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Abstract We consider both generalized Born–Infeld and
exponential electrodynamics. The field energy of a point-
like charge is finite only for Born–Infeld-like electrodynam-
ics. However, both Born–Infeld-type and exponential elec-
trodynamics display the vacuum birefringence phenomenon.
Subsequently, we calculate the lowest-order modifications to
the interaction energy for both classes of electrodynamics,
within the framework of the gauge-invariant path-dependent
variables formalism. These are shown to result in long-
range (1/r5-type) corrections to the Coulomb potential. Once
again, for their noncommutative versions, the interaction
energy is ultraviolet finite.

1 Introduction

Amongst the most interesting of the phenomena predicted by
quantum electrodynamics (QED) we may quote the photon–
photon scattering in vacuum arising from the interaction of
photons with virtual electron–positron pairs [1–4]. However,
despite remarkable progress [5–9], this prediction has not yet
been confirmed. Nevertheless, this remarkable quantum char-
acteristic of light remains a fascinating and challenging topic
of research. In fact, it is conjectured that alternative scenarios
such as Born–Infeld theory [10], millicharged particles [11]
or axion-like particles [12–14] may have more significant
contributions to photon–photon scattering physics.

It is worth recalling, at this stage, that Born–Infeld (BI)
electrodynamics was proposed in 1934 in order to remove
the singularities associated with charged point-like particles.
Also, similarly to Maxwell electrodynamics, Born–Infeld
electrodynamics displays no birefringence in vacuum. At
the same time, BI electrodynamics is distinguished, since
BI-type effective actions arise in many different contexts in
superstring theory [15,16]. Additionally, nonlinear electro-
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dynamics (BI) has also been investigated in the context of
gravitational physics [17,18]. Actually, in addition to Born–
Infeld theory, other types of nonlinear electrodynamics have
been studied in the context of black hole physics [19–22].

Meanwhile, recent experiments related to photon–photon
interaction physics [5–9] have shown that the electrodynam-
ics in vacuum is a nonlinear theory. Therefore, different mod-
els of nonlinear electrodynamics of the vacuum deserve addi-
tional attention on the physical consequences presented by a
particular nonlinear electrodynamics. In effect, our purpose
here is to examine the properties of both Born–Infeld-like
electrodynamics and exponential electrodynamics.

On the other hand, we also recall that extensions of the
Standard Model (SM), such as Lorentz invariance violating
scenarios and scenarios based on a fundamental length, have
been subject to intensive investigations over the past years
[23–27]. The main reason for this is that the SM does not
include a quantum theory of gravitation, as well as the need to
understand and to overcome theoretical difficulties in quan-
tum gravity research. An attempt along this direction has
been to consider quantum field theories allowing noncom-
muting position operators [28–33], where this noncommu-
tativity is an intrinsic property of space-time. These studies
were first made by using a star product (Moyal product).
However, in recent years, a novel way to formulate noncom-
mutative quantum field theory (or quantum field theory in the
presence of a minimal length) has been initiated in [34–36],
which define the fields as mean values over coherent states
of the noncommutative plane. Later, it has been shown that
the coherent state approach can be summarized through the
introduction of a new multiplication rule which is known as
the Voros star-product [37]. Evidently, physics turns out be
independent from the choice of the type of product [38]. Sub-
sequently, this new approach has been applied extensively to
black holes physics [39].

With these considerations in mind, in a previous work
[40], we have considered logarithmic electrodynamics, for
which the field energy of a point-like charge is finite, as
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happens in the case of the usual Born–Infeld electrodynam-
ics. We have also shown that, contrary to the latter, loga-
rithmic electrodynamics displays the phenomenon of bire-
fringence. Further, we have computed the lowest order to
the interaction energy for both logarithmic electrodynam-
ics and for its noncommutative version, by using the gauge-
invariant but path-dependent formalism. Our calculation has
shown a long-range correction to the Coulomb potential
for logarithmic electrodynamics. Interestingly enough, for
its noncommutative version, the static potential becomes
ultraviolet finite. From such a perspective, and given the
experiments related to photon–photon interaction physics
[5–9], the present work is an extension of our previous
study [40]. To do this, we shall work out the static potential
for both Born–Infeld-like and exponential electrodynamics,
using the gauge-invariant but path-dependent variables for-
malism, which is an alternative to the Wilson loop approach.

Let us also mention here that Lagrangian densities of non-
linear extensions of electrodynamics such as Born–Infeld-
like electrodynamics, whose Lagrangian density is built up
with an arbitrary power of the electromagnetic invariants,
have been considered in the context of black hole physics
[19,41]. In the context of single layer graphene, the effective
action for the (2 + 1) relativistic quantum electrodynamics
is governed by a power 3/4 [42,43]. In addition, exponential
electrodynamics has also been considered in the physics of
black holes [19].

Our work is organized according to the following outline:
in Sect. 2, we consider Born–Infeld-like electrodynamics,
show that it yields birefringence, compute the interaction
energy for a fermion–antifermion pair and its version in the
presence of a minimal length. In Sect. 3, we repeat our anal-
ysis for exponential electrodynamics. Finally, in Sect. 4, we
present our final remarks.

In our conventions the signature of the metric is
(+1,−1,−1,−1).

2 Born–Infeld-like model

As already stated, we now examine the interaction energy for
Born–Infeld-like electrodynamics. To do this, we will calcu-
late the expectation value of the energy operator H in the
physical state |�〉, which we will denote by 〈H〉�. How-
ever, before going to the derivation of the interaction energy,
we will describe briefly the model under consideration. The
initial point of our analysis is the Lagrangian density:

L = β2
{

1 −
[

1 + 2

β2 F − 1

β4 G2
]p}

, (1)

where F = 1
4 FμνFμν , G = 1

4 Fμν F̃μν . In the sequel,
we shall justify why we confine ourselves to the domain

0 < p < 1. As usually, Fμν = ∂μAν − ∂ν Aμ is the electro-
magnetic field strength tensor and F̃μν = 1

2ε
μνρλFρλ is the

dual electromagnetic field strength tensor. Before we proceed
further, it is interesting to recall that Born and Infeld intro-
duced their arbitrary Lagrangian, corresponding to p = 1/2
in (1), in analogy to the relativistic Lagrangian of a free par-
ticle [44].

We start by observing that the field equations read

∂μ

[
1

	1−p

(
Fμν − 1

β2 G F̃μν
)]

= 0, (2)

while the Bianchi identities are given by

∂μ F̃μν = 0, (3)

where

	 = 1 + 2F
β2 − G2

β4 . (4)

It follows from the above discussion that Gauss’ law takes
the form

∇ · D = 0, (5)

where D is given by

D =
E + 1

γ 2 (E · B)B

[1 − (E2−B2)
β2 − 1

β4 (E · B)2]1−p
. (6)

From (5), for J 0(t, r) = eδ(3) (r), it is clear that the D-field is
given by D = Q

r2 r̂ , where Q = e
4π . Considering the situation

of a point-like charge, e, at the origin, the relation

Q

r2 = |E|(
1 − E2

β2

)1−p , (7)

tells us that, for r → 0, the electrostatic field is regular
at the origin (where it acquires its maximum, Emax = β)
only with p < 1. On the other hand, p < 0 is excluded
because there could exist field configurations for which the
Lagrangian density would blow up. For p > 1, E becomes
singular at r = 0; we then exclude this possibility, since we
focus on solutions that are regular on the charge position. Our
final choice is 0 < p < 1, from the considerations above.

The physical picture is that for 0 < p < 1, though the
charged particle is point-like, its charge somehow spreads in a
small region and it is screened by the polarization that results
from the quantum effects, which all sums up to produce the
effective Lagrangian (1).

From (6), we then easily verify that the electric field sat-
isfies the equation

Dξ

β2 E2 + Eξ − Dξ = 0, (8)

where ξ = 1
1−p . Now, it is worth noting that if ξ is an inte-

ger, we obtain p = 1/2, 2/3, 3/4, 4/5, . . . The ξ = 0 and
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ξ = 1 cases are excluded. We further note that negative
values of ξ are not permitted because they lead to p > 1.
Evidently, when ξ is an integer it induces a richer dynamics
than the usual Born–Infeld electrodynamics (p = 1/2). It is
this aspect which we wish to investigate. In order to do so
our considerations will be confined to the simplest possible
case, namely, ξ = 4 (or p = 3/4). To accomplish this task,
we begin by rewriting the Lagrangian density (1) as

L = β2

{
1 −

[
1 + 1

3β2 F2
μν − 1

24β4

(
Fμν F̃μν

)2
]3/4

}
.

(9)

This then implies that the electric field reduces to

E = β
√

3Q
1√

Q2 + √
Q4 + 9β4r8

r̂ . (10)

From this expression, it should be clear that the electric field
of a point-like particle is maximum at the origin, Emax =
β

√
3
2 ; in the usual Born–Infeld electrodynamics, Emax =

β. Notice that Emax is no longer β (Emax = β

√
3
2 ) simply

because we have changed our coefficients in (8) (they are no
longer the ones defined in (1)).

In order to properly discuss the propagation of electro-
magnetic waves within this context, it is advantageous to
introduce the vectors D = ∂L and H = −∂L∂B:

D = 1

	1/4

(
E + B (E · B)

β2

)
(11)

and

H = 1

	1/4

(
B − E (E · B)

β2

)
, (12)

where 	 = 1 + 2
3β2

(
B2 − E2

) − 2
3β4 (E · B)2. This means

that the corresponding equations of motion are written as

∇ · D = 0,
∂D
∂t

− ∇ × H = 0 (13)

and

∇ · B = 0,
∂B
∂t

+ ∇ × E = 0. (14)

From (11) and (12), it is clear that we can also write the
electric permittivity εi j and the inverse magnetic permeabil-
ity

(
μ−1

)
i j tensors of the vacuum. In effect,

εi j = 1

	1/4

(
δi j + 1

β2 Bi B j

)
,

(
μ−1

)
i j

= 1

	1/4

(
δi j − 1

β2 Ei E j

)
, (15)

with Di = εi j E j and Bi = μi j H j .

Following our earlier procedure [40], we must linearize
the above equations. To this end one considers a weak elec-
tromagnetic wave (Ep,Bp) propagating in the presence of
a strong constant external field (E0,B0). We see, therefore,
that for the case of a purely magnetic field (E0 = 0), the
vectors D and H reduce to

D = 1(
1 + 2

3
B2

0
β2

)1/4

[
Ep + 1

β2

(
Ep · B0

)
B0

]
(16)

and

H= 1(
1 + 2

3
B2

0
β2

)1/4

⎡
⎢⎢⎣Bp − 1

3β2

(
1 + 2

3
B2

0
β2

) (
Bp · B0

)
B0

⎤
⎥⎥⎦,

(17)

where we have kept only linear terms in Ep, Bp. Here, it
is worth to remark that the equations above, (15) and (16),
are an illustration of the more general case contemplated by
Villalba-Chavez and Shabad in the work of Ref. [45]. Equa-
tions (15) and (16) appear indeed as particular expressions of
the F > 0-case given in (39), Sect. 3.A of Ref. [45]. Now, by
considering the z axis as the direction of the external mag-
netic field (B0 = B0e3) and assuming that the light wave
moves along the x axis, the decomposition into plane waves
for the fields Ep and Bp can be written as

Ep (x, t) = Ee−i(wt−k·x), Bp (x, t) = Be−i(wt−k·x). (18)

Once this is done, we arrive at the following Maxwell equa-
tions:(

k2

w2 − ε22μ33

)
E2 = 0, (19)

and(
k2

w2 − ε33μ22

)
E3 = 0. (20)

Thus, from a physical point of view, we have two different
situations: First, if E ⊥ B0 (perpendicular polarization), from
(20) E3 = 0, and from (19) we get k2

w2 = ε22μ33. As a result,
the dispersion relation of the photon may be written as

n⊥ =

√√√√√√
1 + 2B2

0
3β2

1 + B2
0

3β2

. (21)

Second, if E || B0 (parallel polarization), from (19) E2 = 0,
and from (20) we get k2

w2 = ε33μ22. In this case, the corre-
sponding dispersion relation becomes

n‖ =
√

1 + B2
0

β2 . (22)
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Thus we learn that the phenomenon of birefringence is absent
[46]. However, in the case of a generalized Born–Infeld elec-
trodynamics (our case) the phenomenon of birefringence is
present. Incidentally, we should highlight that, in the paper
of Ref. [47], the authors work out a general condition for
the absence of birefringence for a broad class of Lagrangian
densities: an analytic expression that relates the derivatives
of L with respect to F and G is attained and must be veri-
fied as a criterion to check whether or not a particular model
exhibits birefringence. We point out that our special class of
Lagrangians, given by (1), do not in general obey the condi-
tion derived in Ref. [47], which confirms that the models we
treat here are generally birefringent. Birefringence does not
occur whenever

ε22μ33 = ε33μ22. (23)

This relationship is nothing but the form the condition
attained in Ref. [47] takes in the particular case of (1). If this
equality is not satisfied, birefringence shows up. Incidentally,
it is of interest to notice that in Born–Infeld theory, which is
described by a square root instead a power (3/4) as in (9), the
phenomenon of birefringence is absent. However, in the case
of a generalized Born–Infeld electrodynamics [48], which
contains two different parameters, again the phenomenon of
birefringence is present.

We now turn to the problem of obtaining the interaction
energy between static point-like sources for a Born–Infeld-
like model, our analysis follows closely that of Refs. [49,50].
As already mentioned, the corresponding theory is governed
by the Lagrangian density (9), that is,

L=β2

{
1 −

[
1 + 1

3β2 F2
μν − 1

24β2γ 2

(
Fμν F̃μν

)2
]3/4

}
.

(24)

As in our previous work [40], in order to handle the expo-
nent 3/4 in (24), we incorporate an auxiliary field v such that
its equation of motion gives back the original theory. This
allows us to write the Lagrangian density as

L=β2 − 3β2v − vF2
μν + v

8γ 2

(
Fμν F̃μν

)2 − β2

44

1

v3 . (25)

We now carry out a Hamiltonian analysis of this the-
ory. The canonical momenta are found to be �μ =
−4v

(
F0μ − 1

4γ 2 Fαβ F̃αβ F̃0μ
)

, and one immediately iden-

tifies the two primary constraints �0 = 0 and p ≡ ∂L
∂v̇

= 0.

Furthermore, the momenta are �i = 4vDi j E j . Here Ei =
Fi0 and Di j = δi j + 1

γ 2 Bi B j . Since D is nonsingular, its

inverse D−1 exists. With this the corresponding electric field

can be written as Ei = 1
4v det D

(
δi j det D − 1

γ 2 Bi B j

)
� j .

The canonical Hamiltonian corresponding of the model can
be worked out as usual and is given by the expression

HC =
∫

d3x

{
�i∂

i A0 + 1

8v
�2 − β2 + 3β2v

+2vB2 + β2

44

1

v3 − (� · B)2

8vγ 2
(

1 + B2

γ 2

)
⎫⎬
⎭ . (26)

Requiring the primary constraint �0 to be preserved in
time, one obtains the secondary constraint 	1 = ∂i�

i = 0.
Similarly for the constraint p, we get the auxiliary field v as

v =
√

1

16γ 2 det D
(
2B2 + 3β2

)

×
√[(

�2γ 2 det D − (� · B)2
) +

√(
�2γ 2 det D − (� · B)2

)2 + 3β2
(
2B2 + 3β2

) (
γ 2 det D

)2
]
, (27)

which will be used to eliminate v. Next, the correspond-
ing total (first-class) Hamiltonian that generates the time
evolution of the dynamical variables is H = HC +∫

d3x (u0(x)�0(x)+ u1(x)	1(x)), where uo(x) and u1(x)
are the Lagrange multipliers utilized to implement the con-
straints. It should be noted that Ȧ0 (x) = [A0 (x) , H ] =
u0 (x), which is an arbitrary function. Since�0 = 0 always,
neither A0 nor �0 are of interest in describing the system
and may be discarded from the theory. Thus the Hamiltonian
is now given as

H =
∫

d3x

{
w(x)�i∂

i + 1

8v
�2 − β2 + 3β2v

+2vB2 + β2

44

1

v3 − (� · B)2

8vγ 2
(

1 + B2

γ 2

)
⎫⎬
⎭ , (28)

where w(x) = u1(x)− A0(x) and v is given by (27).
At this stage, in accordance with the Hamiltonian analysis,

we must fix the gauge. A particularly convenient gauge-fixing
condition is

	2 (x) ≡
∫

Cξ x

dzν Aν (z) ≡
∫ 1

0
dλxi Ai (λx) = 0. (29)

where λ (0 ≤ λ ≤ 1) is the parameter describing the space-
like straight path zi = ξ i + λ (x − ξ)i , and ξ is a fixed point
(reference point). There is no essential loss of generality if
we restrict our considerations to ξ i = 0. With this, we arrive
at the only non-vanishing equal-time Dirac bracket for the
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canonical variables{
Ai (x) ,�

j (y)
}∗ = δ

j
i δ
(3) (x − y)

−∂x
i

1∫
0

dλxiδ(3) (λx − y) . (30)

In passing we recall that the transition to a quantum the-
ory is made by the replacement of the Dirac brackets by
the operator commutation relations according to {A, B}∗ →
(−i/h) [A, B].

Having thus outlined the necessary aspects of quantiza-
tion, we now proceed to compute the interaction energy for
the model under consideration. Recalling again that we will
work out the expectation value of the energy operator H in the
physical state |�〉, where the physical states |�〉 are gauge-
invariant ones. We also recall that the stringy gauge-invariant
state is given by

|�〉 ≡ ∣∣�̄(y)�(y′)
〉

= ψ̄(y) exp

(
ie

h̄

∫ y

y′
dzi Ai (z)

)
ψ(y′) |0〉 , (31)

where |0〉 is the physical vacuum state and the line inte-
gral appearing in the above expression is along a spacelike
path starting at y′ and ending at y, on a fixed time slice.
In this case, each of the states (|�〉) represents a fermion–
antifermion pair surrounded by a cloud of gauge fields to
maintain gauge invariance. Moreover, using the Hamiltonian
formalism developed in [51], we have

{�k(x),�(y)}∗ = ie

h̄

∫ 1

0
dλykδ

(3) (x − λy)�(y) (32)

and

{
�k(x), �̄(y)

}∗ = − ie

h̄

∫ 1

0
dλykδ

(3) (x − λy) �̄(y). (33)

Next we will consider the state �i (x) |�〉, in other words,

�i (x) |�〉 = �̄(y)�(y′)�i (x) |0〉+([
�i (x), �̄ (y)

]
�
(
y′)

+�̄(y) [�i (x),�
(
y′)]) |0〉 . (34)

By means of (32) and (33), we can rewrite (34) in the fol-
lowing way:

�i (x)
∣∣� (y)� (

y′)〉 = � (y)�
(
y′)�i (x) |0〉

+e
∫ y′

y
dziδ

(3) (z − x) |�〉 . (35)

As a consequence of this, our calculation is a semiclassical
one. Now, we recall that the fermions are taken to be infinitely
massive (static), which means that there is no magnetic field.
In such a case, by employing (35) and (27), the lowest-order
modification in β2 of the interaction energy takes the form

〈H〉� = 〈H〉0 + V1 + V2, (36)

where 〈H〉0 = 〈0| H |0〉. The V1, V2 terms are given by

V1 = e2

2

∫
d3x

∫ y

y′
dziδ(3) (x − z)

∫ y

y′
dz′iδ(3)

(
x − z′) ,

(37)

and

V2 = − e4

24β2

∫
d3x

∫ y

y′
dziδ(3) (x−z)

∫ y

y′
dz′iδ(3)

(
x−z′)

×
∫ y

y′
dξ kδ(3) (x − ξ)

∫ y

y′
dηkδ(3) (x − η) . (38)

We note that the term (37) may look peculiar, but it is nothing
but the familiar Coulomb interaction plus a self-energy term
[52,53]. The term (38) may then be further manipulated as
described in [53]. In this way, up to a numerical factor, one
obtains just the interaction energy for the standard Born–
Infeld theory [54]. In view of this situation, the static potential
turns out to be

V = − e2

4π

1

L

(
1 − e2

480π2β2

1

L4

)
. (39)

As a second derivation of our previous result, it may be
recalled that [51,52]

V ≡ e (A0 (0)− A0 (L)) , (40)

where the physical scalar potential is given by

A0(t, r) =
∫ 1

0
dλr i Ei (t, λr). (41)

This equation follows from the vector gauge-invariant field
expression

Aμ(x) ≡ Aμ (x)+ ∂μ

(
−
∫ x

ξ

dzμAμ (z)

)
, (42)

where the line integral is along a spacelike path from the
point ξ to x , on a fixed slice time. It should be noted that the
gauge-invariant variables (42) commute with the sole first
constraint (Gauss law), showing in this way that these fields
are physical variables. In passing we note that Gauss law for
the present theory ∂i�

i = J 0, where we have included the
external current J 0 to represent the presence of two opposite
charges. Since we are interested in estimating the lowest-
order correction to the Coulomb energy, we will retain only
the leading quadratic term in expression (10). Thus the elec-
tric field simplifies to E = e

4π
1√

r4+
(

e
4πβ

)2
1
3

r̂ . Substituting

this back into (41), we obtain

A0(t, r) = − e

4πr

∫ 1

0
dλ

1√
λ4 + a4

, (43)
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where a4 =
(

e
4πβ

)2
1

3r4 . Thus we have

A0(t, r) = − e

4πr

1

a2 2 F1(
1
4 ,

1
2 ,

5
4 ,− 1

a4 ), (44)

where 2 F1(
1
4 ,

1
2 ,

5
4 ,− 1

a4 ) is the hypergeometric function.

It should be noted here that 2 F1(
1
4 ,

1
2 ,

5
4 , 0) = 1 and

the expansion of 2 F1(
1
4 ,

1
2 ,

5
4 ,−z) (as z → ∞) is given

by 2 F1(
1
4 ,

1
2 ,

5
4 ,−z) → 	(1/4)	(5/4)√

π
1

z1/4 − 4	(5/4)
	(1/4)

1√
z +

2
5
	(5/4)
	(1/4)

1
z3/2 .

In this way, by employing Eq. (40), the potential for a
pair of static point-like opposite charges located at 0 and L
is given by

V = − e2

4π

1

L

(
1 − e2

480π2β2

1

L4

)
, (45)

after subtracting a constant term. One immediately sees that
this is exactly the profile obtained for Born–Infeld electro-
dynamics. The point we wish to emphasize, however, is that
Born–Infeld-like electrodynamics also has a rich structure
reflected by its long-range correction to the Coulomb poten-
tial.

Again, as in the case of both Born–Infeld and logarith-
mic electrodynamics [40,54], we have a finite electric field
at the origin, we find that the interaction energy between two
test charges at leading order in β is not finite at the origin.
We should point out that this is not a contradiction. Actu-
ally, according to the result given by Eq. (10), the electric
field and its corresponding potential are finite all over the
space. This is an exact result. On the other hand, (40) and
(45) are expressions for the interparticle potential obtained
upon a 1/β-expansion and truncated at order 1/β2. So, the
singularity at r = 0 is just a result of cutting off the poten-
tial expression and keeping only the term in 1/β2, instead of
computing the complete analytic expression as in Eq. (10).

Following our earlier line of argument [49,50], we shall
give a concise description of the Born–Infeld-like electro-
dynamics defined in a noncommutative geometry. In such a
case, Gauss’ law reads

∂i�
i = ee−θ∇2

δ(3) (x) , (46)

thus �i = − 2e√
π

r̂ i

r2 γ
(
3/2, r2/4θ

)
, with r = |r|. While

γ
(
3/2, r2/4θ

)
is the lower incomplete Gamma function

defined by γ (a/b, x) ≡ ∫ x
0

du
u ua/be−u .

By proceeding in the same way as in [40], we obtain the
static potential for two opposite charges e located at 0 and L:

V = − e2

4π3/2

1

L

[
γ γ

(
1/2, L2/4θ

)

+16e2

3β2 L r̂ i
∫ L

0
dyi 1

y6 γ
3
(

3/2, y2/4θ
)]
, (47)

which is finite for L → 0. Again, in the limit θ → 0, we
recover our above result.

We would like to point out that we are not here going to cal-
culate the electrostatic energy stored in a region correspond-
ing to the Compton wavelength of the electron, m−1

e , because
we know that the electron mass does not originate from its
electrostatic field; it rather comes from the Yukawa coupling
between the electron and the Higgs fields and the sponta-
neous breaking down of the SUL (2)× UY (1)-symmetry to
the electromagnetic U (1); actually, me = ye 〈H〉, where ye is
the electron’s Yukawa coupling and 〈H〉 the order parameter
of the breaking of electroweak symmetry.

3 Exponential electrodynamics

Our next undertaking is to use the ideas of the previous sec-
tion in order to consider exponential electrodynamics. In such
a case the Lagrangian density reads [19]:

L = β2(e−X/β2 − 1), (48)

where

X = F − G2

2β2 . (49)

As in the previous section, before we proceed to work out
explicitly the interaction energy, we shall begin by consider-
ing the equations of motion. Thus we have

∂μ

[(
Fμν − 1

β2 G F̃μν
)

e−X/β2
]

= 0, (50)

while the Bianchi identities are

∂μ F̃μν = 0. (51)

As before, we also find that

∇ · D = 0, (52)

where D takes the form

D = e−X/β2
(

E + 1

β2 (E · B)B
)
, (53)

where X = − 1
2

(
E2 − B2

) − 1
2β2 (E · B)2. Again, for

J 0(t, r) = eδ(3) (r), the D-field is given by D = Q
r2 r̂ , where

Q = e
4π . Moreover, from (53) we observe that the electric

field satisfy the equation

D = EeE2/2β2
, (54)

from which follows that

E = β

√
W

(
Q2

β2r4

)
r̂ , (55)
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where W
(

Q2

β2r4

)
is the Lambert function or Product Log

function. In the limit β → ∞, the electric field reduces to

E = Q

r2

√
1 + Q2

β2r4 r̂ . (56)

It is interesting to note that, for exponential electrodynamics,
the electric field is not finite at the origin.

The physical understanding for a non-regular solution for
r = 0 is that exponential electrodynamics is actually a power
series expansion in F and G2 and, then, as we have discussed
in Sect. 2, positive powers in F and G do not yet lead to a
finite field on the charge’s position. We should point out that
the Born–Infeld case (p = 1/2) comes out from the vacuum
polarization as a quantum effect of virtual pair production
and annihilation, which is responsible for the screening of a
charge in a polarized vacuum. For 0 < p < 1, the regime of
screening is still valid. However, p > 1 is outside this regime
and this is why the case of the exponential electrodynamics
does not exhibit a regular electrostatic field at the charge’s
position. We point out, in this context, the work of Ref. [55],
where a quartic model in Fμν is considered and, though the
field is not regular for r = 0, the finiteness of the field energy
is ensured.

Let us next consider the propagation of electromagnetic
waves in exponential electrodynamics. Once again following
the same steps leading to (21) and (22), in the present case,
the dispersion relations read

n⊥ =

√√√√√√
1 − B2

0
2β2

1 − 3B2
0

2β2

, (57)

and

n‖ =
√

1 + B2
0

β2 . (58)

With this then, we see that the vacuum birefringence phe-
nomenon is present.

We now turn our attention to the calculation of the interac-
tion energy between static point-like sources for exponential
electrodynamics (48). Now, proceeding as before, we intro-
duce the auxiliary field v, in order to handle the exponential
in (48). In so doing, we get

L = −β2v ln v + β2v − β2 − v

4
F2
μν + v

32β2

(
Fμν F̃μν

)2
.

(59)

It is once again straightforward to apply the gauge-
invariant formalism discussed in the preceding section. For
this purpose, we shall first carry out its Hamiltonian analy-

sis. The canonical momenta read �μ = −v
(

F0μ − 1
4β2 Fαβ

F̃αβ F̃0μ
)

, and one immediately identifies the two primary

constraints �0 = 0 and p ≡ ∂L
∂v̇

= 0. The canonical Hamil-
tonian corresponding to (48) is

HC =
∫

d3x

{
�i∂

i A0 + 1

2v
�2 + v

2
B2 − (B · �)2

2β2v det D

+β2 + β2v ln v − β2v

}
. (60)

Requiring the primary constraint �0 to be preserved in
time, one obtains the secondary constraint 	1 = ∂i�

i = 0.
Similarly for the constraint p, we get the auxiliary field v as

v =

√
�2

β2 − (B·�)2
β4 det D√

W
([

�2

β2 − (B·�)2
β4 det D

]
eB2/β2

) . (61)

Following the same steps as (37) we find that the 〈H〉(1)� -term
is given by

〈H〉(1)� = 〈�|
∫

d3x

{
1

2
�2 − 3

8β2 �4
}

|�〉 . (62)

From (37) and (62), it is clear that both expressions, up to a
numerical factor, give rise to the same interaction energy.

4 Final remarks

In summary, within the gauge-invariant but path-dependent
variables formalism, we have considered the confinement
versus screening issue for both Born–Infeld-like electrody-
namics and exponential electrodynamics. Once again, a cor-
rect identification of physical degrees of freedom has been
fundamental for understanding the physics hidden in gauge
theories. We should highlight the identical behaviors of the
potentials associated to each of the models. Interestingly
enough, their noncommutative version displays an ultravi-
olet finite static potential. The above analysis reveals the key
role played by the new quantum of length in our analysis. In
a general perspective, the benefit of considering the present
approach is to provide unifications among different models,
as well as exploiting the equivalence in explicit calculations,
as we have illustrated in the course of this work.

Finally, recently an up-dated upper bound for the elec-
tron’s electric dipole moment (EDM) has been published in
[7]. Since the understanding of this property involves CP-
violation, we believe it would be a viable task to include a
CP-violating term given by G, or an odd power of G, and to
compute how it may yield an asymmetric charge distribution
around the spin of the electron. This, in turn, should induce
a contribution to the electron’s EDM in the framework of the
Born–Infeld model. To do that, it is clearly important to also
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know the magnetic field that appears as an effect of the non-
linearity in the case of a point charge [56]. We are presently
pursuing this investigation, and we hope to report on it soon.
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