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Abstract

New aero-engine architectures are currently being developed to satisfy the increasing

demand for fuel-efficiency and lower noise, pushing the boundaries of todays design prac-

tice. These unproven designs require additional effort to ensure safety to high-cycle fatigue

and flutter, widely acknowledged as a main risk for turbomachinery components. This calls

for a new focus on phenomena that have been little investigated in the past due to their mi-

nor relevance for traditional designs, like the Coriolis effect. The Coriolis effect can cause

an increase in the number of resonance frequencies, and generate global travelling-wave

modes that can affect performance and flutter stability. Experimentally validated predic-

tion and analysis methods are essential to ensure the accurate evaluation of the impact of

the Coriolis effect on future engine designs.

The major finite element (FE) software packages were systematically assessed, and

proven to provide reliable simulations of the dynamics of bladed discs when the Corio-

lis effect is included. Experimental modal tools for the detection and identification of the

Coriolis effect are also needed, to provide accurate interpretation of the data for model

validation and updating. For this purpose, a dedicated rotating test rig was designed and

manufactured. A novel Multiple Input Multiple Output testing framework was developed,

based on the use of an array of strain gauges and piezoelectric actuators in combination

with a poly-reference identification method, for the extraction of the full set of modal pa-

rameters arising in a bladed disc from the Coriolis force.

The new technique allowed the successful recovery of Campbell diagrams, damping and

strain mode shapes. Left displacement eigenvectors, which appear in the FRF formulation

due to the Coriolis effect, could also be extracted and validated for the first time. An

accurate comparison was conducted between the measurement data and the FE results,

and confirmed the reliability of the new approach.
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Chapter 1

Introduction

1.1 Overview

Makers of civil aircraft components are facing increasing pressure from both the public

and the private sector towards innovation: laws on CO2 and NOx emissions and noise are

getting stricter, and oil prices can make fuel a high percentage of the operational costs of

airline companies. This has spurred a number of initiatives to accelerate the long tech-

nology development of the aircraft industry: the Clean Sky consortium, for example, is a

partnership between the EU and several private companies with the explicit purpose of

providing greener, more efficient aircraft and propulsion systems within a short time span,

and similar efforts are being undertaken by NASA in the US.

On the propulsion front, several new architectures have been envisioned as the engine

of tomorrow, geared turbofan, lean burn, and open rotors being the the most practica-

ble in the medium term. These novel architectures call into question the established as-

sumptions and design practices established in aero-engine development. The lighter, more

flexible structures require additional effort to ensure safety in terms of high-cycle fatigue

(HCF) and flutter due to vibrations induced by aerodynamic forces, which have long been

acknowledged as the principal risk for turbomachinery components. Very accurate com-

putational methods have been developed to predict the response of the system under the

likely working loads and minimise the chance of failure, but the experience matured over

the past 50 years in traditional gas turbine engines does not necessarily translate directly

to these new designs.

At the moment not all the loads acting on the engine are taken into consideration when

conducting dynamic analyses on bladed discs: the Coriolis force is routinely neglected, and

the effect of gyroscopic moments coupling the dynamics of bladed discs with that of their

supporting shaft are usually treated separately from the detailed design of the blades. The

Coriolis force causes splits in the natural frequencies of bladed discs, thus extending the

resonance range at which high-amplitude vibration can be expected. It also tends to couple

the blades in global synchronised vibration patterns in the form of travelling waves, which

19
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have a significant influence on aeroelastic interaction, and can lead to instability.

Omitting the Coriolis force from design and verification procedures has been acceptable

so far, as the effects of this force has been shown to be rather small in current aircraft

engines, and this approximation significantly lightens the computational effort. However,

experimental results from modern fans, with long blades and strong stagger angles, are

already showing dependence on Coriolis effects. This suggests that these simplifications

would be even less valid for the next-generation aero-engines, as their distinctive features

would lead them to be particularly prone to rotational effects.

This project aims to gain an in-depth understanding of the effects of the Coriolis force

on the dynamics of bladed discs through the development of experimentally validated pre-

dictive methods. This chapter will review the current knowledge on the Coriolis effects in

rotating structures, the state of the art of computational tools, and the past and present

experimental efforts undertaken to validate these methods, in order to establish what is

available, and what is missing to enable a full integration of the Coriolis effect into the

design process of aero-engines.

1.2 Effects of the Coriolis force in rotating bladed discs

The Coriolis force arises in rotating structures, and is proportional to the components of

the vibrational velocity perpendicular to the rotational axis. All aero-engine stages expe-

rience in-plane vibration during operation, due to the blades, which are mounted on the

disc at an angle with the spin axis, or due to small side-ways vibrations of the disc itself

(Fig. 1.1). All bladed discs are therefore subject to some level of Coriolis force during oper-

ation. Since the most flexible component of a bladed disc are the blades themselves, some

studies have focused on the effect of the Coriolis force on the dynamics of the single blade

to identify potential issues. It was found that the Coriolis force tends to cause a spread in

the spectrum of natural frequencies of a flat blade, causing variations in the value of some

resonance frequencies of up to 9% [1]. However, in blades with highly three-dimensional

features, adding the Coriolis force to the equations of motion has no effect, if the blade is

also thin. On the other hand, thick blades experience both a change in their natural fre-

quencies [2] when the Coriolis effect is included in the modelling, and an influence on their

structural stability [3]. In addition, if the blade is inclined with respect to the spin axis, the

mode shapes have been demonstrated to exhibit coupled components [4]: while at rest, the

displacements are either parallel or perpendicular to the beam faces, but, once the Coriolis

force is added [5], the deformation becomes biaxial [6]. In an aero-engine, this could affect

the interaction with the incoming flow, and thus efficiency.

This coupling is accompanied by the generation of complex mode shapes [7], i.e. of

vibration patterns in which all DOFs move at a different phase with respect to each other.

This has further consequences when considering the blades not in isolation, but arranged

in bladed discs. Bladed discs can be classified as cyclic symmetric structures, as they can

be divided into N identical sectors that repeat the same pattern in terms of geometry

and material for every rotation of the characteristic angle ϕ = 2π/N . In analogy with
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Figure 1.1: Example of Coriolis effect: a Coriolis force is generated by the relative velocity due to

vibration of a blade in a rotating bladed-disc shaft assembly.

axisymmetric structures, they possess single and double modes, where double modes are

pairs of modes with identical shape at the same frequency, but circumferentially shifted,

e.g. orthogonal to each other [8].

The amplitude of the displacements associated to these modes varies sinusoidally along

the circumference of the bladed disc. This leads to the appearance of a set of k zero-

displacement nodal lines, which are called nodal diameters (ND) [9], with k = 0, . . . , ⌊N/2⌋:
the corresponding modes are called kND modes. In a cyclic-symmetric structure, any linear

combination of the orthogonal mode shapes associated with the same natural frequency

is still a mode shape. The double mode shape vectors can be combined to form either a

standing wave, which means the mode shape is “frozen” in space, or a travelling wave

(TW), where the point of maximum displacement circulates around the structure. Stand-

ing waves correspond to real mode shapes, while TW modes are complex-valued.

With cyclic symmetric structures, the Coriolis effect forces the existence of travelling

waves, which can propagate in the same direction of the rotational speed (forward (FW)

travelling waves), or in the opposite (backward (BW) travelling waves). In addition, the

two TW modes, despite having the same shape [10], are uniquely associated to different

eigenvalues [11]. The Coriolis force thus causes a split of the natural frequencies of a struc-

ture, and increases the number of potential resonances [12]. Frequency splits have also

been observed experimentally in bladed discs characterised by complex, three-dimensional

shapes. Splits as high as 2% for all nodal diameters were found in a flat blisk whose blades

were bent out of the rotation plane (called swept blisk) [13]: if neglected, they would pro-

duce a discrepancy between predicted and real resonance frequencies very close to the

tolerance commonly accepted in the aero-engine industry for validation data. Experiments

were also performed to quantify the effect of the Coriolis force on realistic geometries: in

a high-pressure compressor, it was found that the frequency splits, though small in value,

still resulted in two noticeable resonance peaks [14].
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Each of the peaks in associated to a distinct direction of propagation for the travelling

wave vibration patterns. The direction of propagation of the wave is of no consequence

in a purely structural analysis, but, when investigating the interaction between fluid and

structure, the unsteady aerodynamic excitations acting on the blades are affected by it [15].

This has an impact on their aeroelastic stability, as aerodynamic damping can become

negative, i.e. the air-flow can start actively exciting the blades, instead of reducing its

vibration through drag, depending on the direction of the travelling wave modes [16].

Mistuning is another physical phenomenon that can cause frequency splits. It origi-

nates from the inevitable deviations from the ideal geometries that arise from manufactur-

ing tolerances, wear, etc. Since double modes can only exist in perfectly symmetric struc-

tures, mistuning leads to a split of these modes. However, unlike the Coriolis effect, these

asymmetries tend to lock the modes in a particular position, and so to force standing-wave

modes. Research has thus investigated how the two phenomena, Coriolis effect and mis-

tuning, interact. Huang and Kuang [17] proposed an analytical model of a generic bladed

disc with rigid hub subject to both mistuning and the Coriolis force, and found that the lat-

ter tends to enhance localisation in the mode shapes. Nikolic [18] used a lumped-parameter

model, and through a Montecarlo simulation of various levels of mistuning found that the

Coriolis effect can in some cases increase the forced response amplitude of a sector. Xin

and Wang [19] modelled a realistic compressor stage in a commercial FE code, and showed

that the largest Coriolis-induced frequency splits correspond to the 1ND and 2ND modes,

while are negligible for higher nodal diameter families. They also confirmed that, when

mistuning is added, the Coriolis force enhances mode localisation. On the experimental

side, Almeida et al. [20] observed that, in a mistuned radial impeller, the mode shapes

evolve from standing to travelling waves with increasing speed, which was attributed to

the Coriolis effect.

The analysis of the literature has highlighted that the effects of the Coriolis force in

bladed discs are well understood. However, their modelling relies heavily on simplifying

assumptions that allow an analytical or semi-analytical treatment. Very few studies use

FE models, which would lead to a more realistic and comprehensive investigation of the

phenomenon. In particular, no formal validation has been conducted to assess the actual

prediction capabilities of the current computational tools.

1.3 Experimental methods for the validation of rotating struc-

tures

1.3.1 Frequency Response Functions for gyroscopic systems

Modal analysis provides a direct link between simulations and experimentation. Its tools

can be applied to analytical models and experimental data, and can thus be used to ensure

that the models correctly represents the actual structures through validation. The prin-

cipal means for this is the measurement of a Frequency Response Function (FRF), which

correlates excitation and response of the system, and depends on the structural properties
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of the system itself. Experimental modal analysis (EMA) allows the recovery of the actual

structural parameters of a system, such as the resonance frequencies, damping, and mode

shapes, from measured FRFs [21]. All of these data not only provide essential information

on the characteristics of the real structure, but also allow to refine models in order to obtain

simulations closer to reality (model updating).

In this sense, the possibility to apply EMA to a structure while it is rotating would

be very valuable, as it would enable the recovery of the modal parameters in operation.

This would in turn allow to control how speed influences the dynamic characteristics. It

is known that centrifugal stiffening affects natural frequencies, but can modify damping

as well: the contact surfaces between blades and discs, for example, tend to become locked

at higher speeds, due to the centrifugal force increasingly pressing them together, thus

causing a progressive decrease in damping [22]. Variations in the modal parameters can

also signal a change in the structure itself, as, for example, a propagating crack would

cause a decrease in the natural frequency of a blade. EMA would then be the necessary

foundation for operational condition monitoring [23].

Various studies have therefore proposed experimental methodologies and analytical

representations for the FRF of a rotating structure. The main issue is that rotation,

through the Coriolis effect, introduces an asymmetry in the dynamics of a spinning system

that invalidates the principle of reciprocity. This means that the FRF matrix is no longer

symmetric: exciting a structure at point A and measuring the response at point B does not

yield, in general, the same result as the opposite situation. It also means that the FRF

terms do not depend only on the usual modal properties, i.e. mode shapes, damping, and

natural frequencies: the left eigenvectors of the eigenproblem associated to the equations

of motion of the structure are necessary as well to obtain the full response model [24–26].

Since the matrices of left eigenvectors and mode shapes are orthogonal to the matrices of

the eigenproblem [24], both sets would need to be recovered to validate a FE model via or-

thogonality checks [27] between the measured eigenvectors and the system matrices from

FE models.

In most non-rotating structures, only a row of the FRF matrix is necessary: this is

easily accomplished by applying a known excitation force to a point on the structure, and

measure the response at a number of points corresponding to the number of degrees of

freedom required. However, in a rotating structure, the existence of left eigenvectors in-

creases the number of unknowns: during experiments, both a column and a row of the FRF

matrix H need to be acquired [28], making it necessary to also vary the point of excitation,

while measuring the response at a fixed location. This is a major challenge in the EMA of

rotating systems [29], and thus prompted investigations into the possibility of extending

the “row method” to gyroscopic systems, but the extreme sensitivity of left eigenvectors to

the quality of the measurement data led to mixed results for the suggested approach [30].
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1.3.2 Excitation methods

As shown in the previous section, multiple excitation points on the structure are particu-

larly important in the modal analysis of rotating structures with Coriolis effects, as they

allow the recovery of left eigenvectors [28], essential for model validation. They are also

necessary for forced response studies, where it would be desirable to introduce engine or-

der (EO) forcing patterns, which vary around the circumference of a bladed disc due to

the presence of cyclic obstructions caused by the presence of other bladed stages upstream

(stators and rotors).

Different approaches have been tried, and will be reviewed in this section. Static per-

manent magnets offer a non-contact, minimally intrusive excitation system, can produce

high forcing levels, and arrays of them can be used to simulate EO excitation [31, 32].

However, while the EO can be set arbitrarily by changing the number of magnets [33], the

excitation frequency cannot be controlled, as it depends on the rotation speed of the test

piece. Even so, it is not possible to selectively excite only one particular frequency, as the

passage of the blades in front of the magnet produces an impulse containing several har-

monics, potentially lowering the signal to noise ratio [31]. Finally, when used in a vacuum

chamber, the eddy currents produced in the test piece, and the consequent heating, can be

so strong as to melt the parts of the test piece closer to the magnets [32].

AC magnets mounted on a disc spinning with the test piece are an attractive alterna-

tive. The input voltage can be varied to produce the desired amplitudes, frequencies, or

excitation types (sinusoidal, random, chirp, etc.) [34]. They can generate forces of 10 N

or more [35], but they can be quite bulky, and thus less suitable for using in a rotating

application, due to the significant mass loading. With smaller magnets, as the magnetic

force is proportional to the inverse of the square of the distance between magnet and spec-

imen, small gaps are required to generate workable forces, thus posing the risk of impact

depending on vibration amplitudes in the structure. Finally, as with permanent magnets,

the test piece must obviously be made of a magnetic material, which is not always possible,

or magnets must be attached to the specimen, which can worsen mistuning, and alter the

dynamics of the structure.

Air jets offer another non-contact means of exciting the test structure [36], but they

present the same issue as permanent magnets, as they produce an impulse-like excitation,

and no control of the forcing frequency is therefore possible. In addition, while they offer

the closest approximation to real EO excitation, the use of air is not suitable for vacuum

operation. Vacuum is often essential for a test rig, not only to study the structural proper-

ties of a system separately from the effects of fluid interaction [22], but also with academic

test pieces: the latter are often not necessarily designed to be aerodynamic, and spinning

them in air requires both high motor torques, and poses the risk of destroying the blades

through flutter [37].

An alternative means of exciting a rotating structure comes from exciting the shaft onto

which the test piece is mounted. This method has been applied via shakers connected to a

dummy bearing [38,39], or by magnetic bearings [40–42]. Magnetic bearings, in particular,
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present all the advantages of AC magnetic excitation, with none of the drawbacks listed

above. The NASA Glenn Research Center Dynamic Spin Rig [40], for example, uses three

magnetic bearings to achieve full levitation of the test rotor. The excitation is provided

by the bearings themselves, and fiber optical displacement transducers measure the blade

vibrations. The fully contact-less excitation, measurement and support system, coupled

with the use of a medium-vacuum chamber, allows the accurate study of damping in rotat-

ing structures [43]. However, it is not clear from the literature what force levels they can

reach, since they excite the test piece only indirectly. Because of this, they would also not

qualify as true multiple-input excitation for the blades, as the force is only applied to the

shaft.

1.3.3 Piezoelectric actuators

Piezoelectric (PZT) laminar actuators have been steadily gaining popularity over the past

twenty years. They consist of flat patches of encapsulated piezoelectric material that can

be attached directly to a structure. Their light-weight, good achievable forcing levels, and

low cost, allow a distributed configuration of the excitation without significantly altering

the dynamics of the underlying structures, making them particularly suited to MIMO ap-

plications for modal analysis.

The actuation characteristics come from the coupled electromechanical properties of

piezoelectric materials: an applied voltage is able to produce a strain in the material,

which can elongate and compress, and transmit a bending moment to the underlying struc-

ture through the bond interface [44]. Piezoelectric actuators can thus be incorporated into

“smart” structures for active vibration control [45, 46]. However, it was soon recognised

that their presence on a structure could be exploited to provide its modal parameters,

which could be subsequently used for the control model [47].

The possibility of generating FRFs through piezoelectric actuation has been proven

through several studies, initially based on simple cantilever beam models and a single ac-

tuator to derive both analytical solutions, and experimental validation data [48, 49]. PZT

actuators, however, are particularly well-suited to multiple-input applications [50], due to

their small mass, which makes them applicable to lightweight structures [51], and the pos-

sibility of being easily attached at several locations on a structure. Multiple piezoelectric

actuators have been shown to provide FRFs with better coherence, and, since they can be

distributed on the structure to avoid nodal lines, can more easily identify mode pairs with

close resonance frequencies [52].

The latter property makes them a very attractive choice in the EMA of cyclic-symmetric

systems in particular. Hollkamp and Gordon [53] used eight PZT actuators bonded to each

of the blades of their simplified fan model, and used them one at a time to extract mode

shape information. Jeffers [54] and Kielb [22] used multiple piezoelectric patches embed-

ded in the blades of a high-pressure turbine using both swept sine and chirp signals. The

measured FRFs were then curve-fitted using a single degree-of-freedom model (SDOF) to

obtain damping values both in vacuum and operational conditions. The same SDOF ap-
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proximation was employed by Kammerer [55] in the analysis of the damping of a centrifu-

gal impeller. FRFs were measured from sinusoidal excitation from PZT patches that were

driven by the same voltage signal. While good-quality data could be obtained, the SDOF

approximation proved problematic due to the presence of close frequencies from mistun-

ing. Almeida et al. [20] used a single PZT actuator on a similar test piece, and measured

Coriolis-induced frequency splits and TW modes by applying a more realistic multi-DOF

curve-fitting procedure on the response measured through several strain gauges.

The relevance of TWs to the study of the aeroelastic response of bladed discs has gen-

erated interest in the capability of exciting bladed discs directly with a TW forcing pat-

tern. The first rig to exhibit this feature using PZT actuators was presented by Gibert et

al. [14]. A high-pressure compressor blisk was equipped with two circumferential rows of

PZT patches on the front and rear of the blisk hub. The rows were driven by the same

sinusoidal voltage signal, and the generation of a phase difference between them to create

a TW relied on their being spatially shifted with respect to each other. An additional con-

stant phase shift was introduced in the control voltage via manual switches on the hub. A

pure 4EO TW pattern could be generated. It was also possible to introduce 0EO, 1EO, and

2EO TW patterns, but, because of the spatial distribution of the actuators, and the fixed

phase shift allowed by the switches, an additional SW component was inevitable.

An evolution towards the selective excitation of arbitrary EO patterns was presented by

Belz et al. [56]. In their test rig, five adjacent blades of an ultra-high-bypass-ratio fan were

equipped with Macro Fiber Composite (MFC) piezoelectric actuators. They were all driven

by sinusoidal signal at the same frequency, but individually phase-shifted with respect to

each other, to reproduce a precise EO excitation.

The review of the literature has highlighted that the modal analysis of a rotating struc-

ture requires a MIMO approach, as multiple excitation points are necessary to recover the

left eigenvectors of the structure that arise from the action of the Coriolis force, and thus

retrieve the full set of modal parameters to be used for validation and model updating

purposes. Among the many excitation methods that have been employed in the past, lami-

nar piezoelectric actuators have emerged as an attractive and viable option, especially for

bladed discs. Contrary to most other methods, they can be controlled individually, thus de-

coupling excitation from rotation speed. Being minimally intrusive, they can be distributed

across the structure, allowing both a proper MIMO configuration, and arbitrary excitation

patterns.

1.3.4 Measurement systems

The acquisition of good-quality data is crucial to obtain FRFs from which to extract reli-

able modal parameters. This is especially true in rotating structures, where multiple noise

sources are present. Research in recent years has particularly focused on non-contact tech-

niques. Being non-intrusive, they allow the recovery of the structural response without

adding interference, and, since they do not involve contact with the rotating system, they
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do not require slip rings or telemetric devices to transfer the measured signals from the

rotor, which could add further uncertainty through noise. In this section, some of the most

common measurement techniques will be covered.

Blade Tip Timing (BTT) measures the vibration of the tip of a blade through probes

(optical, capacitive, etc.) fixed on the casing of the rotor under test [57]. The probes record

the passage of the blade tip, and, by comparing the times of arrival at the probes and the

measured deflection to the times expected from the rotor speed, it is possible to reconstruct

the vibratory motion. BTT has been successfully used for the measurement of Coriolis-

induced TWs in rotating high-pressure compressor blisks at high speeds [58]. However, it

cannot be used to measure the response of the full blade, and is thus not suitable for mode

shape reconstruction purposes, or for detailed model validation.

Point-tracking Laser Doppler Vibrometry (LDV) [20, 31], on the other hand, can follow

the vibration of several single points in succession during rotation, while Continuous Scan-

ning LDV (CSLDV) allows the measurement of the Operational Deflection Shape (ODS) of

a whole area, and potentially of a whole blade [59, 60]. In addition, it provides very high-

quality signals due to the characteristic high sensitivity of the laser heads. Point-tracking

photogrammetry similarly provides full-field measurements, by taking successive photos

of the target structure with high-speed cameras, and reconstructing its movement through

digital image correlation methods. As the cameras are fixed in space, photogrammetry, con-

trary to tracking LDV, also measures the rigid body motion due to rotation, which needs

to be subtracted during post-processing [61]. The main drawback of both methods is that

they are limited by the need for line-of-sight: only the parts of the target that are optically

accessible can be measured. This is an issue in bladed discs, as they are usually charac-

terised by a large number of blades and high stagger angles, which means that there is a

high degree of overlap between the blades themselves.

Strain gauges, however, would be well-suited to this situation, as they can be attached

almost anywhere. Since their response can be directly correlated to stress, they are ubiq-

uitous in turbomachinery monitoring and testing [14,20,22,54,55,58,62–74], even if they

need expensive telemetry devices [69, 75] capable of reliably transmitting the low-voltage

strain signal from the rotor to the data acquisition system. Since they have to be attached

to the blades, they can affect their structural properties, and add mistuning. This effect,

however, is limited in low-temperature applications, as they do not need to be encapsulated

in protective cement, which is the main source of additional stiffness [76].

The studies listed above mainly use strain gauges for forced response analysis, and not

for the sake of modal parameter extraction. However, the theory for strain EMA was es-

tablished in the late ’80s, and it has been successfully applied to extract mode shapes from

blisks in rotating conditions [14]. Recently, strain modal analysis has attracted new atten-

tion due to the possibility of recovering not only strain, but also displacement mode shapes,

from strain FRFs [77–80], but the method has not been extended to rotating structures so

far.
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1.4 Motivation and objectives of the study

Modern aero-engines have reached a degree of sophistication such that only significant

changes could lead to the pronounced improvements required by the present economic and

environmental pressures. New architectures like open rotors, or geared fans, constitute a

major leap in this direction, both in terms of efficiency and of technological innovation. This

calls for a revision of the accepted design practices, and a new focus on phenomena that

have been little investigated, either because of their minor effects on current architectures,

like the Coriolis effect, or because of the toll it would take on the present computational

resources.

The analysis of the available literature has highlighted that including the effects of

the Coriolis force into the design process could help push performance boundaries while

maintaining high safety standards. Frequency splits, causing the appearance of distinct

resonances, have been modelled and experimentally validated. Backward and forward

travelling waves generated by the Coriolis effect, which can affect flutter stability, have

been observed in real blisks, and their interaction with the standing waves caused by mis-

tuning have also started to be investigated. This underlines how there is a real push

towards an ever more comprehensive modellisation of the physical phenomena involved in

the operation of an aero-engine.

Two main areas where research needs to be expanded to fulfil the requirements of the

next generation of aero-engines have therefore been identified:

• Modelling of the Coriolis effect: Many of the studies analysed rely on analyti-

cal models based on simplifying assumptions, like rigid hubs. Others depend on ad

hoc implementations of the finite element method. These approaches are very valu-

able, especially in an academic context, as they allow fast simulations and a direct

understanding of the underlying physics. For an uptake from the turbomachinery

industry, and an integration of the Coriolis effect into the standard design and verifi-

cation process, the use of generalised and automatic methods for arbitrary geometries

is needed. In particular, it is not clear what the prediction capabilities of the avail-

able commercial FE software packages currently are in terms of rotational effects

in bladed discs in general, and the Coriolis effect in particular. A systematic assess-

ment of these capabilities is therefore necessary to prove their accuracy, and highlight

potential deficiencies. This assessment must be accompanied by a full independent

validation of its results, to provide the industry with confidence in the modelling ap-

proach to complex 3D structures like aero-engine stages when Coriolis effects are

included.

• Experimental modal analysis of bladed discs: Several test rigs and methodolo-

gies are present in the literature for the modal identification of bladed discs in ro-

tating conditions. Multiple-input approaches, however, have not yet been taken full

advantage of, due to the difficulty of introducing controllable and measurable excita-

tion patterns into a rotating structure. The presence of more than one input increases
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the achievable forcing level, and ensures a more uniform distribution of it over the

structure, which in turn contributes to higher-quality data. Multiple inputs are also

essential for the recovery of left eigenvectors. This particular feature of rotating sys-

tems is necessary for a full analysis of their dynamic properties, and its measurement

and validation, to the author’s knowledge, has never been attempted for a bladed disc.

Piezoelectric actuators, in particular, have emerged as viable candidates for this. In

addition, the application of strain gauges to modal analysis should be thoroughly as-

sessed and developed, as they are already the sensor of choice in rotating structures.

They can also be applied on multiple locations on a structure, allowing the detailed

recovery of the vibration pattern. A MIMO testing approach shall therefore be in-

vestigated, together with a multi-DOF modal identification method capable of taking

advantage of the full data set produced.

1.5 Thesis outline

This project aims to develop a reliable testing methodology for the modal analysis of ro-

tating structures, to be applied to the in-depth understanding of the Coriolis effects on the

dynamic response of bladed discs, and to ensure a validation of the existing predictive tools.

The thesis is structured as follows:

• Chapter 1 has presented the state-of-the art of research with respect to the inves-

tigation of the Coriolis effect in turbomachinery, and the experimental capabilities

developed.

• Chapter 2 covers the mathematical framework needed to model the effects of the Cori-

olis force in bladed discs. The traditional methods of modal analysis are adapted for

application to rotating structures. In particular, an explicit definition of strain FRFs

for a gyroscopic system is derived for the first time in a MIMO context. Piezoelectric

actuators are presented, and the equations of motion of a spinning structure excited

by them are reported.

• Chapter 3 presents the assessment of the prediction capabilities of the Coriolis effects

in commercial FE software packages. Benchmark test cases were developed, and

used to derive the accuracy of the various codes in simulating frequency splits and

travelling wave modes.

• Chapter 4 presents the design and commissioning of the rotating test rig developed

to provide the experimental validation data.

• Chapter 5 contains an in-depth investigation of the viability of piezoelectric actuators

for EMA in rotating conditions. Stepped-sine, MIMO random, TW EO patterns, and

impulse excitation are assessed and compared.

• Chapter 6 contains the validation data for the mode shapes and left eigenvectors

when the Coriolis effect is present. The experimental strain mode shapes are ex-
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tracted using the poly-reference technique adapted in Chapter 2, and compared to

the ones obtained from an FE model of the test piece. Very close agreement is ob-

served, proving the reliability of the new testing approach. Discrepancies are notice-

able only for modes affected by mistuning. Left eigenvectors are also recovered for

the first time: their close agreement with the FE results confirms the soundness of

the experimental approach.

• Chapter 7 summarises the main conclusions, and offers suggestions for further re-

search.



Chapter 2

Modal analysis of rotating bladed

discs

2.1 Introduction

Rotation adds inertial and elastic effects to the behaviour of flexible structures, due to the

interaction between the local deformations of the structure and the global motion of the

system. Their effect is well known, but, in the field of turbomachinery, the Coriolis force

is rarely included in structural dynamics analyses, and few studies address systematically

the issues that can arise from it.

This chapter therefore aims to establish the theoretical foundation for the main targets

of this work. The equations of motion for a rotating flexible structure will be presented to

highlight the principal dynamic phenomena. The cyclic-symmetry formalism, which can be

applied to represent bladed discs, will be described in great detail, as it can be exploited for

a quantitative understanding of the effects of the Coriolis force in this type of structures.

Experimental modal analysis offers the tools for the reliable identification of struc-

tural parameters like resonance frequencies, damping, and mode shapes, which are es-

sential to verify the behaviour of a system, and ensure the physical structure matches its

model, for representative simulations. The other final goal being the development of exper-

imental methods for the investigation of Coriolis effects in bladed discs, the tools of tradi-

tional modal analysis will be adapted to rotating structures. In particular, Multiple-Input

Multiple-Output (MIMO) testing has been identified as ideal for this purpose, so Frequency

Response Functions (FRFs) for MIMO applications will be presented. A FRF expression for

use with strain gauges in the presence of the Coriolis effect will be derived, so that modal

analysis can be conducted through the most common measurement devices in bladed discs.

As piezoelectric actuators were found to be well-suited to a MIMO set-up, their dynamic

properties will be explained, and their their use for FRF derivation commented on.

31
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2.2 Dynamic analysis of rotating flexible structures

2.2.1 Acceleration of a rotating body

To study the behaviour of a rotating body, it is possible to write the equations of motion

(EOMs) in two different, but related, frames of reference: the inertial frame, which is fixed,

and is therefore also defined as stationary, and a rotating frame that follows the global

spinning motion. The EOMs assume different forms depending on the frame they are

expressed in, and the most convenient expression depends on the symmetry characteristics

of both the rotating (rotor) and the stationary (stator) parts of the structure.

In the special case of an axisymmetric rotor on symmetric (or isotropic) bearings, i.e.

bearings with stiffness values identical in all directions, the equations are time-invariant

in both frames: for these systems, the EOMs are therefore solved directly in the fixed

frame. In the presence of asymmetric (anisotropic) bearings, time-varying coefficients ap-

pear in the rotating frame. Time-dependent coeefficients appear for a non-axisymmetric

rotor—e.g. a cyclic symmetric one, such as a bladed disc—with isotropic bearings in the

stationary frame, and is therefore solved in the rotating frame. A non-axisymmetric rotor

on anisotropic bearings would lead to time-dependent coefficients in both frames [21]. In

the rest of this work, only cyclic symmetric structures with isotropic bearings will be con-

sidered as they represent bladed discs, and the EOMs will only be derived in the rotating

frame.
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Figure 2.1: Kinematics of a rotating flexible body.

An expression for the acceleration of a flexible body in a reference frame rotating with
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velocity Ω is therefore needed to obtain the inertial forces. The rotating frame Oxyz is

considered to be attached to the structure, and to share the same origin as the inertial

frame Oxsyszs. In these conditions, the position r = |x y z|T of a generic point P belonging

to the deformed structure Vdef (Fig. 2.1) can be expressed as

r(r0, t) = r0 + u(r0, t), (2.1)

where r0 is the position of P in the original, undeformed configuration V0, and u(r0, t) is

the displacement vector of the deformation. Deriving Eq. (2.1) with respect to time, and

dropping the dependencies, the velocity can be written as

ṙ = u̇+Ω× (r0 + u), (2.2)

where Ω = |Ωx Ωy Ωz|T .

Assuming constant rotational speed, the acceleration can be written as [6]

r̈ = ü+ 2Ω× u̇+Ω×Ω× r0 +Ω×Ω× u. (2.3)

Three terms are added to the familiar linear acceleration ü. The first term, 2Ω× u̇ is called

Coriolis acceleration, and is present whenever the vibrational velocity u̇ has components

in the rotation plane perpendicular to the axis of rotation. The second term, Ω × Ω × r0

is proportional to the the original position vector of point P , r0, and forms the constant

part of the centrifugal acceleration, while the last term, Ω × Ω × u is proportional to the

displacement, and causes an inertial force that tends to amplify the displacement itself

since it is always acting in the displacement direction: the effect is called spin softening, as

it makes the rotating structure appear less stiff.

It is well known, however, that the presence of a centrifugal field adds to the apparent

structural stiffness [81], and more than compensates for the spin softening effect in most

cases, as the centrifugal force behaves as a restoring mechanism tending to realign the

deformed structure to its original position. This effect (called centrifugal or, more gener-

ally, geometric stiffening) can only be accounted for by using a nonlinear representation of

the deformation [82], and the best way to include it into the equations of motion was the

source of some controversy [83–85]. The most general and easily implemented approach

uses a nonlinear second order expression for the strain [86], even in presence of small

deformations, where the well-known linear strain tensor [87] would otherwise be used.

2.2.2 Equations of motion of rotating flexible structures

The EOMs of rotating flexible structures are seldom derived explicitly in the open litera-

ture. Some of the details are therefore presented here to highlight the origin of the main

rotational effects, and their consequences on dynamic behaviour. The derivation is based
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on the generalised Hamilton principle

∫ t2

t1

δ(K − U +Wnc +Wext)dt = 0, (2.4)

where δ is the variational operator [88], K is the kinetic energy of the system, U the

internal potential energy, and Wext the work of the external forces, which include non-

conservative damping forces. Remembering that the cross product operator Ω× can be

expressed in matrix form as

Ω× = R =

∣∣∣∣∣∣∣∣∣

0 −Ωz Ωy

Ωz 0 −Ωx

−Ωy Ωx 0

∣∣∣∣∣∣∣∣∣
,

the kinetic energy can be obtained from Eq. (2.2) as follows:

K =
1

2

∫

V
ρṙT ṙdV (2.5)

where ρ = ρ(x, y, z) is the density of the material. Taking the variation, and noting that

RT = −R yields

δK =
1

2

∫

V
ρ(2δu̇T u̇+ 2δu̇TRu+ 2δuTRT u̇+

+ δu̇TRr0 + 2δuTRTRr0 + 2δuRTRu)dV. (2.6)

The internal potential energy of the system is usually expressed with the volumetric

integral
∫
V σεdV as the work of the internal stresses σ on the strains ε. As anticipated,

the linear expression for the strains

εij =
1

2

(
∂ui
∂rj

+
∂uj
∂ri

)

cannot capture the effect of centrifugal stiffening, and is thus not suitable for modelling

rotating structures where this effect is prevalent. The Green strain tensor [89] is used

instead, as it contains nonlinear terms due to the representation of finite strain, which is

necessary to take centrifugal stiffening into account [90]. The Green vector strain S can
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then be written as [91]

S =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

εxx

εyy

εzz

εxy

εxz

εyz

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∂u1
∂x

∂u2
∂y

∂u3
∂z

∂u1
∂y

+
∂u2
∂x

∂u2
∂z

+
∂u3
∂x

∂u2
∂z

+
∂u3
∂y

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

+

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1

2

((
∂u1
∂x

)2

+

(
∂u2
∂x

)2

+

(
∂u3
∂x

)2
)

1

2

((
∂u1
∂y

)2

+

(
∂u2
∂y

)2

+

(
∂u3
∂y

)2
)

1

2

((
∂u1
∂z

)2

+

(
∂u2
∂z

)2

+

(
∂u3
∂z

)2
)

(
∂u1
∂x

)(
∂u1
∂y

)
+

(
∂u2
∂x

)(
∂u2
∂y

)
+

(
∂u3
∂x

)(
∂u3
∂y

)

(
∂u1
∂x

)(
∂u1
∂z

)
+

(
∂u2
∂x

)(
∂u2
∂z

)
+

(
∂u3
∂x

)(
∂u3
∂z

)

(
∂u1
∂y

)(
∂u1
∂z

)
+

(
∂u2
∂y

)(
∂u2
∂z

)
+

(
∂u3
∂y

)(
∂u3
∂z

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(2.7)

The choice of the Green strain tensor requires the use of the second Piola-Kirchhoff

stress tensor, as the two are work-conjugate [91], i.e. they allow an invariant formulation

of the internal work [92]. Defining a vector stress T in a similar way as for the vector strain

of Eq. (2.7), the variation δU of the potential energy can be written as

δU =
1

2

∫

V
TT δSdV. (2.8)

If the material has linear behaviour, a constitutive relationship between stress and strain

of the type T = CcδS, where Cc is the constitutive matrix defining the characteristics of

the material, can be assumed. Substituting it into Eq. (2.8), the internal energy can be

finally written as

δU =
1

2

∫

V
δSTCcδSdV. (2.9)

At this point, it is useful to introduce some form of discretisation, so that the displace-

ments u in the continuum can be reduced to a finite number of discrete degrees of freedom

(DOFs) x through some shape function matrices N

u = Nux(t) (2.10)

S = (Nε,l +Nε,nl)x(t). (2.11)

The shape functions depend on the type of discretisation method used (e.g. assumed modes,

finite elements, etc.). It is sufficient here to note that the displacement shape function Nu

and the strain function Nε,l are independent of the displacement, while Nε,nl is not, to

account for the nonlinear terms of the Green strain formulation [90,93].

It is possible to substituite Eqs. (2.10) and (2.11) into Eqs. (2.6) and (2.9), respectively,

and to further substitute the latter in Eq. (2.4). After further manipulations, which are

omitted for brevity as they are beyond the scope of this work (see e.g. [94] for a detailed
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derivation), the following discretised system of equations is obtained:

Mẍ(t) + (G(Ω) +C)ẋ(t) + (K+KG(x(t),Ω) +KS(Ω))x(t) = FC + Fext. (2.12)

M, C, K are the mass, damping, and stiffness matrices, Fext(Ω, t,x(t), . . .) is the vector

of external forces, including the centrifugal force, and x(t) is the vector of generalised

displacements derived from the discretisation process. Vector FC = FC(Ω) is the steady

centrifugal force vector originating from the constant component of the centrifugal accel-

eration in Eq. (2.3). Fext = Fext(Ω, t,x(t), . . .), is a generic vector of forces external to the

structure, which can include aerodynamic loading, the reactions of the bearings, friction

damping, etc., and is time dependent.

These elements are common to the analysis of stationary structures, while the remain-

ing (G, KG, KS) are specific to rotating systems, and depend on the rotational speed. The

Coriolis matrix

G = 2

∫

V
ρNT

uRNudV

depends on the rotational velocity matrix R, and is therefore skew-symmetric. It is some-

times referred to as a pseudo-damping matrix, as it multiplies the velocity vector like

damping matrix C, but does not introduce any dissipative effects. The geometric stiffness

matrix

KG =

∫

V
ρ
(
NT

ε,lCcNε,nl +NT
ε,nlCcNε,l

)
dV

introduces the geometric nonlinearity effect, as it originates from the nonlinear definition

of the deformation of Eq. (2.7), and comes from the potential energy term in Eq. (2.9). The

additional stiffness matrix KS

KS = −
∫

V
ρNT

uR
TRNudV

originates from the kinetic energy term in Eq. (2.6), and is related to the spin softening,

and is negative-definite: it can thus have a destabilising effect as it tends to reduce the

stiffness of the system.

2.2.3 Effects of the centrifugal field

If the displacements in Eq. (2.12) are small, it is possible to eliminate the nonlinearity

introduced by the displacement-dependent geometric stiffness matrix KG. This geometric

nonlinearity can be shown, in rotating structures, to originate from the action of the cen-

trifugal force FC(Ω): in blades with stacking lines1 off the radial direction, the centrifugal

force introduces a restoring moment, tending to realign the blade with the radial direction.

Due to the increasing flexibility of modern aero-engine blades, the shape of the blade will,

in general, change with the rotational speed.

Assuming a periodic forcing, and steady-state analysis, the displacement x(t) can be

1The stacking line is the line connecting the centres of gravity of the airfoil sections of a blade.
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represented by an oscillation xd(t) around a static equilibrium position xst

x(t) = xst + xd(t), (2.13)

where the configuration xst is different from the configuration at rest because of the action

of the centrifugal force. By assuming small displacements, the matrix KG can be consid-

ered constant during a vibration cycle, and therefore it depends only on the static part of

the displacement xst. By substituting Eq. (2.13) into Eq. (2.12), the system can be decou-

pled into a static (Eq. (2.14)) and a dynamic part (Eq. (2.15))

(K+KG(xst,Ω)−KS(Ω))xst = FC(Ω), (2.14)

and

Mẍd(t) + (G(Ω) +C)ẋd(t) + (K+KG(xst,Ω)−KS(Ω))xd(t) = Fext. (2.15)

Eq. (2.14) reveals the relationship between geometric nonlinearity and centrifugal force

in rotating structures. By solving it iteratively, it is possible to find the static configuration

xst and its corresponding matrix KG(xst,Ω), which can then be used in Eq. (2.15). If the

static displacement is small, the solution of Eq. (2.14) is based on linear or linearised stress-

strain relationship that lightens the computational load of this preliminary step. In bladed

discs, fans in particular, however, the centrifugal force alters the shape of the blades so

much that aerodynamic optimisation is performed directly on the hot shape of the blades,

i.e. the blade configuration as deformed by the centrifugal field (the cold shape, i.e. the

unloaded shape, is only derived afterwards, for manufacturing purposes). In this case,

Eq. (2.14) has to be solved using the actual stress-strain relationship [95], which can be

significantly nonlinear.

2.3 Coriolis effects on the modal properties of bladed discs

2.3.1 Properties of cyclic-symmetric structures

The modal analysis of a rotating structure, which allows the recovery of intrinsic dynamic

properties like natural frequencies and mode shapes, is based on the solution of the eigen-

problem associated to Eq. (2.15). Assuming a solution for xd(t) of the type Ψeλt, and ne-

glecting the excitation vector, leads to

(λ2M+ λ(C+G) +Ktot)Ψ = D(λ)Ψ = 0, (2.16)

where Ktot = K+KG −KS, and D(λ) is the dynamic stiffness of the system. The solution

yields the eigenvalue matrix Λ and the eigenvector matrix Ψ: the eigenvalues give the

resonance frequencies of the structure, while the eigenvectors represent its mode shapes,

i.e. the preferential vibration configurations of the system.

Eq. (2.16) reveals particular algebraic features under the hypothesis of cyclic-symmetry

in the structure, which can always be made for bladed discs (with one exception, which will
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be covered in sect. 2.3.5). This hypothesis allows a more efficient solution of the eigenprob-

lem, and offers further insight into the dynamics of bladed discs. It is also fundamental in

order to interpret the effects of the Coriolis force on such structures from a linear-algebra

point of view, which is seldom proposed. The application of the cyclic-symmetry hypothesis

to Eq. (2.16) and its consequences will therefore be treated in detail in the following.

Cyclic-symmetric structures can be divided into N identical sectors that repeat the

same pattern in terms of geometry and material for every rotation of the characteristic

angle θ = 2π/N . Bladed discs satisfy this hypothesis because of the presence of the blades,

which break the axisymmetry of the disc they are mounted on (axisymmetric structures

can be considered a particular case of cyclic symmetry). Because of the internal connec-

tions between adjacent sectors, the system matrices in Eq. (2.16) are block-circulant ma-

trices. Calling Mb a generic block-circulant matrix, any of the matrices in Eq. (2.16) can

be represented as

Mb =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Mb1 Mb2 Mb3 · · · MbN−1 MbN

MbN Mb1 Mb2 · · · MbN−2 MbN−1

MbN−1 MbN Mb1 · · · MbN−3 MbN−2

...
...

...
. . .

...
...

Mb3 Mb4 Mb5 · · · Mb1 Mb2

Mb2 Mb3 Mb4 · · · MbN Mb1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (2.17)

Each Mbi, i = 1, . . . , N is a sub-matrix of dimensions n× n, where N is the number of sec-

tors, and n the number of DOFs in a single sector. Mb1 contains the matrix terms relative

to a single sector, and is the same for all because of the cyclic-symmetry hypothesis. The

off-diagonal sub-matrices Mbi, i 6= 1 include the coupling terms between different sectors.

The system matrices are therefore seldom full for common bladed disc configurations, and

usually appear in banded form, as each sector is connected only to the two adjacent ones.

Indicating with ⊗ the Kronecker product [96], Mb can also be expressed as [97]

Mb = Bcirc[Mb1,Mb2, . . . ,MbN ] =
N∑

k=1

Πk ⊗Mbk, (2.18)

where

Πk
ij = δi(j−k+1) + δi(n+i−k+1), Πk ∈ R

n×n, i, j = 1, . . . , n
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is the permutation matrix, and δ is the Kronecker delta. For example, Π2 is

Π2 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 1 0 · · · 0 0

0 0 1 0 · · · 0
...

...
...

. . .
...

...

0 0 0 · · · 0 1

1 0 0 0 · · · 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

The eigenvectors of any permutation matrix are described by the Fourier matrix Ef , with

Ef jk =
1√
n
ei(j−1)(k−1)θ, j, k = 1, . . . , n.

Because of this, Ef diagonalises Πk for any index k as follows

P = EH
f ΠkEf =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 0 · · · 0

0 eiθ 0 · · · 0

0 0 ei2θ · · · 0
...

...
...

. . .
...

0 0 0 · · · ei(n−1)θ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, (2.19)

where ei(j−1)θ, j = 1, . . . , n is the j-th eigenvalue of Πk (and also Ef , because they are

similar). From Eqs. (2.18) and (2.19), and the distributive property of the Kronecker prod-

uct [96]

(A⊗B)⊗ (C⊗D) = AC⊗BD,

it is then possible to prove that any block-circulant matrix Mb is similar to a block-diagonal

matrix M̃b as follows

(EH
f ⊗ I)Mb(Ef ⊗ I) =

N∑

k=1

P⊗Mbk = P⊗
N∑

k=1

Mbk =

= Bdiag[M̃b1,M̃b2, . . . ,M̃bN ] = M̃b. (2.20)

The single blocks M̃bk are functions of the blocks of the original matrix Mb, and can be

written as

M̃bk =
N∑

j=1

Mbje
iθ(j−1)(k−1). (2.21)

By defining the angle

ϕk =
2π

N
k = kθ, k = 0, . . . , N − 1, (2.22)
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the following relationship is easy to prove

eiθ(N−(j−1))(k−1) = eiϕk(N−(j−1)) = e−iϕk(j−1), j = 1 . . . , ⌊N
2
⌋,

and Eq. (2.21) becomes

M̃bk =

⌊N
2
⌋∑

j=1

(
Mbje

iϕk(j−1) +MbN−(j−1)e
−iϕk(j−1)

)
. (2.23)

As the sum of block-circulant matrices is itself block-circulant, it is easy to recognise

that the generic matrix Mb can represent the dynamic stiffness matrix D as well. Fol-

lowing Eqs. (2.20) and (2.21), thanks to the cyclic-symmetry hypothesis, the original real

eigenproblem D(λ)Ψ = 0 of Eq. (2.16) can then be transformed into N complex eigenprob-

lems

D̃kψ̃ = 0, k = 0, . . . , N − 1, (2.24)

of dimension n [98], and ψ̃ is the generic eigenvector of the k-th reduced problem.

If Mb is symmetric, the property MbN−(j−1) = Mb
T
j is easy to prove. Using Euler’s

formula, Eq. (2.23) can be developed into [99]

M̃bk = Mb1 +

⌊N−1

2
⌋∑

j=2

((
Mbj +Mb

T
j

)
cosϕk + i

(
Mbj −Mb

T
j

)
sinϕk

)
+

+





0, N odd

(−1)kMbN/2, N even.
(2.25)

Since Mbj +Mb
T
j is the symmetric part of Mbj, and Mbj −Mb

T
j the antisymmetric part,

and Mb1 and MbN/2 are real and symmetric, M̃bk is hermitian. This is the case for matri-

ces M, C, and Ktot for most linear, non-gyroscopic, traditionally damped structures. With

these conditions, Eq. (2.24) becomes

D̃kψ̃ = (λ2M̃k + λC̃k + K̃tot,k)ψ̃ = 0,

which is itself hermitian. The eigenproblem D̃kψ̃ = 0 thus admits n complex-conjugate

pairs of eigenvalues and eigenvectors [100].

As ϕN−k = −ϕk, it can also be shown that D̃N−kψ̃ = D̃∗
kψ̃ also admits a complex-

conjugate solution, which is in turn the complex-conjugate of the solution of D̃kψ̃ = 0. In

particular, the j-th eigenvalue λN−k,j, corresponding to ϕN−k, is equal to the j-th eigen-

value λk,j from ϕk, and is associated to the eigenvector ψ̃N−k,j = ψ̃∗
k,j: two different eigen-

vectors, ψ̃k,j and ψ̃∗
k,j are therefore associated to the same eigenvalue λk,j. Non-gyroscopic,

proportionally damped cyclic-symmetric structures are thus characterised by double eigen-

values for values of the index k between 2 and ⌊N2 ⌋, and simple (unique) eigenvalues for

k = 0, and, if N is even, k = N/2.
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The significance of this can be better appreciated by considering the form of the result-

ing eigenvectors. The set of n eigenvector pairs ψ̃k,j ∈ C
n×1, j = 1, . . . , 2n describes the

j-th mode shape of a single sector, corresponding to ϕk. This sector mode shape can then

be expanded back to the whole structure. Since the eigenvectors of the Kronecker product

of two matrices is equal to the Kronecker product of their respective eigenvectors [96], the

global r-th eigenvector ψr is, from Eq. (2.20),

ψr = ef k ⊗ ψ̃k,j =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ψ̃k,j

eiϕkψ̃k,j

...

eiϕk(l−1)ψ̃k,j

...

eiϕk(N−1)ψ̃k,j

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, (2.26)

with r = 1, . . . , nN, k = 1, . . . , N, j = 1, . . . , n, and ef k is the k-th eigenvector of matrix P,

which coincides with the k-th column of the Fourier matrix Ef [97].

Eq. (2.26) is equivalent to rotating the sector mode shape ψ̃k,j around the circumference

of the bladed disc by the angle ϕk, which, in the terminology of bladed discs, is called inter-

blade phase angle (IBPA). The mode shapes of cyclic-symmetric structures are therefore

themselves cyclic-symmetric, and the spatial “frequency” at which the sector mode shape

repeats itself around the structure is determined by the index k. This leads to the appear-

ance of a set of k zero-displacement nodal lines, which are called nodal diameters (ND) [9].

As ϕN−k = −ϕk, the maximum number of distinct ND mode families is ⌊N/2⌋. The first 4

ND modes for the first blade bending mode of a 24-sector bladed disc are shown in Fig. 2.2

as an example: nodal diameters, and the modulation of the amplitude of the mode due to

ϕk, are well visible. Only the 0ND mode, corresponding to ϕk = 0, has no nodal diameter,

and the blades move in unison.

This highlights the importance of the cyclic-symmetry hypothesis from a computational

point of view: thanks to the decoupling introduced by Eq. (2.20), the full eigenproblem for

a bladed disc, which, for a detailed model can easily contain more than 1e6 DOFs, can

be reduced to ⌊N2 ⌋ sub-problems containing just the DOFs of a single sector. Only the

sub-problems corresponding to the desired ND families can then be actually solved, which

usually leads to significant cuts in run-time.

2.3.2 Frequency splits in the gyroscopic eigenproblem

The results of the previous section showed that cyclic symmetric structures are charac-

terised by double eigenvalues for all kND modes with k 6= 0, ⌊N2 ⌋, and stemmed from the hy-

pothesis of symmetric system matrices. The Coriolis matrix, however, is skew-symmetric,
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(a) 0ND (b) 1ND

(c) 2ND (d) 3ND

Figure 2.2: First four ND modes of a 24-sector cyclic-symmetric bladed disc. The colour red corre-

sponds to positive displacement, blue to negative, green to no displacement.

i.e. GN−(j−1) = −GT
j . For the Coriolis matrix, Eq. (2.25) becomes

G̃k = G1 +

⌊N−1

2
⌋∑

j=2

((
Gj −GT

j

)
cosϕk + i

(
Gj +GT

j

)
sinϕk

)
+

+





0, N odd

(−1)kGN/2, N even.
(2.27)

The skew-symmetric part of Gj is contained in the real part of G̃k, while the imaginary

part is symmetric. G̃k is therefore non-hermitian, which makes the reduced eigenproblem

D̃kψ̃ =
(
λ2M̃k + λ

(
C̃k + G̃k

)
+ K̃tot,k

)
ψ̃ = 0 (2.28)

likewise non-hermitian.

Non-hermitian quadratic eigenproblems like Eq. (2.28) admit complex eigenvalues and

eigenvectors, which no longer appear as complex-conjugate pairs [100]. The implication for

bladed discs is that double eigenvalues cannot exist—unless the sectors exhibit additional

symmetry properties, which is not the general case: due to the asymmetry introduced by

the Coriolis matrix, the double eigenvalues assume two distinct numerical values. As the

eigenvalues represent the natural frequencies of the structure, this phenomenon is called
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frequency split [18]. This is an effect of the Coriolis force that can have major consequences,

as two distinct resonances can appear where only one would be expected if following the

traditional analysis.

It is well known that the real part of the eigenvalue of a damped system is proportional

to the damping itself. In a rotating structure, the Coriolis matrix is summed to the damping

matrix, and could be expected to affect damping. However, as anticipated, the Coriolis

force is not dissipative, and the eigenvalues of an undamped gyroscopic system are purely

imaginary [11]. It is then possible to prove that, when damping is added, the eigenvalues

take the familiar form

λr = (−ξr ±
√

1− ξ2r )ωr, (2.29)

where ξr is the damping ratio, and ωr the natural frequency of mode r [101].

2.3.3 Travelling-wave modes

The inclusion of the Coriolis force in the eigenproblem of Eq. (2.16) affects its eigenvectors

as well as its eigenvalues. As is well known, the eigenvectors associated to the EOMs of

a structure correspond to its mode shapes [21]: the terms mode shapes and eigenvectors

will henceforth be used interchangeably. To make the effect of the Coriolis force clear by

comparison, the form of the eigenvectors of the non-gyroscopic system will be addressed

first.

The eigenvectors ψr of Eq. (2.26) for the whole bladed disc apply to both the gyroscopic

and non-gyroscopic case, and are generally complex. In the non-gyroscopic case, however,

they come from the solution of Eq. (2.16), with G = 0: if then the damping matrix C

satisfies the hypothesis of proportional damping, it is well known that the eigenvectors

are purely real [21,102]. These two statements are not contradictory. As shown previously,

each k-index other than 0 andN/2 produces a double eigenvalue associated to two complex-

conjugate eigenvectors. As these modes belong to the same eigenvalue, say, λr, a linear

combination of them is still an eigenvector for λr. By considering the pair ψr and ψ∗
r

(where ψ∗
r is the complex-conjugate of ψr), a generic combination would be [8]

γr = aψr + bψ∗
r , (2.30)

where a, b ∈ C are arbitrary constants. With a and b equal to 1, γr would become real-

valued: because of the simultaneous existence of two distinct eigenvectors for the same

eigenvalue, cyclic-symmetric structures admit any kind of mode shape, real or complex.

Complex mode shapes are characterised by a relative phase between the DOFs differ-

ent from 0◦ or 180◦, as is the case for real modes. To better understand the implications,

it is necessary to add the time dimension. Assuming single-mode behaviour for simplicity,

the displacement response in time zr(t), or operational deflection shape (ODS), can be ob-

tained by multiplying Eq. (2.30) by eiωrt, where ωr is the natural frequency corresponding

to eigenvalue λr, and is considered with its sign from Eq. (2.29). A generic DOF j of the
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displacement vector can then be expressed as

γrje
iωrt = Aje

i(ωrt+θj), (2.31)

with

Aj = ‖γrj‖ ∈ R,

θj = arg(γrj).

By taking the real part of Eq. (2.31), it is possible to find the physical ODS, which results

in

ℜ(γrjeiωrt) = zrj(t) = Aj cos(ωrt+ θj). (2.32)

If γr is real, θj is either 0 or 180◦, depending on the sign of γrj : the mode shape is locked in

place, as the DOFs (or sectors) can only move in or out of phase with each other. For this

reason, this type of mode shape is also called standing wave (SW) mode.

If γr is complex, on the other hand, the phase θj changes at every DOF j. Applying

this on Eq. (2.26), and considering a single DOF j per sector, the ODS zj(t) at point j in

Eq. (2.32) becomes

zj(t) = Aj cos(ωrt+ (j − 1)ϕk), j = 1, . . . , N, (2.33)

where ϕk is the IBPA associated to ND family k (Eq. (2.22)), and ψ̃rjk is the j-th component

of the r-th mode shape ψ̃k. In this case, each sector reaches its maximum/zero at different

times from its neighbours, and fixed nodal lines/diameters cannot exist. Eq. (2.33) repre-

sents the equation of a travelling wave (TW), and its direction is determined by the relative

signs of ωr from Eq. (2.29), and ϕk. If ωr and ϕk have the same sign, the TW mode prop-

agates in the direction opposite the rotational speed, and is therefore defined a backward

(BW) travelling wave. Opposite signs correspond to a forward (FW) wave, which moves

with the spin speed. For simplicity, in the following, FW TWs will be associated to a neg-

ative index k for ϕk, and vice versa for BW TWs. However, in the analysis of gyroscopic

structures, it is also conventional to associate FW modes with the frequency ωr taken with

the positive sign, and BW modes with −ωr. The two conventions can be easily shown to be

equivalent, and will be used interchangeably.

Eq. (2.33) is plotted in Fig. 2.3, for the case of an eight-sector blisk (Fig. 2.3a), at the

3ND. As the model is cyclic-symmetric, the mass mi, stiffness ki, and damping ci are the

same at all sectors. Each curve represents a different sector, and the displacement z(t) is

plotted in time. The case of a real mode shape is first displayed in Fig. 2.3b. It can be seen

that all sectors move either in or out of phase. The displacement amplitude that can be

reached is modulated around the circumference of the disc. The maximum amplitude is

reached only at sectors 1 and 5, and the displacement at sectors 3 and 7 is zero at all times,

indicating that they lie on a nodal diameter: the mode shape is fixed, or locked, in space.

Fig. 2.3c, on the other hand, shows a FW travelling wave. For the FW 3ND mode, ϕ−3
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k1, c1 k2, c2 ki−1, ci−1 ki, cik8, c8

(a) Eight-sector lumped parameter model
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(c) FW travelling wave

Figure 2.3: Time response of an eight-sector lumped parameter blisk model, 3ND mode.

is equal to -135◦. All sectors can be seen to reach the maximum amplitude at some point of

the vibration period. The crest of the wave propagates from sector to sector, which means

that the nodal diameters are not fixed.

As explained above, non-gyroscopic systems admit SW modes because two distinct

eigenvectors belong to the same eigenvalue, and can thus be superposed to yield arbi-

trary mode shapes. The same does not apply to gyroscopic structures: the Coriolis effect

causes a split of the natural frequencies, and a single eigenvector is associated to each of

them. Only TW modes are then possible when the Coriolis force is not neglected, and their

direction is likewise not arbitrary, but depends on both the sign of ϕk, and that of ωr. The

direction of the mode shape has important consequences on aeroelastic stability: due to

the asymmetry of the blades themselves, the aerodynamic forces are influenced differently

depending on whether the blades are collectively vibrating with or against the speed of

rotation. This in turn affects aerodynamic damping, which and can exhibit strong depen-

dence on the direction of the TW mode, and either damp or excite (flutter) the vibration of

the blade depending on it [16].

2.3.4 Campbell diagram

The effects of the Coriolis force on both natural frequencies and TW direction can be visu-

alised in a Campbell diagram [103]. The Campbell diagram is widely used to display the

dependency of the natural frequencies of a rotating structure on rotational speed. Fig. 2.4

shows an example Campbell diagram for a 12-blade disc. It can be seen that the frequen-

cies of most modes tend to increase with rotational speed, due to centrifugal stiffening.

The straight lines in Fig. 2.4 correspond to rotation-dependent excitation sources. Aero-

dynamic loading is the primary source of dynamic excitation in an aero-engine, and can

cause cyclic forcing patterns generated by the rotation of the structure inside the fluid
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Figure 2.4: Illustrative Campbell diagram for a 12-blade disc.

pressure field: in the internal stages of a turbomachine, the wakes of the stator rows act on

the rotating blades as time-periodic excitations [104]. For fans, propellers, or open rotors,

which are directly exposed to the external air-flow, even a constant air inflow, if it is angled

with respect to the axis of rotation, is seen as a variable force, because the blades change

their orientation with respect to it during rotation. Due to their dependence on the rota-

tional speed, this kind of excitation is called engine order (EO) excitation, and the order

is determined by the spatial periodicity of the excitation along the circumference [105]. A

7EO, for example, corresponds to an excitation that repeats itself seven times per revolu-

tion: its excitation frequency is then equal to 7Ω.

The points of intersection between the natural frequencies of the bladed disc of the

various ND modes and the EO lines correspond to critical speeds of the system: strong

resonant behaviour can be expected at these speeds, as the frequency of excitation equals

a natural frequency of the system. It can be seen that the EO lines cross most modes:

however, EO forces can excite only specific families of ND modes. Considering a forcing

vector f(t) containing the excitation at each sector j, with

fj(t) = f0(t)e
i 2πm

N
j,

where m is the engine order, and a displacement z(t), with

zj(t) = z0(t)e
i 2πk

N
j ,

where k is the nodal diameter number, the work done by f on z at any time t can then be

expressed as [105]

fHz ∝
∫ 2π

0
(cosmθ − i sinmθ)(cos kθ + i sin kθ)dθ =

=

∫ 2π

0
cos(m− k)θ dθ + i

∫ 2π

0
sin(m− k)θdθ =





2π, m− k = ±jN
0, m− k 6= ±jN,
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with j ∈ N. A critical speed for a kND mode then appears only at the intersection with

engine orders |m| = jN ± k [106], and the same mode can be excited by different EOs due

to spatial aliasing.

The split curves in Fig. 2.4 are caused by the Coriolis effect, as explained in sect. 2.3.2.

In a rotating frame of reference, the lower branch is associated to FW TWs, while the

upper one to BW TWs [107]. This can be the cause of some confusion, due to the different

conventions used in the study of rotordynamics and the dynamics of bladed discs, and

should be shortly commented upon.

In rotordynamics, Campbell diagrams are usually derived in the stationary, inertial

(or absolute) reference frame. Rotordynamics is based on axisymmetric shaft-disc models,

which can be solved in either a stationary or rotating frame without significant differences.

As rotordynamics is often concerned with rotor-stator interactions, a Campbell diagram in

the stationary frame can be directly compared to the dynamics of the stator, which makes

the stationary frame more convenient. In the stationary frame, the gyroscopic moment

generated in Euler’s equations tends to straighten the shaft if it is vibrating in a FW mode:

this introduces a stiffening effect, and increases the FW frequencies. For BW modes, on the

other hand, the gyroscopic moment leads to additional bowing, and the resonance frequen-

cies decrease with rotational speed [107].

Fig. 2.5a shows a representative Campbell diagram derived in the stationary frame,

which exhibits the characteristics just described. The EO1 line was also added, and its

intersection with the FW branch identifies the first critical speed. The first critical speed

therefore appears as the rotational speed at which the natural frequency of the rotor equals

the rotational speed itself. It thus represents a speed at which the rotor can easily be

excited by geometrical imperfections of the rotor itself, i.e. unbalance.

As modes in rotors appear as rotations, or whirl, around the spin axis, and as TWs

in bladed discs, their natural frequencies in the stationary reference frame ωabs can be

correlated to the frequency in the rotating (or relative) frame ωrel by applying the galilean

transformation

ωabs = ωrel +Ω ⇔ ωrel = ωabs − Ω. (2.34)

Here, all frequencies are not simply considered in absolute value, but are signed: a negative

sign implies a BW propagation, while a FW mode is associated to a positive frequency.

Through Eq. (2.34), it can then be seen that translating these frequencies into the ro-

tating frame leads to the opposite result to the one obtained in the stationary frame. For a

BW mode, ωabs has a negative value, which means that the modulus of ωrel increases if Ω

is considered positive, and the frequencies associated to BW modes are larger than those

associated to FW modes. This is visible in Fig. 2.5b, where in particular the critical speed

is the same as in the stationary frame, but with a corresponding frequency of 0 Hz, as can

be found by imposing the condition for the first critical speed of ωabs = Ω in Eq. (2.34).

It must also be noted that the lower branches correspond to FW whirl before the critical

speed, and BW whirl thereafter. Before the critical speed, the condition 0 < Ω < ωabs yields

a positive ωrel from Eq. (2.34), hence a FW whirl in the relative frame as well. After the
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Figure 2.5: Campbell diagram of a gyroscopic system in the a) stationary, and b) rotating frame.

The first critical speed is circled in red.

critical speed, on the other hand, the condition 0 < ωabs < Ω means that the whirl changes

direction in the rotating frame, and becomes a BW mode (ωrel < 0).

This is what should be expected for cyclic symmetric structures in general, and bladed

discs in particular, as their modal analysis has to be conducted in the rotating frame: as

was explained in sect. 2.2.1, solving them in a stationary frame would cause the appear-

ance of time-varying terms in the system matrices, and thus require non-standard solution

techniques, which can be avoided in the rotating frame.

2.3.5 Mistuning

The Coriolis force has been shown to affect both natural frequencies and modes of a bladed

disc. Another phenomenon, called mistuning, is also capable of this. Mistuning has been

the subject of much research over the past century, and a thorough treatment of the phe-

nomenon is beyond the scope of this thesis. Its similarities and differences with the Coriolis

effect, however, are relevant to this study, and will therefore be explained in more detail.

A structure is defined as tuned if it is perfectly cyclic-symmetric. Real structures, how-

ever, are rarely tuned, due to the asymmetries introduced by manufacturing tolerances,

material defects, micro-cracks, wear, etc. These deviations from symmetry are collectively

defined as mistuning. The presence of mistuning violates the cyclic symmetry hypothe-

sis on which the results from the previous section were based. In particular, the dynamic

stiffness matrix D is no longer block-circulant, as all sectors have different material prop-

erties from each other. Its associated eigenvalues do not appear as pairs, but are now, in

general, simple. Since the number of eigenvalues is dictated by the dimension of the eigen-

problem D, any bladed disc with N sectors described by n DOFs is characterised by Nn

natural frequencies. However, a cyclic-symmetric structure has
n(N+2)

2 unique frequencies,

if N is even, or
n(N+1)

2 , if N is odd [99], because of the presence of double eigenvalues. A

mistuned system, on the other hand, will have Nn distinct values, since the hypothesis of

block-circulant D(λ) does not apply any more. This phenomenon is called frequency split:
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the double eigenfrequencies are no longer coincident, and, with sufficiently low damping,

two separate resonances would appear (Fig. 2.6) [108].
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Figure 2.6: Comparison of the dynamic response at the 2ND mode of a 13-sector bladed disc model

: ---, tuned case; —, mistuned case. (Adapted from V. Ruffini, “Analisi dinamica di sistemi soggetti

a mistuning smorzati per attrito,” Master’s thesis, Università Politecnica delle Marche, 2010.)

Fig. 2.6 shows the amplitude of displacement of representative points at each of the

13 sectors of a bladed disc model subject to stiffness mistuning: besides the already men-

tioned frequency split, the sectors respond with different amplitude levels, as each of them

is characterised by different material properties. This variation in the response depends

heavily on the degree of coupling between the sectors. It has been observed [109] that, in

strongly coupled systems, the amount of mistuning usually present in bladed discs pro-

duces limited deviations from the behaviour of a tuned system, and the associated mode

shapes can still be classified in ND families. In weakly coupled systems, on the other hand,

strong localisation can occur, whereby a few sectors exhibit levels of response much higher

than in a tuned system, while others a much lower one. This is accompanied by a strong

distortion of the mode shapes [110], which deviate from ND collective behaviour towards a

blade-only response mode.

The modes are also affected by the frequency split. In the previous section, it was shown

that double modes belonging to the same eigenvalue could be arbitrarily combined to pro-

duce either standing or travelling-wave modes. When mistuning is present, the eigenval-

ues become simple, and they are associated to a single eigenvector, so the mode shapes can

no longer be rotated around the structure. If no Coriolis matrix is present, and damping

is proportional, the eigenvectors are real [21]. The mode shapes then assume a distinct

orientation in the disc, even if they are still arranged in ND configurations, and their nodal

diameters are locked in a fixed position [108]. It can therefore be seen that both the Coriolis

force and mistuning cause frequency splits, but their effect on mode shapes is opposite.
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2.4 Modal testing of rotating structures

2.4.1 Frequency Response Function for rotating systems

Modal testing is an established approach to validate theoretical structural models through

experiment: the prediction capabilities of the model can be confirmed by comparing the

dynamic properties extracted from experiment to the natural frequencies and mode shapes

of the model. In addition, damping, which is essential to predict the maximum vibration

levels, and thus assess the risk of fatigue, can only be extracted through testing.

This is most easily and reliably accomplished by forced response analysis: the test

structure is subjected to a known excitation, and its response (displacements, velocities, or

accelerations) is measured, to obtain the frequency response function (FRF) matrix H(ω).

The expression for a generic element Hjk(ω) for a linear non-rotating structure is [21]

Hjk(ω) =
Xj(ω)

Fk(ω)
=

N∑

r=1

rRjk

iω − λr
=

N∑

r=1

ψjrψkr

iω − λr
, (2.35)

where N is the number of degrees of freedom in the system, and Xj is the response mea-

sured at point j while an excitation Fk is applied at point k. λr is the eigenvalue of the

rth mode, and rRjk is the residue corresponding to mode r, which is proportional to ψjr and

ψkr, the j-th and k-th components of r-th eigenvector ψr, respectively.

Eq. (2.35) shows how the residue rRjk and the eigenvectors of the structure are related.

It is therefore possible to obtain the mode shapes from a suitable number of FRF measure-

ments. It is easy to see that, for a system described by Eq. (2.35), the principle of reciprocity

applies, as Hjk(ω) is equal to Hkj(ω), i.e. the FRF matrix is symmetric. As a result, the

mode shapes could in theory be extracted by either a single column, or a single row of

H(ω)2. In the first case, this is easily accomplished by applying a known excitation force to

a point on the structure, and measuring the response at a number of points corresponding

to the number of DOFs required by the target mode shape. In the second, the response at

a single location can be acquired, while exciting the structure at the required DOFs [21].

A similar expression for the FRF of a structure in rotating conditions is necessary to

allow modal parameter extraction when the Coriolis effects are active, and its derivation

is detailed in the following. The quadratic eigenproblem of Eq. (2.16) is usually linearised

by recasting it into state-space form [100, 111]. A new vector of unknowns is defined as

z(t) = |ẋT
d xT

d |T , which yield a first-order representation of the EOMs as

Aẋ+Bx = 0. (2.36)

Assuming a solution of the type z(t) = Zeλt, and substituting into Eq. (2.36), the gener-

alised eigenproblem

(λA+B)V = 0 (2.37)

2In practice, additional components Hjk(ω) may be needed for redundancy, to ensure a more reliable modal

parameter extraction process [21].
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is found. The matrices A and B are defined as

A =

∣∣∣∣∣∣
M 0

0 Ktot

∣∣∣∣∣∣
, B =

∣∣∣∣∣∣
C+G Ktot

−Ktot 0

∣∣∣∣∣∣
.

If the damping is not negligible, matrix B has no particular symmetry structure, and

the eigenproblem is defined as non self-adjoint, because its adjoint problem

(λAT +BT )L = 0 ⇔ LT (λA+B) = 0T ,

is different from the original one in Eq. (2.37). While the eigenvalues λr remain the same

between the two eigenproblems, the solution eigenvectors Lr (L = |L1, L2, . . . |), called left

eigenvectors, do not. The presence of the Coriolis matrix thus generates an additional set of

eigenvectors, which are necessary to establish the following orthogonality properties [24]

LHAV = I

LHBV = −Λ, (2.38)

where Λ contains the eigenvalues λr of D.

The eigenvector matrices V and L of the linearised system are related to the right and

left eigenvector matrices ΨR = |ψR,1, ψR,2, . . . | and ΨL = |ψL,1, ψL,2, . . . | of the original

dynamic stiffness matrix by the following relationships [100]:

V =

∣∣∣∣∣∣
ΨR

ΨRΛ

∣∣∣∣∣∣
, L =

∣∣∣∣∣∣
ΨL

ΨLΛ
H

∣∣∣∣∣∣
. (2.39)

With this notation, the left eigenvectors ΨL are the same as the right eigenvectors ΨR if

the system is undamped, but differ if damping is present [111].

Having obtained these relationships, Eq. (2.15) can be translated from the time to the

frequency domain by taking its Laplace transform, which yields

(s2M+ s(C+G) +Ktot)X(s) = Fext(s) ⇔ D(s)X(s) = Fext(s), (2.40)

where X(s) and Fext(s) are the Laplace transforms of x(t) and f(t) respectively. The FRF

H(s) = X/F is then simply equivalent to the inverse D−1(s) of the dynamic stiffness.

However, this expression does not take advantage of the underlying modal properties of the

system like Eq. (2.35) does. It was shown above how the dynamic stiffness can be linearised

by recasting it into state-space form. By doing the same in the Laplace domain, D(s) can

be linearised as sA+B. As these two matrices are equivalent, it can be proved [100] that

D−1(s) can be expressed as

D−1(s) = −|I 0|(sA+B)−1

∣∣∣∣∣∣
0

I

∣∣∣∣∣∣
. (2.41)
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Remembering Eqs. (2.39), and the orthogonality properties (2.38), and imposing s = iω

to obtain the Fourier form of H, the inverse of (sA+B) can be written as

(iωA+B)−1 = (L−HLH(iωA+B)VV−1)−1 =

= (L−H(iωI−Λ)V−1)−1 = V(iωI−Λ)−1LH . (2.42)

From Eqs. (2.41), (2.42), and (2.39), the final expression for the FRF H(ω) of a damped

rotating system is

H(ω) = D(ω)−1 = ΨR(iωI−Λ)−1ΨL
H =

Nm
2∑

r=1

ψR,rψ
H
L,r

iω − λr
+
ψ∗

R,rψ
T
L,r

iω − λ∗r
, (2.43)

where Nm is the number of modes, is found. The residue rRjk for mode r, response DOF j

and excitation DOF k is then

rRjk = ψR,rjψ
∗
L,rk. (2.44)

The FRF for a rotating system depends on an additional set of parameters, the left eigen-

vectors. For this reason, it is easy to see from Eq. (2.44) that H(ω) is not symmetric in

general, and the principle of reciprocity is violated due to the Coriolis effect.

2.4.2 Strain modal analysis

In Chapter 1, the possibility of using strain gauges as sensors was considered. It was

therefore necessary to find an analytical expression for the FRF when the output is strain.

Strain FRFs (SFRF) have been derived in static cases [78–80, 112], but, to the author’s

knowledge, not under rotating conditions. An expression for the SFRF for a gyroscopic

rotating structure is therefore explicitly derived here, by adapting to strain the analogous

procedure outlined in [102] for displacement mode shapes.

Translating Eq. (2.15) into the frequency domain, and state space, the response vector

Z =
∣∣∣ẊT XT

∣∣∣ can be expressed as a linear combination of the right eigenvector basis as

Z =
∑

r

QrVr. (2.45)

Assuming the linearised expression of displacement (2.13), the strain induced by the cen-

trifugal force can be considered as a static precondition. The dynamic strain vector E in

generic direction x can then be simply defined as

E =
∑

r

Qr
∂Vr

∂x
=
∑

r

QrV
ε
r, (2.46)

where Vε
r is the right strain eigenvector.



CHAPTER 2. MODAL ANALYSIS OF ROTATING BLADED DISCS 53

Substituting Eq. (2.45) into Eq. (2.37), the expression

iωA
∑

r

QrVr +B
∑

r

QrVr =

∣∣∣∣∣∣
F

0

∣∣∣∣∣∣
(2.47)

is obtained. Pre-multiplying it by the s-th left eigenvector LH
s , post-multiplying by the r-th

right eigenvector Vr, and setting F′ = |FT 0T |T , Eq. (2.47) becomes

iωLH
s A

∑

r

QrVr + LH
s B

∑

r

QrVr = LH
s F′,

and, for the orthogonality properties (2.38),

Qr(iω − λr) = LH
r F′,

from which the constant Qr can be found

Qr =
LH
r F′

(iω − λr)
.

Substituting into Eq. (2.46), it is possible to find an expression for E in terms of F′, as

E =
∑

r

LH
r F′Vǫ

r

iω − λr
.

A generic component j of the strain vector E is then

Ej =
∑

r

L∗
krF

′
kV

ε
jr

iω − λr
,

and the SFRF term between strain output at DOF j and input DOF k can then be found as

Hjk(ω) =
Ej

Fk
=
∑

r

V ε
jrL

∗
kr

iω − λr
. (2.48)

The SFRF matrix at each frequency ω therefore is

H(ω) =
∑

r

Vε
rL

H
r

iω − λr
= Ψε

R(iωI−Λ)−1ΨH
L , (2.49)

having substituted the relationships (2.39). It can be seen that the SFRF depends on the

(right) strain mode shapes Ψε
R, and on the left eigenvectors of the displacement ΨL. This

differs from the static case, where the SFRF depends on the displacement mode shape

itself. For lightly damped systems, it can be shown that the presence of damping only

causes first- and second-order perturbations on the eigenvectors of a purely gyroscopic

system [101]. This means that the left displacement eigenvectors can be reasonably ap-

proximated as their right counterpart.
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Until now, the FRF H has been implicitly assumed as a square matrix. However, in

real applications, the number of input DOFs is different (usually, much lower) from the

number of outputs. H is then a No × Ni rectangular matrix, where No is the number of

outputs, and Ni the number of inputs. This entails that the strain eigenvector matrix Ψε
R

is a No × Nm complex matrix, where Nm is the number of modes considered. The matrix

of left eigenvectors ΨL has dimensions of Ni × Nm. It is important to note, then, that ΨL

contains the left eigenvector components at the input DOFs.

2.4.3 Multiple Input Multiple Output (MIMO) testing

From the preceding sections, it was seen that the Coriolis effect can cause the appearance

of left eigenvectors that are different from their right counterparts. It was also explicitly

proved that this always happens with SFRFs. The extraction of mode shapes, in this case,

involves a higher number of unknowns than in traditional modal analysis. In a traditional

context, the extraction of a displacement mode shape would require the measurement of

No FRFs, as the residues rRjk depend only on the No components of the right eigenvector

ψR,r ∈ C
No×1 [21] (see Eq. (2.35)).

However, in the modal analysis of damped gyroscopic systems, or when strain sensors

are used, the number of unknowns rises to No + Ni, as each modal constant is equal to a

product of two different entities, right and left eigenvectors. In particular, a generic row of

the residue matrix R, rRj ∈ C
1×Ni

rRj = ψR,rjψ
H
L,r

contains information on the left eigenvector ψL,r, while a generic column, rRk ∈ C
No×1

rRk = ψ∗
L,rkψR,r

is proportional to ψR,r. If all the modal parameters are to be extracted, at least a column

and a row of a FRF should be measured, i.e. not only are several sensors needed, but

the structure has also to be excited at multiple locations. Multiple-Input Multiple-Output

(MIMO) test configurations are therefore necessary in this case.

Fig. 2.7 represents a generic MIMO system. All variables are considered in the fre-

quency domain. The structure is excited by Ni inputs Uk. The measured force Fk differs

from the actual input Uk because of noise Mk. Similarly, the true response of the system Vj

is contaminated by noise Nj , and the measured signal results in Xj = Vj +Nj .

Considering the FRF H of the system, which also acts as its transfer function, Xj can

therefore be written as [113]

Xj(ω) = Vj(ω) +Nj(ω) =

Ni∑

k=1

Hjk(Fk(ω)−Mk(ω)) +Ni(ω) =

=

Ni∑

k=1

HjkFk(ω) + Ej(ω), (2.50)
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Figure 2.7: Multiple Input Multiple Output system.

where Ej(ω) combines the noise from the input and output sides. Assuming no input noise,

so that Uk and Fk are equal, Eq. (2.50) can be put in vector form as

X(ω) = H(ω)F(ω) +N(ω),

with X(ω) ∈ C
No×1, F(ω) ∈ C

Ni×1, H(ω) ∈ C
No×Ni . Post-multiplying by F(ω)H , the equation

GXF (ω) = H(ω)GFF (ω) +GNF (ω),

is obtained. GXF (ω) ∈ C
No×Ni is the single sided cross-spectrum between output and

input, GFF (ω) ∈ C
Ni×Ni is the auto-spectrum of the force, and GNF (ω) ∈ C

No×Ni is the

cross-spectrum between force and input noise.

Under the assumption that the output noise is not correlated to the input excitation,

an estimate for the FRF H(ω) from a MIMO system, called the Ĥ1 estimator [114], can be

obtained as

Ĥ1(ω) = ĜXF (ω)Ĝ
−1
FF (ω), (2.51)

where the symbol ·̂ signals that the quantity is an estimate. From Eq. (2.51), it is evident

that the auto-power spectrum of the force GFF needs to be invertible. For this to be the

case, GFF needs to be full-rank: its columns, i.e. the inputs, must be linearly independent.

A sufficient condition for this (although not necessary [115]) is to have uncorrelated input

signals.

Random excitation satisfies this requirement. It is also characterised by a broadband

spectrum, which means that H(ω) could in theory be obtained from a single test. However,
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averaging over a certain number of data records is necessary [115] to obtain a full-rank

GFF matrix, and to reduce the random error affecting the measurements.

An additional bias error ǫb in the estimate is introduced by leakage, as the input and

output signals are not periodic. This bias can be reduced by the use of a time window. The

window forces periodicity within the data record by reducing the signals to zero at the start

and end of the blocksize. However, it cannot be eliminated [114, 115], and it can be shown

to be equal to [114]

ǫb =
(∆f)2

6

G
′′

XX

GXX
+

(∆f)4

72

G
′′′′

XX

GXX
,

where G
′′

XX and G
′′′′

XX are the second and fourth derivatives of the auto-spectrum of

the output GXX , respectively. This implies that the error ǫb will be larger in regions of

fast change in GXX(ω), like around resonances. While the FRF estimates will therefore

be inevitably biased, the systematic error can still be contained within known bounds, and

further limited by reducing the frequency resolution ∆f of the measurement.

2.4.4 pLSCF estimation method

MIMO testing provides an estimated FRF matrix H(ωf ) ∈ C
No×Ni at various frequencies

ωf . Several techniques are available to extract the modal parameters [27, 102]. Multi-

degree-of-freedom (MDOF) methods stand out because, being based on the data from sev-

eral locations across a structure, provide more reliable estimates. Poly-reference methods,

in particular, allow the full exploitation of MIMO data, because they allow the modal es-

timation process on the full H at the same time. They are also the only method that can

yield modal participation factors. Modal participation factors provide a measure of the ad-

equacy of a certain forcing distribution to excite a particular mode, and are contained in

the matrix L in the FRF definition [116]

H(ω) = V(iωI −Λ)−1LH =

Nm∑

r=1

(
Rr

iω − λr
+

R∗
r

iω − λ∗r

)
, (2.52)

where V is the mode shape matrix, and Λ, as usual, the matrix containing the natural

frequencies λr of the system. Nm is the number of modes of the system, and Rr and R∗
r are

the complex-conjugate residues of mode r. In this context, modal participation factors are

defined as [27]

Lr = QrVr,

where Qr is the scaling factor for mode r. However, it can immediately be seen that

Eq. (2.52) is identical to Eq. (2.43) or Eq. (2.49): poly-reference methods are thus based

on the same FRF representation as the one for rotating structures, or strain modal anal-

ysis, with left eigenvectors replacing the modal participation factors. Poly-reference tech-

niques can then be readily applied to these situations, and actually allow the recovery of

left eigenvectors alongside all other modal parameters. Among the various methods, the

Poly-reference Least-square Complex Frequency domain (pLSCF) was chosen, because it
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provides a relatively automatic parameter identification procedure, while at the same time

giving the user a measure of its own reliability, the stabilisation diagram [117].

The pLSCF employs a curve-fitting process based on a Right Matrix Fraction Model of

the FRF. The FRF is seen as the ratio between a numerator polynomial, represented by

matrix P(ω) ∈ C
No×Ni , and a denominator polynomial, Q(ω) ∈ C

Ni×Ni , as in

Ho(ω) = Po(ω)Q
−1(ω), o = 1, 2, . . . , No,

with

Po(ω) =

M∑

j=0

Ξj(ω)Boj ,

and

Q(ω) =

M∑

j=0

Ξj(ω)Aj ,

where Po(ω) ∈ C
1×Ni is the row of matrix P corresponding to DOF o, and M is the model

order, i.e. the maximum order of the polynomial basis Ξ(ω). There are several possibilities

for the choice of polynomial basis Ξj(ω), but the z-transform z was found to guarantee

both well-conditioned matrices, and a fast solution [118]. The z-transform maps the FRF

onto the unit circle in the complex plane, and yields the orthogonal polynomials [116, 119]

Ξj(ω) = zj , with

zj = e−ijω∆t,

where ω = ωf − ω0, and

∆t =
1

2(ωNf
− ω0)

.

ω, ω0, and ωNf
are the generic frequency variable, and the frequency values at the start

and end of the analysed frequency range, respectively. It is useful to note here that ∆t

does not need to coincide with the actual sampling time of the data record, and therefore

a variable frequency resolution is allowed during the measurement3. This is particularly

convenient when using stepped- or swept-sine testing, as the frequency resolution can be

made coarser or finer depending on the position of the resonances without impacting the

curve-fitting process.

The parameters to be estimated are Boj and Aj , which can be gathered in a matrix of

unknowns θ = |βT
1 , . . . ,β

T
No
, αT |T , θ ∈ C

(M+1)(Ni+1)×Ni , with

βo =

∣∣∣∣∣∣∣∣∣∣∣∣

Bo0

Bo1

...

BoM

∣∣∣∣∣∣∣∣∣∣∣∣

, α =

∣∣∣∣∣∣∣∣∣∣∣∣

A0

A1

...

AM

∣∣∣∣∣∣∣∣∣∣∣∣

.

3Time and frequency resolution ∆t and ∆f are linked by the relationship [114] ∆f =
1

Ns∆t
, where Ns is

the blocksize, i.e. the number of samples in a data record.
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Since usually values for H are available at several frequencies ωf , the fitting problem can

be solved in a least-square sense to obtain the estimated FRF Ĥ(ω) by minimising the error

function

ǫNLS
o (ω,θ) = Po(ω,βo)Q

−1(ω,α)−Ho(ω), (2.53)

which is a nonlinear function of θ. Ho(ω), in this case, is the o-th row of experimental FRF

H. Eq. (2.53) can be linearised by multiplying it by Q(ω,α), which yields

ǫLSo (ω,θ) = Po(ω,βo)−Ho(ω)Q(ω,α). (2.54)

While leading to a sub-optimal solution of the minimisation problem, Eq. (2.54) was found

empirically to produce excellent fits of the measured FRFs, while avoiding the solution of a

fully nonlinear minimisation problem. The details of the solution of Eq. (2.54) can be found

in [120].

Once the coefficients Aj are known, the poles of the denominator polynomial Q(ω) are

found by solving the equation

zMAM + zM−1AM−1 + . . .+A0 = 0,

which is equivalent to finding the eigenvalues of a polynomial eigenproblem of order M .

The eigenproblem can be solved through a companion matrix representation [121,122],

∣∣∣∣∣∣∣∣∣∣∣∣

−A−1
M AM−1 · · · −A−1

M A1 −A−1
M A0

I · · · 0 0

...
. . .

...
...

0 · · · I 0

∣∣∣∣∣∣∣∣∣∣∣∣

V = LΠ, (2.55)

where Π ∈ C
MNi×MNi contains the poles qj of Q(ω), and L is the matrix of mode participa-

tion factors [27,116], or of left eigenvectors. The poles qj have the form qj = e−λj∆t, so that

the eigenvalues of the original system can be derived as λj = − ln
qj
∆t

, with

λj , λ
∗
j = −ξjωj ± i

√
1− ξ2jωj,

ωj =
√

(ℜλj)2 + (ℑλj)2,

ξj = −ℜλj
ωj

.

However, the number of poles qj from Eq. (2.55) is M2N2
i , which is in general much

greater than the number of modes Nm in the analysed frequency range. This means that

some of poles are not physical. A simple first approach to weeding out the computational

poles is to discard the unstable ones, with positive real part, which would not appear in

most physical passively-damped systems. The rest is sifted through an iterative solution

of Eq. (2.55), where the model order M is incremented from one iteration to the other.
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By comparing the poles obtained with different model orders, the numerical poles usually

undergo large changes, and only the physical poles should stabilise, as they are actual fixed

structural properties. This procedure can be presented visually in a stabilisation diagram,

where the poles at the different model orders are plotted. Poles that have stabilised over a

wide range of model orders, both in ω and ξ, within a predetermined tolerance, are usually

reliable estimates of the physical parameters [120].

The left eigenvectors Lr could also be derived at this stage. In the numerical tests of

the implementation of the algorithm used for the present work, however, it was found that

the eigenvectors Lr did not stabilise (see also [123]). They can still be extracted, together

with mode shapes, from Eq. (2.52), which can be adapted as follows

H(ω) =
Nm∑

r=1

(
Rr

iω − λr
+

R∗
r

iω − λ∗r

)
+

RL

ω2
+RU, (2.56)

to take into account the fact that the FRF can only be measured in a limited frequency

range, and that the parameter estimation may be further restricted to a subset of this

range. For this reason, Nm represents only the modes active in this range, and RL and

RU are the lower and upper residuals, respectively, and allow to simulate the effect of the

modes present outside the frequency range considered. After estimating the resonance fre-

quencies and damping factors, the only unknowns are the residues Rr, RL, RU ∈ C
No×Ni .

This can be done again in a least-square sense. After recognizing that the residues are

formed of the multiplication of right and left eigenvectors

Rr = ψR,rψ
H
L,r,

as in Eq. (2.44), it is possible to see that both can be derived by SVD decomposition [120]

Rr = UΣWH .

U ∈ C
No×1 corresponds to right eigenvector ψR,r, and W ∈ C

Ni×1 to left eigenvector ψL,r.

The singular value matrix Σ ∈ C
No×Ni can be interpreted as containing the scaling factor

Qr for each mode r [116]. For this reason, it should be of rank 1, as only a single scaling

factor per eigenvector can be admitted. As the presence of multiple non-zero scaling factors

would imply a deformation of the r-th eigenvector, the rank of matrix Σ provides a final

check of the quality of the fitting process.

2.5 Piezoelectric actuation

2.5.1 Piezoelectric materials

The FRF expressions derived so far have been based on the assumption that excitation

came from concentrated forces. In Chapter 1, laminar piezoelectric actuators were iden-

tified as promising excitation devices, especially in a MIMO testing configuration. This
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section therefore aims to introduce their characteristics, and to establish how they can be

applied to a modal analysis context.

Piezoelectric materials exhibit coupled electromechanical properties. Under the direct

piezoelectric effect, an applied stress causes a change in the polarization of the material,

and a charge flow. Under the converse effect, an electric field generates a strain. Weak

piezoelectricity is found in natural crystals, but is enhanced in synthetic materials. Lead-

zirconium-titanate (PZT) ceramics are currently the most commonly manufactured piezo-

electric material. They are composed of perovskite crystals with an orthorhombic tetrago-

nal structure (Fig. 2.8). The off-centre position of the titanium/zirconium cations produces

a spontaneous polarization in the crystals, which behave as dipoles. The orientation of the

crystals relative to one another in the material is random, so only weak piezoelectricity

can be found in the raw material. Through heating, however, the dipoles can align along

the same direction for all the grains if a strong electrical field is added. Once cooled, the

material is permanently polarised [124].

O
2−

Pb
2+

Zr
4+/Ti

4+

P

+

-

Figure 2.8: Crystal structure of a PZT piezoelectric material.

An applied stress then causes the crystal lattice to deform mechanically, thus increasing

the charge asymmetry, and generating a charge flow. An applied voltage, on the other

hand, causes an electric field that tends to change the orientation of the dipoles, and thus

produces a strain in the material due to the continuum constraint.

These relationships can be formalised in the constitutive equations for piezoelectric

materials, which link the strain and charge flow in the form of electric displacement De
4

with stress and electric field Ee. It is convenient to exploit the symmetry of the stress and

strain tensors, σ and ε, and express them as vectors S,T ∈ R
6×1 as in sect. 2.2.2. Under

the hypothesis of moderate electric fields, these equations are linear, and can be expressed

4The electric displacement is the charge generated divided by the area of the electrodes, and has units of

C/m2.
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as [45] ∣∣∣∣∣∣
S

De

∣∣∣∣∣∣
=

∣∣∣∣∣∣
sE dT

d ǫT

∣∣∣∣∣∣

∣∣∣∣∣∣
T

Ee

∣∣∣∣∣∣
, (2.57)

where De ∈ R
3×1 is the electric displacement, and Ee ∈ R

3×1 the electric field. sE ∈ R
6×6

is the short-circuit compliance matrix, which contains the constitutive relationship of the

material when the electrodes are short-circuited; d ∈ R
3×6 contains the piezoelectric strain

coefficients, which link strain to electric field, and charge displacement to stress. ǫ ∈ R
3×3

contains the dielectric permittivity values, and is a diagonal matrix for most piezoelectric

materials.

Eq. (2.57) clearly shows that the presence of either a stress or an electric field will

generate strain and charge in the piezoelectric material. A common operation mode for a

laminar piezoelectric actuator (also called patch, in this case) is the d31 mode [45]. The

subscripts refer to the conventional reference frame assigned to piezoelectric materials: 3

is the direction of polarisation P , which, in the patch represented in Fig. 2.9, is along the

thickness tp, and 1 and 2 are perpendicular to it. The first subscript refers to the polarisa-

tion direction, which is also the direction of application of the input electrical field Ee. The

second reveals the direction of strain. With d31 patches, then, the strain is perpendicular

to the polarisation axis P , and happens in the plane of the patch.

1

2

3

tp

v

Input 

electrode

P

E
e

Figure 2.9: Laminar piezoelectric actuator in d31 operation mode.

In this mode, the electric field Ee can be varied to control the patch, and thus provides

the actuator capability by inducing a varying strain in the 1 direction. The electrical field

is applied at the input electrode on the upper surface of the patch, and is uni-axial, i.e. only

the Ee,3 component is non-zero.

2.5.2 Dynamics of structures with piezoelectric excitation

The previous section has shown that the ability of piezoelectric materials to react with a

strain to an applied voltage makes them viable as actuators. In this section, the equations

of motion for a piezoelectrically driven rotating structure will be derived to quantify this
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capability. Their derivation [94, 125] follows closely the procedure outlined in sect. 2.2.2,

and it would be redundant to repeat it. The main difference is the addition of the work of

the electrical energy We to the Hamiltonian of Eq. (2.4)

∫ t2

t1

δ(K − U +We +Wext)dt = 0, (2.58)

with

K =
1

2

∫

Vs

ρsṙ
T ṙdV +

1

2

∫

Vp

ρpṙ
T ṙdV (2.59)

U =
1

2

∫

Vs

TT δSdV +
1

2

∫

Vp

TT δSdV (2.60)

We =
1

2

∫

Vp

ET
e DedV, (2.61)

where the subscripts p and s refer to the piezoelectric material and elastic substrate, re-

spectively.

The discretisation for the displacement and strain of the piezoelectric material follows

again sect. 2.2.2. The electric field Ee can likewise be discretised via a shape function Nv

as

Ee = −∇ · φ(r, t) = Nvv(t), (2.62)

where φ is the electrical potential, and v(t) contains the generalised electrical coordi-

nates at the input DOFs, which can be set to coincide with the voltage applied at the

electrodes [125].

The final EOMs for a rotating system excited only by piezoelectric elements can be

written as

(Ms +Mp)ẍ+ (Cs +Cp +Gs +Gp)ẋ+ (Ktot,s +Ktot,p)x = Θv, (2.63)

The piezoelectric coupling matrix Θ is equal to [126]

Θ =

∫

Vp

NT
ε d

TNv.

Θ represents the electro-mechanical coupling introduced by the piezoelectric effect, whereby

an applied voltage translates into a mechanical forcing term.

2.5.3 FRF expression with piezoelectric actuation

An analytical expression for the FRF of a rotating structure under piezoelectric excitation

in terms of modal parameters is desirable at this point, to allow the application of modal

analysis even with this non-traditional forcing method. By representing Θv with a generic

forcing vector F, it would be possible to obtain an expression identical to Eq. (2.49). How-

ever, Θ is in general a full matrix, and therefore each component Fk could depend on the

voltage at more than one input DOF. This violates the common interpretation of the FRF
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matrix, where each term depends on the response and forcing at one output and one input

DOF at a time. Furthermore, since the force generated by a piezoelectric patch cannot be

directly measured, it would be convenient to derive a FRF expression dependent only on

the input voltage.

Some simplifications can be made. The d31 actuators are assumed planar, and their

reference frame 1-2-3 aligned with the reference frame of displacement x. If the voltage is

applied along direction 3, across the patch thickness, the resulting strain, and excitation,

will occur exclusively along direction 1. This means that, with a proper alignment of the

reference frames of structure and actuators, no spurious cross-coupling between multiple

DOFs takes place.

Under these assumptions, each component of the forcing term Θv depends only on one

voltage input, and Θ can be considered a diagonal matrix in this case. A FRF in terms of

strain and voltage H(ω) = E(ω)/v̄(ω), where v̄(ω) is the Fourier transform of the voltage

v, can therefore be derived, and is identical to Eq. (2.49), within a constant scaling factor.

2.6 Summary and Conclusions

This Chapter presented the theoretical framework necessary for the quantitative analysis

of the Coriolis effect in bladed discs, and the adaptation of the traditional modal analysis

methods for the experimental identification of frequencies, mode shapes, and left eigenvec-

tors in rotating structures.

The cyclic-symmetry formalism was used to explain the Coriolis effects in bladed discs.

Frequency splits for double modes, and complex-valued mode shapes in the form of travelling-

wave modes were shown to derive from the non-hermitian reduced eigenproblem caused by

the presence of the Coriolis matrix in the equations of motion. The Coriolis force, depend-

ing on the direction of the vibrational velocity, breaks the symmetry of the structure, and

thus causes frequency splits much like mistuning, which was briefly treated exactly be-

cause it can produce similar effects. However, it was also shown that mistuning generates

standing-wave modes, and can thus be discriminated from the action of the Coriolis force.

A FRF expression for strain modal analysis (SFRF) in the presence of the Coriolis effect

was derived for the first time, and proven to depend on strain mode shapes, and left dis-

placement eigenvectors. As left eigenvectors can approximate right eigenvectors in lightly-

damped structures, it could be proved that both strain mode shapes at the output DOFs,

and displacement mode shapes at the input DOFs can be derived, thanks to the combina-

tion of the MIMO testing approach and poly-reference modal identification methods.

Finally, piezoelectric actuators, which were identified as ideal candidates to provide

multiple-input excitation, were presented, and the derivation of a FRF expression depend-

ing on their control voltage was shown and discussed.



Chapter 3

Coriolis effects in current finite

element software

3.1 Introduction

The study of the effects of rotation in aero-engine components is usually split in two phases.

Since the aerodynamic design of the aerofoils is conducted in operational conditions, thus

on the blades as deformed by the centrifugal force, the full FE analysis of the bladed discs

is necessary to derive their cold shape, which is the one that will actually be manufactured,

and their Campbell diagrams, to identify resonances in the operational range. The Corio-

lis, or gyroscopic effect, is only considered in a rotordynamics sense: the bladed discs are

approximated by full discs, thus neglecting the flexibility of the blades, to focus on the dy-

namics of their shaft. These simplified models are well suited for the study of whirl modes,

and for the derivation of the Campbell diagrams of the disc-shaft assembly, and allow the

simulation of the complex, often nonlinear interaction with bearings and stator at reduced

computational cost.

However, the new engine architectures are moving towards higher flexibility of all their

components, and the fast evolution of the available computational power allows increas-

ingly more realistic models: a comprehensive design and verification process, which is

capable of including all the involved physical phenomena, and the interaction between

different components, is becoming not only desirable, but also feasible.

The finite element method is particularly suitable for the dynamic analysis of complex

structures. The method is well-established for linear and stationary systems, but it is

much less clear how accurately the influence of the Coriolis terms is handled. In addition,

the simulation of rotating structures involves multiple analysis steps, and, since extended,

consistent documentation is frequently lacking, uncertainty in the interpretation of the

results can arise, if no reference data is available.

An initial investigation was therefore conducted to verify whether finite element mod-

1Parts of this chapter have been adapted from [127].

64
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els would be able to predict all the expected phenomena, and to better understand their

effective impact on bladed discs, especially with respect to the Coriolis force. Benchmark

test cases were created to simulate frequency splits, the appearance of separate forward

and backward travelling-wave modes, and the interaction with geometric nonlinearity, and

compared to results available in the literature to validate them.

3.2 Finite element analysis

To provide a comprehensive picture of the prediction capabilities available, several FE

software packages were tested:

• A proprietary software that will be called “Code A”;

• Abaqus v6.11-13;

• Ansys v12.1;

• NX Nastran v8.5;

• SAMCEF v14.1.

All codes offer advanced modelling functions, and were assessed against a set of features

that were identified as essential for the reliable analysis of rotating structures. The first

requirement was accuracy in the identification of the speed-dependent natural frequencies

of the structures, and in particular, of the splits induced by the Coriolis force. The centrifu-

gal force affects both the frequencies, through the competing centrifugal stiffening and

spin softening effects (see sect. 2.2.2), and the mode shapes, by potentially deforming the

structure. The way the geometric stiffness matrix (Eq. (2.14)) is calculated in each pack-

age was therefore checked. Finally, as all traditional rotating structures exhibit at least

cyclic symmetry, the capability of the different pieces of software to exploit said symmetry

to improve the computational efficiency of the solution was considered.

All the codes provide the solution features necessary for a realistic simulation of rota-

tion effects, i.e. the addition of the geometric stiffness, spin-softening, and Coriolis ma-

trices. All codes except NX Nastran require a separate preliminary static analysis before

the modal step, which allows to take centrifugal stiffening into account via the geometric

stiffness matrix. This step applies the centrifugal force as a pre-existing stress state in the

structure, and consists in calculating the geometric stiffness matrix of Eq. (2.14).

There are two alternative approaches to this calculation: either the small displacement

- large strain, or the more general large displacement-large strain hypothesis. The first is

based on the linearisation of the geometric stiffness matrix, and can be applied when the

centrifugal force is not expected to cause macroscopic changes in the shape of the struc-

ture. The second makes no such assumption, and therefore leads to a fully non-linear form

for Eq. (2.14). The subsequent modal analysis step is applied to the deformed geometry.

Abaqus, Ansys, NX Nastran, and SAMCEF offer the possibility of choosing between the

two different approaches, while Code A always solves the full non-linear problem. While
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only this second approach is exact, the small displacements-large strain hypothesis has the

advantage of being computationally faster, and is a fair approximation for structures that

do not exhibit pronounced radial flexibility.

SAMCEF and NX Nastran offer the possibility of automatically deriving a Campbell

diagram by setting a range of rotation speeds. With Abaqus and Ansys, on the other hand,

the spin speed has to be changed manually, which means that a new run is required for

each spin speed. This increases the computational time, as the system matrices have to be

regenerated every time. Further reduction of the computational load is introduced by Code

A and SAMCEF, which are the only packages to exploit the cyclic symmetry of a rotating

structure when the Coriolis effect is included. In Code A and SAMCEF, a single sector can

be modelled, which means that the EOMs can be solved for a reduced number of DOFs,

and only for the desired ND families, as explained in sect. 2.3.1.

All codes approach the solution of the unsymmetric eigenvalue problem caused by the

presence of the Coriolis matrix G in the same way. The symmetric eigenvalue problem

associated with Eq. (2.12) is first solved using the Lanczos algorithm. The resulting eigen-

vector matrix is used to project the full eigenproblemof Eq. (2.16) into the modal subspace,

to reduce the dimension of the problem itself. For the extraction of the complex eigenval-

ues, every code offers different options: the QR algorithm was used in SAMCEF and Ansys,

the Lanczos method in NX Nastran, and the QZ algorithm in Abaqus, and the convergence

tolerances were left at the default values for each package.

3.3 Test cases

No extended documentation on the use of the Coriolis option in the chosen FE software

was found at the start of this assessment, and only scattered data was available in the

literature as validation of the computational results. Test cases were needed to verify the

actual capabilities of the codes, and their accuracy. The models to be used as benchmark

were selected from the literature according to the availability of analytical solutions or

experimental results to provide independent validation. Only models with well-defined

data relative to dimensions, material properties, and boundary conditions were used, to

eliminate uncertainty in the interpretation of the results due to inconsistent geometries

and properties.

Four test cases (Fig. 3.1) were proposed and analysed: the Stodola-Green rotor [128], a

rotating thin ring [129], a blisk with swept blades [130], and a simplified blade-disc-shaft

assembly. Their dimensions and material properties are summarised in Appendix A. The

Stodola-Green rotor (Fig. 3.1a) is a classic model in rotordynamics: it consists of a solid

disc at the end of a cantilevered shaft, which exposes it to strong gyroscopic coupling of the

DOFs perpendicular to the rotation axis [107]. This causes large frequency splits, and BW

and FW whirl modes. It is also insensitive to centrifugal stiffening, as its bulky geometry

is not noticeably deformed by the centrifugal force at normal speeds. Since its dynam-

ics are dominated by the action of the gyroscopic moments, a simple lumped-parameter

model [128] could be used as reference: the disc was a concentrated mass with rotary in-
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ertia, and the shaft was modelled as a pure spring, with linear stiffness terms calculated

from beam theory. Stiffness terms coupling displacement and rotations were included.

(a) Stodola-Green rotor (b) Thin ring

X

Y

Z X

Y

Z

(c) Swept blisk

(d) Bladed disc-shaft as-

sembly

Figure 3.1: Models of the benchmark test cases.

The rotating ring (Fig. 3.1b) was chosen because the dynamics of its in-plane modes

can be strongly influenced by the Coriolis effect. With in-plane modes, displacements take

place primarily in the plane perpendicular to the rotation velocity, thus displaying only the

velocity components to which the Coriolis force is proportional. An analytical formula by

Endo et al. [129] for the natural frequencies of the in-plane modes under the hypothesis of

small displacements was used as reference. The major advantage of this test case was that

the formula was validated experimentally by the same authors, with excellent agreement

between analytical and experimental Campbell diagrams.

The third model is a blisk1: it consists of a thin circular plate with the blades bent 15◦

out of the plane of the disc (Fig. 3.1c). This “sweep”, or pre-cone, angle increases the radial

component of the vibrational velocity, thus producing a significant Coriolis force. An ana-

lytical solution for its resonance frequencies is not available due to its complex geometry,

but the blisk was modelled and analysed through FEA, and its frequency splits were mea-

sured experimentally, producing good agreement with the computational results [130,131].

The fourth model represents a simplified bladed disc-shaft assembly, comprising a solid

disc with nine blades mounted on a cantilever hollow shaft (Fig. 3.1d). The dimensions

were chosen so that the desired effects could be reproduced and amplified. The blade length

1A blisk is a bladed disc where the blades are integrally connected to the disc, without joints.
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was six times the radius of the disc, as a lenght-to-radius ratio greater than 1 was identi-

fied as a condition for instability [132]: with this geometry, it was then possible to verify

whether the codes would be able to predict it. The shaft overhung span was deliberately

made long and thin to emphasise whirl. Different pitch angles2 in the blades were sim-

ulated to check the influence of this parameter on the global dynamic behaviour, as open

rotors, for example, feature the possibility to change it for optimal efficiency at all flight

conditions. Very few analytical models of such structures are available, so the results of

the simulations were only compared between the different FE codes.

For all test cases, the same FE models, in terms of constraints, and number and type

of elements, were used in all packages. The only exceptions were SAMCEF and Code A,

where a single sector was modelled, and Ansys, where, due to license restrictions, beam

and shell elements were used instead of solid ones. A modal analysis at different rotation

speeds of the FE model of each test case was then run in the software packages listed in

the previous section. The small displacements-large strains hypothesis was applied to the

Stodola-Green rotor, the thin ring, and the bladed disc-shaft assembly, as the centrifugal

force was seen not to modify the shape of the structure for the selected speeds. A fully

non-linear step was instead required for the swept blisk, due to its large deflections. The

Campbell diagrams were always calculated in the rotating frame of reference, and then

compared with the results from the literature and with each other.

3.4 Results

3.4.1 Stodola-Green rotor

The frequency splits induced by the gyroscopic effect are a well-known phenomenon in disc-

shaft assemblies, and the derivation of Campbell diagrams is a fundamental outcome of

rotordynamic analyses. The Stodola-Green rotor was therefore the first model to be inves-

tigated. In dedicated rotordynamics models, rotation DOFs are often used, because they

couple with gyroscopic moments, as formulated in the laws of rigid-body dynamics, and

Euler’s rotation equations [107, 133]. This produces orbital vibrations of the rotor called

whirl modes [39, 134]. Here, however, the rotor was modelled by solid 20-node hexagonal

(hex) elements, which are characterised by purely translational DOFs. This would verify

whether the Coriolis matrix, which depends on translational velocities alone, would be able

to reproduce the gyroscopic effect in a general-purpose FE code.

The resulting Campbell diagram for the first bending mode of the rotor is shown in

Fig. 3.2. The diagrams from all codes were found to coincide within 0.05%: for this rea-

son, only the results from Abaqus are shown as reference. This is especially remarkable

considering the wide difference in the meshes used in the different codes. In SAMCEF

and Code A, the symmetry of the model could be exploited, and the rotor was reduced to

a 20◦ sector, with 9600 20-node hex elements. In Ansys, only 4224 hex elements for the

2The pitch angle is the complementary of the stagger angle, which in turn is the angle between the blade

chord and the rotation axis.
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whole model could be used due to the mentioned license restrictions, and this same mesh

was used in the remaining codes for consistency. This confirms that a structure like this,

where mass and stiffness properties can be neatly separated between disc and shaft, re-

spectively, is well suited to simplified modelling approaches. Further proof comes from

the negligible difference between the frequencies obtained from the FE models and the

lumped-parameter model, which amounts to a median of 0.26%.
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Figure 3.2: Stodola-Green rotor: Comparison of analytical and FE Campbell diagrams for the 1st

bending mode. Adapted from [127].

The first critical speed of the rotor is visible at around 1400 rpm. The natural frequency

in the Campbell diagram is 0 in this case, because, as explained in sect. 2.3.4, the Campbell

diagram was calculated in the rotating frame. All codes dealt with this without issue, and

correctly identified the modes corresponding to the rising branches of the diagram as BW

whirl, and that of the decreasing line as FW whirl. In this case, then, the modes in Fig. 3.2

were labelled according to their direction in the stationary frame.

3.4.2 Rotating ring

3.4.2.1 Campbell diagrams

The rotating ring was modelled via a 12◦ sector in Code A and SAMCEF, with 400 20-

node hex elements. A 10840-element model was employed for the rest of the codes, except

again Ansys, where only 4400 hex elements could be used. The first three modes of the

rotating ring are shown in Fig. 3.3a: the 2 and 3ND in-plane modes, corresponding to nodal

diameters 2 and 3, and the 2ND out-of-plane (oop) mode. There is very close agreement

between the different FE codes. Ansys is the exception with a maximum differences of

2.3%, but, as noted before, the mesh for the Ansys model had to be significantly coarser

than for the other codes (normal rules of mesh convergence were observed to apply when

the Coriolis effect was added to the simulations). More importantly, all codes show very

good agreement with the experimentally validated theoretical model.

Some inconsistencies were also found (Fig. 3.3b). For SAMCEF, the FW branch of the

2ND oop mode was truncated after 10000 rpm, which is a behaviour that was often met
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Figure 3.3: Thin ring: Campbell diagram comparing different FE codes to analytical formula.
(Adapted from [127].)
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across all the models, without an apparent explanation. It can be seen that the FW and

BW branches switch after 3200 rpm in SAMCEF, and, in NX Nastran, the 3ND-FW (+ in

the plot) branch becomes the 2ND-FW branch at 3000 rpm: this switching is a common,

and erroneous, occurrence for both SAMCEF and NX Nastran.

3.4.2.2 Mode shapes

The Coriolis force has been shown in Chapter 2 to generate complex mode shapes, which

take the form of travelling waves in cyclic-symmetric structures. No quantitative data

was available for mode shapes from FE analysis in the presence of the Coriolis force. It

was thus important to check how the FE codes would handle the solution. The ring was

selected as test model for this case, due to the strong effect the Coriolis force was shown to

have on the frequency splits.

The modal constants for 2ND (Fig. 3.4a) were extracted in the radial direction at 20

points spaced 18◦ from each other along the external circumference of the ring. The modal

analysis options used were the same as for the calculation of the Campbell diagrams, and

the simulation was carried out in Ansys at rest and at 565.5 rpm (60 rad/s).
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Figure 3.4: 2ND mode shape of the thin ring at rest: a) FE model, and b) modal amplitudes of the
double mode at 20 equispaced positions along the circumference at rest.

The 2ND mode is a double mode, and the two mode shapes corresponding to the double

eigenvalue at rest are shown in Fig 3.4b. The modes are real, and orthogonal to each

other. Each DOF has a distinct amplitude, which is modulated along the circumference,

and nodal diameters exist at fixed positions. The different points vibrate either in or out of

phase with respect to each other: at rest, the 2ND modes are thus typical standing-wave

modes.

At 60 rad/s, the Coriolis force splits the frequencies, with resonances at 67 and 83 Hz,

and generates complex-valued modes. The amplitude of both modes is shown in Fig. 3.5a.

All DOFs now vibrate at the same amplitude, and no nodal diameters appear. The mode

shape still takes the form of Fig. 3.4a, but, due to the Coriolis force, the nodal diameters

are no longer fixed, but travel around the circumference of the ring, so that all DOFs can
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reach maximum amplitude.
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Figure 3.5: 2ND mode shape of the rotating thin ring at 60 rad/s.

This is confirmed by Fig. 3.5b, which shows the phase of all DOFs for the mode cor-

responding to the 67-Hz natural frequency. It can be seen that each DOF is, in general,

characterised by phase values different from 0◦ or 180◦, and is phase-shifted with respect

to the preceding DOF by -36◦. Considering the 20 DOFs to divide the ring into 20 sectors,

this relative phase difference is correlated to the IBPA ϕk of Eq. (2.22), and can indeed be

found as
360◦

20
kND = 18◦ · (−2) = −36◦.

The mode shape behaves therefore as a FW travelling wave. The opposite happens for the

mode at 83 Hz (Fig. 3.5c): the phases are flipped with respect to the x-axis, and the relative

phase shift is 36◦, showing that the higher frequency is associated to a BW travelling wave.

3.4.3 Swept blisk

The swept blisk was an important test case to verify whether the codes would be able to

handle strong interaction between geometric nonlinearity and Coriolis force. Large dis-

placements are caused in this flexible blisk by the centrifugal force, which tends to realign

the blades with the radial direction. This leads to a decrease in the sweep angle, which
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goes from 15◦ at rest to around 7◦ at 1000 rpm [130]. Making the conservative assumption

of constant speed ‖v‖, the radial component vr of the vibrational velocity decreases as well

to v′r (Fig. 3.6a).
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Figure 3.6: Swept blisk: a) Effect of the centrifugal force, and b) Frequency splits.

The effect of this interaction on frequency splits is not obvious, as the Coriolis force is

proportional to both Ω and vr, which follow opposite trends. Measurement data (Fig. 3.6b

from [130]) rise sharply up to approximately 600 rpm, after which the frequency split starts

to decrease. This effect is due to the interaction between Coriolis and centrifugal forces:

the increase in rotational speed at first compensates for the reduction in radial velocity

component vr shown in Fig. 3.6a, leading to an increase in the Coriolis force, but this effect

is finally exceeded by the reduction in vr, and the frequency split drops.

The experimental data at first contradicted the results of the FE simulations. The sim-

ulations in the original study, however, were first conducted under the assumption of small

displacements (and are therefore referred to here as “SAMCEF linear”), which means that

the large modifications in geometry induced by the centrifugal force were not reproduced.

In the original study, the change in the shape of the blisk due to the centrifugal force

was accounted for by manually creating separate models with different sweep angles, and

keeping the analysis linear [130]. For the present assessment, instead, only the original

geometry of the blisk was used, and the fully nonlinear static analysis option was activated

for all codes.

With this set-up in the analysis, the nonlinear trend of the frequency split is predicted

by all codes: the splits from the different packages agree within 0.3%, except for Ansys,

which shows a deviation of 6%. This is reasonable, as the Ansys model was meshed with

a coarser grid, and with shell elements, instead of solid ones, to keep the number of nodes

below the 32000-node threshold imposed by the license. It can also be seen that the FE
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curve agrees well with the measured values, thus confirming the validity of the analysis.

3.4.4 Bladed disc-shaft assembly

The Campbell diagram for the bladed disc-shaft assembly at a pitch angle of 90◦ is shown

in Fig. 3.7. In this configuration, the rotor can be subject to instability when the blade

length is greater than the disc radius [132] due to centrifugal softening [128]. In this case,

the split eigenvalues of the structure appear as complex-conjugates with positive real part,

and therefore the FW and BW branches of the Campbell diagrams tend to collapse onto

one another.
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Figure 3.7: Bladed disc-shaft assembly: Campbell diagram for pitch angle 90◦. (Adapted

from [127].)

All codes predicted this converging trend for the first bending mode of the shaft, but

disagreed on the actual position of the onset. Code A produced the lowest threshold, at

4000 rpm. SAMCEF, however, which is the only other code where sector models could be

used, predicted instability at 12000 rpm, while the Nastran curves still appeared well-

spaced apart at the same speed. Abaqus put the onset at around 11000 rpm. With Ansys,

the shaft and blades were modelled as Timoshenko beams, and the disc as a shell with

thickness: instability was still predicted, and placed at 10500 rpm. The first critical speed,

on the other hand, was identified by all codes at 2000 rpm.

The effect of pitch angle on the frequency split of the first bending 1ND mode of the

blades is shown in Fig. 3.8. An increase in pitch angle from 30◦ to 60◦ leads to a cor-

responding increase in split: this can be attributed to the related increase of the in-plane

component of the vibrational velocity, which is proportional to the Coriolis force. The curves

also appear significantly non-linear, with the split increasing up to about 1200 rpm, and

decreasing thereafter. Since no large displacements are modifying the shape of the blades

here as opposed to the swept blisk, a possible explanation is the opposing trends caused by

the Coriolis effect and centrifugal stiffening. The Coriolis effect tends to enlarge the gap

between FW and BW branches in the Campbell diagram with increasing speed. The cen-
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trifugal force, on the other hand, does not depend on the direction of rotation of the mode,

and thus tends to stiffen both branches, reducing the gap. As the Coriolis force varies lin-

early with speed, and the centrifugal force quadratically, 1200 rpm in this case represents

the speed at which the centrifugal stiffening effect takes over.
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Figure 3.8: Bladed disc-shaft assembly: Frequency split trends at pitch angles 30◦, 45◦, and 60◦ (NX
Nastran). (Adapted from [127].)

3.5 Discussion of results

3.5.1 Coriolis effects

Predicting frequency splits is essential in analysing gyroscopic systems, and all codes gave

consistent results throughout the various test cases. The natural frequencies were nearly

coincident for all codes, and, most importantly, the frequencies predicted matched exper-

imentally validated data. The coincidence between the FE Campbell diagrams for the

rotating ring and the analytical formula used as reference, which had been validated by

the original study [129], offers strong support for the prediction capabilities of the available

FE tools. Further confirmation comes from the swept blisk frequency splits, which show

excellent agreement between FE and experimental data points. This match is especially

significant: it shows that the FE codes are able to deliver reliable predictions not just for

simple axisymmetric structures like the ring, but also for cyclic-symmetric bladed discs in

the presence of strong geometric nonlinearity.

It is also encouraging that the results from the shell-and-beam blade-disc-shaft assem-

bly in Ansys, while not showing the level of agreement found between the more detailed

models, were still adequate, and proved that such simplification can be used in preliminary

analyses to reliable outcomes.

The prediction of the instability threshold was the only instance of systematic disagree-

ment between the different packages. The latter issue was particularly evident for Code

A. All other codes placed the onset of instability in a range between 10500 and 12000 rpm,

which suggests that the differences can be attributed to numerical errors at this extreme
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Figure 3.9: Anomalous behaviour of Code A for 1ND modes in cyclic symmetric structures: Camp-

bell diagram for 1ND first torsion mode of the bladed disc-shaft assembly with pitch angle 60◦.

condition, since the numerical tolerances could not be set at consistent values across the

codes. Code A, however, placed the threshold at 4000 rpm, less than half of what the other

codes predicted.

This was not the only discrepancy: Fig 3.9 shows the Campbell diagram for the first

torsion 1ND mode of the blade-disc-shaft assembly, at pitch angle 60◦. Torsional modes in

bladed discs do not usually exhibit significant centrifugal stiffening, as they do not present

large radial displacement components, which are what the centrifugal force acts on. Ac-

cordingly, the Nastran frequency curves appear flat, while Code A predicts a very sharp

increase. No issues were found, however, either for the Stodola-Green rotor or the ring.

From the observation of similar non-physical behaviours, it was possible to conclude that

issues arise only for the 1ND modes of cyclic symmetric structures. Further investiga-

tion revealed that Code A solved the EOMs for 1ND in the stationary frame: while this

is acceptable for axisymmetric structures (Ansys and NX Nastran offer the possibility to

choose between reference frames in this case, for example), in cyclic symmetric structures

this would lead to the appearance of time-dependent coefficients in the eigenproblem [21],

which would not be solvable with standard methods.

All codes correctly identified the direction of the travelling wave modes generated by

the Coriolis effect. Exceptions are SAMCEF and NX Nastran, the only codes offering auto-

matic Campbell diagram calculations: the eigenvalues are correct in modulus, but the the

mode tracking algorithm occasionally assigned them to the wrong travelling-wave/whirl

direction, and, in some cases, to the wrong mode family altogether. This happened for both

the ring and blade-disc-shaft models, but not for the Stodola-Green rotor.

The reason behind this is therefore the high modal density in the speed ranges where

these erroneous attributions occur: in the ring model, for example, three different modes

(2ND-FW and BW oop, and 3ND-FW in-plane) are contained within 10 Hz at 3500 rpm.

The mode tracking algorithm used by NX Nastran is purely based on attempting to match

the eigenfrequencies depending on previous results [135], and does not compare the asso-

ciated eigenvectors. As a result, for the blade-disc-shaft assembly, NX Nastran regularly
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mistakes 1ND branches with higher ND curves, and even 0ND at higher speeds, and as-

signs the direction of the whirl/TW modes incorrectly. No switch, on the other hand, is ever

observed when the frequencies are well-spaced apart.

Incomplete Campbell diagrams were another regular problem with SAMCEF (as seen

in Figs. 3.3a and 3.8): as no detail about the mode tracking method used was found, it

was not possible to determine whether the issue stemmed again in post-processing from

the tracking algorithm, or from the solver. This issue, coupled with the fact that, in realis-

tic aero-engine stages, smaller frequency splits, hence higher modal densities, are usually

observed, makes current mode-tracking methods for the automatic identification of Camp-

bell diagrams unreliable: the additional implementation of an eigenvector-based tracking

algorithm, or visual identification, are still necessary, to assign the mode shapes correctly.

The solution of the EOMs at different speeds in a single simulation that is associated to

this automatic tracking methods in Nastran and SAMCEF, however, is extremely useful,

as all the system matrices, except the geometric stiffness matrix, can be calculated only

once, thus allowing a significant cut in computational time.

The second major effect of the inclusion of the Coriolis force in the analysis is the gener-

ation of travelling-wave modes in cyclic-symmetric structures. This was confirmed by the

model of the rotating thin ring. Ansys predicted a purely real mode at rest, whereas, at 60

rad/s, definite TW behaviour emerged. Fig. 3.5 showed that the Coriolis force causes uni-

form maximum amplitude at all DOFs around the circumference of the ring, and the phase

varies linearly from “sector” to “sector”, as appears in Eq. (2.33). The constant relative

phase difference, which is analogous to the IBPA, means that adjacent sectors can never

simply vibrate in or out of phase, but are all involved in the global TW motion. Ansys also

identified the mode at the lower frequency from the Coriolis-induced split at 60 rad/s as

a FW mode, and the higher frequency as a BW mode, confirming that this behaviour is

correct for models analysed in the rotating reference frame (cfr. sect. 2.3.4).

3.5.2 Geometric nonlinearity

The inclusion of geometric nonlinearity in the study of rotating structures is essential,

as the centrifugal force can modify the shape of the structure itself, and thus its dynam-

ics. It was seen that all commercial codes offer the possibility of choosing between the

approximated, but faster, small displacements-large strain solver, and the exact, but fully

nonlinear, large displacements-large strain solver. All codes delivered equivalent results

when geometric nonlinearity was coupled with the Coriolis effect, both in the linearised,

and fully nonlinear case.

The only exception was SAMCEF: it was not possible to use the results of the fully

nonlinear pre-stress analysis in the modal analysis step with Coriolis, and, due to a time-

limited license, the reason could not be found. An opposite behaviour was found in NX

Nastran, and it is appropriate to highlight this peculiarity here: interfacing the nonlinear,

large-displacement static solver with other solver modules is officially discouraged [136].

For the present assessment, nevertheless, the deformed shape calculated in the non-linear
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step was used in the rotordynamics module to derive the Campbell diagram of the swept

blisk, and, as shown in Fig. 3.6b, the process yielded valid results. Both in SAMCEF and

NX Nastran, however, the large-displacement pre-stress analysis step prevents the use of

the automatic Campbell diagram generation feature: a new analysis must then be started

for each rotational speed, with the consequent rise in computation time.

3.5.3 Left eigenvectors

Left eigenvectors were identified in Chapter 2 as a product of the unsymmetric eigen-

problem arising in gyroscopic damped structures, and necessary for a full description of

the dynamics of such systems. The possibility of extracting them from FE analyses was

therefore investigated. Code A, Abaqus and SAMCEF did not provide this feature at the

time of the assessment. NX Nastran derives the left eigenvectors during the solution of

the unsymmetric eigenproblem [137], but their actual extraction as output requires a user

script. Likewise, left eigenvectors are used in Ansys to diagonalise the EOMs for mode-

superposition harmonic analysis [95], but no procedure is given to extract them as output.

3.5.4 Cyclic symmetry

The codes were also assessed for their general suitability to the study of bladed discs. An

important feature in this context is then the implementation of cyclic-symmetry reduction

methods, which allow the same accuracy in the results at a fraction of the computational

cost. Surprisingly, only Code A and SAMCEF offer this option natively. Abaqus, Ansys and

NX Nastran do have a cyclic-symmetry solver, but it is not available if the Coriolis matrix

is included.

Cyclic symmetry would also allow the solution of the eigenproblem only for the desired

ND families, as shown in sect. 2.3.1. For this reason, for example, SAMCEF is much less

prone than Nastran to the spurious jumps between Campbell branches, as solving for a

single ND at a time obviously reduces modal density. Mismatches in SAMCEF were ob-

served only for the 2ND oop mode of the ring after 3500 rpm (Fig. 3.3), where the branches

switch between FW and BW.

As the study of gyroscopic effects is particularly relevant in disc-shaft assemblies, com-

putational efficiency is a fundamental feature, as a detailed model can contain millions of

degrees of freedom (the simplified bladed disc-shaft model presented above contains more

than 750k nodes), and requires significant processing power. The exploitation of cyclic sym-

metry, where a whole structure can be reduced to a single sector, remains therefore very

desirable.

The result of the assessment of the studied FE codes is summarised in Table 3.1.

3.6 Conclusions

The major commercially-available FE software packages have been reviewed to assess

their prediction capabilities in the presence of Coriolis and gyroscopic effects. Four bench-
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Table 3.1: Summary of software capabilities: XXX, complete feature support; X, partial support;

×, non-native/present but problematic; ×× ×, unsupported. (Adapted from [127].)

Code A Abaqus Ansys NX Nastran SAMCEF

Frequency split
X XXX XXX XXX XXX

prediction

Cyclic symmetry XXX ××× ××× × XXX

Geometric
XXX XXX XXX XXX ×

nonlinearity

Left eigenvectors ××× ××× × × ×××

mark test cases, three of them with analytical and/or experimental results available in the

open literature, were created and used as reference for the accuracy of the computational

output. Close agreement was found for all codes in the Coriolis-induced frequency splits.

Discrepancies appeared at high speed in the vicinity of instabilities for the blades-disc-

shaft model, due to the different numerical tolerances used by the codes. An inconsistent

implementation of the equations of motion, which were solved in the stationary reference

frame for 1ND modes, was discovered in the proprietary Code A, and identified as the

origin of severe discrepancies with the results from the other codes.

Geometric nonlinearity is handled consistently across all codes, which produce similar

results when the nonlinearity is coupled with the Coriolis effect. None of the packages out-

puts left eigenvectors, which arise from the Coriolis-induced unsymmetric eigenproblem,

and are involved in the FRF expression for gyroscopic structures. Cyclic symmetry, an es-

sential feature for the analysis of turbomachinery, is currently missing from all commercial

codes, when the Coriolis force is not neglected, except for SAMCEF and Code A.

In conclusion, this review proved that all major FE software packages offer the fea-

tures necessary for the comprehensive analysis of rotating bladed discs. Their prediction

capabilities have been validated with experimental data from the literature, and the codes

have thus been shown to be equivalent in terms of results. Differences arise mainly in user

experience and computational efficiency: in this respect, no code was found to be optimal

for the study of bladed discs with Coriolis effects.



Chapter 4

Rotating test rig: Design and

commissioning

4.1 Introduction

The Coriolis force has been shown to affect the dynamics and performance of bladed discs.

Frequency splits double the number of resonances, while travelling-wave modes interact

with aerodynamic forces, and can produce unstable behaviour in the blades, and high-

amplitude vibrations. Both these phenomena can have an impact on fatigue life, and

should be taken into account at the design and health-monitoring stage, to ensure max-

imum performance within clear safety boundaries.

The previous chapter has shown that the FE tools are already in place to analyse the

Coriolis effect at the computational level. However, it is also essential to have an exper-

imental framework in place that can detect and identify these effects with accuracy, and

generate reliable, high-quality data for model validation and updating.

A test rig that can be applied to the investigation of rotational phenomena in bladed

discs was therefore developed, and its design and commissioning will be presented in this

chapter. The chosen excitation and measurement systems will be discussed in detail, along

with the preliminary tests conducted to verify their reliability. The test piece that was

particularly designed for the study of the Coriolis effects will be shown, and the impact of

the instrumentation on its mistuning and damping quantified.

4.2 Design requirements

The driving design objective of the test rig was the ability to study the dynamics of bladed

discs in near-operational conditions, while at the same time retaining the possibility to fo-

cus on particular phenomena. It was thus necessary to introduce variable rotation speeds,

1Parts of this chapter have appeared in [138].
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fully controllable excitation methods, and a vibration measurement system that can oper-

ate under rotating conditions. As the phenomena involved are not purely rotordynamic in

nature, the response of the rotating test pieces must be monitored along with the shaft.

A set of design criteria was therefore established for the new rotating test rig to meet

these requirements:

• Rotation: the maximum rotational speed should be at least 6000 rpm, to ensure

proper scalability from true operational conditions to test pieces of reduced dimen-

sions. A related requirement is to avoid any major critical speeds for the shaft in the

testing range.

• Excitation system: it is necessary to not be bound to rotation as a means of ex-

citation, but to have the possibility of exciting the test piece independently, as the

application requires. As the first application of the rotating test rig is the modal

analysis of bladed disc in the presence of the Coriolis force, it is important to be able

to use sine sweep and random excitation to obtain the FRFs of the structure. Arbi-

trary EO excitation are also required to simulate the forcing patterns present in real

aero-engine stages.

• Measurement system: the dynamics of bladed discs are dominated by the local and

coupled vibration patterns of the blades. Sensors capable of measuring the response

of the blades themselves are essential for the comprehensive characterisation of the

rotating system and its associated operating deflection shapes.

• Signal transmission: the transmission of either excitation or measured signals

should maximise data quality, while not interfering with the dynamics of the rig,

through friction, unbalance, and/or excessive mass loading.

• Rig structural design: the test rig chamber and supports must be capable of with-

standing any loading transmitted by the test piece, while providing minimal inter-

ference with its dynamic behaviour. The design of the chamber must also provide

ballistic protection, to contain any parts that may come loose during high speed test-

ing.

• Test environment: the rig must be able to operate as a vacuum chamber if needed,

to minimise aerodynamic damping and avoid the risk of flutter.

• Modularity: the possibility of easily adapting and modifying the test rig for different

test set-ups, and for test piece dimensions, must be guaranteed from the early design

stage to ensure a future-proof design.
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4.3 Test rig

4.3.1 Test chamber and support components

The test rig and its main components, as designed according to the above criteria, are

shown in Fig. 4.1. The technical drawings of its main components are reported in Appendix

B for additional details. The core module consists of the support structure, the cylindrical

chamber, the shaft, and its bearing housing.

Figure 4.1: 3D CAD drawing of the rig assembly: section view.

The test chamber proper is composed of a flanged cylindrical casing, bolted to a vertical

back-plate, and a front cover, which can be mounted at the front flange for safety reasons,

or to work in vacuum. The internal diameter of the chamber is 720 mm, thus allowing the

study of relatively large scale models of bladed discs, and a thickness of 15 mm, to both

prevent caving-in due to atmospheric pressure, and avoid perforation in case of blade-off

events. M30 tapped holes are present on both the vertical plate, and the casing. They

can act as additional viewports around the casing to allow access for tip timing probes and

other instrumentation, and as feedthroughs for the instrumentation cables.

The vertical back-plate and the two lateral triangular mounting plates are the core

support components for the rig. They carry the weight of the front casing, and are the

main transmission path for any excitation coming from the shaft, as the bearing housing is

directly attached to the vertical plate (Fig. 4.1). As a result of this, their design needed to

satisfy stringent static and dynamic requirements. On the static side, the vertical plate and

the casing have to withstand the atmospheric pressure when working in vacuum. On the

dynamic side, it was necessary to avoid major resonances of the rig that could be excited

in the operational range of the shaft: as a maximum speed of 6000 rpm was chosen for
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the motor, the design target was set to have no resonances below 120 Hz for the entire

structure.

A particular focus was on avoiding the first resonance of the rig, associated to the mode

shape shown in Fig. 4.2, which could be easily excited by disc unbalance. FE analysis

showed that the addition of a 30-mm thick base-plate (Fig. 4.1), to which the lateral sup-

ports and the back-plate are bolted, would stiffen the structure enough to move the first

resonance frequency to 120 Hz.

Figure 4.2: First mode of the test rig from FE analysis, at 120 Hz.

4.3.2 Vacuum

The possibility of testing in vacuum conditions is highly desirable in an academic test rig

for the study of bladed discs. Vacuum limits the effect of aerodynamic damping on the

test piece, and avoids the risk of flutter and galloping, which could damage the blades of

the test piece catastrophically [37]. Research has shown [139] that a chamber pressure of

100 mbar (10000 Pa) produces modal damping values roughly equivalent to a much higher

vacuum in a radial turbine blisk. Other academic test rigs cite values of internal pressure

from 70 Pa [43] to 2000 Pa [31], thus suggesting that only low to medium vacuum levels are

necessary. A pressure of 1000 Pa was therefore chosen as the minimum design target, and

an Agilent IDP-3A01 dry scroll vacuum pump, capable of reaching a minimum pressure of

40 Pa, was selected for the rig.

To close off the vacuum chamber, and as an additional safety measure, a front cover

is bolted to the front flange of the casing. The front cover consists of a 15-mm thick steel

plate, which can be replaced with a glass cover to enable optical access for laser Doppler

vibrometry or high-speed cameras.

Sealing is ensured by greased FKM O-rings on all flange joints, and by special plugs for

the viewports and feedthroughs. A pair of sealed bearings (SKF 6007-2RS1) isolates the
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bearing housing from the outside. A lip-seal enclosure has been added on the atmosphere-

side of the bearing housing for additional sealing if required.

4.3.3 Drive system

The shaft is made of AISI 1045 stainless steel. It is 365 mm long, with an inter-bearing

external diameter of 40 mm. The internal diameter is 20 mm (Fig. 4.3), so the shaft can act

as feedthrough for the necessary signal and/or power transmission cables. It is mounted in

a cylindrical bearing housing bolted to the vertical backplate via a flange. Considering the

expected loads from the belt tension and test piece, and the nominal speed required, two

self-lubricated ball bearings with standard clearance were selected (SKF 6007-2RS1).

Both bearings are mounted with transition fits on the shaft, to avoid introducing ex-

cessive stresses, and the need for special mounting equipment, while at the same time en-

suring a stable connection. The bearing on the atmosphere side of the rig is also mounted

with a transition fit in its housing seat: two circlips, one on the outer, and one on the inner

diameter of the bearing, are used to prevent relative motion with shaft and seats. The

bearing on the vacuum side is mounted with a clearance fit on its outer diameter, which

allows thermal expansion of the shaft and avoids over-constraining it. A circlip on the

shaft seat prevents the shaft from sliding relative to the bearing, to minimise wear of the

bearing seat.

Figure 4.3: Drive system: CAD section view of the bearing housing-shaft assembly

The design of the shaft was targeted towards the minimisation of flexibility and stresses.

The dynamics of the final configuration were then checked in a FE analysis, to ensure

that no critical speeds occur within the 0÷6000 rpm operational range, and avoid large-

amplitude shaft whirling. The shaft was modelled with beam elements, and only transla-
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tional degrees of freedom were constrained at the bearing locations: this simulated the fact

that ball bearings allow small rotations, and produced a conservative design, as it added

flexibility to the system. A mock-blisk with inertial properties representative of a typical

test piece (radius 250 mm, thickness 8 mm) was added to the FE model of the shaft: it was

thus possible to assess the influence of the additional inertia and flexibility of the blisk on

the shaft, which could potentially create disc-shaft coupled critical speeds [140]. Fig. 4.4

shows the Campbell diagram resulting from the FE modal analysis in the fixed frame. It

can be seen that, even with the addition of a very flexible, high-inertia disc, no intersec-

tion occurs between the synchronous excitation line and the shaft FW and BW resonance

branches, indicating that the first forward critical speed is well beyond the operational

threshold.
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Figure 4.4: Campbell diagram of the driving shaft and mock test piece.

In view of these results, static balancing was considered satisfactory, and a single bal-

ancing plane established. To keep the system as compact as possible, it was decided not

to have a single-function balancing disc, but to create a disc that could serve multiple pur-

poses, namely hold the necessary electronic components for the measurement system, act

as an attachment point for the test piece, and provide a balancing plane.

The resulting multi-function disc is shown in Fig. 4.5. The balancing functionality is

fulfilled by two rows of tapped holes in the outer annulus of the disc: balancing weights

can then be easily attached and removed during the balancing process. Each row has 36

tapped holes, and the two are shifted by 5◦ between each other, thus allowing a relatively

fine resolution for the optimal positioning of the balancing weights. The assembly is then

connected to the shaft via a Trantorque keyless bushing (Fig. 4.3). The other functions of

the disc will be discussed in the following sections.
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Figure 4.5: Multi-function disc: balancing plane, holder for measurement electronics, and shaft-test

piece joint.

4.4 Excitation system

Macro-Fiber Composite (MFC) piezoelectric patches were selected as the excitation sys-

tem. Despite the difficulty experienced in quantifying the force resulting from the MFC

actuator deformation, they are unique in allowing a multiple-input excitation that can be

directly attached to the rotating test piece. They are controllable in frequency and am-

plitude through the driving voltage signal, and can therefore generate both harmonic and

random excitation, at adequate levels.

The choice of actuators was based on a compromise between dimensions, which needed

to be small to reduce mass loading effects and an excessive impact on the stiffness and

damping of the test piece, and attainable maximum force, which increases with increasing

dimensions. Due to the flexibility of the planned test piece for this project, the former

criterion was considered the most important one, and a very small actuator was chosen

in order to minimise the added mass, and the changes to stiffness and damping. The

actuators (Smart Material’s M-0714-P2 [141]) have an active area of only 7mm×14mm,

and a thickness of 0.3 mm (Fig. 4.6). They operate in the d31 effect, so positive voltages

will cause the patch to contract in the 1 direction, while negative voltages to expand. The

maximum operational positive and negative voltages are +360 V and -60 V respectively

[141].

To maximize flexibility in the test configuration, it was decided to control each actuator

individually, by sending a separate signal to each MFC patch, allowing complete control

over the excitation type, frequency, and relative phase. By feeding each actuator with a

phase-shifted sinusoid, it is possible to impose arbitrary EO patterns, in particular FW/BW

travelling waves, and excite single ND modes, to maximize signal-to-noise ratio (SNR) in

the output signal.

To exploit the full operational range of the patches, an amplifier is needed to produce
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Figure 4.6: MFC actuator: global dimensions and reference frame.

the admissible voltages. An E-835 DuraActTM piezo-driver module was chosen for the task

[142]. It is a semi-bipolar amplifier, accepting an input from -4 V to 10 V. Working in

combination with the selected MFC patches, it ensures an unattenuated maximum output

across a bandwidth in excess of 4.2 kHz. The amplification factor is 25, which leads to

an output range of -100 V÷250 V. This was considered high enough to produce adequate

levels of excitation. The amplifiers offer an additional high-impedance output of 1/100th

of the high-voltage output, which can be used for monitoring or synchronisation purposes

(see sect. 4.7.2).

A RotransTM [143] liquid-metal signal transmitter (Figs. 4.1 and 4.3) was chosen for

the task of connecting the PC-based signal generator to the MFC actuators attached to the

rotating test piece. The transmitter allows the connection of twelve individual wires, rated

to 0.3 A. Two wires are needed for the power supply of the on-board electronics, so up to

nine MFC actuators can be used, as the last available wire provides the common ground

connection for the patches. The transmitter has very low inertia, produces low friction, and

is rated up to 42000 rpm, thus ensuring minimum interference with the dynamics of the

rig.

4.5 Measurement System

In order to recover the ODSs of the rotating assembly, it was necessary to find a measure-

ment system that could record the response of multiple points on both the bladed disc and

the shaft. At the same time, the system should be minimally intrusive, so that the modal

parameters of the structure, such as damping, could be retrieved with minimum impact.

Full-field methods, such as Laser Doppler Velocimetry and Digital Image Correlation,

are ideal for the acquisition of the displacement of multiple points, and allow the recon-

struction of the vibration pattern of the whole structure with minimal interference. How-

ever, since they need particular surface characteristics for optimal performance, and direct

line-of-sight, they are not well suited to measure complex-shaped specimens like bladed
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discs, where high stagger angles limit optical access. Most crucially in the testing of rotat-

ing structures, they are also unable to capture constant deformations due to the centrifugal

force.

For these reasons, full-field methods were discarded as a possible measurement system

for the rotating test rig, and strain gauges were selected instead. They allow moderately

fine spatial resolution, irrespective of stagger angle, and the reconstruction of the hot shape

of the test piece, as static strain can also be measured. As the test rig is meant to work at

ambient conditions, ordinary strain gauges can be used. This means that their influence on

the global mass, stiffness, and damping characteristics of the test piece, especially through

mistuning, is very small, and can be neglected [76].

The need to minimise the gauge area to measure localised strain led to the selection of

the CEA-06-125UN-350 model. The grid length, in the direction of measured strain, is 3.18

mm, and the width 2.54 mm, thus providing a good approximation of point strain [144].

The gauge factor is 2.155, with a maximum transverse sensitivity of 0.5%. The resistance

is 350 Ω, to reduce sensitivity to external resistance variations, such as those coming from

leadwires or bridge completion circuits [145].

To transmit the voltage signals from the strain gauges, a commercial low-cost modular

telemetry system by Transmission Dynamics was selected. The system consists of small

transmission modules that sit on the rotating component, and a corresponding static re-

ceiver. The transmitter modules provide four strain channels each, with a frequency range

of 6 kHz. They incorporate bridge completion (with an excitation voltage of 3.3 V), amplifi-

cation (300x nominally), and 16-bit digitalisation of the signal. The modules are extremely

compact (50×25×5 mm), with a weight of 20 grams, fitting into the holder introduced

in sect. 4.3.3 (Fig. 4.5). Receiving antennae are positioned inside the vacuum chamber,

and connected to the receivers, where the signal is converted back to analog, and fed into

the data acquisition system (see sect. 4.7.1). As a compromise between spatial resolution,

which would call for a large number of strain gauges, and added mass loading and damping

in the test pieces, three modules are used, allowing a maximum of twelve quarter-bridge

strain gauges working in the rig at each time.

Additional sensors are used at other locations in the rig to monitor and control its

operation. Shaft vibration is indirectly recorded via two couples of piezoelectric (IEPE)

accelerometers (PCB 352B10), glued to the vacuum and air side of the bearing housing in

the horizontal and vertical directions. Temperature is monitored via two thermocouples,

attached to the bearing housing at the bearing positions, while pressure inside the vacuum

chamber is measured by an analogue gauge. Finally, the velocity of the shaft is measured

by a 2048-ppr incremental encoder on the shaft itself.

4.6 Test piece design

The test piece was designed to maximize the effects of the Coriolis force. The design effort

was therefore driven by the need to make the frequency splits as large as possible, and

have distinct TW modes. At the same time, mistuning needed to be limited, since it can
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also lead to frequency splits, overshadowing the Coriolis effects.

In order to satisfy these requirements, strong radial components of the vibration are

needed during rotation. The simplest way of achieving this is by bending the blades out of

the plane of rotation [18]. To maximise the effect over a wide speed range, it was decided

to adopt horizontal blades. This would allow to retain large radial motion even at high

speeds, where the centrifugal force would tend to straighten them.

The test piece (Fig. 4.7) was conceived as a thin bladed disc (blisk), so that the blades

could be easily bent 90◦ out-of-plane, instead of having to be welded in place, which would

introduce unnecessary uncertainties. The test piece was modelled in NX Nastran using

17000 20-node hexahedral elements (121000 nodes), following the approach from Chapter

3. The resulting Campbell diagram calculated for the first four ND modes is shown in

Fig. 4.8a, and presents a split of 6 Hz for 2ND and 3ND at 500 rpm. The mode shapes

corresponding to the first bending for the 0ND, 2ND, 3ND, and 4ND familes are shown in

Fig. 4.8b.

T

RZ

Figure 4.7: FE model of the test piece.

The peculiarity of this design lies in these large splits even at higher ND modes, which,

being decoupled from the shaft whirl modes, are usually less affected by gyroscopic split-

ting. At the higher NDs, the horizontal leaning causes the vibrational velocity to still have

a predominant radial component, thus increasing the Coriolis force [6]. Due to the hori-

zontal leaning of the blades, centrifugal stiffening is not noticeable, as demonstrated by

the 0ND curve, which shows a 1-Hz frequency increase over a 2000 rpm velocity span. The

principal geometric and material parameters are summarized in Table 4.1.

4.7 Data acquisition and processing

4.7.1 Data acquisition system

The data acquisition (DAQ) system comprises a PC, the DAQ cards, the telemetry system

(sect. 4.5), and other sensors. The PC runs the LabView software needed for the generation

of the excitation signals for the MFC actuators and the motor target speed as outputs, and

the recording of the measured data. The PC is also connected to a NI cDAQTM-9178 8-slot
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Table 4.1: Main dimensions and material characteristics of the test piece.

Disc diameter 200 mm

Disc thickness 2 mm

Blade width 40 mm

Blade length 54 mm

Number of sectors 8

Material 304 stainless steel

Density 7850 kg/m3

Young’s modulus 194 MPa
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Figure 4.8: Dynamic FE analysis of the test piece: a) Campbell diagram for the first four ND modes
from NX Nastran, and b) 0ND, 2ND, 3ND, and 4ND radial strain mode shapes.

chassis, which hosts the different acquisition and signal generation cards. The layout of

the system and its connections is shown in Fig. 4.9.

The main acquisition card is the NI 9220, a 16-bit analog input module. It has 16

channels, which are sampled simultaneously (without multiplexing) at a maximum pro-

grammable sampling rate of 100 kHz per channel. It was used to acquire the voltage

signals from the telemetry receivers, and the monitor signals from the piezo-drivers for

synchronisation purposes.

The NI 9234 is a 24-bit analog input module. As it is able to generate excitation currents

for IEPE sensors, it was used to acquire acceleration data from the accelerometers on the

bearing housing. The temperature signals are processed by a NI 9211 24-bit thermocouple

input module, while the encoder is interfaced with a NI 9401 TTL digital/input output

module to recover shaft speed information.

The signal generation is handled by a NI 9264 analog voltage output module. It has

16 channels, a resolution of 16 bits, and a simultaneous sampling frequency of 25 kHz

per channel. The generated voltage range is ±10 V, which allows the exploitation of the
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Figure 4.9: Layout of the data acquisition system.

full range of the piezo-driver amplifier range. Eight channels are connected to the piezo-

drivers, and thus produce the excitation signals for the MFC actuators on the test piece.

One channel sends the ON/OFF signal to the motor controller, and another the target

rotation speed.

All parameters needed to control the test rig and acquire the data can be set through a

newly developed LabView control program (VI). The user interface allows to specify excita-

tion type (sine, stepped sine, random, etc.), its amplitude, frequency, and phase, and to set

the speed of the motor, besides turning it on and off. On the measurement side, sampling

frequency, frequency resolution, and the time length for the test can also be set, enabling

a fully automated test once the rig is running.

4.7.2 Synchronisation of the strain gauge data

The three telemetry transmitter/receiver pairs described in sect. 4.5 operate independently

of each other. This means that synchronisation between the acquired strain gauge data is

not guaranteed, and the signals can experience a certain spurious relative delay. To help

with the synchronization of the signals, a digital tacho channel is present on all transmit-

ters, which sends a reference signal with the same delay as the strain information.

The name ”tacho” comes from the synchronisation method recommended by the man-

ufacturer: a Hall sensor mounted on the test piece records a pulse when it rotates past a

small permanent magnet glued to the static part of the rig, thus providing a 1/rev signal

as a simple tachometer would. This signal is then fed to the tacho channel of each trans-

mitter module. Once the tacho signals are acquired by the DAQ, the strain gauge data can

be synchronised by shifting them in time by the relative delay of the tacho pulses.

This suggested approach allows to retrieve the relative phase of the strain gauges be-

tween themselves, but since the fundamental aim of this project is the acquisition of FRFs

from the measured data, the phase between output and input is also required. For this
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reason, it was decided to use the voltage signal to the MFC actuators as reference for the

synchronisation. A 0.1 V square wave signal is generated by the analog output card in sync

with the voltage waveform used to drive the active MFC patch (in a MIMO test, one of the

patches is taken as reference, and the square wave synchronised with it. The phase differ-

ence with the voltages of the other actuators is then known, as it is pre-set in the control

software). This square wave is then fed to the piezo-drive amplifier, so that it follows the

same path as the excitation signals.

Here, the information is split: the amplified square wave is sent simultaneously to

the tacho channels via the Rotrans signal transmitter, while the output of the monitor

channel (sect. 4.4) goes back to the analog input DAQ card. This signal, and not the

voltage generated at control software level, is then used as reference. In this way, any

delay introduced by the piezo-driver electronics can be ignored, as the signal is measured

after the amplifier: this reference signal and the control voltage for the MFC patches can

then be considered in sync. Once the data (from the strain gauges and tachos) has been

acquired, the signals are again synchronised by shifting them by the relative delay of the

tacho pulses with the reference signal. Fig. 4.10 illustrates the concept.
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Figure 4.10: Synchronisation process.

4.7.3 Data processing

The strain gauge data goes through a first round of processing in the telemetry modules

(sect. 4.5), where the signals are amplified by a factor of 300, and offset by a constant

value of 2.5 V. Together with the rest of the measurement inputs from the accelerome-

ters, thermocouples, etc., the raw data are then subjected to further manipulation during

post processing in a newly-developed Matlab code to transfer them from the time to the

frequency domain.
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The recorded time-domain data were first subdivided into potentially overlapping dat-

ablocks, which are processed separately, and then averaged. The length Ns of each dat-

ablock was determined by a trade-off between the need for a high number of averages

from short datablocks, and that for a fine frequency resolution, which would require long

blocks, and so long measurement times. The block length was varied according to the

requirements of each experiment, but a minimum frequency resolution of 0.15 Hz was al-

ways enforced, allowing the identification of relatively close modes, and the minimisation

of bias error ǫb (sect. 2.4.3). Each block was de-trended by removing any offset from the

time domain signals, and a Hanning window was applied to minimise leakage. The Dis-

crete Fourier Transform (DFT) for each pre-processed channel in the block could then be

calculated, leading to a clear indication of the frequency content in the signal.

The Ĥ1 estimator of the frequency response function (Eq. (2.51)) was selected for both

the stepped-sine, and random excitation tests. The use of this estimator is based on the

hypothesis of no input noise, i.e. no noise in the forcing of the test piece. The excitation,

which in this case is introduced through a voltage signal applied to piezoelectric patches,

was considered to satisfy this assumption.

The autospectrum of the input ĜFF , necessary for the calculation of Ĥ1, is defined as

ĜFF (ω) =
2A2

w

N2
sNav

Nav∑

j=1

FH
w,jFw,j, (4.1)

where Aw is the amplitude correction factor associated with the particular window used,

Nav the number of averages (number of datablocks), and Fw,j is the DFT of the j-th win-

dowed datablock of input vector F ∈ C
Ni×1. The cross-spectrum is determined through

ĜXF (ω) =
2A2

w

N2Nav

Nav∑

j=1

Xw,jF
H
w,j, (4.2)

where Xw,j ∈ C
No×1 is the DFT of the spectrum of the windowed response. For stepped-sine

tests, Eqs. (4.1) and (4.2) are applied at each excitation frequency. The amplitude at the

forcing frequency ω is then obtained by extracting the maximum value in a neighbourhood

ω − δ < ω < ω + δ of ω, where δ is a small value, dependent on the frequency resolution.

Having thus obtained ĜXF (ω) and ĜFF (ω), Eq. (2.51) can be applied to derive the corre-

sponding value of Ĥ1(ω) at the given excitation frequency. Once the data for all excitation

frequencies has been processed, the FRF response of the system can be derived.

4.8 Commissioning

4.8.1 Test rig and drive system

The assembled test rig is shown in Figs. 4.11, and what follows is a description of tests

that were conducted to commission it. To ensure that the basic design criteria were met, a

hammer test was performed on the main components to identify their resonance frequen-
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cies. In the first test, an accelerometer was glued to the tip of the shaft (with no test piece

mounted), and the hammer hit at the top right corner of the rig backplate (Fig. 4.11). The

resulting FRF is shown in Fig. 4.12a: it can be seen that the first resonance frequency

occurs at 84 Hz, which places a resonance within the operational range of the rig (0÷100

Hz, see sect. 4.3.1). However, its corresponding accelerance is only 0.0023 g/N, indicating

that it does not constitute a major resonance for the rig. The second resonance is at 112

Hz, which, while lower than the 120-Hz limit targeted during the design phase, is outside

the operational range of the shaft.
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Holder 
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block

Figure 4.11: Front view of the test rig: chamber and support [138].

More tests were conducted on the shaft, by hitting it directly with the modal hammer

next to the accelerometer, to check whether lower localised modes could be found. Three

different configurations were tested: in the first, no disc was mounted; in the second, the

telemetry holder disc was installed near the tip of the shaft; in the third test, the disc was

shifted back towards the bearing housing, which is where the test piece would normally

sit. As can be seen in Fig. 4.12b, the presence and position of the test piece have a strong

impact on the shaft response: when no disc is mounted, the first natural frequency can be

found at nearly 350 Hz, while with the disc at the shaft tip, a peak can be seen at 187 Hz,

and a smaller resonance is placed at 109 Hz. No real peak, on the other hand, is visible

once the disc is mounted at its designed location, indicating that the system is sufficiently

damped. More importantly, there is no trace of the 84 Hz resonance when exciting the

shaft directly: this indicates that dynamic loading on the shaft (e.g. unbalance) would not

easily excite the rig at this frequency. As no other excitation sources are present elsewhere,

this resonance was not considered a major risk for the operation of the rig.

The shaft is powered by a Siemens 1FT6082-8AK71 brushless synchronous servomotor

through a belt and pulley system (Fig. 4.13). The motor has a rated speed of 6000 rpm, a

torque of 5.5 Nm, and a stall torque of 13 Nm, providing satisfying power characteristics

over the entire speed range. An internal high-accuracy 4-pole resolver measures the motor

speed and transmits it to the motor control unit. This module (a Sinamics CU310-2 DP

model) performs the closed-loop control of the motor speed, and only receives the ON/OFF
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Figure 4.12: Dynamics of the test rig: Accelerance of the shaft from hammer tests by hitting a) on

the top right corner of the rig backplate, and b) on the shaft, with and without a representative disc
mounted on it

signal and target speed value from the DAQ system (sect. 4.7.1) through one of its analog

ports.

Encoder Signal 
transmitter

Pulleys

Servomotor

Flexible 
coupling

Adjustable 
support 
frame

Bearing 
housing

Figure 4.13: Drive system and signal transmitter [138].

The characteristics of the motor allow the use of a 1:1 transmission system. A belt

and pulley system was chosen for this purpose, so that the signal transmitter (Fig. 4.13)

and its cables could be installed in line with the shaft, and the motor support could be

securely bolted to the base-plate of the rig. The chosen V-belt ensures smooth operation

with minimal slippage. Synchronisation between the motor and rig shaft was checked by

measuring their respective speeds with a tachometer and a higher-resolution stroboscope.

The results are shown in Table 4.2. The nominal speed (in Hz) was set from the analog
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output card of the DAQ, and the motor and shaft speed were measured separately. It can

be seen that, even if the absolute value of the slip increases with speed, it stays constant

in percentage, at 1%, which was considered acceptable.

Table 4.2: Measurement of the speed difference between motor and shaft due to the belt slip.

Nominal (Hz) Motor (Hz) Shaft (Hz) Slip (Hz) Slip (rpm) Slip (%)

15 15.04 14.89 0.15 9 1.01

20 20.02 19.82 0.21 12.3 1.03

25 25.02 24.77 0.25 15 1.01

30 30.02 29.70 0.32 19.2 1.08

35 35.02 34.65 0.37 22.2 1.07

40 40.00 39.58 0.42 25.2 1.06

The Rotrans signal transmitter, finally, is connected to the back end of the shaft via a

flexible coupling, thus minimising interference with the dynamics of the shaft itself, and is

grounded to a stiff frame made of 60mm×60mm aluminium profiles (Fig. 4.13). The trans-

mitter is bolted to an aluminium base, which is equipped with a total of eight ThorLabs

M3×0.2 fine-adjustment screws to correctly align it with the shaft.

4.8.2 Test piece

The test piece was laser-cut from a flat plate, and the blades were subsequently bent.

Laser-cutting was used to minimise mistuning in the blisk, but the bending process, with

its relatively large tolerances, was another potential source. A qualitative assessment

of the angles of the blades with a straight edge showed minor deviations from the ideal

90◦ value for nearly all blades. Hammer tests were therefore performed on the blisk to

determine its natural frequencies and damping, and to identify its inherent mistuning

before instrumenting. All tests were conducted in a free-free configuration: the blisk was

suspended with fishing wire by two of its flange holes, and hit in a direction perpendicular

to the wire itself to minimize its influence on the response.

The blisk was then instrumented. The number of strain gauges was dictated by a com-

promise between the need to reduce mass loading, the number of available channels, and

spatial resolution on the blisk. The telemetry modules allowed a maximum of 12 gauges

at a time, to which four more were added to increase resolution if required. Two sectors,

Sector 1 and 4 (Fig. 4.14a), were completely instrumented, with six and four gauges each.

A single strain gauge was glued at the top right corner of the remaining sectors, to allow

the measurement of phase differences between sectors, and thus detect the propagation

of Coriolis-induced travelling waves. No gauges were attached to the blades because this

configuration would have required longer wire lengths, and therefore add more damping,

without providing significantly different information.

During measurements, the gauges were divided into two groups, as the number of avail-

able channels was reduced to eight after one telemetry module broke. One was therefore

dedicated to the measurement of the global TW behaviour of the blisk, and comprises SGs
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3, 7, 8, 10, 13, 14, 15, 16, and will henceforth be referred to as “circumferential SGs”. The

other was used to detail the sector response, and includes SGs 1, 3, 4, 5, 6, 9, 10, which will

be referred to in the following as “sector SGs”.

All strain gauges were aligned along the radial direction, as radial strain is the prin-

cipal strain component on the disk. Their position was optimised for the validation of the

first 3ND mode shape (Fig. 4.14b), which the previous simulation results showed to be

strongly affected by the Coriolis effect (sect. 4.6).
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Figure 4.14: Strain gauges on the test piece: a) position of the strain gauges on the test piece (the
sector SGs are highlighted in blue, while the circumferential SGs are circled in yellow); b) radial

strain for the first 3ND mode shape from FE modal analysis.

To maximise flexibility of the forcing configuration, each sector of the blisk was equipped

with one MFC actuator on its rear face (Fig. 4.15). Their angular and radial position was

located at a point of medium/high strain for the first 5 nodal diameter modes, based on

the finite element evaluation, to ensure effective excitation of all of them. Before applying

the MFC, the surface was sanded and thoroughly cleaned. A two-component epoxy (3M

DP 460), as recommended by the manufacturer [141], was used, and left to cure under

the pressure applied by spring clamps at ambient temperature for 24 hours to develop its

maximum strength properties.

The FE analysis and test results for frequency, damping (loss factor η) and mistuning

behaviour of the blisk before and after instrumenting are reported in Table 4.3. It can be

seen that there is fair agreement between the computational and experimental resonance

frequencies, in the case of the non-instrumented blisk: a maximum difference of 5.3%

between the 0ND frequencies, and 4.2% for the 1ND mode, while all the rest fall within

1%. Mistuning of the non-instrumented disk is also limited, with a maximum split of

3.16%, again for the first 1ND mode. All other values are below 1%.

Addition of the MFC actuator and strain gauges (with their cables) does not seem to

drastically change the dynamic response of the blisk. Natural frequencies are mostly unaf-

fected (maximum difference -0.341%), with only very small splits in frequency appearing,
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Figure 4.15: MFC actuators installed on the rear face of the test piece.

all below 1%. Existing mistuning is only marginally increased (in the case of the 3ND-III

mode, it is actually halved, the patches and strain gauges having acted as tuning masses).

While mass loading seems thus to have been effectively minimised, damping increases

somewhat, but the resulting loss factors of less than 0.3% can still be considered as very

low, and are not expected to impact the FRF measurements during testing.

Another impact test was performed on the instrumented blisk after it was installed on

the shaft via the holder disc, to evaluate its dynamic behaviour in its final test configura-

tion. Table 4.4 shows that the only mode to be significantly affected by mistuning is 1ND

(2.7% frequency split), while 3ND shows a split of only 0.6 Hz (0.2%). This was considered

acceptable due to the much larger expected splits caused by the Coriolis effect. Based on

these results it was concluded that the manufacture and instrumentation of the blisk had

a minimal effect on its dynamic behaviour, and it would provide an excellent test piece for

the measurement of mode shapes under rotation conditions.

The FE model of the blisk was updated with the results of the hammer tests to match

the measured frequencies with those predicted by the FE analysis. The mass of the blisk

was obtained by weighing it, so the density of the material was treated as a known quan-

tity. The only parameter subject to updating was therefore the Young’s modulus of the 304

stainless steel used to manufacture the blisk, which was set at 194 MPa (Table 4.1). The

procedure resulted in a maximum discrepancy of 8% between simulated and measured av-

erage frequencies of the 1ND mode in the assembled configuration. This error is relatively

high, and is likely due to the coupling between the 1ND mode and the shaft dynamics,

which was not modelled. Since the error for the other modes goes from 0% for the 3ND

mode, to 2% for the 2ND mode, the results were considered acceptable, and no further

updating was pursued.

4.8.3 Characterisation of the piezoelectric actuators

4.8.3.1 Excitation configuration

To test the accuracy and effectiveness of the piezoelectric excitation, two different forcing

signals were generated. Both were single-frequency sine waves, but while the first was

applied to only one MFC actuator, the second was a travelling wave. In the latter case, all
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Table 4.4: Natural frequencies of the mounted blisk: frequencies from finite element simulation,

experimental frequencies, and their mistuning

f FE (Hz) f blisk (Hz) Mistuning (%)

1ND 194.8
177.5

2.7
182.4

0ND 196.4 199.6 0

2ND 209.4
205.8

1.9
209.8

3ND 261.3
260.7

0.2
261.3

4ND 305.4 301.9 0

actuators were excited by the same phase-shifted sinusoidal signal.

As explained in sect. 2.3.4, engine order excitation is a cyclic forcing pattern generated

by the rotation of a bladed disc inside a fluid pressure field due to variations in its distribu-

tion. The order depends on the spatial periodicity of the excitation. This type of loading is

the main source of dynamic excitation in a bladed rotor, and it is thus important to be able

to reproduce it in an experimental setting for forced response investigations. EO forcing

tends to excite the corresponding ND mode, which, in a structure where the Coriolis effect

is present, manifest itself as a travelling wave. An EO forcing pattern reproducing itself

a travelling wave in particularly effective in selectively exciting only one particular ND

mode during a test. The travelling wave is obtained by phase-shifting the forcing signal by

the IBPA ϕk (Eq. (2.22)) between one sector and the other, and the excitation voltage Vj(t)

to each piezoelectric actuator j can thus be expressed as

vj(t) = A sin(ωt+ ϕk) = A sin(ωt+
2πk

N
j),

where A is the excitation amplitude, which is the same for all sectors.

Initial tests to assess the effectiveness of the MFC actuation were performed with the

rotor at rest. In this case, a single-point laser Doppler vibrometer was used to measure

the response of the blisk. Several checks were conducted. The first aimed at establishing

whether the actuators could generate a clean sinusoidal response of sufficient strength

off resonance, to ensure the measurement of well-defined FRFs. One single patch was

therefore excited at 230 Hz (around 30 Hz far from the 3ND resonance). Ten acquisitions

of the response measured by the laser were made, and the signals were processed with a

Hanning window to minimise leakage. Single-sided spectra for all samples were obtained,

and the resulting average is shown in Fig. 4.16a. It can clearly be seen that the maximum

peak of -2 dB occurs at the excitation frequency, with only two additional, much smaller

harmonics (second and third) at -40 dB and -34 dB respectively. This strong amplitude

from a single MFC patch indicated a good forcing level, and provided confidence that an

acceptable excitation under rotating conditions could be achieved.

The travelling-wave excitation pattern was tested next. The target mode was the first
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Figure 4.16: Spectral amplitude of blisk response from MFC actuators: a) single actuator, far from
resonance (230 Hz), b) 3EO TW pattern at resonance (260 Hz), and c) 3EO TW pattern off resonance

(262 Hz) [138].

3ND at 260 Hz (Fig. 4.14b). Each actuator was excited by a sinusoid of the same amplitude

(350 V p-p), but with a relative sector-to-sector phase shift of 135◦ to reproduce a 3EO forc-

ing. The spectrum obtained following the same procedure as above is shown in Fig. 4.16b.

The peak amplitude of the response is much higher than in the single-actuator case (+32

dB), which clearly shows that the actuation in eight locations can significantly increase

the forcing in the structure. The two higher harmonics show values of -6 dB and -36 dB,

and are once more smaller than the amplitude at the main forcing frequency. Some other

NDs are also excited, but their amplitudes are all below the -40 dB threshold, making their

impact on the response negligible. The same excitation pattern was applied off-resonance,

at 262 Hz (Fig. 4.16c), to investigate the capability for targeted FRF measurements. Once

more, the maximum response occurs at the excitation frequency, with an amplitude of 20

dB, while all other peaks are below -40 dB.

The results showed that the chosen actuators, with their small active area, provide

sufficient excitation strain to reach a high-amplitude response in the lightly damped test

piece. On- and off-resonance responses could be obtained with satisfactory amplitudes, en-

abling frequency response measurement. The targeted 3ND mode could be excited cleanly

even though the placement of the patches was not optimised for this particular nodal di-

ameter.
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4.8.3.2 Linearity

The actuators were finally tested for linearity. This test was also performed directly on the

test blisk. The patch attached to the first sector was excited at various voltage levels with

a sine signal, and the response measured by an accelerometer positioned on the disc, at

the blade root, close to strain gauge (SG) 3. To exploit the full range allowed by the patch

and amplifier, the voltage was also biased. With no bias, the maximum voltage amplitude

would be 60 V, as -60 V is the minimum voltage allowed by the MFC actuators in order to

avoid depolarisation. Applying a constant voltage offset equal to the mean between the two

limits, +250 V and -50 V1, on the other hand, would allow a maximum oscillating amplitude

of 150 V (300 Vp-p). Five bias levels were tested, from 0 V to 100 V, to check whether the

bias itself would affect the response. The maximum oscillating amplitude of the voltage

signal was adjusted according to the level allowed by the bias: for the 0 V bias, the driving

voltage was varied from 4.8 V to 52.8 V, while for the 100 V bias, the range was 4.8÷144 V.

At least 11 oscillating voltage values were tested for each bias level.

Fig. 4.17a shows the measured values of the acceleration at the different excitation

voltages, for each bias level. The acceleration amplitudes at the various bias levels are

very close to each other, indicating that the presence of a constant voltage offset in the

piezoelectric actuators does not affect the dynamics of the structure. Fig. 4.17b offers a

closer look at how the measured acceleration varies with the excitation voltage, at 100

V bias. The experimental acceleration data points show a systematic deviation from the

regression line, and follow a slightly parabolic nonlinear trend. However, assuming a linear

relationship would lead to a mean error of only 0.07 g, or 5% for an excitation voltage of

60 V. This was considered acceptable, and a bias level of 100 V was adopted for all tests, so

that the maximum excitation level allowed by the actuator-amplifier combination could be

exploited.

4.8.4 Measurement system

4.8.4.1 Calibration

The telemetry transmitter/receiver pairs, as introduced in sect. 4.5, supply bridge com-

pletion, anti-alias filtering and amplification, ADC and DAC, providing all the necessary

processing for the strain gauge signals. This made them a black box system, which called

for a proper calibration procedure to verify the accuracy of the gain data supplied by the

manufacturer. To eliminate unnecessary sources of uncertainty in the procedure, a simple

mild steel beam (70×505×3 mm) was chosen as test piece, and suspended by thin fishing

wires in free-free configuration. A CEA-06-125UN-350 strain gauge was attached at one of

the anti-nodes for the third bending mode (3b) of the beam (115 mm), and an electromag-

netic shaker connected to the beam through a stinger at the same longitudinal position.

Despite its simplicity, it was not possible to eliminate the influence of the set-up, as

lightly-damped, flexible system are inevitably very sensitive to even minor changes (ad-

1A safety factor was applied to the minimum voltage, as depolarisation of the piezoelectric actuators had to

be avoided. The minimum voltage for all tests was therefore always set at -53 V.
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Figure 4.17: Linearity check on the piezoelectric excitation: a) Experimental acceleration data

points at different excitation levels, for different bias voltages; b) Dependence of acceleration on
excitation amplitude, and best-fit regression line, for 100 V bias.

justments in the position of the shaker, or of the supporting wires, etc.). It was therefore

decided not to use FRFs for the calibration, because they could exhibit large variations

from one test to the next. It was decided instead to take advantage of the linear kinematic

relationship between acceleration and strain in the neighbourhood of resonance. Consider-

ing steady-state, mono-harmonic response at resonance frequency ωr, the displacement uj

at the output DOF j can be written as uj = aψj cosωrt, where a is a scaling factor, and ψj

the j-th component of the mode shape ψ corresponding to resonance ωr. The correspond-

ing acceleration is üj = −aω2
rψj cosωrt. The amplitude of the strain in the longitudinal

direction z εz is then equal to

εz,j =
∂uj
∂z

= a
∂ψj

∂z
=

ü

ω2
rψj

∂ψj

∂z
=

ü

ω2
rψj

ψε
j .

Under the stated hypotheses, which can be considered reasonable with fixed-frequency

shaker excitation at resonance, it can be seen that strain amplitude and acceleration am-

plitude are proportional.

The calibration procedure was then set as follows. An IEPE accelerometer was glued to

the beam next to the strain gauge, and the shaker was then driven at the 3b resonance, 327

Hz, with linearly varying voltage amplitudes (from 0.2 V to 1.4 V). Acceleration and strain

data were acquired for 90 seconds, and processed as described in sect. 4.7.3. The voltages

from the strain measurement devices were plotted against the corresponding acceleration.

A linear regression procedure was applied to these experimental data, and the values for

the slope m and intercept q of the best-fit line were obtained [146].

To provide a reference for the calibration process, the strain gauge was initially con-

nected through a NI 9944 bridge completion module to a NI 9237 24-bit bridge analog

input acquisition card, which was known from past experience to provide noiseless and
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accurate strain readings. The resulting acceleration/strain data are plotted in Fig. 4.18a,

together with the corresponding linear regression line. It can be seen that a linear relation-

ship exists between strain and acceleration levels, with a correlation coefficient of 1. The

calibration relationship thus obtained from the NI system between strain and acceleration

is

qε = mεqacc + qε = 173.98qacc − 0.11 (4.3)

where qε is the measured strain in µε, qacc the acceleration in g, and mε and qε are the slope

and intercept of the regression line, respectively.
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Figure 4.18: Calibration of the telemetry modules: a) Preliminary calibration using NI bridge com-
pletion system; b) Calibration plot for the telemetry system.

Eq. 4.3 was then used in the following tests with the telemetry system: the measured

accelerations were substituted in Eq. 4.3 to derive the corresponding “true strain” values

qε; these calculated strains were then plotted against the voltage output from the telemetry,

and again a best-fit line was obtained. The results of the procedure are shown in Fig. 4.18b

for one of the modules. Values for slope m and intercept q were calculated and are shown

in Table 4.5 for all modules. They provide the calibration data for the telemetry outputs

with regards to each channel, according to the calibration relationship

qµV = mqε + q,

where qµV is the voltage output from the telemetry, and qε the calculated “true strain”.

While these two parameters allow to eliminate the measurement bias of each module,

random error also needs to be quantified to verify the repeatability of the measurements.

The chosen parameter is the standard deviation of the value of the true strain sqε . Assum-

ing a Gaussian distribution for the error, taking a value equal to three times the standard

deviation of qε as the error measure means that the true value of the strain will be ob-

tained 99.7% of the time [146]. The maximum measurement error in this case can then be

quantified as 0.3 µε (3sqε) from Table 4.5.

Fig 4.19a shows the spectrum of the response of the beam in one of the calibration tests

presented above (single-frequency shaker excitation at 327 Hz). It can be seen that the

spectrum contains several frequency components. However, as the test piece is a slender
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Table 4.5: Calibration parameters for the telemetry modules.

m (µV/µε) q (µV) sqε(µε)

130515 Ch. 1 713.79 -5.03 0.047

130515 Ch. 2 710.00 -111.68 0.024

130515 Ch. 3 708.99 -61.89 0.025

130515 Ch. 4 693.61 56.03 0.10

130516 Ch. 1 704.37 -25.69 0.014

130516 Ch. 2 693.17 -89.97 0.027

130516 Ch. 3 701.91 -98.34 0.031

130516 Ch. 4 704.37 -25.69 0.014

130521 Ch. 1 1149.02 97.80 0.067

130521 Ch. 2 1147.25 -11.50 0.043

130521 Ch. 3 1144.37 50.63 0.054

130521 Ch. 4 1145.12 -80.77 0.023

linear beam excited in pure bending, only one frequency line would be expected at 327 Hz,

which is confirmed by the measurement performed with the NI system described above

(Fig. 4.19b). Comparison with further experiments indicates that most of the frequencies

are electronic noise in the telemetry system, as they are very coherent (the two highest

lines always appear at 2327 Hz and 4654 Hz). Since it was not possible to eliminate this

noise on the hardware side, it was decided to neglect all frequency lines besides the one

corresponding to the excitation. This was considered acceptable, as the noise appears only

at very specific, well spaced frequencies, and can be separated clearly from the excitation

signal.
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Figure 4.19: Comparison between the strain spectra in the calibration beam with single-frequency

excitation (327 Hz).
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4.8.4.2 Interaction between strain gauges and MFC actuators

MFC patches operate at voltages in excess of 100 V, and are a potential source of spuri-

ous voltages by electrostatic/electromagnetic induction. Large errors in the strain gauges,

which typically produce output voltages in the order of microvolts, can therefore be in-

troduced. To ensure the accuracy of the strain measurements, the issue was thoroughly

investigated in a simple test configuration.

A mild steel beam (70 mm×505 mm×3 mm) was equipped with two M-2814-P2 MFC

actuators, placed at a line of high strain for the the first five bending modes (z=212 mm).

Three strain gauges were attached to the beam (Fig. 4.20) at the same longitudinal position

z, one on the same side as the MFC patches, on the mid-line of the beam, and the other two

in line with the midpoint of the patches, on the opposite side. The beam was suspended in

free-free configuration by fishing wires, and grounded via a copper wire. The strain gauges

were connected to one of the telemetry modules.

505 mm

7
0
 m

m

Active MFC actuator

(far side of the beam)

Strain gauge 2

Strain gauge 3

Strain gauge 1

(far side of the beam)

Figure 4.20: Test beam and positions of strain gauges and MFC actuator (dimensions not to scale)

for the study of electrical interference in the strain gauges from the piezoelectric actuators.

Stepped-sine sweeps around the 3b resonance were performed by using first an elec-

tromagnetic shaker to provide reference data, without the influence of the driving voltage

for the MFC patch. The resulting FRFs are shown in Fig. 4.21a. The three strain gauges,

placed at the same position along the length of the beam, produce the same amount of

strain as expected.

In the second test set-up, the MFC patch and strain gauges were both connected to their

respective instrumentation via plain hookup wires. The gauge wires were tightly braided

to protect them against electromagnetic interference, as equal and opposite voltages tend

to be induced in the gauge leadwires, thus cancelling each other out [147]. The beam was

excited via the MFC patch at the full range allowed by its amplifier, -50 V to +250 V. As

can be seen in Fig. 4.21b, the three FRFs are widely different. FE simulations showed

that the localised strain introduced by the piezoelectric patch would not be high enough to

cause significant differences between the gauges. This pointed to a pronounced influence

of electrostatic or electromagnetic noise, either in the wires, or the beam itself.

To minimise this effect, the plain MFC actuator wires were replaced by a shielded cable:

the leadwires, which are twisted, are also wrapped in aluminium foil. The foil acts as a
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Figure 4.21: Investigation of the interaction between piezoelectric patches and strain gauges. FRFs

around the resonance frequency for the third bending mode of the test beam: a) shaker excitation;
b) MFC actuator, plain twisted wires; c) shielded cable for the MFC patch, shield not grounded; d)

shielded cable for the MFC patch, shield grounded.

Faraday cage, where the charges induced by electrostatic fields accumulate, and can then

be discharged to ground, thus shielding the wires inside and outside. For the third test,

however, the shield was not connected to ground. In this case, the FRF of strain gauge 1,

which is glued on the same side as the MFC patch, is again much larger than the other

two (Fig. 4.21c). Strain gauge 2 and 3, both located on the other face of the beam from the

patch, show remarkably closer values, suggesting that the actuator noise seems to display

a surface effect. As a last step, the cable shield was connected to ground. Fig. 4.21d shows

that the three FRFs finally overlapped.

This test campaign highlighted that piezoelectric patches constitute a strong noise

source when used in combination with strain gauges. In particular, no noise relief was

found by simply twisting the leadwires, which is the standard method to cancel electro-

magnetic interference. Perfect results, on the other hand, were achieved by simply shield-

ing the actuator leadwires, and grounding the shield itself. This suggests that most of the

noise was actually electrostatic.

For these reasons, special cables (Industrifil TAU UAA3407 and UBA3219) were used

for the final test piece, both for the strain gauges and the MFC actuators. They are twisted

and shielded by a silver-plated copper braid. They are also extremely compact, with a



CHAPTER 4. ROTATING TEST RIG: DESIGN AND COMMISSIONING 108

maximum diameter of 1.43 mm, and a linear density of 3.9 g/m, minimising mass loading

of the specimen.

4.9 Summary

A new test rig has been developed to study the effects of rotation on bladed discs, and to

provide validation data with regards to the Coriolis effect. The acquisition of operational

deflection shapes is guaranteed by an array of strain gauges, whose signals are transmit-

ted via wireless telemetry to the data acquisition system. Excitation is provided by MFC

piezoelectric actuators that can be individually controlled, thus allowing the generation of

arbitrary forcing patterns, including engine-order travelling waves. The rig can operate in

vacuum to avoid undesired aerodynamic excitation and damping, and the risk of flutter.

A test piece, in the form of a laser-cut blisk, with eight blades bent 90◦ out-of-plane,

was designed to enhance the frequency splits and travelling-wave modes produced by the

Coriolis force. Modal tests showed that the chosen manufacturing method successfully

minimised mistuning for the 3ND mode, and that mistuning itself was not significantly

modified by the addition of the piezoelectric actuators and strain gauges. Damping was

affected, but low values were still measured.

A series of commissioning tests were conducted to ensure the safe and accurate oper-

ation of the rig. The rig itself does not exhibit dangerous resonances in the operational

speed range of the motor. It was verified that piezoelectric actuators can induce high-level

responses in a linear range, and selectively excite the wanted modes. The strain gauges

and telemetry system were calibrated, and the electrostatic interference they suffered from

the high-voltage excitation signal for the piezoelectric patches was successfully eliminated

by employing shielded leadwires.



Chapter 5

Frequency Response Function

measurement in rotating bladed

discs

5.1 Introduction

The capability of MFC actuators to produce responses with good SNR has been shown in

the previous chapter. One outstanding question is whether they are usable in a modal

analysis context, where knowledge of the excitation is the foundation for the derivation of

FRFs and the extraction of damping, natural frequencies, and mode shapes.

The methods of Operational Modal Analysis (OMA), where these same variables are

extracted from the response alone, have gained robustness and reliability in recent years.

It could be reasonably argued that OMA could be applied with piezoelectric actuators, as

the real value of the excitation they introduce can only be known indirectly. Mounting

parameters that can only be controlled within the relatively loose tolerances of manual

application, such as the thickness of the adhesive layer, and the orientation of the patch,

can also affect the efficacy of the applied forcing.

However, the control voltage to the piezoelectric patches can be accurately known, both

in amplitude and phase, thanks to the synchronisation procedure described in sect. 4.7.2.

This gives an important piece of information on the excitation level, which cannot be dis-

missed. Furthermore, in sect. 2.5.3, it was found that, with reasonable assumptions, a FRF

expression where voltage behaves as a traditional force can indeed be found.

The possibility of using the input voltage to the piezoelectric actuators as a forcing term

was therefore investigated, and will be presented in this chapter. Several different forcing

patterns will be explored, with a special emphasis on MIMO random excitation, and the

quality of the FRFs and the extracted modal parameters assessed. The measured FRFs

will also be used to discuss the dependence of their characteristics on rotational speed.

109
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5.2 Piezoelectric excitation for modal analysis in rotating

structures

5.2.1 Stepped sine excitation

Sinusoidal excitation is one of the principal means of modal analysis, thanks to the high-

energy forcing it can provide, and its consequent high SNR, and was tested first. The blisk

presented in sect. 4.8.2 was excited by a single MFC patch at sector 1, and the response was

acquired in different conditions, i.e. at rest and under rotation. The excitation frequency

was incremented in steps around the first 3ND resonance frequency, and the signals were

recorded after any transients due to the step change had died out.

Fig. 5.1 shows the derived FRF characteristics at rest using three different sensors: an

accelerometer attached on top of the active piezoelectric patch; a LDV pointed to the right

of SG 3; and SG 3 itself (Fig 4.14a). As expected, the amplitude of all FRFs shows a peak at

resonance. Perhaps more interestingly, the phase of the FRFs (Fig. 5.1b) displays exactly

the behaviour that would be expected with a traditional excitation source: the phase of the

acceleration FRF starts at 180◦ off resonance, decreases to 90◦ at resonance, and stabilises

at 0◦. The velocity FRF, on the other hand, varies from -90◦ to 90◦. Finally, the SFRF goes

from 0◦ to 180◦.

This is confirmed by the Nyquist plots of Figs. 5.1c–5.1d, where the FRF from the ac-

celerometer is contained in the first and second quadrant, as the real part changes sign

at resonance. For the velocity, it is the imaginary part to do so, and its Nyquist plot is

contained in the second and third quadrant.

5.2.2 Multiple-Input Multiple-Output random excitation

Random excitation is widely used in modal analysis: it is relatively easy to produce, and

with its broadband characteristics, can yield a complete spectrum in a comparatively short

time. It also lends itself to multiple-input configurations, as it is easy to generate uncor-

related input signals, and obtain a well-conditioned form for the FRFs. One known issue

with random excitation is the leakage due to the non-zero signal levels at the start and end

of the acquisition: this introduces a bias in the FRF estimation that only a large number

of averages and a fine frequency resolution can limit, without eliminating it (sect. 2.4.3).

Other broadband forcing types, such as burst random and chirp, are therefore normally

preferred.

In the present case, however, due to the background noise already present in the strain

gauge telemetry, and the decision to limit the use of filters, leakage would not be avoided

by any alternative means. Pure random excitation was therefore used to drive all the eight

MFC actuators, while the response signals were acquired by both strain gauges, and, at

rest, by LDV. The input voltage signal was offset so to exploit the full range offered by

the chosen MFC patches and amplifiers (-50÷250 V, see sect. 4.8.3.2), and maximise the

forcing energy. In every test, the acquisition length guaranteed a frequency resolution in
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Figure 5.1: Characteristics of the response of the blisk in static conditions with sinusoidal single-

input piezoelectric excitation: a) amplitude of the velocity and acceleration FRFs, and SFRF; b)
phase; c) Nyquist plot of the velocity, and d) of the acceleration FRFs.

the resulting spectrum of at least 0.15 Hz, and 100 averages were taken. This led to a

maximum measurement time of 50 minutes at each speed for a 5-kHz frequency range,

against the 45 minutes required in the stepped-sine test for a maximum range of 10 Hz.

Fig. 5.2 shows the resulting FRFs, and the curve-fitting process used to extract natural

frequencies and damping. LDV data was used to both provide an upper boundary to the

accuracy of the curve-fitting procedure, due to their high quality, and to compare the modal

data derived from a traditional acquisition method to the strain data, which are rarely used

for modal analysis purposes.

Fig. 5.2a shows the stabilisation diagram (sect. 2.4.4) for the MISO test, where all the

MFC patches are active, and velocity at point 3 (Fig 4.14a) is measured via LDV. The

frequency range of interest is 160÷320 Hz, where the first four nodal diameter modes

lie. The diagram is remarkably clear, with no spurious computational poles found. Stable

poles are identified only at the actual resonance frequencies of the blisk, and stability in

both frequency and damping is reached at very low model orders (below 10) for the lightly

damped modes (2ND÷4ND), and after order 20 for the 1ND and 0ND modes.

This can be better appreciated in Fig. 5.2b: modes 2ND÷4ND all exhibit sharp peaks,
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Figure 5.2: Curve-fit results with laser and MIMO random excitation: a) stabilisation diagram; b)

magnitude of the velocity FRF in the 160÷320 Hz frequency range at rest; c) phase, and d) Nyquist
plot

while 1ND and 0ND are still well visible, despite being noticeably more damped. The FRF

captures the frequency splits due to mistuning (Table 4.4) in the 2ND and 3ND modes,

where the difference in frequency is just 0.7 Hz, as opposed to the 4 Hz of the 2ND peaks.

The features of the FRF are also well-defined, both in amplitude, and in phase (Fig. 5.2c),

with noise mainly concentrated close to anti-resonances, which are still clearly identifiable.

The FRF data resulting from the poly-reference curve fit are overlaid on the experimental

data, and show very good agreement. In particular, the areas of the fitted circles in the

Nyquist plots (Fig. 5.2d) closely match those of the experimental FRFs, which indicates a

good estimation of damping.

The same procedure was followed with the strain gauge data, and a representative

stabilisation diagram and FRF fit appear in Fig. 5.3. The stabilisation diagram is still very

clean: poles are again only found at the actual natural frequencies of the system. Because

of the lower SNR, however, they stabilise at higher orders with respect to the laser data,

with stable values for both frequencies and damping at orders above 40 for all modes. As

better seen in Fig. 5.3b, the 0ND mode is barely visible in the noise, but it is still identified

by the poly-reference algorithm, although its modal parameters only stabilise at very high

model orders.
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Figure 5.3: a) Stabilisation diagram from strain gauge data at rest, and b) representative SFRF

and fit.

Due to the significant noise levels, it is now difficult to identify features in the FRF be-

sides the resonance peaks, and anti-resonances disappear under the noise floor. However,

around resonance, the fitted FRF still follows the experimental data, and the curve-fit pro-

cess manages to discriminate the two close 3ND modes. A clearer indication of the quality

of the FRFs comes from assessing its multiple coherence. The multiple coherence γ2Xi:F
is

a measure of the quality of a FRF estimate, and describes the correlation between each

output Xi and all the inputs F . Using the symbols of sect. 2.4.3, the γXi:F 2 is defined

as [113]

γ2Xi:F (ω) =

∑Ni
j=1Hij(ω)GXiFj(ω)

GXiXi(ω)

whereGXiFj andGXiXi are the cross-spectrum between the measured, noise-contaminated,

output Xi and j-th input Fj , and the auto-spectrum of the output Xi, respectively, at each

frequency ω.

The multiple coherence between the laser velocity output and the input voltage to the

MFC actuators is plotted in Fig. 5.4a. The coherence values are nearly always above 0.7,

which indicates a fair quality of the overall FRF, even far from resonance. Very low co-

herence can be found only at discrete frequencies, namely 200 Hz, where a spurious peak

appears in the FRF of Fig. 5.2b, indicating interference from mains noise, and around 300

Hz, where both mains noise and an anti-resonance are present.

The multiple coherence for the strain gauge data appears in Fig. 5.4b. Coherence values

above 0.8 can be observed even for the 400-Hz frequency cluster, where the SNR is lower

than in the 160÷320 range. As could be anticipated from Fig. 5.3b, the coherence drops

below 0.2 everywhere else, making the SFRF data outside the resonance regions unusable.

Fig. 5.4c shows a magnified view of the coherence in a close neighbourhood of the 3ND

split resonance for SG 3: coherence is above 0.7 in the whole range, and reaches 0.9 at the

resonance peaks. These data indicate that reliable modal analysis can still be conducted

from these SFRFs, as the useful range for the extraction of modal parameters is usually

limited to the resonance regions.
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Figure 5.4: Multiple coherence at rest: a) laser data, b) SG3 3, and c) zoom on the frequency range

around the 3ND split resonance for SG 3.

The modal parameters extracted from the SFRFs were then compared to those ex-

tracted from the laser velocity FRF data. This comparison serves two main purposes: on

the one hand, it is necessary to verify that the modal model developed in sect. 2.4.2 is in-

deed correct; on the other, that the noise in the strain FRFs does not invalidate the modal

parameter extraction.

The values of the resonance frequency and damping for the first 4 nodal diameter

modes, as extracted from the laser and strain data, is reported in Table 5.2. First of all, it

can be seen that the laser frequencies agree very closely with the ones found from tradi-

tional hammer tests in Table 4.4. As anticipated, the 2ND, 3ND, and 4ND modes are very

lightly damped, with a maximum ξ of 0.075%. The 1ND-1 and 0ND modes, on the contrary,

exhibit high values, with 2.077% and 1.377% respectively. The coupling of these two mode

families with the shaft dynamics is probably the origin of this behaviour, as the shaft is

heavily damped by the greased bearings.

The frequencies found using the strain gauge MIMO data coincide nearly perfectly with

the laser ones, although they do not allow the identification of the 1ND-1 mode frequency,

due to the high noise levels. In spite of these, however, the damping values agree closely.
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Table 5.1: Comparison of frequency and damping values from laser and strain gauges data at rest

(MIMO).

Laser Strain gauges

Frequency (Hz) ξ(%) Frequency (Hz) ξ(%)

1ND
177.0 2.08 - -

182.0 0.28 182.0 0.23

0ND 200.9 1.38 200.8 0.51

2ND
205.7 0.04 205.7 0.04

209.7 0.08 209.7 0.08

3ND
260.7 0.03 260.7 0.02

261.4 0.04 261.4 0.04

4ND 301.9 0.02 301.9 0.02

The only significant difference is the 0ND mode, where the SFRFs predict nearly a third

of the ξ found from the laser FRF. This is again predictable, since the 0ND mode has

very little SNR. This comparison thus shows that, with the present test set-up and SFRF

model, strain gauges can be reliably used to extract frequency and damping data for lightly

damped modes.

The quality of the raw SFRFs and curve-fit in rotating conditions was verified next, to

check the effect of the additional noise coming from the bearings, interaction with the test

rig, aerodynamic excitation, etc. For brevity, only the frequency range around the 3ND

mode is shown in Fig. 5.5, as it will be the main focus of the mode shape validation in the

next chapter. The SFRFs shown were derived at 300 rpm, which, belonging to the high end

of the rotational speeds tested for this project, could provide a representative lower bound

for the SFRF quality.

Contrary to what observed in Fig. 5.3b, however, not only the resonance peaks, but also

the inner anti-resonance are visible already in the raw SFRF (Fig. 5.5a). The curve-fit

approximates both amplitude and phase (Fig. 5.5b) very closely, as shown by the Nyquist

plot (Fig. 5.5c).

It may seem counter-intuitive that data from a noisier environment (rotating configu-

ration) should be of better quality than those measured in an “ideal” set-up (still configu-

ration). A possible explanation comes from the different frequency bandwidth of the exci-

tation in the two configurations. During the stepped-sine tests, the sampling frequency of

the analog output card used to generate the control voltage to the piezo was set at 20 kHz,

to maximise the smoothness of the excitation signal, and avoid jerk. This setting was kept

during the first random tests, and was later halved because the DAQ PC started having

difficulties keeping such a high output generation rate for eight channels simultaneously.

Since the maximum allowed amplitude of the voltage was not changed, the same excitation

power was now spread across half the bandwidth, thus producing a more effective forcing,

hence better quality SFRFs.

The Frequency Response Assurance Criterion (FRAC) provides a more quantitative
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Figure 5.5: Curve-fit results from strain gauge data at 300 rpm: a) magnitude of the SFRF in the

250÷270 Hz frequency range, b) phase, and c) Nyquist plot.

evaluation of the goodness of the fit. The FRAC is defined as [27]

FRACij =

(
ĤH

ij (ω)Hij(ω)
)(

ĤH
ij (ω)Hij(ω)

)∗
(
ĤH

ij (ω)Ĥij(ω)
)(

HH
ij (ω)Hij(ω)

) ,

where Ĥij(ω), Hij(ω) ∈ C
Nf×1 are the estimated and measured FRFs, respectively, at out-

put DOF i and input j, and Nf is the number of frequency lines. It is easy to see that

the FRAC is analogous to the MAC, and is a measure of the correlation between different

sets of FRFs, in this case, the experimental and fitted ones: while less straightforward to

interpret than the MAC, a FRAC close to 1 is still evidence of good correlation. Usually

the FRAC compares the FRFs at different output DOFs (different lines of the FRF matrix):

here, the FRAC is presented as a matrix in Fig. 5.6, to take into account the different input

DOFs (different rows of the FRF matrix), and extend it to a MIMO context. The colour

scale was limited to the 0.8÷1 range to enhance contrast.

The FRAC is above 0.8 for all input/output combinations, which indicates a good level of

fit. This is especially important since it was not calculated just around resonances, where

SFRF quality has been shown to be acceptable, but along the whole 190÷305 Hz range,

thus taking into account regions of very low SNR.
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Figure 5.6: Frequency Response Assurance Criterion (FRAC) between the experimental MIMO
random SFRFs and the fitted ones at 300 rpm, in the 190÷305 Hz frequency range.

It is interesting to notice a rather stark contrast between two groups of SGs, belonging

to sector 1÷2 and 7÷8 on one side, and sectors 3÷6 on the other. In the first case, the

FRAC is included between 0.92 and 0.95, while in the second, between 0.86 and 0.92. Since

these two groups of SGs were connected to different telemetry modules, it is plausible that

differences in their noise levels affected the resulting SFRFs, since noise would be the

primary reason for a small, yet noticeable, deviation between real and fitted SFRFs.

Similarly, a lower FRAC for input 1 (MFC actuator nr. 1) indicates a possible issue in

its mounting or electrical connection. From this point of view, however, it is reassuring

to see that all other inputs show very similar FRAC values, suggesting that overall the

differences between the MFC patches do not affect significantly the quality of the SFRFs.

Multiple Coherence was calculated in this rotating case as well, and is shown in Fig. 5.7.

On average, coherence is higher than 0.4 in the whole 160÷500 Hz range, and peaks higher

than 0.8 around resonances are visible. Zooming in around the 3ND frequency split, it

is possible to see that coherence stays above 0.6 even at the anti-resonance between the

peaks.

5.2.3 Impulse excitation

Hammer testing is one of the most used forms of modal testing due to its simplicity, and

quickness: the hit of the hammer approximates a Dirac pulse, which can excite a large

frequency range, allowing the recovery of a full spectrum with a very short test. When ex-

ecuted manually, however, uncertainties arise from the inevitable imprecision in the loca-

tion, orientation, and energy of the impact: this lowers the precision of the FRF estimates,

and obtaining precise results can become time-consuming. Piezoelectric actuators, on the

other hand, have the potential to produce high-coherence results, as they are permanently
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Figure 5.7: Multiple coherence for strain gauge data at 300 rpm: a) 160÷500 Hz frequency range,

and b) zoom on the frequency range around the 3ND split resonance.

attached to the structure under test. In this section, the possibility to generate an impulse

with the MFC actuators to conduct a transient measurement on the blisk will be explored.

In this case, the “impact” would actually consist in a strain pulse induced by a voltage

impulse signal in the patch. This set-up was put to the test by producing a half-sine im-

pulse at one of the patches. Its duration was kept at 4 ms, simulating a rather soft impact

hammer tip, to avoid harmfully exciting the dynamics of the amplifier electronics. The

maximum amplitude was kept at 190 V, below the 250 V limit, to protect the MFC patches

in case of large oscillations of the signal from the amplifiers.

Fig. 5.8a shows the actual time signal at the amplifier output, and Fig. 5.8b its fre-

quency spectrum. Due to the characteristics of the chosen impulse, it can be seen that the

excitation starts at a low level (-70 dB ca.), and decreases quite quickly, although the whole

usual frequency range of interest (160÷320 Hz) is covered by the main lobe. While the low

excitation problem may yield SNR issues, it also means that the blisk could be excited in

the linear range.
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Figure 5.8: Impulse voltage excitation to the MFC actuators. The pulse width is 4 ms.
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Because of the limited energy that could be introduced in the system, strain gauges

could not be used for this test, and measurements were taken only by LDV, to exploit its

high sensitivity. Fig. 5.9 shows a typical raw velocity time signal: a very clear decaying

pattern is present in the response, even when not using the maximum sensitivity level

allowed by the available LDV (25 mm/sV instead of 5 mm/sV).
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Figure 5.9: Time signal of the laser response with impulse excitation (no window applied).

A mix of residual vibration and noise is present up to and after the end of the blocksize.

To avoid leakage, an exponential window was applied to the raw time signals. It is impor-

tant to note that this window was applied to both the response and the input, so that the

additional damping introduced by the window could be eliminated, and the true damping

ξ retrieved according to the following formula [114]

ξ = ξwin − 1

2πfrτ
,

where ξwin is the damping obtained from the windowed FRF, fr is the corresponding reso-

nance frequency, and τ is the window time constant (in this case, 12.8 s).

The FRFs from seven tests were thus processed and averaged, and the result is shown

in Fig. 5.10a. The FRF displays distinct resonance peaks and anti-resonances, where the

major influence of the noise is concentrated. Spurious peaks at 200 Hz, 250 Hz and 300

Hz are also present, and derive from electrical noise (50-Hz noise and its higher harmonics

are visible in the input voltage spectrum in Fig. 5.8b).

These characteristics are reflected in the coherence (Fig. 5.10b). Its value stays above

0.9 in the whole 160÷240 Hz range, and drops significantly only around the 3ND and 4ND

resonances, where the low response levels, accentuated by anti-resonances, and electrical

noise predominate.
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Figure 5.10: Impulse excitation: a) Amplitude, and b) coherence from seven averages of the SFRF

of the blisk.

To provide an independent reference for the accuracy of this new application of piezo-

electric actuators, the frequency and damping data extracted from the voltage impulse

tests were compared to those from a traditional manual impact test, and are reported in

Table 5.2. The maximum discrepancy in the extracted frequencies is 1.1%, and it is inter-

esting to notice that, while the piezo-impulse test fails to identify the 3ND-2 frequency, so

does the hammer test, as in both cases the excitation point was close to a nodal diameter.

Table 5.2: Comparison of frequency and damping values from traditional hammer and piezoelectric
impulse testing.

Hammer MFC impulse

Frequency (Hz) ξ(%) Frequency (Hz) ξ(%)

1ND
177.5 2.45 179.4 2.26

182.6 0.16 182.3 0.34

0ND 199.6 1.16 200.6 1.55

2ND
205.8 0.04 205.9 0.03

209.8 0.08 210.0 0.08

3ND 260.7 0.02 261.0 0.01

4ND 301.9 0.01 302.0 0.01

There is also fair agreement between the damping values, with major differences only

for the 1ND-2 and 4ND modes. In the first case, the reason is that the location of the

hammer hit/actuator was not optimal for that particular mode, while the second shows

that the force input for that particular frequency (-85 dB) was too low for the reliable

extraction of modal parameters.
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5.2.4 Travelling-wave excitation

As was argued in sect. 4.8.3.1, travelling-wave excitation can be an important forcing pat-

tern in the experimental investigation of bladed discs. A 3EO pattern was therefore re-

produced using all the eight MFC actuators installed on the blisk to test its effects and

potential, and to analyse the interaction between an external TW excitation, and the TW

modes naturally induced by the Coriolis effect.

The 3EO excitation was obtained by driving all the patches with the same sinusoidal

voltage amplitude, but the signal to each patch was phase-shifted by

ϕexc = ±2πEO

N
= ±135◦

with respect to the preceding sector. A +135◦ phase shift corresponds to a BW travelling

wave, while -135◦ to a FW wave. The response was measured by the eight circumferential

SGs to be able to acquire both the amplitude and the direction of the resulting wave. The

tests were conducted at 300 rpm, and the same frequency range (258÷264.4 Hz) was swept

for both wave directions.

While all actuators are active at the same time, the forcing functions are perfectly

correlated, and therefore the TW excitation method cannot be considered a proper MIMO

configuration. It is possible to reduce the analysis to a SIMO configuration [148], but since

this would not lead to a substantially different configuration than the SIMO stepped-sine

modal testing described in sect. 5.2.1, only the amplitude spectra were calculated, and

they appear in Figs. 5.11a and 5.11b. The relative phases of the SG signals (Figs. 5.11c

and 5.11d) were then simply taken as the phase difference between one SG and the one on

the immediately preceding sector.

From Figs. 5.11a and 5.11b, it can be seen that the two resonance peaks behave very

differently. At the peak corresponding to the TW mode coinciding with excitation direction

(henceforth, coincident mode), the amplitude of all the responses is nearly exactly the same.

This is a very strong indication that a TW mode has indeed developed: since all DOFs have

the possibility of reaching maximum amplitude, it means that the nodal diameters are

not fixed in space, and actually travel around the blisk following the excitation. At the

coincident mode, the amplitude reached by the strain response is also very high, exceeding

250 µǫ: as a reference, the typical strain reached with single-input excitation is around 45

µǫ, nearly 6 times smaller.

Theoretically, the peak corresponding to the the TW mode not matching the excitation

direction (non-coinciding peak) should be cancelled, since the excitation (proportional to

cos(ωt ± kθ)) and response (proportional to cos(ωt ∓ kθ)) would be orthogonal. The peak,

however is still visible (at 258.5 Hz and 264.2 Hz for the +135◦ and -135◦ phase, respec-

tively), due to mistuning in the blisk and excitation. However, it is 15 times smaller than

the coinciding peak, which proves that TW excitation is highly selective, and can be used

to magnify the target mode in regions of high modal density.

This is confirmed by the behaviour of the relative phase between the sectors, as can be
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Figure 5.11: 3EO travelling-wave excitation: Strain amplitude and inter-sector angle for the two

opposite excitation directions at 300 rpm. Each line corresponds to a different sector.

seen in Figs. 5.11c–5.11d). In both cases, the phase at the non-coinciding peak is scattered

around ±135◦, because the TW cannot be properly excited by a non-matching pattern. Far

from it, on the other hand, the phase starts converging towards the phase of the excitation,

and reaches exactly this value at the coinciding peak. This shows that a full TW has

developed, and that it is not simply due to the excitation, but to the Coriolis effect. Without

it, it would not be possible to induce a TW behaviour artificially, as demonstrated by the

inability of the excitation to cause it at the non-coinciding peak.

5.2.5 Comparison of SIMO stepped-sine and MIMO random excitation

Both the presented piezoelectric impulse and TW excitation methods offer interesting fea-

tures for modal analysis or the testing of rotating structures in general. However, the

impulse excitation cannot be used in conjunction with the used SGs and telemetry mod-

ules, as their noise threshold is too high to detect the response generated by the chosen

MFC actuators. The TW excitation, on the other hand, can cause very high levels of re-

sponse, but does not present significant advantages over a standard stepped-sine method
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in a strict modal analysis context.

For this reason, only the stepped-sine and MIMO random excitation techniques were

employed in this project, and their results are here compared to check their relative quality,

and ensure that they can be used interchangeably. It is especially important to prove this

particular implementation of the MIMO random excitation against the golden standard of

stepped-sine testing, to ensure that the new application of MIMO with random is as robust

as it promises to be.

Partial validation was provided by the data reported in Table 5.2, which showed good

agreement between LDV and the comparatively noisier SG/telemetry system, both in terms

of frequencies and damping values. The LDV results, however, could only be obtained

at rest, and data is needed at different speeds, as rotation inevitably induces additional

measurement noise sources. Fig. 5.12 shows the natural frequencies extracted at various

speeds from SIMO sine and MIMO random tests for the 3ND mode. Only the 3ND mode

was used for this comparison because, due to the length of the stepped-sine tests, just one

mode could be extensively tested. Fig. 5.12a shows the frequencies for the FW mode, while

Fig. 5.12b the BW mode.
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Figure 5.12: Comparison between resonance frequencies extracted from SIMO stepped-sine and
MIMO random-excitation tests at various speeds, and best-fit lines of the 3ND mode.

In both cases, a linear relationship (regression coefficient 1.0) was found between the

two testing methods. In the FW case, the slope of the regression line fitted to the exper-

imental frequency points is 0.976±0.03, which indicates a minor tendency of the MIMO

random to underestimate the resonance frequencies with respect to sine. In the BW case,

the slope is 1.003±0.024. This proves that both methods provide essentially the same fre-

quencies, with no evident bias.

Damping, in the form of critical damping ratio ξ, was always extracted alongside fre-

quencies using the pLSCF method. The values for both the 3ND-FW and 3ND-BW modes

at speeds from 0 to 450 rpm appear in Fig. 5.13. Random gives very similar values for

both the FW and BW modes. They are very stable, with relatively low scatter around the

0.02% mean, and show no obvious dependency on speed. This is reasonable, since the the

blisk, with its thin horizontal blades, is relatively aerodynamic, thus not producing a high
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amount of drag. The rotational speed range is also not wide enough to contain a large

variation in aerodynamic damping.
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Figure 5.13: Comparison of damping extracted from SIMO stepped-sine and MIMO random excita-

tion tests against speed.

The damping from the sine data follows the same pattern, and shows the same values

as random for the BW mode. The FW mode, instead, shows a quite clear increasing trend,

and reaches values nearly twice as high as the BW mode. The cause of this is not entirely

clear. It stands to reason that the sine method, concentrating the excitation at one specific

frequency at a time, thus producing larger responses, could trigger additional, potentially

nonlinear, damping sources (e.g. friction in the flange joint). The interaction between the

single active MFC patch and the induced TW mode, which would be different depending on

the direction of the wave, could explain the asymmetry in behaviour between FW and BW

modes. However, as only two anomalous values were measured, and the resulting damping

was still in the same range as all the others, the two methods were considered equivalent

with respect to damping as well.

Mode shapes will be discussed in the next chapter, but, since the reliability of their

extraction depends heavily on the quality of the measured FRFs, the used stepped-sine

and MIMO random methods will be compared here with regards to the produced mode

shapes as well. The principal tool to assess the correlation between two sets of vectors

(mode shapes, in this case) is the Modal Assurance Criterion (MAC). As is well known, it

is defined as [21,27]

MAC =
(uHv)∗(uHv)

(uHu)(vHv)
, (5.1)

where u an v are two generic vectors. As it is fundamentally equivalent to the square

of the cosine of the angle between the two vectors, a value of 0 indicates no correlation

(the vectors are orthogonal), while a value of 1 is a sign of coincident vectors. The MAC

is a global quality indicator, and as such does not give a direct indication of the relative
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error between the DOFs of the different vectors. For this reason, the Normalised Modal

Difference (NMD) was used as an additional measure of the similarity between the mode

shapes obtained from the stepped-sine and MIMO random methods. The NMD can be

expressed as

NMD =

√
1−MAC

MAC
, (5.2)

and represents the average percentage difference of the single DOFs between the two

modes [102]. Table 5.3 reports the MAC and NMD values for the 3ND modes at rest,

and at two additional speeds. Since more measured DOFs lead to more reliable MACs, the

modes compared are in the form of the reconstructed mode shapes, which will be presented

in more detail in sect. 6.2.1. Due to the limited amount of telemetry channels, the strain

data were acquired in two separate tests: one set of strain gauges was connected first,

followed by the other. The mode shapes extracted from the two measurements were then

recombined, so that the data from all the strain gauges installed on the blisk could be used.

Table 5.3: Comparison between different excitation methods: MAC and Normalised Modal Differ-

ence (NMD) for the reconstructed 3ND mode between SIMO sine and MIMO random excitation.

Speed (rpm) Mode number MAC NMD (%)

0
3ND-1 0.9993 2.71

3ND-2 0.9984 3.96

60
3ND-1 0.9997 1.82

3ND-2 0.9992 2.78

300
3ND-1 0.9998 1.53

3ND-2 0.9997 1.71

It can be seen that MAC values are very close to unity were obtained, indicating very

high correlation between the modes, especially since the NMD is simultaneously very low.

The two mode shape sets are thus essentially equivalent. Together with the frequency

and damping data, this contributes to show that the MIMO random method for rotating

structures, which has been developed here, leads to reliable measurements in the rotating

frame. This allows an accurate modal analysis of the blisk system in a significantly shorter

amount of time than with the traditional stepped sine approach.

5.3 FRF behaviour in the rotating blisk

5.3.1 Effect of rotation

Having confirmed the capability of piezoelectric actuation to produce consistent data for

use in modal analysis, the resulting SFRFs and their characteristics in rotating conditions

will be presented here. All SFRFs shown in this section were derived from SIMO stepped-

sine tests to maximise visual clarity, especially in the phase plots.

Fig. 5.14 gathers the SFRFs for a single output SG (SG 3) at different rotational speeds

for the 3ND mode. The excitation was provided by the MFC actuator at sector 1. It can be
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seen how the small frequency split due to mistuning at 0 rpm widens progressively with

increasing speed, revealing the effect of the Coriolis force. At the same time, the amplitude

varies as well. The first peak (henceforth, 3ND-1) at 260.74 Hz is more than twice the

second (3ND-2) at 261.41 Hz. This is to be expected from the presence of position-locked

mode shapes, which causes a variation in the amplitude of the FRFs along the blisk: at the

nodal diameters, the strain is always going to be zero, for example.
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Figure 5.14: Evolution of the SFRFs with speed (SG3, input 1, SIMO stepped-sine).

When the speed increases, however, the amplitude of 3ND-1 starts decreasing, while

3ND-2 increases. They both tend to level off after 240 rpm, and stabilise at a very similar

amplitude level. As explained before, this indicates the progressive development of a TW

in the blisk. While at rest, the maximum amplitude that can be reached at each point

of the structure is dictated by the corresponding mode shape; in rotating conditions, the

Coriolis effect causes the modes to rotate, so that any point can reach maximum strain.

It can also be seen that the maximum amplitude decreases quite sharply for 3ND-1,

while the expected behaviour would be for it to stay constant, and for 3ND-2 to increase to

its level. This is associated to the increasing damping trend with speed that was found for

the stepped-sine excitation (Fig. 5.13), and not to any particular rotational effect.

The development of the 3ND TW pattern is confirmed, and better visualised, in the

phase plots of Fig. 5.15. At rest (Fig. 5.15a), the phase at the different sectors neatly divides

into two groups, shifted by 180◦: this means that the sectors move either perfectly in phase,

or perfectly out of phase, which indicates that the deflection shape (and its associated mode)

is locked in a SW. At 300 rpm (Fig. 5.15b), however, the phase of each sector is different,

and the difference between adjacent sectors is equal to ∓135◦, depending on the mode. It

is also possible to see that in between the resonances, the phases tend to regroup into two

separate phase levels, suggesting that in this frequency range the coexistence of the two

opposite TW can generate a SW.

The SFRFs presented are the basis of the modal parameter extraction procedure. The
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Figure 5.15: Effect of rotational speed on the phase of the SFRF.

frequencies for 3ND are reported in the Campbell diagram of Fig. 5.16a. The decreasing

branch is associated with the FW mode (see sect. 2.3.4), and the increasing one to the BW

mode. Both branches can be accurately represented by straight lines, as can be expected

in the used test piece, where the horizontal blades cause negligible centrifugal stiffening.

Fig. 5.16b displays the split. A split is present already at rest, and is due to mistuning,

as previously noted. A purely mistuning-induced split would have no dependence on speed,

while here the Coriolis effect causes the FW and BW frequency to diverge, and the split

increases linearly with rotational speed, as the Coriolis force is linear itself.
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Figure 5.16: SIMO sine experimental frequency results for 3ND with best-fit lines: a) Campbell
diagram, and b) frequency split curve.

5.3.2 Effect of mistuning

As shown in Table 4.4, the 2ND mode is affected by a high degree of mistuning, with a

frequency split of 4 Hz (2%) already at rest. If only the Coriolis effect were active, this

level of split would be reached only at 300 rpm (Fig. 4.8a). The question then arises as
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to how the Coriolis and mistuning-induced split would interact. The Campbell diagram of

Fig. 5.17a offers a partial answer. There is a speed range, approximately between 0 and 60

rpm, where the FW and BW branches are horizontal. This is better visible in Fig. 5.17b, as

the reported frequency split is constant. After 60 rpm, the branches slowly start diverging,

as is reflected in the frequency split plot, which increases quadratically in this speed range.

There thus seems to be a mixed behaviour: at low speeds, the blisk seems to respond as a

stationary mistuned blisk, and the Coriolis effect seems to start being active only after a

certain threshold, when the characteristic speed-dependent split appears.
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Figure 5.17: MIMO random experimental frequency results for 2ND: a) Campbell diagram, and b)

frequency split curve.

The SFRF phase plots of Fig. 5.18 offer more insight. It can be seen that, at rest

(Fig. 5.18a), the different sectors show again a relative phase of either 0◦ or 180◦, which

confirms that the blisk is vibrating in a SW. At 60 rpm (Fig. 5.18b), if indeed mistuning

were the only active phenomenon, we would expect the same phase pattern as for the

locked SW mode. This is only partly true: the sectors are still divided into two main phase

groups, but the phase values start to scatter around 0◦ or 180◦, indicating that the SW is

no longer pure. Stronger signs of a TW developing are shown at 300 rpm (Fig. 5.18c), where

the sectors tend to group at four distinct phase levels, as would be expected for a 2ND mode

(a 2ND mode corresponds to an IBPA of 360◦ND/N = 90◦, so four different phase values

can appear around the blisk).

This behaviour shows that the Campbell diagram is misleading, and that the Coriolis

effect can be actually active, and cause deviations from pure SW response patterns, even if

no change in frequency can be detected, as happens in the 0÷60 rpm. These features will

be discussed in more detail in sect. 6.2.3.

5.4 Discussion of results

The overarching question behind this work is the identification of effective testing methods

for the modal analysis of rotating bladed discs. Piezoelectric patches were found to be able

to introduce adequate excitation levels in the test pieces in Chapter 4, and their full poten-
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Figure 5.18: Evolution of the phase of the SFRF with rotational speed at the 2ND mode.

tial as actuators in the context of EMA was investigated here. The main drawback of MFC

patches is that they do not produce a directly measurable force: due to their piezoelectric

properties, they react to an applied voltage with a strain, which is then transmitted to

the structure by bonding the two. The induced strain can be known, but only through the

piezoelectric constants of the material (Eq. (2.57)). These are usually supplied by the man-

ufacturers, and are subject to variable levels of uncertainties. The bonding process adds

to these unknowns: the thickness of the adhesive layer cannot be accurately controlled in

a standard lab environment, and the correct positioning, especially in terms of orientation

relative to the test piece reference frame, of the actuators can be challenging. The devel-

opment of a repeatable bonding technique helped to minimise these uncertainties in this

work, but the excitation cannot be directly measured.

The control voltage to the MFC patches, on the other hand, can. The first target of the

experimental campaign was therefore to assess if this voltage could be considered an exci-

tation term, how it would behave, and if FRFs could be built from it. Sect. 5.2.1 dealt with

this question explicitly at the start. When the blisk was subject to sinusoidal excitation,

and the response measured by LDV or accelerometers, the resulting velocity and acceler-

ation FRFs behaved just as they would with a traditional force excitation, by displaying
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peaks at resonance, and especially the signature 180◦ phase shift through it. The same

behaviour was found for all main excitation techniques investigated, namely stepped-sine,

MIMO random, and impulse, and it is followed by strain as well.

It was therefore established that piezoelectric actuators can be appropriately used as

excitation sources, and their potential applications further explored. Piezoelectric patches

can be driven by arbitrary control voltages, and lend themselves very well to MIMO set-

ups. They can be attached to the structure directly at the input locations of choice, even

ones that would be inaccessible to standard shakers or magnet arrays (e.g. the side of a

blade in a staggered cascade): this allows a fine tailoring of the distribution of the exciters

to optimise response quality. MIMO works particularly well with broadband excitation,

where the input energy is spread across a wide frequency range: multiple exciters then

allow to introduce higher and more targeted forcing levels. This helps counteract the main

disadvantage broadband excitation has with respect to sinusoidal testing, where forcing is

concentrated at one frequency at a time, thus causing larger response, and larger SNR.

Care must be taken with the leakage caused by the non-zero signals at the start and

end of each measurement, as it introduces a bias in the estimation of the FRFs, and inac-

curacies in the modal parameters. Alternative broadband signal types, like burst random,

or chirp, that were developed to eliminate this issue, could not really be used in this work,

due to the high noise background of the telemetry system, and the decision to limit the

use of filters: even if the forcing voltage could have been made to start and end at zero,

the response would have still suffered from leakage because of the noise components. Pure

random excitation was therefore used. Bias minimisation was sought by increasing the

frequency resolution, and using a relatively high number of averages, while leakage was

contained by applying a Hanning window to the raw measurement data.

Good-quality FRFs were obtained when measuring with LDV (Figs. 5.2 and 5.4a). Sect. 5.2.5

showed that, even for the noisier strain data, MIMO random is essentially equivalent to the

SIMO stepped-sine testing method. Both yielded the same frequencies and mode shapes.

It is particularly noteworthy that not only the MAC between the eigenvectors extracted

from the two set-ups is nearly exactly 1, but the NMD values, which give a more local esti-

mation of the difference between the individual DOFs, is concurrently very low (Table 5.3).

This also demonstrates that, while the telemetry noise did not allow the recovery of all

the features of the strain FRFs, so that some important indicators of FRF quality (e.g.

anti-resonance vs. minimum behaviour) are lost, the signals are still good enough around

resonance (as visible in the coherence plots of Figs. 5.4c and 5.7) to produce consistent

values for all modal parameters.

The main highlight of this newly-proposed MIMO random excitation in this section is

the possibility to measure the response spectrum of a structure in a fraction of the time

required by a stepped-sine, or even swept-sine, test. The Z-mod plot in Fig. 5.19 shows

the amplitude of the strain response over the 160÷440 Hz frequency range, at different

speeds. It is very useful in visualising the most dangerous resonance frequencies over the

whole operational range. The resonances corresponding to the various ND families are

clearly visible, as are the Coriolis-induced frequency splits. The plot was acquired by using



CHAPTER 5. FRF MEASUREMENT IN ROTATING STRUCTURES 131

the MIMO random excitation at different speeds. Due to the discussed need for small

frequency resolution and high number of averages, the measurement at each speed took 45

minutes, so the acquisition of the whole plot required nearly 13 hours. However, a stepped-

sine measurement would take between 30 and 45 minutes for a maximum frequency range

of 10 Hz. This highlights the significant time saving allowed by random testing, especially

in spinning conditions, as measurements are necessary for different speeds to tests the

effects of rotation.
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Figure 5.19: Z-mod plot for MIMO random excitation in the 160÷440 Hz frequency range, from
strain gauge data.

Impulse excitation is characterised by a broadband input spectrum as well. Sect. 5.2.3

demonstrated for the first time, to the author’s knowledge, that MFC actuators can be used

to produce this forcing function, and meaningful results. This is a promising approach,

as exploiting an actuator that is permanently attached to the structure under test could

provide significant improvements in quality, and speed, over traditional impact testing.

The permanent location would get rid of most of the variability afflicting manual impact

testing, like the inevitable changes in the position and orientation of the hammer relative

to the structure, and the force of the hit itself, from test to test.

While the piezoelectric impulse excitation was not shown, in the tests conducted, to be

better than manual hammer testing (Fig. 5.10b), it proved itself at least as good, yield-

ing frequencies and damping values very close to those of the traditional impact test (Ta-

ble 5.2), which highlights its potential. However, considering that over most of the fre-

quency range, dips in coherence occur around anti-resonances, it can be argued that noise

would be the main reason. As shown in Fig. 5.8b, the energy that could actually be intro-

duced in the blisk was extremely low. This is due to both the characteristics of the impulse,

and the actuator model. The length of the impulse was kept relatively long, its shape
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smooth, and its amplitude only 75% of the maximum attainable to not endanger the piezo-

electric patches with amplitude overshoots, since the dynamics of the amplifier electronics

were not known. As for the actuator model, the one chosen is in a way ideal, as, thanks

to its small dimensions, it approximates well a point excitation, but it is possible that a

slightly larger/thicker actuator could be more effective in producing good levels of forcing.

As a last proof of the versatility of piezoelectric patches as actuators, travelling-wave

excitation was also tested. While effectively functioning as a multiple-input system, TW

excitation is actually equivalent to a single-input configuration, due to the fact that the

control signals to the different actuators is perfectly correlated. As such, there is no partic-

ular advantage in using it over a single actuator, also considering that an additional step is

required to reduce the data to a proper single-input configuration to be processed with the

usual modal analysis techniques [148]. However, TW forcing patterns are very effective

in exciting a large response at the frequencies matching the mode shapes associated with

that pattern. This could be exploited to simply improve SNR, or, even more effectively,

to enhance selectivity, i.e. to discriminate between closely-spaced modes, as only the mode

corresponding to the TW direction will respond with any consistence, as shown in Fig. 5.11.

Of the excitation types presented that could be efficiently applied to modal analysis,

the impulse was not usable in conjunction with SGs due to the low SNR of the telemetry

system. Stepped-sine and MIMO random were found to be able to produce good quality

data, but ultimately, MIMO random was the excitation method of choice, and used to derive

all the experimental data from which the mode shapes of Chapter 6 were extracted.

5.5 Summary and Conclusions

The possibility of using piezoelectric actuators in a modal analysis context was successfully

demonstrated in this chapter. In particular, the FRFs and SFRFs measured exhibited the

same amplitude and phase characteristics as with traditional excitation sources, proving

that the voltage excitation signal sent to the actuators acts as the forcing term in standard

modal analysis.

An in-depth investigation into the capabilities of MIMO random excitation was con-

ducted for the first time on a rotating blisk, and showed that it can be used in combina-

tion with the pLSCF method to extract consistent modal parameters. Despite drops in

coherence at resonance, excellent agreement was found for frequencies and mode shapes

between the results of MIMO random and stepped-sine data, both at rest, and in rotation.

This was a particularly important finding, as it showed that MIMO random is essentially

equivalent in this application to stepped-sine testing in terms of quality of results. In addi-

tion, it was able to provide broad-band data, and thus Campbell diagrams and z-mod plots,

at a fraction of the time necessary for stepped-sine.

The versatility of piezoelectric actuators was further explored, and the patches were

used to provide impulse excitation. This set-up was tested at rest to allow comparison

with the standard transient excitation provided by a modal hammer. The small actuators

installed on the blisk resulted in a very low-amplitude response, but the extracted fre-
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quencies and damping values showed good agreement with the hammer test, and proved

the potential of this novel application.

Travelling-wave excitation patterns were also successfully introduced, and resulted in

high-level response, and mode selectivity. This suggests that this forcing type could be

suited for testing in the nonlinear range, as amplitude-dependent nonlinearities could be

excited, and for fast mode identification in high modal density regions.

The effects of the Coriolis force on the measured SFRFs was shown, with clear fre-

quency splits developing. A first indication of the generation of travelling-wave modes was

also measured in the phase of the SFRFs, which went from fixed 0◦/180◦ values at rest to

the IBPA determined by the ND family at high speed. This contrasted with the behaviour

of modes with mistuning, where the split remained closer to the value induced already

at rest by mistuning itself, and travelling-wave behaviour developed later than in tuned

modes.



Chapter 6

Mode shapes and left eigenvectors:

Experiments and validation

6.1 Introduction

The MIMO experimental approach tested in the previous chapter, coupled with a full poly-

reference identification method, produced consistent results for resonance frequencies and

damping values. The Coriolis force caused large frequency splits, and its effect on mode

shapes will be examined in this chapter, with two main aims: a closer understanding of the

Coriolis effects themselves, and a thorough validation of the proposed testing framework.

Very few studies address the generation of travelling-wave modes in bladed discs due

to the Coriolis force, and most are based only on measurements at a limited amount of

speeds. However, precise knowledge of mode shapes is essential in aeroelastic analyses

to maximise performance and stability. The complex mode shapes of the test blisk will

therefore be studied at a large number of speeds, to gain further insight into how rotational

speed itself influences modes via the Coriolis effect.

The identification powers of the developed experimental methodology will be put to the

test with mistuned modes, as mistuning causes frequency splits like the Coriolis force,

but standing-wave modes instead of travelling-wave ones. The measurement of left dis-

placement eigenvectors will also be presented for the first time in a rotating blisk, and its

reliability will be discussed.

As a final step, the experimental Campbell diagrams for the test piece, its mode shapes,

and left eigenvectors, will be compared to their FE counterparts, to produce a compre-

hensive validation of the identification capabilities and accuracy of the developed testing

methodology.

134
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6.2 Experimental mode shapes

6.2.1 Complex mode shapes

The mode shapes of any physical system can be represented as complex variables, and

thus be characterised by an amplitude and a phase. In the case of normal modes, the

phase reduces to 0◦ or 180◦, as they are purely real, while, for complex mode shapes, the

imaginary part is not negligible. To illustrate this difference, the strain mode shapes were

extracted from the FRFs at the eight circumferential SGs (SGs 3, 7, 8, 10, 13, 14, 15, 16,

Fig. 4.14a) at rest and at 390 rpm. The target mode shape was the third nodal diameter

(3ND), and its modal amplitudes at rest are plotted in Fig. 6.1. Because of a small amount

of mistuning, two distinct modes, corresponding to two separate frequencies, are visible

already at rest, and are 90◦ out-of-phase.
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Figure 6.1: Modal amplitudes from MIMO random at rest of the a) 3ND1, and b) 3ND2 modes. The

modes are normalised so that sector 1 has an amplitude of 1.

The elements of the modal vectors at 0 and 390 rpm are shown in Fig. 6.2 on the complex

plane as phasors. To provide a consistent representation, the modes were normalised so

that the strain modal constant for the first sector would always be equal to 1 (and thus

have a phase of 0◦). The modal constants at the various DOFs at rest neatly align along

the real axis both for the 3nd1 ((Figs. 6.2a) and the 3ND2 mode (6.2b): the phase only

assumes values very close to 0◦ and 180◦ as anticipated, since the damping is not high

enough to cause the occurrence of complex modes at rest. The fact that adjacent sectors

can move out of phase also confirms the presence of nodal diameters in the blisk.

Figs. 6.2c and 6.2d show the modal constants at 390 rpm. Here the constants are

fully complex, and the phase difference between adjacent sectors is -135◦ for the 3ND-1

mode (which corresponds to a FW travelling wave), and +135◦ for the 3ND-2 mode (which

corresponds to a BW travelling wave): it is easy to notice that the phasors are flipped

with respect to the real axis between 3ND-1 and 3ND-2. It is also possible to see how the

amplitudes of the modal constants are nearly the same in the rotating case, while there

are noticeable differences at rest.
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Figure 6.2: Phasor plot of the 3ND mode shape pair at 0 and 390 rpm, from MIMO random. The

modes are normalised so that sector 1 has zero phase, and acts as reference.
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To get a clearer picture, the amplitudes of the modal constants are plotted in Fig. 6.3

for all modes at 0 and 300 rpm. The two single modes, 0ND and 4ND, are reported first

in Figs. 6.3a and 6.3b. These modes can only present a relative phase between adjacent

sectors of 0◦ and 180◦, and are therefore always real. Due to the absence of nodal diameters,

in the 0ND case, and the presence of N/2 diameters, in the 4ND case, the amplitudes of

the strain modal amplitudes at all sectors should be the same. While this is true for the

4ND mode, the 0ND shows a clear modulation, and a small variation with speed. This

modulation shows the characteristics of both a 1ND and 2ND shape. The 1ND modulation

can be explained by considering that the flange joint between the blisk and the telemetry

holder (Fig. 4.5) is slightly off-center due to a mismatch between the tolerances in the bolt

holes on the two components. The annulus that is constrained by the bolts is thus slightly

skewed, so that half of the blisk is effectively stiffer than the other. The 2ND modulation

can be ascribed to the vicinity of the 0ND and 2ND-1 modes (200 Hz and 204 Hz), and

the noisiness of the FRFs around the 0ND frequency: it is then possible that in these

conditions, the mode extraction algorithm failed to properly discriminate between the two.

The modal amplitude for the 2ND (Figs. 6.3c–6.3d) varies at 0 rpm, confirming the

presence of nodal diameters. As at rest the modes are real, the nodal diameters are also

fixed in space, and it can be seen that the mode shape is rotated by 90◦ between modes

2ND-1 (at 205.7 Hz) and 2ND-2 (at 209.7 Hz), as translating the amplitudes by two sectors

(amounting to 90◦) would lead to a perfect coincidence of the two. At 300 rpm, the ampli-

tudes display the same modulation as the ones at rest, and the modal constants at each

sector show only a slight reduction in their relative difference (a maximum difference of

0.45 vs. 0.6 at 0 rpm). This behaviour is consistent with the presence of a standing-wave

mode even at 300 rpm due to mistuning, and will be treated in more detail in sect. 6.4.2.

This contrasts starkly with the 3ND modes (Figs. 6.3e–6.3f). At rest, the amplitudes

still show the presence of nodal diameters, and the 3ND-1 and 3ND-2 mode shapes are

rotated by 90◦ as well. At 300 rpm, on the other hand, the modal constants have nearly

the same amplitude. The data then suggests that, for the 3ND mode, the TW mode that

would be expected from the Coriolis effect has developed, and all DOFs can reach maximum

amplitude as the wave propagates through them.

The TW behaviour is better explained through Figs. 6.4a and 6.4b. To show the prop-

agation of the TW, the time dimension was added as in Eq. (2.31) by multiplying the ex-

perimental mode shapes by a generalised coordinate q(t) = eλ+/−t, with λ+/− = (−ξ ±
i
√

1− ξ2)ω, where the sign and frequency depend on the TW mode (sect. 2.3.3). The vari-

able strain amplitude was then derived for each SG position along the circumference as a

time-dependent variable z = ℜ(ψq(t)), where ψ is the 3ND mode shape. These discrete

strain values were interpolated along the external rim and captured at distinct time in-

stants in π/6ω increments to provide a continuous representation of the strain varying

through the sectors.

The first feature of Figs. 6.4a and 6.4b are that the different sectors never go through

zero at the same time, which is the most obvious signal of the presence of a travelling

wave. By fixing on any point of maximum strain in Fig. 6.4a at time 0, it is possible
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Figure 6.3: Comparison of the absolute value of the modal amplitudes normalised to unity, at rest

and at 300 rpm.
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Sector 1

Sector 6

(a) 3ND-FW mode, 259 Hz

(b) 3ND-BW mode, 264 Hz

Figure 6.4: Time visualisation of the strain travelling wave for the 3ND FW and BW modes at 300

rpm.
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to see that this maximum gradually rotates from one sector to the next in a clockwise

direction, along with the spin speed, as this is a FW mode. Each sector goes through a full

vibration cycle at frequency ω, as can be seen by noticing that the strain configuration at

time t = 0 is the same as at time t = 2π/ω. During the same time, however, a single crest

of the wave has travelled only three sectors. This is because the presence of multiple nodal

diameters causes an apparent spatial aliasing: the TW only moves by an angle of 2π/k,

where k is the number of nodal diameters, and the speed of the TW is ω/k [149,150]. These

same considerations apply to Fig. 6.4b, with the only difference that the TW is against the

rotation speed, as characteristic of a BW mode.

After presenting the complex mode shapes as extracted from the experimental data,

the accuracy of these modes should be treated. The autoMAC is simply a MAC where the

vectors come from the same set (in this case, they are both experimental mode shapes).

The autoMAC is a good way of assessing how different the mode shapes are between them-

selves. This, indirectly, also indicates the resolution power allowed by the applied sensors.

It is an important check especially when only a few DOFs can be measured: a limited num-

ber of DOFs is often insufficient to properly discriminate between different mode shapes,

which undermines the possibility of meaningful mode shape validation [151].

This effect is illustrated in Fig. 6.5a. Here, the data comes from seven sector SGs (SGs

1, 3, 4, 5, 6, 9, 10, see Fig. 4.14a). Perfect mode shape resolution would lead to an autoMAC

matrix with values of 1 only on the diagonal. It can be seen that, instead, there is a high

degree of correlation between a large number of modes. The 0ND and 2ND-1 modes, in

particular, are highly correlated, with an autoMAC of 0.85. This is confirmed by Fig. 6.5b,

which shows the autoMAC for the same DOFs from mode shapes computed in Abaqus, and

is very similar to the one of Fig. 6.5a. This agreement proves that this autoMAC does not

derive from bad-quality measurements, but by the similarity of the mode shapes at the

sector DOF level.
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Figure 6.5: Auto-Modal Assurance Criterion (autoMAC) plot of the strain data from a single sector

at rest.

The circumferential DOFs (SGs 3, 7, 8, 10, 13, 14, 15, 16, Fig. 4.14a) yield a very
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different result: the autoMAC matrix is purely diagonal, both at 0 (Fig. 6.6a), and 300 rpm

(Fig. 6.6b). The circumferential DOFs are highly selective, as they can precisely resolve

different nodal diameter modes, and between different TW directions. Since this work is

particularly concerned with the Coriolis effect on TW modes, these eight measurement

DOFs would therefore be sufficient.

However, as an additional check, the sector and circumferential mode shapes were

merged to provide more significant MAC values, leading to a total DOF number of 13.

The modes had to be merged a posteriori, as only eight SG channels were available at any

one time in the telemetry system, after one of the transmitters broke. The mode shapes

were extracted from different experiments sets conducted in the same configurations, and,

in merging them, normalised so to equalise the modal constants for SGs 3 and 10, which

were common to the two sets. The autoMAC for the reconstructed modes is shown in

Fig. 6.7, for the 0 and 300 rpm. The selective effect of the circumferential SGs shows itself

in the drastic reduction of the off-diagonal terms. Since the addition of the sector DOFs

does not have a large impact on the autoMAC, with respect to the matrices in Fig. 6.6, this

also shows that the eight circumferential DOFs are adequate for the study of the TW form

of the examined modes (2ND and 3ND).

2ND-1 2ND-2 3ND-1 3ND-2 4ND

2ND-1

2ND-2

3ND-1

3ND-2

4ND

Mode

M
o
d

e

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(a) Experimental

2ND-1 2ND-2 3ND-1 3ND-2 4ND

2ND-1

2ND-2

3ND-1

3ND-2

4ND

Mode

M
o
d

e

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(b) Abaqus

Figure 6.6: AutoMAC plot of the strain data from the eight strain gauges attached to each sector.

6.2.2 Coriolis effect

The effect of the Coriolis force, namely the appearance of TW mode shapes in rotating

conditions, has been shown in the previous section. The evolution of the mode shapes with

rotation speed remains to be assessed. As explained in sect. 6.2.1, the MAC is the most

common used tool in modal analysis to highlight correlation in different sets of modes. It

thus provides the means to evaluate the influence of rotation on the shape of the modes,

since it has never been verified experimentally whether the Coriolis force affects the mode

shapes differently at different speeds.

The 3ND strain modes at increasing rotational velocities, as extracted from the circum-
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Figure 6.7: AutoMAC plot of the experimental strain data from the reconstructed SG mode (13
SGs).

ferential DOFs, were used for the first comparison: the very limited amount of mistuning

of the 3ND mode would allow to observe the Coriolis effect with minimal interference from

extraneous phenomena.

To maximise resolution, a slightly modified version of the MAC was used, the Lin-

earised MAC (LMAC) proposed by Morales [152]. This formulation allows to bypass the

flattening effect at low and high MACs that is caused by its being equivalent to cos2 α,

where α is the angle between the compared vectors: in a neighbourhood of α = 0 and α = 1,

the traditional MAC remains nearly constant, and it is thus not possible to distinguish

small differences between the vectors, which would yield small values of α. The LMAC is

defined as

LMAC = 1− 2

π
α = 1− 2

π
arccos

√
MAC = 1− 2

π
arccos

∣∣∣∣
uHv

‖u‖‖v‖

∣∣∣∣ ,

where u and v are two generic vectors, and the symbol ‖ · ‖ indicates the Euclidean norm.

This linearisation produces a larger gradient in the correlation values, and thus a

greater resolution power. The resulting multi-speed LMAC matrix is shown in Fig. 6.8.

In it, the FW and BW 3ND modes are present side-by-side at each spin speed, so that the

two opposite TW can also be compared between themselves. The most prominent feature

is the presence of an area of low correlation (LMAC below 0.5) at the bottom of the matrix

(autoMAC matrices are symmetric). This indicates that the low-speed mode shapes (0, 6,

15, 30 rpm), while reasonably similar between themselves, are significantly different from

the high-speed ones.

The 48÷90 rpm range sees a gradual transition to higher values of the LMAC, indicat-

ing that the TW is gradually evolving, and the modes in this range exhibit a higher degree

of correlation (LMAC above 0.8) with the modes at larger speeds. The 120 rpm speed con-

stitutes a threshold, as the LMAC between the modes at any speed larger than 120 rpm is

above 0.9, which is traditionally the MAC value at which certain correlation is assigned to
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Figure 6.8: Linearised Modal Assurance Criterion (LMAC) matrix between 3ND mode pairs at

different speeds, MIMO random excitation, circumferential SGs. Two modes are present at each
speed side by side, as the 3ND mode is a double mode.
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the compared mode shape pairs. At this point, the corresponding MAC would already be

above 0.96, and after 180 rpm, the LMAC too reaches values close to 1, which means that

at high speeds, the first 3ND strain modes become virtually undistinguishable. The reason

for the existence of this transition region is attributed to mistuning, and will be discussed

in more detail in sect. 6.2.3. It is important to note, too, that this high correlation level

only applies to modes with the same TW direction, i.e., the 3ND-FW and 3ND-BW always

show LMAC values of 0 at all speeds, as they are orthogonal.

The LMAC was calculated for the reconstructed (13 DOFs) strain mode as well, and is

shown in Fig. 6.9. Since fewer speeds were used, the contrast between the modes at rest

and in rotation is even starker. The same LMAC trends as in Fig. 6.8 can be seen, with

the 60-rpm modes still in the transition region, while the modes at 180 and 300 rpm are

virtually the same.
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Figure 6.9: LMAC of the reconstructed strain gauge data (13 SGs), MIMO random, at different

speeds, for the 3ND mode pair.

A more quantitative estimation of this evolution to complexity is the Mode Phase Collinear-

ity (MPC) index. While it can be variously defined [27], a simpler formulation poses it as

the MAC between a vector and its complex-conjugate [153]. A value of 1 is therefore ex-

pected only for real mode shapes, as their imaginary part is zero. The MPC matrix in

Fig. 6.10a shows a similar pattern as the LMAC, as the modes at 0 and 6 rpm have near-

unity MPC values, after which a transition region appears, indicating the emergence of

complexity. After 60 rpm, the MPC “flips”, i.e. the MPC on the diagonal becomes 0, which

indicates that the modes are no longer similar to their own conjugates. What happens in-

stead is that the 3ND-FW modes become correlated to the complex-conjugate of the 3ND-

BW mode. This is consistent with the fact that the complex-conjugation operator can be

seen as changing the phase of the original vector to 2π−ϕ (ϕ being the phase of the original

vector): in terms of TW representation, this consists in the inversion of the travelling speed

(see sect. 2.3.3).

Fig. 6.10b shows the MPC through a wider range of rotational speeds, to give a clearer
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Figure 6.10: Mode Phase Collinearity (MPC) plot for the 3ND modes at different speeds. a) Com-

parison between 3ND-1 and 3ND-2 at different speeds. Two modes are present at each speed, as
the second and third nodal diameters are double modes. b) MPC for 3ND-1 alone at different speeds

(the 3ND-2 mode shows the same behaviour).

appreciation of its gradual variation, and of the appearance of fully complex behaviour.

This is better quantified by looking at the actual complex form of the mode shapes, which is

easily done by performing a DFT operation on them [20]. ND mode shapes, when sampled

at each sector as with the eight circumferential SGs, are ultimately a periodic sequence of

complex numbers. The modal constants ψj , with j = 1, 2, . . . , N , can be expressed as

ψj =

N
2
−1∑

k=−N
2

Xke
i2πjk/N . (6.1)

This is equivalent to an IDFT performed between −N/2 andN/2−1, which corresponds

to the number of signed NDs present in a cyclic-symmetric structure. The mode shapes

can then be represented by a sum of DFT coefficients Xk corresponding to the various ND

components. Coefficients with negative k indices correspond to FW components (negative

ND), and positive k indices to BW components (positive ND). For a physical explanation of

how this relates to travelling waves, it is necessary once again to add the time dimension,

by multiplying eq. (6.1) by the generalised coordinate q(t) = eiωt. Taking the real part of

the result yields the following expression:

xj(t) =

N/2−1∑

k=−N/2

Xkcos(ωt+ kϕ),

with ϕ equal to the usual interblade phase angle. When considering pure ND modes, |k|
reduces to the respective ND number, which translates to

xj(t) = X−kcos(ωt− kϕ) +Xkcos(ωt+ kϕ). (6.2)
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Eq. (6.2) represents a generic wave. The relative amplitude of the DFT coefficients X−k

and Xk therefore determines whether standing waves, travelling waves, or a mixture of

the two will occur. Since for the 3ND mode no significant contribution from other NDs was

present, only the 3ND-FW and 3ND-BW components are shown in Fig. 6.11.
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Figure 6.11: Evolution of the spatial DFT components of the 3ND modes with speed.

The spatial components for the 3ND-1 mode appear in Fig. 6.11a. At rest, the DFT

amplitudes are equal, which results in a standing wave, as demonstrated by the real mode

shapes identified above. As speed is increased, it can be seen that the two BW and FW

components start to diverge, with the FW (k = −3) increasing, and the BW (k = 3) decreas-

ing. The BW component becomes negligible only after 180 rpm, which means that a full

FW-TW mode has developed, while at lower speeds, standing and travelling waves coexist.

The same, and opposite, behaviour applies to the 3ND-2 mode (Fig. 6.11b), where it is the

FW component to gradually disappear, while the BW-TW progressively predominates. The

presence of a SW component would not be caused by the Coriolis effect: as explained in

sect. 2.3.3, the Coriolis effect inevitably causes the appearance of complex modes, regard-

less of the value of the rotational speed. The coexistence of TW and SW characteristics is

due instead to mistuning, and will be treated in the next section.

6.2.3 Effect of mistuning

While the 3ND mode is affected by a low degree of mistuning, the 2ND has a 2% frequency

split already at rest. The full Campbell diagram, extracted from MIMO random data, is in

Fig. 5.17a. The FW and BW branches are separated from start by a 4 Hz split, and main-

tain a near flat trend until 90 rpm, as confirmed by the frequency split plot in Fig. 5.17b.

After 90 rpm, the curves slowly start diverging, and the split widens. The rotational speed

range appears thus divided into two areas, one in which the Coriolis effect is absent, and

the split is purely due to mistuning, and one in which it is active.

This is only partially confirmed by analysing the harmonic components in the 2ND

mode shapes (Fig. 6.12). The two figures show, as before, the DFT components of the 2ND-
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1 and 2ND-2 mode shapes at different speeds. In both cases, the FW and BW components

are equal at 0 rpm, which produces a standing wave. A standing wave is also present at 6

rpm, while for the 3ND, at this point a weak TW was already developing (Fig. 6.11). After

this, however, a difference between the two coefficients starts appearing, which means that

a small TW components has formed. This gap widens progressively in a non-linear way,

and predictably reaches a maximum at the maximum velocity, 390 rpm, where a definite

TW is present. The SW contribution is far from negligible, while in the 3ND case it had

basically disappeared at 210 rpm.
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Figure 6.12: Evolution of the spatial DFT components of the 2ND modes with speed.

The relative importance of SW and TW components can be appreciated qualitatively

in Fig. 6.13. Fig. 6.13a shows the evolution of the strain amplitude for the 2ND-2 mode

shape (the 2ND-1 follows the opposite pattern), as derived in sect. 6.2.1. The SW can be

recognised in the presence of distinct time instants (0, π/ω) when all sectors go through

zero strain at the same time, and the points of maximum and minimum strain remain fixed

in space. At 300 rpm (Fig. 6.13b), the behaviour is only slightly different: the maximum

and minimum strain levels are fixed at the same sectors (1, 3, 5, and 7) through the whole

vibration cycle, but the instants of global zero strain have disappeared. While sectors 2, 4,

6, and 8 never reach the actual maximum strain values of the others, neither are they true

nodal diameters, and a faint rotation can be seen between π/6 and π/3: the SW pattern is

still strong, but a TW (BW in this case) is present.

The LMAC was again used (Fig. 6.14) to assess the self-correlation of the mode shapes

with increasing speed. As in Fig. 6.8, both 2ND-1 and 2ND-2 were included at each speed.

A high degree of correlation is present between the modes at all speeds: the lowest LMAC

that is reached between two 2ND-1 modes is between the mode at 0 and 390 rpm, and is

still above 0.6. This indicates that the presence of the SW keeps the modes similar in a

wide speed range. The LMAC between the modes at 210 rpm and 390 rpm is only 0.9,

which, while still being a sign of high correlation, shows that significant differences are

present.

The MPC (Fig. 6.15) provides an even more definite interpretation: the mode shapes
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Figure 6.13: Strain travelling wave for the 2ND-BW mode at different speeds.
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Figure 6.14: Linearised Modal Assurance Criterion (LMAC) matrix between 2ND mode pairs at

different speeds, MIMO excitation. Two modes are present at each speed, as the second and third

nodal diameters are double modes.



CHAPTER 6. MODE SHAPES AND LEFT EIGENVECTORS 150

stay fundamentally real up until 150 rpm, and seem to develop a significant complex char-

acter only at 300 rpm (Fig. 6.15a). This is confirmed by the results in Fig. 6.15b, where

the modes show near-perfect correlation with their complex-conjugates up until 60 rpm.

After this, the rate at which complexity develops increases, and finally seems to stabilise

at 300 rpm. This suggests that the SW component would fade very slowly, even though the

Coriolis effect is active enough to both cause an increase in the frequency split, and the

formation of travelling waves.
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Figure 6.15: MPC plot for the 2ND modes at different speeds. a) Comparison between 2ND-1 and
2ND-2 at different speeds. Two modes are present at each speed, as the second and third nodal

diameters are double modes. b) MPC for 2ND-1 alone at different speeds (the 2ND-2 mode shows
the same behaviour).

6.2.4 Left eigenvectors

As explained in sect. 2.4.2, when using strain gages, the FRFs of rotating structures depend

on the strain mode shape components at the output DOFs, and on the left displacement

eigenvector components at the input DOFs. In this case, the input DOFs correspond to

the positions of the MFC actuators at each sector. The left displacement eigenvectors for

the 2, 3, and 4ND modes at rest are plotted in Fig. 6.16. It can be seen that the left

eigenvectors are characterised by nodal diameters, and are real-valued at zero speed, just

as mode shapes would be.

Left displacement eigenvectors have never been extracted in rotational conditions be-

fore. It was therefore decided to seek further proof that the extraction method, based on the

pLSCF method described in sect. 2.4.4, was valid. In particular, it was important to show

that the left eigenvectors are entities in their own right, and their measured components

depend only on the locations of the actuators, and not on those of the sensors.

Two different sets of measurement strain DOFs were then used to extract the left eigen-

vectors: in one case, the eight circumferential SGs were used for the FRFs, and, in the

other, the seven sector SGs. The left eigenvectors were then compared with a MAC for the

first 6 nodal diameter modes, and the diagonal of the matrix is shown in Fig. 6.17. The use
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Figure 6.16: Modal amplitudes of the left displacement eigenvectors at the eight MFC locations, at

rest, normalised to unity.
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of different output DOFs yields widely different FRFs and strain mode shapes, but the re-

sulting left eigenvectors consistently have MACs above 0.95, and for the most part higher

than 0.98. This shows a very good level of agreement, and proves that the extracted left

eigenvector components are independent of the strain mode shape DOFs.
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Figure 6.17: MAC between left eigenvectors extracted for the first 6 modes, at different speeds,

from two different strain gauge configurations: only the eight circumferential SGs, and only the
seven sector SGs.

6.3 Validation

6.3.1 Campbell diagrams

The experimental findings of the test campaign have been presented in the previous sec-

tions. General agreement has been found between the results and the theory behind the

Coriolis effect, but quantitative validation is still needed to define the adequacy of the new

testing methodology. The experimental results were therefore compared to the frequencies

and mode shapes obtained from FEA. As explained in sect. 4.8.2, the FE model used during

the design phase of the test piece was updated using the natural frequencies extracted at

rest. The updating process was aimed at reaching perfect agreement for the frequency at

rest of the 3ND modes, as they were chosen to be the main focus of the validation process,

and the only updated parameter was the Young’s modulus of the steel. This proved enough

to ensure a very good agreement between the experimental Campbell diagram, and the

one calculated in NX Nastran for the first 6 modes is shown in Fig. 6.18. In this case, NX

Nastran was chosen for its convenient automated Campbell diagram generation feature,

which shortened the simulation times considerably.

Perfect overlap between the 3ND measured and FE frequencies was reached. For the

other modes, the discrepancy is visible, but it amounts to a maximum difference of only

2% for the 2ND modes (error for 0 and 4ND modes being 1%). This was due to mistun-
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Figure 6.18: Comparison of the experimental and computed (NX Nastran) Campbell diagrams for
the first six modes of the test piece.

ing: a mistuning pattern was introduced to provide a better match for the 2ND modes, in

the form of different Young’s moduli for the blades, but it was not possible to reproduce

computationally the large frequency split observed experimentally.

The splits were then checked, and are reported in Fig. 6.19 for the 2ND and 3ND modes.

It can be seen that the split for the 3ND mode is linear (Fig. 6.19a), which reflects the

linearity of the Coriolis force itself. Experimental and FE data show excellent agreement

in this case.
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Figure 6.19: Frequency split curves: Comparison between the experimental and NX Nastran data.

For the 2ND split (Fig. 6.19b), a wide difference exists between FE and experimental

splits, as the real mistuning pattern could not be reproduced. However, the Nastran split

shows a small speed range, between approximately 0 and 60 rpm, where the split varies

nonlinearly, which mirrors the behaviour of the experimental data. The experimental split
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stays close to the one induced by mistuning up until 120 rpm, after which it varies nonlin-

early before becoming linear, and approaching the FE split nearly asymptotically.

6.3.2 Strain mode shapes

With an updated model available, mode shapes were then verified, and Abaqus used as

the main validation tool. To compare the experimental and Abaqus mode shapes, it was

necessary to normalise the two sets. In particular, it is essential to remember that, with

complex mode shapes, even two mode shapes with identical amplitudes would yield low

MACs, if the two are rotated with respect to each other [153]: since eigenvectors (hence,

mode shapes) are defined within a multiplication factor, multiplying a complex mode by

a complex number would still yield the same mode, but phase-shfted (rotated along the

circumference, in case of a bladed disc).

For this reason, it was decided to normalise the two mode shapes by finding the complex

constant that would minimise the norm of the difference between the Abaqus and experi-

mental mode vectors, in a least-square sense. The Abaqus modes were taken as reference,

and the complex constant was then used to multiply the experimental mode shapes. This

complex constant thus acts purely as a scaling factor, to rotate the mode shapes so that

they can be compared reliably.

The individual modal constants for the reconstructed (13 SGs) mode shape at 300 rpm

from experiment and Abaqus are superposed in Figs. 6.20–6.21. For the 3ND modes

(Fig. 6.20), the experimental real and imaginary parts are nearly coincident with their

computational counterpart. It is noticeable that the imaginary part is not negligible, indi-

cating the presence of a TW component.

This does not apply to the 4ND mode, which is a single mode, and always purely real.

Abaqus correctly predicts a null imaginary part, while in the experimental data, the modal

constants have non-zero imaginary components. However, they amount to 10% at most

of the real part values, whereas for double modes they reach the same values as the real

parts. These spurious components can therefore be considered a negligible product of the

inevitable inaccuracies rising from mode shape extraction from noisy data.

Agreement is mixed for the 2ND modes (Fig. 6.22): the real and imaginary parts of the

Abaqus and experimental modal constants do tend to follow the same amplitude variation

pattern across the DOFs, but their amplitudes do not match. The disagreement, in par-

ticular, comes from the ratio between real and imaginary parts: the real part is always

underestimated, while the opposite applies to the imaginary part.

A MAC was also derived between the first 6 modes from Abaqus and experiment (Fig. 6.23).

The MAC matrices are strongly diagonal, proving that computational and experimental

modes are well matched. At rest (Fig. 6.23a), the MAC diagonal values are greater than

or equal to 0.98, proving excellent correlation between computational and experimental

modes.

The exception is the 0ND, with a MAC of 0.79. As explained above, it was decided

to attempt to mistune the model to reach more realistic results for the 2ND modes. The
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Figure 6.20: Comparison between the experimental and Abaqus reconstructed 3ND mode shapes

at 300 rpm.
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Figure 6.21: Comparison between the experimental and Abaqus reconstructed 4ND mode shapes
at 300 rpm.
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Figure 6.22: Comparison between the experimental and Abaqus reconstructed 2ND mode shapes
at 300 rpm.
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Figure 6.23: MAC between the reconstructed strain mode, MIMO random, and the Abaqus modes.
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added mistuning pattern allowed an increase in the MAC at rest to 0.98 both for 2ND-1

and 2ND-2, but significantly deformed the 0ND mode, leading to the corresponding 0.79

MAC.

This mistuning pattern, despite having a large impact on the mode shape, produced a

very small increase in the frequency split, as shown in Fig. 6.19b. From the experimental

data, this suggests that the Coriolis effect would cancel the mistuning-induced standing

wave already at low speeds in the FE model, whereas sect. 6.2.3 proved that a strong

standing wave is present throughout all the investigated range of rotational speeds in the

real test piece. This discrepancy causes the low MAC value of 0.85 for the 2ND modes at

300 rpm (Fig. 6.23b): the applied mistuning pattern in the FE model is not strong enough,

and still allows a fully-developed TW mode, which does not match the coexistence of SW

and TW of the experimental modes.

This is even clearer in the NMD values, which are reported for the same modes in Ta-

ble 6.1. Besides the very large errors for 0ND, it can be seen that all the other modes show

relatively low average discrepancies with the computational ones at rest. The situation

changes at 300 rpm, where the 2ND modes have errors of 46% and 41% due to the absence

of a SW component in the Abaqus modes. The 3ND modes, on the other hand, are only

marginally affected by mistuning, and they display low average discrepancies both at rest

and at higher speed.

Table 6.1: NMD between the reconstructed strain modes, MIMO random, and the Abaqus modes,

at rest, and at 300 rpm.

NMD (%)

Mode number 0 rpm 300 rpm

0ND 50.68 50.39

2ND-1 13.79 45.72

2ND-2 13.06 40.65

3ND-1 8.69 9.34

3ND-2 10.37 9.25

4 ND 9.45 7.35

6.3.3 Left eigenvectors and displacement mode shapes

It was remarked in sect. 6.2.4 that, in the case of strain modal analysis, the mode partici-

pation factors take the form of the left displacement eigenvectors. In sect. 2.4.2, it was also

noted that, for lightly damped structures, left eigenvectors can be approximated by right

eigenvectors [101, 154], i.e. the displacement mode shapes, in this case. As the extraction

of left eigenvectors is not a standard feature of current FE software packages, the experi-

mental left eigenvectors as derived through the pLSCF method had to be compared to the

FE displacement mode shapes from a standard Abaqus modal analysis. Having reached at

this point a good level of confidence in the modal identification process, this could be used

to validate the accuracy of this approximation.
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Figure 6.24: Left eigenvectors at rest, extracted from the SFRFs at the sector SGs, normalised to

unity.
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The components of the FE and experimental left eigenvectors at rest are compared in

Fig. 6.24. At rest, the left eigenvectors extracted through the pLSCF method are the actual

radial displacement modes at the input DOFs. This is reflected in the very close agreement

between the two data sets.

The real and imaginary parts of the left eigenvectors/displacement mode shapes at 300

rpm, and the comparison between Abaqus and experiment, are reported in Figs. 6.25–

6.27. As seen for the strain mode shapes (Fig. 6.20), agreement is only qualitative for 2ND

(Fig. 6.25). It can be seen that the imaginary components predicted by Abaqus (Figs. 6.25b

and 6.25d) are up to twice as large as the measured ones: this is again due to the strong

SW present in the real blisk, and not reproduced in the FE model.
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Figure 6.25: Comparison between the experimental left eigenvectors and Abaqus displacement
mode shapes at 300 rpm, for the 2ND mode.

Much closer correspondence is found for 3ND (Fig. 6.26) and 4ND (Fig. 6.27) modes. An

imaginary component is still detected in the latter (Fig. 6.27b), but is again comparatively

negligible.

A more quantitative assessment of these results is shown in Table. 6.2, with the MAC

and NMD values for the comparison between computational and experimental values at

0 and 300 rpm. The 0ND is not shown because, as discussed above, its MAC would not

be representative, as the FE mistuning pattern was not updated for optimal match with

all modes. MAC values are very high at rest, indicating a good similarity between the

two sets of modes, and the relative error is acceptable. The MPC was also added, only

for the experimental data, to provide an idea of the degree of complexity of the relative

mode. It can be seen that, at rest, the MPC is always very close to 1, confirming that all

experimental modes were correctly extracted as real.
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Figure 6.26: Comparison between the experimental left eigenvectors and Abaqus displacement

mode shapes at 300 rpm, for the 3ND mode.
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Results vary with mode shape family at 300 rpm. For the 2ND family, MAC is relatively

low, at around 0.78 for both modes, with a corresponding high NMD. This highlights once

again the discrepancy between experiment and model, where mistuning was not properly

captured. This is suggested by the corresponding MPCs, which, at 0.74 and 0.67 respec-

tively, show that the two 2ND left eigenvectors are still very close to real, and no proper

TW has developed. The 4ND mode appropriately shows a high MPC, as it stays real at all

speeds. The low NMD also proves the good match between experimental eigenvectors and

Abaqus model.

For the 3ND modes, the MAC is still very high, and the NMD values are also acceptable,

indicating good correspondence between data and model. Fittingly, the MPC is very low, as

the 3ND displacement mode shapes, like their strain counterparts, are expected to be fully

complex at this speed.
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Figure 6.27: Comparison between the experimental left eigenvectors, and Abaqus displacement
mode shapes at 300 rpm, for the 4ND mode.

6.4 Discussion of results

6.4.1 Mode shapes

This chapter offered three main results: further insight into the effects of the Coriolis force

on mode shapes, in tuned and mistuned conditions; a validation of the developed exper-

imental framework; and finally the identification and validation of the left eigenvectors

arising in rotating structures.

Table 6.2: Comparison between the experimental and Abaqus displacement mode shapes (left eigen-
vectors) at rest, and at 300 rpm.

0 rpm 300 rpm

Mode MAC NMD (%) MPC MAC NMD (%) MPC

2ND-1 0.9905 9.80 0.9962 0.7798 53.13 0.7432

2ND-2 0.9493 17.58 0.9864 0.7897 51.61 0.6746

3ND-1 0.9897 10.21 0.9912 0.9776 15.14 0.0272

3ND-2 0.9887 10.70 0.9824 0.9692 17.83 0.0402

4ND 0.9831 13.11 0.9764 0.9803 14.19 0.9506



CHAPTER 6. MODE SHAPES AND LEFT EIGENVECTORS 162

The data gathered in Figs. 6.2, 6.3e, 6.3f, and 6.4a showed that complex mode shapes

develop in rotation, and they take the form of a travelling wave in the blisk, so that all

sector can experience maximum-amplitude oscillations. These results confirm that the

poly-reference modal identification method described in sect. 2.4.4 has no difficulty han-

dling either real mode shapes, or the highly complex eigenvectors caused by the Coriolis

effect.

The effect of rotational speed on the mode shapes could then be investigated reliably.

The two 3ND mode shapes (FW and BW) at each speed were compared between themselves,

using the LMAC tool. The greater resolution power of the LMAC allowed to distinguish

small variations in the mode shapes from speed to speed, and conclude that, after 180

rpm, the 3ND mode shape, as measured by the eight circumferential strain gauges, is

virtually independent from rotational velocity (Fig. 6.8). This is predictable, as, once the

TW behaviour has fully developed, all DOFs at corresponding locations on each sector will

reach the same amplitude, and have a phase determined by the IBPA. In this configuration,

with only one DOF per sector, all fully complex mode shapes belonging to the same ND

family are inevitably identical, as the spatial vibration pattern is proportional to cosϕk,

and is thus determined by the IBPA, which does not depend on speed.

To gain a better understanding of the evolution of the modes with speed, it was therefore

necessary to add the data from the sector DOFs. The sector DOFs are not correlated by

the IBPA, and thus add information about the mode shape. It was therefore interesting to

see that, in Fig. 6.9, the LMAC of the mode shape, reconstructed from strain data from the

circumferential and sector DOFs, exhibits the same behaviour as Fig. 6.8. This suggests

that the Coriolis force has no further effect on the mode shapes beyond causing them to

assume TW form, if no significant centrifugal stiffening is present.

This is further confirmed by the MPC calculated for the 3ND mode pair. Fig. 6.10a

shows that, at high speeds, where the TW behaviour has fully developed, the 3ND-FW

mode becomes progressively closer to simply being the complex-conjugate of the 3ND-BW,

as the MPC between the two approaches unity. If indeed the Coriolis effect only causes

the appearance of a travelling wave, the spatial form of the vibration pattern would be

identical for both FW and BW modes, provided the nodal diameter is the same: the sector

mode shape ψ̃k in Eq. (2.26) would then stay constant. The resulting FW or BW direction

of propagation of the pattern is simply determined by a negative or positive value of the

IBPA ϕk, respectively. From Eq. (2.26), it can be seen that, if the sector mode shape ψ̃k is

not affected by the Coriolis force, FW and BW modes do become complex-conjugates due to

the factor eiϕk .

6.4.2 Mistuning

Multiple indications have been found from the experimental results that TW behaviour

does not develop as soon as the blisk starts rotating. For the 3ND mode pair, the multi-

speed LMAC of Fig. 6.8 showed a transition zone at lower speeds, where the mode shapes

exhibit low degrees of correlation with the higher-speed modes. This indicates that a pure
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TW cannot be present, since, as argued above, corresponding TW modes at different speeds

are the same. Fig. 6.11 confirms that a large standing wave component is present up to 60

rpm. Eq. (2.26) showed that cyclic-symmetric structures always admit TW modes, but a

SW mode can be obtained via linear superposition of the BW and FW waves corresponding

to the same eigenvalue. Considering that the Coriolis effect does not allow the existence of

standing waves, a complex mode should appear as soon as the rotational speed is increased

from zero, if the structure is truly symmetric.

These transition zones coincide with the speed ranges of different frequency split be-

haviour identified in Fig. 6.19: a low speed range, where the split stays constant at the

level set at rest by mistuning, an intermediate range of nonlinear variation, and a high-

speed range of linear increase. The only plausible source for the SW components is thus

mistuning, which, violating the cyclic symmetry hypothesis, causes the modes to be locked

in place: since each sector of a mistuned blisk has different physical properties (mass,

stiffness, . . . ), the modes can no longer be arbitrarily rotated around the structure.

This is supported by the coupled results from the 3ND and 2ND mode pairs, which are

similar in behaviour, but different in scale. The 3ND mode is affected by a very low degree

of mistuning, as evidenced by a frequency split at rest of 0.3%. The 3ND mode thus shows a

transition zone, with coexistence of TW and SW modes, and near-constant frequency split,

but it is very narrow: the dynamics of the blisk can be considered exclusively dominated

by the Coriolis effect after 48 rpm.

The split for 2ND modes at rest, on the other hand, is 2%. The range of constant split

(within 4%) goes from 0 up to 120 rpm, after which it starts slowly increasing as would

be expected for a structure subjected to the Coriolis effect. Likewise, the SW component

is dominant for more than half the speed range. This is confirmed by Fig. 6.14, which

shows that the 2ND mode shapes remain similar over a wider speed range, and are nearly

perfectly real-valued up to 90 rpm (Fig. 6.15b).

A significant SW participation remains even after the Coriolis-induced frequency split

starts displaying a consistent increase. At the same time, a small TW component (5% of

the SW amplitude) is present for the 2ND mode already at 15 rpm, and increases steadily

even within the constant-split range. Mistuning, therefore, counteracts the Coriolis effect,

by delaying the appearance of a widening frequency split, and the development of full

TW modes, but does not cancel it. In particular, the value of the frequency split is not

necessarily a reliable indicator of whether the Coriolis effect is active: even in speed ranges

where the frequency split remains constant at the level caused by mistuning, the Coriolis

effect is already originating TW modes in the blisk.

The latter phenomenon has an important consequence. As discussed in Chapter 1, pre-

vious studies found that the Coriolis force leads to an increase in mode localisation caused

by mistuning [17, 19], so a few sectors are characterised by much higher modal ampli-

tudes than the rest. The results of this chapter, on the other hand, suggest the opposite:

Figs. 6.3c and 6.3d show that the amplitude difference between adjacent sectors tends to

decrease with speed, due to the presence of the TW component. This global mode shape,

which comes from the propagation of the TW that only the Coriolis effect can generate in
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this context, thus tends to act as an additional coupling mechanism between the sectors.

Strong coupling has been identified as a condition for reduced mode localisation [109,155],

and, in this sense, the Coriolis force would help in preventing rogue-blade behaviour. In

a way, the frequency split behaviour of Fig. 6.19b seems to suggest that the Coriolis effect

would cancel mistuning at some speed, as the measured frequency split curve approaches

the line from the low-mistuning FE model at higher speeds.

It should be noted, however, that the cited studies were based on models where very

weak structural coupling was present between the sectors, whereas the test piece used

throughout this work has a very strong coupling medium in the thin and flexible disc.

Evidence for this is given by the fact that even the noticeably mistuned 2ND modes do

not exhibit major differences in their amplitudes—besides, of course, those due to the SW

mode shape pattern itself. These results should therefore be seen as complementary to the

previous investigations, and further study is needed to reach a definite conclusion.

6.4.3 Validation

The mode shapes that were presented in this chapter were based on a series of steps that,

taken collectively, constitute a novel approach to the modal testing of bladed discs in rotat-

ing conditions. The FRFs obtained from a combination of strain gauges and piezoelectric

actuators were shown in the previous chapter to yield accurate values for frequency and

damping at rest, but a formal validation of the mode shapes was still needed to ensure the

reliability of the whole testing and identification method, especially in rotation.

The validation was then conducted on two fronts: frequencies and modes. Excellent

agreement was found between the experimental Campbell diagram of the 0, 2, 3, and 4 ND

modes of the blisk and the one calculated by NX Nastran. A maximum difference of 2%

was found for the 2ND mode, and 1% or less for the remaining modes.

The frequency split curve was found to be linear for the 3ND mode, reflecting the linear-

ity of the Coriolis force, and the absence of centrifugal stiffening or geometric nonlinearity

at the speeds studied. The experimental data points showed near coincidence with the FE

line, proving the reliability of the modal parameter extraction method in rotating condi-

tions as well.

Good agreement could not be reached for the frequency split of the 2ND mode. This,

however, is due to the high mistuning level present in the structure, and which could not

be captured exactly in the FE model. It is therefore important to note that, even if the FE

split starts at 0.6% instead of 4%, the behaviour of the frequency split curve mirrors the

real trend, and displays a constant-split range at low speeds before starting to increase.

Considering also that the experimental data tend to approach the FE line at high speeds,

this highlights how the application of a realistic mistuning pattern is essential to model

regions of mixed mistuning-Coriolis behaviour.

For the validation of the strain mode shapes, Abaqus was the FE code of choice, as the

extraction procedure for the strain mode shapes is particularly easy. Excellent agreement

between FE and experimental strain mode shapes was found for the 3ND mode augmented
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pairs (13 DOFs), both at rest, and at 300 rpm. It is also interesting to notice that the NMD

is relatively low, at around 10%, indicating that the single modal amplitudes at each DOF

are very close. These values do not change much at 300 rpm (+0.65% for the FW mode,

and -1.12% for the BW), which confirms the soundness of the testing methodology, as no

significant degradation of the identified modal parameters is visible. This also suggests

that 10% is the accuracy allowed by the present combination of sensors, actuators, and

curve-fitting method.

Lower MAC values at 300 rpm were found for the 2ND mode pair. As was discussed

above, this mode is affected by high mistuning. The focus of this work not being mistuning

identification, the mistuning pattern that provided the highest MAC between FE and ex-

perimental data was chosen to have a more representative model, which produced a MAC

for the 2ND mode pair higher than 0.98 at rest. This mistuning pattern however, intro-

duced a frequency split of only 0.6 Hz, one order of magnitude less than the real one. As

a consequence, once rotation was added, the FE model developed full TW modes already

at speeds as low as 6 rpm. Qualitative agreement remained between the experimental

and FE strain mode shapes in the real and imaginary parts, but the NMD was more than

40%. These results prove once again that a correct mistuning model is essential for re-

alistic analyses, as the Coriolis effect and mistuning have been shown to be competing

mechanisms in the dynamics of bladed discs.

6.4.4 Left eigenvectors

Finally, thanks to the MIMO testing approach, the left displacement eigenvectors at the

actuators’ positions could be identified using the pLSCF method. The extraction process

itself proved to be reliable. Two different sets of data were used, to confirm that the left

eigenvectors are independent entities, and not a simple by-product of the pLSCF method.

This doubt could arise by noting that the left eigenvectors behave just as the strain mode

shapes, with nodal diameters that are fixed at rest, and rotate as TW when the structure is

spinning. For this reason, the left eigenvectors were extracted from a completely different

test set-up as well, where only the seven sector SGs, as opposed to the eight circumferential

ones, were used. The very high correlation obtained between the component of the left

eigenvectors identified from the two different SG sets proved the reliability of the method.

The left displacement mode shapes were then themselves validated. As explained in

sect. 2.4.2, in a non-rotating structure, the mode participation factors Lr assume the form

of the r-th displacement mode shape (r-th right displacement eigenvector). These could

then be directly compared to the displacement mode shapes from FE analysis. The dis-

placement, in this case, was in the radial direction. At rest, the MAC values between

experimental and FE displacement mode shapes was above 0.98 for all modes, with low

values of NMD (10%), which are compatible to those characterising strain mode shapes.

The only exception was the 2ND-2 mode, with a MAC value of 0.94, but a relatively high

NMD (18%), which was again due to the non-representative mistuning pattern.

In rotating conditions, on the other hand, the mode participation factors become the



CHAPTER 6. MODE SHAPES AND LEFT EIGENVECTORS 166

left displacement eigenvectors. No FE code provides direct access to them, to the author’s

knowledge. For this reason, the assumption was made, following [101,154], that, since the

blisk was found to be lightly damped, the left eigenvectors could be reasonably approxi-

mated by the right, i.e. the displacement mode shapes. The measured left eigenvectors

at 300 rpm were therefore again compared to the radial displacement mode shapes from

Abaqus, calculated at the same speed. For the 3ND modes, the MAC is very high, at 0.99

and 0.98 for the FW and BW modes, respectively. This suggests that the approximation

made is valid, as the measured left displacement eigenvectors and the FE right ones show

a high degree of correlation. This validation then shows that, for lightly damped systems,

the use of a MIMO approach in combination with SGs can lead to the recovery of the dis-

placement mode shape components at the input locations, which can be used as additional

data for model validation and updating.

However, there is a noticeable increase in the NMD (from approximately 10% to 15%

and 17%), which was not seen for the strain mode shapes (Table 6.1). This may indicate

that extracted left eigenvectors are more sensitive to increased noise under rotating con-

ditions than right eigenvectors. However, it is also possible that, while the hypothesis

of coinciding left/right displacement eigenvectors is clearly warranted by the high MAC

values, the left eigenvectors do start diverging from the displacement mode shapes due

to the interaction between damping and Coriolis effect, which would cause an increasing

asymmetry in the structural eigenproblem (sect. 2.4.1).

6.5 Summary and conclusions

The novel modal testing and identification framework developed throughout this work was

successfully validated. Excellent agreement of the Campbell diagrams, within 2%, was ob-

tained between experimental and FE data. Mode shapes were also compared, and several

quality measures were given to support the validation process. Very high MAC values were

found for the low-mistuning modes, both at rest and under rotation. For these modes, the

NMD, which was used to assess the average error between FE and experimental modes

at DOF level, was consistently around 10%, which could be considered as the accuracy

allowed by the method with the current transducer configuration.

Lower MACs were found for the modes more sensitive to mistuning, as it was not pos-

sible to reproduce the correct mistuning pattern in the FE model. Mistuning and Corio-

lis effects were indeed found to be competing physical phenomena. At lower speeds, the

frequency splits tend to stay at the value imposed by mistuning at rest, and start increas-

ing under the Coriolis effect only after a certain speed threshold, which increases with

mistuning level. At the same time, mistuning delays the development of full travelling-

wave modes with strong standing-wave components, but, after the Coriolis effect becomes

dominant, no further change in the mode shapes was detected, as the test piece was not

significantly affected by centrifugal stiffening.

On the other hand, non-negligible travelling-wave behaviour was found to be present

even in the speed range where frequency split stayed constant. This showed that frequency
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splits, while being the most obvious and easily measured sign of the presence of the Cori-

olis effect, are not a reliable indicator of whether it is active or not: travelling waves can

develop even in conditions when mistuning is the only apparent phenomenon. This should

be taken into account in aeroelastic simulations, as mistuning is considered to increase

flutter stability, but the travelling waves originated by the Coriolis force may counteract

this positive effect.

Left displacement eigenvectors were successfully extracted thanks to the combined use

of MIMO testing and pLSCF identification process. Their extraction was proven to be

independent of the output configuration, which confirmed that the measured components of

the left eigenvectors depend only on the input locations, and that the identification method

is reliable. Further proof came from the high MAC values at rest obtained between the

experimental left eigenvectors, and the FE displacement mode shapes: with strain modal

testing at rest, left eigenvectors coincide with displacement mode shapes.

Under rotating conditions, left eigenvectors can only be approximated by displacement

mode shapes. This was reflected in the MAC values, which were still high, but accompanied

by higher NMD values, i.e. larger errors. Since the NMD values at rest were in line

with those associated to strain mode extraction, it is thought that this increase in error

depends on the progressive divergence between right and left eigenvectors with speed: the

Coriolis effect, itself increasing with speed, would increase the degree of asymmetry of the

structural eigenproblem, and thus enhance the difference between left eigenvectors and

mode shapes.



Chapter 7

Conclusions

7.1 Main contributions

7.1.1 Summary

This section summarises the original contributions of this work, which will be discussed in

more detail in the following.

• Modal testing and identification methodology for rotating structures

– This thesis work provided a novel test framework that enables full modal anal-

ysis of bladed disks under rotating conditions. It is based on a multi-input

multi-output testing approach, using piezoelectric excitation and strain mea-

surements, to extract the full set of modal parameters: resonance frequencies,

damping, and right and left eigenvectors.

– An FRF expression in terms of strain mode shapes and the left eigenvectors

of displacements was derived for the first time to account for the effects of the

Coriolis force.

– A poly-reference modal analysis method was applied for the first time in this con-

text to extract both modal strain and displacement properties during rotation.

– A new application of piezoelectric actuators was developed to simulate impact

testing.

• Coriolis effects and mistuning

– The interaction between Coriolis effects and mistuning was investigated in great

detail, by considering both frequency splits and mode shapes. A gradual tran-

sition from mistuning-dominated behaviour at low speed to Coriolis-dominated

features at higher speeds was identified.

• FE modelling of rotating bladed discs

168
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– A thorough assessment of the prediction capabilities of FE codes in the presence

of all major rotational effect was conducted, and demonstrated that all commer-

cial packages produce equivalent and valid results.

• Validation of Coriolis effects in bladed discs

– A full model validation could be provided with the test data obtained with the

developed technique and the FE analysis results, establishing confidence in the

modelling and testing methods to be applied on future engine architectures.

– The developed techniques was demonstrated to generate reliable strain and ap-

proximated displacement mode shapes, which can be used for strain- or displacement-

based model validation.

7.1.2 Modal testing and identification methodology for rotating struc-

tures

This thesis work has developed a coherent framework for the investigation of rotational

phenomena in multi-component structures like aero-engine stages. A new rotating test rig

was designed and built to provide the experimental capabilities to investigate rotational ef-

fects in general, and enable high-quality modal analysis in rotating conditions. The MIMO

testing approach was identified as the only capable of the extraction of the complete set of

modal parameters—damping, frequencies, mode shapes, left eigenvectors—necessary for

the full characterisation of damped gyroscopic structures, and was successfully translated

to rotating conditions for the first time for bladed discs.

The need for controlled multiple inputs for the extraction of modal information required

the development of an excitation system based on a set of laminar piezoelectric actuators

attached directly at all the sectors of the blisk. The actuators were individually driven

to provide uncorrelated forcing, and the control voltage was found to produce FRFs dis-

playing the same behaviour as with traditional force inputs, i.e. response amplification

and phase transition at resonance. Combined with the derivation of the equations of mo-

tion of a piezoelectrically actuated system, this showed their suitability for modal analysis

purposes.

To minimise testing time and increase efficiency, random signals were used for the

excitation, which led to the acquisition of Campbell diagrams over a wide frequency range

in a fraction of the time required by the stepped-sine method. MIMO random excitation

was proved to be equivalent to single-input stepped-sine, producing very good agreement

in the values of frequencies and damping, and near-identical mode shapes. It also proved

superior to standard single-input methods in identifying close modes, especially since its

full potential could be exploited by coupling it with a poly-reference modal identification

technique.

A novel concept in the use of piezoelectric actuators was also developed to simulate

impact testing. Transient excitation was produced by driving the actuators with an electric

pulse. Excellent agreement with the results of a traditional hammer test was obtained for
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the resonance frequencies, and a good match for the damping values reached for most

modes. This would offer the possibility of performing quick modal testing on a structure

with high repeatability, due to the permanent position of the photoelectric patch, and even

in rotating conditions.

The versatility of the actuation system was confirmed by generating travelling-wave

excitation to reproduce arbitrary EO patterns. This led to high response levels and mode

selectivity. This excitation form is therefore particularly suitable to reproduce realistic

conditions in the testing of rotating blisks, as both excitation and response take the form

of travelling waves in turbomachinery, and to study nonlinear effects, thanks to the large

forcing levels allowed by the synchronised action of the actuators. It was possible to demon-

strate that, as the travelling-wave excitation greatly enhances only the modes matching its

phase and direction, it can be used to quickly identify modes hidden in zones of high modal

density.

To allow multiple-output measurements, strain gauges were selected. The expression

for FRFs with strain as output in rotating conditions was derived for the first time. It

could be demonstrated that strain FRFs in rotating conditions are dependent on strain

mode shapes, and the left displacement eigenvector components at the input DOFs. With

the developed approach, left eigenvectors could be extracted, and their measured compo-

nents were proven to be independent of the measurement set-up, which confirmed that the

modal extraction technique is able to identify them as separate physical entities from the

standard mode shapes.

The poly-reference method, combined with the MIMO approach, was also found to adapt

well to the requirements of modal analysis in rotating structures, and there was no issue

in identifying the complex mode shapes originated from the Coriolis effect. The developed

technique allows to extend the use of strain gauges, the sensors most widely employed

in the testing of turbomachinery components, from forced response measurements to full

modal analysis. It also enabled the acquisition of an additional set of data, left eigenvec-

tors, which approximate displacement mode shapes in light damping conditions.

7.1.3 Coriolis effects and mistuning

The main driver of the developed modal testing techniques was the investigation of the

effects of the Coriolis force on the modal properties of bladed discs, i.e. the generation

of frequency splits and complex mode shapes in the form of travelling waves. A very de-

tailed experimental analysis at several different speeds was conducted to gain in-depth

understanding of how the Coriolis effects evolve, to provide additional understanding of

their impact on rotating structures and ensure that the testing methodology can correctly

identify them, to provide reliable validation data.

The resulting behaviour was found to depend on mistuning levels. Large frequency

splits were observed experimentally on a thin blisk with eight horizontal blades for the

1ND, 2ND, and 3ND mode families, which confirmed the observations from the literature.

Three speed ranges characterised by different behaviours were identified at a high level of
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detail for the first time thanks to the large number of investigated speeds. At low speeds,

the frequency split remained nearly constant at the value determined by structural mis-

tuning at rest. At medium speeds, the frequency split started increasing, with a markedly

nonlinear trend. At the high end of the operational speed range, the split settled on a linear

increase, and tended towards the values it would have assumed without mistuning.

The level of sensitivity of the different modes affected the relative extension of the speed

ranges. Thanks to the newly developed testing framework, strain modes were measured

under rotation, and their evolution with rotational speed was quantified through different

indicators. At rest, all modes are real-valued, and they are locked at specific angles around

the circumference of the blisk due to mistuning. With increasing speed, it was possible

to see that the modes progressively develop imaginary components. The low-mistuning

modes become full travelling waves at low speeds, and corresponding modes at high speeds

are virtually identical. It could therefore be concluded that the Coriolis effect, in struc-

tures with low centrifugal stiffening, only causes the appearance of travelling-wave modes,

without deforming them.

The modes with a high degree of mistuning remained quasi-real for half of the rotation

speed range, and a noticeable SW component was present at maximum speed. It was seen,

however, that even in the constant-speed range, small TW components are present. It could

also be observed that the Coriolis effect, creating TWs, tends to even out the modal ampli-

tudes at the various sectors. It thus provides a further coupling mechanism in the blisk

(besides structural and aerodynamic coupling), and could therefore contribute to lessen

the danger of mode localisation caused by mistuning, where a few blades respond at much

higher amplitudes than the others.

The Coriolis effect is often neglected in the analysis and design of real aero-engines

because of the small frequency splits it generates, which means that it causes no truly

separate resonance frequencies. The experimental results have shown that even in the

absence of a variation in the frequency split, the Coriolis effect can still be active, and

force the existence of TW vibration in a specific direction in the blisk. The presence of

travelling-wave modes, which can lead to unstable response, is often taken for granted in

aeroelastic studies, while at the same time mistuning is considered to increase flutter sta-

bility. The impact of the coexistence of the two behaviours, which is induced by the action

of the Coriolis force, needs therefore to be taken into consideration in detailed aeroelastic

analysis.

7.1.4 FE modelling of rotating bladed discs

A systematic assessment of the most used commercially available, and one proprietary, FE

software packages was conducted to identify the capabilities available to model and predict

rotational effects, and to highlight potential deficiencies. Rotational effects like geometric

nonlinearities, centrifugal stiffening and spin softening are included in standard design

practices, and are therefore well-documented features in FE software. Coriolis effects, on

the other hand, are usually considered only in purely rotordynamic analyses, which are
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based on axisymmetric disc-shaft models. Bladed discs, as cyclic-symmetric structures,

require particular features: the possibility of doing modal analysis in a rotating frame, for

example, is necessary to avoid the appearance of time-varying terms, and the capability of

reducing the model to a single sector would significantly cut computational time.

A set of benchmark test cases was therefore created, so that the results from the FE

analyses could be compared to analytical solutions, and experimental data, for a wide va-

riety of geometries. This study showed that all commercial codes produced compatible

Campbell diagrams, and all were able to identify FW and BW travelling-wave modes, and

to assign them to the correct frequency. All codes provided the ability of combining the

Coriolis effect and centrifugal stiffening. The interaction between the two phenomena,

Coriolis and geometric nonlinearities, was studied consistently for the first time, and it

was possible to observe the heavily nonlinear variation of the frequency split due to the

large-displacement deformations caused by the centrifugal force. Large discrepancies be-

tween the assessed codes could be found only at high speeds close to instability conditions,

which is arguably due to differences in the default numerical tolerances used by the dif-

ferent codes. This indicates that particular care must be taken when modelling high rotor

speeds with Coriolis effects.

From the comparison of these computational results to experimental data available

in the literature, it was possible to conclude that all codes are able to produce reliable

results, and are equivalent in terms of prediction capabilities. The sole exception was

the proprietary “Code A”: a major finding of the evaluation was that wrong values for the

frequencies were calculated for the 1ND modes of cyclic-symmetric structures using this

code, due to the erroneous implementation of the equations of motion, and the assessment

resulted in its correction.

7.1.5 Validation of Coriolis effects in bladed discs

MIMO testing techniques have never been exploited to the fullest of their potential for

the modal identification of rotating bladed discs. In particular, the use of strain gauges

in a structure subject to the Coriolis force causes FRFs that depend on an additional set

of parameters, the left displacement eigenvectors, which have never before been identified

experimentally in bladed discs. All of this, coupled with the non-standard use of strain

gauges with piezoelectric actuators, required a formal validation of the testing approach

through a comparison with FE results. As the FE codes were shown to be equivalent in

terms of prediction capabilities, the validation was carried out in NX Nastran and Abaqus

alone, and involved both frequencies and mode shapes to ensure the highest possible level

of confidence in the experimental results.

The measured strain mode shapes were compared to the computational ones through

MACs, which revealed high degrees of correlation. Further confirmation was offered by the

localised error measured by the NMD, which was of the order of 10% for the low mistuning

modes.

Large discrepancies were found only for the high-mistuning modes, as it was not pos-
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sible to reproduce the correct mistuning pattern present in the blisk used as test piece: in

this case, large differences arose in rotation, as the relatively low mistuning added to the

FE model allowed the early development of travelling-wave modes, while, in the real test

piece, a strong SW component remained at all measured speeds due to the higher mistun-

ing levels. However, the close match between FE and experimental modes at low mistuning

allowed the successful quantitative validation of the Coriolis effect on mode shapes. It also

showed that the developed technique is capable of detecting the Coriolis effects even in

cases where they are mixed with competing phenomena like mistuning.

The full MIMO testing technique, coupled with the pLSCF modal identification method

for rotating structures, also allowed the recovery of left displacement eigenvectors at the

input DOFs. None of the FE codes natively provides left eigenvectors as outputs, so the val-

idation was conducted by comparing the measured eigenvectors to the displacement mode

shapes. At rest, where the left eigenvectors do coincide with the right, excellent agreement

was found, which confirmed the validity of the testing and identification method. In rota-

tion, where the left eigenvectors are only approximations of the actual mode shapes, close

agreement was still found, but associated to larger errors. This proved that left eigenvec-

tors can reasonably be approximated by the mode shapes proper in lightly-damped rotating

structures: in these conditions the developed test set-up and techniques can be successfully

applied to derive both strain and displacement information, allowing the validation of both.

7.2 Suggestions for future work

Based on the experience accumulated during this thesis work, and the results already

reached, the following topics have been identified as potential areas for further research:

• This work has shown that the modelling features necessary for bladed discs are in

place. However, the exploitation of cyclic symmetry to reduce computational costs,

while well established for non-rotating structures, is nearly never implemented when

the Coriolis force is added. This implementation is absolutely essential for an uptake

from the industry, so that accurate analyses can be efficiently conducted on FE models

that regularly feature hundreds of thousands of DOFs.

• The drive for increasing performance in aero-engines requires ever greater realism

at the model level, to reduce the need for expensive testing campaigns. This in turn

is leading towards whole-engine modelling, where several stages of bladed discs are

coupled with their shafts, and the stator through bearings. This study produced a

conclusive validation of the capabilities of FE codes to predict the influence of the

Coriolis effect in rotating bladed discs, at component level. It thus provides a first

step for the evolution of rotordynamics from axisymmetric models to complete bladed

disc-shaft models. The simultaneous study of multiple components interacting in dif-

ferent reference frames poses challenges both on a computational and experimental

level. The development of experimentally validated model reduction techniques, in

particular, is essential considering the present state of computing power, and would
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also allow the addition of nonlinear effects from bearings and rotor-stator interaction

at a reasonable computational cost.

• Piezoelectric actuators have been shown to produce reliable results, but they remain

a source of uncertainty, as it is difficult to quantify the actual forcing they introduce in

a structure. The knowledge of the excitation amplitude levels is especially important

in a multiple-input context, where precise amplitude patterns may be needed. A

calibration technique capable of identifying, directly or indirectly, the strain levels the

actuators actually produce, and of separating its effect from the inherent mistuning of

the structure, would therefore help in increasing accuracy. For an indirect calibration,

a method based on a combination of testing and modelling, to identify equivalent

forcing levels, could be the first step. For a direct evaluation, self-sensing circuits,

which allow the exploitation of piezoelectric patches as both actuators and sensors,

should be explored.

• The Coriolis effect was found to interact with mistuning, and lead to operational

zones of mixed behaviour. The identification of geometrical factors that influence the

relative importance of the two (structural coupling, stagger angle, blade stiffness,

etc.) could be the basis of a systematic parametric study, to highlight the conditions

at which one of the two effects becomes prevalent.

• This work has shown that the generation of travelling waves from the Coriolis force

tends to even out the mode amplitudes at the different sectors, which suggests that it

would have a beneficial effect on the mode localisation induced by mistuning. Results

from the literature in this regard, all computational, reach mixed conclusions, with

some researchers witnessing too a reduction in amplitude localisation, and others an

increase. An experimental study, or an extended computational one, where controlled

mistuning patterns could be introduced, is needed to gain a clearer understanding.
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Appendix A

Data for the benchmark test case

models

Stodola-Green rotor

• Shaft length: 250 mm

• Shaft inner diameter: 7 mm

• Shaft outer diameter: 10 mm

• Disc diameter: 80 mm

• Disc thickness: 40 mm

• Density: 7800 kg/m3

• Young’s modulus: 207 MPa

Thin ring [129]

• Outer diameter: 176 mm

• Thickness: 0.88 mm

• Width: 20 mm

• Density: 7850 kg/m3

• Young’s modulus: 210 MPa

Swept blisk [130,131]

• Outer diameter: 540 mm

• Diameter at blade root: 188 mm

188
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• Diameter of inner bore: 60 mm

• Blade tip gap: 8 mm

• Thickness: 3.79 mm

• Sweep angle: 15◦

• Number of blades: 24

• Density: 7594 kg/m3

• Young’s modulus: 207 MPa

Bladed disc-shaft assembly [127]

• Shaft length: 250 mm

• Shaft inner diameter: 7 mm

• Shaft outer diameter: 10 mm

• Disc diameter: 80 mm

• Disc thickness: 40 mm

• Blade length: 300 mm

• Blade width: 40 mm

• Diameter of inner bore: 60 mm

• Blade tip gap: 8 mm

• Blade thickness: 3 mm

• Number of blades: 9

• Density: 7800 kg/m3

• Young’s modulus: 207 MPa
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Technical drawings
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Figure B.1: Vertical back-plate
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Figure B.2: Base-plate.
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Figure B.4: Cylindrical casing.
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Figure B.5: Shaft.
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Figure B.6: Bearing housing.
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Figure B.7: Multi-function disc: telemetry holder, balancing disc, mounting for test piece.
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Figure B.8: Test piece.
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