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This paper is mainly concerned with the existence of a global strong attractor for the nonlinear extensible beam equation with
structural damping and nonlinear external damping. This kind of problem arises from the model of an extensible vibration beam.
By the asymptotic compactness of the related continuous semigroup, we prove the existence of a strong global attractor which is

connected with phase space D(A”) x H, (Q) N H*(Q).

1. Introduction

Global attractor is a basic concept in the study of long-time
behavior of nonlinear dissipative evolution equations with
various dissipation. There have been many methods to prove
the existence of the global attractor. It can be proved by the
theory of a-contractions of the solution semigroup S(t), such
as [1-3] and the reference therein. It can also be proved by the
decomposition of the solution semigroup S(¢) (see Hale [4],
Temam [5], etc.).

In this paper, we use the method of the asymptotically
compact property of the solution semigroup S(t) which is
different from the method of [1-5] to prove the existence of a
strong global attractor for the Kirchhoff type equations with
structural damping and nonlinear external damping which
arises from the model of the nonlinear vibration beam

2 2
Uy, +alA"u+ yAtu,

- (ﬁ +M (L |Vu|2dx> + N(JQ VuVu, dx)) Au (1)
+g @)+ f (1) =h(x),
u=Au=0

in Q x R",

on 0Q x RY, (2)

u(x,0) =uy(x),
©)

u, (x,0) =u; (x) in Q,

where «, y, and f3 are all positive constants, ) is a bounded
domain of RY with smooth boundary I' = 0Q), M(s), N(s),
g(s), and f(s) are nonlinear functions specified later, and
h € L*(Q) is an external force term. u(t) represents the
vertical deflection of the beam, and u = u(x, t) is a real-valued
function on Q x [0, +00).

In this context of problem (1), based on the vibrating
beams equation

!
Uy + Uy — ((x + /J’J | (s, t)|2ds> U, =0 (4)
0

which is proposed by Woinowsky-krieger [6]; Ma and Nar-
ciso [7] considered problem (1) without structural damping
and posed a weak global attractor in weak phase space
Hg(Q) x L*(Q). Eden and Milani [8] considered the existence
of exponential attractor for problem (1) with f(u) = 0 and
a linear weak damping g(u,) = u,, M(-) being a nonlinear
function and without structural damping. Ball [9] presented
the existence and uniqueness of global solutions for problem
(1) withf = g = h =0, M(-), N(:) are all linear functions.

On the other hand, the existence of the attractor for a
related problem, with the boundary conditions u = Au = 0
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of (2) replaced with u = Vu = 0, was considered by Ma
and Narciso [7], Eden and Milani [8] with a linear damping
u, or nonlinear damping f(u,) without structural damping,
respectively. Chueshov and Lasiecka [10] considered a kind
of boundary condition which is 4 = Au = 0 but without
structural damping.

Generally speaking, there have been many works on the
long-time behavior for nonlinear beam equations [6-10]. But
for the beam equation (1) with structural damping, in strong
phase space D(A?) x Hé(Q) N H%(Q), the global solutions
and the strong global attractor have not still been proved until
now.

The outline of this paper is arranged as follows: in
Section 2 we give the existence and uniqueness of global
solutions in space C(R"; D(A%) x Hy(Q) n H*(Q)), in
Section 3 we give the boundedness of solutions in phase space
D(A?) x Hé (Q) N H*(Q), and finally in Section 4, we give
the proof of the existence of a strong global attractor in phase
space D(A?) x HS(Q) N H*(Q).

2. Some Assumptions and Existence of
Global Solution

In (1), we assume that damping term and the source term are
in the form of

f(”t) = |ut|rut’ gu) = |ulPu (5)
with
0<p, r< it N >3,
N-2 (6)
pr>0 if N=12.

We assume that the nonlinear functions M,N : R* —
R* are all class C', and satistying M (0) = 0, N(0) = 0 and

M(s)s > M(s), where M(s)= rM (z)dz,
0

M (s) = 2s; @)

N(s)>s, VseR.

The functions f, g : R — Rarealso class C', with £(0) =
g9(0) = 0,0, < f'(v) < ay, and |g' ()| < ky(1 + |ul?) for all
u,v € R, where a;, «,, and k, are all constants. There also
exists constants ks, k¢ such that

lf @) - fW| <ks(Q+1ul"+ ") u-vl, VYuveR,
lgw)—gW)| < ks (L+ [l + V) lu—v|], Vu,veR
(8)
In addition, nonlinear function g(-) also satisfies
a-¢
9+ Ll > -k,

9)
J g W) udx—Cypu) + %llu”z > —k,,
Q
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where ¢(u) = fQ G(u)dx, G(u) = JQ gW)du, and k,, k, are
all constants, C; > 1.

Our analysis is based on the following Sobolev spaces:
H = [}Q),V = HS(Q) N H%*(Q), with the usual inner
products and norms as follows, respectively:

(u,v) = J uvdx, |u| = (u, u)l/z, Yu,v e L*(Q),
Q

(Au, Av) = J. AulAvdx, lull = (Au, Au)l/z, (10)
Q

Vu,v € Hy (Q) N H* (Q).

Consider D(A*) = {u | u € V,u € H*Q),Au €
H, Auly,, = 0} with the inner products (A%u, A*u) and the
norms |A%ul* = (A*u, A%u).

Take E, = Hy(Q) N H*(Q) x L*(Q) and E = D(A®) x
H*(Q) n Hé () with the inner products and norms as
follows, respectively:

1/2

(J’l’}’z)Eo = (Auy, Auy) + (v, ;) l)’lEO = )’)EO ,

V)/,- = (ui)vi)T> y= (u> V)T € EO’ i=12,

/
(;Vl’J’2)E = (Azul’Azuz) + (Avy, Av,), |)’|E =y )’)zlgza
Vyi = (ubvi)T) Y= (u> V)T € E) i=1,2.
(11)

Note that assumption (6) implies that Hé (Q)NH*(Q) —
HS(Q) — LXP*D(Q), with p=porp=r.

Finally, we assume that A, o are the first eigenvalue of A
and A, respectively; then we have

lull® = olul®, YueV,
(12)

A% = AP, vu e D(a%).

In the following, we state the result of the existence and
uniqueness of the solutions for systems (1)-(3).

Theorem 1. Assume that (uy,u,) € E, h € L2(Q), and
the assumptions of these functions M(-), N(-), f(-), and g(-)
hold; then problems (1)-(3) have unique solutions (u,u,) €
C([0, T]; D(A%)) x C([0, T]; Hy (Q) N H*(QY)) depending con-
tinuously on initial data in E.

By virtue of Galerkin method, we may prove Theorem 1
combined with the priori estimates of Section 3.

According by Theorem 1, for any ¢t > 0, we may introduce
the mapping

S, t 20} : {ug,uy} — {u(t),u, (t)}. (13)

It maps E into itself, and it enjoys the usual semigroup
properties as follows:

S0) =1,
(14)

S(t+1)=S()S(r), Vt=0.



Mathematical Problems in Engineering

And it is obvious that the map {S(¢), t > 0}, for all t € R,
is continuous in space E. In the following, we will introduce
the existence of bounded absorbing set and global attractor
in space E for map {S(t), t > 0}.

3. The Existence of Bounded Absorbing
Set in Space E

In this section, we will show boundedness of the solutions for
systems (1)-(3).

Theorem 2. Assume that these assumptions of Theorem 1 hold
then for the dynamic system determined by problems (1)-(3),
there exists the boundary absorbing set in space E.

Proof. Taking the inner products of v = u, + eu with both
sides of (1) and then making summation, we have

1d
S E®- elvl* + & (o — ep) lull® + eBIVul® + ylv*

+52(u,v)+£M(z)+N(z)2+(g(u),v) (15)

+(f (w),v) = (hv),
where M(z) = IOZ M(z)dz, z(t) = |Vu|* and ¢ is fixed at
arbitrary time, and here the energy function E(t) is defined
on E; by
E(t) = v + (a — ep) lul® + BIVul* + M (2) + [Vul*. (16)

Considering the assumption fQ ugwdx - Cip(u) +
(et/4)|lull® > —k,, we have

d
(9@),v) = o) +e(gw),u)
d
> 9 (u) + eCy ¢ (1) 17)
-l k.

With |e2(u, v)| < (€2/0®)|ull® + (€2/4)|v|*, we have

—elv” +e(a—ep) ul’ +efIVul* + ylv* + € (u,v)

2 2
2 £ 2 2 € 2
2(£(x—s y—;)llu” +(y/\ —S—Z)Wl (18)

+sﬁ|Vu|2.
With the assumptions f(0) = 0, f € CY(R,R), and o <

f'(v) < a, and by using Mean Value Theorem and Mean
Value inequality, we have

(F ) = [ £ @vde—e [ £ ©uvdx

&,y 2 &y 2
> (o - 22 ) - 2t

(19)

3
where £ among 0 and v — eu. Set
E@) = v + (a—ep) lul’ + BIVul* + M (2)
(20)
+[Vul* + 20 (u) + 2k,.
Consider
V)= (ca-eiy- & -8 p
B Yo52 T T 22
2 2
€ yo- e
+<)/)L2—S—Z+061—T—72>|V|2
+ 8[5’qu|2 +eM(2) + N (2)z + eCy (u) + ek;.
(21)
So (15) is transformed into
1d -~ 1
S EO+Y () < WW + ek, + ek, (22)

Considering the assumptions M(s)s > M(s), M(s) > 2s,
N(s) > s [ul® = ?lul’, and |A%u)* > A*ul® C, = 1
and letting 0 < € < min{(ao? + 20c2)/(2y02 +4), -3+, +

\/(3 +a,)” + (4, + 3y02)} = &, we have
2 ~
Y (0-E@ >o. (23)

Substituting (23) into (22), we have

1d -~ £~ 1
Ea_E(t) + EE(t) < W|h|2 + ek, + ek,. (24)

On the one hand, applying the Gronwall inequality to (24),
we get

E(t)gE(O)e*u%(Lz|h|2+sk2+skl), £>0. (25)
e \yo

Note that [|1£(0)|| and |u,(0)| are bounded; then there exists a
positive constant R > 0 such that E(0) < R* is bounded; so

~ 2 1
limsup E (¢) < pg =2 ()F|h|2 + ek, + ek1> . (26)

t — 0o

On the other hand, considering that ¢(u) + ((«—¢£y)/8) ul> >
—k,, fixing y, > p,, and assuming that E(0) < R? then as
t >ty =ty(R py) = (1/¢) log(R/ (g — p?)), we have

E@t)<u, (27)
that is,

X — &
P + Tynunz <. (28)



Take the inner products by A*v in both sides of (1); then
make summation to get

%% (P + (o= e9) [2%u]) = lvl?

—(B+M(z(®) + N (2 (1)) (Au, Av) 09)

+ y|A2v|2 +é& (Azu, v) +eM(z)+N(2)z
+ (g (u),sz) + (f (v —eu) ,sz) = (h, sz).

Considering the continuity of the functions M'(-) and N'(-),
we have

—(B+M(z(1) + N (z (1)) (Au, A%v)

- (/3 + Czyé + C3[4§) |Au| |A2v|

(30)
_(/3 + Czﬂg + C3[4§) /"3 3 X|A2V'2
> ” ;
where C,, C; are all positive constants. Also
& (Nuv) > ——|A2 I’ - ||v||2,
(1)

(h &%) = & (1 8%u) 4 e (h 4%0).

In addition, with | g'(u)l < ko (1+|ul?), there exists a constant
k; such that |g(u)| ;e < ks, Ig'(u)le < ks; s0

(9w),A%)
= 2 (900.6%) (¢ %) (g @0, %)
d & 2 2kl
d—(g(u) A u)+s(g(u) A u) 2 'Azu' - s+:')
32

Also by using Schwarz and Mean Value inequalities and Mean
Value Theorem, we have

(v—eu), A%y
(s )

1 /
< £|A2v'z + ; J (f (E))2 (v —eu)dx 33)

Y|A2 ' + 1+3s)‘u(2),

where & among 0 and v — eu. Set
2 2

B & € 2 |2

Y, (t) = (scx—s Y- 3 g) 'A u'

2 2
+(%—s—%)|lv||2+s(g(u),A2u) (34)

€ (h, Azu),
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and write M = (ocz/y)(l +3¢ )MO +((B+ Czy(z) +C3pt§);4§)/y+
3(40 2 /% then (29) is transformed into

1d

Here the function

E, (t) = IVI* + (« — &y) |A2u|2 +2 (g (u), Azu) +2 (h, Azu)
(36)

is obtained by the energy function being changed slightly.
Let 0 < & < min{ey,2a/(y + (2/ch) + (1/4)),-3 +

\9 +2yA%, a/(y + (1/8))}, we have Y,(t) > (&/2)E,(t), and
SO
1d

2th L)+ E (t)< M, Vt>t,(B). (37)

Then an application of the Gronwall inequality leads to

E, (t) < E, (0) ™) 4 VE>t,(B). (38
If B ¢ Bg(0, p), there exists a positive constant R; > 0 such
that E, (t,) < R}.

Putting t, satisfing t,
we get

-ty > (1/e) long, thenast > ty,

2M 2M

E (f) < RZ —sx(l/s)logR =1+ 22 (39)
&

&

So

(a ey g) |22 + vl
(40)

16 16 2M
< =+ —=K1Q+1+—.
& & &

The global estimate (40) shows the existence of an absorbing
set of S(¢). O

4. The Existence of Global Attractor in Space E

The general theory [11] indicates that the continuous semi-
group S(t) defined on a Banach space X has a global
attractor which is connected when the following conditions
are satisfied.

(i) There exists a bounded absorbing set B ¢ X such that
for any bounded set B, ¢ X,

dist(S(t) By,B) — 0, as t — +00. (41)

(ii) S(t) is asymptotically compact; that is, for any
bounded sequence {u,} in X and {t,} tending to oo,
there exists a subsequence {n} such that {8t u,tis
convergentasn’ — oo.

Theorem 3. Under the assumptions of Theorem 1, the contin-
uous semigroup S(t) has a global attractor which is connected
to E.
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Proof. Let u,v be two solutions of Problems (1)-(3) in
space C(R"; E) as shown above corresponding to the initial
data (uy,u,) and (v, v;) with I(Lio,ul)ﬁ5 + |V0)V1|,29 < R?
respectively. Then w = u — v satisfies

wy + aA’w + yAzwt - fAw

= (M (IVul*) Au - M (19v]*) Av)

(5 ([ ) = o, )

~(g@) =g M) =(f (u) - f (),

(42)

|(w, w5, < C (1) (43)

Taking the inner products in both sides of (42) by w,, Aw,
and Aw,, respectively, we have

1d

T (|wt| + alAw]® + B|Vuw| )+y|Awt|2

= (M (IVul*) Au - M (19v]*) Av, w,)
+ <N <L VuVu, dx) Au—-N <JQ VvV, dx) Av, wt>
F)w),

+(gw) g+ f(u) -

(44)
1d 2 |2 2 12
T (y|A w| +2(Aw, Awt)) + oc|A w'
.y (Aw, Azw) + |Aw,f|2
= (M (|Vu|2) Au—-M (le|2) Av, Azw)
+ <N <J VuVu, dx) Au—-N (J VvV, dx) Av, A2w>
Q Q

+ (9 W) g+ f (u) - f(Vt)>A2w)’

(45)
i (s ol o] ()
= (M (IVul*) Au - M (19v]*) Av, Aw,)
+ <N (L}wwt dx) Au-N (ngwvt dx) Av, Azwt>

+(g) - g+ f () - f (v), N w,).
(46)

Equation (46)+ kx (45) + i X (44) yields

1d

3T <|Awt| +(x|A w|

+ Ey|A2w|2 +2k (Azw, wt)
+F7<:|wt|2 + ioc|Aw|2 + iﬁle|2>
+ y'Azwt|2 + %(x'Azw'z + K|Aw,|” + iylAwt|2
~ (960 =g +£ () - f (), 8w, +%8"w 4w, )
+ (M (1Vul?) Vie— M (o) av
+N (JQ VuVu, dx) Au
-N (JQ VvV, dx) Av, Azwt>
( (1IVuP) Au - M (]Vv) Av
J VuVu, dx Au

Q

J VvV, dx Av, A w)
Q
M ([VoI*) av

J VuVu, dx Au
Q

i( (qulz) Au —

J VvVvtdx Av,wt)
Q

+ (ﬁAw, Azwt) +kp (Aw, Azw) .
(47)

Consider that
(M (|Vu|2) Au—- M (lelZ) Av, Azwt)
=M’ (1) [Vul* J AwA*w,dx + M' (1)
Q
X J Vw (Au + Vv) dx J AvAzwtdx
Q Q
< Cag |Aw| |8 | + 25 V] [ |

2
< 2(C2” ot (ZYCZ“S/G)) Aw]? + §|A2wt|2;

(48)



k (M (|Vu|2) Au-M (|Vv|2) Av, Azw)
= kM’ (n,) |Vul® J AwA*wdx + kM’ (1,)
Q
X J Vw (Au + Vv) dx J AvA*wdx
Q Q (49)

< %Cz (/4(2) |Aw| 'A2w| + 27#3 |Aw| 'A2w|>

_lekgax 2/o))]’
N ka
i(M (1Vul?) Au — M (IVv?) Av, w,)

|Aw

>

|2 + %—“|A2w'2'
8

X‘N

M’ (1) |Vul? J Aww,dx + M (m)

x | Vw(Au+ Vv)dx J Avw,dx
Q

o (50)

= 2 2.‘"(2J
< kG, | pp |Aw] |w,| + - [Aw] |w,|

~ 2
[czkug 1+ (2/0))] i
< > |Aw|2 + |wt| ,

where 7, is among 0 and |[Vu/?,
and

<N <J VuVu, dx) Au—-N (J VvV, dx) Av, Azwt>
Q Q

=N'(&) J;; VuVu, dx JQ AwA*w, dx + N' (&)

#, is among [Vul? and |Vv|%,

X <J- VvwWuw, dx + J VwVu, dx)
Q Q
XJ AvA*w, dx

(65 18w] [A%w, | + (g |wwr] + o 1Aw]) g | A ]

<G,
( 3.”0) |2 N (4C3/"0)

|Aw|2 + g.Azwt |2

>

|wt

(51)

j VuVu, dx Au—-N <J VvV, dx) Av, A2w>
Q
=kN' (&) J VuVu, dx J AwAN*wdx + kN' (&)
<J VvwWw, dx+J VwVu, dx)
X J AvA*wdx
Q
= %C3 [!"3 [Aw] |A2w' + (to [w] + pao 18w g |A2w']

(4C3P‘(2) )2% (4C3.”(2))2%
o

< —lAw|2 + ]g|A2w|2 + |wt|2,
lo4 8

(52)
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i(N( Vuvu, dx) Au-N (J

VvV, dx) Av, wt>
Q

= kN’ (&) j VuVu, dxj Aww, dx + kN’ (&)
0 0
I VvwWuw, dx + J VwVu, dx)
o

J. Avw, dx

Cy [y 18w [w,| + (g |wy| + o | Aw]) g |y ]

IN
bt

= EC&uéIAwIZ + iC3y§|wt|2 + iC3y(2)|wt|2,
(53)

where &, is among 0 and IQ VuVu,dx, & is among
_[Q VuVu,dx and IQ VvV, dx.

Also considering |g(u) — g(v)| < kg(1 + |ul® + [v|P)|u -
v| for all u,v € R, |f(u) — f(W)| < ks(1 + Jul” + |[V|")|u — v,
for all u,v € R, and p/(2(p + 1)) + 1/2(p + 1)) + (1/2) =
1, r/2(r+1))+1/(2(r + 1)) +(1/2) = 1, by Holder inequality
we have

~(9@) =g )+ f ()~ f (v),Aw,)
<k [ (1?17 ol |8 dx
Q

vk | (1l ) o [3°0 | dx

p/(2(p+1))
< k6“ (1+ ul + 1) dx
Q

2
X |wly(ps1) 'A wt|

r/(2(r+1))
N kSH (1 fu] =+ )" dx]
Q

X lwt|2(r+1) |A2wt'
< C () IVu| |A2wt| +C (po) [Vay| |A2wt| ;
(54)
~(9@-g )+ f () - £ (v),ka*w)

< kk J (1+ [l + v1°) lw] |A%w| dx
W Rk | (U]l [3°0] dx
Q

_ p/(2(p+1))
< kkGH (1+ [l + P eT0r dx]
Q

X |wly(ps1) 'A2w|

e[| (] ) ]
0

X lwt|2(r+1) |A2w'
<kC (#o) [wlyp11) 'A2w| +kC (to) |wt|2(r+1) |A2w|
< kC (4o |Vw| |A2w' +kC (po) [V | |A2w| ;

r/(2(r+1))

(55)
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(960 -g )+ £ (w) - £ (v) T,
< ik6j (1 + ulf + PP |w] |w,| dx

Q
+ ikS J- (1 +u |+
Q

|Vt|r) |wt| |wt| dx

p/Q2(p+1))
< Tk H (1+ [ulf + PP dx ]

X [Wla(pe1y |wi] (56)

+ ikS[J (1 + |ut|r + |vtlr
Q

X |wt|2(r+1) |w|

2(r+1)/ r/(2(r+1))
) r+ rdx]

bl

<kC (Mo) |w|2(p+1) |wt| +kC (P‘O) |wt|2(r+1) |wt|

< kC (o) |Vuw| |wtl + kC (o) |th| |wt|

Setting
E,(t) = |Awt|2 + 04|A2w|2 + %y|A2w|2 +2k (Azw, wt)

+ Kjw,[* + kalAw] + kBIVwl® + BIVAW]?,
(57)

v0 = Yt + 0wl + B

+ %]Awtf +kBIVAw|?,

then substituting (48)-(56) into (47), by Schwarz inequality

and Young inequality, and taking k > (4C*(y,))/yo” and k >
(8kC*(1y)) /oy, we have

1d

SO+ < C(1awl + |w,]*). (58)

Again setting & = max{4/a + 4/k + 4y/a, 2/k, (4/2% +
4/oc/\4)(k/k) 2/)/)&2 + (Z/y)tz)(k/k)} and considering that

—2k(A*w, w,) = —K|A%w? kthI ,we have &Y, (t)-E,(t) > 0.
On the one hand, from (58) we have

1dE, (t
3 ;t() EEz(t)<c(|Aw| +lwl’). (59

Applying the Gronwall inequality to (59), we get

E, (t) < E, (0) e */*"
t (60)
e J e (lw @I + w, (@) dr
0

On the other hand, with (2Ewt,A2w)
(4%/)/)th|2 and setting k> 4%/)/, we get

> —(ky/2)|A*w|* -

E, (t) = |Awt|2 + (x|A2w|2. (61)

Hence

2 -2t/§
> Wy =
|w, w,|; < CE, (0)e

(62)
+CJ S (Jaw (OF + |w, (1)) dr.

Now, let {(u,,,> 41,,)} be a bound sequence in B, C E, and
{u,,(t),u,, ()} the corresponding solutions of problems (1)-
(3)in C(R", E). We assume t,, > t,,,. Let T > O andt,, t,, > T.
Then, applying estimate (62) to w™" = u,,(t +t,—T) —u,,(t +
t, —T), t >0, wehave

)

<CC(hy)e ¥ +C

X sup |(un(tn—T+s)—um (t,—T+5s)), (63)

0<s<t

~T+5)):

_T+S) ~ Ut (tm |E0'

(unt (tn
By taking ¢t = T in the above, we have
|(un (tn) — U, (tm) > Uy (tn) — Uy (t
< CC () €9+ C ()

»)

x sup [(u, (t, +5) =ty (£, +5)), (64)

0<s<T
2
(unt (tn + S) — Upy (tm + 5))|E0'

By Sobolev embedding Theorem, for any T > 0, we
can extract a subsequence {(u,,, u,,,}which is convergent in
C([0,T]; E,) forany T > 0. For any € > 0, we first fix T > 0
such that

C () e T < 2, (65)

S}

And, next, taking large m', n', we have
C (.”o) OsupT |(un (tn + S) — Uy (tm + S) >

(66)
e

2
unt (tn + S) - umt (tm + S)) |E0 < E

Then by (62) we have that

|(un’ (tn’) — Uy (tm’) > Ul (tn’) — Uyt (tm’))lfg <e  (67)

We conclude that S(t) is asymptotically compact on E. The
theorem is now proved. O
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