t) — Fﬁ% — Gpyalt) = Mg+ [vs(t)[R,dt;
Qs
o . EN— j zy{(t) ’
i) =E [ (6 - RS2 Gual) - Huslt) —
0 Q1
(3.1.4)
where vi = (vi,... v]), |-|g = (-, @) for any positive definite matrix Q and (-, x)

is the usual Euclidean inner product. The matrices Fi,, Go, MyQq, Ra, F, G, M3,
Qgs, R, F1,G1, Hi, Q1 and Ry are assumed to be constant with appropriate dimen-
sions; while Qq, Rn, @, Rz, 1 and R, are positive definite.

Solving this stochastic differential games (either in the sense of a Nash game or
a Pareto game to be described in Definition 3.1.2 and 3.1.3) is rather complicated
as N becomes very large. On the other hand, we can transform the original
problem under the context of mean field game. Consider the limiting mean field
evolutions for the two leaders and the i-th player respectively(to be justified in
Theorem 3.1.1):

(

Jdra = (Aawalt) + Baslt) + Coclt) + Do) )t + oot
KZli'a(()) = gom
dry = (Aﬁxa(t) + Bgag(t) + Cpz(t) + Dﬁ”ﬁ(t))dt + opdWP(t); (3.1.6)
k1’5(0) = 557
(dg:fl _ <A133i1 (t) + B12(t) + Chza(t) + Dyzs(t) + Eyvl (ﬂ)dt + o1 dWi(t);
s10) ¢
(3.1.7)
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Their cost functionals are respectively given by

T
Ja(Va,v5) = E / |20 (t) — Foz(t) — Gaap(t) — Mally, + |va(t)|%, dt;
0 (3.1.8)

T
Jp(va, vg) = E/O |24(t) — Fz(t) — Garalt) — Mgl}, + va(t) |5, dt;

T
J1(V3; X0, g, 2) = E/ |21 (t) — F12(t) — Giza(t) — Hizp(t) — ]\41|2Q1 + |U§(t)|2R1dt.
0

(3.1.9)
Here z is called the mean field term which is a stochastic process adapted to
F*V FP to be introduced later in Theorem 3.1.1. Given z,z, and s, the i-th
follower aims at solving the optimal control problem defined by (3.1.7) and (3.1.9),
that is

u} = argmin J} (v}; 24, 2, 2). (3.1.10)
v

Motivated by the results in [5] and [10], we can easily obtain the following result,

and the proof is omitted here.

Theorem 3.1.1. Given z, z, and xzs, suppose that the i player adopts the
optimal control u}, and we denote z(z,x4,25) = x% and yi the corresponding
trajectory of (3.1.7) and (3.1.3) under ul. If z is chosen such that the fized point
2(t) = EF*VF 21 (t) holds, then

) . 1
B s = 20 20) 510 a5 20)+supsup ot a1 )] = O ) (110

Moreover, (ui,u?,...,ul) served as an e-Nash equilibrium (of order O (ﬁ))

among the followers for the original empirical problem. That is for arbitrary vi,

we have

. S , o 1
Jl(uiv cee 7uzl_laull7uzl+1a s 7UJIV) < Jl(uiv cee 7ui_1>vi7uzl+17 cee 7uiV) + O(ﬁ) :
(3.1.12)

The above theorem allows us to consider the much simpler mean field dynam-

ical system. Note that, given z, z, and zg, {z}}" , described by (3.1.7) are i.i.d..
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We therefore drop the index 4 in (3.1.7), (3.1.9) and call z; the (representative)
follower throughout this chapter.
Depending on whether or not the two leaders cooperate, we consider two kinds

of stochastic differential games. In particular, we make the following definitions:

Definition 3.1.2 (Nash Game). The optimal control v and u/[}/ for the non-

cooperative Nash game between the two leaders are define as follows:

u)' = argmin J, (va, ug/)7 (3.1.13)
ujﬁv = argmin Jg(u, vg).

vp
Definition 3.1.3 (Pareto Game). The optimal control u?, and ug for the cooper-

ative Pareto game between the two leaders are define as follows:

(uz,ug) = arg min (Ja(va,vg) + Jg(va,vg)) (3.1.14)

Va,Vg

The notion of e-Nash equilibrium among the group of followers introduced
in Theorem 3.1.1 should not be confused with the Nash (or Pareto) game in
Definition 3.1.2 (or 3.1.3) between the two leaders. We solve the whole leader-

follower problem by introducing three sub-problems in order:

Problem 3.1.4. Given z,, x5 and z, find a control u; such that
Ji(ur; e, xp, 2) = mvin J1(v1; oy g, 2).
Problem 3.1.5. Find the process z such that the fixed point property is satisfied:
() = BV 2 (t) (3.1.15)

where x1 1s the optimal trajectory given by the solution of Problem 3.1.4, which

clearly also depends on z.

Problem 3.1.6. Find the optimal control for the Nash and Pareto Games defined
in Definition 3.1.2 and 3.1.83 respectively, where z is the solution in Problem 3.1.5.
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3.2 Solution

3.2.1 Optimal Control for the Follower

Similar to our previous work [5] and [6], we can state the optimal control of the

follower:

Theorem 3.2.1. Given x,, x3 and z, Problem 3.1.4 is uniquely solvable and the
optimal control is given by uy(t) = — Ry ' E1n(t), where n(t) satisfies the following

backward stochastic differential equation:

—dn = <A’{n(t> + Ql (ZL‘l(t) — Flz(t) — G1$a<t) — Hlxg(t) — M1>)dt — Zn,adWa(t)
— ZngdWP(t) — Zn1dW'(2),
n(T) = 0.
(3.2.16)

Substituting the optimal control of the follower given in Theorem 3.2.1 into
equation (3.1.7), the solution of Problem 3.1.4 is completely characterized by the
following forward backward stochastic differential equation:

(

dry = (Alscl(t) + Byz(t) + Cixa(t) + Dixs(t) — ElRflEi‘n(t)>dt + o1 dWi (1),
21(0) = &1;
—dn = (Ain(t) + Q1 (21(0) = Fi2(t) = Grza(t) = Hyzs(t) = My) )dt = Zo odW (1)

— ZngdWP(t) — Z, 1dW(1),

n(T) = 0.
(3.2.17)

Theorem 3.2.2. The FBSDFEs (3.2.17) admits a unique solution.

Proof. Given z,z, and zz, the system (3.2.17) satisfies certain monotonicity con-
dition proposed in Hu and Peng [25]. The unique existence of a L*-solution is

hence ensured. One can refer to Lemma 2.4.1 for details. ]
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To obtain the mean field equilibrium stated in Problem 3.1.5, we take condi-
tional expectation on F;* V ]-"f on both sides of (3.2.17), which yields

(

dz = ((A1 + B1)2(t) + Crza(t) + Dizs(t) — ElRl‘lEfm(t)>dt,
2(0) = ElG];
—dm = <Afm(t) + Ql([ _ Fl)Z(t) — QlGll’a(t) — QlHll’g(t) — Q1M1>dt

— Zn oW () = Zy gdWP (1),

m(T) = 0.
(3.2.18)

Define the constant

| B; B ||
2 min(E1R; ' EY)

Ky = Ain (Q1 (I — F)) — (3.2.19)

Theorem 3.2.3. Under the condition that K, > 0, the system (3.2.18) has a

unique solution.
Proof. See the proof of Theorem 2.4.1 in Chapter 2 for details. O

Remark 3.2.4. The condition in Theorem 3.2.3 is satisfied when the coefficients
of the mean filed term, By and Fy, have small magnitudes. In particular, if
By = 0 = Fy, then (3.2.18) always admit a unique solution, which agrees with

the classical Linear Quadratic control problem.

3.2.2 Optimal Control for the Leader

From now on, we assume the condition in Theorem 3.2.3 holds. Before we proceed
to the optimal control problem for the two leaders, we first introduce two linear
operators:

Lo : o € L*([0,T);R™) + 2z, € L*([0, T]; R™) (3.2.20)
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given by

.

dz, = ((Al 4 By)za(t) + Crara(t) — ElRl‘lEi"ma(t)>dt,

_dma = <A9{moz(t) + Ql(I - Fl)za(t) - QlGll'a(t)>dt - Zma,oadwa(t)a

(3.2.21)

and

Ls: x5 € L*([0,T);R™) s z5 € L*([0, T]; R™) (3.2.22)

given by

;

dzp = (A1 + B)za(t) + Dyzs(t) — B Ry Bims(t) ) di,

(3.2.23)

Lemma 3.2.5. Given that the condition in Theorem 3.2.3 holds, then L, and Lg

are bounded. In particular

1

2
<
e < (5

|CYCH|| G111 G| )
min(B1RTEY)  Auin(Qu(1 — F1))
1 HDTDIH HHileQlHIH )

)

(3.2.24)
E 2 <
160" < g G Bk B * R @ Py

Proof. We consider £, and the bound estimate for £3 can be obtained similarly.

Applying Ito;s formula to the inner product (z,,m,), then taking integration on
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3.2. Solution

[0, 7] and also taking expectation, we can get
T T T
0 :E/ (Blza(t),ma(t))dt—l—E/ (Clxa(t),ma(t»dt—f—E/ (Q1G1x4(1), 24())dt
0 0 0

- E/O (EYRTYEfma(t), ma(t))dt — E/O (Q1(I — FY)za(t), 24(t))dt

| B By |
~ 2 \min(E1 R YEY)
|CTChl
2Amin(E1 Ry P EY)
1G1Q:1Q:1G4 |
2Amin (Q1 (I — FY))

= Amin(E1 Ry BT Ima|* = Anin (Q1(1 = F1) |21,

1 — *
||Za||2 + 5)‘min(E1R1 1E1>HmaH2

+

1 SR
Hxa”z + iAmin(ElRl 1E1)||ma||2

1
7all” + SAmin(Q1(I = F1)1za’

Under the condition that K; > 0, we have

1 |CTCH| 1G1Q:1Q:1G4 |
o 2 < 1 1 N 2
Izl < K <)\min(E1R1_1Ef) Amin(@Q1 (1 — Fﬂ))”x I

which show that £, is bounded. O

Remark 3.2.6. We observe that the norms of the operators are small providing
that the mean field effects (B, and Fy) and leaders effects (Cy and D;)on the

followers are small.

By Riesz Representation Theorem, the adjoint operators of L, and Lg uniquely
exist such that for all f € L2([0,T];R"), g € L*([0, T];R™), h € L*([0, T]; R™),

we have

T T
E [ {La(D0. 90t =B [ (710).£5 () @) s
0 0
T T
B [ (eam.a)a =B [ o). L))
The explicit form of the adjoint operators are given by the following theorem.

Theorem 3.2.7. The adjoints L}, : L*([0,T];R™) — L*([0,T};R") and L} :
L*([0,T);R™) — L2([0,T];R"™) of L, and Ls respectively, defined by (3.2.20)
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3.2. Solution

and (3.2.22), are given by
L (g1)(t) == Cira(t) — (Q1G1)"sa(t); (3.2.25)
L5(92)(t) == Dirg(t) — (QuH1)"s5(t); (3.2.26)

for any g1, g2 € L*(10, T);R™), where

(

—dro, = (A1 + B)*ro(t) + (Q1(1 — F1))*sa(t) + 1 (t) — Z,, odW(t) — Z,, sdWF (1),

ro(T) =0;
dse = Aiss(t) — E1R M Eirs(t),
34(0) =0;

—drg = (A1 + B1)'rs(t) + (Qi(I — }1))*sp(t) + ga2(t) — Zy, od WO (t) — Zp, sdWP(2),

rs(T) =0;
dsg = Aysg(t) — B\ Ry Efrp(t),
\83(0) = 0.

Proof. Clearly, L

[0

and L} as defined above in (3.2.25) and (3.2.26) respectively

are linear. Applying [td’s formula to (ra, za) — (Sa, Ma), We can get that
T T T
B [ o) o)t = E [ {ralt).cival0)it =B [ (50(0) @Gzt
0 0 0
T
—E [ (L0)(0). a0,
0

since g is arbitrary, the claim for £ follows. Similarly, if we consider (rs, zs) —

(s, mg), the result for L3 also follows. O

Similar to Chapter 2.4 and [5], we can decompose the forward equation in

(3.2.18) into sum of three parts given by

2(t) = za(t) + 25(t) + 2.(t) = Lalxa)(t) + Ls(xp)(t) + 2.(1), (3.2.27)
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3.2. Solution

where z. is satisfies the deterministic system:

(

dz, = ((A1 ¥ B)z(t) — ElRl‘lEfmC(t)>dt,
2(0) = E[&,]; (3.2.28)
—dm, = (Ajme(t) + QuI = F)z(t) — QM ) dt,
m(T) = 0.

\
We can express the evolutions and objective functionals for the leaders in the

following functional form

;

di, = (Aaxa(t) + Bas(t) + Cy <£a(xa)(t) 4 Laas)(t) + zc(t)> + Daua(t)>dt
+ oo dWO(1),
\IQ(O) = ga;
(3.2.29)
drg = (Aﬁxa(t) + Byra(t) + Cs (ﬁa(ma)(t) + La(as)(t) + zc(t)> + Dguﬁ(t)>dt
+ UﬁdWB(t),
| 7s(0) = &5
(3.2.30)
and

2

Talt) = Fa(La(a) (1) + La(2s) (1) + (1)) = Gawalt) = Mo

Qa

T
Jo (U, up) = E/
0

+ |ua(t) |7, dt;

Js(tta ug) = E / 25(t) = Fs (£a(@a)(B) + L(@a)(1) + 2(t) ) = Gazalt) - Mﬁ\;
+ |ug(t)|%, dt.
3.2.3 Nash Game

In this section we solve the Nash game introduced in Definition 3.1.2 via the

operator approach.
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3.2. Solution

Theorem 3.2.8. The solution of the Nash Game is

ul(t) = —R'Dipl (1),

uj (t) = —R3 " Dipf (¢);

where pﬁf and pﬁf are given by the backward stochastic functional differential equa-

tions:

;

—dp = (A (1) + La(Ca) ()
+ Qa(wa(t) = Fa(Lalwa)(t) + Lalwa) (1) + 2(1)) — Cas(t) — Ma)
— L3 [(QuFu) (w0 = Fu(Lalwa) + Lo(wa) + 20) — Ga — My )] ()t
— ZpN AW (t) — Zpy sdWP(8),

P (T) = 0;
(3.2.31)

and

;

—dp) = (B (1) + L5(Cord) @)
— £5](QsFs)" (w5 — Fa(Lalwa) + Lalws) + 2) — Gaza — My ) |1
+ Qs (() = Fa(Lal@a) (1) + La(ws)(t) + z(t) ) — Goralt) = My ) )t
= Zypy AW (t) = Zyy gdWP(2),

|7 (T) =0.
(3.2.32)

Proof. We first consider the optimal control problem for the a-leader. Under the
Nash Game setting, the a-leader assumes that the -leader uses an optimal strat-
egy and hence x3 is considered unchanged and exogenous. Due to the convexity
and coerciveness of the quadratic cost functional, we can directly apply standard

stochastic maximum principle. Consider a perturbation of the optimal control

ulN (t) 4 T (t), where i, is arbitrarily chosen adapted to F* V F?. The state for
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3.2. Solution

the a-leader becomes z, + 72, where

A7, = (Aaaza(t) + Cxaﬁa(ia)(t)>dt,
Fo(0) = 0.

The optimality of ug yields the Euler condition:

d

0= —
dr

OJa(U?f (t) + Tt (t), up(t))

_9E /0 ' [{(Zalt) = Fulalz) (1)
Qa(alt) = Fa(Lalwa)(t) + Lo(ws)(t) + 20() = Gowalt) = Ma) )
+ (@ (t), R (1) }dt.

(3.2.33)

On the other hand, applying Ité’s formula to the inner product (pV,Z,) and
combining with (3.2.33), following similar arguments found in Chapter 2 and [5],

we get
T
0=E/<%wfmﬂw+Dmme
0

Since i, (t) is arbitrary, we obtain the optimal control Y = —R-'D*p(t). The

optimal control u/ﬂ\/ can be obtained similarly. O]

The full solution of the Nash game in operator form is given by the following
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3.2. Solution

system of forward backward stochastic functional differential equations:

;

drl = (Aaw (8) + Bk (1) + Ca(Lalad)(8) + Lo(z))(8) + 2(0))
— DB, Dip (1)) dt + cod W (1),
w3 (0) = &
dry = (AgaX (1) + Bax) (1) + Co (Laled) (1) + Lo(ed) (1) + 20(1))
— DyR;' Dy (t))dt + opdWA(L),
w3 (0) = &;
—dp = (A (1) + La(Corl)®)
+ Qa (7 () = Fu(Lal@d) (1) + La(@)(0) + 20(1)) = G (1) — Ma)
e [(QaFa)* (:c{j _F, (La(xgv )+ Lo + zc> — Gl — MQ)} (t))dt
— Zpn AW (t) — Zpy sdWP (1),
Py (T) = 0;
—dpy = (B (1) + L5(Camd)(D)
— L5 (QuFy)" (2 = Fo(Lalad) + La(a)) + 2.) — Gawdl = My ) |0
+ Qs (7 (1) = Fa(La@)(0) + Lal@d)®) + 2(8)) — Gax (1) = M) )t

— Zypy oW (1) — ijﬁv’ﬁdWB (),

(3.2.34)
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3.2. Solution

3.2.4 Pareto Game

In this section we solve the Pareto game introduced in Definition 3.1.3 via the

operator approach.

Theorem 3.2.9. The solution of the Pareto Game is

(ug, (), up (1) = (= Ry Dopg (t), —R5 ' Dipj (1)),

where p- and pg are given by the backward stochastic functional differential equa-

tions:

;

= (A0 + E0) + LCHDIO + L2(Cr)0)
+Qa (:ca(t) _F, (ﬁa(:ca)(t) 4 Lo(as)(t) + zc(t)) ~ Gaas(t) — ]\/[a)
— L2 (QaFu) (20 = Fua(Lalwa) + Ls(ws) + 2(t)) = Gazs — M) | (1)
— (QsGy)" ( o) = Fa(Lalwa) (8) + Ls(wa)(8) + 20()) = Gaalt) — M)
[ QsFs)* (905 - Fﬁ( (Ta) + Lg(xp) + zc> — Gpxo — Mﬁﬂ (t))dt

— Zyp oW (t) — Zyp sdWP (1),

and

(

= (BB () + Bkle) + L0 + £3(Car)0)
+ Qs (75(t) = Fa(Lalza)(t) + La(zs)(t) + 2(t) ) = Garalt) — Mp)
— £5](QsFa) (25 = Fs(Lalwa) + Lalas) + z(t) ) — Gpza — My) | 1
— (QuGa)(wa(t) = Fa( La(za)®) + Lo(xs)(t) + 2(t) ) = Gazalt) = Ma)
o :(QQFQ)* (x _F, (Ea(wa) 4 Lo(xs) + z) — Garp— Ma>] (t)) dt

— Zyp oW () = Zyp sdWP (1),

pE(T) =0.

\
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3.2. Solution

Proof. Similar to the proof of Theorem 3.2.8, we apply the standard stochastic
maximum principle. Note that under this Pareto game setting, controls of the
leaders would both be perturbed simultaneously. In particular, consider the per-
turbation of the optimal controls (u? (t),uf (t)) +7(@a(t), Us(t)), where g and g
are arbitrarily square integrable processes adapted to F* Vv F?. The states of two

leaders become z, + 77, and zg + 723 respectively, where

A7, = (Aa:%a(t) + Badg(t) + C (ﬁa(i’a)(t)ﬁg(:%g)(t)) n Daaa(t)>dt, 7a(0) = 0;
dis = (Aﬁzza(t) + Byist) + Oy (ﬁa(aza)(t).cﬁ(fﬁ)(t)) + Dﬁaﬁ(t))dt, 75(0) = 0.
We consider the first order condition

0= ~ (Ja(ujj(t) + 7l (t), uf (1) + Tag(t)) + Jp(ul () + Tia(t), uf (t) + Tﬂﬂ(t))>

dr
=28 [ {(7a(0) = Fa(£a@) 0+ £4(0)0)
Qo (a(t) = Fa(Lalwa) (t) + La(wa) (1) + 2(t)) = Gaalt) = Ma) )
+ {a(t), RauZ (1)
o+ (Falt) = Fy(La(@a) (1) + Lo@s)(1))
Qo (wp(t) = Fy(Lalwa)(®) + Lo(wa)(1) + 2:()) — Goalt) = My) )
+ {@s(t), Ryl (1)) ft.

(3.2.35)

On the other hand, applying It6’s formula to the inner products (p”, Z,,), <p759, Tg)
and combining with the first order condition (3.2.35), following similar arguments

found in Chapter 2 and [5], we get

0=EA<%®J%u(HJ%m(»+@MmRWM)+DwM»ﬁ

Since 1, (t), Up(t) are arbitrary, we obtain the optimal control

(ug (1), uf (1)) = (= Ry Dapg (1), =R ' Dgpg (1)),
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3.2. Solution

The full solution of the Pareto game in operator form is given by the following
forward backward stochastic functional differential equations:

(

dzf = (AaaZ (1) + Baa} (1) + Ca(Lal@D) () + Lo(F) (1) + 2(1))
— Do RZIDpP(t ))dt + o dWO(L),
7 (0) = &o;
dxf = (Asal (1) + Boa§ (1) + Ca (La(@D)(t) + Lo(@]) (1) + (1))
— DyR;' Dipl(t ))dt + opdWP (L),
25 (0) = &s;
= (A0 + 40 + LCHIO + L2(Cr)0)
+ Qa (75(0) = Fu(LalaD)(®) + Lo@h)(E) + 2(t) ) = Gaz (1) — Mo
— L2 (@QaFa) (a7 = Fu(Lalal) + £5(F) + 2(0)) = Gaa} — Ma)| (1)
— (QuGs) (a5 (8) = Fs(La(@l)(1) + Lo(F) (1) + 2:(1)) — Goal (1) — Mp)
* (aﬂg — Fp (ﬁa(x;’j) + Ls(xf) + z) — Ggal — Mﬁﬂ (t))dt
— Zyp oW (t) — Zyp sdWP (1),
pe(T) = 0;

= (Bz;pz;() BipP(t) + L3(CIpP) (1) + L5(Cnh) ()

+ Qs (% — Fj <5a )+ ﬁﬁ(lje )(t) + Zc(t)> — Gy (t) - MB)
— L5 (QsFa) (af — ( )+ La(@F) + 2:()) — Gaall = M) | (1)

— (QuGa) (#2(1) = Fa(Lala)(®) + La(@F) (1) + 2(t) ) = Gaa] (1) = M)
_cﬁ[ QuF, (:c —F, ( +£ﬂ(xﬁ)+zc) Gaxg—Ma)}(tOdt

— Zp;adwa(t) — ZpgﬁdW (1),

(3.2.36)
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3.8. Explicit Solutions

3.3 Explicit Solutions

3.3.1 Explicit solution for the Nash Game

In lights of the explicit form of £, and L} derived in Theorem 3.2.7, we can get
a full solution of the Nash Game for both the leader and follower by substituting

g1 = C;pé\{/ - (QaFa>*(J}N — Foz — Gang - Ma)

«

and

9o = Ol — (QpFp)* (x) — Fz — Goal — Mp)

into (3.2.25) and (3.2.26) respectively:

/

day = (A (t) + Biz(t) + Coa (1) + Doy (1) — By R Egn(t) ) dt + o1dWi (1),

$j1v(0) =&

dal = (Aaw (8) + Baw (1) + Coz(t) = DaR DLp (1) ) dt + 0adW (1),
70 (0) = &as

ol = (Aﬂx{_‘[ (t) + Baxy (t) + Cs2(t) — DsR5" Dspy (t))dt + ogdWh(t),
5 (0) = &s;

dz = ((A1 + By)2(t) + Chal (t) + Diad (t) — ElRl—lEfm(t)>dt,

m(0) = E[&];

dsy = (A’{sa(t) - ElRl‘lEfra(t)>dt,
54(0) = 0;

dsg = (A;sﬁ(w - ElRl’lE{rg(t)>dt,

\ 8,3(0) = 0.

(3.3.37)
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3.8. Explicit Solutions

(

—dn = (A’{n(t) + Qi (1) — Fiz(t) — Gha (1) — Hya (1) — M1)>dt
— Zp oW () — Zpy gdWP(t) — Z,, 1 dW (1)
n(T) = 0;
—dp = (A (1) + Cira(t) = (QuG1)salt) + Qulal (1) = Fuz(t) = Gaz) () — My) )t
— Zpn W (t) — Zpy sdWP(8),
Py (T) = 0;
—dpy = (Byp (1) + Dirs(t) = (QuHL)"s5(t) + Qalw (1) = Faz(t) — Goay (1) — My) )t
~ Zypy o dWA(t) — Z%Nﬁdwﬁ (t),
3 (T) = 0;
—dm = (A’{m(t) + Qi — F)2(t) — Qi Gha (8) — Qu () — Q1M1>dt
— ZnaW () — Zyy gdWP (1)
m(T) = 0;
—dro = (A1 + Bi)'ra(t) + Cap (1) + (Qu(1 = F1))"salt)
— (QuFa) (e (1) = Fuz(t) = Goa) (1) = Ma) ) = ZyoadWO(t) = Zy, pdWH (1),
ro(T) = 0;
—drg = (A + Bi)'rs(t) + Con (1) + (Qu(T = F1))s5(1)

— (QuFp)" (@ (t) = Fp(t) = Goak (1) = M) ) = Zyy adW(t) = Zy, pd W (2),

TB(T) =0.
(3.3.38)
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3.8. Explicit Solutions

We can express this linear system in matrix form:

(

dxN = (AN XV (t) — BVpV (t)) dt + SNAW (1),

(3.3.39)
~dp" = (CVp (1) + DVXV(1) + MYt — 2V () dW (1),
N
|p™(T) =0,
where
X1 n
o e &
No— || pVo=[7 |, == & |,
zZ m
S Ta E[¢1]
sg g 0
and
Al Cl D1 Bl 0 0
0 Au Ba Ca 0 0
0 Cy Dy Ai+B1 0 0 )
00 0 0 A 0
000 0 0 A
E1RTYE? 0 0 0 0 0
0 Do R D% 0 0 0 0
BV 0 0 DgR, ' D} 0 0 0
N 0 0 0 E:R7'E; 0 0 ’
0 0 0 0 E1R7'E} 0
0 0 0 0 0  ER'E}
op 0 O
0 oa O dWl(t)
Vo= [ 00 | daW(t) = [ v ),
00 0 dwh (t)
0 0 0
AT 0 0 0 0 0
0 AL 0 O C 0
N 0 0 B; 0 0 D}
C" = 0 0 0 A3 0 0 )
0 Co 0 0 (A14B1)* 0
0 0 CB 0 0 (A1+Bl)*
Q1 —@Q1Gr —Q1Hy —Q1F1 0 0
0 Qa —QaGa —QaoFo  —(Q1G1)* 0
DV 0 —QpGp Qg —Qpfp 0 —(Q1Hy)*
o 0 —(@Qi1G1) —(QiH1) Qi(I-Fy) 0 0 )
0 _(QaFa)* (QaFa)*Ga (QaFa)*Fa Ql(l—F1)* 0
0 (QsFs)*Gs —(QpFp)* (QsFs)*Fs 0 Q1(I-Fy)*
Q1M
_QaMa
N . —QpM)g
M™ = —Q1 M,
(QaFu)* My
(Qplp)*Mp
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3.8. Explicit Solutions

Theorem 3.3.1. Given any square integrable process x, suppose that the following

non-symmetric Riccati equation
AN + TNAN + VY — VBV + DV =0, TV(T) =0 (3.3.40)
admits a unique solution on [0,T], then there is a unique solution to (3.3.39).
Proof. It is easy to check p'(t) = TVxN(t) + gV(t), where
—dgV = ((CN —TVBY)gN (1) +MN)dt,

gV(T) =0.

The existence of the forward equation x is then immediate. The uniqueness is

clear. O

Denote

N AN _BN
MY = (3.3.41)
_DN _CN

then the solution of (3.3.40) is given by:

ry - —[<of>eM”<Tt><9>]_1[<oz>eM”<Tt><5>].

We then rewrite equation (3.3.39) in the following decoupled form:

/

dxN = ((AN BV )xV (1) — BNgV (t))dt + VAW (),
xM(0) =5;
(3.3.42)
_dgV = ((CN VBV (1) + MN> dt,
ng (T) = 0.

3.3.2 Explicit solution for the Pareto Game
Similarly, by putting
g1 = C;pz + CEPE - (QaFa)*(xaP - Faz - Gaxg - Ma)

— (QBFﬁ)*(ﬂfg — FBZ — ngz — Mg) = go,
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3.8. Explicit Solutions

the full solution of the Pareto game for both the leader and follower can be char-
acterized by the following system of FBSDEs:

;

dz, = (Ala:l(t) + Biz(t) + Caal (1) + D () — ElRl‘lEfn(t)>dt + o dW(t),

AT = (AaaD (1) + Boa (1) + Caz(t) = DaRy Dpl (1))t + oo W(1),

duf; = (Aﬁxf(t) + Bgaj (t) + Cpz(t) — DsRj IDEPZ;@) dt + ogdW"(1)

dz = ((Ay + B)=(t) + Cral (1) + Dy (1) — EyRy Ejm(t) ),

2(0) = E[&1;
ds = (A’{s(t) - ElRl‘lEfr(t))dt,

s(0) = 0.
(3.3.43)
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3.8. Explicit Solutions

;

—dn = (A;n(w + Qi1 (t) — Fiz(t) — Ghal (t) — Hya() — M1)>dt
— T oW (t) — Zpy gdWP(t) — Zp, 1 dW (1),
n(T) = 0;
_dm = (A”{m(t) + Qi — F)2(t) — QuGral (t) — QuHya () — QlMl)dt
— Zp oW () — Zyy gdWP (1),
m(T) = 0;
—dpl, = (Ailpf(t) + Agph () + Cir(t) — (Q1G1)*s(t) + Qalal (1) — Fuz(t) — Gax (t) — Ma)
+(QuGa) (aF (1) = Faz(t) = Gaal (1) = My) )dt = Zyp odW(t) = Zyp 5dW(1),
pa(T) = 0;
—dpf; = (ngg(t) + Bapl (1) + Dir(t) — (QuHL)"s(t) + Qa(af (1) — Fpz(t) — Gzl (t) — Mp)
+(QuGa)" (e (1) = Fuz(t) = Gax (1) = M) )dt = Zyp (W (1) = Zyp sdWA (1),
p5(T) = 0;
—dr = ((Av+ B1)'r(t) + CapZ (1) + Copf (1) + (Qu(I = F1))"s(t)
—(QuFo) (af(t) = Faz(t) — Gox (t) — Ma)
— (QuFy)"(@f (1) = Fz(t) — Gaal (1) — M) ) dt

— Zpo adW(t) — Z,, gdWF ().

(3.3.44)
Similar to Section 3.3.1, the matrix form of system (3.3.43) is as follows:
dx” = (APXP(t) - BPpP(t)>dt + SPAW (1),
x"(0) = Z;
(3.3.45)
—dgV = ((CN VBN (1) + MN>dt,
gV (1) =0

where



3.4. Numerical Results

and
A1 Ci D1 B1 0
P 0 Ao Ba Co 0
0 Cy D Ai+B1 0
00 0 0 A
ErR['E: 0 0 0 0
0 D.R31Dx 0 0 0
B? = 0 0 DgR;'D; 0 0 ,
0 0 0 E1R7YEZ 0
0 0 0 0 E\R{'E}
cr 0 O
P 0 oa 0 dW1 (t)
=000 |, AW (t) := | aw*(v) |,
00 0 dWA(t)
00 0
A} 0 0 0 0
0 Ay A5 0 ok
7) * * *
C? = 0 B B; 0 D* ’
0 0 0 A3 0
0 CiC; 0 (Ai+B1)”
Q1 -Q1G1 —-Q1H —Q1F1 0
P 0 Qat+(QpGp)*Gp —QaGa—(QpGp)* —QaFat+(QpGp)*Fg  —(Q1G1)*
D" = 0 —QGs—(QaGa)* Qp+(QaGa)*Ga —QpFg+(QaGa)" Fa  —(Q1H1)"
0 —(Q@1G1) —(Q1Hh) Q1(I-F1) 0
0 —(QaFa)*+(QpFp) Gs —(QpFp) +H(QaFa) Ga (Qala) Fat(QsFp) Fg Q1(I—-F1)”
Q1M
,P _QaMa
M” = —QsM)g
Q1M
(QaFa)*Ma'f‘(QﬁFﬁ)*MB

Similar to Section 3.3.1, we define another non-symmetric Riccati equation
d7 +TTA” + C*IT —ITB"IT” + D” =0, T”(T) =0. (3.3.46)

We then rewrite equation (3.3.45) in the following decoupled form:

;

dxP = ((AP ~BPIP)XP(1) — Bpgp(t)>dt + EPAW (1),
x"(0) = E;
(3.3.47)
—dg” = ((07’ —IPBP)g”(t) + M7’> dt,
g”(T) = 0.

\

3.4 Numerical Results

Using the explicit form obtained in Section 3.3, we can easily simulate the Stack-

elberg Game under both the Nash and Pareto setting.
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3.4. Numerical Results

3.4.1 Simple Example

Consider the following simple example, where we do not introduce mean field effect

here. Evolutions and cost functionals of the leaders and followers are respectively

given by
dxe = vo(t)dt + 0.1dW(t); z4(0) =1, (3.4.48)
drg = vg(t)dt +0.1dW"(t);  25(0) = 1, (3.4.49)
dr' = vl (t)dt + 0.1dW|(t); 74 (0) = 1; (3.4.50)
and
T
T(vay 05) = E/ 1020 (t) — L5[? + [va(t)2dt: (3.4.51)
0
T
J5(Va, Vp) = IE/ 10|z5(t) — 2o (t)|* + |vs(t)|*dt; (3.4.52)
0
T
J (V) B0, 15, 2) = E/ |24 () — 25 ()] + |vi(t)]dt. (3.4.53)
0

Both the states of two leaders and followers start at the same level 1, and the
drift coefficients in three stochastic differential equations (3.4.48)-(3.4.50) involve
respective control variables only. The objective of a-leader (3.4.51) is to minimize
the squared distance between his state and the level 1.5; -leader on the other
hand tries to minimize his distance from the a-leader in (3.4.52). Finally, the
homogeneous individual followers aim at minimizing their distance from the -
leader.

Figure 3.1 shows the simulation results of two leaders. The rough lines de-
note one of the simulated scenario, while the (relatively) smooth lines represent
the average of 1,000 paths. The evolutions of z, and xs are in black and grey
respectively. The solid lines indicate the Nash setting, while the dashed lines
demonstrate the Pareto case. To qualitatively study the simulated results of this
simple model, we focus on the average smooth lines in Figure 3.1. x, surges

sharply at first and becomes steady as it approaches the level 1.5 stated in the

5



3.4. Numerical Results

cost functional (3.4.51). To reduce the squared distance from the a-leader, x4
mimics his evolution - increases fast initially and becomes flattish later on.

One can also observe that, for both leaders, the smooth solid (Nash) lines lie
above the dashed (Pareto) lines. In the cooperative Pareto game, a-leader not
only tries to minimize his own cost functional J,, but also Jj3 - the cost of S-leader.
Intuitively, a-leader scarifies himself by not getting close to the level 1.5 as in the
Nash game, and tries to reduce his distance from g-leader. On the other hand,
[-leader benefits from the cooperative game as he can now adopts a smaller value
of control vg to minimize his distance from the a-leader. Figure 3.2 shows the
average of 1,000 simulated cost of a-leader in black, S-leader in grey and their sum
in blue under different games. The total cost of the two leaders reduces through
cooperation by comparing the blue solid and dashed lines. While -leader’s cost
becomes smaller in the Pareto setting, a-leader’s terminal cost is higher. Finally,
as the trajectory of p-leader moves downward in the Pareto game as shown in
Figure 3.2, we expect that the follower would use a small control process to reduce
the distance between his state and the g-leader. Figure 3.3 shows the average cost
of 1,000 simulation for follower under different game setting, which clearly shows
that the follower benefits from the cooperation between leaders in this simple

example.
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Figure 3.1: Evolution of leaders in two games.

3.4.2 Study on mean field effect

Next, we introduce a mean field effect into the simple example in Section 3.4.1.

In particular, we change the cost functional of the follower:
T
Ji(v1; T, g, 2) = E/ |21(t) = (1 = ¢)z(t) — cap(t)* + vy (t)]dt,  (3.4.54)
0

where ¢ € [0,1]. That is, the follower aims at minimizing the distance between its

own states and
(1 —c)z(t) + cap(t),

the convex combination of the mean field term and the state of S-leader. As the

value of ¢ approaches 1, the impact of mean field term on each follower increase;
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Figure 3.2: Cost of leaders in two games.

while the influence of [-leader diminishes. Figure 3.4 shows the average costs
of 1,000 simulation with different value of ¢ in both Nash game (solid lines) and
Pareto game (dashed lines). As the value of ¢ increases, the cost difference be-
tween two games drops. That is the benefit follower received through cooperation

between leaders shrink.

3.5 Conclusion

Mean field Stackelberg games with one leader under a linear quadratic setting
has been studied previously in our previous work [5] and Chapter 2. In this

Chapter, we consider an interesting class extension by considering two leaders
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Figure 3.3: Cost of followers in two games.

over a group of followers. Depending on whether or not they cooperate, we solve
for the respective Nash and Pareto game. Under the simple model proposed in
Section 3.4, the group of followers benefits as the leaders cooperate. Due to the
large number of parameters in the original model, the general sufficient condition
for followers gaining (or losing) due to the cooperation of leaders is not discussed

in this chapter and will be explored in future works.
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Figure 3.4: Cost of followers in two games.
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Chapter 4

Discrete-time Mean Field
Partially Observable Controlled
Systems Subject to Common

Noise

This chapter provides a systemic study on discrete time partially observable mean
field systems in the presence of a common noise. Each player makes decision solely
based on the observable process. Both the mean field games and the associated
mean field type stochastic control problem are formulated in Section 4.1. We first
solve the mean field type control problem using classical discrete time Kalman fil-
ter with notable modifications in Section 4.2. The unique existence of the resulted
forward backward stochastic difference system is then established by Separation
Principle. The mean field game problem is also solved via an application of
stochastic maximum principle, while the existence of the mean field equilibrium

is shown by the Schauder’s fixed point theorem in Section 4.3.
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4.1. Problem Setting

4.1 Problem Setting

4.1.1 Mean Field Game

Let P € N. Consider a complete probability space (€2, F,P) equipped with inde-
pendent discrete standardized Gaussian white noise processes Wi W e R% and
Vie R%, fori=1,...,P; their means are all zero vector, while their covariance
matrices are identity; to avoid unnecessary technical details, we assume that all
the volatilities in whatever dynamics appeared in the rest of this article are stan-
dardized to be equal to one. Here the dimensions d, and d, stand for that of
the unobservable state space and observable state space respectively. Also define
square integrable Gaussian random vectors & € R%, for 4 = 1,..., P, which are
independently and identically distributed, and they are also assumed to be inde-
pendent of the mentioned white noise processes. Next, let k < N € N, define the

following filtrations

Fr:=c{& W WP W, VL VE 1 <r <k}
J:,ZVi::a{Wj:lgrgk};
FVi=o{W,:1<r <k}
Fli=a{Vii0<r <k}
Here, Fj, represents the flow of history of all the information up to time k; F; '
and ]-",?/ stand for that caused by the " individual noise and the common noise
respectively; FV " is the filtration induced by the i** observational noise.
We first consider a finite number of P player system in which the unobservable

state evolution for the i player is modelled by the following difference equations,

fori=1,...,P,
(

) ) - Py i i ~
X o= A+ AEE L Bl W+ Wi,

ke{0,1,...,N—1}, (4.1.1)

Xi =gl

\
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4.1. Problem Setting

In the case of any potential ambiguity, we prefer to adopt the self-explaining no-
tation X'*? with superscript v indicating that the dynamics being governed by
the specific control v; otherwise, we omit this extra superscript if the underlying
context is clear. However, the information from X could be distorted in any com-
mon economic modelling, more specifically, due to the technological limitations
encountered by the agents, the i'* player can only make his own decision based on

another observable process )' which is described by another difference equation:
P :
Zj:l ij)
P

Again, to avoid unnecessary technical details, we assume that all matrices Ay, A, By, Hy, Hy,

Vi = H X!+ Hy +Vi, ke{0,1,...,N—1}. (4.1.2)
for Kk =0,...,N — 1, are constant with appropriate dimensions. In the sequel,

M* denotes the transpose of an arbitrary matrix M.

The i*" player aims at minimizing the following quadratic cost functional:

‘ gy . . . S AP
70) = B (1l + Il + |4 - 52257 )
k=0 Qk
poo

. . L XL1?

—i—E(HX;VHéN—i-HXfV—SN@ ),
L 5

N
where v = (v}, 0%, ... 0F), | - |g := (-, @) for any positive definite matrix Q and

(-, %) is the usual Euclidean inner product. The matrices Qy, Rg, Sy, Qx for k =
0,...,N —1and Qu, Sy, Qn are again assumed to be constant with appropriate
dimensions; while Qy, Ry, Qi for k =0,..., N are positive definite.

On the other hand, we now consider the limiting mean field system in which

the unobservable individual state evolution is given by
Ty = Arz + Az + Brop + Wiy, + W1, ke{0,1,...,N — 1},
xy =&
(4.1.3)

with the corresponding observable state process

yp = Hyxh + Heze + VY, ke {0,1,...,N}; (4.1.4)
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4.1. Problem Setting

while the cost functional for the i** player is given by:

N-1

Fw) =Y B(llagld, + ekl + ok — Sial,) (4.15)

k=0

+ Bl i3, + ok — Snanl, ).

where z is the mean field term to be determined as follows. Same as above, we
adopt the custom of using the notation 2%* when the underlying particular control
v has to be specified.

Denote

}"lfi =of{y.:0<r <k}

to be the filtration generated by the observable state process of the " individual
in the mean field framework. As for the finite counter part, the i*" player makes
his own decision based on his observations only. Therefore, the only admissible
controls in this problem are those v;’s adapting to the filtration .7-7;'”: or mathe-
matically, v} is a functional of i, ..., 4k, i.e., vi = vi(yi,...,ys). The present
model is fundamentally different from that in [10] in which the decision making
of each player bases directly on his own criteria and certain summary statistics
(i.e., the mean field term) about the community as the optimal control was as-
sumed to adapt to the filtration generated by the individual noise. In contrast,
our model here assumes that each player’s optimal control could only rely on his
own observable state whose dynamics possesses the community information just
implicitly.

In order to solve for an equilibrium solution of the mean field game, the first
step is to establish the optimal control of the representative agent subject to an
arbitrary assignment of z in the agent’s dynamics. An equilibrium solution can
then be resolved by choosing a desired z so that it is a ]-"W—adapted process.

Indeed, in light of previous works [5] and [10], we can state the following theorem:
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4.1. Problem Setting

Theorem 4.1.1. Suppose that the i*" player adopts the optimal control u' defined
in the system (4.1.3), (4.1.4) and (4.1.5). We denote 2 and X" the corre-
sponding trajectory of (4.1.3) and (4.1.1) under u*(yy,...,yi) and u'(V§, ..., Vi)
respectively. If z is chosen such that the fixed point property

o = E[x};“l |fﬂ, (4.1.6)
holds, then
sup [Esup |x2uz — X,zul 2 =0(1). (4.1.7)
i€{l,..,P} k<N
Moreover, (ut,u?, ..., u") served as an e-Nash equilibrium for the original empir-

ical problem. That is for arbitrary v*, we have

JP Wt Tt e < JRP a0t u T u) + o(1).

(4.1.8)

This convergence result suggests that, in the mean field limit, both the state
process and the cost functional of each individual are identical to that of each
other; we then drop off the index i for the sake of notational simplicity. In this

article, the limiting mean field problem of interest can be summarized as follows:

Problem 4.1.2. (a) Let z; be an .F,Kv-adapted process, for k = 0,...,N. Find

the optimal admissible control uj which minimizes the cost functional

N-1

J©) = Y E(llzly, + lvell, + llow — Sezll3, )
k=0

+E(llewlBy + llox — Sxznli3, ),

where the unobservable and observable states are respectively described by the

following difference equations

The1 = Ay + Az + Brog + Wi + Wi, ke{0,1,...,N -1},

Lo =¢;
(4.1.9)
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4.1. Problem Setting

and
Yp = Hywp + Hize + Vi, ke {0,1,...,N}. (4.1.10)

(b) Find the equilibrium solution by searching for a zy such that the fized point
property
2 :E(xk|f,fV) (4.1.11)

is satisfied. Here, xy on the right hand side of (4.1.11) is the trajectory induced

by the optimal control uj which is further a functional of z.

The resolution of Problem 4.1.2 will be elaborated in detail in Section 4.3.

4.1.2 Mean Field Type Control Problem

Up to the moment, we have only considered the mean field game as stated in
equation (4.1.9)-(4.1.11) in Problem 4.1.2. In mean field theory, one also finds
interest in another framework namely, mean field type stochastic control prob-
lems. The fundamental difference between these two frameworks is that, in mean
field games, the mean field term is now exogenous to every agent’s optimal con-
trol problem; while the mean field term is endogenous in mean field type control
problem.

The mean field type control problem is described by:

Problem 4.1.3. Find the optimal admissible control uy which minimizes the cost
functional

N-1

J) = > E(lanly, + el + [ox - SeE[aul AT v 7L

k=0
2
),
QN

»
Qk

+ E(HxNHZ?N + Hl’N — SyE [SL’N’E‘\/}/ v }—1%71]
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4.1. Problem Setting

where the individual unobservable and observable states are respectively given by:

l‘k+1 = Akxk —I—AkE J?HFX/ \/‘Flgfl] ‘l‘BkUk + Wk+1 + Wk+1,/€ - {0, 1, Ce ,N— 1},

xo = &;
(4.1.12)

and
e = Hyap + HyE [xk|f,§V v f“,;’_l] Vi, ke{01,... N} (41.13)
Observe that the mean field term
2 = E[$k|]‘—1?/ Vv ‘Flg—l}
is assumed to be adapted to .7-—,2;[/ VF}_,, where we justify this form in the following.

4.1.2.1 Full Observation - in the Absence of a Common Noise

Suppose that the state process xj, is observable to the agent, the control v, de-
pends on xy, . .., g, that is vy = vg(xo, ..., zx). Let my be the probability density
function of z (at time k) on R%:; also denote the probability density of an ar-
bitrary random vector n by f,. We can rewrite Equation (4.1.12) (without the

common noise W) into the following form:
Wk+1 = Tky1 — Akl’k — [lkzk — Bkvk(l’o, e ,Jik).

In our linear quadratic setting, the mean field term z;, as a functional of the
density my, is the first moment, i.e. 2z, = fRdz xpmy(zy)dzy, and my, is recursively
defined as follows. In particular, the density function m; is then given by
ml(xl) = le (.Z‘l - Aol’o - AQZO - BOU0<I0))m0($o)d$o
Rz

= . le (xl — Aoz — 1‘_102’0 - Bovo(zo))fg(xo)d%-
Rz
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4.1. Problem Setting

Inductively, we have
M1 (Tht1)
:/ fWk+1(95k+1 — Ay, _Akzk_BkUk(xO"-ka))
Rda Rdz

) fWk (ﬂfk — Ap 1T — Aqukfl - ka1vk71($07 e 737k71))
Ce fg(l’o)dl‘k Ce dl’o.
(4.1.14)

We notice that the right hand side of Equation (4.1.14) is deterministic.

4.1.2.2 Full Observation - in the Presence of a Common Noise

In this case, the state process xy is again observable to the agent, and the control
can also be expressed as vy = vg(xg,...,zx). Let my be the density function of
7 (at time k) on R% conditional on a filtration to be identified. Similar to the
argument in previous case, we can rewrite Equation (4.1.12) with the common

noise into the following form:
Wii1 = Tpar — Apzy — Apzr — Byog(o, - . ., o) — Wi,

where, again, the mean field term z; is the first moment under the density mg,

which is recursively defined as follows:

ma (l’l) = le ((L’l — AOZL’O — A()ZO — B()U()(ZL’()) — W1>m0(5(70)d$0
Rdz

= le(fﬁl — Apzo — /_1020 - Bovo(l'o) - Wl)fg(ﬁo)dxo-

Riz
Inductively, we obtain
Mgt (xk+1)
:/ T fWkH(fl?kH — Agy, — z‘_lkzk - Bkvk<$0a . Jk) - Wk—i—l)
Réz Rda
S (op — App 1 — A 1261 — Brovg1 (o, - 2p1) — Wa)
oo Je(mo)dzy, . . dxg.
(4.1.15)
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4.1. Problem Setting

The right hand side of Equation (4.1.15) is no longer deterministic. Indeed, the
density function my.1 depends on the evolution of the common noise { Wy, W, ..., Wk+1},
and hence my 1 is in fact the density function of x. 1 conditional on {Wl, Wa, ..., Wk+1},

or FV. We conclude that zj, = E[zg|F)].

4.1.2.3 Partial Observation - in the Presence of a Common Noise

Under the partial observation case, the agent makes his own decision based on his
observations only, and hence the only admissible controls in this problem are those
vy,’s adapted to the filtration F}/, or mathematically, vy is a function of yo, ..., yx,
ie., vp = vk(Yo,--.,Yr). Again, as in Subsection 4.1.2.2, we denote my, the density
function of z;, (at time k) on R% conditional on a filtration to be determined. In

this case, Equation (4.1.12) becomes
Wit = T — Ay — Apze — Brog(yo, -+, ) — Wi,
Similar to (4.1.14) and (4.1.15), we have
Mg (Tps1)
= /Rdz' " Swieor (@1 — Axt — Arze — Brog(Yo, - -+, yk) — Wis1)

< fw, (k= Ap12po1 — Ap_12k1 — Bro10k1 (Yo, - -+, Y1) — W)
oo Je(wo)dzy, . . . dxg.
(4.1.16)
The randomness in the right hand side of (4.1.16) clearly comes from both the
common noise {Wi,..., Wiy} and the observations {yo,...yx}, or f,ﬁl v F.

Therefore, we have
Rdx

To conclude, by an alternative expression of the individual noise {Wy, Ws, ..., Wi}
in the density myy; in a sequence of three cases, the form of mean field term in

our mean field type control problem 4.1.3 is justified.
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Due to the different characters playing in the mean field term, the very exis-
tence of the respective solutions of the mean field type control problem and mean
field games control problem are not the same; details will be given in Section 4.2

and 4.3 respectively.

4.2 Solution of Mean Field Type Control Problem

Due to the relatively simpler in nature, we first provide a comprehensive study in
this section on Problem 4.1.3 under the mean field type setting.

We first establish the recursive form of the mean field term E [xﬂfgl V ]:,ffl .
For j < k < N, denote Zy; = E[xk\fﬁl VvV F7] and the “covariance matrix”
Pyj = E[(xr—2p);) (21 —Tp);)*]. Also denote the initial point Zo—; := E[xo] = E[¢].

Taking conditional expectation on both sides of (4.1.12), we obtain that
i’k+1|k = Ak.fﬁk“g + /_lk.fk“g,l + Bkvk + Wk—i—l- (4218)

Further, consider the difference of (4.2.18) from (4.1.12), and by a simple calcu-
lation, we then have

Pryae = ApPep Ay + 1. (4.2.19)

Assume that Z, is in the following form with K} and K}, to be determined:

B = Kl + K (4.2.20)
The unbiased condition, that is E[Zy,—1] = E[zy], yields that

KiEl2i] + KiElyx] = Elai],
by using (4.1.13), we can get that
K Elxy] + Kp(Hy + Hy)E[zy] = Elay). (4.2.21)

As (4.2.21) holds for an arbitrary value of E[zy], we have, for any K =0,..., N—1,

K, =1 — Ki(Hy, + Hy). (4.2.22)
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4.2. Solution of Mean Field Type Control Problem

On the other hand, by using (4.1.13), (4.2.20) and (4.2.22), we also have,

Hence,

Py = (I — Ky Hy) Py (I — K Hy,)™ + KiK. (4.2.24)

K is chosen such that the L? error, E||z), — &y |®, is minimized, in particular,
min E||zy — &xel|* = minEftr(vy — Exp) (2 — Za)*] = mintr(Pyr),  (4.2.25)

where this minimizer is
Ky = Py Hi(Hy Py Hy + 1) 71, (4.2.26)

which is independent of the choice of the control variable v. To conclude, using

(4.2.19), we have

Prae = A — Ky Hy) Py (I — K Hy )" Ay + AR K KA + 1 (4.2.27)

where K}, is given by (4.2.26).
Finally, the mean field term has the expression as follows:
Tpgap = Ak<<[ — Ky (Hy, + Hk))ffmk_l + Kkyk> + Apdpp_1 + Brog + Wi
= (Ak (I — Ky (Hy, + Hk)) + Ak)i‘k\k;—l + Bivg + ApKiyr + Wi,

To—1 = E[¢].
(4.2.28)

We can rewrite the original mean field optimal control problem in terms of the

augmented state (z.,2.._1) as:

Minimize
N-1
Iw) = ST E(IVeXelld, el +HIVarXel, ) E(IVi Xl +HIVax- Xl )
k=0

(4.2.29)

91



4.2. Solution of Mean Field Type Control Problem

subject to the unobservable process

X1 = ApXy + Brog + Cryp + 2 Wiy,

(4.2.30)
XO = E,
and the observable process
Y = Hp Xy + Vi (4231)
where
Tp _ § Wit
Xk - R ) == ) Wk—i—l - ~ i ;
Thlk—1 E[f] k+1
Vi = (I, O); Vor = (I, —Sk>$
A A B 0
Ap="" b ] oBe= ] = ;
0 A ([ — Ku(Hy + Hk,)> + A By AnKy
I 1 Hy
Y = ;o Hey=| _
0 I Hy,
(4.2.32)

Note that the augmented unobservable state X now depends explicitly on the
observation y. We adopt the ideas in Section 2.4 in [3] in the present discrete time
setting with notable modifications. In particular, we first propose the following

decomposition, (X,y) = (X% y°) + (X1, ¢'):

Xgﬂ = Akxg + X Wi,

X9 == (4.2.33)
(

Xi = AXE 4 Brog + Crl(yh + v7),

XL =0 (4.2.34)
(v = HXG
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4.2. Solution of Mean Field Type Control Problem

Note that, since vy is adapted to F}, we have that (X} _,,y;) is F}-measurable;

therefore, y) = yx — v}, is also F{-measurable. We then have
Xpp1pp = B[Xp 1| FY] = BIXO, | FY) +Xb,y, fork=0,...,N—1.  (4.2.35)
Lemma 4.2.1.
E[XO,,|FY = EX%, | F]  for k=0,...,N—1. (4.2.36)

Proof. For a fixed k, define

1
M o= TP exp(XiH y; — §XjHjHiXi), and )\ = 1; (4.2.37)
and
d@k: -1
— =\ h 4.2.

We first show that \;' is a Fj  -martingale under P.

EN | Fil
1
—E[I, exp(~X{Hiy + LK) | By
1 r 1
_Hk T exp(—XCHy; + EX;*H:HZXZ)E exp(—X;Hryy + §XZHZH;€X;€) | ]—"k]

1 I 1
=TT exp(—XHy; + 5X;"HleXI)E _exp(—XZHZ(Hka + Vi) + §XZHZHka) | fk]

1 r 1
:Hf;ll exp(—XTH’y; + §X;“H:H1XZ)E _exp(—XZHZVk — §XZHZHka) | Fk}

1 1
S XHIHLX;) exp(— 5 XX | exp(—XiHVA) | Fi

1 1 1
—Hk 1 exp(XTHy; — §XfoHZX1) exp(—ﬁx,’;HZHka) exp(EXZHZHka)

=IT" ! exp(X;H y; —

1
= exp(XGHy: — SXHEGX) = 0

And hence Qy, is a probability measure by noting that
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Now, note that

E% [exp(iayy) | Fi]
= Elexp(—X;Hyyx + %XZHZH]CXR) exp(iayy) | Fi
= expl(y KXo Elexp(~XiHiys) exp(ion) | i
= exply X{H{H X0 Efexp((~X(H; + i) (HXx + Vi) | 7
= expl( XiHHLX) exp((~XiH; + o) () Elexp((~X{H} +ia) (Vi) | Fi]
= exp(XIHIHLXe) exp((—XGH + i) (X)) expl5 (—XiH + ia)?)

1
- eXp(—5062),

which shows that under Qy, vy is a standardized Gaussian white noise and is in-
dependent of Wi, ..., Wi, Wi,..., Wy, and Vi,...,Vi_1. Next, using Bayes rule,

we have

E[X}, | 7]
CESDIXR LAY
T OERFA]
EO[IT5, exp(—X;Hy: + LXHIHX)X, [ 7]
T EQIE, exp(—X7Hy: + LXGHIHX) [ )
E% M5, exp(— (X + X1)*Hiy, + (X0 + X1 HIH, (X0 + X)X, , |7}
T ESIE, exp(— (X0 + X1 Hy; + 1 (X0 + X1 HH, (X0 + X1))|F7
E% (M5, exp(—X0"Hiy, + 1XHHX? + XO'HH X)X, | FY]
N EQ [ITE ) exp(—X0"Hyy; + 5 XV HIHLXY + XOHHLX) | FY]

(4.2.39)

where the last equality holds by noting that the same term IT%_; exp(—(X})*Hy; +

T (X})*H;H;(X})) being adapted to F} in both numerator and denominator can

be cancelled off. Plugging the relation y; = y? + y! = ¢? + HX! into (4.2.39), we

have

B0 I, oxp(—X0Hyy0 + 3KV HEHXOX), |7
E [T exp(—X{"Hiyy + 5 X7 HIHLXY)| 7]

E[X), 1| 7] = (4.2.40)
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4.2. Solution of Mean Field Type Control Problem

We note that y) is F¢-measurable and X is independent of F} for ¢ < k; also
X?,, is independent of F/. We then have

E@ [IT, exp(—X)H; ¢ + 5 XV HHXD)XY, ]
EQ« [ITF_, exp(—XY"HI¢ + %X?"H;‘Hixg)]

E[X} 0| 7] =

G=y9,....Ck=1?

(4.2.41)

Therefore, we conclude that the conditional expectation E[X],,|F}] is actually

.7-",30 measurable, and hence with a simple application of tower property,
0 0
E[Xp 17 = E B[R [FF | = EXGF ],
which concludes the claim. [ O]

To proceed further, we now use the standard procedure to obtain the Kalman
filter of XY, X’gﬂ‘k = E[X2+1|F,ﬁ’o]. In particular, taking the conditional expec-
tation of both sides of (4.2.33) given fgo, similar derivation leading to (4.2.28)

can be applied to get the recursive relation:

XEM = Ap(I — KeHp) XPp 1 + ArKyyy, (42.4)
X8|71 = E[E]7
where
Ky, = Prppo1 Hy (HPype— H + 1) 7,

(4.2.43)
Pryipp = Ap(T — KeHe)Prpe1 (I — KeHi ) AL + A KL KEAL + 5.

Let epq1 i= Xpp1 — Xk+1|k =X — Xgﬂlk, which follows from (4.2.35). Ac-
cording to (4.2.33), we know that X}, and vy}, would not be affected by the control
vk. Therefore, Lemma 4.2.1 also implies that v, would not affect ,. Note that
for any matrix A,

E||AX o1 || =EllAK 1 + A |1
:EHAXHl\kHQ + E[ Aejia|® + 2E [XZ—&-lIk'A*AE[gk-H | F]

=E|| AX gy 14 |? + E[|Acgs ||
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4.2. Solution of Mean Field Type Control Problem

Therefore, we have

=

J©) =S E(IV1 - Xulld, + ol + [V - Xell3, )

=
Il
o

+E(IV1 - Xnld, + Ve - Xnll3, )

=S E(IV1- Kuorlid, + ol + 1V - Ruall3, )

=

e
i
o

+ E(HVl 'XN\N—1||2QN + || Vo N - XN|N—1||?QN> (4.2.44)

2
L

+ S BV ekld, + 1Van - =il ) +E(IV2 -l + Vo -enll3, ).

iy
()

(4.2.45)

where (4.2.45) is invariant for whatever choices of the control v.’s. Therefore, the
mean field type optimal control problem 4.1.3 can be reduced to the one under
the standard full observation setting by considering the objective function (4.2.44)
only:

Problem 4.2.2. Minimize
N-1 R R
J@) =Y B(IVi - Rupaly, + ol + Vs - Ripald,)  (4.2.46)
k=0
+ E(HVl 'XN\NAHEQN +[|[Vyn - XN|N71||?Q’N>7

subject to

)
X’ﬂﬂ\k = XZHW + Xi’-‘rl’
Xirr = AX) 4 Brog + Ca(y) + ),
X} —0, (4.2.47)
R = Aell — KEORY + A,
X5, =EB&,

\

where YY) and y, satisfy the system (4.2.33) and (4.2.34) respectively.
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4.2. Solution of Mean Field Type Control Problem

Theorem 4.2.3. The optimal control of fully observable Problem 4.2.2 is given

by
up = — Ry "Bipry, fork=0,1,...,N —1, (4.2.48)

such that py, exists and satisfies the following Backward Stochastic Difference Equa-

tion:

Pe = (Ap + CoH ) *Pryr + (ViQRVy + V;,kaV2,k)§§k|k—1 — AM;?;

v = (ViQnVy + V;,NQNVZN)XNW—M

(4.2.49)

where AM,f 15 a martingale difference and the generated martingale is adapted to

the filtration F; .

Proof. Consider a perturbation of the optimal control u + 74, where 7 € R is
arbitrary and @ := (o, ..., un—1) and @y is adapted to the filtration F}, for k =
1,...,N — 1. The original state §§k+1‘k becomes §A§k+1|k + T?EHHIC with

(

Xk—o—l\k = Xllc-s—l?
X1 = AyXL + By + Cril,

T B g (4.2.50)
Ui = H X},

X —o

The optimality of u would satisfy the Euler’s condition:

d
0= —
dr

A

J(u+ Ta)

7=0

- 2E[<u0,ﬂ0>Ro (4.2.51)

-1

=z

+

(]

<<V1§§k|k—1,v1§§k|k—1>¢gk + (ug, Ug) R, + <V2,k§§k|k—laV2,k§§k|k—1>c}k)

>
Il

1

+ V1§§N\N—1>V1§§N|N—1>QN + <V2,N§§N\N—17V2,N§§N\N—1>QN}-

—~
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4.2. Solution of Mean Field Type Control Problem

Define the adjoint process satisfying (4.2.49). Consider

<§§k+l|kzaﬁk+1> - <§§k|k_1,]5k>

:<§§k+1|k — Xk\k—laﬁk—i—l) + <§§k\k—laﬁk+1 — D)

=((A, + Cka)XMk—l + By, — §§k|k—1>ﬁk+1>
+ (X1, Doy — (A + CeHe)* Prpr — (VIQRV, + V;,kaVzk)kaq)
+ (X1, AMP)

:<§§k|k—17 —(ViQkrVy + V;,kaVzk)ka—ﬁ + (Brk, Prt1) + <§§k\k—17 AM;f),
summing up from £ =0 to N — 1 and taking expectation, we have

0 ZE[ - <§§N|N—17 (VIQNV: + V;NQNV2,N)XN|N—1>
N-1

+ Z <<§§k|k—la —(ViQrV1 + V;,kaVQ,k)XMk—l) + <Bkﬂkaﬁk+1>)]

k=0

Using (4.2.51), we can get

=

0= E[ (Riug + B pros, ) |
0

B
Il

Note that uy and @y is adapted to F, since @ is arbitrary, we deduce the optimal
control uy = —R;lB};ﬁkH for k =0,1,...,N — 1. For the very existence of py,

we shall discuss in detail in the rest of this section. [ OJ

In the remaining part of this section, we shall establish the unique existence
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4.2. Solution of Mean Field Type Control Problem

of the following forward backward stochastic differential equation (X, p):

§§k+1|k = Xgﬂm + X1, (4.2.52)

(

\

Xior = AXE — BeR; 'Biprrt + Cr(yh + 1),

Xg-i-l“f = Ak(] — Kka>§§2|k—l + AkKkyg,
X0 = E[Z],
P = (A + Chl) Pt + (VIQiV1 + V5, Qi Vo 1) K1 — AM?,

Py = (ViQnVi + VE,NQNVQ,N)XMN—M

where y” and y' are defined in Equations (4.2.33) and (4.2.34) respectively. Also

note that y° is well defined by its own right in Equation (4.2.33) as it is independent

of the control process v; while y' = HX! in Equation (4.2.34). Hence, we can
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4.2. Solution of Mean Field Type Control Problem

rewrite (4.2.52) as follows:

Xk+1|k = Xg+l|k + Xllc+17 (4.2.53)
Dk = Py + Di
such that
'Xgﬂm = Ap(1 — Kka)FAii,k,l + AvKiyy,
Xo\—1 = E[E];
B = (At CHEI + (VIQWV + V3, QuVa) K, — AMY
PR = (ViQnV, + VZ,NQNVZN)X(I)WN—P
(4.2.54)
(X,lﬁq = AX} — B Ry, 'Bprr1 + Crlyp + HeXG),
Xg =0
(4.2.55)
Ph = (Ak+ CoHphy, + (VIQEV) + V5, QuVap)XE — AME,
\ﬁzlv = (ViQnV1 + V;,NQNVZN)X}V;

where AM,fO is a martingale difference adapted to }",fo, and A]W,f1 is another
martingale difference adapted to F;. Since y" is well-defined in (4.2.33), X% 1k
exists as a solution of the forward stochastic difference equation in (4.2.54); and
the readiness of the existence of X° and y" guarantees the existence of the backward
stochastic difference equation p° in (4.2.54) too. So the existence issue only comes
with the forward backward stochastic difference equations system (4.2.55).

Assume the following Ansatz:
Pr = DX + i, (4.2.56)

for some gj, adapted to F}_,, for k =1,..., N, and positive definite deterministic

matrix {I'x}+_, to be confirmed. Clearly,
Xy = (I +BpReBiLipr) ™ ((Ak + CpH,) X, — B ReBjgiy1 + Cky;2>, (4.2.57)
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4.2. Solution of Mean Field Type Control Problem

where the matrix inverse (I + By R B, 1) ! is well defined; indeed,

(I + B RiBi i)™ = ((Fﬁh + BkRkBZ)FkH)_l
(4.2.58)
=T (Dt + BeRuBy) ™,
where F,;il is positive definite and By R;B; is non-negative definite as Ry > 0.
Hence, F,;il + B, RiBj, is positive definite and so invertible, and we conclude the
claim. Taking conditional expectation on both sides of the backward difference
equation in Equation (4.2.55), and then substitute back the Ansatz (4.2.56), we
obtain
B = (A + CeHly) Efpy [ FL ] + (ViQkVi + V5, Qi V2 X
= (A + CH) B[ 51 Xpp 1 + grrr [ Fioy] + (ViQeV1 + V5, Qk Vo i) X,
= (Ag + CHy) T E [(I + B RyBpyr) ((Ak + CyHy, )X, — By RiBygr 1 + ng) |]:;cyf1}
+ (A + CHy ) Elgrn | Fi_y] + (VIQeVi + V5, Qi V21X,
= (Ap + CH) Thon (I + By RyBi D)~ (A + CRE)XG + (VIQV) + V3, Qi Vo)X
— (A + CWH) o B[] + By BB Ter) ™ (= BiRiBigen + Co) 171
+ (Ay, + C,Hy)"Elgr41 | F2_4]-
(4.2.59)

Comparing coefficients of (4.2.59) with the Ansatz (4.2.56), it yields that

(

Ty = (Ap + CelHp)*Tropa (1 + BrRiBi 1)~ (Ag 4 CrH)
+(ViQxV1 + V;,kaVzk), (4.2.60)

Iy = (ViQnVi+ V5 v QnVan);

\
(

g = (Ag+ CyHY)'E Ty (I + By RiBiThir) " (~BrRiBigis + Cuaf) + gt | L |

gy =0.
(4.2.61)

It remains to show that I' and ¢ indeed satisfy the requirement as demanded

in the Ansatz (4.2.56). Note that that filtration F; ,, depending on the past
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4.2. Solution of Mean Field Type Control Problem

unobservable states X, ..., X;_1, also depends on ¢y, ..., gr_1 through the con-
trols; meanwhile, gy defined in Equation (4.2.61) relies on its future evolution
and hence the existence of g, cannot be readily concluded due to this forward-
backward structure. And therefore the forward-backward system (4.2.55) is fully
coupled.

Lemma 4.2.4. Suppose that 'y, is positive definite. Then T’y is also positive

definite.

Proof. Since Vi, Vy, are of full rank, and Qy, @y, are positive definite, we have

ViQrVy + ngQszk > 0. It remains to show that
(Ag + CHy) T (L + B RiBj L) ' (Ag + CiH)

is non-negative definite. We have

(I + B RiBiLyr1) " =Tl (T} + BeRiB;) ™,

from Equation (4.2.58), which is well defined as I'yy; is invertible by assumption.

Finally, we have

(Ag + CLHL)* Tri1 (I + BpRiBjTip1) ' (Ag + CpHy)

:(Ak -+ (Cka)*(F];l_l + BkRkBZ)il(Ak -+ Cka) >0,
since I';}; > 0 and B, R;B; > 0, so our claim follows. O

Clearly, 'y is positive definite and we conclude that {I'y }2_, is positive definite

and deterministic by Lemma 4.2.4.

Lemma 4.2.5. The sequence {gi}i_, satisfying (4.2.61) exists, i.e. fulfilling the

adaptedness requirement.
Proof. For notational simplicity, we rewrite Equation (4.2.61):

g = Elhggrir + iy FY ), gn = 0.
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4.8. Solution of Mean Field Game

Hence
gk = Elhigrs1 + ﬁk’ygng—l]
= E|hiE[hg119k+2 + Bk+1y2+1|F,f] + hky2|Figf1}

= E|hxhi196+2 + hkilk—i-lyl?-i—l + ilk?/l%ﬂfq}
_~ Nil ~
=E|hwy) + Y hihpgr - hi—lhiyﬂFgA} :

1=k+1

We first claim that g; exists; indeed,

N-1

g = E[illy(f + Y by hi—lhiy?‘yﬂ} : (4.2.62)
i=2

and hence g, exists as y° is well defined in (4.2.33) and yo = Ho& + V. The ready
existences of T’y and g; guarantee that Xj exists by applying Equation (4.2.57).

Next, consider

N-1
g =E [hzyg + Z hohsg - - hiflhi?/?
i=3

Yo, yl] ) (4263)

y = X, + V) = H (X9 + X3) + V) exists as XU is well defined in Equation
(4.2.33). Therefore, go exists since y° and yo,y; exist, so does X} by Equation

(4.2.57). In general, we could obtain g; by inductive argument. H

Due to the convexity and coerciveness of the quadratic cost functional, the
Euler’s condition is also a sufficient condition for the oprimal control. In conclu-
sion, the solution for the original mean field type optimal control problem is given

as follows:

Corollary 4.2.6. The optimal control of Problem 4.1.3 is given by (4.2.48).

4.3 Solution of Mean Field Game

4.3.1 Individual’s Optimal Control Problem
Theorem 4.3.1. Let z. be an arbitrary ]—"W—adapted process.
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4.8. Solution of Mean Field Game

1. Suppose that for k = 0,1,....N — 1, the optimal control u; of Problem
4.1.2(a) exists. Then

up = — Ry ' Biqy, (4.3.64)

where q, can be constructed so that q satisfies the following Backward

Stochastic Difference Equation:

i = Ap @i + (Qrsr + Quit)E(@ist|[FY) — (Qres1 Skt E(zria | FY) — AMY,

gnv-1 = (Qn + Qn)E(zn]FX_y) — (QnSN)E(2n]FR 1),
(4.3.65)

where AM is a martingale difference and the corresponding martingale is

adapted to the filtration F..

2. Conversely, suppose that the solution q. of system (4.3.65) exists. Then
uy = —R; ' Bjqy. is the optimal control for Problem 4.1.2(a).

Remark 4.3.2. From this theorem, we know that the solution of Problem 4.1.2(a)

corresponds to the following forward backward difference equation system:

(

Thr1 = Ay + Agzi — BRI Bige + Wiepn + Wi,

To =¢;
i = Af @k + (Qrrr + Qi) B2k [ F) — (Qrar Sk Elziaa [ F] — AMY,
v = (Qn 4+ QnE(zn|Fi_y) — (QnSN)E(zn|Fi_y),

AMY = A (e — E(gen | FY))-
(4.3.66)

Therefore, the solution (x.,q.) of (4.3.66) can be regarded as a functional of
(z0,...,2N). For the sake of convenience in the later part of our article, we define

the mapping L : (zo,...,2n) = (Zo,...,xN) through the system (4.3.66).
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4.8. Solution of Mean Field Game

Proof. 1. Consider a perturbation of the optimal control u + 7u, where 7 € R
is arbitrary and @ = (@, ..., Un—1) and y is adapted to the filtration F},
for i =1,...,N — 1. The original state x; becomes z; + 71 with

Tpy1 = Aply + By,
Zo = 0.

The optimality of u would satisfy the Euler’s condition:

d
0=—| J(u+r7a)
dr
7=0
N-1
= 2E[<U07 tio) Ry + Z <<$kajk>Qk + (uk, Uk) Ry, + (T — Sk2k, ffk)@)
k=1
—+ <xN7jN>QN + <J}N - SNZN7EN>QN] . (4367)

Define the adjoint process by the following backward stochastic difference

equation, for k =1,.... N — 1,

e = Ampes + (Qr + Qr) e — (QrSk)zr — AMY,

) ) (4.3.68)
v = (Qn +Qn)ry — (QNSN)2n-
where AM] is the following Fy1-measurable martingale difference

Note that the very existence of p, = (Qr+Qr)xr—(QrSk) 2k + AL E(prs1|Fi) €
Fi, since xy, zp € Fy, is ensured by that of ug which in turn warrants the

existence of xy, and then establishing those p, backwards.
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4.8. Solution of Mean Field Game

Consider

(Tht1, Pe1) — (Trs ) = (Trtr — Thes Pievr) + (Thos D1 — D)
=(Tk, pr1 — Apprar — (Qr + Qr)ar + (QrSk)21)

+ (ApZ + Brly — Tk, Prv1) + (T, AMY)
=(Tk, (I = Ak)"prt1) — (I — Ak) Tk, Prt1)

+ (T, —(Qk + Qr)xr + (QrSk)zk) + (Brlik, Pry1) + (T, AME),

summing up from £ =0 to N — 1 and taking expectation, we have
0 :]E[ —(Zn, (Qn + Qn)zy — (QNSN)2N)
N-1 ) )
+> ((fk, —(Qr + Qr)rr + (QrSk)zr) + <Bkﬂk,pk+1>>]‘
k=0

Using (4.3.67) and noting that u; and uy is adapted to FY, we can get

N—1 N-1
O = E [ Z(Rkuk + szk;_t,_l, ﬂk>] = E [ Z <Rkuk + ]E(BZpk+1|Fg), ﬂk>:| .
k=0 k=0
Since i is arbitrary, we get the optimal control uj, = — R, ' B{E(py.41|F}) for

k=1,2,..., N —1.
Let i := E(pg11]F} ), taking conditional expectation given F; on both sides
of (4.3.68) yields that

dr = AZHE(MH‘E?) + (Qry1 + Qk+1)E($k+1|}—g) - (Qk+15k+1)]E(Zk+1|fig)

= AZHQkH + (Qrs1 + Qkﬂ)E(mkH’}—g) - (QkHSkH)E(ZkH’]:;cy) - AM13>

where

AM = Ap @it — A Eree|FY) = Af @i — Af BE e Fi) 1 F)

= A2+1C]k+1 - AZ+1E(QI<:+1|]:;?)7

AM} is the new martingale difference measurable with respect to F, ;. We

can easily see that AM}! # E(AM]|FY).
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4.8. Solution of Mean Field Game

Therefore, the optimal control is given by
U = _RIZIBZQIW
where gy, satisfies (4.3.65).

2. Conversely, suppose that the solution ¢. of system (4.3.65) exists. Then
taking u, = —R; ' B}qi,, we can work backward in the part 1, as the existence
of the process p. can be constructed and ensured by using z", and we can
see that the Euler’s condition (4.3.67) can be satisfied.

By the convexity and coerciveness of the quadratic cost functional, the optimal

control for the individual follower is uniquely defined and this necessary condition

is automatically a sufficient one. O]

4.3.2 Existence of an Equilibrium Solution

In order to look for the equilibrium solution, we have to seek for a z. such that it

satisfies the fixed point property (4.1.11) in Problem 4.1.2(b):
2z, = E(L(zo0, . . . ,zN)k|]:XV), for k=0,...,N. (4.3.70)

so that the limiting system with which the finite player system should converge
to.

A control uy, is said to be an equilibrium control of the mean field game prob-
lem, if u, = uj, where uj is itself the optimal control for the control problem
in Theorem (4.3.1) when z}! = ]E(xﬂf,fv ). Therefore, the solution approaches to
Problem 4.1.2 (a) and (b) can be combined by considering the fixed point prob-
lem (4.3.70) and the system (4.3.66) together, i.e. the solution of Problem 4.1.2
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is given by the following forward backward stochastic difference equation:

(

Tpr1 = Agxp + AkE(kaF]ZV) — By R ' B + Wiy + Wit

Zo =&

dx = AZ+1CI_1<+1 + (Qrs1 + Qk+1)1?($k+1|fg) (4371)
—(Qk+15k+1)E[E($k+1|]:1K1)|]:;cy] - AM!Z?

v = (Qn + QNE(@n|FY_,) — (QnSNEE@N|FY)FE ),

\AMI;] = Al (qu - E(Qk—i—l‘};cy))’

with the corresponding observable process
Y = Hk«rk + HkE(J?k’fX/) + Vk

Before we proceed to establish the existence of the system (4.3.71), we would
like to make the following comments. Firstly, in the continuous time setting, the
interesting work [26] studied the case where all admissible controls for each player
adapt not only to his observable process, but also to the common noise (W), this
setting makes their work to have a limited use in the usual economic context as the
common noise for the whole community can hardly be observed directly. Putting
their framework in our own problem, if we assume that all the admissible controls
adapt to F} \/.7-',331, since the optimal control u, = —R,;IB,jqk, qr now also adapts

to F} V J—“,ZZl, and the iterated conditional expectation E[E(xk+1|f,zl)|f,f] in the

backward equation of system (4.3.71) becomes
E[E(zps1 [ Fie) IFE V Fila] = E(@en | Fil), (4.3.72)

so we do not need to consider the complicated dependence structure between FY
and ]-'W, and the existence result is rather immediate. The following section
demonstrates how this implicit dependence structure makes the existence result

of system (4.3.71) subtle.
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4.8. Solution of Mean Field Game

Secondly, we have an alternative expression for the solution of the backward
stochastic difference equation in system (4.3.71), which will facilitate the establish-
ment of the existence result of system (4.3.71). By taking conditional expectation

given F} on both sides of the backward equation in (4.3.71), we get

(

Gk = A5 E(qe | FY) + (Qrsr + Qrsr)E(zpia | FY)
~Qun1 Skt E(E(zpp [ F2 ) FY),
av-1 = (Qn + Qn)E(@n|FY_) — (QnSy)EE@n|FY)IF4_)-

Inductively, we then obtain:

\

a =(Qrr1 + Q) E(@ra| FY) — Quit Sirt B(E (s | FLY ) FY) (4.3.73)

N ~
Y AnAie AL ((Q+ QOB FY) — QoS EE( | FY)|FY)).

r=k+2

Therefore, the existence of the solution of system (4.3.71) is equivalent to the
solvability of the following particular forward system:
(5Uk+1 = Agzi + flk]E(xk]f,fV)
—ByR;'B; ((Qk+1 + Qr1)E(zpa|FY) — Qk+15k+1E(E<Ik+l|‘FIK/|-1)|‘F£)
5 At A (@ QB - QS (B AR )

+Wi1 + Wk+1,

(4.3.74)

It is now ready to establish the existence of the solution of the system (4.3.71).

Define the Gaussian space

G = {(X,Oj767’}/)| X = (xlv"' 7xN)*7a = (041,"' 70-/N)*76 = (517"' aﬁN)*y
v = ("0, " ,yn-1)" are jointly Gaussian, with z; € F}, in ]Rd*,
ap € FV in R* B, € FIV in R%,~;, € FV in R%;

fork=1,--- N},
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which is equipped with a canonical L? norm:

N N N N-1
16,0, B, = 3 Ellael? + 3 Ellael? + S EG2 + 3 Bl (4.3.75)
k=1 k=1 k=1 k=0

Clearly, (G, L?) is a vector space. In fact it is also complete. Let (x™, o™, 7, 4")
be a Cauchy sequence in (G, L?). By the completeness of finite sequence of
square integrable random variables under L2, the Cauchy sequence converges to
(x,a, 8,7). It remains to check that: 1. (x,a, 3,7) preserves the adaptedness; 2.
(x,a, 3,7) are jointly Gaussian. The definition (4.3.75) implies that, component-
wisely, for each k, {z}}, is again a Cauchy sequence. Using Riesz-Fischer the-
orem (see, for example, [45] or [31]), 2} converges a.e. and L? to zj. Since the
sequence {z}}, is Fp measurable, so does the a.e. limit xj. Similarly, we have
ap € FV, By € F,fv, v, € FY . For the second point, note that the L? convergence
of Gaussian random variables implies the mean and variance converge (and hence
the characteristic function). The L? limit remains Gaussian is then immediate.

For any K > 0, we define the nonempty subset C'x of G by

OK = {(Xuaaﬁ77>| (X705767/7)€G7

1. sup Ele'x]* < K;
llell<1

k k—1 k
2. wp=al+ Y Wi+ > aVi+ > dWi+te, k=1, .
i=1 =0 =1

3. a:W::(Wla"'>WN)a6:W::(W17"'aWN)>

VZV:: (%7 7VN—1)a}§

where a, b;, ¢;, d;, e are constant matrices with appropriate dimensions. We have
shown that the L? limit preserves the adaptedness, Gaussian structure and hence

C is closed. We argue that Ck is also convex. For any (x, a, 8,7), (x',d/, 5',7) €
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4.8. Solution of Mean Field Game

Ck, we can see that

Elc*(Ox + (1 — M)x)?
= MElc*x[* + 2M(1 — ME|(¢"x)*(¢*xX)| + (1 — A\)’E|c*x/|?

< NE|¢*x|? + 2A(1 — A)(E|c*xPE|¢*x'|?)2 + (1 — A)E|c*x/|? < K.

Due to linearity in x, it is clear that Cx preserves the adaptedness structure.
That is for any element (x, «, 3,7) € Ck, we have x € F.

In light of (4.3.74), define the mapping T': (x, W, W, V) € Cx — (X, W, W, V) €
G, such that:

;

Xpy1 = Apxy, + AkE(ZL’kU:ZV)

—ByR, ' By, ((Qk-H + Quit)E(@er|FY) — Qi1 Skt E (B (gt |FY )| FY)

S Tt A (@ QIEEIRD - QS EEEIADIR))
A Wit + Wi,
| Uk = Hyop + HE(z FY) + Vi,
(4.3.76)
where £ = 0,--- ,N — 1 and zy = ¢ is a Gaussian random variable. Clearly,

the image X}, is Gaussian since any conditional expectations of jointly Gaussian
random variables remain Gaussian and are adapted to Fy, and hence the mapping

T is well-posed. We next have the following lemmas.
Lemma 4.3.3. T is a continuous mapping.

Proof. Suppose that {(x”, W, W, V)},, C Ck is a sequence converging to (x, W, W, V) €
Ck in L?. Tt suffices to check that the corresponding images under 7', (X", W, W, V),
converges to (X, W, W, V) in L2,

Let Wy := (Wi, ..., W), yi o= (8, yl, .., yp). The following conditional

expectations of Gaussian random variables can be expressed as:
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4.8. Solution of Mean Field Game

i) E(2p|FY) = E(a}) — Cov(z}, Wi)Var ™ (W) (W), — E(Wy));
ii) E(2p] ") = E(27)—Cov(a, yp)Var~ (yp) (i —E(y}), for r = k+1,..., N;
iii)
E(E(2}|FY)|FY") = E(2}) — Cov(a}, W,)Var (W, )E(W,|7}")
—E(x}) — Cov(a}, W,)Var™ (W) (E(W,.) — Cov(y}, W) Var™ () (v — E(v}) ):
and similarly, in the limiting case,
i) ]E(:pﬂ]—“,?) = E(z1) — Cov(z, Wk)Varfl(Wk)(Wk — E(Wk));
ii") E(z,|F!) = E(x,) — Cov(z,, yr)Var H(yi) (yx —E(yz)), forr =k+1,... N;
iii’)
E(E(z,|F)")|F}) = E(z,) — Cov(z,, W,)Var™ (W,)E(W, | F})

=E(z,) — Cov(z,, W,)Var 1 (W,) (E(Wr) — Cov(y, W,)Var~ (yi) (yx — E(yk))).

Note that the assumption of L? convergence (x", W, W, V) = (x, W, W, V)
implies the mean and variance convergence of the jointly Gaussian random vari-
ables. In otherwors, we clearly have E(2}) — E(zy), Cov(z}, Wy,) — Cov(zy, W)
and Cov(y?, Wy) — Cov(y, Wy).

So according to (4.3.76) if we rewrite
Xita = ()" + (5) B(x") + () W + (@) W + (e)"V,
and
X1 = (ar)"x + (b) B(x) + () W + (di) "W + (ex)"V,

we see that all the coefficients a)} — ay, b — bg, ¢ — cx, d} — di, €} — e

converges as real vectors and x” — x in L? as n — oco. Therefore, (X", W, W, V)
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4.8. Solution of Mean Field Game

converges to (X, W, W, V) in L? by triangle inequality. In particular,
E[X{ — Xl
§5<E|(GZ)*X" — (a)™x]* + E|(0}) E(x") — (bx) "E(x)|*
+E|(cf — )" (W) P + E|(df} — )" (W)[* + E|(ef — €k)*(V)|2>
<5(2la; - a PR + 2o PEx" - x]?
+2[b; — be*[E(x")” + 2/be[*[E(x") — E(x)|*
+ e — e PEIW? + |df: — di) PEIW [ + |ef; — ek\2E|V|2>
<5(2K]aj — ay[? + 2lax PEIx" — x| + 2K — byf? + 2| 2[E(x") — E(x)|?

+ i = PEIWI + |d = di) PEIW? + |ef — e E|V ),

(4.3.77)
where the right hand side clearly goes to zero as n — oo.
m
Lemma 4.3.4. Denote
N
n:=8) {(||Ak||2 + AP + 1 Br-1 R 2 Bio1 121 Qk + Qi) 1 + 1015k (1)
k=1
k—2 ) )
+NY BRI BN AT - AR P (1HQk + Q)P + | QueSkl?) }
r=0
Suppose n < 1, and we choose M such that
1 N-1 -
SOOI + I Ao BIEIE +8 55 Triodn +784) _ )

L=
then, for any x € Cy, X =T(x) € Cyr, and hence T is a self- mapping in Cyy.

Remark 4.3.5. Our model is mimicking a continuous time model setting, in which
the coefficients are commonly proportional to the length of each time interval of the
partition. Hence, it is common that the coefficients Ay, By, Rk, Q, o2 and 53 are
of order O(%); while Sy and E|[£||* are of order O(1) as Sy, is the weight of mean

field term and E||£||? is the second moment of the initial random variable. Hence
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4.8. Solution of Mean Field Game

n = O(%) and the first condition n < 1 can be easily satisfied. Moreover, the left
hand side of (4.3.78) is of order O(1), and we can then pick up a sufficiently large
M so that the second condition (4.3.78) holds.

Proof. By (4.3.76), we have

1 X
ses{nAknzuka? T A PIE e I 2
1 ~ - i 2
+ || Be R, 'Bi|I? [H(kaﬂ + Qk+1)\|2||E(93k+1\]:;f)||2 + ||Qk+15k+1H2|’E(E($k+1|fﬁ1)’fg) H

N

+ (N =k =1) > (A A PR + @) IPIE [ F)I?
r=k+2

+ IIQrSTHQIIE(E(%IEW)IJ”,?)Hz)} + [ Wit |” + HWkHHQ},
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4.8. Solution of Mean Field Game

summing up from £ = 0 to N — 1 on both sides, then taking expectation, we have

N-1
EY [ Xkl?
k=0
N—-1 B )
<8 {!\AkH?E\!kaZ+HAkHQEHEW\fXV)H?
k=0
1B Ry B [I(Qusr + Qro) IPEIE g | F)P
+ | Qrr S [PEE (B (e 1| FL)IF) ||
N
(N =k =1) Y Ak AP @ + Q)IPEIEG | F)
r=k-+2
+1Q05. PEIE (B | FY) 7))
FEIWear |+ EIVer |
N-—1 B
=33 {(HAkHQ AP DE
k=0

+[1Bi Ry Bi|l” {(H(Qm + Q) |I” + Q1S |*)Ell @ [1*

N
FN Y i A IP(I@+ Q)1 + 105 DBl ]

r=k+2
N—-1
+8 Z Tr(ffiﬂ + 51%-1-1)
k=0

<8(]lAo|* + 1 4o E1€]I*

N
+8) {(”Ak||2 + A1) + 1Br-1 B2y B (1@ + Qi) + 1QnSe 1)
k=1

k—2
+ N D IBR!BIPIAL - AP (1(Qk + Qi) + 1 QuSill?) }Ellﬂckll2

r=0
N-1
+8> Tr(op,, +67,,) < M.
k=0

Lemma 4.3.6. The complete metric space (Cyr, L) is a compact subset in G.
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4.4. Conclusion

Proof. For any sequence {X"} C Cy, X" = (x", W, W, V) with 2 = a"¢ +
S+ S eV + SSF dr W + e and X is Gaussian and E[X"[? <

M. That is, the means and variances of X™’s are uniformly bounded. Hence,
a™, b, ct,d,e" are also bounded for ¢ = 1,...,k, k = 1,...,N and all n €

N. By the Bolzano-Weierstrass theorem applying to a”, b, cl', d?, e, we can find

7z7z7z7

a subsequence a™,b”,c.”,d.”,e" such that a™ b’ c.”,d.”,e" all converge to

limits a, b;, ¢;, d;, e. Let X = (x, W, W, V) with z, = aﬁ—l-zz LW, —1—2 Lo Vit
Zle d;Wy, +e. It’s easy to see that X € Cy; and, by applying triangle inequality
similar to (4.3.77), X" converge to X in L?. It is clear that the limit preserves

adaptivity, that is x; € Fj. O
We next recall a standard result:

Theorem 4.3.7 (Schauder’s fixed point theorem). (see Theorem 7, p.219, in
[11]) Let A be a (non-empty) closed convex subset of a normed space X and let
f:A— A be a continuous map such that K = f(A) is compact in X. Then f

has a fixed point.

Theorem 4.3.8. Suppose the condition (4.3.78) in Lemma 4.5.4 holds, then the

system (4.3.71) admits a solution.

Proof. Now G is a Hausdorff topological vector space and C); is a nonempty,
closed and convex subset of G. If the condition (4.3.78) in Lemma 4.3.4 holds,
T is a continuous convex map from C); into C; and C); is compact in G. By
Theorem 4.3.7, T has a fixed point in Cj; and hence the solution of system (4.3.74)
exists. Therefore, the solution of system (4.3.71) exists by the equivalence of the

systems (4.3.74) and (4.3.71). O

4.4 Conclusion

Under the discrete time partial observation setting in which individual only makes

decision based on the observable processes, the mean field type control problem is
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4.4. Conclusion

always uniquely solvable. Nonetheless, due to a mixture information flows men-
tioned in this chapter, a similar result is not ready for mean field games. By
applying the Schauder’s fixed point theorem and introducing several conditions
suggested in Lemma 4.3.4, the existence of a solution to mean field game is estab-
lished. A generalization to the continuous time setting is rather difficult, as our
proof is based heavily on the preservation of Gaussian structure in the difference
equation, where we lost such property in the continuous time case. The results in

this chapter is published in [21].
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Chapter 5

Hilbert Calculus and Mean Field

Games

This chapter introduces a probabilistic approach to obtain general unique and
existence results of a non-linear Forward Backward Stochastic Differential Equa-
tion (FBSDE) related to Mean Field Games, by interpreting McKean Vlasov type
equations in an appropriate Hilbert space. The SHJB-FP pair in Chapter 2 is con-
nected to the FBSDE of McKean Vlasov type introduced in this Chapter through
a “Master Equation”, see [9], [17] and [18] for details, which is beyond the scope
of the present thesis.

The sufficient condition we demonstrated is likely to be independent of time
horizon. In the abstract sense, the individual state evolution satisfies the following

stochastic differential equation:

drs = f(xs, L, us)ds + odWs,

(5.0.1)
Ty — 5
The cost functional is given by
T
J(U) =/ E[g(zs, Ls, us)]ds + E[h(2r, Ly)]. (5.0.2)
t

In mean field game, the mean field term L, is exogenous to the control problem
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at the first place. To solve this mean field game, given the mean field term, one
first solves the stochastic optimal control problem described by (5.0.1) and (5.0.2).
The mean field term L would then be replaced by L, , the measure of the optimal
trajectory of the state variable obtained in the first step.
The domain and image of the functional coefficients are specified as follows
f:R™ @ P*R™) o R™ — R™;
g:R™ @ P*(R™) ®R™ — R;
(5.0.3)
h:R™ & P*(R™) — R;
o€ L(R™;R").
Here P? is the space of probability measure of finite second moment in R

equipped with the 2"¢-Wasserstein metric:

Wh(X,Y) = inf / |z —ylPdrxy(z,y), X,Y € L*(Q,R"™); (5.0.4)
Rz

XY
where the infimum is taking over all joint measures for the random variables
X,Y. As remark, the convergence of random variables in L?*(2, R™) implies
the convergence of the associated measures in Ws. Assume that the coefficients
are Lipschitz and differentiable. Applying the stochastic maximum principle, we

obtain the following classical FBSDE for a mean field game:

/

drs = [ (25, Ls, W)|umu(a Lo ps)ds + 0dWs,

T = §&;
§ —dps = [(Daf (s, L, ) lumu(ws Lo po) Ps)Rre + ng(xs,Ls,U)|u=u(xs,ms,ps)]d8
— ZdW,

pr = D,h(zr,Lr),

(5.0.5)
where D, denotes the gradient with respect to the spatial variable. Here u(x, L, p)

is the unique minimizer of the Lagrangian:

u(x, L, p) := argmin, cgn, { (f(z, L, ), p)rre + g(x, L, u)}, (5.0.6)
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5.1. Preliminaries - Calculus in H

which implies the first order condition:

Dy (£, Lo himutong), Prss +9(, Ly @iy ) =0, Y2,p € R™, L € PA(R™),
(5.0.7)

In mean field games, after solving the control problem, we will then replace L

by L., the law of x;. (5.0.5) becomes a system of Forward Backward Stochastic

Differential Equation of McKean Vlasov type.

dl’s = f(xS?L$s7u)|u:u(x5,ﬂ_,s,p5)d3 + O-dV[/S7

=&

_dps = <sz*(xs> Lmsy u)‘u:u(xs,]Ls,ps)aps>R"w + D:pg(msaLxsa u)|u:u(ms,ﬂ_,s,ps) ds — ZSdWS7

L pr = Dzh<xT>LxT)~
(5.0.8)

The first order condition (5.0.7), after putting L. = IL,, becomes

Du({ 0 L )iy P9, L ) st ) = 0, .0 € B, L, € PAR™).
(5.0.9)
The aim of this chapter is to establish the unique existence of a global (in
time) solution of the system (5.0.8). The mean field term L, is a probability
measures in P2, which is clearly not a vector space. As suggested by in [9], we

can interpret the whole equation in terms of an appropriate Hilbert space H.

5.1 Preliminaries - Calculus in H

We introduce the notion of calculus in ‘H we used throughout this work and make

a connection with other (differential) operators commonly found in the literature.

5.1.1 Functional of law

For any positive integer n, let H" = L?(2,R") be the canonical Hilbert space

for square integrable random variables on R" equipped with the standard inner
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5.1. Preliminaries - Calculus in H

product
(@, ) = Elz - y] = E[(z, y)r~]
Let F': H" — R and f depends on X € H" only through its law, i.e. F(X) =
F(Y) whenever Ly = Ly on their support. We have F(X) is a deterministic

number for any input X € H" and w € 2. Whenever it exists, the (Gateaux)
derivative of F' with respect to X is denoted by Dx F'(X), which is given by

i P+ 0Y) = F(X)

ey 0 = (DxF(X),Y)yn, Y ENH" (5.1.10)

Clearly DxF' is an operator specified by Dx F' : H" — H". On the other hand,

since F' depends on X only through its law, we can write
F(X) = f(Lx), (5.1.11)

where f : P*(R") — R. Suppose that a random variable X admits a smooth L?
density mx on R™. If there is no ambiguity, we may interchange the usage of law

and density of X and we write
F(X) = f(Lx) = f(7x). (5.1.12)

We now make a connection between this derivative and Wasserstein gradient. (see

[9])
Proposition 5.1.1. DxF(X) agrees with the Wasserstein gradient:

DxF(X) = Dm%(ﬂx)(x) . (5.1.13)

Proof. Let Y be another random variable in H" possesses together with X a
smooth joint L? density mxy(z,y). By the definition of the left hand side of
(5.1.13), we have

o FOX40Y) = F(X)

530 7 = (DxF(X),Y)pn. (5.1.14)
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5.1. Preliminaries - Calculus in H

On the other hand, the density mx gyof X + 0Y is given by the convolution

Txtoy(T) = / mxy(r — 0y, y)dy, (5.1.15)
with partial derivative
8#;593/ = —diVm/ mxy(z — 0y, y)ydy. (5.1.16)

— lim f(7TX+9Y) - f(WX)
6—0 9 6—0 9

of O x 1oy
- [ S0 T (@)

— . %(WX)(CE)diVx /n wx,y(z,y)ydydz (5.117)
7 1
— [ Dot m)@) | maloyydyds

—E [Dz%(wx)(x)

(o3

V]
=X
D,— Y) .

“om (mx) (@) 2=X >7—L”
Comparing (5.1.14) and (5.1.17) concludes the result. O

Proposition 5.1.1 suggests that, even in the simplest case that I’ depends on its
argument X € H" only through its law (or density), the derivative Dx F' depends
on both the law and state (or realization) of the random variable. To proceed
on studying higher order derivative, we have to extend the result obtained in

Proposition 5.1.1.

5.1.2 Functional of both state and law

Let F': H" — H™ and F depends on X € H"™ both through its state and law.
We note that F'(X) is a random variable in H™ for any X € H", instead of a
deterministic number as in the previous case. The (Gateaux) derivative of ' with
respect to X is an operator specified by

DxF : H" = L(H™H™),
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5.1. Preliminaries - Calculus in H

which is define through (in weak sense)

i (FCX+0), Z)pan = (F(X), Zr
) 0

- <DXF(X)(Y), Z>H . Y eEH M ZeH™
(5.1.18)
Since F' depends on X € H" both through its state and law, we may write
F(X) = f(XvIL‘X) = f(I7LX)|x:X7
where f: R" @ P?*(R") — R™. Similar to Section 5.1.1, suppose that a random

variable X admits a smooth L? density 7x on R", we have

Proposition 5.1.2. IfY is another random variable in H"™ with smooth L? density
in R™, then DxF(X)(Y) is given by
0 R -
DxF(X)(Y) = Dof(w,7x)lo=x - ¥ + By Doy~ F(X, 7x)(2)]5-x V)],
(5.1.20)

where (X,Y) is a pair of independent copy of (X,Y), and E ¢y takes expectation
of the random variable in the bracket by integrating with the joint density of X
and Y only.

Proof. Let Z € H™ with smooth density in R™. Using (5.1.19), we have

0—0 @
=lim <f<X + QY’ WX"'QY)’ Z>Hm - <f(X7 7TX)7 Z>’Hm
—9~>0 9
~(Def(emx)leex Y. Z) o+ lim E[f(X, Tx-ov) - Z(]g—E[f(X, 7x) - 2]
:<Dxf(g;,7rx)’xzx Y, Z>Hm +lim [F(X, T 107) Z]e_ E[f(X,n5)- 7]
(5.1.21)

Note that the numerator in the second term has the expression

/ f(@, 75 97) - 27x z(2, 2)drdz — / fle,mg) - 2mx z(2, 2)dzdz,
m Rnl m Rnt
(5.1.22)
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which is a deterministic number. Applying Proposition 5.1.1, (5.1.21) becomes

(Daf (e, mx)lmx Y. Z)  + <Diaim1@xz[f(x, mx) Z)@)oexs V),

(5.1.23)

Since the operators in the second term of (5.1.23) are commutative, we have

<F(X +0Y>72>Hm — <F(X)>Z>Hm

s 0
0 B ~
—(Daf(z.mx)lox Y. Z) +Eixz|Egy[Dsm— f(X, 1) @)]x (V)] - 2],
(5.1.24)
which concludes the proof. O

For F' : H" — H™ being a function depends on X € H" only through its state

and law, we define the following operator

Definition 5.1.3.

DLF i H" = L(H™H™);
(5.1.25)
DLF(X) = DxF(X) — Dy f(2,Lx)|e=x-

By Proposition 5.1.2, providing that X possess a smooth L? density on R”",

we have

DX m)@)g (V). (5.126)

DLF(X)(Y) = Egy[D; .

We have the following immediate application of Proposition 5.1.2. Suppose
that G : H" — R, where G depends on X € H" only through its law. The first
and second order derivatives are specified by

DxG:H" — H";
DxxG:H" — L(H";H").X
To connect the second order derivative with other differential operators, we fur-

ther assume that X has a smooth density mx on R”. Since G only depends
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on the law of the argument, by Proposition 5.1.1, we put F(X) = DxG(X) =
D, 22 (1) () a—x into (5.1.20):

=Dx(DxG(X))(Y)
~Dre i (0()) @ ¥+ By D3 (Da (9050 lams ) @ (D)

(5.1.27)

We further define the following derivatives, whose connections with Wasser-
stein gradient are omitted here. They can be obtained using similar arguments as
in Proposition 5.1.1 and 5.1.2. Let F/(Xy, X5) be a function in F': H™ & H™ —
H™.

1. We define the partial derivative
Dx,F:H"™ @H"™ — L(H";H™)

through

lim (F(X1+0Y,X5), Z)ym — (F (X1, X2), Z)ym
6—0 9

= (D, F(X1, X)(V), Z>Hm,
(5.1.28)
forall Y e H"; Z € H™.

2. We define the cross derivative

Dx,x, Ft H™ @ H™ — LIH™ @ H™; H™)
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5.2. A Hilbert Space Interpretation

through

<F(X1 + 9}/17X2 + 7}/2)7 Z>Hm - <F(X1a Xo + 7}/2)7 Z>Hm
<F(X17X2)7 Z>Hm B <F<X1 + 8)/17X2)7 Z>’Hm

6,v—0 97

(DxP(X0, Xo +9¥2) (Y1), Z) = (D, (X0, X2) V1), Z)
=lim =

v—0 Y

~(Dx, (D, F(X1, X2) (1)) (%), Z )

— (D, F(X1, X2)(12,11), 7))

Hm

’,le

Hm
(5.1.29)

for all Y1,Ys € H"™; Z € H™. Clearly, we have
DX2X1F(X17X2>(§/27}/I) = DXleF(X17X2)(Y'17 }/2) eH™ (5130)
by symmetry.
5.2 A Hilbert Space Interpretation

As in the previous section, denote H* = L?(Q, R*) the Hilbert space of square
integrable random variables on R*. We first interpret the functional coefficients

in system (5.0.8):

F(Xa U) L= f(xJL’a u)lx:X,]L:]LX,u:Ua
G(X,U) : = g(2, L, u)|o=x 1oLy u=u, (5.2.31)
H(X) L= h(xuﬂ“)’x:X,]L:]LX;

where F': H™ @ H™ — H"™ G : H"™ @ H™ — H' and H : H"» — H'. We thus
have
DxF H" @ H™ — L(H™;H™) ;DxF :H"™ & H"™ — L(H™; H");
DxG H™ & H™ — L(H™;H') ;DyG:H"™ & H™ — L(H™;H);
DyH :H™ — L(H™: H).
(5.2.32)
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The transpose Dx F* : H" @ H™ — L(H"*;H") operator satisfies
(DxF(X,U)(¢2), Ya)pne = {Ba Dx F* (X, U)ya)pns, Vb, v € H™.
Similarly, we have Dy F™* : H™ @ H"™ — L(H™; H"), which satisfies
(DuF (X, U)(¢u); Ya)rre = (Pu, DxF* (X, U)Ya)gra, You € H™, 7z € H™.
We recall that the minimizer of the Lagrangian is given by

u(z,L,p) := argmin, cpn, { (f (2, L, w), p)rns + g(x, L, u)}, (5.2.33)

and the first order condition

Du <<f(l', La u)|u:u(x,]L,p)ap>R"f” +g(fL’, ]L’a U)lu:u(z,L,p)) = 07 VZL‘,p 6 anvL E P2(Rnx)
(5.2.34)

Their H interpretation are respectively given by
U(X> P) = u(xu]L‘va)la:ZX,p:P (5235)
and

Dy (F(X,U)|v=v(x,p), P)rre + DuG(X,U)|y=v(x,p) =0, VX, P eH".
(5.2.36)
The system (5.0.8) can be written as:

4
dX, = F<Xs, U(X., Ps)>ds + odW,,
Xy = f?
_dp, = [DX<F*(XS, U(X,, P.)), Pgne + DxG(Xo, U(X,, Ps))]ds

_ [DMF*(XS, U(X., ), PYgne + DrG(Xs, U(X,, Ps))} ds — Z,dW,,

PT = D)(H<XT) — D]LH(XT>,

\

(5.2.37)
where Dy, is defined in Definition 5.1.3. As we will explain in later sections,
it is stimulating to regard the second bracket in the backward equation as the

asymmetry arising from the very definition of mean field games.
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5.3. Rewvisit the First Order Condition

5.3 Revisit the First Order Condition

We adopt the notations for second order operators: D;; F(X,U) = D;(D,;F(X,U)).

We have the following second order operators:

DxxF* H"™ @ H™ — L(H"™ Q H"*;H"™); DyxF* H™ O H™ — LI(H™ @ H"; H");
DxyF* H"™ @ H™ — LIH™ @ H™;H™); DypF* :H™ @& H™ — LIH™ @ H™; H™);
DxxG :H"™ @H™ = L(H™ @ H"™;R);  DyxG :H"™ & H™ — L(H"™;H");
DxyG  H"™ @ H"™ — LIH " H"™); DypG :H™ @ H™ — L(H"™;H™);
DxxH :H"™ — L(H";H"™).

(5.3.38)

We argue that both DxxF*, DyyF*, DxxG and DyyG are symmetric, in the

sense that, taking Dy f* as an illustrative example:

DUUF*(X> U)(¢uv ¢I)(’VU) = DUUF*(Xa U)(’Yua ¢x)(¢U)v ¢w € ,an; Qbu:'yu € H™.
(5.3.39)

In particular,

DUUF*(X7 U)(¢Ua gba&)(’}/u)

= <DUUF*(X7 U)<¢ua ¢$)7 fyu>7-{,”u

= (2O 9¢“)(¢5) Do D)) e

0—0

0—0
= <¢$7 DUUF(X7 U)(qu,’yu))?'l”z
= <¢my DUUF(Xv U)(’Yu; ¢u)>H"”

= DUUF* (X, U) (’Yua ¢x)(¢u)a

(5.3.40)

where we use (5.1.30) in the second last equality and the last row follows by
reversing the steps. If there is no ambiguity in the partial derivative, we may

factor out the differential operator. For example,
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5.3. Rewvisit the First Order Condition

For notational simplicity, we may omit arguments (X, U) in the functional coeffi-
cients.

We now revisit the first order condition implied in Equation (5.2.36):
Property 5.3.1 (Differentiate (5.2.36) w.r.t. X).

0=Dx [DUF*(X, U(X,P))(P)+ DyG(X,U(X, P))] (¢)
= Do F*(X,U(X, P))(¢x, P) + DxuG(X, U(X, P))(6.)
+ Doy F* (X, U(X, P)) (DxU(X. P)(.). P) + DuvG(X, U(X, P))(DxU(X, P)(0.)).
(5.3.42)

Property 5.3.2 (Differentiate (5.2.36) w.r.t. P).

0= Dp|DyF*(X,U(X, P))(P) + DyG(X,U(X, P))} (V)
- DUF*(Xa U(Xv P))(’Vw)
+ Dyy F*(X,U(X, P)) (DPU(X, P)(7a), P) + DyuG(X, U(X, P)) (DPU(X, P)(%))-
(5.3.43)

Property 5.3.3 (Combine (5.3.42) and (5.3.43)). Applying DpU(X, P)(y.) €
H"™ in (5.3.42), we have

0 =(DxvF* (X, U(X, P))(6, P) + DxuG(X,U(X, P))(6)
+ Dyu F*(X,U(X, P)) (DXU(X, P)(¢2), P)

+ DuuG(X,U(X, P)(DxU(X, P)(@,) ), DpU (X, P)())

~(DxuF*(X,U(X, P))(6, P) + DxuG(X,U(X, P))(¢,), DeU(X, P)(%) )

+ (DuvF* (X, U(X, P)(DeU(X, P)(1.), P)

+ DuuG(X.U(X. P))(DpU(X, P)(3) ). DxU(X. P)(@2)), .

(5.3.44)
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5.3. Rewvisit the First Order Condition

where we used the symmetric property of DyyF* and Dyyg shown in (5.3.40).
Similarly, applying DxU (X, P)(¢,) € H™ in (5.3.43), we have

0 =(DuF*(X,U(X, P) (). DxU(X. P)(@2))
+ <DUUF* (X,U(X, P)) (DPU(X, P)(), P>
+ DuuG(X, U(X, P))(DpU(X, P)(x.) ) DxU(X. P)(61)) .
(5.3.45)

Combining Equation (5.3.44) and (5.3.45) yields

(DxuF*(X,UCX, P)(@r, P) + DxuG(X,U(X, P))(@2), DeU(X, P)(1)) .

:<DUF*(X, U(X, P))(7), DxU(X, P)<¢x)>w-

(5.3.46)

Property 5.3.4. Multiplying (5.3.42) on both sides with DxU (X, P)(¢.), we have

0 = (DxuF* (X, U(X. P))(¢, P) + DxvG(X,U(X, P))(6,). DxU(X. P)(@,))
+ <DUUF* (X,U(X, P)) (DXU(X, P) (), P)

+ DyyG(X,U(X, P)) <DXU(X, P)(qﬁw)) ,DxU(X, P)(qu)>wu.

(5.3.47)

Property 5.3.5. Multiplying (5.3.43) on both sides with DpU (X, P)(7.), we have

0 =(DyF*(X,U(X, P))(.). DrU(X, P)(%) )
+ <DUUF* (X,U(X, P)) (DPU(X, P) (1), P)
+ DyyG(X,U(X, P)) (DPU(X, P)(%)> ,DpU(X, P) (%)>W.
(5.3.48)

We introduce the following assumptions
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5.3. Rewvisit the First Order Condition

(A.1) The Hessian of the Hamiltonian is positive:

(DXX Dy

. DUU) (F*(P) + G) (2, )

Dxx Dxu @2
= ( ) (F*(X,U(X,P))(P)+G(X,U(X, P)))(cbx,fbu)
Dyx  Dyy

A (16all3e + 16l ), VX P € H,
(5.3.49)

(A.2) The second order derivative in the control of the Hamiltonian is invertible.
That is
Dyl Duw | (F*(P) + G)(@)

=Dy (F*(P) + G)Dyy (F*(P) + G)(¢u) = du,

(5.3.50)

where DgL(F*(P) + G) = Dy}, (F*(X, U(X, P))(P) + G(X, U(X, P))) is

the inverse operator of

Duu(F*(P) + G) := Dyy <F (X,U(X, P))(P) + G(X,U(X, P))) .

(A.3) The second order derivative in the terminal condition is positive:

(Dxxh($s), bs)rna > M| Pllone, VX € H™. (5.3.51)

Lemma 5.3.6. Suppose that the assumptions (A.1) and (A.2) hold, then the Schur

complement
| Dxx = Dyx Dty Dxu | (F*(P) + G)
— Dxx (F*(P) + G) ~ Dyx <F*(P) + G) Dpl (F*(P) + G> Dxu (F*(P) + G)

1s semi-positive, for all X, P € H™.
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5.3. Rewvisit the First Order Condition

(Dxx DXU) (F*(P) + G) <¢x’ qbu> ®2

=D (F*(P) + G) (6, 62) + 2Dxu (F*(P) + G) (6, 64) + Duv(F*(P) + G) (6, 64)
=Dxx(F"(P) + G)(¢z, 2) + 2Dxv (F*(P) + G)(¢2), du)pra + (Duv(F*(P) + G)(¢u), du)piru
=Dxx(F*(P) + G) (0, 62) + 2Dxu(F*(P) + G)(6,) + Duu(F" (P) + G)(@4), 6u)ene
~(Dxx(F*(P)+O)(@2).x)

+ { Duu (F*(P) + G) (64 + | Db Dxu | (F*(P) + G)(62))

b0+ [ Db Dxu| (F(P)+ €)(62)) = (6. [Dux Dty Dxu | (7 (P) + G)(én) )

=([Pxx = Dux Db Dxo | (F(P) + G)(62).6)

+{Duu(F*(P) + G) (¢ + [Dgh D] (F*(P) + G)(6))

bu+ [ Dol Do (F(P) + G) (@) )

Hra

Hu
(5.3.52)

Recall that Dyy(F*(P) 4+ G) is positive by (A.2). We can choose
¢u = —[DyyDxu](F*(P) + G)(¢x)

and the second term on the right hand side attains its minimum and vanishes;
while the left hand side is positive by (A.1). Since ¢, is arbitrary, we conclude

that the Schur complement is semi-positive. O
(A.4) The bilinear operator Dy f Dy F* on H"™ is positive and bounded:

M @ell3ne < (DuF(X,U)DyF*(X,U)(¢2), bu)rne < M @all3ne, VX € H™, U € H™.
(5.3.53)

With assumption (A.2), we can rewrite Equations (5.3.42) and (5.3.43) respec-
tively:

0= [D(}}JDXU] <F*(P) + G) (6,) + DxU(X, P)(6s). (5.3.54)
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and
0= Dy}, (F*(P) + G) DuF*(v,) + DpU(X, P) (7). (5.3.55)

5.4 Boundedness of Jacobian Flow

Recall that £ € H™ — X, P, € H"*. Let ¢,,7, € H" be test functions. We first
consider the case with D F' = 0 = DL G. By differentiate (5.2.37) with respect
to the initial random variable &, we obtain the following Jacobian flow system
specified by £ € H™ — DX, DP, € L(H™, H"):

(

ADX,(¢:) = (DXFS (DX.(@2)) + DuFy(DxU,(DX(00)) ) + DuFs(DpU, (DPS(@))))ds,

DXt(¢z) = Qg;
—~dDP,(v.) = [ Dxx (F(P) + G, ) (DX,(3)) + Dux (F:(P) + G, ) (DxU, (DX.(30)))
< + Dux (F(P) + G, ) (DrU, (DP.(3)) ) + DxF(DPy(7)) | ds

. [DX]L (FS*(PS) + GS> (DXS(%)> + Dy <FS*(P3) + Gs) (DXUS <DXS(%))>

+ Dy, (F;(Ps) n Gs> (DPUS <DPS(%)>> n DLFS*(DPS(%))} — DZ,()dW,,

DPr(y.) = Dxxhr (DXr(3)) = Dxuhr(DXr(s)).
(5.4.56)

The following lemma is crucial to the main result in this section.

Lemma 5.4.1. Suppose that the assumptions (A.1), (A.2) and (A.3) hold, then

T
IDP(60) e > / N DPy () |Zmeds, | bullrene < 1. (5.4.57)

t
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5.4. Boundedness of Jacobian Flow

Proof. Consider the inner product process:

d(DX(92), DPs(hz))ne

~(DxF,(DX,(6,)) + DuFy(DxU,(DX(6)) ) + DuFy (DU, (DPS(¢x))>,DPs(¢x)>Wd8
— (DX(02), | DxxF; (DX,(62), P,) + DxxGy(DX,(4))
4 DyxF? (DXU ( ) ) + DyxG, (DXUS(DXs(ebm)))
(DpU.(DP > P,) + DuxGy(DpU,(DPy(62)))

+ DxF(DPy(6, >>]>

— (DX(6:). DZ,(62)dW,)
~(DxU,(DX.(6.)) + DeU(DPy(6x) ), DuFI(DPA(2) ) ds

— (DX,(6,), | DxxFi (DX.(62), P.) + DxxG.(DX.(0))

+ DuxF; (DxU.(DX,(6,)). P,) + DuxGs(DxUs(DX(02)) ) ) ds

o
— (DxoF: (DXo(60), P.) + DxvGa(DX.(@2)), DeU(DP.(62)) ) ds

(5.4.58)

+ DyxF;

We can now replace respectively ¢, and 7, by DX(¢,) and DP,(¢,) in Equation
(5.3.46), we have

d(DX(¢2), DPy(¢))3ms
—(DeU,(DPA@2)), DuF:(DP.(62))) s
— (DX.(60), DxxF; (DX.(62), P.) + Dxx G (DX.(62)) ) ds
— (DxuF; (DX,(62), P.) + DxvGa(DX.(00) ), DxUs (DX,(62)) ) ds.

Hru
(5.4.50)

Now we replace respectively ¢,., v, with DX (¢.), DPs(¢,) in (5.3.47) and (5.3.48).
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5.4. Boundedness of Jacobian Flow

Equation (5.4.59) becomes

d(DX(¢z), DPs(¢z))r
= — (Do F; (DeULDP.(62)), B.) + DuvGa(DeUDPA0.) ), DeUL(DP.(62)) ) ds

o
— (DxxF? (DX,(62) P.) + Dxx G (DXo(@2) ), DX, (6,)) ds

Hna

0
+ (DuuF; (DxULDX,(62)), P.) + DuvGy( DxU(DX,(62))), DxU(DX(6))). d

(5.4.60)
Finally, using Equation (5.3.54) and (5.3.55), (5.4.60) becomes
A{DX(¢z), DPs(¢z)) 3
<D2F* (DP s ) UU(F*( )+ G, )DQF* (DP (¢x))>%ds
— (Dxx (F: +G.) (DX.(62)), DX.(0)), ds
+(Dxo (F(P) + G) (DXo(02)). Db (F2(P) + G ) D (FE(R) + G ) (DXo(62)) ) ds
— — (Dot (F:(P) + G.) DuFi (DP(@y) ), DuFi (DPA@y) ) ). ds
(| Dxx - DUXDUUDXU} (Fi(P)+G.) (DX(60)). DXL(@2)) ds.
(5.4.61)
Applying Lemma 5.3.6 and (A.2), we have
UDX,(02), DP(¢u)sr- < —MDuF: (DP(60) ) [fpuds.  (54:62)
Using (A.4) yields
d(DX(¢s), DPs(¢2))ane < —N||DPy(by)||5gne ds. (5.4.63)

Integrate both sides on [t, T, together with (A.3), we have

T
(02; DPy(¢z))rre 2 (DX1(¢r), Dxxhr(DX1(¢0)))ane +/ N|IDPy(s)lI3r. ds

t

T
> / N\ DPy(62) |2, ds.
t

(5.4.64)
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Choose ¢, such that ||¢y|pm < 1,

T
IDP(60)lpene > / N DP(60)|Zads,  |Gallsme < 1. (5.4.65)

t

]
We prove the main result in this section:

Theorem 5.4.2. Suppose that the assumptions (A.1 — A.4) hold, then DP; is
bounded.

Proof.

AIDX,(62)
=d(DX(¢s), DXs(¢z)) 3
=2(DX.(02), Dx Py (DX.(02)) = DBy ([ D5t Dxw | (Fi(P) + 6. ) (DXe(62)) ) ds
+2(DX,(60),~DuF (Dl (FI(P) + G,) DaF; (DP(6,)) ) ds
<2(IDx f1| + | Do f DG D) (F* (P) + G | DXo(02) [y s
+ (IDuf Do (F*(P) + G) Dy || ) [ DX, (62) [, s
+ (IDuf Do (F*(P) + G) Dy F'||) | DPy(62) 3. ds
(5.4.66)

Using Gronwall’s inequality, we have

IDX. (00 B < [1xlBens + (1D0SDGE(P) + ODOF ) [ IDPu(n) ]
-exp {2(IDx fIl + |1 Do f Dz Dxv)(B*(P) + Q)] ) (s = )
+ (I1Duf Db (F*(P) + QYD F*| ) (s 1)}

< [H%H%M +B/ ||DPu(¢x)||$_[nzdu}€(2A+B)(s—t)
t

(5.4.67)
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for t < s <T. On the other hand,

d|| D Py(¢2) I3
=d(DP;(¢), DPs(¢z)) #ns
= —2(DP.(6,), [Dxx = Dux D Dxo| (Fi(P) + G.) (DX, (02)
[DUXDUU] (F*(Ps) e )DQF* (DP (qu)))

+ DxF*(DP,(¢,) >

(5.4.68)

+ (DZ,(92)AW., DZ,(2)dW, )

Hra

We have

IDP(62) e + (DZ(6:)dWs, DZ,(6,)AW,)

~IDPrG e +2 [ (DP0u). [Drx — Dox DD (5P + ) (DX(6)),

Hna

=3 (DP.6n). [DuxDgb] (P + 6. Dasi (DPR6) )

Hra

2 / *(DP.(6.). DxFi(DP,(0,))) _ds

Hne
(5.4.69)

Hence
|DP.(@2) [en.
T
<1 Dsxchr(DXr(60)) s + | CIDX(62) s + (€ + 2D)[DPy(00) e

(5.4.70)

Again, we use the Gronwall’s inequality:

T
IDP(02) Bore <{ WDl (DXr(82)) e + [ CIDXu(6) [} 32000,
(5.4.71)

We consider the following estimates:

T
| DP(¢:) lgne > / N2||DPy () |30, ds (5.4.72)

t
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IDXe(62) e < [IelBins + B [ IDP() ] 42060, (5,073
t

T
IDP6:) e < { Dl (DX (62)) B+ | CUDXu(60) el 2001
(5.4.74)
Combining (5.4.72) and (5.4.73), we have

B _
IDX,(6) e < [1€2le + T5IDP(S) e | 242060 (5.4.75)
Combing (5.4.74) and (5.4.75), we have

1D Py(¢2) I3
B —
S{HDXXhTH [H¢x“3—[nz + p“DPt(qu)”an}6(2A+B)(T )
B T ) -
+C [H%Hinx +pHDPt(¢x)Hw4 / 2A+B) t)du}e<c+zp>(T )

<K[|162 e + IDP2) s | 2T,

(5.4.76)
Finally,
[DPy(z) |34 <K[ 90 +1}62<T—t> (5.4.77)
S =D P60 e | -
Clearly,
IDP(&x) e <K [0 lee + 1] 270 v 1. (54.78)
m

5.5 Future Extension

The main result in this chapter is to give a global (in time) bound of the Jacobian
flow of the McKean Vlasov Forward Backward Stochastic Differential Equation
resulted from Mean Field Games. This bound is crucial in constructing the global

solution of the FBSDE piece-wisely and backwardly from the terminal time 7', as
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it stabilize the estimates in the induction argument.
The steps to complete the proof of uniqueness and existence of system (5.2.37)

are outlined as below

1. Revise the bound of the Jacobian Flow under the relaxed condition that

DuF, DL.G # 0

2. Show that the Jacobian Flow (DX, DP) in (5.4.56) admits a unique (global)

solution for any given X, P;

3. Find a small time A, such that for all initial £ and T' < A, (X, P) in (5.2.37)

admits a unique (local) solution;

4. Introduce a time partition {¢;}7_, on [0, 7], such that |t; —t; 1| < A, prove
inductively that if (X, P) admit a unique solution on [t;, T, then so does
[tj*_17 T] .

The first task can be accomplished by controlling the norm of Dy F' and DpG.
Thanks to the monotonicity condition implicitly proved in (5.4.63), the second step
can be done using classical results in Forward Backward Stochastic Differential
Equation. The third step is relatively standard. Finally, with the revised bound

of the Jacobian flow, the induction in the final step is valid.
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