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Abstract This article deals with two main topics. One is
odd parity trace anomalies in Weyl fermion theories in a 4d
curved background, the second is the introduction of axial
gravity. The motivation for reconsidering the former is to
clarify the theoretical background underlying the approach
and complete the calculation of the anomaly. The reference
is in particular to the difference between Weyl and massless
Majorana fermions and to the possible contributions from
tadpole and seagull terms in the Feynman diagram approach.
A first, basic, result of this paper is that a more thorough
treatment, taking account of such additional terms and using
dimensional regularization, confirms the earlier result. The
introduction of an axial symmetric tensor besides the usual
gravitational metric is instrumental to a different derivation of
the same result using Dirac fermions, which are coupled not
only to the usual metric but also to the additional axial tensor.
The action of Majorana and Weyl fermions can be obtained
in two different limits of such a general configuration. The
results obtained in this way confirm the previously obtained
ones.

1 Introduction

This article deals with two main topics. One is odd parity
trace anomalies in chiral fermion theories in a 4d curved
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background, the second is the introduction of axial gravity.
The first subject has been already treated in [1,2]. The sec-
ond, to our best knowledge, is new. The motivation for recon-
sidering the former is to clarify the theoretical background
underlying the approach and complete the calculation of the
anomaly, also in view of more recent results, [3]. For some
aspects of the calculations in [1,2] were left implicit. We
refer to the possible contributions from tadpole and seagull
terms in the Feynman diagram approach used there. Here we
treat them explicitly. In this paper we use dimensional regu-
larization, deferring to another paper the discussion of other
regularizations. A first, basic, result of this paper is that a
more thorough treatment, taking account of such additional
terms, confirms the result of [1].

The second topic is motivated as follows. It is well known
that in anomaly calculations the functional integral measure
plays a basic role. In the case of chiral fermions the definition
of such a measure is a long-standing and unsolved problem.
One can bypass it by using Feynman diagram techniques,
where the fermion path integral measure does not play a
direct role. However, there is a way to carry out the same cal-
culation on a theory of Dirac fermions, so that no fastidious
objections can be raised about the fermion functional integral
measure. Here is where the axial metric intervenes. The idea
is to follow the method used in [4] for chiral gauge anomalies.
It is possible to compute covariant and consistent anomalies
in a unique model by coupling Dirac fermions also to an
axial potential A, beside the familiar vector potential V. The
anomalies one obtains in this way satisfy the Wess—Zumino
consistency conditions, but depend on two potentials. The
covariant anomaly for Dirac fermions coupled to V' alone are
obtained by simply setting A = 0. The consistent anomaly of
chiral fermions coupled to V are obtained by taking the limit
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V. — V/2,A — V/2. Transposing this technique to the
problem of trace anomalies for chiral fermions, requires the
introduction of an axial tensor f},,, which with some abuse
of language we call metric too, besides the usual metric g, .
This second tensor is called axial because it couples axially
to Dirac fermions. The second important result of our paper
is that we succeed in introducing this bimetric system, and
through it we are able to derive the trace anomalies for Dirac,
Majorana and Weyl fermions as particular cases of the gen-
eral case. Using again dimensional regularization, we obtain
in this way a confirmation of the previous, together with new,
results. We suggest also an explanation for the claimed dis-
agreement with Ref. [3].

The calculations presented here have a more general moti-
vation, stemming from a more basic question concerning
massless fermions. More precisely the question we would
like to be able to answer is: is there at present a consistent
field theory of massless fermions in a curved background? A
massless Dirac fermion is not a good candidate in this sense,
because it admits a mass term that can arise from renormal-
ization, even if it is not initially present in the action. So
the choice must be restricted to Weyl and Majorana. Also
a Majorana fermion can have mass, but if its bare mass is
zero, a (rigid) chiral symmetry could in principle protect this
vanishing mass. However, this symmetry is anomalous on
a curved background, due to the Kimura—Delbourgo—Salam
anomaly, [5-7]. A Weyl fermion is certainly massless and no
bare mass term exists that can threaten this property. The odd
parity trace anomaly found in [1] is a new and perhaps useful
aspect [8] as long as we consider the theory an effective one.
However, unitarity of the theory might be imperiled in a fully
quantized gravity theory interacting with chiral fermions. As
pointed outin [1] this may have important implications for the
existence of massless neutrinos, unless some innovative the-
ory is introduced in order to describe truly massless fermions
on a curved background.

Given the importance of this theme, we intend to return to
the analysis of the odd parity trace anomaly in the presence
of a gravitational background by means of other methods
and other regularizations, which we believe will confirm the
results obtained with the dimensional regularization.

The paper is organized as follows. In Sect. 2 we review
the properties of massless Weyl and Majorana fermions in
4d. In Sect. 3 the anomaly derivation of [1] is reviewed
and integrated with the calculation of the relevant tadpoles
and seagull terms. In Sect. 4 such a revisiting is completed
with the evaluation of the Ward identity for diffeomorphisms.
Section 5 contains an additional discussion of the odd trace
anomaly. In Sect. 6 we introduce the formalism for a MAT
(metric-axial-tensor) gravity, and in Sect. 7 we couple it to
Dirac fermions. Then we present a simplified derivation of
the trace anomalies in such a model, and then we compute
in detail the collapsing limit, which allows us to calculate
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the trace anomalies in an ordinary gravity background for
Dirac, Weyl and Majorana fermions. Section 8§ is devoted to
a justification of the simplifications of the previous section.
Section 9 is the conclusion. The evaluation of the triangle
diagram for odd trace anomaly is shown in Appendix A. The
derivation of Feynman rules in an ordinary gravity and MAT
background, together with the relevant Ward identities are
collected in Appendix B. The most encumbering diagram
calculations can be found in Appendix C.

Notation We use a metric g, with mostly — signature. The
gamma matrices satisfy {y", y"} = 2g"¥ and

Vi = y0¥uvo

The generators of the Lorentz group are X, = %[Vu: Wl
The charge conjugation operator C is defined to satisfy

vl =-Cly,C, cc*=-1, cCc'=1 ¢))

The chiral matrix ys = iy%y'y2y3 has the properties
T

Ve =ys, (r5)P=1, ClysC=yd

2 Dirac, Majorana and Weyl fermions in 4d

We would like to devote this section to a discussion of the
statement that a massless Majorana fermion is the same as
a Weyl fermion. The reason is that, if it is true at both clas-
sical and quantum level, there is no chance for an odd par-
ity trace anomaly to exist and no motivation for this paper.
On the other hand this statement is not undisputed. As one
can easily experience, there is no well-defined or generally
accepted doctrine about the properties of the quantum theo-
ries of massless Majorana and Weyl fermions. Our aim here
is to examine various aspects of the problem and bring to
light all the classical and quantum differences between the
two types of fermions. We would like to convince the reader
that there is no a priori uncontroversial evidence that the
statement is true, and therefore it is prudent to leave the last
word to explicit computations, such as the one for odd parity
trace anomaly.

We start from a few basic facts about fermions in 4d. Let us
start from a four-component Dirac fermion yr. Under Lorentz
it transforms as

1
Y (x) = ¢'(x)) = exp [—EK“”ZW} ¥ (x), 2
for x’* = (eM*,x", where o = 21;[7/#’ 1. The
Lagrangian for a free Dirac field is well known:
iy o 3)

What is often forgotten is that, like for the kinetic term of any
field theory, it can be constructed because, in the spinor space,
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there exists a Lorentz invariant scalar product (W1, V) =
(lIJIr [y°|¥,). So that (3) can also be written as

i, y-0y). “

A Dirac fermion admits a Lorentz invariant mass term
myy =m(y, ¥).

A Dirac fermion can be seen as the sum of two Weyl
fermions

14 ys
l/fL = PLW, I/IR = PRW, where PL = T,
1 —ys

P
k 2

with opposite chiralities

ys¥L =YL, ys¥r=—Yr.

Aleft-handed Weyl fermion admits a Lagrangian kinetic term

i, y-9yL) =iV vy v &)

but not a mass term, because (Y7, ¥z) = 0, since y57° +
¥%5 = 0. So a Weyl fermion is massless and this property
is protected by its being chiral.

In order to introduce Majorana fermions we need the

~

notion of Lorentz covariant conjugate spinor, V:

¥ = nCy*. (6)

It is not hard to show that if ¢ transforms like (2), then

7 2ot 1 v 7

Y (x) = ¥(x') =exp A ¥ (x). (N
Therefore it makes sense to impose on ¥ the condition

v=1v )

because both sides transform in the same way. A spinor sat-
isfying (8) is, by definition, a Majorana spinor.

A Majorana spinor admits both kinetic and mass term,
which can be written as % x those of a Dirac spinor.

In terms of Lorentz group representations we can summa-
rize the situation as follows. y5 commutes with Lorentz trans-
formations exp [—3A#VE,,, ]. So do Py, and Pg. This means
that the Dirac representation is reducible and multiplying the
spinors by Pr and Ppg identifies irreducible representations,
the Weyl ones. To be more precise, the Weyl representations
are irreducible representations of the group SL(2, C), which
is the covering group of the proper ortochronous Lorentz
group. They are usually denoted ( %, 0) and (O, %) in the
SU(2) x SU(2) labeling of the SL(2, C) irreps. As we have
seen in (7), Lorentz transformations commute also with the
charge conjugation operation

cye ! =nepCy* )

where nc is a phase which, for simplicity, we set equal to
1. This also says that Dirac spinors are reducible and sug-
gests another way to reduce them: by imposing (8) we single
out another irreducible representation, the Majorana one. The
Majorana representation is the minimal irreducible represen-
tation of a (one out of eight) covering of the complete Lorentz
group, [9,10]. It is evident, and well known, that Majorana
and Weyl representations are incompatible (in 4d).!

Let us recall the properties of a Weyl fermion under charge
conjugation and parity. We have

Cyre™! = PreyC ! = PLy = . (10)

The charge conjugate of a Majorana field is itself, by defini-
tion. While the action of a Majorana field is invariant under
charge conjugation, the action of a Weyl fermion is, so to say,
maximally non-invariant, for

e </ i%y“aﬂm) el = /iﬁy’”@mh

= /i%y“ame. (1
The parity operation is defined by
— —

PYL@, )P = npyovr(, - X) (12)
where 1 p is a phase. In terms of the action we have
?(/%Wam) Pl = /%y“auw, (13)
while for a Majorana fermion the action is invariant under
parity.

If we consider CP, the action of a Majorana fermion is
obviously invariant under it. For a Weyl fermion we have

CPYL(t, X)(EP) ™ = yovr(t,— X) = yoPrir(t, = X)
= yoUR(t, — X) (14)
Applying CP to the Weyl action one gets
er ([ v amn) en
= f iVR(t, — X)y" 9,0k, = )
= /n&R(r, Xy, dr(r, X). (15)
But one can easily prove that

/ iR, )y o, PR, X) = f iYL ()Y 8, v (x).
(16)

1" One can express the components of Majorana fermion as linear com-
binations of those of a Weyl fermion and vice versa; see for instance
[11]. However, this does not respect the irrep decomposition.

@ Springer
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Therefore the action for a Weyl fermion is CP invariant. It is
also, separately, T invariant, and, so, CPT invariant.

Now let us go to the quantum interpretation of the field
Y¥r . It has the plane wave expansion

1w = [ ap (arusme ™ + 5" o per)
(7)

where ur, vy are fixed and independent left-handed spinors
(there are only two of them). The interpretation is: bT(p)
creates a left-handed particle while a(p) destroys a left-
handed particle with negative helicity (because of the oppo-
site momentum). However, Eqgs. (14) and (15) force us to
identify the latter with a right-handed antiparticle: C maps
particles to antiparticles, while P invert helicities, so CP maps
left-handed particles to right-handed antiparticles. It goes
without saying that no right-handed particles or left-handed
antiparticles enter the game.

Remark A mass term ¢ for a Dirac spinor can also be
rewritten by projecting the latter into its chiral components

VY =VLYr+ VRVL. (18)
If ¥ is a Majorana spinor this can be written

Vi = vLvr + VriL, (19)
which is therefore well defined and Lorentz invariant by con-

struction. Now, using the Lorentz covariant conjugate we can
rewrite (19) as

W) C L + vl Cr)*, (20)

which is expressed only in terms of /7. Equation (20) may
create the illusion that there exists a mass term also for Weyl
fermions. But this is not the case. If we add this term to
the kinetic term (5) we obtain an action whose equations of
motion have mC ET as the mass term. These involve both
chiralities as a consequence of the self-adjointness of (20).
This implies that there does not exist such a thing as a “mas-
sive Weyl propagator”, i.e. a massive propagator involving
only one chirality, which, in particular, renders the use of
the Pauli—Villars regularization problematic.> Another pos-
sibility could be to write down a massive Dirac equation of
motion for a Weyl fermion,

iyt —myrp =0, (21)

but this equation breaks Lorentz covariance because the first
piece transforms according to a right-handed representation
while the second according to a left-handed one, and is not

2 Sometimes a Dirac or Majorana propagator is used in its place. A min-
imal precaution, in such a case, would be to check the results obtained
with this regularization by comparing them with those obtained with
others.

@ Springer

Lagrangian. The reason is, of course, that (20) is not express-
ible in the same canonical form as (5). This structure is clearly
visible in the four component formalism used so far, much
less recognizable in the two-component formalism.

The fact that a massive Majorana fermion and a Weyl
fermion are different objects is, in our opinion, uncontrover-
sial. The question whether a massless Majorana fermion is
or is not the same as a Weyl fermion at both classical and
quantum level, as we pointed out above, is not so clearly
established. Let us consider the case in which there is no
quantum number appended to the fermions. The reason why
they are sometimes considered as a unique object is due, we
think, to the fact that we can establish a one-to-one corre-
spondence between the components of a Weyl spinor and
those of a Majorana spinor in such a way that the Lagrangian
(particularly in two-component notation) looks the same. In
fact this is not decisive, as we will see in a moment. But
let us mention first the evident differences between the two.
The first, and most obvious, is the one we have already men-
tioned: they belong to two different representations of the
Lorentz group, irreducible to each other (it should be standard
lore that in 4d there cannot exist a spinor that is simultane-
ously Majorana and Weyl). Another macroscopic difference
is that the helicity of a Weyl fermion is well defined and cor-
responds to its chirality, while the chirality of a Majorana
fermion is undefined, so that the relation with its helicity is
also undefined. Next, a parity operation maps the Majorana
action into itself, while it maps the Weyl action (5) into the
same action for the opposite chirality. Same for the charge
conjugation operator. Finally, going to the quantum theo-
ries, the fermion path integral measures in the two cases
are different. This is the crucial point as far as the matter
discussed in this paper is concerned, i.e. anomalies. Let us
expand on it. The path integral of a free Dirac fermion (3)
is interpreted as the determinant of the massless Dirac oper-
ator I) = id + V (where V denotes any potential), i.e. the
(suitably regularized) product of its eigenvalues. A similar
interpretation holds for a massless Majorana fermion, while
for a Weyl fermion it is not so straightforward. Since the
Dirac operator anticommutes with ys, it maps a left-handed
spinor to a right-handed one. Therefore the eigenvalue prob-
lem is not even defined for I, = P Pr .IWe may replace the

looked for det I§;, with (det (IDZ )/ L)) ® But in this case we

have to face the problem of an undetermined overall phase
factor. This impasse has been known for a long time.> A few

3 1t is well known that in particular this prevents using the Fujikawa
method for chiral theories, because the latter, at least in its original
form, holds when in the theory both chiralities are present. This prob-
lem has been discussed in detail in [12], with explicit examples: it is
shown there that the original Fujikawa method cannot reproduce the
non-Abelian consistent chiral anomalies, but only the covariant ones
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ways have been devised to overcome it. One is to use a per-
turbative approach, via the Feynman diagram technique, in
a chiral fermion theory, wherein Lorentz covariance is taken
into account via the chiral vertices. This is the method used
in [1,2]. We will revisit it below. Later on (in Part II) we
will consider another approach, based on Dirac fermions,
[4,12,13], (i.e. with the ordinary Dirac path integral mea-
sure), whereby the chiral fermion theory is recovered as a
limiting case. Finally, although we do not use it here, we
should mention the method recently devised in [14], where
a fifth dimension is introduced as a regulator.

We think the above arguments are more than enough
to conclude that massless Majorana and Weyl fermions,
notwithstanding some similarities, may really be different
objects. However, to conclude, it is worth trying to counter a
common misconception that comes from what we said above:
we can establish a one-to-one correspondence between the
components of a Weyl spinor and those of a Majorana spinor
in such a way that the Lagrangians in two-component nota-
tion look the same. If, for instance, in the chiral representation

1) . .
we represent ¥/, as ( 0> , where w is a two component spinor,

then (5) above becomes
iw' 53,0, (22)

which has the same form as a massless Majorana action. Now,
if the action is the same for both Weyl and Majorana, how
can there be differences? This (problematic) syllogism may
cause gross misunderstandings. Well, first, in general, the
action of a physical system does not contain all the informa-
tion concerning the system, there being specifications that
have to be added separately. Second, even though numeri-
cally the actions coincide, the way the actions respond to a
variation of the Weyl and Majorana field is different. One
leads to the Weyl equation of motion, the other to the Majo-
rana one. The delicate point is precisely this: when we take
the variation of an action with respect to a field in order to
extract the equations of motion, we have to make sure that

Footnote 3 continued

in chirally symmetric theories. It follows that one cannot expect to be
able to reproduce the odd parity trace anomaly in a left-handed theory,
because the latter belongs to the same class as the non-Abelian con-
sistent chiral anomalies, that is, the class of anomalies having opposite
sign for opposite chirality. This remark applies to [3], which, following
the method of Fujikawa and using Pauli—Villars regularization, obtains
a vanishing odd trace anomaly and seems to contradict our result below.
Although we intend to return more punctually on this issue, let us point
out for the time being that using a Dirac fermion path integration mea-
sure amounts to introducing in the game both chiralities, even though
formally the action is declared to be the Weyl one. We have seen that the
classical action can take various forms, but for this anomaly what mat-
ters is that only one chirality is involved through all the steps, including
the path integration measure. Therefore, we believe, the result of [3]
applies to Dirac and Majorana fermions and is in fact consistent with
ours.

the variations do not break the symmetries or the properties
we wish to be present in the equations of motion. In general,
we do this automatically, without thinking of it.* But in this
case more than the normal care has to be used. If we wish the
EoM to preserve chirality we must use variations that pre-
serve chirality, i.e. must be eigenfunctions of ys. If instead
we wish the EoM to transform in the Majorana representation
we have to use variations that transform suitably, i.e. must be
eigenfunctions of the charge conjugation operation. If we do
so we o btain two different results, which are irreducible to
each other, no matter what action we use.® Third, and most
important, as already pointed out, in the quantum theory a
crucial role is played by the functional measure, which is
very likely to be different for Weyl and Majorana fermions.

Concluding this introductory discussion, we think the
identification of a Weyl fermion with a massless Majorana
one should not be taken as granted as sometimes stated in
the literature. It is prudent to avoid a priori conclusions, but
rather develop both hypotheses (not only one) and compare
the end results. This said, it is important to find properties
that differentiate Weyl and massless Majorana fermions. In
this paper, following [1,2], we show that one such property
is the parity odd Weyl anomaly. The latter is O for a massless
Majorana fermion, while it equals the Pontryagin density for
a Weyl fermion (the even parity trace anomaly is the same
for both).

Part I

3 Odd parity trace anomaly in chiral theories

In this section we reconsider the calculation of the odd trace
anomaly in [1] (for an introduction to anomalies see [15—
17]). The motivation for this is that in [1], as well as in [2],
tadpoles and seagull diagrams were disregarded. In ordinary
(non-chiral) theories coupled to gravity such diagrams con-
tribute local terms to the effective action, and help restoring
conservation, which otherwise would be violated by local
terms, [18]. As we shall see below, these diagrams are instead
ineffective for the parity odd diagrams in a chiral theory, and
do not change the final result. However, a complete treat-
ment demands that they should be taken into account and
evaluated.

4 For instance, in gravity theories, the metric variation 8g,,, is generic
while not ceasing to be a symmetric tensor.

5 It is clear that, eventually, all the components, both of a Weyl and a
massless Majorana fermion, satisfy the massless Klein—-Gordon equa-
tion. But this is not a qualifying property in this context, otherwise,
for instance, any two (anticommuting) complex massless scalar fields
would be the same as a Weyl fermion, and any four real massless scalar
fields would be the same as a massless Majorana fermion.

@ Springer
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The model we considered in [1] was a left-handed Weyl
spinor coupled to external gravity in 4d. The action is

_ 1
S = /d4x lglivLy™ (Vm + Ewm> VL (23)

where y”* = elly¢, V (m,n, ... are world indices, a, b, ...
are flat indices) is the covariant derivative with respect to the
world indices and wy, is the spin connection:

Wy = wfnb Sab
where X, = ;lt[ya, yp] are the Lorentz generators. Finally

Y = HTV"'w. Classically the energy-momentum tensor

i PaN
™ = —ZWLV”V”WL + (u < v) (24)

is both conserved on shell and traceless.
From (23) we extracted the (simplified) Feynman rules as
follows. The action (23) can be written as

4 i — [LH 1 nabc o
S= | d'x /g EWLV aqu_ZE OuabVLYeVsYL
(25)

where it is understood that the derivative applies to 17 and
4z only. We have used the relation {y¢, £°¢} = i €404y, ys.
Expanding
a __ qa a
eu—6H+Xﬂ+' )
and  guy = N + Ay

=8l L
(26)

and inserting these expansions in the defining relations
I
eZeb =08, guv = eZeé’r/ab, one finds

A= —xt and hyy =2 xu. (27)
Expanding accordingly the spin connection
Wypab = €va (aue[ly) + eabravu),
v 1 VA
o'y = 577 (0o hyy + 0phoe — nhoy) + - -
after some algebra one gets
1
Wpap €49 = —Ze““bf dyhar by + - - . (28)

Therefore, up to second order the action can be written
(by incorporating +/|g| in a redefinition of the v field)

s~ [t [Leor = Lupres
p\0a T gl VLY Ou VL

1 -
+Ee““bc duhar iy ULYeYs IPL} :

The free action is

i <
Siree = / ae SPry Savn 29)

@ Springer

and the lowest interaction terms are
4 i wo ay
Sine = [ d'x _A_Lh“ YLy ouvL

1 . -
+1—66‘mb° dyuhas WLVCVS!Z’L} : (30)
Retaining only the above terms of the action of (30), the
Feynman rules are as follows (momenta are ingoing and
the external gravitational field is assumed to be hy,). The
fermion propagator is

i

: . 31
p+ie G
The two-fermion—one-graviton vertex is
i 14+ ys
Vien:—3 [P+ PDpys + (P + Do) s (2
The two-fermion—two-graviton vertex (V ; fhh ) is
€ . 1 NA LK 1+ys
fohh : 6—4luuu'v’m(k —k)*y N (33)
where
t;wu’v’xk = Nuw €vv/ic + Mov €/ ich + Ny €vp/ich
v €pv/ica (34)

3.1 Complete expansion

The previous action (23) is a simplified one. It disregards the
measure +/|g|, which is incorporated in the fermion field .
In a more complete approach one should take into account
tadpole and seagull terms and reinsert +/[g] in the action.
Some of these, in principle, might be relevant for the trace
anomaly. To this end we need the complete expansion in /4,
up to order three of the action, more precisely,

Suv = Npv +h;w,

g =" — B (W) 4

et — §H — lh“ + E(hz)u _ i(;ﬁ)ﬂ 4.
a a 2 a 8 a 16 a ’

IR (S
eZ=(SZ+§hZ—§(h )Z+1_6(h A R

Vgl =1+ %(trh) + é(trh)z - %(mﬂ) — %(trh)(trhz)

1 1
—(trh)? + = (trh®) + - - - 35
+48(r)+6(r )+ (35)
and
1
T = 5 (000 + 0,1, — 7y0)
1
1 B (Buhpy + dhpp — dphpy) . (36)
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In this approximation the spin connection is

W = % (%ns —o°nt,) + }1 (n7“0,1t, = nPa5h,
+hbT 9 h g, — h“"abhw>
—% (h“(’aﬂhf; - hb"aﬂhg)
+é (2™ a,nL — )9, h)
+% <(h2)axabhw . (hz)hxaahm>
_% ((h2)“8,\hz . (h2)“8;hfl>
+é (h“ph“ - hbph“) hpp + - . (37)
Up to third order in /4 the action is
S = /d4x [%Wymgmlh - gﬁh;”yagmw
+%W(k2>zly“5’m = %W(fﬁ)z’ y miL

1 -
— g€ VLversu (h;;aahbg + (W) Ophao

1
—h2hS B by — Ehf;aahmhg)

m'-a
1 i_ me i_ m ae
+§(trh) Eww 3m¢L—ZI/thuJ/ Im¥L
3i — 2m.ay
+EWL(h )oY OmVL

1 .
1 e’”“b%/uycysmh;;aahhg)

Lo = Lan)) (Sviyms
+ g(tr ) _Z(tr ) EWLV OmV¥L
—%Ehﬁ’y“(gmlh)

L my e h?) + = h)?® + - e
+ (g Mh) + 2 (wh) + = (k)
%EymgmeJr...]_ (38)

The propagator (31) comes from the first term of the first
line in the RHS of (38). The vertex Vs, comes from the
second term, while V;fh , originates from the first term in
the second line of (38). There are many other vertices of the
type Vern, Vifnns Virnnn- Itis important to single out which
may be relevant to trace anomalies.

The Ward identity for Weyl invariance, in the absence of
anomalies, is

T = g (T () = (T ()
+huw O (TH (1)) = 0. (39)

Writing
(T () = (01T} (x)]0)

[e¢) n

1

+> e /r([)dx,- ooy (X1) -« gy, ()
n= 1=

XTILVI‘LIVI“'HnVn(x X1
) 3 ..

s Xn), (40)

order by order in %, Eq. (39) breaks down to

TO(x) = (01T(0),.* (x)10) = 0, 1)
‘T(l)(x) = 'TMMMIVI (x,x1)
+28(x — xl)(0|T‘“‘” (x)]|0) =0, 42)

(0)
7(2)()6) = ’];LMMIV]MZW(X’ X1, X2)

+28(x — x)TH"H22 (x, x2)

+28(x — x0) T2V (x, x1) = 0, (43)
where
N I [— =
A =—— Hav
©0) S|, 1 (WL)/ UL+ u < V)
P e
+§77;w YLy dmvr. (44)

THIY (x, x0) = (01T Ty ()T ()I0)

—nHE(x — x1)<0|T(’5)”(x)|0>
828

O s @)

and

VL V]2V
TM H1Vipn2 Z(X,.X'],xz)

= —(0IT TG, () Ty (x) T (x2)|0)
828
+4i (0|TTH (x) |0)
O 8h110y (18R 50, (x2)

—inP M — x){OIT Tl ()T} (x2)10)

28 (r — x) (1T oY (O T (e1)]0)
82s
4i (0|7 T 0
+4i(0] (©) (XI)(Shuu(x)(Shuzuz(xz)' )

828
+4i (0|TTH2"? (x7) |0)
© 8hyty vy (x1)8R 0 (x)
+ (nmvl nH2v2 4 pHivapHave n#mznvwz)

x8(x — x1)8(x — x2) (01T 5) (x)]0)

) 8%s

—AnPVIs(x — x1)(0] 10)
810 (X)8R 10y (X2)

528
—4nH228(x — x2)(0 0
" O s o)

838
+8(0| 10). (46)

Shuu(x)ahm V] (xl)hp,zvz (x2)
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The functional derivatives of S with respect to & are under-
stood to be evaluated at 1 = 0.

In the sequel we will need the explicit expressions of ver-
tices, up to order two in 4 (for a derivation of Feynman rules
see Appendix B, in particular B.1 and B.2). Beside (32) and
(33) we have

View 7@+ P)PL. 47)

3i
Virnnt o4 [((p+ PDuynow + (P + Py now

+Hu <o)+ ((p+ P vun
+(p 4 Py +{n < v'})] Pr, (48)

” . i ’ ’
Vi —1g [m0 (P + Py + (4 PDvvw)

U/ ((P + P/)m/v +(p+ p/)vVu)] Pr, (49)

"

i
fohh : g(? + Ij/)(n/wnu’u/ — Nuv'Mp'v — n;w/nvv/)PL‘
(50)

So far we have been completely general. From now on we
consider only odd correlators, that is, only correlators linear
in €,03p. To start with, to (0|T(g),.*(x)|0), which is a con-
stant, only a tadpole can contribute, but its odd part vanishes
because there is no scalar one can construct with € and 7.
For the same reason also (0|T(’5)” (x)|0) vanishes. The two-
point function (O|TT(‘6;) ()c)T(‘é)'U1 (x1)]0) also must vanish,
because in momentum space it must be a 4-tensor linear in €
and formed with 1 and the momentum k: there is no such ten-
sor, symmetric in i <> v, i1 <> vy and (u, v) < (11, vy).
As for the terms (0] ﬁh;w(x;j?—hi.u.m) |0) they might also pro-
duce non-vanishing contribution from tadpoles diagram, but
like in the previous case it is impossible to satisfy the combi-
natorics. In conclusion (41) and (42) are identically satisfied,
while (43) becomes

7(2)()6) — %““‘vmzvz(x,xl, x2)

= (= OIT T T DT (12)10)
828

+4i (0|TTHY (x) |0)
© ahulvl (xl)ghuzvz (XZ)

+4i (0| TTH" (x1) it |0)
© 3/’1,“)()6)8/1#21)2 (x2)

528
40 (01T TH2" (x) 10)
() 8hyuyvy (X1)8h 1y (x)

s 0). D
Sy (I8 (D () )

To proceed we focus now on the terms containing the sec-
ond derivative of S. Looking at (38) we see that there are

+38(0|

@ Springer

several such terms. We argue now that those among them
that do not contain the € tensor, although the gamma trace
algebra may generate an € tensor, cannot contribute to the
odd trace anomaly. The vertices corresponding to such terms
have two fermion and two graviton legs, that is, they are of the
type V¢rpn. By Fourier transform, we associate an incoming
¢'P* plane wave to one fermion and an outgoing e~ P"% one
to the other, while we associate two incoming plane waves
eik‘x, k2% 1o the two gravitons. Since none of them contain
derivatives of 4, the vertex will depend atmoston g = k1-+k2,
not on k; — kp; see for instance the vertex coming from the
third term in the first line of (38), i.e. V}/‘fhh'

This being so, the contributions from the terms related to
the second derivative of S in (51) via such vertices, and linear
in €, must vanish, because it is impossible to form a 4-tensor
symmetric in (1 <> v, 4 <> v and (U1, v1) < (Uo12)
with €, 7 and g,,. It follows that only the contribution with the
vertex V;f , Might contribute non-trivially to the odd trace
anomaly. Looking at the form of V... it is clear that the
two terms in the third line of (51) give vanishing contribution
because the contraction of © with v becomes a (vanishing)
contraction of the ¢ tensor, (34).

Next let us consider the fourth line of (51). These are
seagull terms, with three external graviton lines attached to
the same point of a fermion loop. The gamma trace algebra
cannot generate an € tensor from all such terms, except of
course the second term in the second line and the one in the
fourth line. Therefore we can exclude all the former from
our consideration. As for the latter the relevant vertex has
two fermion legs, with the usual momenta p and p’, and
three graviton legs, with incoming momenta &y, k3, k3 and
labels 1t1, vi, 12, v2 and u3, v3, respectively. Its expression
for the second term in the second line of (51) is

~ fuzus)\pkgyp”mwnvm (52)

symmetrized in w; <> vy, w2 <> v2, u3 <> vz, and with
respect to the exchange of any two couples (u;, v;i). The
seagull term is therefore proportional to

4 P’
f‘”’?

which vanishes. As for the term in the fourth line of (51), one
comes to similar conclusions.

In summary, the odd trace anomaly receives contributions
only from

TO(x) = T2 (x x1, x)
= nw( - (OlTT(lé)U(X)T(I(;)M (xl)T(’é)zvz (x2)0)

828
hmvl (xl)8hp,2v2 (x2)

This result looks very much like the starting point of [1], i.e.
it seems to reduce to the same contributions, i.e. the triangle

4 OIT T () |0>). (53)
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diagram and bubble diagram (which turned out to vanish),
but there is an important modification: the T(’é)v (x) is dif-
ferent from the free e.m. tensor in [1], the definition (44)
contains an additional piece (the second). It is not hard to
show that the second term in the RHS of (53) vanishes also
when taking account of this modification. As for the three-
point function in the first term of (53) we obtain of course the
same result as in [1] when the calculation is made with three
vertices Vygp: P=Vyepp—P=Vpp—P=Vypy (for the reader’s
convenience this calculation is repeated in Appendix A); itis
0 when the second or third vertices are replaced by V} i and
it is —4 times the result of [1] if the first vertex is replaced
by V}fh’ ie. P—V}fh—P—foh—P—foh . When we replace
more than one vertex Vs, with V} - We get 0. So the overall
result of (53) is (1 — 4 = —3) times the end result for the
trace anomaly in [1].

We will see below, however, that this modification of the
anomaly must be canceled in order to guarantee conservation.
Let us call the lowest order integrated anomaly, obtained in
(1], A, = — [ @ Ap. Then the new addition equals —4.A,,.
By adding to the effective action the term C = — [ %trh Ao
we exactly cancel this additional unwanted piece. We will
verify that this counterterm cancels an analogous anomalous
term in the Ward identity of the diffeomorphisms, anomalous
term which is generated by the same diagram P-V7},,—P—
V¢rn—P—=Vsn, which is the cause of the additional term in
question in the trace anomaly.

In conclusion, the only relevant term for the odd trace
anomaly is the PV yrp—P—-Vyrp,—P—-V sy, one. This is the
term we have computed first in [1], which gives rise to the
Pontryagin anomaly. It should be remarked that in the odd
trace anomaly calculation there are no contributions from
tadpole and seagull terms.

3.2 Odd trace anomaly for Dirac and Majorana fermions

The action for a Dirac fermion is the same as in (38) with
Y1 everywhere replaced by the Dirac fermion ¢ . In order
to evaluate the odd trace anomaly we remark that an odd
contribution in (46) can come only from the terms in (38)
that contain the € tensor. Since these terms contain y5, upon
tracing the gamma matrix part, either they give 0 or another
€ tensor. In the latter case they produce an even contribution
to the trace anomaly, which does not concern us here. In
conclusion the odd trace anomaly, in the case of a Dirac
fermion, vanishes.

When the fermion are Majorana the conclusion does not
change. The simplest way to see it is to use the Majorana
representation for the gamma matrices. Then ¥ has four real
components, and the only change with respect to the Dirac
case is that in the path integral we integrate over real fermion

fields instead of complex ones, while all the rest remains
unchanged. The conclusion is obvious.

4 Conservation of the e.m. tensor

As already anticipated above, trace anomalies are strictly
connected with diffeomorphism anomalies. In 4d the so-
called Einstein—Lorentz anomalies are absent, but there may
appear other anomalous terms in the Ward identity of the
diffeomorphisms. The latter together with a Weyl anomaly
partner form a cocycle of the joint diff + Weyl cohomology;
see [19,20]. Usually, by adding a local counterterm to the
effective action, one can restore diffeomorphism invariance.
In the present case, odd parity trace anomaly, the analysis of
such possible anomalies was carried out in a simplified form
in [2]. In this section we wish to complete that analysis by
considering also tadpoles and seagull terms.

If we take into account the tadpole and seagull terms in
the conservation law one has to take into account also the
VEV of the e.m. tensor. Let us set

0IT{g) (1)10) = (0I5} (0)[0) = O = Ay, (54)
The Ward identity is

VTP ) = 9 (T () + Ty (T ()

+T (T () =0 (55)
because (T"'(x))) = L_g%. To first order in h,,, we
have

v ~ 1 v v v
)~ 3 (8,hy + xhy, — 0 hyis)
M 1
[~ Eaxhu. (56)

Now we use (40), (44), (45) and (46). To the zeroth order in
h (55) implies

9 (01T (x)]0) = 0. (57)

To get the WI to first order one must differentiate (55) with
respect to /1,,,. One has

Shuy(x) 1

Ship(y) 2

(85,00 +8580) 8(x — y) (58)
Differentiating the first term on the RHS of (55) one gets the

ordinary divergence of the two-point function. Then

STIL () 1
A _ H1V] X

o = 51" s(x —y) (59

Shulvl 6)) 2 *
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and
8T, (x) 1
A _ VI v K1 viv
— = = — (0, 8(x —y) (8,'n"" + 68"
Shyyw (v) 4 (% 5 )
+9.80 —y) (8" 0" +8,1n""")
—9"8(x — y) (SX'Sﬁ‘ + 5%18;‘)) . (60)

Putting everything together one finds
1
O (x, y) + S0 OfS (x — ) O™

1
+3 (378 (x — y)phrvern

058 (x — Y@M — 9TV (x — y)@HIMT)
=0, (01T TG ()T " M)
828
+49,(0| 0)
(Sh;w(x)ShMIVI )
+058(x — y)yr e
8 — y)n VO — 9V (x — y)OM =0,

(61)

We have already noted that, for what concerns the odd part,
all the terms in the RHS vanish. Therefore conservation is
guaranteed up to second order in /.

The order three Ward identity has a rather cumbersome
expression, in particular it contains various terms linear in
@MY, Since they do not contribute to the odd part of the iden-
tity we drop them altogether. The remaining terms are

= OIT Ty ()T " (1) T (x2)[0)
+4i 95 (01T THY (x) 85 |0)
PO T SRy (11)8 R g, (x2)
+4i 35 (0| T TH>™ (xz)az—sm)
" © 5huu(x)8hu]u1 (x1)
+4id% 0T T " (xl)‘sz—sm)
PO T Ry ()8, (x2)

R (Lt Y i I0>>
T O ()81, (x2)
828
—|0>)
Sy ()8R0, (x1)

=19 (80 =X OIT T (DT ()

422 (6<x —1)(0]

H3(x = x0T T (Tl (x1)))

78 (x — xp)p (i OIT T ()T (x2)[0)

828
+HO0l o— |0>>
Shyy (x)ahp.zvz (x2)
+358(x — xp)nH2"2 (i (0|TT(%)§ (x)T(g)‘”‘ (x1)]0)

828
Ol 8T o) '0))

+ (08 — x1) (85 0™ 4 870" ) — 8V (x — x1)816;")
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828
i TTh 0T 40—0)
(l( | (0) (x) (0) (x2)> + 4 |(Shlu\()C)(Sh’”u2 (x2) |0)

+ (08 (x — x2) (8370™ 4 8,70"2) — 878 (x — x2)8,25,7)
('<OITT“*( )T o1 2 (x2)) + 4(0] s |0>>
B R X X2 _—
© 70 8hyua (X)8h v, (x1)
538
Shjy (x)ah;uv] (xl)ah/l,zvz (x2)

+897 (0| [0y = 0. (62)
In the above discussion concerning the odd trace anomaly
we have already met some of the terms appearing in this
formula. As already noted there, the two-point functions
(01T Tio) ()T, (%';) (¥)|0) cannot contribute to the odd part
because the combinatorics of the € and 7 tensor plus an exter-
nal momentum does not allow it. Next the VEV’s of second
and third derivative of S with respect to 4 cannot contribute
with a tadpole term: if we look at (38) and focus on the ver-
tices that can give an odd parity contribution, i.e. those con-
taining the € tensor, we notice that they depend linearly on
the external momenta (not on the fermion momenta); there-
fore, in a tadpole term, the momentum integrand can only be
linear in the internal momentum p*, and thus vanishes.

Therefore (62), as far as the odd part is concerned, reduces
to
—EOIT Tl ()T () T2 (x2)10)
+4i07 (01T Ty (x) s 0)

PO T Sy (0)8h g, (x2)
+4i 37 (0| T T/ (x2) S 0)
a © 8hyw (x)8h v, (x1)

L aX Hivi SZS _

+4i0,, (O|TT(O) (xl)(Sh,w O ) |0y = 0. (63)
The last three terms on the LHS can be shown to vanish. The
proof is not as simple as the previous ones. One has to push
the calculations one step further, introduce a dimensional
regulator and use Feynman parametrization (see Appendix
B). The integration over the relevant parameter can easily be
shown to vanish. What remains to be verified is therefore

0 (01T T ) ()T, " (x1)T ) (x2)10) = 0. (64)

Let us consider the term generated by the diagram P—V}: fh
P-Virp—P=Vyrp. We have already calculated it above,
it equals —d; A(x), where A(x) is the unintegrated Weyl
anomaly calculated in [1]. So conservation is violated by
this term. Adding to the action the term C = — f %trtho,
as we have anticipated above, we get the diff variation

3:C = —/8V§‘”A = /s”BUA, (65)
which exactly cancels this anomaly.®

6 Concerning the signs remember that there is a relative — sign between
the unintegrated Diff and trace anomalies.
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Next we have to consider the diagram P~V f—P=V ./, ~
P-Vyrp and P—foh—P—foh—P—V}:fh- In the on-shell
case, k% =0 = k%, these contributions can be shown to
vanish. It is enough to take Eq. (3.18) of [1]. The first dia-
gram corresponds to contracting this formula with ki‘ orkj.
It is easy to see that such a contraction vanishes. The second
diagram corresponds to contracting the same formula with
kg "or k;/, which again vanishes. Therefore, at least in the
on-shell case these diagrams do not contribute.

In conclusion we have to verify (64) for the triangle dia-
gram P—Vy¢p—P-Vrp—P=Vry (and the crossed one). This
is what we have already done in [1,2].

4.1 On-shell, off-shell and locality

In [1,2] the following integrals were used in order to compute
the relevant Feynman diagram:

/ d*p / dse p?
Qm* | @r)d (p2+£2+ A)3

1 2
= (47)2 <_E —y +log(4m) — log A)

d*p dse p*

Qm)* ) @n)d (p?+2+ A)3
A 2
= - 4 + log(4w) — log A 66
2(471)2( 5 7T + log(4m) — log ) (66)
and
d*p [ d% o 1
Qm)* ) Qr)d (P2 +2+ A3 2(4m)?
d* d’e 252 1
P tp - A (67)
Qm)* ) @r)d (p2+02+ A3 (4m)?

where A = u(1 — u)kf +v(l — v)k% + 2uv kiky, u, v are
Feynman parameters, and § is the dimensional regulator: d =
4+4.

The odd trace anomaly is due to the term [1,2]

4 8
1 dp/d£t<p+l

128 2m)4 m)8 d pr— 2 @2p—kryyp
P op -t -k LY %)
G-k —02 (2p —2ki — k2)avp TR / >).

(68)

This requires the two integrals (67), which must be further
integrated on v from 0 to 1 — « and on u from O to 1. The
integrations over the Feynman parameters are elementary and
lead to the result

Tgaﬂxp(kl, ky) = k‘fk; (l‘)»palggf(k%

1
192(47)2
3+ Kika) = o0, ) (69)

We report this result here to stress the fact that the terms
contained in it are contact terms and thus lead to a local
anomaly. In [2] we remarked that the piece proportional to
(k% + k%) disappears on shell, and off-shell corresponds to a
trivial anomaly.

To compute the conservation law (64) we need also the
integrals (66). It is evident from the form of their RHS’s that
integrating on # and v will lead to non-contact terms, and non-
local expressions for the odd diff anomaly. However, if we
put k1 and k3 on shell things change. The contact terms have
been discussed in [2]. They can be eliminated by subtracting
local counterterms without spoiling the trace anomaly. As
for the non-contact terms they are polynomials of k| and kj
multiplied by log k1-k>. All such terms are listed in Appendix
E of [2]. They look non-local. However, using the Fourier
transform

d*k; d*k,
(2m)* 2m)*

1 1 -2’
= 59 -8 (e “5 ) 0

ol k1 (x=2)+ka(y—2)) log (k1 + kz)z

one can show that they give a vanishing contribution when
inserted into the effective action, because of the on-shell con-
dition Uk, = 0 (De Donder gauge). On the other hand,
when k; and k» are off shell, the anomaly looks non-local.
This is a surprise because we are used to think of anoma-
lies as local expressions. But we have learned from [21] and
from the higher spins analysis that when higher spins are
involved (including the metric) covariance generally requires
one to sacrifice locality. However, the ensuing non-locality is
a gauge artifact. By imposing a suitable gauge choice, local-
ity can be restored. As an example see Eq. (8.21) and others
in [21].

5 Additional remarks on Weyl and Majorana

Before leaving Part I of this paper let us add some comments
on the Pontryagin trace anomaly. A non-trivial property is
that it belongs to the family of chiral anomalies character-
ized by having opposite coefficients for opposite chiralities.”
This anomaly did not appear for the first time in [1]. The pos-
sibility of its existence due to its Wess—Zumino consistency
was pointed outin [22] and, although somewhat implicitly, its

7 This family includes in particular the consistent chiral anomalies in
gauge theories. Thus in selecting the regularization to compute the odd
trace anomaly, a necessary criterion is the ability to reproduce such
well-known consistent gauge anomalies.
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existence was implied by [23]. A similar anomaly was found
in a different contest (originating from an antisymmetric ten-
sor field) in the framework of an AdS/CFT in [24], where a
possible conflict with unitarity was pointed out. The same risk
has been pointed out, from a different viewpoint, in the intro-
duction of the present paper and in [1]. In general it seems that
its presence signals some kind of difficulty in properly defin-
ing the theory. Very likely for this reason the existence of the
Pontryagin trace anomaly for chiral fermions is still consid-
ered controversial and objections have been raised against it.
Such objections are often reducible to the credence that Weyl
fermions are equivalent to massless Majorana fermions. We
have already answered this naive objection and will not come
back to it. There are more serious issues however. One is
the following. In conformal field theory in 4d the three-point
functions of the energy-momentum tensor cannot have an odd
part, so how can an anomaly arise from the regularization of
a vanishing bare correlator? We have already answered this
question in [2]: an anomaly can arise as a simple quantum
effect; we have shown other examples of correlators which
do not arise from the regularization of non-vanishing bare
correlators, [25]. The crucial criterion is consistency.

A frequent prejudice is based on the lore that anoma-
lies appear only in connection with complex representa-
tions of the gauge group in question. This is actually true in
many cases for consistent chiral gauge anomalies. The latter
are linear in the completely symmetric ad-invariant tensors
of order n in even d = 2n — 2 dimension. For instance
in d = 4 the tensor in question is the symmetric tensor
debe = %tr(T“{Tb, T¢}) with T¢ being the anti-hermitean
generators of the Lie algebra. It is clear that if the represen-
tation is real, i.e. 7 is antisymmetric, d%¢ vanishes. For
instance in 4d there are no Einstein—Lorentz (a.k.a. diffeo-
morphisms and/or local Lorentz anomalies), because the cor-
responding representation of the Lorentz group is real. How-
ever, one cannot blindly tranfer the above criterion to the
case of trace anomalies. A hint that in such a case it may not
apply is the following: as we have explained in Sect. 2, the
fermionic functional determinant in a left-handed theory can
be thought of as a square root. This square root is likely to
give rise to a phase, which in turn would explain the imagi-
nary anomaly. To the best of our knowledge, it is impossible
to decide this a priori. Therefore we can only rely on the
explicit computation.

Another objection may arise from the following consider-
ation. Let us split the Dirac fermion into two Weyl fermions:
v =Py+ PRI/A/ = ¥ +v¥g. The terms that appear in (38),

<~

in the Dirac case, are of the form ¥y 9 ,,v and ¥y, ys.
They both split into the sum of the left and right-handed part.
With simple manipulations we have

%Vﬂ Im¥r = K”TVOVIIPR Imy
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=y C Yy PRC Ay
= Y PRY PLOmY =YLy dmiL (71)

where lﬁ = y0Cy*, and a similar expression for ¥y, ysir.
Thus, for instance, we can write

Yy om¥ = ULy dm¥r + Uiy dmVe. (72)

Recall that JZ = &R. A Majorana fermion satisfies the real-
ity condition ¢ = {0\, so we can split it, according to the
chiralities, ¥ = Pry + PRl/A/. Then, looking at (72), we
have for instance

Uy am¥ =29y  amvL. (73)

It would seem that the full Majorana action can be expressed
as twice the action for its left-handed part. Then one would
be led to conclude that there is an odd trace anomaly also for
a Majorana fermion. This is another possible pitfall induced
by a careless use of formal manipulations. The answer is the
same as in Sect. 2: one cannot consider the passage from v to
Yr in (73) as an allowed field redefinition, because it changes
the integration measure. Majorana and Weyl fermions have
their own appropriate actions, which faithfully represent their
properties; in each case one must refer to the appropriate
action, in particular, for Majorana fermions one should avoid
using the RHS of (73).

Finally there is one subtle issue that has been somehow
understood so far. We have stressed above that the crucial
ingredient in the calculation of anomalies is the functional
integral measure. We have also explained the problems con-
nected with the latter when chiral fermions are involved. In
Sect. 3 we have employed a Feynman diagram technique,
tacitly assuming that it reproduces the correct path integra-
tion measure. Although this must be the case, because the
relevant Feynman diagrams (with chiral propagators and chi-
ral vertices) are different from those for Dirac or Majorana
fermions, it is fair to say that we do not have a direct proof of
it. There is, however, a way to spell out any residual doubts
concerning the path integration measure. It relies in the ana-
log of the method used by Bardeen, [4]; for chiral gauge
anomalies, see also [13]. In such an approach one employs
Dirac fermions (and, consequently, the ordinary Dirac mea-
sure) and recovers the chiral fermion theory as a subcase, by
taking a specific limit. To this approach the second part of
the paper is devoted.

Part I1

In this second part we consider another approach to the odd
trace anomaly, similar to Bardeen’s method to chiral gauge
anomalies in gauge theories, [4, 12, 13]. The latter consists in
introducing both a vector and an axial potential as external
sources of a free Dirac fermion theories in 4d. The usual con-
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sistent and covariant anomalies are obtained as specific limits
of this model. In order to transfer to gravity such a model we
need a second metric, an axial metric, beside the usual one.
We will call such a model metric-axial-tensor (MAT) gravity.

6 Metric-axial-tensor gravity
6.1 Axial metric

We use the symbols g,,,, g"” and e%, eﬁf in the usual sense
of metric and vierbein and their inverses. Then we introduce
the formal writing®

G =guw+ VSf;w (74)

where f is a symmetric tensor. Their background values are
nuv and 0, respectively. So, to first order

f/w = k;w~ (75)

In matrix notation the inverse of G, G~1, is defined by

guv = Nuv + hp,

G '=%4+yf. G'G=1, G"G;, =6", (76)
which implies

af+fe=0, gg+ff=1 (77)
That is,

f=—ire g=(a—se'r) (78)
So

g=U—-g'fe ' e,
f=—-(=glfg ' pHleglfe! (79)

Keeping up to second order terms:

g = an_hW_thhM_,_... ,
g;w — n;w — My +hﬁfh)hv +kiik)»v 4o
U= =M 4 R KR 4 (80)

6.2 MAT vierbein

Likewise for the vierbein one writes

ES = ¢ +ysch, El =k +yscl. (81)

This implies

Nab (eZef + ch{j) = guvs Nab (eZcf + eﬁcﬁ) = fuv-
(82)

8 We use at times the suggestive terminology axial-complex for an
expression like G, axial-real for g,, and axial-imaginary for f,,.
This alludes to a geometrical interpretation, which is, however, not nec-
essary to expand on in this paper.

Moreover, from Ef E¢ = 81},

Bl + Bhet =0, dltel+ et =, (83)
one gets

oh ! )" (84)
e, =\ ——F—F¢€

“ l—elcelc p

and

cH = — 6716‘—1 e lee™! M. (85)
a I—elcelc u

In accord with (75) we have

1 1
e = 8+ S = o (W + kK,
1
g (07 + khk - i R,
, 1, .3
& =8 — Shii + 3 (hh + Kk
5
—B(h3 + khk + hk* + K2 R)E + -+,
1 a 1 a
= Sk — g (hk + ki),
1
g O k4 Wk KR 4

=2

A 1 1
& = —Ekﬁj + 1g ik + ki)~
5

—R(k3 + hkh + h%k + kh®)* + - -, (86)
or
E =0 4 tpa — L n 4 ke
nw = M+§ u_g( + )u

1 a 1 a

+vs Eku_g(hk+kh)u +--
. 1 3
EM =8 — —h* + = (hh + kk)*

27 g
1 w 3 w
s | Skt — g Gk k ) - (87)

6.3 Christoffel and Riemann

The ordinary Christoffel symbols are

1
V,i»v = Eg)hp (augpv + hgou — apgpw) . (88)
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The MAT Christoffel symbols are defined in a similar way

Fl)lv = 5G7 (3MGPV +00Gpu —9p Gw)

N =N =

(g,kﬂ (0.8pv + 0v8pp — 0p8uv)
+f* (O Sfov + B fop — 8pf/w))

.
+§VS (gkp (8/prv + 0y fou — apf/w)

+/* (9u8gpv + 0vgop — apguv))
=T} 4+ ys D (89)

Up to order two in & and k these become

1
D=3 (0h + 0y}, — 0%y
_h)np (aﬂh‘)p + 81;]’1%0 — 3[0]1/“))
— K (Bkvp + dvkypp — apkw)) o, (90)

2
rQt= (aukﬁ + k% — 04Ky

1
2
—h* (3ukp + Bukpp — dpkyu)

K (B + Dby = Bphyn) )+ OD)

Proceeding the same way one can define the MAT Rie-
mann tensor via R,,”:

R/kap = _BMFSA + aVFZA - TP 1° + re re

o - VA Vot wA
= 9,05 + 8,0, —rer{7 4+ rherhe

LA
2o

2 (2) 2
_F;(uzprvka + Fl()zr)pruk

bos((= 03+ ar - e
APOPET T @er7 y r@er(e)
=R+ ysR,L. 92)
The MAT spin connection is introduced in analogy,
il = £ (9, + £7'ry,)
= QP 4 ysQPe (93)
where
QS)ab = ¢f (aﬂévb + éahrylzu + éhal—w((ji)tv)
R (e N AR YO (94)
Qg)ab = ¢ (auévb + éonglev + 5barélllv>

et (38" +e7ri + o)) (95)
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6.4 Transformations: diffeomorphisms

Under diffeomorphisms, éx* = &, the Christoffel symbols
transform as tensors except for one non-covariant piece,

8y, = 00,8 (96)
The same happens for the MAT Christoffel symbols
8T, = 0,0, (97)
This means in particular that I‘/(LZ,,) * is a tensor.

It is more convenient to introduces also axial diffeomor-
phisms and use the following compact notation. The axially
extended (AE) diffeomorphisms are defined by

xt — x4+ B, B =EF 4 ysct (98)

Since operationally these transformations act the same way
as the usual diffeomorphisms, it is easy to obtain for the non-
covariant part

8T =19,0,8" (99)
We can also write

0=zG,w =D, E, +D,E, (100)

where 2, = G, E".

In components one easily finds
Sgguv = " hguv + & grv + 0E g,
8¢ fuv = &5 fuv + ™ frw + 006" fipu,
Se8uv = & fuv + 9u8" frw + 008" g
8¢ fuv = 0800 + 0 gaw + 008 g

(101)

(102)
Summarizing

5§1'CA)F/&1\;)A — 8M8,,§)‘, Sén.c.)rlazv))\ =0,

5T =0, 8T = 9,8, (103)

and the overall Riemann and Ricci tensors are tensor, and the
Ricci scalar R is a scalar. But R and R, separately, have
the same tensorial properties.

6.5 Transformations: Weyl transformations

There are two types of Weyl transformations. The first is the
obvious one,

Guy — Gy, GM — 722G, (104)
and

E% — ¢”E%, El — e “El. (105)
This leads to the usual relations

rh, — Tk + 8,08k + 3,08, — 9,0 GG, (106)
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and

Qb — Qb 4 (E;E“b _ EﬁE"”) 3y . (107)
For infinitesimal w this implies

Swg;w = 20)g;wv Swfp.v =2w f;w

8Oy = 20n,0, 8V hyy = 2why, ...

89k, =0, 8k, = 20k, .. .. (108)

The second type of Weyl transformation is the axial one,

Guy —> €9G,, GMY — e 25NGHY (109)
and
El — e™EY, El — e EN (110)

This leads to

F;);,v — Fi‘w + ¥s (E)Mn 8: +a,n Sﬁ — o élpGW>
(111)

and

QI — QI 4 s (E,‘jE"b - EZE““) 3 1. (112)

Equation (109) implies

guv — cosh(2n) gy + sinh(2n) fiv,

Juv —> cosh(2n) fiv + sinh(2n) g, (113)

which, for infinitesimal 1 becomes
8nguv =20 fuve 80y =0, 8y = 21k,

8y fuv =21 8uv» 8 Ky = 21 0y,

8V kyy =20 hyy, (114)

6.6 Volume density

The ordinary density +/|g| is replaced by
V1G] = Vdet(G) = /det(g + s ).

The expression in the RHS has to be understood as a formal
Taylor expansion in terms of the axial-complex variable g +
y5 f. This means

(115)

trln(g + y5f) =trlng + trln (1 + ys(g_lf))

1
=trlng + Etrln (1 — (g_lf)z)
+ystr arcth(g_lf)

1+ 1 -
= 2)/5 trin(g + f)+ 2)/5

trin(g—f).
(116)

It follows that

1G] = edirnstns) _ e%<H%trln(g+f)+FT)/5trln(gff))

1
=3 (\/det(g + f) +/det(g — f))
+§ <\/det(g + f) — /det(g — f))

(117)

/|G| has the basic property that, under diffeomorphisms,
8:v/IG| = E*3,\/|G| + /|G| 9,
This is a volume density, and it has the following properties:
JIGT > ¢4 /[G. VTGl — ¢ G

under Weyl and axial-Weyl transformations, respectively.
Moreover,

(118)

(119)

1 1A
——3,/|G| = EGMavGM =T/, (120)

VIGT

7 Axial fermion theories

From the above it is evident that the action for fermion a
fermion field in interaction with MAT cannot be written in
the classical form [ d*x \/[g[y Oy, as in the case of ordi-
nary gravity, where O is the usual operatorial kinetic oper-
ator in the presence of gravity, because in the MAT case
/G| contains the ys matrix. Instead, /|G| must be inserted
between ¥ and /. Moreover, we have to take into account
that the kinetic operator contains a y matrix that anticom-
mutes with ys. Thus, for instance, using D; G, = 0 and
(Ds + 2)E = 0, where D = 3 + I', one gets

— 1 — - 1 R
vy Ey <3m + EQm> v =v(Dyu+ EQm)V“EfI/f

(121)

where a bar denotes axial-complex conjugation, i.e. a sign
reversal in front of each y5 contained in the expression, for
instance Q,, = Q,(J ) _ % Qf,%). The reader should be aware
that, in particular, a concise notation like D,, y M s ambiguous.
The MAT fermion action is now

— [ = A 1
S = fd4xiw |G|y E" (am + EQm) W
— /A A A 1
= /d“xi'ﬁ IGly“ (@ + vs) (am +5 (Q$>+y5sz£$)))w
4.7 [1com Am i ayy
= /d x Y\ 1Gl(e; —y5ca)|:5y Om

i

4

_ 4 N1C(om _ ., am i ayy
= | ExyyIGIEq —ysc) | 57 am

4 (ymmmmm]w
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1 .
Lot (90 s + ijgcydﬂ " (122)

where it is understood that 9,, applies only to ¥ or ¥, as
indicated, and G denotes the axial-complex conjugate. To
obtain this one must use (120) and (121).

7.1 Classical Ward identities

Let us consider AE diffeomorphisms first, (98). It is not hard
to prove that the action (122) is invariant under these trans-
formations. Now, define the full MAT e.m. tensor by means
of

<«
2 58
VIG18Guy

This formula needs a comment, since /|G| contains ys. To

v (123)

. . . 2 S
give ameaning to it we understand that the operator G5

in the RHS acts on the operatorial expression, say O+/[G],
which is inside the scalar product, i.e. 1 O/]G|v. Moreover,
the functional derivative acts from the right of the action. Now
the conservation law under diffeorphisms is

<«

50O
0=56=5 = 8G
: /wSGW o

<
-850 - -
= 1/,3(;,“; (Dﬂav+Dvaﬂ)1//

(124)

50«
E—] =
/wac,wp" i

where D acts (from the right) on everything except the param-
eter E,. Differentiating with respect to the arbitrary param-
eters £/ and ¢¥ we obtain two conservation laws involving
the two tensors

50

T =9 , 125
lﬁaGwlﬁ (125)
50

T =2 . 126

I =2y (126)

At the lowest order the latter are given by Eqs. (148), (149)
below.

Repeating the derivation for the axial-complex Weyl trans-
formation one can prove that, assuming for the fermion field

the transformation rule
Y e 3@y (127)

Equation (122) is invariant and we obtain the Ward identity

50
0=/1/f;G—G,w (@ ~+ysmy. (128)
y7aY

@ Springer

We obtain in this way two WI’s

leg;w + Tjﬂvf;w — O,
TMUfMV + TSMvg'Lw — 0’

(129)
(130)

7.2 A simplified version

A simplified approach to the trace anomaly calculation con-
sists first in absorbing /|G| in ¥ by setting ¥ = |G|%w and
thereby assuming the transformation properties

1

sz = E“&M‘-I/—l—EDME“\II (131)
for AE diffeomorphisms, and
Srys U = 207151y (132)

for axial-complex Weyl transformations.
To arrive at an expanded action one uses (75) and (86), up
to second order, and finds

Qe — % (abhz - a“hf;) + i (h"“aghf; — h 9, h,
AP0y, — 7 R, )
—% (0l — n 0,05 - % (ke 9,85
kY7 3,k8 ) + 411 (k05K — k0, ks
RO 3Ky — K ) (133)

and
1 1
@ab _ L (5 b b _ pob
QP = = (%K — 0°k}) + 7 (7 duk], — B30k
+hhaaakoﬂ _ haaabkau>
1 I
-3 (h‘"’aukf; — pbe aukg) -3 (k”"auhﬁ

1
k7 anG ) + 5 (K700 h, — k7o),

+kba8ahg”, - kao-abh(flt> + (134)
In particular,
1
GﬂabCQLBb — _Zeﬂabc (hgabhl‘-‘r + kgabk/,w') —+ -,
(135)
1
GﬂabCQL_ZZb — _Zeﬂabc (hgabkuﬂ + kgabhlur) 4.
(136)

Up to order two in i and k we have

S = d4 _G%Am_ AT iue
= xy|Gl*(eg — v5¢,) FV 9m
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L abed (o) @
4 €t (mecde5+mec

)} Gliy

— [ at | Loy xp—iﬁ(hm— KMy g W
= ) Y m a V5K, )Y m

3i <
2 U () + Y = s+ KR ) 7 5@
1 —
1 €W (1 Do + kG Dokino) evs

1 _
+(h ko + kG phmo)ve) ¥ + ge“b“’wh;"
—ysk™) (OchpmYays + dckomya) q,] +

i o i— <
- fd4x [E‘I’V’” Im¥ — —‘I'(hi?—yski")ya dm¥

3i o
+ 16\1} () + G2 — sk + kR ) 7 50

1 _
_Eémahcw ((hg phme + kS abkma) YeVs
+(h§ pkmo + kg dphmo)ve) \I’} +- (137)

Here we do not report explicitly the terms cubic in 4 and k:
they contains three powers of & and/or k multiplied by Eyu W
or Eyﬂ y5W and possibly by the € tensor. They contain one
single derivative, applied to either &, k or W. These cubic
terms will not affect our results.

7.3 Feynman rules

For a derivation of the Feynman rules in this case see B.3 and
B.4. The fermion propagator is

i

. 138

p+ie (138)
The two-fermion-h-graviton vertex is (Vrp):

i
-3 [P+ Purv + P+ Pvvu]- (139)
The axial two-fermion—k-graviton vertex is (Vsx)

i
-3 [0+ P)ur + (2 + PDovu] vs (140)

(p incoming, p’ outgoing). There are six two-fermion—two-
graviton vertices:

@1 .
() fohh
31 A /
o (2 + P pynow + (4 P pyun + (i < v})

+((p + P vunow + (p+ pPwyonu + {1 < v')],
(141)

2 .
(2 fokk

3
o [ ((p+ Py + P+ Purvme +{n < v})

+((p + P wvunow + P+ P vonu + ' < ') }
(142)

3) .
G Virh

3
64[((p+p)um Mo+ (P4 P vy +{n < v})

+ ((P + p/)u’yu,r]w’ +(p+ P/)p.’Vurhw’ + {I'L/ <~ V/}) i|y57
(143)

(De .
@ Vip:

1

a (144)

Lpop'viicr (k —k )Ay
where ¢ is the tensor (34),
2
®) V,(ff)kek'

1

o (145)

Lo/ v (k—k )AV Vs,

3
©) Vi

1

64t;LUMUKA(k k)}L A

(146)

The graviton momenta k, k" are incoming.

As anticipated above, we dispense from writing down the
vertices with three 4, k legs. For the purposes of this paper
it is possible to dispose of them with a general argument,
without entering detailed calculations.

7.4 Trace anomalies: a simplified derivation

We will now derive the odd parity trace anomalies in the
model (137), by considering only the triangle diagram con-
tributions and disregarding tadpoles and seagull terms. We
will justify later on this simplified procedure.

The overall effective action is

0 jmtn— 1

Wik, k] = W[0] + ZO ST / l_[dx, i, (1)
n,m=

m
< [ ] dyjkap; ()
j=1
{OITTHM (x1) ..
XTI (y1) ..

Tﬂnvn (x )

T3 (ym)10) (147)
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where, in the simplified version of this section, the T opera-
tors in the time-ordered amplitudes refer to the classical ones,
ie.

1 [— <~
T =T =3 (W‘a”w +ue v) (148)
and
T3 = Ts0,0) = (WVSJ/“E?W +u < v) . (149)

The quantum Ward identities for the Weyl and axial Weyl
symmetry are obtained by replacing the classical e.m. tensor
expressions with the one-loop one-point functions in (129)
and (130)

T(x) = (T"")guv

(TN frv =0, de. (TE)+---=0  (150)
and
Ts(x) = (T") fuw

(TS Nguy =0, de. (T5,) +---=0. (I51)

In the present simplified setup the relevant one-loop one-
point functions are

00 -m+n

(T*(x)) = Zowmfndxthu,v,(xz l_[d)’/kk,p,(YJ)
{OITTH () THY (xy) ... THY (x,)
XTI (31) < TP (y)|0) (152)

and

L m+n

(T () = R / dez M,u,<x,>]'[dy,kx/,a/<yj
~<0|TT“”(x>T“1“1<x1) *‘n”n(m
XT3 (y) ... “‘”’"(ym>|0> (153)

In particular for the trace anomalies, at Oh?, hk, k?) level,
we have

(TrN® = —%/dxldxzhum (XD R0, (x2)
X (O T Ty (x)TH " (x1)T"?* (x2)|0)
‘41‘1 / dxidyhuy, (61 (9)(0)
X T T ()T (x) TS (1)]0)
_% f dy1dy2ka, p, (Y1 ks p, (72)(0]

XTTIOTS P )T (1)]0)  (154)
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and
(T N = — / dx1dxahy, v (1 hyipss (22)10)
T Ts M ()T (x1) T2 (x2)|0)
—}1 f dxdyh e, v, (x1)ksp (0)/(0)
XT Ts, () TMY (2 TLP (1)0)
—% / dyrdy2ka, py (Y1) ki pp (72) (O]
T Ts, " () T3 (yD) L (32)10). (155)

It is clear that only the terms containing an odd number of
Ts will contribute to the odd parity trace anomaly.

The three-point functions (154) and (155) are given by the
ordinary triangle diagrams. All such diagrams give the same
contribution

~ (kl k2 Luvp/viap — t/‘“)f'L V’Ap) k)hkz (156)
where
1@V = Kok + kavkiy€p
wopvich = K2uRip €vvia 20K €/ ich
+k2p.k1v’6u;ﬂ/ck + k2vk]p./5,uu’/ck~ (157)

Upon Fourier-anti-transforming and replacing in (154) we

get

(TH NP = —2Ne"" (8,05 hT, 0,0:k
—03,,05h;, aka"k,p) (158)

and in (155) we get

1
(TN = =2N[ 38 (8,06 hT 8,01
— 005 1% 8,0 )
i
3 (30T 00K = 000K 3,07key) |
(159)

where N is the constant that appears in front of the Pon-
tryagin anomaly in [1],1.e. N = Covariantizing these
expressions we get

Ok = /a)((Tli‘(x))) = N/we”“ApR(l)“’Ri?”,

!
76872 "
(160)

O5,./ = f D(Ts (1)) =

2 (2
+R§1,30TRApat) .

N 2 1 (eY)
3 / n el (R( )UTR)\par

(161)

The important remark is now that the odd parity trace
anomaly, in an ordinary theory of Weyl fermions, can be
calculated using the above theory of Dirac fermions coupled
to MAT gravity and setting at the end h,, — h% ki —
/’Hw

and w = 7, for left-handed Weyl fermions, and %, —
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h%”, kyy — —h%” for right-handed ones. We will refer to

these as collapsing limits.

7.5 What happens when A, — }% kyy — hg”?

Let us show that in the collapsing limit 4, — }%, ki —
hg” we have the following results:

1
I — —y),. (162)

1
A A
rOr =Viivs 5

nv 2

This is evident in the approximate expressions (90) and (91),
but it can be proved in general. To order n in the expansion
of h and k of F,(fv)k we are going to have a first term of order

n in h alone, then <g> of order n — 2 in & and order 2 in k,

then <Z) of order n — 4 in h and order 4 in k, and so on,

up to order [n/2] in h. In the collapsing limit, all these terms
collapse to the first term of order n in A divided by 2". In
total they are

[n/2] "
_ An—1
> <2k) =21

k=0

(163)

Therefore they give the order n term in & of V,fu divided by

2. A similar proof holds for I ,(fv) *

Looking at the definition (92) of the curvatures REB ;7 and

Rl(fz ,” one easily sees that in the collapsing limit

1
RW p 5R,MP, (164)

) 1
VA R( = ERMMP’

JLVA

where R,,,,” is the curvature of g,,, .
In a similar way, using (133) and (134), one can show that

1 1

Qg)“b — szb’ Qf)“b — za)l‘lf’. (165)
Notice also that in the collapsing limit

guv + fuv =Ny +hpy +kpy = guo
v — fp,v = N + h;w - k;w — Nuv, (166)
so that

l—ys  1+ys
VIGl = TJFTVlg" (167)
and

— V5 I+ys

ES — 8 5 e 7

1 1
Em s gm— V5 gm J;ys (168)

From the above follows that the action (137) tends to

— - 1
S = /d“xi\yy“Eg’(am + 3V

— 1
— /d4x |:i\11ym

_ 1o\ 1
iTyaem (am + —a)m) ﬁ\p} _

R
5 0¥

> > (169)

As for the opposite handedness one notices that, if /1, —

iy h
%,k,w - — g”,we have

1 1
(Dab ~ _ab (2)ab _ . ab
Qﬂ — Zw“ Qu — 2a)

ab, (170)

)

and in (168) the sign in front of y; is reversed. Therefore the
limiting action is

o
% :/d4x [i\py“ J;”Saaw

_ 1 1—
Ty (am + Ewm) Zysqz} .

(171)

We recall that ¢ is the flat (non-dynamical) gamma matrix.

Concerning the energy-momentum tensor, from the defi-
nitions (125) and (126), in the collapsing limit both 7#" and
TSM " become

58’
Sh,w(x)'

T (x) =4 (172)

As a consequence (150) and (151) collapse to the same
expression,

T(x) — ((T/‘”))g,w =T(x) (173)
and
Ts5(x) — ((T/’”»g,w =T (x), (174)

that is, there is only one trace Ward identity.

7.6 The Pontryagin anomaly

As pointed out above the odd parity trace anomaly in an
ordinary theory of Weyl fermions can be calculated, to first
order, using the above theory of Dirac fermions coupled to
MAT gravity and calculating the collapsing limit of the Weyl
anomaly for a Dirac fermion coupled to MAT gravity. The
collapsing limit of the relevant action reproduces the action
for Weyl fermions

i— < i —
§' = / a8l [ 5Ty Gt — 70" Vrveysy |
(175)
up to a right-handed kinetic term, which is, however, harm-

less due to the presence of the P projector in the vertices.
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Inserting the replacements into either (160) or (161) we find
4 N VAP oT
T(x) = ) € R’ " Ripor- (176)

This is not yet the correct result for one must take into account
the different combinatorics in (147) and in
‘n—1

n
l / 1—[
dxih/,b,'vi (xl)<0|
21p! i

XTTHW (xy) - - - TH" (x,)]0),

Wikl = WI0]+ )
n=>0

(177)
which is appropriate for (175).° This amounts to multiplying
(176) by a factor of 2. Therefore, finally the anomaly is

N
Tx) = E GMUAPRHUGTRMJGD (178)

which is the Pontrygin anomaly already found.

In the case of right-handed fermions the anomaly is the
same, but with reversed sign. Thus the odd trace anomaly for
Dirac fermions vanishes. This is confirmed by the following
subsection.

7.7 Odd trace anomaly in the Dirac and Majorana case

From the results (160) and (161) we can draw other conclu-
sions. The action (122) reduces to the usual Dirac action if
we set f,,, = 0, and to the Majorana action if 1 satisfies the
Majorana condition. From (160) we have the confirmation
that the odd trace anomaly of these theories vanishes. But we
also see that in both cases there is an anomaly in the axial
energy-momentum tensor.

N
Osut = = / ne™™ ™ R Rypor (179)
for the Dirac case and % of it in the Majorana case. This is a
new result. This anomaly is the analog in the trace case of the

Kimura—Delbourgo—Salam anomaly for the axial current.

8 Odd trace anomalies (the complete calculation)

Now we would like to justify the assumption made above,
according to which only triangle diagrams provide a non-
vanishing contribution to the odd trace anomaly. The com-
plete calculation requires taking into account all the tadpoles
and seagull terms that arise from the action (122). We start
with the quantum Ward identity (150) and (151).

9 The factor 2% in the RHS must be properly interpreted. When inserting
the results for the n-point functions in (177), one should recall that the

vertex (139) contains already a % factor in it with respect to the e.m.
tensor: symbolically we could write Vs, = %T, where T is the Fourier
transform of the e.m. tensor with fields replaced by corresponding plane
waves. A simple practical recipe is to just forget factor % in (177), as
was done, somewhat sloppily, in [1]. The same holds for Eq. (147).
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8.1 Trace Ward indentity

We need to expand this Ward identity in series of 2 and k. The
expanded versions is written down in Appendix B.5. Since
eventually we are interested only in the odd terms we will
drop all the terms that we already know are even or vanish
(the vev of T(‘S’VO) (x) and TS%’O) (x), the two-point functions
of the em and axial em tensor, as well as the vev of the second
and third derivatives of S). In this way the WI’s get simplified
as follows:

Tan e xi, yn) = Ta M2 (e, x, y) =0, (180)
T.0)(x, x1,x2) = T2,0}, "2 (x, X1, x2) = 0, (181)
T2, y1. y2) = T P22 (x, yi, y2) =0 (182)
and

Tsa,n(x, x1,y1) = Tsa,nﬁ“'vl)”pI (x,x1,y1) =0, (183)
T52.0)(x, x1, X2) = T52,0)5,"1 1272 (x, x1,x2) = 0, (184)
T50.2)(x, ¥1, ¥2) = Ts0.2)u 177272 (x, y1, y2) =0 (185)

These are the Ward identities in the absence of anomalies,
but we expect the RHSs of all these identities to be in fact
different from zero at one-loop. The odd parity anomaly can
be present only in the RHSs of (180), (184) and (185): the
remaining two cannot contain the € tensor linearly. After
such a repeated trimming, the relevant W1 for our purposes
are (180,184) and (185), and the terms that need to be closely
scrutinized are

HVLIVIALP]
7}1’1) (X,Xl,yl)

= — (01T T)g, )T o ) T4 (v1)10)
OITTI )25
’ SNy (x)8h v (x1)
+4i<0|TT(‘g‘O”)‘ (x1) 8s |0)
: 8Ky pr (V)80 (x)
+4i (01T T(’g”o) (x) 85 |0y,
O Sk py (YD) 8Ky (11)

(186)

together with

AP V] U2 V2
7;(2,0)

= — (01T T30 0, ()T (oo} DT (x2)10)
+4i (01T Tl (x1) s 0)
* 8k p(X)8h 130, (x2)
+4i <0|TT(’320”)2 (x2) 85 |0)
* Shyuyvy (x1)8kyp (x)

(x,x1,Xx2)

828
H4i(O|TT0 o (%) 10)
SO0, 0y (X1)8h 40, (X2)

(187)
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and

APALP1A
T2 (e, v, v)

= —(OIT T30 o) () Taitl oy 1) Toial 3 (32)10)
828
10)
akkp (X)Skkzpz ()
828
10)
8Ky (V1)8Kzp (x)
828

+4i(0|TT)Lp (x) |0).
SO0 8k o1 (11)8Knz 0 (2)

The terms above that contain the second derivative of S are
bubble diagrams where one vertex has two external 4 and/or
k graviton lines. These diagrams are similar to those already
met above and in [1], and can be shown to similarly vanish;
see Appendices C.1.1 and C.1.2. Therefore we are left with

4 (OIT T35 (1)

. s
+4i <0|TT5(gf’3) (y2)

(188)

Ta.nx, x1, y1) = _<0|TT(0,0);LM(-X)T(}(J;,](;))] (xl)T;(If('))(yl)IO),
(189)

T52.0)(x, X1, X2) = —(017 T500,0)5 () T (1) T’ (¥2)10),
(190)

T500,2(x, y1, y2) = —<0|TT5<0,0)§(X)TSX(%)())1)T5k(ff§)(yz)|0),
(191)

which are the intermediate results already obtained above.
From this point on the calculation proceeds as in Sect. 7.4.

9 Conclusion

In this paper we have dealt with two subjects: the odd parity
trace anomaly in chiral fermion theories in a 4d curved back-
ground and the introduction of an axial 'metric’ beside the
familiar gravity metric. We have recalculated the first with
the Feynman diagram method in a more complete way, by
including in the computation also tadpole and seagull terms.
We have verified that the latter do not modify the result of
[1]. To do so we have also recalculated the Ward identity
for diffeomorphims. In this paper we have constantly been
using DR, leaving to a future investigation the discussion of
other regularizations. The other important topic of this paper
is the introduction of MAT (metric-axial-metric) gravity and
the relevant formalism. MAT gravity may have of course
an autonomous development and could be studied as a new
bimetric model, with the new characteristics that it inter-
acts also axially with fermions. We postpone this analysis to
a future work. In this paper we have utilized MAT gravity
in order to disentangle the thorny issue of the path integral
measure in a theory of chiral fermions. In fact MAT gravity
interact naturally with Dirac fermions. We have shown that
one can compute the trace anomalies of a theory of Dirac

fermions coupled to a background MAT gravity, and then
recover the results for a chiral fermion theory coupled to
ordinary gravity by simply taking a (smooth) limit. We have
shown that in this way one obtains the same results as in [1].

Finally, let us remark that in this paper we did not ver-
ify the Ward identity for two types of diffeomorphisms in
MAT background, much as was done in Sect. 4. From con-
solidated experience we believe that this will not modify the
trace anomalies of the model, but the problem is interesting
initself. Can there be anomalies of the Einstein—Lorentz type
in one of the Ward identities? This is an intriguing problem
we leave for the future.

We are aware that the result of the present and previous
papers contradicts a consolidated wisdom in the literature.
Therefore we do not believe our result is completely settled.
As we have already pointed out, further investigations are
necessary in order to confirm or disprove it.
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Appendices
A The triangle diagram

In this appendix we derive in more detail the result of [1].
Employing the Feynman rules of the free chiral fermion cou-
pled to an external gravitational field, the contribution from
the triangle diagram is expressed as
4 .
T,uvp_’u’ (k1, ko) = / (gn!;t Tr {lg [(217 - kl)uyv
1+ )/5> i
2 (p— k) +ie

i
X g [(2[7 — 2k — k2),u’yv’

+(1 < v)] (

1+)/5> i
2 (p— ki — k) +ie

i 1+ s i
XZ(2P—k1—k2)( . )]Hl.e}.
(192)

+(u' )] <
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Using the properties of the gamma matrices, one obtains'®

1 / d*p
Tr
256 ) @2n)t

X {[%(ZP —kDuyw + (0 < V)]

pwu v’(kl ky) =

g 5$Uh%%h—me
/ (P =k =)
W e G T T

+ Vs
x 2p—k— kz)( )} (193)
Clearly, such an integral is ultraviolet divergent. In order to
proceed with the computation, we employ dimensional reg-
ularization, where additional components are added to the

momentum, namely, p — p+ €, where £ = ({4, ..., Ly—4).
This implies, in particular,
Yiou — v'pu+ v, (194)
with 1 € {4, ..., n —4}. Hence, Eq. (193) is replaced by
}LV/.L nr(ki, k)
1 d*p dr—e
=—— | — | ——1Tr
256 ) @m)* ) Qm)n—4
p+1 (p+L—F)
2 k Y -
XHP 2(p Duyy + (1 <) k-2

X [(2p—2k1 — k2w Y+ ‘_)V)]
P+t -k~ k)
(p —ki —k2)? —

(50
2

Equation (195) is now regularized and we can continue with
the computation of the diagram. In order to simplify our anal-
ysis a bit, we ignore the identity in the projector (1 + ys)/2
since we are concerned with the parity odd part contribution
of the diagram, which is encoded in the y5 sector. Also, we
omit the symmetrizations in (1 <> v) and in (u’ <> V') for
the time being and reintroduce them later on.

Let us take the term (%) and define ¢ = k1 +k». Itis simple
to check that

(p+1— q)

2(2]/9—1-2[ ki — k)

()

(195)

= 2p+2

() T sQp+2L—¢)
B p—l 2/
_1+p+l—q+p+l—q’ (196)

10 We have dropped the i€ factor in the denominators, for convenience.
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and plugging it into Eq. (195), one ends up with
v ki, ko) = TE) ko) + T L (ko)

o'y vy
+ Ty (k1. ko), (197)
with
Tunwrw ) = 2;7 (;1;1)74 (;l;;:i
[PH Cp k), v%
x(2p — 2k — kz);uw%],
it =55 [ G [ G
XTr [ Pl - kﬂm%
X (2p — 2ki — ko) w v p(ﬁl l)q );5}
L (k1 k) = 2;76 (;1;1)74 (j;):f4
[ P! 72 2p—ku vi((pjkf);f‘zz
x (2p — 2k — kz)wwp_i_lﬁ%] .
(198)

We detail the computation of each contribution 71, 72
and T in the following lines.

M
AL T K ko)

The contribution 71 can be expressed as

1 d*

(1) )4

T (ki k) = ——

o (K1 K2) = =520 )}
A" 2p—k)uQ2p —2ki — ko)
Q)=+ 2(p* — €2 [(p — k1)* — £2]

xTr[(p+ DO +L —kDrys].  (199)

4iphY ey,

Employing the Feynman parametrization, Eq. (199) is written
as

(1) lf d4p d'174e
T k1 k2) = =72 o)t | oy
X/I . Qp—k1)2p — 2ki—ka) pekPe "
0 H[p-k? - Clx+a—np -
(200)

Performing the shift p — p + xk; and taking into account
that just even powers of p in the numerator will result on
non-vanishing contributions to TM . one obtains
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1y (k1s k2)

/ / an— 46
T 128 Q4

d*p 2puw (1 =20k, + 2pu [2(1 — x)ky + k2], akﬂ
@m)* [P+ x(1 — )k} —/32]

p.vp. v

€qvpy’ -
(201)

Making use of Lorentz symmetry, one can make the follow-
ing replacement:

1
Pt — ", (202)
which gives rise to
WMV (k1 k2)
/ / an— 4@
~ 256 @m)yn—4
d4p 80‘ (1 = 2x)k1y + 67 [2(1 — x)ki + k2], 2 B
@m)* 2 2 _p» PRy €avpr
™ [p? +x(1 =0k — 2]
(203)

After taking into account the contraction of the Kronecker
deltas with the e-tensor and imposing the symmetrization
of (u <> v) and (' <> V') one immediately sees that the
contribution from 7'(!) vanishes.

A2 T, (ki, ko)

As before, one employs the Feynman parametrization and in
very strict analogy, perform the shift p — p + xks. This
renders

. 1 n—4
) 1 d L
T, (ki,ky) = — d —_—
oyt (k1 K2) 128/0 x/ Q)4
d*p 2p+ki +2xk2), 2p — (1 — X)k2)

2m)* [p? — —x(x—DK]

X pkb g, (205)

Collecting just the even powers of p in the numerator of (205)

and applying Eq. (202), one immediately obtains

@ ar 4Z
T® ki k
o (1,42) = 256/ /(27[)” 4

d*p 82— Dk +82 (k1 + 2xks) . b
(27.[)4 [p2 . x(x — 1)k§]2 2 Cvar'B-

(206)

For the same reasons as described in the previous subsection,
after symmetrizations, the contribution from 7(? vanishes.

A3 7’:;/.vu’u’(kl . k2)

l‘«”# v 5 d4p dn—4£
Toouy ki, k) = ——
v ki k2) = =550 | o | Gy
Tk ko) Q2p —kD)uQp — 2ki — ko)
L dp [ d Qprk)n@p k) PO -k—C][(p -9 - ]
256 ) 2ot ) @yt 2(p? — 2) [(p — k2)? - €2] XTr[(p+Dy(p+L — kD (p+1L—Dlys]. (207)
x Tr [VU(P + l))’u’(p +4- kZ)VS] . (204) 4ik?k2ﬂ€um;/ﬂ
4ipkb €y s
The Feynman parametrization leads to
5 d4p dn—4€ 1
leu’v/(kl’kZ) 32/(1 k2 €y’ (27[)4 (27[)”_4 /0 dx
1—x
Cp—k)u@p —2k; — k)
% / dy 2_p2 5 ) 21’ 2 2# 2 3£2' (208)
0 {{p=k)?=Clx+[(p—9? =]y + (P> = )1 —x )

~ i B 1 1—x d4p
T 1, K2) = =Kk vy / dx / dy
0 0

(2m)*
A" (2p + 2xki +2yq — k1), (2p + 2xky + 2yq — 2k

Making the shift p — p 4+ xk; + yg and a few algebraic
manipulations, Eq. (208) becomes

— k2w g2

(271’)"_4

[p? — €+ 2 -koy(1 =y — 0]

(209)
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Taking the numerator of (209), collecting just those terms
which contribute to the trace anomaly and employing Eq.
(202), Eq. (209) becomes

~ i w B 1 1—x d4p
Tuvu’v’(kl» ky) = —3—2k1 k2 Evow/ﬂ/o dx/o dy W
X/ " P+ Ay Gty = Dk
Qm)n—4 [172 — 02+ 2k - koy(l—y— x)]3
(210)

To make sense of the integrals present in (210), we make
a Wick rotation k9 — i kOE for any momentum k*: so, for
instance, in the previous integral p2 — — p%, etc. So (210)

is replaced by
1 1—x d4
— K%k em/ﬂ/ dx/ dy | =2
32 2m)4

X/ "4 prne —4y(x +y — Dkikoy zz
Q" [p2 4+ 02 4 2%k - hay(1 —y —0)]

;wu (k. ko) =

@211)

and we dispense from explicitly indicating the Euclidean
momenta whenever it is not strictly necessary. Now the inte-
grals are well defined and we can use the following results:

f dn 4£ ZZ
Q)" [p2 4 2y - kay(1 — y — x) + £2]°

1 n—4
T G124
1 n
x T (4 - —) :
[P +2k; - koy(1 — y — )] 2
d*p 1

QY [p2 4 2k kay(1 —y — )] 2
1 r(2-%) 1 2=
C @m)’r(4-1%) <2k1 hay(l—y — x))

d4p p2

@O [p2 4+ 2k - koy(1 —x — )] *
2 r(1-%) 1 =2
C @m)’r(4-12) (2k1 koy(1 =y —x)> '

212)

S

Using (212) and performing the integration over the Feynman
parameters (x, y) and returning to the Lorentzian metric, one
obtains

/w,u. nr(kt, k2)

1
~ 6l44n kK evvap (Mt < ko — k)

Of course, as previously mentioned, one should symmetrize
Eq. (213) with respect to (© <> v) and (u’ <> V). Then
(213) becomes

213)
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/w,u k1, k2)
1

(21)
6144 zkakz (kl kﬂuvu Viap — /Avu’v/aﬁ) 5 (214)

The tensors ¢ and ") have been defined in (34) and (157).

On top of that one should add the contribution from the
“cross diagram”, namely, the contribution coming from the
simultaneous exchanges (k; < ky,u < u,v < V).
Hence, the sum of (214) with the cross diagram contribu-
tion gives rise to

= (tot)
Ty (k1. k2)
1

B 2]
= s kik (kl.kztuw/u,aﬁ—tuw,v/aﬂ). 215)

B Derivation of Feynman rules
B.1 Ordinary gravity

Consider a free theory coupled to ordinary gravity. We
assume that the action has the expansion

00 00 n
S:ZSn ESO+Z/1—[dx,~
n=0 n=1 i=1

1 §"S
X —
n! Sh m(xl) .0h ,,v,,(xn) h=0

Xh;/.w] (x1).. u,,,v,,(xn)
N
=5 +/dx
’ Shyw () 1,9

1 828
+— | dxjdxy
2 ahmvl (xl)ahuzvz(XZ) h=0

huv(x)

Xh#lvl (xl)hu.zvz(-XZ) + e (2]6)
The e.m. tensor is defined as
2 488 2 68
T = — ——| = —— . 217)
\/gsg;w \/§5ng

In the following we have in mind the free fermion theory in
4d defined by (23), and set g, = Ny + hApo.
We need the expansion

Jgl=1+ %(trh) + %(trh)z — %(mﬁ)
—é(tr h)(tr h?) +

= Z On(h),
n=0

1 1 1
=1—Srh)+ g(trh)2 + Z(trhz)

1 3 1 3
25 (T + k) -
(218)
1
N
—l(tr h)(tr h?) — i(trh)3 — l(trh3) +.
8 48 6
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(219)

=D Oulh)
n=0

where by A is meant the matrix h,,, and Og(h) =
1, O1(h) = %(tr h),.... Next we consider the complete
expansion of (23) in powers of £, like (38). Now, using (217),
one can write

2 N
THY (y) = =
) NG (‘Shﬂw(x) h=0

/ 528
+ [ dxp
Sh/w(x)ahuzvz (x2)

1
— | dxod
+2/X2X3

y 83s
(Shpw(x)ahuzuz (x2)5hﬂ3v3 ()C3)

huzvz (x2)
h=0

h=0
X h,uzuz (xz)huwg (x3) + - )

=T ) + T ) + -,

) (1) (220)

which implies

A - A 2
Tin () =3 Onm () —
m=0

m d 6m+1S
. / E i (Shuv (x)ahmvl (x1)... 5hu,,,v,,, (xXm) h=0
X Py (1) o By, (Xm). 221)
So we can rewrite
1 - b
Su=5- [ dx (W; onm(h(x))T(’jnl)(x)> By (%),
(222)
For instance
1 v
S| = E/dx T(‘S) (x) Ay (x), (223)
1 v 1 v
Sy = 3 / dx <T(’f) (x) + E(trh(x)) T(‘é) (x)) Ry (x),
(224)
1 v 1 v
S3 = 3 / dx <T(’;) x) + E(tr h(x)) T(’f) (x)
1 2 2 v
+§ ((trh(x)) —2(trh (x))) T(‘S) (x)) Ry (x),
(225)

and
The =252 jf(x) . (226)
T () = —(trh(x))shj;s(x) .
+2/de ¥ By (x1),  (227)
Shyw (X)8h v, (X1) |,
T ) = 1 (@A) +20rh(x))
4 Shyuw(X) |,_g
—(trh(x))/dxl (SZ—S Ry (X1)
8h ()8R0, (x1) |,
+2/dx1dx2 o’
SRy (X)8Ryy 0, (1) 8y (X2) |,
Xy (K1) Ry, (2). (228)

Remark Since S = [ \/[g|L, the derivatives of S in the pre-
vious formulas, when applied to +/[g], will produce terms
~ L which vanish on shell. These are contact terms. They
produce contraction of the Feynman diagrams whereby a
fermion internal line drops and the two endpoints collapse to
a single one. These are contact terms. They are not the only
ones. Other contact terms are produced by seagull vertices,
i.e. vertices with two fermion legs and two or more graviton
legs, by contracting the fermion legs with a propagator, thus
forming a fermion loop.

B.2 One-loop one-point function

Representing by ¢ the matter fields in the model, the one-
loop one-point function of 7%V in the presence of a metric
v =N +hyy is

() = [ Do) S
= [po (1w + 0+ T @+ )
x gt (So+S1+S52+--)
— /D¢> (T @ + T 0 + T 0+
% ei(S|+Sz+-~-):| é‘iSO.

(229)

¢'%0 has been singled out as the free part of the integration
measure. The rest of S (the interaction) is treated perturba-
tively.
Rearranging (229) order by order in A:
() = [ Dot e
+ / D¢ <i51 T () + T(’f;(x)> ¢S50

1 :
+/D¢ ((iS2 - 5512) Ty (0) +iS1 Ty (x) + T(’;)“(x)) e'%o
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i L
§s?) Ty () + (iS2 — 5S,Z) T ()

+/D¢ <(i53 - 8518 —

HSITHY () + Tl (1) €%+ (230)

Next we introduce auxiliary external currents and couple
them to the free field in Sy. For instance if the free fields are
Y, ¥, we introduce j, j and add a term

(T oW, 1 = / DYDY ( --------- )exp[iSo
+i / G¥ + 9]
and set at the end j = j_ = 0. At this point in ( --------- )

one can replace ¥ by % and ¥ by —[%, so that the only

remaining dependence on ¥ and v is in the factor exp[i So +
I (j¥ 4+ ¥ j)]. Since the exponent is a quadratic expression,
one can formally integrate over ¥ and v/ by completing the
square. This leads to an irrelevant infinite constant times

ol e

where P is the inverse of the kinetic differential operator in
So, i.e. the propagator in configuration space. Finally

(™ (x)) = [T(lé;(x) exp [—i/ij}

+ (i1 Tl @) + Tl @)) exp [—i/jpj}

. 1 2 v
+ <(lSz = 3SH 15 @)

(231)

+iS) Ty () + T () exp |:—i /jP j]
i
- <<i53 = 8152 = 55D Tg) ()
o 1 .
+(i SZ_Esl) T(lf;(x)'i‘l S1 Té)u(x)'i‘ (3) (x))

exp [—i/ij} ]‘j:]:Oer

where all the v, ¥ fields in T(n), Sy are understood to be
replaced by aii and — % , respectively. This is the final expres-

(232)

sion of the 1pt one-loop correlator from which the Feynman
rules are extracted. Equation (232) is thus rewritten as

(T () = (1T} (010)
+OIT (1517 O) () + T () 10)

(iSr— Sl) Ty O+ S1 Ty () +T oy (x)) 0),

1
+(0|T <(zs3—5152 —S )T(’g)”(x)—l—(iSz—ES ) T} (x)
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HSITH (1) + Tl (x)) 10)
T (233)

and the time-ordered amplitudes are computed by means of
Feynman diagrams.

B.3 MAT background

In this subsection the reference is to the expanded action
(137). We rewrite it as

S =S80+ Z nvmv/Hde’dyl

n+m=>1 i=0j=0
8t+jS
X
Sh [,L]V](x]) /L,-v,-(-xi)SkMpl(l) ~-5kkjpj(yj) hk=0
mvl(xl) M]Vj(-xj)k)nlp](l) kkjpj(yj)
S +/d 785 hyy(x)
=0 X X
Shyv (X) 1 o "
+/d ko ()
y 8Kz (X) hket oy
8%s

./
+— | dxidxy
2 Shy vy (x1)8h iy, (X2)

thlvl (xl)hﬂzvg (XQ) + -

00
= Z Sn,m
0

n,m=

h,k=0

(234)

where Sy = Sp0. As long as we differentiate S from the
right it functionally depends on the axial-complex variable
g + ys5f. So the functional derivatives with respect to A,
and k,,, have to be understood as

5 / 148G () 5 5
ah/w(x) (Sh;w(x) SG)\,O(X/) BG,uv(x)’
(235)
5 / 4 8G () s 5
d*x Vs .
Bk;w(x) 6kp,u(x) G)»,o(x/) SG;LV(X)
(236)

Now, going back to the definitions of T*” and 74", (123),
(125) and (126), one can see that, in the case when /|G| is
absorbed in ¥ we can write

Tll].l(x) — 2( (SS
Shyy(x)

h,k=0

huzvz (x2)
h,k=0

kip(y) +>

82
+ / dxz
(Shuv(x)ghuzvz (x2)

. /d 8%s
y—
S8Ry (X)8ks0(¥) |, 1—o

= T(’évo)(x) + T(’fvo)(x) + T 0. 1)(x) + .- (237)
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and

88

w6 =20

h,k=0

kuzvz (y2)
h,k=0

o (¥) +)

N —
y2
8k iy (x)8k 30, (¥2)

+/d —(SZS
y
ak/w(x)ShAp(y) I, k—O

T5(0.0) ) + T50. 1) (0) + T53 g () + -+

(238)

Therefore

r,@=33 2 [T sy

i=0 j=0 i=1j=I1
81+j+1S
X
800 (¥, (1) - Py, (5)8K3 0 (1) - 8K (9D |y 4
Xh,ulvl(xl) ujv](x])k)qpl(l) kkjpj(yj) (239)
and

S(nm)(x) Zzlvjvfnndx’dyf

i=0 j=0 i=1j=1
61+}+1S
x Sh vy ()C])"' p.,‘v,‘(xi>8k)up(x)8k)ulp1(l)'"6k)»jpj(yj) h,k=0
Xhulvl(xl) /L, ,(xj)k)qp](l) k)»,-p_,-()’j)- (240)
So,
Snom = cn,m( ZZ/dx T(ll“’1 7 @A (x)
i=0 j=0
. szdx o ])(x>k,w(x>> 241)
i=0 j=0
where ¢, , = 1 foreithern = Oorm = 0, cpm = %
otherwise. For instance
S10 = I/d T h / h
1,0 = X 00)(x) ;w(x) (Shl,_u(x) ke /.Ll)(x)7
(242)
So.1 = M k() = o8 kv (y)
o= / (O » Y Rty / 8kpw(y) h,k=0 i
(243)
1
S0=13 / dx T4 () By (1), (244)
1
S02 = g [ &y Ty )k, (245)
1 v 1 v
Si1 = Z_/.dx T(IS |)(x)hpw(x) + - /dy Tslzl 0)()’) kv (v), (246)

and
58
Ti'y (X)) =2—— : 247
000 =25 0 e
828
TILUO)( )_2/(1
Bhuv(x)ahulvl (X]) 1,k=0
XMy (1), (248)
828
Ty =2 [ ay e
’ 5huv(x)5k)»p(Y) k=0
xkyp (¥), (249)
838
T(’évo)(x) = /dxldxz
’ ‘Shuv(x)Shp.lvl (xl)gh[nvz(xZ) k=0
XAy oy (XD A0, (X2), (250)
838
T/ (x) =/dy1dyz
©.2) 8y (X)8Ksy oy (18K, (v2) 1, 4
XKy p1 (Do pr (32), (251)
838
TH (x) = 2/dx1dy
&b Sh;w(x)ahulw (xl)Sk)»p(y) I k=0
Xk (1)K (7). (252)
Similarly
88
T* =2— 253
50,0y %) 8en () |, (253)
828
TEY (x) = 2/de Ry (X1),
5(1,0) 8k (X)8h 1,y (x1) hke0 H1v
(254)
TE (%) 2fd 85 ki, (y),  (255)
X) = _— s
50.1) Y Sk (0o ) | g
838
Tslg 0)()() = /dxldxg
’ 3k,uv(x)8hmv1 (xl)‘Shuzvz(xZ) k=0
X oy (XD R0, (X2), (256)
838
Tio 0 (x) = [dyldyz
50.2) 8k ()81 91 (1D8K32p0 (¥2) | 4o
Xk o1 (Dkog 00 (32), (257)
838
Tslﬂj 1)()c) = Zfdxldy
’ akuv(x)Shulvl(xl)Skkp(y) I k=0
XAy (DKo (9)- (258)

The explicit expression of 7', (x) and T5q ) (x) are given
in Egs. (148) and (149).
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B.4 The one-loop one-point functions

The one-loop one-point functions of 7#" and T5“ " are defined
in path integral terms as follows:

(T () = / DT (x) /3191

_ / Do [(T’(‘Ofo) () + T4 ()
lel)(x) +. )ei(510+501+-~-):| eiSo (259)

where T can be either T or 75. Expanding the exponential:
(T () / D Ty, (x) €'
/ D (i510 Tl gy (1) + (g, (1))
+ [ D6 (150 Tl 0 + Tt 0) €
/ D¢ ((z S0 5 5 570) Tio0) )
i S10 Ty () + T(2 (1)) €

+ [ Do ((isoz S50 Tl ()
S0 Tl () + Tl ) (1)) €%

+/D¢ (i1 = So1So1) T(g. g (x)
+i So1 T( ) (x)

+iS10 T () + T(' () €%
T (260)

Next we introduce auxiliary external currents J and J and
couple them to the free field ¥, ¥ in Sp.

(T N, J1 = /D\iquj ( ......... )
x expliSo + i /(J_\If + )]

and set at the end J = J = 0. At this point in ( --------- )

one can replace W by 37 and W by — so that the only

8 J
remaining dependence on W and W is in the factor exp[i So +
S+ W J)]. Formally integrating over W and W leads to

an irrelevant infinite constant times

exp |:—i/fPJ:|

where P is the inverse of the kinetic differential opera-
tor in Sp, i.e. the propagator in configuration space. The
final expression is the same as (260) with ¢! replaced
by exp[—i [ j P j], from which the Feynman rules can be

(261)

@ Springer

extracted. This is interpreted as
(T ) =
(O|T (l S10 T(() 0) (x) + T(l 0)(x)) |0)

HOIT (01 Tlg gy () + Tl 1) (0) [0)

(0IT{. ) (x)10) (262)

+(0IT ((iszo ~1s, ) T{0)(X)
510 T oy () + T, (0) [0)
+0IT ((iSoz - %S&l) To.0)(X)
S0 Tl () + T, () 10)
HOITm (511 — Sor Son) Tl () + i S01 Tl (@)

HiS10 T () + T (0) 10)

= <0|T‘”0) (x)|0) (263)
+ Z 2n+mmm' / [T dxidyihum G-
n+m>1 i,j,i+j>1
;L,-v,- (xi)k)»]pl (]) cee k)»jpj (y])
X TI'LV/’LIVl~--linvna)llpl”'}\mpm (.x’ XloevwsXpalsoons ym)
The expansion coefficients THAYH#IVIHavn(x xp, -+ xp),

where T stands both for 7 and 7s, are introduced for conve-
nience.

B.5 Trace Ward indentities

The quantum Ward identities for the Weyl and axial Weyl
symmetry are given by (150) and (151). We need to expand
them in series of 4 and k. With reference to (264) we get

J(0,0)(x) = (01T(0,0},(x)|0) = 0, (264)
T(1.0)(x, x1) = Z1,00,"" (x, x1)
+28(x — x{0ITg ) (xD)0) = 0,
(265)
To.1(x, y1) = T, 1), (x, y1)
+28(x = yD(0I T35, (y1)10) =0,
(266)

Ta, 1)ﬁ’””')\‘p‘(x X1, Y1)
+28(x — x) T (v

280 — y) T4 (x1, y1) =0,
(267)

TJa,nx, x1,y1) =

T@.0)(x, x1, x2) = T2,0),," 272 (x, x1, x2)
+2(8(x — x1)
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+8(x — 22T )2 (1, x2) = 0,

(268)
T0.2)(x. 1. y2) = T2 7727 (x, y1, y2)
+2(8(x — y1)
80 — YT 12 (1, y2) = 0,
(269)
and
T500,0)(x) = (0]T5(0,0)5 (x)[0) = 0, (270)
T50,00(x, x1) = 775(1,0)?’}“lUl (x,x1) +28(x — x1)
X (O] 743" (x1)[0) = 0, 271)
Ts0. (6 y1) = T (e, y1) 4+ 28(x — y1)
X <0|T(?)16))‘ (yD10) =0, (272)

ARIVIA
Tsai (e, x1, y1) = Tsa P (e x1, 1)
A
+28(x — x)) T} g (1, y1)

+28(x — y)T P (xy, yp) =0,

©.1
(273)
Ts2.0) 0, x1,%2) = Ts,00," 2 (x, 31, x2)
+2(8(x — x1) +8(x — x2))
x T\ )22 (1. x2) = 0, (274)
T50,2) (%, ¥1, y2) = T50,2 177272 (x, 1, y2)
+2(8(x — y1) +8(x — y2))
T 022 (31, y2) = 0,
' (275)
where
T ) = HOIT Ty (O Tl Gen)l0)
828
+4(0) 0y, 276
Shuu(x)Shmv, (xl)
T ) = O T IR G010
828
+4(0 10) @77)

ahuv (x)rSkMpl 1)

and

,T(g’xg)uvmz"z (x,x1,x2) = —<0|TT(I(;,U0) )

X Ty DT ; (62)10)

828
+4i (0| TTEY (x1) 10)
.0 81 ()8R vy (x2)

828
+H4OIT T ) (x2) 0
0.0 2 s ()8R (X)

528
+4i (0T T, (x) 10)
0.0 (Shp,lvl (X])(Shy,zvz ('x2)

838
+8(0] [0),
S8Ry (X)Sh v (XD Ry, (X2)

(278)

T 22 (x, y1, y2) = — (01T Tl ()
XT3l (VT35 (02)10)
828
+4i OITTE (y1) 10)
0.0 (Shlw(x)akkzﬂz (y2)

828
. rap2
+4l <0|TT5(0’0) (yz) (Sk)»]pl (y])(shl“) (x) |0)

828
F4i 01T T (x) 10)
00 S O )5kap (02)

83s
10) (279)
8h;w ()C)Sk)”m (y1)hkzp2 (y2)

+8(0]

and

A
T (x, x1, y1) = — (01T T g, (x)

A
X T(l(l;}(;})l (x1) T5 (bf)(l)) (1)10)

, ) 828
+4i <0|TT5(/())1’0) (62)) Bhp,v (X)5h,“u1 x1) |0)
+4i (01T Tl (x1) S 0)
’ 8Ky py (y1)8h 0 (x)
+4i (01T T, () s 10)
’ Skklpl (yl)ahum (.X1)
801 s 0)
uv(x)ahulvl (xl)kklpl ()’1)

and for the axial tensors

(280)

T e, xn) = iOIT T o ()T g (x1)10)
+4(0) s 10)
8k)»p(x)8hu1v1 (x1) '

T (e, y0) = i OITT5g o (DT 6 (v)10)
828

+4(0| 10),
8kp (X)8kyy py (¥1)

(281)

(282)

T ) = — (01T T35 ) ()
X T(l(;’l(;})l (x1 ) TS)L(%)II’)(I)) (yl ) |0)
828
+4i (0| T T2 - (x) |0)
50.0) SRy vy (x1)8ky, oy (V1)
828
|0)
8ky oy (V1)8kyp (x)
4 OITTL ) (%) S 10)
l X
30,0 Skklpl(yl)ahulvl ()Cl)
838
+8(0] |0)
8h}»p(x)8hu1v1 (xl)h)\.lpl ()’1)

+4i (01T Tl (x1)

(283)
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and

A A
7—5(5%1)‘}|sz2 (x,x1,x2) = _<0|TT5([()),0) (x)

XTIl ) Ty (¥2)10)
+4i (01T T (x1) oS 0
(0,0) 8k p (x)8M s, (X2)

828
+4i (0| T T}y’y7 (x2) |0)
OOk 0y (x1)8ks (x)

828
+4i (0| T T2 (x) 0)
SO0 SR, vy (X1)8h 0, (x2)
+8(0] ) |0)
Skkp (x)ahulvl (xl)huzvz (x2)

and

APALPIA A
7—5('8’21)1)1 22 (x, y1, y2) = _(O|TT5('(O)’0)(X)

A A
XI5y D T3 65, (v2)10)

528
R A1p1
+4i (01T T ,(y1) 8k p (x)8kiy pr (y2) o

828
F4(OITTL? (32) 107
SO0 5k 1 oy (1)K (x)
828
+4i (OIT T (x) 0
SO0 8k 01 (¥1)8Knz 0 (2)

838
0). (284)
8k p (xX)8kx, py (Y1) kg pp (¥2)

=

+4(0|

C Samples of Feynman diagram calculations

In this appendix we give more details on some of the Feynman
diagrams computed in Sect. 3.

C.1 Tp) two-point function

Let us start from a very simple one, the calculation of
0|T T(’é)v x) T()(‘)’; (»)]0). In momentum space this corresponds
to

1 d*p 1
- tr{ —Q2p+Hy?
64 (2n)4r(p( PRy
1+ ys (,u, < v))
——Qp+kryr—2 . 285
p+k( p+K)"y > oo (285)
whose odd parity part is
[ &P (v PokeCp 0 2p + 0
36 ) (@) p2(p +k)?
< v
+ (x - p)) . (286)

@ Springer

The corresponding regulated expression is

_L/d“_l’/ d’t (6avrppokr(2p+k)“(2p+k))‘
36) @) @y (P> =) (p+ 57 =)

JIRESNY
“(20)
Only the terms quadratic in p in the numerator may survive
for symmetry reasons, but for the same reason they give rise
to 85 and (Sﬁ, which leads to the vanishing of (287). If we
contract (287) with n,, its vanishing is even more evident.

(287)

C.1.1 Terms P—foh—P—V}fhh and similar

We wish to evaluate the terms contained in (0|7 T(‘S; (x)
828

5h/tlv1 (xl)ahuzuz(XZ)

graviton line of momentum ¢ and two outgoing ones of

momentum ki, k. The first is the diagram P-Vyp;—P-
V}fhh’ whose odd part is

|0). They are diagram with an incoming

P—4

pw vs
+ < (1, v1) < (U2, v2) 7|
pa < v

Saturating it with 7, one gets

3 d* 1 1
312 44‘(27:; r {( (p(Zp—q)"J/”(217—61)’”)/”‘77”‘”2

(288)

3 d*p 1 1 .
55 oot r[((i@]b—q)—p_q Qp—g"tytinh
+ (Ml <> Vl))
H2 < V2

V5
+ (M],U])(—)(Mz, VZ) A |

> (289)

which clearly vanishes because of the y trace. It follows that
also the odd part of the diagram P—V}f h—P—V} -, Vanishes.
The same conclusion holds if in these previous diagrams
we replace V}fhh with V}’fhh and V}/}hh.
Proceeding in the same way we can prove that also the
odd part of
828

017 TH!" (x 0
M (O17 T ) ( 1)5hﬂv(x)8hmv2(xz)| )

(290)

vanishes. But there is a simpler way to get rid of the terms
containing one () factor and one second derivative of S and
it is to prove that their odd parity part vanishes before taking
the trace.

Let us consider again (288), that is, the untraced P—
V=P~V Introducing a dimensional regulator § we
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can rewrite it as

3 d*p dse
1024 | @n)* )] @n)d

p p—d
8 [tr <p2 L P y’“”)

x 2p—q)"2p—q@)H'n"" +- }

(291)

where the dots denote the symmetrizations indicated in (288).
Let us take the y trace:

3i d*p dse

256 ) emt ) @y €
Cp—HC2p —g)Hin"™
PP = ((p—q)?* -2

VT2

Podx

(292)

The integrand has two p? terms in the numerator. They
are proportional, respectively, to e*V*H2g, gq"*'pn*1"2 and
etV g gt nV1V2 The first vanishes under the pu <> v sym-
metrization, the other under the symmetrization (it1, vy) <
(2, v2).

Next we do the same for the untraced P~V pp—P=V [,

The relevant integral is
Cp—q"y” —(21ﬁ q)—

128/(2 )4 [ P—d

x (PP phave — piivapiavt numznwvz)] (293)

symmetrized in u < v. Writing 2p —¢ = p + p — ¢ and
simplifying with the denominators, we get two terms each
with a trace of two y’s with y5, which vanishes.

C.1.2 The term P=Vrp—P=V5 sy,

This term requires a bit more elaboration. The starting point
is the integral

1
W,V T VI V2KA
512/(271)4 [ @p =y oyt
1+V5]

x (k1 — k2)avic (294)

which has to be symmetrized in ;& <> v. The odd part is

i d*p 1 1
2 W pH1vIp2 VKA
oz | <py ’- q”)(” ?

x(ky — k2)p + (n — v)} (295)

Next we introduce the dimensional regulator and use Lorentz
covariance to obtain

i [ dp dse 1
56) et ] CrF -G -9 - )
<[P =D = (00— @) + 8L + pep — ")

(296)

X 2p = @ I — k) + (> v) ]
Next we introduce a Feynman parameter x, 0 < x < 1 and
represent

1
P2-)(p—q)? -3

1
1
= / dx 2_ 2 02
o ((p—xq)* = +x(1—x)q°)
then we change variable p — p’ = p — xq. The result is

i d4 d4° 1 tuwwzl}zf(k(kl — ko))
S VY S / ax
256 ) 2m)* ) @n)d ) (p?2 — 024+ x(1 —x)q?)?

1
) [E (1" g + 8q" + 82g™) p*(2x — 1)

+2¢"q"qe — q"g*82)x (1 — x)(1 — 2x)

3
—Eqﬂpza‘;(zx —1) = £2¢"8) (2x — 1)] , (297)

which must be symmetrized under i <> v. All the terms
vanish because of the x integration.
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