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A family of Enright’s second derivative formulas with trigonometric basis functions is derived using multistep collocation method.
The continuous schemes obtained are used to generate complementary methods. The stability properties of the methods are
discussed. The methods which can be applied in predictor-corrector form are implemented in block form as simultaneous numerical
integrators over nonoverlapping intervals. Numerical results obtained using the proposed block form reveal that the new methods

are efficient and highly competitive with existing methods in the literature.

1. Introduction

Many real life processes in areas such as chemical kinetics,
biological sciences, circuit theory, economics, and reactions
in physical systems can be transformed into systems of
ordinary differential equations (ODE) which are generally
formulated as initial value problems (IVPs). Some classes of
IVPs are stiff and/or highly oscillatory as described by the
following model problem:

y' = Ay,
y(a) = Yo 1
x € [a,b],

where y(x) € R™ and A is m x m real matrix with at
least one eigenvalue with a very negative real part and/or
very large imaginary part, respectively (see Fatunla [1]). Many
conventional methods cannot solve these types of problems
effectively.

Stiff systems have been solved by several authors includ-
ing Lambert [2, 3], Gear [4, 5], Hairer [6], and Hairer
and Wanner [7]. Different methods including the Backward
Differentiation Formula (BDF) have been used to solve stiff

systems. Second derivative methods with polynomial basis
functions were proposed to overcome the Dahlquist [8]
barrier theorem whereby the conventional linear multistep
method was modified by incorporating the second derivative
term in the derivation process in order to increase the order
of the method, while preserving good stability properties (see
Gear [9], Gragg and Stetter [10], and Butcher [11]).

Many classical numerical methods including Runge-
Kutta methods, higher derivative multistep schemes, and
block methods have been constructed for solving oscillatory
initial value problems (see Butcher [11, 12], Brugnano and
Trigiante [13, 14], Ozawa [15], Nguyen et al. [16], Berghe and
van Daele [17], Vigo-Aguiar and Ramos [18], and Calvo et
al. [19]). Many methods for solving oscillatory IVPs require
knowledge of the system under consideration in advance.

Obrechkoft [20] proposed a general multiderivative
method for solving systems of ordinary differential equations.
Special cases of Obrechkoff method have been developed
by many others including Cash [21] and Enright [22]. The
methods by Enright [22] have order p = k + 2 for a k step
method.

In this paper, we propose a numerical integration formula
which more effectively copes with stiff and/or oscillatory



IVPs. We will construct a continuous form of the second
derivative multistep method (CSDMM) using a multistep
collocation technique such that Enright’s second derivative
methods (ESDM) will be recovered from the derived con-
tinuous methods. The aim of this paper is to derive a family
of Enright’s second derivative formulas with trigonometric
basis functions using multistep collocation method. Many
methods for solving IVPs are implemented in a step-by-step
fashion in which, on the partition 7, an approximation is
obtained at x,,,, only after an approximation at x,, has been
computed, where myy :a =x; < x; <+ <X, < Xy <0 <
xy=bx,,=x,+hn=1,...,N,h=(b-a)/N, his the
step size, N is a positive integer, and 7 is the grid index. We
implement ESDM in block form.

In Section 2, we present a derivation of the family of
Enright methods. Error analysis and stability are discussed in
Section 3. The implementation of the ESDM and numerical
examples to show the accuracy and efficiency of the ESDM
are given in Section 4. Finally, we conclude in Section 5.

2. Derivation of the Family of Methods

We consider the first-order differential equation

y' = f(xy),
y(a) = Yo (2)
x € [a,b],

where f is assumed to satisfy the conditions to guarantee the
existence of a unique solution of the initial-value problem.

2.1. CSDMM. In what follows, we state the CSDMM which
has the ability to produce the ESDM:

k
U (%) = Qg (%) Ygs + 1) B (%) frn
j=0 3)

+ hzyn+k (X) In+io

where «,,;_;(x), /3j(x), and y,,,(x) are continuous coeffi-
cients. We assume that y,,; = U(x,,;) is the numerical
approximation to the analytical solution y(x,,;), v, j =

U'(x,, ) is the numerical approximation to the analytical

n+j
solution y'(x,, i) Juej = U'(xn+j) is an approximation
to y'(xmj), and g,,.; = U"(xn+j) is an approxima-

tion to y"(xn+j), where fn+j = f(xn+j,yn+j), Gn+j
(@df Ge, y A, = 0,1,2,...., k.

n+j
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We now define the following vectors and matrix used in
the following theorem:

T
V= (yn+k71’ fn’ fn+1’fn+2’ . "’fn+k’ gn+k) >

P(x) = (P, (x),P, (x) ..., Pes (%))

Vv(k+3,k+3)
Pl (xn+k—1) P2 (xn+k—1) e Pk+3 (xn+k—1)
Pll (‘xn) PZI (xn) PI:+3 (xn) (4)
Pll (xn+1) P2, (xn+1) PI£+3 (xn+1)
= pll (Xn+2) le (xn+2) PI£+3 (xn+2) s
Pll (xn+k) P2, (xn+k) Y Pli+3 (xn+k)
PIH (xn+k) PZH (xn+k) e Pli/+3 (xn+k)

where P;(x) = X

Py .5(x) = coswx.

,i=1,2,...,k+ 1, P,,(x) = sinwx, and

Remark 1. In the derivation of the ESDM, the bases P(x) =
P(x)T with P,(x) = x' i = 1,2,...,k+1, P, ,(x) = sin(wx),
and P ;(x) = cos(wx) are chosen because they are simple
to analyze. Other possible bases (see Nguyen et al. [16] and
Nguyen et al. [23]) include the following:

(1) {sin(wx), cos(wx), xsin(wx), xcos(wx),.. .,
x"'sin(wx), x"cos(wx)};
(2) {sinx, cosx, ..., sin(nwx), cos(nwx)};

(3) {sin(w, x), cos(w; x), ..., sin(w,x), cos(w,x)};

4) {x,...,wx"} U {sin(wx),cos(wx),...,sin(mwx),
cos(mwx)};
(5) {x,...,x", exp(zwx), xexp(zwx), ..., x"exp(rwx)};

,wx™ wx™.

6) {x,...

Theorem 2. Let U(x) satisfy U(x,, ;) = Vi js U'(xn+j) = furjp
and U"(xn+j) = Gnj and let W be invertible; then method (3)
is equivalent to

U@ =vT (W) Px). (5)

The proof of the above theorem can be found in Jator et al. [24].

Through interpolation of U(x) at the point x,,,,_;, col-
location of U'(x) at the points x j =0,1,2,...,k and

collocation of U" (x) at the point x,,,;, we get the system

n+j>

U(xn+k—1) = Yntk-1>
U (xp;) = farj J=01,2,....k (6)

U’ (xn+k) = Gnrk:
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To solve this system we require that method (3) be defined by
the assumed basis functions

k+3
KXpik—1 = Z“iPi (x);
i=0

k+3

hB;(x) = Y hB, P (x), j=0,1,....k 7)
i=0

k+3
By = ) WP (%),

i=0
where the constants «;, 3; ;, and y; are to be determined.

2.2. ESDM. The general second derivative formula for solv-
ing (2) using the k-step second derivative linear multistep
method is of the form

k k k
Z(xjyn+j = hZﬁjfmj + hzZngmj’ (8)
=0 =0 =0

where y,.,; = y(x,+jh), fu.; = f(x,+jh, y(x,+jh))and f; =
f(xj, yj), Gn+j = (df (x, y(x))/dx)lizx' x,, is a discrete point
atnode n;and «, 3;, and y; are parameters to be determined.
It is worth noting that Enright’s method is a special case of (7).
We solve (6) to get the coefficients a;, 3; ;, and y; in (7) which
are then used to obtain the continuous multistep method of
Enright in the form

k
U (%) = Yprkor +1Y B () i + B Vik () G-~ 9)
j=0

Evaluating (9) at x = x,,,;, and setting y,.,, = U(x,, +kh) yield
the following Enright’s second derivative multistep method:

k
Ynik = Yntk-1 1 hZﬁ]frH] + hZYn+kgn+k> (10)
j=0

whereas the (k — 1) complementary methods

k
yn+i = yn+k—1 + hZ:Bj,ifrHj + hz?n+k,ign+k (11)
j=0

are obtained by evaluating (9) atx = x,,,;,i = 0,1,2,...
with k > 2.

We note that, in order to avoid the cancellations which
might occur when # is small, the use of the power series
expansions of B, Y, [§ > and 9., ; is preferable (see Simos
[25]).

Case k = 1. This case has only the main method given by (10)
with the coeflicients defined by

_csc (1/2)* (—u + sin u)
2u

2 4 6 8
1 u u u u

+—+ + +
3 90 2520 75600 2395008

+O(h”),

By =

. 691u'°
54486432000

_csc (1/2)? (1 cosu — sinu)
2u

ﬁ1:

2 4 6 8
§ u u u u 12)

90 2520 75600 2395008

691u'’
54486432000

-2+ ucot(u/2)

+O(h”),

Yot+1 =

1 ut u® u®

6 360 15120 604800 23950080

691u'’

LS,
653837184000

Case k = 2. The coefficients of the main method (10) and the
complimentary method (11) are, respectively, defined by

_ hese (1u/2)? (u cos (u)2) — 2 sin (1/2))?

Po 4u (ucosu — sinu)
Co1 W 13t 8’ 1432034°
T 48 360 57600 6048000 167650560000
126473u'°
—7u+0(h11),
2724321600000
B

cse (u/2)? (—2 -3t (2 - uz) €0s 2u + 4u sin u + 2u sin 2u)

8u (ucosu — sinu)

5 w13t 121u8 52133°
=—+—_—+ + +
12 720 50400 6048000 41912640000

+O(h“),

. 761473u™®
10897286400000

B,

hese (u/2)? (2 - (4 + 3uz) cosu + (2 + uz) cos 2u + 4u sin u)

8u (ucosu — sinu)

_§+£_ Byt W 593948
T 48 720 403200 189000 15240960000

25558110

-————+0 (h“) ,
10897286400000



(ucos (u/2) — 2 sin (1/2)) sin (u/2)

Yz =7 u (1 cos u — sin u)
1w st 1w 129790
T8 240 67200 2016000 27941760000
83437u"’
__ BT gy,
3632428800000
(13)
ﬁ0,0
cse (u/2)? (—2 -+ (4 + 3u2) cosu —2cos2u —2u sinZu)
T 8u (1 cosu — sin u)
_ 17 W7 251t 169w’ 213203u°
T 48 72 403200 6048000 167650560000
161023u™°
__lel0su gy,
2724321600000
Buo

cse (u/2)? (2 +ul+ (72 + 3u2> cos 2u + 4u sin u — 6u sin Zu)

(8u (ucosu — sinu))
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_u a7t oS3t 2810 87133
127720 © 50400 6048000 ~ 41912640000

1037873u™®
_RsU (h“) ,
10897286400000

cse (u/2)? (4 + (—4 + uz) cosu + u’ cos 2u — 2u sin Zu)

2,0 —

8u (ucosu — sinu)

137t 173t W 1353294°

T 48 720 403200 54000 167650560000

+O(h“),

393781u'"
" 10897286400000
(ucos (u/2) — 2 sin (1/2)) sin (u/2)
u (1 cosu — sin u)

Y20 =

1 oW 13t 19u° 129798

83437u°

S BBy,
3632428800000

(14)

Case k = 3. The coefficients of the main method (10) and the

complimentary methods (11) are, respectively, defined by

(csc (u/4)* (—42 —54% -8 (—6 + uz) cosu + (—6 + uz) cos 2u + 32u sinu — 4u sin 2u))

o (96u (u + 2u cosu — 3 sinu))
7, 163u°  1529u" 1203457u° .\ 5143273u° . 364730953u"
1080 151200 13608000 125737920000 7005398400000  6865290432000000

+O(h”),

(csc (14/4)4 (—102 —16u* -3 (—34 + 7u2) COS U + 6 cos 2u — 6 08 3u + u’ cos 3u + 881 sin u — 2u sin 2u — 4u sin 3u))

e (96u (1 + 2ucosu — 3sinu))

1 112 173ut 153049u° 4786027u®

422813u'?

O(h“),

(csc (1,4/4)4 (—30 —23u® — 24 cosu + (78 - 21u2) €08 2u — 24 cos 3u + 8u? cos 3u + 34u sinu + 52u sin 2u — 22u sin 3u))

2 = (96u (1 + 2u cosu — 3 sinu)) (15)

19 W 29t 4187u® 4155148

62044031°

40 224

+ + +
302400 2794176000 99066240000 152562009600000

O(h“),

(csc (u/4)* (30 - (78 + 23142) cosu + 2 (33 + 8u2) cos 2u — 18 cos 3u — 5u? cos 3u + 68u sinu — 22u sin Zu))

T (961 (u + 2u cosu — 3 sinu))

307 71w 289ut 1239146 2957783u®

24651509u°

=—+ + + + +
540 15120 1360800 1143072000 4903778880000 686529043200000

+O(h”),

_csc(uf2) (7ucos (u/2) + 5ucos (3u/2) + 12 (sin (u/2) - sin (3u/2)))

ms 12u (1 + 2u cosu — 3 sin u)

19 974 4914t 285163u® 7286749u°

67916227u'°

+O(h“),

180 25200 2268000 20956320000 8172964800000  1144215072000000

cse (u/2)* (—12 +2u° + (9 - 41,42) cosu +2 (6 + 7u2) cos (2u) — 9 cos (3u) + 34u sin u — 20u sin (2u) — 6u sin (3u))

00~ (48u (u + 2u cosu — 3 sinu))

43 437 193t 2561u° 1107763u®

8005337u'°

135 4725

- + +
850500 1964655000 3064861800000 214540326000000

O(hll),

- (csc (u/2)* (—15 — 4 +3 (4 + Suz) cosu + 15 cos (2u) — 12 cos (3u) + 7u* cos (3u) — 5usinu + 13u sin (2u) — 19u sin (3u)))

(24u (u + 2u cosu — 3sinu))
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7 29u* 139t 36831° 516289u° 473779u'°

+ + + - -
5 1050 189000 436590000 681080400000 5297292000000

+O(h“),
BZ,O

csc (u/2)* (—12 +2u* +15c0su+6 (2 + 5u2) cos (2u) — 15 cos (3u) + 4u? cos (3u) + 44w sin u — 28u sin (2u) — 20u sin (3u))

(48u (1 + 2u cosu — 3 sinu))

_ Lo a7t 9elw®  1367u®  104537u” Lo (n)
© 5 35 18900 43659000 6191640000 = 4767562800000 ’

- (csc (u/2)* (3 +u? cosu + (—3 + 4u2) cos (2u) + u* cos (3u) — u sin u — u sin (2u) — 3u sin (Su)))

(24u (u + 2ucosu — 3sinu))

ﬂs,o =

11 19 19t 1063u® 756881u° 25914194 u
—+ + + + + + ( ) ,
135 1890 48600 71442000 1225944720000  85816130400000

_ 2 cot (u/2) Qu + ucosu — 3sinu)

Yarso == 73 (u+2ucosu — 3sinu)

2 31ut 5927u° 9523718 3218641u'° . ( 11)

45 1575 283500 654885000 145945800000 71513442000000 ’
(16)

- csc (uf2)* (—30 —u*+8 (6 + uz) cosu + (—18 + Suz) cos (2u) + 16u sinu — 20u sin (Zu))

oL (96u (1 + 2u cosu — 3 sinu))

_ 2, 467u* . 3841ut . 2702753u° . 7420211948 . 70796773 7u'® ) ( 11)

71080 151200 13608000 125737920000  49037788800000  6865290432000000 ’
- - (csc (u/2)* (—54 —8u* + (96 + 39u2) cosu — 42 cos (2u) + 5u” cos (3u) — 4u sinu — 22u sin (2u) — 8u sin (3u)))

L (96u (u + 2u cosu — 3 sinu))

__ 9 5w’ 517ut 371321u°  10263683u° 32697403’ (")

T 20 8400 756000 6985440000 2724321600000 127135008000000 ’
_ cse (u/2)* (54 +5u% — 48 cosu + (—6 + 39u2) cos (2u) — 8u® cos (3u) + 50u sin u — 76w sin (2u) + 10u sin (3u))

2L (96u (1 + 2u cosu — 3sinu)) a17)

29 u? . 59u* . 53563u° . 1581469u° . 1395817u'°
40 3360 302400 2794176000 1089728640000  13869273600000

+O(h“),

_ - (csc (u/2)* (78 + (—96 + 5u2) cosu +2 (9 + 4u2) cos (2u) — u? cos (3u) — 20u sinu — 2u sin (2u)))

3,1 —

(96u (1 + 2u cosu — 3 sinu))

_ 8 11u? . 281u* . 14279u° . 3937807t . 36676261u co(n")
T 540 3024 1360800 1143072000 4903778880000  686529043200000 ’
_ csc (u/2) (—13ucos (1/2) + ucos ((3u) /2) + 24 sin (1/2))

Yn+31 =

12u (1 + 2u cosu — 3 sinu)

11 1130 739ut 474827u° 12620021 119414483u'° Lo (n")
© 180 25200 2268000 20956320000 8172964800000  1144215072000000 '

Case k = 4. The coeflicients of the main method (10) and the 3 354659u° 51 104113u®
complimentary methods (11) are, respectively, defined by 62589542400 102521670451200

600902219u!° +o( H)’

© 14353033863168000
(Ng,)
Bo = o
O (384u (6u cos (2u) + 16 sinu — 11 sin (2u))) B, - (Nﬁl)
1 — . .
17 25112 200314 (384u (61 cos (2u) + 16 sinu — 11 sin (2u)))

T 5760 483840 33868800
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_ 1, 290 . 181u" s 708111 _1712483u°  6213083u'
T 45 30240 1058400 3911846400 3797098905600  177197948928000
8 10
N 2645263u N 9724577u +O(hn) i
1601901100800  69004970496000
+0 (hll) ) /3‘ _ NBI,O
(N ) L0 (128w (61 cos (2u) + 16 sinu — 11 sin (2u)))
_ B2
Pr= (192u (6u cos (2u) + 16 sinu — 11 sin (2u))) _ 7 N 39u* N 359u* N 4481u°
_ 4l . 1112 ~ 169u* ~ 70207u° © 5 1120 352800 144883200
© 480 5760 2822400 5215795200 2601194 340029594
8 10 + +
_12382199u  14328617u 177989011200 ' 299021538816000
8543472537600  108735105024000
+o(H) +o(n"),
~ Nz
Bs = (Nﬁ3) Pro = (64u (61 cos (2u) + ll;z,:inu — 11sin (2u)))
3 (384u (61 cos (2u) + 16 sinu — 11 sin (2u)))
2 4 6
47 248 187t 720194° __ 29 2w 4l7u  6317u
T 90 30240 529200 3911846400 160 4480 313600 193177600
3489379u° 64028929 | _40941u°  12088171u”
3203802201600  897064616448000 35158323200 132898461696000
11
Lo, o),
NA
> B,
_ (Nﬁ4) Bso = e ;
By = (128u (61 cos (2u) + 16 sinu — 11 sin (2u)))
(384u (6u cos (2u) + 16 sinu — 11 sin (2u)))
3133 27194*  10207u*  1216471u® -2 +29u2 + 29u’ 809u°
- Ml v, u T 710 1120 ' 58800 144883200
5760 483840 33868800 62589542400
142053797u® 1494030511u*° _ s 3275530u”
+ ¥, “ 118659340800  33224615424000
102521670451200  14353033863168000 B
+O(h ),
vo(n), (1)
N,\
n o _ Bao
Yora = (Nyn+4) Pao = (128u (61 cos (2u) + 16 sinu — 11 sin (2u)))
"4 20 (6u cos (2u) + 16 sinu — 11 sin (2u))
, ) ) _ 149 51 . 1013u* . 37621u°
__3 3w 37w 52%u T 640 17920 ' 11289600 = 2318131200
32 896 188160 38635520
1951094° 6348281,10 . 16324541u° . 530557669u"
- 18985494;‘280 - 797390770;‘7600 11391296716800 ~ 4784344621056000
11
vo(n) +O ().
-~ ?ﬂ‘*‘ 5
Yarao = 5, (61 cos (2u) + 16 s4i0nu — 11 sin (2u))
with Ng, i = 0,1,...,4, and N, = defined in part
A of Appendix 1 of the supplementary material 3 32 37yt 5006

(see  Supplementary Material available online at ===

http://dx.doi.org/10.1155/2015/343295). Consider 32 896 188160 38635520
N- ~195109u°  6348281u'"
By oo . 189854945280  79739077017600
o (128u (6u cos (2u) + 16 sinu — 11 sin (2u)))
+0 (hn)

201 234 10194* 205691°

T 7640 2560 3763200 2318131200 (19)
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with Nz i =01,...4 and N; defined in part B of
Appendix 1 of the supplementary material. Consider

A Nz
ﬁ — ﬁU,l
O™ (484 (6u cos (2u) + 16 sinu — 11 sin (2u)))
1 u? ut u®
= —4+—+—
90 756 10800 199584
69148 10
+ 4 + u (0] (h“) ,
2971987200 102643200
B‘ _ Nﬁl,l
BUT (48w (6u cos (2u) + 16 sinu — 11 sin (2u)))
__H_u_z_ ut _ u® _ 691u°
© 45 189 2700 49896 742996800
10
Y o),
25660800
B‘ _ Nﬁz,l
217 (24u (6u cos (2u) + 16 sinu — 11 sin (2u)))
19 ut u® 6918
=——+—+ + +
15 126 1800 33264 495331200  (20)
10
n _uw N ( 11) i
17107200
B‘ _ NB3,1
1 (48u (61 cos (2u) + 16 sinu — 11 sin (2u)))
__17_u2_ ut B u® _ 691u®
© 45 189 2700 49896 742996800
10
o u 4 O( 11) i
25660800
‘B‘ _ Nl§4,1
417 (48u (6u cos (2u) + 16 sinu — 11 sin (2u)))
1 u? u' u®
= —+—+
90 756 10800 199584
691u° 10
+ “ + u O (hn) ,
2971987200 102643200
)7n+4,1 =0

with N i =0,1,...,4, defined in part C of Appendix 1 of
the supplementary material. Consider

Mg
(384u (6u cos (2u) + 16 sinu — 11 sin (2u)))

ﬁo,z =

11 169u° 12281u*
1920 161280 101606400

ﬁl,2 =

/32,2 =

ﬁs,z =

/34,2 =

Yn+4,2 =

~ 21588891° ~ 78534291°
187768627200 7886282342400

O(h“),

~ 272561573u'?
3312238583808000

Nz,

(384w (61 cos (2u) + 16 sinu — 11 sin (2u)))

1346483u’
35206617600

7 31 37010t

+ + +
135 10080 9525600

s 1615992148 . 75291895111
4805703302400  2691193849344000

+O(h“),

Nz,

(192u (61 cos (2u) + 16 sinu — 11 sin (2u)))

83 17u? - 841u* - 534077u®
160 13440 2822400 15647385600

B 9061597u° B 974213257u"’
2847824179200 3588258465792000

+O(h“),

Ng,,

(384w (61 cos (2u) + 16 sinu — 11 sin (2u)))

19 5912 ~ 589u? ~ 278329u’
30 10080 1587600 11735539200

~ 5135051u® ~ 28211849u!°
3203802201600 244653986304000

+O(h“),

Ng,,

(3841 (61 cos (2u) + 16 sinu — 11 sin (2u)))

1831 N 821u° N 122327u*
17280 161280 304819200

. 17519503u° . 74366615918
563305881600  307565011353600

O(hu),

) 8152441741u'°
43059101589504000

Vn+a,2

2u (6u cos (2u) + 16 sinu — 11 sin (2u))

1447u* ~ 218147u
5080320 9388431360

11 342

288 896

~ 95449998 ~ 11813881u'°
5126083522560 79739077017600

+O(h11)

(21)



with Ng ,i = 0,1,...,4, and N; = defined in part D of
Appendlx 1 of the supplementary matenal

2.3. Block Specification and Implementation of the Methods.
We consider a general procedure for the block implementa-
tion of the methods in matrix form (see Fatunla [26]). First

we define the following vectors:
T

Y,u+1 = [yn+1’yn+2’ Yne3s o> yn+k] >
T
Yy = [yn—k+1’ Yn-k+2> Yn-k+3> -+ +> yn] ’
T

F,u+1 = [fn+1’fn+2’fn+3>'"’fn+k] > (22)

T
Fy = [fn—k+1’fn—k+2’ fn—k+3’ ce ’fn] ’
T
G,u+1 = [grﬁ—l’ Gn+2> Gnezs - o> gn+k]

>

where y,,; = y(x, + jh), fn+] f(x, + jh, y(x, + jh)), and
Gn+j = (df (x, y(x))/dx)| y"” The integration on the entire
block will be compactly written as
A\Y,,y = AgY, +hByF, + hB,F,,, + h’C,G,,,,
(23)
u=0,1,...,

which forms a nonlinear equation because of the implicit
nature, and hence we employ the Newton iteration for the
evaluation of the approximate solutions. We use Newton’s
approach for the implementation of implicit schemes to get
the following solution of the block:

vy _y® _ (A _puB ale _KC aGMH
u+l u+l 1 1 oY 1 oY

(24)
'(AIY;ﬁl
— AgY, —hByF, —hB\F,,, —~h’C,G,,, ).

The k x k matrices A, A;, By, B;, and C, are defined as
follows.

Case k = 2. Consider

(
(
no(o)
(
(
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with f3;, /Z,j, Vatk> Ynsk,jp J = 051 = 1,2, defined in methods

(13) and (14).

Case k = 3. Consider

with ﬁz’ ﬁl i Vntko Yn+k]’ . =
methods (15) (16), and (17).

Case k = 4. Consider

e
I

(
(
|
|
(

o [ R N S O o O

o

0 0
0 -11,
0 0
-10
-10 ],

0 BO,I
0 Bo,o > (26)
0 By

Eu 52,1 E3,1
31,0 Bz,o E3,o ’
Bi B B
00 Vs

00 Yuzo |>
00 Vs

o O o O

0,1,i = 1,2,3, defined in

00
00
0 -1
00
-1 0
-1 0
-1 0
-11

0 Bo
0 B
0 E0,0
0 B
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Bl,l BZ,I 33,1 34,1
Bl _ I?:I,Z ﬁ:Z,Z ﬁ:3,2 B:4,2 ,
/51,0 /32,0 ﬁ3,0 ﬁ4,0
Bi B B Bs
000 ?n+4,1
000 i;n+4,2
000 ?n+4,0
000 Y4
(27)

with B, By i» Vs Duskjpi = 1,2, kand j = 0,1,2,..., k-2,
defined in methods (18) through (21).

3. Error Analysis and Stability

3.1. Local Truncation Error (LTE). Suppose that method (10)
is associated with a linear difference operator:

Lly(x,:h)] = [y(x+kh)—y(x+(k—l)h)

(28)

k
~hY By (x4 jh) = Wy (e kh) |
=0

where y(x) is an arbitrary smooth function. Then L[ y(x,; h)]
is called the local truncation error at x,,,; if y represents a
solution of the IVP (2). By a Taylor series expansion of y(x +
jh), y'(x + jh),and y" (x + jh), j = 0,1,2,..., k, we have

hZ
L{y(x,h)] = Coy (x) +Cihy' (x) + Czjy" (x)
' (29)
+...+C h_q (q)(x)+...
qq!y ’

where Cy = ¥ &, C, = 1- ¥ B, and C, = (1/2!)(~(k -
12+ k%) = X5 B = Vst Cy = (U (=(k = 1) + k%) -

(1/(q -1 Y5 j77' B = (1/(q = 2DKT 2y,
Method (10) is said to be of order pif C, = C, = --- =
Cp,=0,Cpyy #0 (see [3]).

Theorem 3. The k-step method (10) ESDM has a local trunca-
tion error (LTE) of

Ck+3hk+3 (w2y(k+1) (Xn) +y(k+3) (xn)) +0 (hk+4) . (30)

Proof. We consider a Taylor series expansion of y,,,;, y(x +
jl’l))yrlﬁj’y,(x + ,jh)!yr’[-f—j’y”(x +” jh) and assume that
}/(X,H.j) = Yorjp ¥ (xn+j) = fn+j7y (Xp1k) = Gnsk- Then by

TABLE 1: The local truncation error for various cases.

Case (k) Method Order (p) Error constant (C » 1)

1 12) 3 1/7

5 13) 4 7/1440
(14) 4 23/1440
(15) 5 17/7200

3 16) 5 ~2/225
17) 5 11/2400
@18) 6 41/30240

. 19) 6 11/1120
(20) 6 -1/756
1) 6 19/10080

substituting these into method (10) and simplifying we get
that

LTE = y (%,14) = Vurk
= Gl (w'y™ () +y*? (x,) (1)
+0 ("),
where the values of C;_; are given in Table 1. O
Define the local truncation error of (23) as follows:
L[Z(x);h]
(32)
=2Z,,,— |AZ, + hBF,+hDF,,, +’CG,,, |,
where
Zior = [7 (%nr) o ¥ (512) 9 (K)o o0 9 ()]

T
>

Zy = [;V (xn—kﬂ) 4 (xnfk+2) 4 (xnfk+3) seees Y (xn)]

Fy-f—l = [f (xn+l)’f(xn+2)’f(xn+3)""’f(xn+k)]T’
ﬁy = [f (xn—k+1)’f(xn—k+2)’f(xn—k+3)""’
T

JACH]

ayﬂ = [g (xn+l) g (xn+2) g (xn+3) e g (xn+k)]T 4
L{Z(x);h] = (L, [Z (x);h], L, [Z (x); h],

(33)

Ly[Z(x)3h],.., L [Z (x)5h])"

alinear difference operator. Assuming that Z(x) is sufficiently
differentiable, we can expand the terms in (23) as a Taylor
series about x to obtain the expression for the local truncation
error

L[Z(x);h] = CyZ (x) + C,hZ' (x) +---
(34)
+thqu )+,
where C; = (Cy, Cz’q,...,Ck)q)T, q = 0,1,..., are constant
coeflicients (see Ehigie et al. [27]).
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Definition 4. The block method (23) has algebraic order p >
1, provided there exists a constant C,,,; # 0 such that the

local truncation error E,, satisfies | E, || = Cerlthrl +O(hP*?),
where || - || is the maximum norm.

Remark 5. (i) The local truncation error constants (C,,;) of
the block method (23) are presented in Table 1. (ii) From the
local truncation error constant computation, it follows that
the order (p) of the method (23) is p = k + 2.

3.2. Stability

Definition 6. The block method (23) is zero-stable, provided
the roots of the first characteristic polynomial have modulus

less than or equal to one and those of modulus one are simple
(see [2]).

Remark 7. Observe that, from the first characteristic polyno-
mial p,(R) of the block method (23) specified by p(R) =
det[zil=0 AiRi] = 0, we obtain —R*"!(1 + R) = 0. Thus the
rootsR;, j = 1,2,...,kof p(R) satisfy [Rj| < 1, j = 1,2,...,k
and, for those roots with |R jI = 1, the roots are simple.

Definition 8. The block method (23) is consistent if it has
order p > 1 (see [26]).

Remark 9. The block method (23) is consistent as it has order
p > 1 and zero-stable; hence it is convergent since zero-
stability + consistency = convergence.

Proposition 10. The block method (23) applied to the test
. ! " 2 .
equations y' = Ay and y~ = A"y yields

Yy+1 =M (q; u) Yw

-1
M(q;u) = (Al -gB, _qzcl) (Ag+4By), (35)
q= AW, u=uwh

Proof. We begin by applying (23) to the test equations y' =
Ay and y" = A%y which are expressed as f(x, y) = Ay and
g(x, y) = A%y, respectively; letting ¢ = hA and u = wh, we
obtain a linear equation which is used to solve for Y, with
(23) as a consequence.

Remark 11. The rational function M(g; u) is called the stabil-
ity function which determines the stability of the method.

Definition 12. A region of stability is a region in the g-u plane,
in which |[M(q; u)| < 1.

Corollary 13. Method (23) has M(q; u) specified in Appendix
2 of the supplementary material.

Remark 14. In the g-u plane the ESDM (23) is stable for g < 0,
and u € [-2m, 27], since [M(q;u)| < 1,9 < 0.

Remark 15. Figures 1, 3, 5, and 7 are plots of the stability
region of M(q;u) for case k = 1,2,...,4, respectively. We
note from these figures that the stability region of M(g; u)

Journal of Applied Mathematics

Region of absolute stability for k = 1
u

3 [ I I ]
|
2r 1
1r 1
0 9
1t 1
2t 1
!
3t i
—1I00 —I50 0 5I0 l(I)O

FIGURE 1: k = 1.

Poles and zeros for k = 1
Im

m

FIGURE 2: k = 1: M(g; u) has zeros (O0) and no poles (+) in C".

for k = 1,2,...,4 includes the entire left side of the complex
plane. Figures 2, 4, 6, and 8 show the respective zeros and
poles of M(g; u).

3.3. Implementation. The ESDM (10) is implemented in the
spirit of Ngwane et al. in [28, 29] to solve (2) without requiring
starting values and predictors. For instance, if we let n = 0
in (10), then y,, y,,..., y are obtained on the subinterval
[x0, xi], as ¥, is known from the IVP. If n = 1, then
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Region of absolute stability for k = 2

V1

3 - 4

2 - <

1 L 4

0 q
_1 L 4
_2 L 4
_3 L 4

-100 -50 0 50 100

FIGURE 3: k = 2.

Poles and zeros for k = 2
Im

FIGURE 4: k = 2: M(q; u) has zeros (O0) and no poles (+) in C".

Ve Visas - - -» Vai are obtained on the subinterval [x, x5,
as y; is known from the previous computation and so on,
until we reach the final subinterval [xy_,,xy]. Note that,
for linear problems, we solve (2) directly using the feature
Solve[] in Mathematica 8.0, while for nonlinear problems we
use Newton’s method enhanced by the feature FindRoot[].

4. Numerical Illustration

In this section we consider some standard problems: stiff,
oscillatory, linear, and nonlinear systems that appear in

1

Region of absolute stability for k = 3

T

3 - .

2 L .

1 - -

0 q
_1 L 4
2t b
3| 4

-100 -50 0 50 100

FIGURE 5: k = 3.

Poles and zeros for k = 3
Im

FIGURE 6: k = 3: M(q; u) has zeros (O0) and poles (+) in C".

the literature to experimentally illustrate the accuracy and
efficiency of the ESDM (10) which is implemented in block
form. The ESDM for k = 1,2,3, and 4 as early stated are
denoted by EM1, EM2, EM3, and EM4, respectively. Our
numerical examples test this family of methods. We include
examples of second-order IVPs and it would be pertinent to
mention here that there are methods specifically designed
for this type of problems. In this paper, all the numerical
experiments are carried out with fixed / and w, assuming
that w is known. This allows us to compute the coefficients
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Region of absolute stability for k = 4

T
3 - -
2_ 4
1_ -
0 q
_1 L 4
2t B
3| 4
-100 -50 0 50 100
FIGURE 7: k = 4.

Poles and zeros for k = 4
Im

FIGURE 8: k = 4: M(q; u) has zeros (O) and poles (+) in C".

of the ESDM once for all integration. Some of the methods
of orders 4 and 6 in the literature have been compared
to EM2 and EM4, respectively. We find the approximate
solution on the partition 7y, and we give the errors at the
endpoints calculated as Error = yy — y(xy). We denote
the Max|yy — y(xy)| by Err, the number of steps by N, and
the number of function evaluations by NFEs. We will write
an error of the form Err = g x 107" as g(-7).

Journal of Applied Mathematics

log,,(Err)

50000
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250000
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FIGURE 9: Efficiency curves for Example 16.

Example 16. We consider the following inhomogeneous IVP
by Simos [25]:

"

y =-100y+99sin(x),
)’(0) =1,

(36)
y'(0) = 11,

x € [0,1000]

where the analytic solution is given by y(x) = cos(10x) +
sin(10x) + sin(x).

EM2 is fourth-order and hence comparable to the expo-
nentially fitted method by Simos [25] which is also of fourth-
order. PC1 and PC2 denote the predictor-corrector mode for
k = 1and k = 2, respectively. The efficiency curves in Figure 9
show the computational efficiency of the two methods (Simos
and EM2) by considering the NFEs over N integration steps
for each method. Hence for this example, EM2 performs
better than Simos. We see from Table 2 that ESDM is efficient
for each case.

Example 17. We consider the nonlinear Duffing equation
which was also solved by Ixaru and Vanden Berghe [30]:

y”+y+y3 = Bcos (Ox),

y (0) = CO)
(37)
y' (0) =0,
x € [0,300] .

The analytic solution is given by y(x) = C,cos(Qx) +
C,c0s(3Q2x) + C5cos(5Qx) + C4co8(7Qx), where QO = 1.01,
B = 0.002, C, = 0.200426728069, C; = 0.200179477536,
C, = 0.246946143 x 107, C; = 0.304016 x 10°°, C, =
0.374x 10, and w = 1.01.

We compare the errors produced by our EM2 with the
fourth-order methods by Ixaru and Vanden Berghe [30].
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TABLE 2: Results with w = 10, for Example 16.
ESDM Simos [25]
N EM1 EM2 EM3 EM4 PC1 PC2 Simos
Err Err Err Err Err Err Err
1000 1.2 (~4) 3.9 (-3) 2.1(-3) 58 (1) 5.11 424 1.4 (-1)
2000 3.7 (-2) 7.7 (-3) 3.9 (-5) 1.7 (-4) 2.49 8.42 3.5(-2)
4000 4.9 (-4) 23(=3) 2.3 (-4) 8.4 (=5) 2.76 (=2) 1.835 (1) 11 (-3)
8000 2.3 (=5) 3.9 (=5) 1.9 (~6) 3.4 (=7) 2.83 (=2) 3.75 (1) 8.4 (-5)
16000 6.8 (—6) 1.4 (=6) 3.4 (-8) 2.1 (~10) 433 (=3) 7.47 (1) 5.5 (=6)
32000 1.0 (-6) 5.3 (-8) 2.6 (-12) 3.1 (-11) 3.79 (-4) 1.51(2) 3.5(-7)
TABLE 3: Results with w = 1.01, for Example 17.
ESDM Ixaru and Vanden Berghe [30]

N EM1 EM2 EM3 EM4 Simos Ixaru and

Err Err Err Err Err Vanden Err
300 11(-4) 2.8 (-4) 4.7 (-1) 5.7 (-4) 1.7 (-3) 11(-3)
600 1.8 (=5) 2.3 (=5) 1.9 (=5) 4.5 (=6) 1.9 (—4) 5.4 (-5)
1200 2.7 (=6) 1.3 (=6) 33(=7) 2.9 (-7) 1.4 (=5) 1.9 (-6)
2000 6.2(-7) 1.6 (-7) 1.6 (-8) 1.2 (-8) — —
2400 13.7 (=7) 5.8 (-8) 1.1(=8) 3.9 (-9) 8.7 (=7) 6.2 (=8)
3000 1.9 (=7) 1.2 (-8) 3.9 (=9) 11(-9) — —
4800 4.8 (-8) 7.8 (~10) 4.0 (-10) 4.1 (-11) — -

We see from Table 3 that the results produced by ESDM on
Example 17 are very good. In fact, EM2 produces results that
are better than Simos’ method used in [30], as it produces
better error magnitude while using less number of steps and
fewer number of function evaluations. This example once
more shows us that the ESDM produces good results and in
particular EM2 is very competitive to the method used by
Ixaru and Vanden Berghe [30].

Example 18 (a nearly sinusoidal problem). We consider the
following IVP on the range 0 < t < 10 (see the study by
Nguyen et al. [16]):

Y1 ==2y+y,+sin(t),

yl (0):2’
(38)

y; =—(B+2) y;+(B+1) y, +sin(t) —cos(t),
¥, (0) = 3.

We choose 8 = =3 and 8§ = —1000 in order to illustrate the
phenomenon of stiffness. Given the initial conditions y, (0) =
2 and y,(0) = 3, the exact solution is $-independent and is
given by

Exact: y, () = 2 exp (—t) +sin (),
39
¥, (t) = 2exp (—t) + cos (t). (9

We choose this example to demonstrate the performance
of ESDM on stift problems. We compute the solutions to
Example 18 with 8 = —3,-1000. We compare EM4 of order

six to the method by Nguyen et al. [16] which is also of order
six. For both f = -3 and 8 = —1000, EM4 clearly obtains
better absolute errors compared to Nguyen et al. [16]. This
efficiency is achieved using fewer number of steps and less
number of function evaluations than Nguyen et al. [16].

Example 19. Consider the given two-body problem which
was solved by Ozawa [15]:

" N
N I
" Y2
be) K
r=\yi+y
yZ(O)_O)
' 1+e
0) = ,
72 (0) \/l—e

x € [0,507], w=1,

where e, 0 < e < 1, is an eccentricity. The exact solution of
this problem is y,(x) = cos(k) — e, y,(x) = V1 —e?sin(k),
where k is the solution of Kepler’s equation k = x + e sin(k).

Table 5 contains the results obtained using the ESDM for
k = 1,2,3,4. These results are compared with the explicit
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singly diagonally implicit Runge-Kutta (ESDIRK) and the
functionally fitted ESDIRK (FESDIRK) methods given in
Ozawa [15]. In terms of accuracy, Table 5 clearly shows that
ESDM performs better than those in Ozawa [15].

4.1. A Predictor-Corrector Mode Implementation of ESDM.
We can implement our ESDM in a predictor-corrector (PC)
mode. The predictor for k = 1,2, 3,4 is given below while the
corrector for each case is given by the main method (10). PCl1
and PC2 denote the PC mode for k = 1 and 2, respectively:

k=1:

2h% sin (u/2)*

2 n

hsinu

yn+1 Zyn+ fn+ (41)
u

u

Journal of Applied Mathematics

N hesc (u/2)? (—u cosu + sin )

2u fn+1
W (1 —3cos (1/2)* + ucot (u/2) + sin (u/2)2)
+ ”
.gn+1’
(42)
k =3, 4:

k-1
York = Yurte-1) T hZﬁian + h27n+k—1gn+k—1- (43)
i=0

The coefficients f,,i = 0,1,...,k - 1,and y,,, , for k =
4 are given in

(44)

>

k=2 3 are given below while those for k =
Appendix 3 of the supplementary material. We observe that
B hesc (u/2)? (—u + sinu) the PC implementation performs poorly relative to the block
Vn2 = Vnr1 ~ u Jo implementation; see Table 2. Consider
(csc (u/2)? (2 —3u* —2cosu+ (—2 + uz) cosu + 2cos (2u) + 4u sin u))
o (8u (1 cosu — sinu)) ’
(csc (u/2)? (2 —5u* —2cosu + (—2 + uz) cos (2u) + 2 cos (3u) + 4u sin u + 2u sin (2u)))
L (8u (1 cosu — sinu)) ’
_ (csc (1,1/2)2 ((2 - Suz) cosu + (—2 + 3u2) cos (2u) + 2 (— cos (2u) + cos (3u) + 2u sin u)))
27 (8u (1 cosu — sinu))
_ (csc (1/2)* (=2 + 6 cos u — 6 cos (2u) + 2 cos (3u) — 6u sin u + 3usin (Zu)))
Vn+2 = .

4.2. Estimating the Frequency. Though we are mainly inter-
ested in problems where w is taken as the exact frequency
of the analytical solution and w is known in advance,
it is important to note that the exact frequency may be
unknown for some problems. A preliminary testing indicates
that a good estimate of the frequency can be obtained by
demanding that the LTE in Theorem 3 equals zero and
solving for the frequency. That is, solve for w given that
Crish (@ y* D (x,) + y*(x,)) = 0, where y, j =
k + 1,k + 3, denotes derivatives. We used this procedure to
estimate w for the problem given in Example 16 and obtained
w = 19999996, which approximately gives the known
frequency w = 10. Hence, this procedure is interesting and
will be seriously considered in our future research.

If a problem has multiple frequencies, then w is approxi-
matively calculated so that it is an indicative frequency (see
Nguyen et al. [16]). We note that estimating the frequency
when it is unknown as well as finding the frequency for
problems for which the frequency varies over time is very
challenging. This challenge and the choice of the frequency
in trigonometrically fitted methods have grown in interest.
Existing references on how to estimate the frequency and the

(8u (1 cosu — sinu))

choice of the frequency include Vanden Berghe et al. [31] and
Ramos and Vigo-Aguiar [32].

5. Conclusion

In this paper, we have proposed a family of Enright methods
using trigonometric bases for solving stiff and oscillatory
IVPs. The ESDM is zero-stable and produced good results
on stiff IVPs. This method has the advantages of being self-
starting and having good accuracy properties. ESDM has
order (k+2) similar to that in Enright [22]. We have presented
representative numerical examples that are linear, nonlinear,
stiff, and highly oscillatory. The need that the frequency
be known in advance might be a shortcoming, yet these
examples show that the ESDM is not only promising but more
accurate and efficient than those in Nguyen et al. [16], Simos
[25], Ixaru and Vanden Berghe [30], and Ozawa [15]. Details
of the numerical results are displayed in Tables 2, 3, 4, and
5, and the efficiency curves are presented in Figures 9, 10, 11,
12, and 13. Our future research will incorporate a technique
for accurately estimating the frequency as suggested in
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F1GURE 10: Efficiency curves for Example 17.
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FIGURE 12: Efficiency curves for Example 18 with 3 = —1000.

15

TABLE 4: Results with w = 1, for Example 18.

ESDM

Nguyen et al. [16]

For 8 = —3 we have

EMI  EM2  EM3  EM4 Nguyen
N 6 6 6 6 —
Err 6.6(=5) 3.8(=5) 71(=5) 12(-4) —
N 10 10 10 10 10
Err 1.9(-5) 13(-6) 4.1(-6) 8.1(-7) 5.4 (-6)
N 27 27 27 27 19
Err 1.2(-6) 82(-8) 31(-8) 4.3(-9) 8.3(-8)
N 32 32 32 32 23
Err 71(-7) 63(-8) 13(-8) 19(-9) 4.5 (-4)
For 8 = —1000 we have
EM1 EM2 EM3 EM4 Nguyen
N 6 6 6 6 13
Err 6.6(=5) 3.8(=5) 71(=5) 13(=5) 1.0 (=6)
N 16 16 16 16 16
Err 53(=6) 62(=7) 18(=7) 25(-8) 16 (=7)
N 20 20 24 24 21
Err 28(=6) 32(=7) 53(-8) 65(-9) 70 (=8)
2k
_al
S
g
sl
. 50I00 T IO(I)OO. . 15(I)00.
Steps

@ ESDIRK4(3)
- FESDIRK4(3)
- EM2

F1GURE 13: Efficiency curves for Example 19.

Section 4.2 as well as implementing the method in a variable
step mode.
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TABLE 5: Results with w = 1, e = 0.005, for Example 19.
ESDM FESDIRK ESDIRK
EM1 EM2 EM3 EM4 EM5 FESDIRK4 (3) ESDIRK4 (3)
N 300 600 600 600 1200 381 884
Err 2.4 (=3) 3.0 (-4) 12 (—4) 2.6 (-1) 12 (=7) 14 (=3) 9.4 (-3)
N 600 1200 1200 1200 2000 680 1573
Err 1.8 (-3) 9.8 (-6) 4.5 (-6) 4.6 (=7) 2.4 (-9) 17 (-4) 6.2 (-4)
N 1200 2000 2000 2000 2400 1207 2796
Err 2.8 (-4) 7.5 (=7) 4.0 (-7) 1.3 (-8) 1.1(-9) 1.8 (-5) 4.4 (-5)
N 2000 3200 3200 3200 3200 2144 4970
Err 6.2 (-5) 73 (=8) 3.9 (-8) 4.9 (-10) 1.6 (~10) 1.9 (=6) 3.4 (-6)
N 4000 4800 4800 4800 4800 3806 8833
Err 7.8 (—6) 9.6 (-9) 5.2 (-9) 2.9 (-11) 92 (-12) 19 (=7) 2.8 (=7)
N 8000 8000 8000 8000 8000 6762 15706
Err 9.7 (=7) 75 (~10) 4.0 (~10) 8.8 (-13) 3.6 (-13) 2.0 (-8) 25 (-8)
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