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Abstract We classify the dispersive Poisson brackets with one dependent variable
and two independent variables, with leading order of hydrodynamic type, up to Miura
transformations. We show that, in contrast to the case of a single independent variable
for which a well-known triviality result exists, the Miura equivalence classes are
parametrised by an infinite number of constants, which we call numerical invariants
of the brackets. We obtain explicit formulas for the first few numerical invariants.
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G. Carlet et al.

1 Introduction

Let A be the space of differential polynomials in the variable u, i.e. formal power
series in the variables 8)];} Bfgu with coefficients which are smooth functions of u:

A=C>®U) [[{M"hkz) = M0Ru with ki k2 > 0, (ki ko) # (O, 0)}]] :

for U C R. The standard degree deg on A counts the number of derivatives 9,1, 9,2
in a monomial, i.e. it is defined by deg(9*!8'3u) = k; + ka.

In this paper, we classify, up to Miura transformations, the dispersive Poisson
brackets with one dependent variable x and two independent variables x!, x? of the
form

(" 27) e (01
=u ) (o)}

Y Y AnkkGoos® (x =y )a®) (32 —y2) )

k>0 k1,ky >0
ky+ko <k+1

where Ak;k],kz € A and deg Ak;kl,kz =k—ki—ky+ 1.

The leading term {uxt, x), u(y', y»))° is a (scalar, two-dimensional) Poisson
bracket of Dubrovin—Novikov (or hydrodynamic) type [12,13], and in other words it
is of the form

o (o) ()

— Z I:gi(u(x))axi + bi(u(x))Z)Xiu(x)] 5 (xl - yl) 5 (x2 - y2) :

i=1

which we assume to be non-degenerate.

The conditions imposed on the functions g’(u) and b'(u) by the requirement
that {, }° is skew-symmetric and satisfies the Jacobi identity have been studied by
several authors [15,21,22]. We require the additional condition that the bracket is
non-degenerate, namely that the bracket does not vanish for any value of the function
u(x). In the specific case considered here, where there is a single dependent variable
and two independent variables, such conditions guarantee the existence of a change
of coordinates in the dependent variable (a Miura transformation of the first kind), to
a flat coordinate that we still denote with «, in which the bracket assumes the form

o)) 50 ()3 ()

+ %8 (xl — y1> s <x2 — y2) .
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Normal forms of dispersive scalar Poisson brackets...

We can moreover perform (see [2]) a linear change in the independent variables x!,
x2 such that the Poisson bracket assumes the standard form

) a () =)o (). e

The Miura transformations (of the second kind [18]) are changes of variable of the
form

v=u+26ka 3)

k>1

where Fy € A and deg Fy = k. They form a group called Miura group. We say that
two Poisson brackets which are mapped to each other by a Miura transformation are
Miura equivalent.

As follows from the discussion so far, the classification of dispersive Poisson brack-
ets of the form (1) (with non-degeneracy condition) under Miura transformations (3),
diffeomorphisms of the dependent variable and linear changes of the independent vari-
ables reduces to the problem of finding the normal forms of the equivalence classes
under Miura transformations of the second kind (3) of the Poisson brackets (1) with
leading term (2).

We solve this problem in our main result:

Theorem 1 The normal form of Poisson brackets (1) with leading term (2) under
Miura transformations of the second kind is given by

{u (xl’XZ) u (yl, yz)} =5 (xl _ y]> s (xz _ yz)
i Z€2k+lck8(2k+l) <x1 _ y1> s (xz _ yz) 4)
k>1

for a sequence of constants ¢ = (c1, 2, .. .).

Remark 1 By “normal form”, in the main theorem, we mean that:

i. for any choice of constants c; formula (4) defines a Poisson bracket which is a
deformation of (2);
ii. two Poisson brackets of the form (4) are Miura equivalent if and only if they are
defined by the same constants c;
iii. and any Poisson bracket of the form (1) can be brought to the normal form (4) by
a Miura transformation.

We call the constants ¢ the numerical invariants of the Poisson bracket.

Example 1 (Hamiltonian structure of KP equation, [8]) Kadomtsev—Petviashvili (KP)
equation describes two-dimensional shallow water waves, being a generalisation of
KdV equation. In its standard form, it is a (2 + 1)-dimensional PDE for a scalar field

Ox (uy + Ouuy + Uyyy) = lyy

@ Springer



G. Carlet et al.

KP equation is Hamiltonian and integrable [24]; it is generally treated as the com-
patibility condition of an integrable (1 + 1)-dimensional hierarchy, where both the ¢
and y coordinates play the role of times. However, it is possible to cast the equation
in evolutionary form, with the introduction of the inverse derivative operator d, !. KP
equation can be written as

Uu; = 8;luyy — Oy (3142 + uxx)

which is Hamiltonian with respect to the Hamiltonian functional

D
H —/(—2 +7 —u

and the Poisson bracket

{u(x, y), u(w, 2)} = 8V (x — w)s(y — 2). ®)

The Poisson bracket (5) is of the form (4) for ¢z = 0 and the relabeling of the
independent variables (x! — y, x> — x, y! = z, v = w).

The deformation theory of Hamiltonian—and, albeit not addressed in our paper,
bi-Hamiltonian—structures plays an important role in the classification of integrable
Hamiltonian PDEs [10, 14]. Most results in this field have been obtained for (1 + 1)-
dimensional systems, namely the ones that depend only on one space variable.

The main result in this line of research is the triviality theorem [9,14,16] of
Poisson brackets of Dubrovin—Novikov type. Together with the classical results by
Dubrovin and Novikov [12], this allows to conclude that the dispersive deformations
of non-degenerate Dubrovin—Novikov brackets are classified by the signature of a
pseudo-Riemannian metric. Similarly, deformations of bi-Hamiltonian pencils [1,20]
are parametrised by functions of one variable, the so-called central invariants [10,11];
in a few special cases, the corresponding bi-Hamiltonian cohomology has been com-
puted, in particular for scalar brackets [4,5,19], and in the semi-simple n-component
case [3,6] . The (2 + 1)-dimensional case is much less studied: the classification of the
structures of hydrodynamic type has been completed up to the four-component case
[15], and the nontriviality of the Poisson cohomology in the two-component case has
been established [7]. In our recent paper [2] we computed the Poisson cohomology
for scalar—namely, one-component—brackets. Since such a cohomology is far from
being trivial, the actual classification of the dispersive deformations of such brackets
is a highly complicated task. We address and solve it in the present paper.

The outline of the paper is as follows: in Sect. 1 we quickly recall basic definitions
and facts related with the theta formalism. In Sect. 2, we specialise some results from
our previous work [2] to the D = 2 case to obtain an explicit description of the second
Poisson cohomology. In Sect. 3, we prove our main result. The proof is split into
three steps corresponding to the three parts in Remark 1. In Sect. 4.4, we prove some
technical lemmas that are required in the proof of Proposition 2. Finally, in Sect. 4 we
give an explicit expression of the first few numerical invariants of the Poisson bracket.

@ Springer



Normal forms of dispersive scalar Poisson brackets...

2 Theta formalism

We present here a short summary of the basic definitions of the theta formalism for
local variational multivector fields, specialising the formulas to the scalar case with
two independent variables, i.e. N = 1, D = 2. We refer the reader to [2] for the
general N, D case.

Let A be the space of differential polynomials

A=c=@® [[{u. 5120, 6.0 £ 0.0}]].

where we denote 1" = N 8§u, and C*°(R) denotes the space of smooth functions

in the variable u. The standard gradation deg on A is given by degu®" = s + 1. We
denote A, the homogeneous component of degree d.

Using the standard derivations d, and 9, on .4, we define the space of local func-
tionals as

A

F=—"__
oA+ 0, A

and the projection map from A to F is denoted by a double integral, which associates
to f € A the element
/ fdxdy

in F. Moreover, we will denote by the partial integrals [ dx , [ dy the projections
from A to the quotient spaces A/0,.A, A/d,.A.
The variational derivative of a local functional F = [ f is defined as

SF )
=2 (—30)* (=) L

au(sst) ’
5,620

A local p-vector P is a linear p-alternating map from F to itself of the form

81 ey
P(Il’ ey Ip) = / P(s|,t1) ,,,,, (sp.tp) 3;1 8;1 <E> v chpay” <8—;) dx dy

where P, 1)...., (sputp) € A, for arbitrary Iy, ..., I, € F. We denote the space of local
p-vectors by AP C AltP (F, F).
Clearly an expression of the form (1) defines a local bivector by the usual formula

81 11 2 .2 81 1 4.0 4.2 7.2
L, L= | ———— { , , , } —————dx dy ' dx°d
{ 1 2} / Su(xl,yl) M(X y ) M(X y ) Su(xz,yz) X y X y
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G. Carlet et al.

which equals to

81
[yets > Apse )03} =22 d dy.

)
k=0 u(x, y) 5,120
st <h+1

The theta formalism, introduced first in the context of formal calculus of variations
in [16], can be easily extended to the multidimensional setting [2] and allows to treat
the local multivectors in a more algebraic fashion.

We introduce the algebra A of formal power series in the commutative variables
1" and anticommuting variables 6", with coefficients given by smooth functions
of u,ie.

A= C®([R) [“u@’), (s, 1) # (0, 0)] U {9“’”}]] .

The standard gradation deg and the super-gradation deg, of A are defined by setting
degu®? =degf® =541, deggu®? =0, deg, 0" =1.

We denote Ay, resp. AP the homogeneous components of standard degree d, resp.
super-degree p, while .Ad = As N AP. Clearly A’ = A. The derivations 9, and dy

are extended to A i in the obvious way. . .
We denote by F the quotient of .4 by the subspace 9,.4 + 9,.4, and by a double

integral [ dx dy the projection map from A to F. Since the derivations 9., dy are

homogeneous, F inherits both gradations of A.

It turns out, see Proposition 2 in [2], that the space of local multivectors A? is
isomorphic to FP for p # 1, while Al is isomorphic to the quotient of Fl by the
subspace of elements of the form f (k1u9 + kru©DYg for two constants &, k».

Moreover F! is isomorphic to the space Der’(A) of derivations of .4 that commute
with 0y and 0.
The Schouten—Nijenhuis bracket

[1:FP x F4 — Frta-l

is defined as

B sPsQ papag
[P’Q]_/ (595 +( )3 59>d dy,

where the variational derivative with respect to 6 is defined as

=D (=)= ay)’w(y 5

s,t >0
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It is a bilinear map that satisfies the graded symmetry
[P, Q1= (=D"[Q, P]
and the graded Jacobi identity
(=DP'[[P, O], R1+ (=D[[Q, R], P1+ (=D"I[[R, P], Q] =0

for arbitrary P € FP,QeFlandr e F'.

A bivector P € F2 is a Poisson structure when [P, P] = 0. In such case dp :=
adp = [P, -] squares to zero, as a consequence of the graded Jacobi identity, and the
cohomology of the complex (F, dp) is called Poisson cohomology of P.

The Miura transformations of the second kind [18] are changes of variable of the
form

o0
ur>u= Zeka(u)
k=0

on the space A, where Fj, € Ay. They form a subgroup of the general Miura group [14]
which also contains the diffeomorphisms of the variable u. The action of a general
Miura transformation of the second kind on a local multivector Q in F is given by the
exponential of the adjoint action with respect to the Schouten—Nijenhuis bracket

1 1
S0 =0 +I[X, 0]+ E[X’ [X, Q11 + E[X’ (X, [X, Q1] +---,

where X € .7t'1>1 is a local vector field such that ¢®Xy = i.

3 Poisson cohomology

In our previous paper [2], we gave a description of the Poisson cohomology of a scalar
multidimensional Poisson bracket in terms of the cohomology of an auxiliary complex
with constant coefficients. Our aim here is to give an explicit description of a set of
generators of the Poisson cohomology in the D = 2 case, which will be used in the
proof of the main theorem in the next Section.

Let us begin by recalling without proof a few results from our paper [2], specialising
them to the case D = 2.

Consider the short exact sequences of differential complexes

~ d A [fdx oA

0—-> AR>S A— F| -0, (6)
N dy A fdy ~

0—-> F/R— F — F — 0, @)
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where the differential is induced in all spaces by

0

_ (s,t+1)
A= ;09 PO
stz

On F such differential coincides with adp,, where p| = % f 99(0’1)dxdy.
In the long exact sequence in cohomology associated with (6), the Bockstein homo-
morphism vanishes; therefore,

. H(A
H(E = A
0y H(A)

Moreover, the cohomology classes in H (fl) can be uniquely represented by elements
of the polynomial ring © generated by the anticommuting variables 69 s > 0 with
real coefficients.

The map induced in cohomology by the map 9, in the short exact sequence (7)
vanishes; therefore, we get the following exact sequence

O\ [y R O \"*!
0 Io gy - -0, ®)
8,0 ), 9,0 ),

where the third arrow is the Bockstein homomorphism.

This sequence allows us to write the Poisson cohomology H?” (F) as a sum of two
homogeneous subspaces of ® /9, ® in super-degree p and p + 1, respectively, where
the first one is simply injected, while the second one has to be reconstructed via the
inverse to the Bockstein homomorphism.

Let [fadxdy € ]35 be an ady, -cocycle. Then, there exist b, b’ € /Algﬂ such that
Aa = dyb + 0.

The Bockstein homomorphism assigns to the cocycle [ a dx dy the cocycle [ bdx €

.
Let us defineamap B: ©® — A by
B=>Y ut® 0 ©)
N 9900’
i=0

which clearly commutes with d,, and therefore induces a map from % to F. We
have that

AB =3,
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and consequently, B3 defines a splitting map

@ p+1 PP
: H
s <ax@)d REKAE

for the short exact sequence (8).

We have therefore shown that

p P o \PH!

Lemmal H, (.7-') (3 O)d @B(E&_G))d .
We remark that this lemma gives an explicit description of representatives of the
cohomology classes in H 5 (F). In particular, the only non-trivial classes in ® /9, &
in super-degree p = 2 are given by 00+1.0) for k > 1 and correspond to the
deformations of the Poisson brackets in Theorem 1. The following reformulation of
this observation will be useful in the proof of Proposition 2:

. o\’
H3(F) = 8(3 @)21(’

. o\’
H((F) = ROOFT0 ¢ 3 (a @>2k -
x +

Corollary 1

3
Moreover, we can define an explicit basis of (a 0) and B (%) :
o \3
Lemma 2 A basis of <3x_@>d is given by representatives
k—2
or=loh==1g2 1 =0, ..., {TJ , ford =2k —1,

k—3
pk—lph=I=1g2+1 l=0,...,LTJ, ford = 2k,

where we use the notation 0% = §*-0),

p
Proof More generally we can prove that a basis of ( 3@@ )d is given by

girtlgiagis .. gip (10)
with
ip>i3>-->1, 20, 14+2+i3+---+ip=d.
A basis of ©Y is given by monomials 6! - - - 6'» with

i1 >i>-->ip 20, ij+---+ip=d.
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We arrange such monomials in lexicographic order, that is, we say that 71 - .. 9'r >
gJr...0Jrif iy > ji,orifi; = ji and i > jp, and so on.
For an element a = 0'! - - - 0'r of the basis of @571 , we have that the leading term

(in lexicographic order) of d,a is given by
(0,a)°P = i1 lgi2 ... gir, (11)

Note that if a; > ap, then (3ya;)°P > (9yaz)'°P. This implies that the images d.a
of the monomials a € ® 5_1 are linearly independent in ® 5 . Given a representative

. o \? . .
of a class in (%)d’ we can express all the monomials of the form (11) in terms
X

of combinations of monomials of strictly lower lexicographic order. It follows that a
basis can be chosen in the form (10).
By specialising to the case p = 3, and spelling out the allowed sets of indexes, we
obtain the statement of the lemma. O
\3
It follows that a basis of 3 (ax%)d is given by the elements

B(Q(a,O)g(b,O)e(c,O)) = 4@0g?.0yc0) _,(0.0g@0)g0) 4, (c0g@0g®d.0)
for indices a, b, ¢ chosen as in the basis above.

4 Proof of the main theorem

Let us first reformulate our main statement in the 6-formalism.
The Poisson bracket of Dubrovin—Novikov type of the form (2) corresponds to the

element
1 ©.1)
P = ) 06" dxdy (12)

in 7. The bivector s +1 (x! — y1) § (x> — y?) corresponds to the element in 3, +1
given by

1
Pokt1 = 5// 66 +10 dqxdy.

Therefore, the normal form (4) in 6-formalism corresponds to the element

o) =pi+ ) cubasl (13)
k>1

in 2.
The proof of Theorem 1 reduces to prove the three statements listed in Remark 1.
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4.1 Proof of the statement in Remark 1.i

Our first observation is:

Lemma 3 The bivectors pog+1 with k > 0 are pairwise compatible, i.e.

[P2741, P2ms1]1 =0, n,m > 0.

Proof The Poisson bivectors p; do not depend on u and its derivatives; therefore,
the variational derivatives w.r.t. u appearing in the definition of Schouten—Nijenhuis
bracket are vanishing. O

It clearly follows that p(c) is a Poisson bivector for any choice of the constants
c=(c1,c2,...).

4.2 Proof of the statement in Remark 1.ii

Next we show that for any distinct choice of the constants ¢ = (¢, ¢2,...) the
corresponding bivector P belongs to a different equivalence class under Miura trans-
formations.

Proposition 1 Let p(c), resp. p(c), be the Poisson bivector of the normal form (13)
corresponding to a choice ¢ = (c1, ¢, .. .), resp. ¢ = (C1, C2, . ..), of constants. If the
two sequences ¢ and ¢ are not identically equal, then there is no Miura transformation
of the second kind which maps p(c) to p(c).

Proof Assume there is a Miura transformation of the second kind mapping p(c) to

p(c), i.e.
e“p(c) = p(@),

for X € F. 1> 1~ This identity can be rewritten as

efdx .
(—) adxp(c) = p(c) — p(o).
adx

The operator inside the brackets has the form

eMdx — 1 La by
) = tpadate

and therefore we can invert it. We obtain

ady -1

e -1 -
—> (p(0) —p(0) . (14)

adyp(c) = ( ady
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By assumption the two sequences, ¢ and ¢ are not identically equal, and hence there
exists a smallest index k for which ¢ # ¢. It follows that

p(Cc) —p(c) = (Ck — ci)poks1 + -+,

where the dots denote terms of standard degree greater than 2k + 1. We conclude that
adxp(c) has to vanish in standard degree less or equal to 2k, i.e.

(adxp(c)) <ok = 0. (15)

So, the leading order term in the standard degree in (14) is

(adxp(c))ok+1 = (Ck — CL)IP2k+1- (16)

The key point of the proofis to prove that the lefthand side is a ady,, coboundary, which

leads to a contradiction since we know that poy41 is a non-trivial class in H22k 4 (ﬁ ,P1).
Notice that the lefthand side in (16) can be written

k—1
adp, Xox + Z csadp,,  Xok—s) = (Ck — Ck)P2k+1 (17
s=1
and hence it is sufficient to prove that the sum in the lefthand side is in the image of
ady, .
Equation (15) gives a sequence of constraints on X. Let us consider in particular
the constraints with odd degree

(adxp(c))2s+1 =0, s=1,....k—1,

which can be written
s—1
adp, X5 + Y _ cjadp,,, Xa¢—1) = 0. (18)
=1
This equation for s = 1 simply says that X is a cocycle w.r.t. ady,,

adple =0.

By the vanishing of the Poisson cohomology H21 (]:' ,P1), X is necessarily a cobound-
ary, i.e.

Xo = ady, fi

for some f] € f’?

@ Springer



Normal forms of dispersive scalar Poisson brackets...

More generally, we have that foreachs =1,...,k — 1
s—1
Xog =ady, fos—1 + Y _ cradpy,, fas—1)-1 (19)
=1
for some fy_1 € .7:'%_1, I =1,...,2s — 1. We can prove this by induction. Let us
therefore assume that (19) holds fors = 1,...,¢t — 1 fort < k — 1, and show that it

holds for s = ¢ too. Substituting the inductive assumption in (18) for s = ¢, we get
that

t—1
adpl <X2; — chadpﬂﬂfza—l)—l) =0.

=1
The expression inside the brackets is therefore a cocycle, which has to be a coboundary
due to the triviality of Hy,(F, p1), i.e.

t—1

X0 — ZCzadp2,+] Soa-n—1 = adp, far—1,
I=1

for some f;—1 € ]}%_1. This gives (19) for s = .
Substituting (19) in (17), we get that
k—1
(Ck — ck)Ppakt1 = ady, (sz - chadms“ f2(k—s)—l> , (20)
s=1

up to a term that can be written as

k—1
Z Z cscradp,adpy | fag—n)-1
n=22 | s,i>1

s+Il=n
and therefore clearly vanishes. Equation (20) leads to sought contradiction.

The Lemma is proved. O

4.3 Proof of the statement in Remark 1.iii

Finally, we prove that any Poisson bivector with leading order p; given by (12) can
always be brought to the form (13) by a Miura transformation of the second kind.

Proposition 2 Let P € ﬁ%l be a Poisson bivector with degree one term equal to p1.
=

Then there is a Miura transformation that maps P to a p(c) for a choice of constants

c=(c1,C2,...).
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Proof The Poisson bivector P € ]-gl has to satisfy [P, P] = 0. We want to show by
induction that, taking into account this equation, it is possible, by repeated application
of Miura transformations, to put all terms in normal form and to remove all terms that
come from the Bockstein homomorphism.

Let us denote by p(s)(ct, ..., ¢|s/2—1)) a bivector of the form
k-1 2k-1
Pan(Cl, o) =P+ Y apupi+ Y Qi+ Puto-,
I=1 I=k+1
k-1 2%
P (el .o cko) =p1+ Y capuri+ Y Qi+ Puyi -+,
=1 I=k+1

3 N
for s, respectively, even or odd, where Q; € B (3@("))1 , P e }'12, the dots denote
X

higher-order terms, and

[Ps), Psy]l = 0. 2D

The inductive hypothesis is valid for s = 2; indeed, p(2) is exactly of the required
form.

Let us now show that by a Miura transformation a Poisson bivector of the form p )
can be made of the form p(s1).

When s = 2k is even, in degree 2k + 1, Eq. (21) gives

(b1, Po] + Z lerp2r41, Om] = 0.
2l4+m=2k
1<I<k—1
ket 1<m<2k—1

The first observation is that both terms above need to be separately zero. This follows
from the fact that the first term has nonzero degree in the number of derivatives w.r.t.
v, while the second term has degree zero.

By Corollary 1, the cohomology H22k (}A‘ ) is given only by elements coming from

3
the Bockstein homomorphism, and therefore exists Qo € B (a%)% such that Py +

adyp, Xog—1 = Qo for some Xo; 1 € .7}21,(71.

Acting with the Miura transformation ¢**¥2-1 on Pky, we get a new Poisson
bivector, where the terms of degree less or equal to 2k — 1 are unchanged, the term
P> has been replaced with the term Q», and the terms of higher order are in general
different. We have therefore that poy1) = ¢ Mo Pk is of the form above, as
required.

When s = 2k + 1 is odd, in degree 2k + 2 from (21) we get

1
[p1, Pyl + Z [eip2i+1, Om] + 5[Qk+1, Qi+1] =0. (22)

2U+m=2k+1
1<I<k—1
k+1<m<2k

@ Springer



Normal forms of dispersive scalar Poisson brackets...

As in the previous case, the first term has to vanish; hence, P 1 is an ady, -cocycle.
The cohomology H22k 41 (F) decomposes in two parts; therefore, there is a constant ¢k

3
. ®
and an element Qox+1 in B (3)6_@>2k+1 such that Py 1+adp, Xor = ckPokt1+ Q2k+1

for some Xy € .7:'21k

The second and third terms in (22) have also to be both zero. This follows from the
fact that they have different degree in the number of u*"). As we have seen in Sect. 3,
the elements Qy are linear in the variables "), while the elements pr do not contain
them.

From the vanishing of the last term, [Qf+1, Okx+1] = 0, we finally derive that
Q41 is zero. This is guaranteed by Lemma 4. The proof of this Lemma, being quite
technical, is given in Sect. 4.4.

Taking into account this vanishing, the action of the Miura transformation X
on pk+1) gives exactly the term p22).

By induction, we see that we can continue this procedure indefinitely; therefore,

3
we conclude that we cannot have any non-trivial deformation coming from ( 30())

via the Bockstein homomorphism, and that the Miura transformation - - - ¢3%2 39%1
given by the composition of the Mira transformations defined above, sends the original
Poisson bivector P = pj + - - - to a Poisson bivector of the form p(c) for a choice of
constants ¢y, ¢2, .. ..

The Proposition is proved. O

4.4 Some technical lemmas

In this section, we prove the following statement, which is essential in the proof of
Proposition 2:

3 ~
Lemma4 Let x € (%)d and B(x) its image through the map (9) in }"5. If

[B(x), B(x)] =0, then x = 0.

Proof We have

8B(x) 58()() SB(x) dx
[BGo), B(x)] —2// // 30 30

ffe ) o)

where the second and third equalities follow from the simple identities

8B
(x)zé_x’ [B,i} _o
Su 80 80 ],
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Since we proved that the map

1) p+1 .
B: < ) — HI(F)
90 ),

2 4
is injective, the vanishing of (23) implies that (’;—g) =0in (%) . From this fact,
X
it follows that x = 0, as we prove in the remaining part of this section.!
Let sq: @,3 — @gk be the map that sends an element o € @,3 toa® e @gk' In the

rest of this section, we will use the notation 8¢ = 9.0,

Lemma 5 The intersection of sq(@,%) and 0y @gkfl is equal to zero. In other words,
ifa € (H),% and o is dc-exact, then «®> = 0 and, therefore, « is proportional to a
monomial 07 9%~ forsomei =1, ..., L/%IJ.

Proof A basis in @gk—l is given by standard monomials #71920739™ with total degree
i1 +i2 + i3 +is = 2k — 1. By standard monomial, we indicate a monomial where
the indices are ordered as i1 > iy > i3 > i1 > 0 to avoid duplicates.

‘We can write (H’)é1 1 = V1®V>, where abasis for Vj is given by standard monomials
with the restriction i1 +i4 < k — 1, and a basis for V; is given by standard monomials
with i +i4 > k.

It is convenient to define also the subspace W of @gk which is spanned by all
monomials that appear in the d, V1 ; more explicitly VV is generated by the monomials

9i1+19i29i39i4’ 9[19i2+19l’39i4’ 9i19i29[3+10i4’ 9[19i29i39i4+1’

withi] >ip >i3>i4 >0,i1+igs <k—1,andi| +ip +i3+isg =2k —1.

We denote by @,? . @,f the subspace of (95‘,< spanned by standard monomials
016012030% withiy > i > i3 > is > Oand iy +ir+i3+is = 2k withij +is = k and
i + i3 = k. It is indeed the subspace given by the product of two arbitrary elements
of @,?

Clearly, both 0,V and @l% . @l% are subspaces of W.

Let us now prove that d, )%, has zero intersection with WW. Let v = Zy v, ¥ be
an element in V;, where y is in the standard basis of V), described above. Let v =
Zy vy 0xy € WW.Wehave already seen that the elements 9, y are linearly independent.
If y = 01072039 then 9,y is equal to 6711197207394 plus lexicographically lower
terms. The lexicographically leading order term is therefore of a standard monomial
671672653974 with ji + j, > k+ 1. Butall basis elements in ) are standard monomials
with j; + ja < k. It follows that, if y is the lexicographically highest term in v, we
must have v, = 0. By induction v vanishes.

1 Notice that this fact, in the case of standard differential polynomials in commuting variables, follows
from a simple observation: the derivative in x of a differential polynomial cannot be a square, since it has to
be linear in the highest derivative. In the case of anticommuting variables, however, a quite involved proof
is necessary.

@ Springer



Normal forms of dispersive scalar Poisson brackets...

The two facts 9,V € W and 9,V> N W = (0) imply at once that the preimage
B;I(W) in (—D;'k_l is contained in Vj, and the same holds for @lf . (9,? since it is a
subspace of W, i.e. we have

a-1©F - 0hH c .

Since sq(@,?) - (H),? . (9,3, our original problem reduces to finding the intersection of
sq(@),g) and 0, V.

Let o = Zﬁ.‘:rkjW a; 070X~ be an element of ®7 whose square is in 3,V;. We
want to show that a% most one of the coefficients «; is nonzero. We therefore assume
that at least two such coefficients are nonzero and show that it leads to a contradiction.
Let s be the higher index for which oy # 0 and r < s the second higher index for
which «; # 0.

Denote by W) the subspace of (H),f . @’3 spanned by monomials of the form

elejgk_]gk_l fori :k,...,j+ 17

and denote by W the space spanned by the basis monomials in V¥V which are not in
@,? . @,3. Notice that

k—1
@]3 . @]3 — @ W(j),
j=r¥h
and consequently
k—1
W=Wea W,
k+1

Observe that a monomial #'67/9¥~/9*¥=1 in W) can appear in the 9, -image of four
different monomials in @gk_l but only two of them are elements of Vi, i.e.

pi—lgigk—igk=i  gigigh—igk=i-1,
so we only need to consider these two.
Notice that a monomial in V| of such form, i.e. 0/670%—7g*~!=1 is mapped by 9,
to the sum of four monomials, two of which are in W), i.e.
gl+gigk—igh—1=1  glgigk—igk—
and two are in W.

Since o € @,? . (9,3, it can be decomposed in its components () j € W, and
we have in particular that
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(@), = 2a,a; 0°0' 0% 1ok

since we have assumed that o; =0 fori > sandt <i < s.
All these observations imply that there must be an element 8 of V; of the form

t+1 . ‘
ﬁz Z ﬁieletek—tgk—t—l

i=k—1

such that its image through 9, gives (?); plus some element in W.

The lexicographically higher term in 8, i.e. for i = k — 1, is sent by d, to a term
proportional to 6%676%~°, which does not appear in («?),, therefore i1 = 0.
Proceeding like this, we set to zero all the constants fx_1, ..., Bs. Similarly, we can
proceed from the lower part of the chain and set to zero all the remaining constants
Bi+1s ..., Bs—1. Butthen = 0, therefore ooy = 0 and we are led to a contradiction.

We have proved that at most one of the constants «; can be nonzero. In such case,
o? = 0. The Lemma is proved. O

Lemma 6 Consider an arbitrary element x € @3 If g_x = c- 0097 for some

i=0,1,....[%] thenc =0.
Proof Consider the basis of ("’v_@)d given in Lemma 2, and the basis
096° 94191 91207 ...

of @5. For this choice of bases, the map % has a two-step triangular structure. In order
to explain that, let us consider the two cases of odd and even d separately.

Consider first the d = 2k + 1 case. One can check? that the variational derivative
% of a basis element 0¥/ +19k=192 with 3] < k, is equal to

plus terms which are of lower lexicographic order. Notice that the coefficients of the
two monomials above are non-vanishing.

Observe that %9"‘“«9" 60 contains the monomials 8969 and 69-10 1 while the
variational derivatives of all other basis elements with [ > 1 cannot contain 896° and
99191 Thus, if ‘;—g = ¢ - 01097 for some i, then the coefficient of O¥t16%00 in x
has to be equal to zero.

We can continue this process by induction. Assume that we have already proved that
the first/ elements of the basis cannot appear in x . Then the variational derivative of the
basis element 0¥ ~/+19k~19% is the only one that contains 842/ and 9¢—2/—192/+1,
It follows from the same reason as above, that such basis element cannot appear in x.

2 Note that the computation is slightly different in the case 3/ = k — 1.
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In the case d = 2k, we can apply the same reasoning. In this case, the variational
derivative % of a basis element 9"_19"_1_1921“, with 3/ < k — 2, is equal to

2(_1)k—19d—21—1921+1 + (d 2] — 1)(_1)k—led—21—2921+2

plus terms of lower lexicographic order. Notice that #96° never enters the image of
any basis element in @)3 /0x @3_ |- Since the coefficients of the two monomials above
are non-vanishing, we can apply the same argument as in the case of odd d, mutatis
mutandis. O

Now let us consider an arbitrary element x € @3’ such that (g—g)z belongs to
the image of d,. From Lemma 5, it follows that ‘;—g = ¢-0'997" for some i =
0,f g, ..., |d/2]. Then Lemma 6 implies that ‘;—g = 0; hence, x belongs to the image
of 9.

We have proved that x = 0 as element of ( <

3,0

3
)d. Lemma 4 is proved. O

5 The numerical invariants of the Poisson bracket

In principle all the numerical invariants of a Poisson bracket of the form (1), namely
the sequence (cy, c2, . ..), can be extracted iteratively solving order by order for the
Miura transformation which eliminates the coboundary terms. Providing a general
formula for the invariants of a Poisson bivector is hard, since the elimination of each
coboundary term affects in principle all the higher-order ones and it is necessary to
give an explicit form for the Miura transformation. However, the lowest invariants can
be computed as follows.

Proposition 3 Consider a Poisson bracket of the form

fu(x2) (01 7)
= {u (xl, x2> u (yl, yz)}o
2o Y Akt ))s™) (xl — yl) sk2) (x2 _ y2> ’

k>0 k1,kr >0
ki+ky <k+1

asin(1). Here Ay.x, x, € Aanddeg Ay.x, k, = k—ki —ko+1. Then the first numerical
invariants of the bracket, giving the normal form of Theorem 1, are

c1 = A230, 24)
2 = Ags50W) — Az30A2;2,1(u). (25)

Notice that A».3 o is implied to be a constant.

@ Springer



G. Carlet et al.

Proof We recall that, given a Poisson bracket P of form (1), it can be expanded
according to its differential order. For notational compactness, we will denote

Popii= D Agky o ((x)s™) (xl - yl) 5% <X2 - yz)
ki k220
k1 +ky <k+1

for k > 0, so that deg P, = k.

In this proof, we replace (x!, xz) with (x, y) as we did in the previous sections;
moreover, with a slight abuse of notation we identify the Dirac’s delta derivatives with
the corresponding elements of F previously used

p1 =24 (xl — yl) s (x2 — y2) Pr = P (xl — yl) 1) <x2 — y2) .
Using this notation, the Schouten identity [P, P] = O reads
k—1
20p1. P+ D [P Peoia] =0 (26)
=2

for k > 2. The first equation is [p1, P»] = 0; we solved it in [2], finding for P>

A120=0 A1 =0 A1020=0
Ap1,0 = —f(u)dyu Avr0,1 = f(u)oxu A1.00=0

for any function f(u). Since H22(.7:') = 0, we have P, = [Xq, p1] and the Miura
transformation that eliminates P, from P is e x| The evolutionary vector field X
has characteristic

Xi1(u) = F(u)ou

where F(u) = f“ f(s)ds. We also observe that ad’)’}lpl =0form > 1.
We apply the Miura transformation generated by —e X to P and get

P=c X1 Pp=p 4Py + € (Py—[Xy, P3))

1
+ ¢ (PS = [X1, Pl + 5 1X0, [X0, P3]]> e

The first equation of the system (26) for P, and the results used in the proof of Lemma 2
give us P3 = cip3 + [X2, p1l.
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[X2, p1]is a bivector whose degree in the number of derivatives w.r.t. x2 is at least
1; notice that x! corresponds to x and x? corresponds to y, in the notation of Sects. 3
and 4. Hence, we can write

Py = Ao30()p3 + Ao 1 ()8 (x! = y1) W (x? — y?)
+ Az 28D (x' = y1) 8P (x = y?) + Ag03)8 (x' — y1) 8P (x? — »?)
= c1p3 + [ X2, p1]

This equation immediately gives Az.3 0(#) = A2.3,0 = c1 asin (24). Moreover, we can
solve it for X7; the characteristic of the evolutionary vector field which is a differential
polynomial with top degree w.r.t. the x derivativesis 1/2 A.2 1 (u)afu + A(u) (Bxu)z.
Here we are interested only in first summand because it is the one that gives the highest
number of x-derivatives in [ X, p,], for any r.

~ . . —ad .
We apply to P the Miura transformation e %2 0 eliminate the coboundary term
of P3 and are left with

e p = py + 2eyps + € (Py — e1[X1. p3] — [X1. [X2. p1]])

1 1
+é (Ps —[X1, P4]+ ECI[XI, [X1, p3]] + E[Xl, (X1, [X2, p1]]]

1
—ci[X2, p3] — §[X2’ [X7, Pl]]) +--- 27

We now use the fact that Hf (.7:" ) = 0to get

Py = c1[ Xy, p3l + [ X1, [X2, pil] + [X3, p1]
for some homogeneous vector field X3 of degree 3. This allows us to replace P4 in
(27) and to apply the Miura transform ¢ %% (o it to get rid of the term € in the

expansion. The terms of order < 3 are left unaffected by this transformation, while
the coefficient of €* becomes

1 1
Ps — [ X1, [X3, p1]] — 561[X1, (X1, p3]]l — E[Xh [X1, [X2, p1]]]

1
—c1[X2, p3] — E[Xz, [X2, p1]] = cops + [ X4, p1]

where the equality is given by our results about H52 (.7:' ) and the proof of Lemma 2.
The invariant ¢, must be read taking the coefficient of ps in the lefthand side of the
equation: this coefficient cannot be obtained by summands that are of y-degree bigger
or equal to 1. Thus we focus on the summands

1
Ps — E[Xl, [X1, p3]l —c1[ X2, p3]l = cops + - -+ .
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A direct computation shows that in adgf1 p3 the term ps does not appear, while it does
appear in [X», p3]. Using the form of X, we have previously derived, we find

= (Ag:5,0()ps +-++) = (c2 + c1Ax21 (W) ps+ - -
from which we get (25). O

Example 2 We can compute all the numerical invariants when the Poisson bracket is
particularly simple. Let us consider the bracket

(u(x), u(y)} =46 (xl — yl) s <x2 - yz) + 68" (x] - y1> b (x2 - y2>
46" (xl - yl) 5 <x2 - y2> . (28)

Proposition 3 immediately tells us that c1 = 1 and ¢, = —1. Let us denote for
brevity p; ; the bivector corresponding to 5 f 06(5 1. The bivector corresponding to
the bracket then reads P = p; +p3+p2.1, and p2.1 = ady,p;. Itis very easy to derive
X, = %uz)c@. We have ady,ps; = ps+2,;- The Miura transformation e applied
to P gives

n n 1 n
P(l)—P1+Z ] adX2p3+Z( D (n, (n+1)!) A3 e

—Pl-l-z

n 1
Pz+2n + Z( 1y (; - m) Pon+2,1

n=1

Notice that the term n = 0 in the first sum gives the only contribution of order 3,
giving ¢y = 1. The further pj-coboundary term should be read in the n = 1 term of

the second sum, namely for —%p4‘1 = ady,p;. The next Miura transformation leads
to
( 1)n+2m 1 2m
P(2) =p1+ Z Z ) ——— Pontdm+3 + Z gy p4m 1
m=0n=0 m=1
(_1)n+2m
Py (5~ om) S pansim
m=0n=2

The procedure goes on—always requiring us to find the vector field cancelling the
lowest order term of the form p;. 1. At each step, we will need vector fields X242 such
that

(_1)s+1

adx, p1 = P2s.1
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and we obtain

Y
Poo) = ( l_[ eadx2s> P.
s

s=1...00

The Miura transformation cancels all the terms of the form p; | and we are left with
the following expression for the Poisson bivector brought to the normal form:

0 (_1)m1+2m2+3m3+~-

Piooy = p1 + Z

my,my,...=0

milmalms) - - - 2m23ms .p3+2m1+4m2+6m3+~~

We recall that % f 0 8!?9 = pr. Hence, the infinite sum can be seen as a series expansion
for £ [092/(1 4 02) 0 as follows:

1 3 - (=D™ 2m = (_1)2m2 4my = (_1)3”13 6ms
E/an > -~ 9> > Sl BN > St aoms | ..o
m1=0 my=0 m3=0

1 2 o b 1 2 1 33
L o932 +5 %+ ) g = —/983 ~log(14+02) g _ _/9 F g
2 / < =€ 2] 7 2] "1+e2

We stress the fact that all these identities should always been understood in terms of
formal power expansion. On the other hand, a more obvious expansion for the same
expression is

1/9 % 1/933§:(—1)’<32"9
2 1+ 92 2 = o

that translates into
o0
Pioc)y = p1 — Z(—l)kpzkﬂ,
k=1

and gives us all the numerical invariants of (28).

Example 3 (Hamiltonian structure of Helmoltz’s equation) Helmoltz’s equation
describes the time evolution of the vorticity in an ideal incompressible fluid [17].
In the two-dimensional case, it is an evolutionary equation for the scalar vorticity of
the fluid w (x, y) with velocity field v(x, y) = (u(x, y), v(x, y)), given by

W = —UW®y — VOy.

The vorticity of the fluid is the scalar quantity @ = vy — uy. Such an equation is not
integrable, but it is Hamiltonian [23] with respect to the functional
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H:%/<u2+v2>

and the Poisson bracket
{0, y), 0w, 2)} = 080 —w)dV(y —2) — 0,6V (x —w)s(y —2). (29

It should be noticed that also in this case, as for Example 1, the Hamiltonian functional
is not local in the field w. Indeed, the incompressibility of the fluid in two dimensions
allows us to introduce the stream function ¥ (x, y) such that u = v, and v = —,,
for which AY = —w and §H /dw = —1.

The bracket (29) is not of the form (1); however, it is compatible with the bracket
{w(x, ), o(w, 2)}° = §(x —w)sV (y—z), which allows us to consider the first-order
deformation given by the Poisson bivector

1
P=pi+5 / (ux9¢9(0’1) - uyee(“’)) . (30)

The deformation is a coboundary in the Poisson cohomology of p, which follows from
sz(pl) = 0. In particular, it is obtained by [p1, X1] with X; = —uu,6. Moreover,
a simple computation shows that [ X1, [X1, p1]] = 0. This means that with a Miura
transformation exp‘X I P = p1, and the normal form of the bracket (30) has numerical
invariants ¢; = 0.
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