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Let M be a lattice module over the multiplicative lattice L. A nonzero L-lattice module M is called second if for eacha € L,al,, = 1,,
oral,; = 0,,. A nonzero L-lattice module M is called secondary if for each a € L, al,, = 1,, or a"l,, = 0, for some n > 0. Our
objective is to investigative properties of second and secondary lattice modules.

A multiplicative lattice L is a complete lattice in which there
is defined as a commutative, associative multiplication which
distributes over arbitrary joins and has the compact greatest
element 1; (least element 0;) as a multiplicative identity
(zero). An element a € L is said to be proper ifa < 1;. An
element p < 1; in Lis said to be prime ifab < p implies either
a < porb < p.If0; is prime, then L is said to be a domain. For
a € L,wedefine v/a = \/{x € L : x" < a for some integer n}.
An element p < 1; in Lis said to be primaryifab < p implies
eithera < porb < +/p.

If a, b belong to L, (a:;b) is the join of all ¢ € L such
that cb < a. An element e of L is called meet principal if
a/\be = ((a:e) \b)e for all a,b € L. An element e of L
is called join principal if ((ae\/b):re) = a\/(b: e) for all
a,b € L e € L is said to be principal if e is both meet
principal and join principal. e € L is said to be weak meet
(join) principal if a \ e = e(a: e) (a\/(0.: e) = (ea: e)) for
all a € L. An element a of a multiplicative lattice L is called
compact if a < \/b, impliesa < b, \/ b, \/---\/ b, for
some subsets {«;,q,,...,«,}. If each element of L is a join
of principal (compact) elements of L, then L is called a PG-
lattice (CG-lattice). If L is a CG-lattice and p is a primary
element, then /p is prime [1, Lemma 2.1].

Let M be a complete lattice. Recall that M is a lattice
module over the multiplicative lattice L or simply an L-
module in case there is a multiplication between elements of
L and M, denoted by IB for [ € L and B € M, which satisfies
the following properties:

(1) (Ib)B = 1(bB);

(2) (vala)(\/ﬁBﬁ) = \/a,ﬁlaBﬁ;
(3)1,B=B;
(4) 0,B =0,

foralll,l,, bin L and for all B, Bg in M.

Let M be an L-module. If N, K belong to M, (N:; K) is
the join of all @ € L such that aK < N. Particularly, (0,,:1.15,)
is denoted by ann(M). If a € L and N € M, then (N:,,a)
is the join of all H € M such that aH < N. An element N
of M is called meet principal if (b A (B:yN))N = bN A B for
allb € L and for all B € M. An element N of M is called
join principal if b vV (B:;N) = ((bN VvV B);;N) forallb € L
and for all B € M. N is said to be principal if it is both meet
principal and join principal. In special cases, an element N
of M is called weak meet principal (weak join principal) if
(B:yN)N = BA N ((bN: N) = bV (0 N)) for all B €
M (for all b € L). N is said to be weak principal if N is both
weak meet principal and weak join principal.

Let M be an L-module. An element N in M is called
compact if N < \/ B, implies N < B, VB, V-V B,
for some subsets {«;,«,,...,«,}. The greatest element of M
will be denoted by 1,,. If each element of M is a join of
principal (compact) elements of M, then M is called a PG-
lattice module (CG-lattice module).

Let M be an L-module. An element N € M is said to be
proper if N < 1,,. For all elements N of M, [N, 1,,] is a set of
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all K € M such that N < K < 1,, and [N, 1,,] is an L-lattice
module witha - K = aK vV N foralla € L and K € M such
that N < K.

For various characterizations of lattice modules, the
reader is referred to [2-9].

Definition 1. A nonzero L-lattice module M is called second
ifforeacha € L,al,; = 1, oral,; = 0,,.

Definition 2. A nonzero L-lattice module M is called sec-
ondary if for each a € L, al,,; = 1,; or a"1,; = 0,, for some
n>0.

Example 3. Let Z be the integers, let Q be the rational
numbers, and let Q be Z-module. Suppose L = L(Z) is the set
of all ideals of Z and M = L(Q) is the set of all submodules of
Q. Thus, M as L-lattice module is a second module, since for
every integer n € Z, (nZ)Q = Q or (nZ)Q = 0.

Remark 4. Every second lattice module is a secondary lattice.
But the converse is not true. For this, we can give the following
example.

Example 5. Let Z be the integers and let Z, be Z-module.
Suppose that L = L(Z) is the set of all ideals of Z and M =
L(Z,) is the set of all submodules of Z,. Thus, M as L-lattice
module is a secondary lattice module, which is not a second
lattice module.

Example 6. Let Z be the integers and L = L(Z) the set of all
ideals of Z. Thus, L as L-lattice module is neither a second
lattice module nor a secondary lattice module.

Proposition 7. Let L be a CG-lattice and let M be a nonzero
L-lattice module. If for each compact a € L, aly; = 1, or
al,, = 0y, then M is a second L-lattice module.

Proof. Let r € L. Since L is a CG-lattice, then we have r =
\/;¢; such that ¢;'s are compact elements of L. Then, we obtain
rly = (\Vi6)1p = V.61 We have two cases.

Case 1. If ¢;1,; = 0, for each compact ¢; € L, then we have
rly = (Vie) 1y = Vigly = Oy
Case 2. If ¢;1,, = 1,, for some compact ¢; € L, then we have
rly = (Viedly = Vigly = 1y

Hence, r1), = 1,, or rl,; = 0, for each r € L. Conse-
quently, M is second. O

Proposition 8. If M is a second L-lattice module, then
ann(M) = (0p: 1) = p is a prime element of L. In this case,
M is called p-second lattice module.

Proof. Suppose that M is a second L-lattice module. Clearly,
ann(M) = pis a proper element of L. Let ab < p and assume
that b ¢ p;thatis, bl # 0, But M is a second L-lattice
module; then b1, = 1,,. Since bl,,; = 1, and abl,; = 0,,
then al,; = 0,,, which implies that a < p. O
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Proposition 9. If M is a secondary L-lattice module, then
ann(M) is a primary element of L.

Proof. Suppose that M is a secondary L-lattice module. Let
ab < ann(M) and b ¢ +Jann(M); we prove that a < ann(M).
Since ab < ann(M) and b ¢ +/ann(M), we have abl,, = 0,,
and (b)"1,; # 0,, for each n > 0. Since M is secondary, we
have bl,; = 1, Then abl,; = al,; = 0, which implies
a < ann(M). O

Proposition 10. Let L be a CG-lattice. If M is a secondary L-

lattice module, then \Jann(M) = p is a prime element of L. In
this case, M is called p-secondary lattice module.

Proof. Let M be a secondary lattice. Then ann(M) is a

primary element of L by Proposition 9. Therefore +/ann(M)
is prime by [1, Lemma 2.1]. O

Proposition 11. Let L be a lattice domain and let M be a
nonzero L-module. Then M is a second lattice module with
ann(M) = 0y if and only if M is a secondary lattice module

with \Jann(M) = 0;.

Proof. =: Since M is a second lattice module, then M
is a secondary lattice module. Since L is domain, then
Vann(M) = /0, = 0;.

&: Suppose that M is a secondary lattice module with
\ann(M) = 0;. Let a € L and assume that al,, # 1,,. Since
M is a secondary lattice module, then there exists a positive
integer n such that a”1,, = 0, thatis, a < +Jann(M) = 0.
Then al,; = 0,,. Hence, we obtain M is a second lattice.
Clearly, ann(M) = 0;. ]

Definition 12. Let M be a nonzero L-lattice module. An
element 0);, # N < 1,, is said to be pure element, if aN =
aly, AN foralla € L.

Proposition 13. Let L be a CG-lattice, let M be a nonzero L-
lattice module, and let N be a pure element of M. If M is a p-
secondary lattice module, then [N, 1,,] and [0y, N] are both
p-secondary lattice modules.

Proof. Suppose that M is a p-secondary lattice module. Let
s € L. Since M is a secondary lattice module, then either
slyy = Iyyandinthiscases- 1y, =s- 1y =sly \/N =
IyVN =1, = 1(n,1,,) Or there exists a positive integer ¢,
such that s'1,; = 0,, and in this case s’ - Ling,) = sty =
s'1yy /N =0, \/ N = N =0y, 1. Hence, [N, 1] isaseco-
ndary lattice module.

It remains to show that +/ann([N, 1,]) = p = Vann(M).
Clearly, \Jann(M) < ~Jann([N, 1,,]). Let r be compact and
r < +ann([N,1,]). Since r is compact, there exists a
positive integer n such that " - 1y, ;| = Opyy,)5 that is,
r"1,,\/ N = N. Hence, we have r"1,, < N. Now we assume
that r ¢ +ann(M). Then r1,; = 1,,, since M is secondary.
Thus, 1, = 7"1,, < N; thatis, N = 1,, which is a
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contradiction. Therefore, r < +/ann(M). Consequently, we
obtain \/ann([N, 1,,]) < \Jann(M).

Leta € L. Since N is pure, aN = aly, AN. As M is
a secondary lattice module, then either al,, = 1,, or there
exists a positive integer # such that a”1,,; = 0,. This implies
that either aN = N ora”N = a"1,; A\ N = 0,,. Therefore, we
havea -1 yj=a-N=aN\/0y =aN =N =1, y;or
a" 1, ny=a N =a"N\0y =a"N =0y =04
Hence, [0,,, N] is a secondary lattice module.

Now we show that \Jann(M) = ~Jann([0,;, N]). Clearly,
Vann(M) < +Jann([0,,, N]). Let ¢ be compact and ¢ <
\Jann([0,,, N]). Since c is compact, there exists a positive
integer k such that ¢* - N = *N = 0p0,,,N] = Op- Since N
is pure, we have N = *1,, A\N = 0,,. If ¢ ¢ +ann(M),
then cl,, = 1,,. Thus, ¢*1,, = 1,,. This implies that 0,, =
IN=N /\ck 1, = N A 1,, = N, a contradiction. Therefore,

¢ < \ann(M). O

Proposition 14. Let M be a nonzero L-lattice module and let
N be a pure element of M. Then M is a p-second lattice module
if and only if [0y, N1 and [N, 1,,] are both p-second lattice
modules.

Proof. =: Suppose that M is a p-second lattice module. Let
a € L. Since N is pure, we have aN = N /\al,;. As M is a
second lattice module, then either al,; = 0,, or al,; = 1,,.
This implies that either aN = 0,, oraN = N. Hence, [0,,, N]
is a second lattice module. Now, we show that ann(M) =
ann([0y, N1). Clearly, ann(M) < ann([0y;, N]). Let r <
ann([0,,, N1]). Thus, we have rN = 0,,. Now we assume that
r & ann(M). Then we obtain r1,, = 1,,, since M is a second
lattice module. This implies that 0,;, = *N = rl,, AN =
1,; /AN = N, a contradiction. Therefore, r < ann(M).

Let t € L. Since M is a second lattice module, either
tly = 1y andinthiscaset - 1y, | =11y =11 \/N =
Iy VN = 1 = 1y, OF tly, = 0y and in this case £ -
Iing, =t 1y =tly VN =0, \/ N =N =0, Hence,
[N, 1,,] is a second lattice module. It remains to show that
ann(M) = ann([N, 1,,]). Clearly ann(M) < ann([N, 1,,]).
Let s < ann([N,1,,]). Thus, s - v, = Oy ps that is,
sl \V N = N, and this implies that s1,;, < N. Now we
suppose that s & ann(M). Then, we have s1,; = 1,,, since M
is second. Hence, 1, = s1,,; < N, a contradiction. Therefore,
s < ann(M).

<: Suppose that [0,,, N] and [N, 1,,] are both second
lattice modules with ann([0,,, N1) = ann([N, 1,.]) = p. Let
r € L. We have two cases.

Case 1. If r < ann([0,,, N]) = ann([N, 1,,]), then *rN = 0,,
and r - iy, ) = 71y = rly\/ N = N, which implies
r1y < N.Thus, 0)y = 7N = N A\ vl =rly,.

Case 2. If r & ann([0,;, N]) = ann([N,1,,]), then rN = N
since [0,,, N] is a second lattice module. Hence, we have N =
rN = N\ rly. thatis, N < rl,,, since N is pure. Because
[N, 1,,]is asecond lattice module and » & ann([N, 1,,]); we
obtain r - 1, 1 = rlpy VN = 1(n;,,) = 1y Therefore, we

obtain that r1,; = 1,,. Consequently, M is a second lattice
module.

Now we show that ann(M) = p. Clearly ann(M) <
ann([N, 1,,]). Lets < ann([N, 1,,]). Then we have s, =
Opn,1,,> that is; s - 1, = N. Thus, s1,\/N = N, and so
sl,; < N. Now, we assume that s & ann(M). Then, we have
sly; = 1, since M is second. Hence, 1, = sl); < N, a
contradiction. Consequently, we have s < ann(M). O]

Definition 15. An L-module M is called a multiplication
lattice module if for every element N € M, there exists an
element a € L, such that N = al,,.

Definition 16. A element N of an L-module M is called prime
element if N # 1,, and whenever r € L and X € M with
rX < N,then X < Norr < (N: 1,).

Definition 17. A element N of an L-module M is called
semiprime element if N # 1,; and whenever r € L and
X € Mwithr’X < N, then rX < N.

Remark 18. Let N be a proper element of an L-module M.
Then N is a semiprime element if and only if wheneverr € L,
X € M and k is a positive integer with 7*X < N, then rX <
N.

We know that a prime element is semiprime, but the
converse is not true in general. The following proposition
shows that the converse is true when the module is secondary
and multiplication.

Proposition 19. Let M be a multiplication and secondary L-
lattice module. For all element N of M such that 1,; # N €
M, N is a semiprime element of M if and only if N is a prime
element of M.

Proof. =:Suppose that N isa semiprime element of M and let
rX < N, wherer € L, X € M. Since M is a secondary lattice
module, then either 7"1,, = 0,, for some positive integer n or

rlyr = 1y

Case 1.1fr"1,,; = 0,,, thenr"1,; < N. Since N is a semiprime
element, we have r1,; < N.

Case 2. If r1,; = 1,,, then we have X = rX, since M is a
multiplication lattice module. Then we have rX = X < N.

Therefore, N is a prime element of M.
«: It is obvious. O

Definition 20. Let M be an L-lattice module and let N be a
proper element of M. N is called a primary element of M, if
whenever a € L, X € M such thataX < N, then X < N
ora < +/(N:1,). Particularly, if M is nonzero and 0, is
primary, then M is said to be primary lattice module.

Definition 21. An L-lattice module M is said to be simple
lattice module if M = {0,,, 1,,}.



Proposition 22. Every multiplication secondary lattice mod-
ule is a primary lattice module.

Proof. Let M be a multiplication secondary module and rX =
0, for some r € L, X € M. Now, we assume that r+/ann(M).
Since M is a secondary module, then we have r1,, = 1,,.
Because M is a multiplication, then we have *X = X.
Consequently, we obtain X = 0,,. O

Proposition 23. Every multiplication second lattice module is
a simple lattice module.

Proof. Let M be a multiplication and second module. Since
M is a multiplication, for every N € M, there existsa € L
such that N = al,,;. Then we obtain al,; = 1,, oral,; = 0y,
since M is second. Thus, we have N = 1,, or N = 0,, for
every N € M; that is, M is simple. O

Definition 24. Let L be a domain and let M be a nonzero L-
lattice module. If r1,; = 1,, for every 0, # r € L, then M is
said to be divisible.

Definition 25. A nonzero L-lattice module M is said to be
torsion if there exists 0; # r € L such thatrl,; = 0,,.

Proposition 26. Let L be a domain. Let M be a secondary L-
lattice module. Then either M is a divisible module or M is a
torsion module.

Proof. Suppose that M is a secondary module over a domain
L. If M is not divisible, then there exists 0; # r € L such that
rly # 1y Since M is a secondary lattice module, then there
exists a positive integer » such that r"1,, = 0,,. Since 0 # r
and L is a domain, then we have " # 0;. Consequently, there
exists 0; # r"" = s € L such that s1,, = 0,,. Therefore, M is a
torsion lattice module. O
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