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AN EFFICIENT GRADIENT PROJECTION METHOD FOR
STOCHASTIC OPTIMAL CONTROL PROBLEMS *

BO GONG*, WENBIN LIUT, TAO TANG, WEIDONG ZHAO$, AND TAO ZHOUY

Abstract. In this work, we propose a simple yet effective gradient projection algorithm for a
class of stochastic optimal control problems. We first reduce the optimal control problem into an
optimization problem for a convex functional by means of a projection operator. Then we propose
an convergent iterative scheme for the optimization problem. The key issue in our iterative scheme
is to compute the gradient of the objective functional by solving the adjoint equations that are
given by backward stochastic differential equations (BSDEs). The Euler method is used to solve
the resulting BSDEs. Rigorous convergence analysis is presented and it is shown that the entire
numerical algorithm admits a first order rate of convergence. Several numerical examples are carried
out to support the theoretical finding.

Key words. Stochastic optimal control, gradient projection methods, backward stochastic
differential equations, conditional expectations

AMS subject classifications. 60H35, 65C20, 35Q99, 35R35

1. Introduction. In recent years, stochastic optimal control has been exten-
sively studied and has become an essential tool in various fields, such as financial
mathematics and engineering. There exists a very extensive body of literature in
both theoretical and practical studies of stochastic optimal control problems, see e.g.,
[4, 5, 17, 25, 8, 11] and references therein.

In this work, we are concerned with the following stochastic optimal control prob-
lem

min J(u) = E /OT (h(xt“)+j(u(t)))dt+k(x%) : (1.1)

where u is the control policy, and z* is the corresponding state process that satisfies
the following stochastic differential equation

dzy = b(zy,u(t))dt + o (z}, ut))dW;, te€(0,T], x|=o = zo. (1.2)

Theoretical investigations for the above model can be found in [4, 13, 17, 24, 3, 7, 15,
26, 32, 36]. For practical applications of (1.1)-(1.2), one can refer to [7, 23, 26, 36, 38|
for engineering applications, to [21, 22, 30, 40, 42] for applications in option pricing
and portfolio optimization, to [1] for analysis of climate changes, and to [16] for
biological and medical problems, to name a few.

In general the above model does not admit explicitly closed form solutions and
thus efficient numerical algorithms have been widely studied in recent years. Roughly
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speaking, we can characterize numerical algorithms into four categories: (i) transfer-
ring the control problem into finite dimensional stochastic programming, see e.g.,
[9, 15, 18, 19, 26, 36, 39, 41]; (ii) dynamic programming principle (DPP) based
approach [6, 25]. In this framework, one usually needs to solve the corresponding
Hamilton-Bellman-Jacobin (HJB) equations, and this is one of the most widely used
numerical methods [2, 4, 5, 10, 20]; (iii) martingale based methods [21, 22, 37]; and
(iv) stochastic maximum principle (SMP) based methods, see e.g., [17] and references
therein.

Basically, the SMP procedure is to directly compute directional derivative for the
objective functional J(-) by introducing an adjoint process. Then by introducing an
optimality condition for the control problem, a variational inequality coupled with
the state and adjoint equations forms an optimality condition system (we call it SMP
system) that can be used to solve the optimal control problem. While SMP is a
popular tool for theoretical studies of stochastic optimal control, see, e.g., [40, 42], it
has not been widely used in the numerical setting.

In this work, we propose a simple yet effective gradient projection algorithm for
the stochastic optimal control problem (1.1)-(1.2). We first reduce the optimal control
problem to an optimization problem for a convex functional by means of a projection
operator. Then we propose an convergent iterative scheme for the optimization prob-
lem. The key idea in our iterative scheme is to compute the gradient of the objective
functional in an efficient way, and this is done by solving the adjoint equations that is
given by backward stochastic differential equations (BSDEs). Our approach belongs
to SMP based approach, and it relies on solving the SMP system in an efficient way.
To this end, we propose a simple yet effective Euler-type method for solving the re-
sulting BSDEs. Furthermore, we perform a sharp convergence analysis and we show
that our numerical method admits a first order rate of convergence. Several numerical
examples are presented to support the theoretical founding.

The rest of the paper is organized as follows. In Section 2 we set up the stochastic
optimal control problem and provide with some assumptions. The gradient projection
method is presented in Section 3. Section 4 is devoted to convergence analysis of the
proposed numerical approach. Several numerical experiments are presented to show
the effective of the proposed numerical method in Section 5. We finally give some
conclusions in Section 6.

2. Problem Setup. For notational simplicity, we shall narrow our discussion
to the one dimensional case, however, the whole framework applies easily to multi-
dimensional cases. Let (2, F,{F:} oct<r, P) be a complete probability space with
filtration F; generated by the Brownian motion {Wjs}ogs<i. Here T is the terminal
time. We denote by U = L?([0,T];R) the space of all square integrable functions
z : [0,7] = R, and denote by Ur = L%([0,7] x ;R) the space of all adapted
stochastic processes x : [0,7] x 2 — R that satisfy

E[/OT(xt)Q dt} < +o0.

Let C C R be a nonempty, convex and closed subset, and we define the following
control set

K={ue U’ u(t) € C ae.}.

Note that we have assumed that the control u is deterministic. We remark that
a deterministic control can still be useful for future planning as discussed e.g. in
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[7, 26] for engineering applications, in [9] for financial applications and in [36] for an
application in stochastic hybrid systems. Moreover, stochastic control (i.e., u € Ur)
can also be included in our approach and this will be discussed in Section 5 via
numerical examples.

Given v € K, the controlled state process xy is governed by the SDE

day = b(zy,u(t))dt + o (z}, u(t))dW;, te(0,T], z|i=o=zo€R. (2.1)

The considered cost functional is given by

J(u) =E l/oT (h(xg) —|—j(u(t))>dt + k(x%)} , (2.2)

where h(-),j(), k(-) are given functions and z} is the solution of (2.1). We now state
our stochastic optimal control problem as follows:

Find «" € K such that J(u") = glglg J(u). (2.3)
Throughout the paper, we shall make the following assumption.
ASSUMPTION 1.
e The functions b = b(x,u) and o = o(x,u) are continuously differentiable with
respect to x and u, and have bounded derivatives.
o The functions h,j and k are continuously differentiable, and their derivatives
have at most a linear growth with respect to the underling variables.
Notice that under Assumption 1, the solution z}" of (2.1) and the cost functional
J(u) are all well defined for u € K.

3. The gradient projection method. In this section, we will present details
of our gradient projection method. For the stochastic optimal control problem (2.1)-
(2.2), it is well known that for the optimal control v* it holds

(J'(u*),v —u*) >0, Vo € K, (3.1)

where (J'(u), v) is the variation of J(u) along the direction v, i.e., for v € U such that
u+ v € K, we have

(J'(u),v) = lim Jlutpv) = J(u)

3.2
lim 5 (3.2)

The existence of such derivatives has been discussed in [13, 32, 40]. Here we slightly
abuse the notation by referring J’(u), the functional, to the corresponding element in
U, as U is a Hilbert space.

Next, we propose a gradient projection method for solving the optimal condition
(3.1). To this end, let || - || be the norm of U. We define the projection operator Pg:
w+— Pgw as

| Prw — wl| zqu%ilréﬂu—wﬂ. (3.3)

Notice that the projection problem (3.3) is equivalent to the inequality

(Prw —w,v — Pgw) 20, Yo e K. (3.4)
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For any positive constant p, the variational inequality (3.1) is equivalent to the fol-
lowing inequality

(u* = (u* = pJ' (u*)) v —u*) >0, Yo € K. (3.5)

By the fact of wellposedness of convex optimizations and by comparing the above
inequality with the inequality (3.4), we conclude that for the optimal control u*, it
holds

u* = Pg(u* — pJ'(u*)). (3.6)

That is, the optimal control u* is the fixed point of Pk (u — pJ'(u)) on K.
We shall approximate the control v* numerically by step functions. To this end,
we introduce the following uniform time partition:

0=t) <ty <---<tN=T, th,, -t =T/N=:At. (3.7)
We will denote by IY the intervals [tY ;) for 1 < n < N —1, and by I¥ the
interval [t ¢N]. In the context where N is fixed, we shall omit the superscript IV

of tN'. We also define the associated space of piecewise constant functions by

N
Un = {u eUlu= ZO‘"XUZ’ a.e., ay ER}.

n=1

Let Ky = KNUpy, then it is clear that K is also convex and closed. Now, we define
the approximated problem of (2.3) by

Ny :

Using similar arguments, one can show that
utN = Py (uN = pJ' (). (3.8)

Based on the above optimal condition, we propose the following fixed-point iteration
scheme to get the approximated optimal control

WY = P (0 = ), =12 9

where p; is a positive constant. Notice that in the above equation we have changed
J'(+) into J) (+), as one cannot compute J'(-) exactly in general, and thus it is obtained
by numerical approaches. It is clear that Jjy(-) depends on particular numerical
schemes, and we shall discuss the numerical approximation of Jj (-) in later sections.
We will denote the error between J'(-) and Jj () by

EN :squJ'(uN’i)—J;V(UN*i)||. (3.10)

Next, we show in Theorem 1 the convergence property of the iteration scheme (3.9).
THEOREM 1. Assume that J'(+) is Lipschitz and uniformly monotone around u*
and u*" in the sense that there exist positive constants ¢ and C such that

17" (u™) = J'(0)[| < Cllu” —vfl, Vv €K,

(J'(u*) = J' (v),u* —v) = c[u* —v[]>, Vo€EK,

1/ (") = T ()| < Cllu™Y — ||, Vv e Ky,

(J' (W) = T (v),u"N —v) = c|u™N —v||>, VveKy.
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Moreover, we assume that

ex = sup ||J'(u"N) = Ty (M) =0, N —oo.

Suppose that p; is chosen such that 0 < 1 —2cp; + (14 2C)p? < 82 for some constant
0 < 6 < 1. Then, the iteration scheme (3.9) is convergent, more precisely, we have

*

lu* —u"N| = 0. i, N = occ.

Proof. By (3.8) and (3.9), we have
Hu*,N o ui+1,N||2 < ||u*,N _ N _ pi(J/(u*,N) . J;V(uzN))
_ ||u*,N _ ui,NHQ —2p (u*,N — N, J/(u*,N) _ szv(uuv))

+ 2 |7 ) = TN

I

By the Lipschitz condition and monotonicity property of J'(-), we have
_ 2pi(u*,N _ ui,N’ J/(u*,N) _ J]/v(uz,N))
=—2p; (u*,N _ ui,N’ J/(u*,N) B Jl(ui,N) + J/(ui,N) _ J]Iv(ui,N))
< = 2ep; [unN — wt V| 4 p? ur N — bV 4 €
Moreover, we have
P27 () = T ™|F = g2 0 @ N) = I @) 4 7 ) = Tt )|
<202 |[urN — utN|? + 20263

It is easy to show that for sufficiently small p;, there is a constant 0 < § < 1 such
that 0 < 1 —2cp; + (14 2C)p? < 62, then we get

Then, there exists a constant Cy that independent of N and i such that

uo N ui+1,N||2 <52 | utN ui,NHQ (1420002, (3.11)

Hu*w _ uzNH <5 HU*N _ uo,NH 4+ Cyen.
Under the assumption ey — 0, we get

u*N —utN|| = 0. (N,i— o00). (3.12)
On the other hand, using similar arguments as for deriving (3.11), we obtain

||U* _ u*NH — ||U* _ PKN(U* _ pJ/(u*)) T PKN (U* _ ,OJ/(U*)) _ u*,NH

< Jlu — Py (u” = p" ()| + /I~ 26p + O Ju* — ™.
Let p=c/C, Co = (1—+/1—2cp+ C’p?)_l7 we have

w' =N < Gy lut = Prey (u” = pJ'(u")]].
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Since C is invariant in time, for v € Uy, it holds that Pxv € Uy. Thus we have
Prv € Ky, and then we have Pxv = Pk, v. Now, denoting w := u* — pJ'(u*), we
have

u* — u*NH < Oy ||u* — Pry (u* — pJ' (u*))|| = Cq | Pkw — P yw||
< Oy (||Pkw — P Pyywl|| + || Pk Puyw — Prywl|)
= Cy (|| Pkw — Px Pyywl|| + || Pry Puyw — Prywl|)
<20 [|w = Pyywl| -

As Uy is dense in U, we have ||w — Py,wl|| — 0, and thus ||u* —u**| — 0. Then, the
conclusion follows from this argument and (3.12). O

In Theorem 1 we have shown the convergence of ||u*" — u»"|| under the as-
sumption ey — 0. Note that this is a reasonable assumption. In fact, under certain
regularity requirements, and by designing suitable numerical approaches for Jy (-),
one could further expect that ey ~ O(At). In such a case, we could expect a first
order rate of convergence of our iteration scheme (3.9), as illustrated in the following
corollary.

COROLLARY 1. Suppose that the conditions in Theorem 1 holds, and furthermore,
we assume that u* and J'(u*) are both Lipschitz continuous functions in U, then under
the condition ey ~ O(At) we have

[|lu* — ui’NH ~ O(At), i — oo.

The iteration scheme (3.9) is the starting point of our numerical approach for stochas-
tic optimal control problems. In the following sections, we shall show how to get the
numerical approximation Jj (u) of J'(u) in each iteration.

3.1. The representation of J'(u). It is noticed that the iteration scheme (3.9)
involves the computation of J'(u). In this section, we will derive a new formula of
J'(u) for fixed u € K by introducing a pair of adjoint processes. Again in all our
arguments, J'(u) is referred to the element of U.

By the definition (3.2), we have

(J'(u),v) = E{% J(u+ Pz;)) — J(u)
T T
= ]E[ /0 W(z@)Dat(v)dt+ [ 5 (u(t))v(t)dt + K (z%) Dats(v) |, (3.13)

where z} is the solution of the SDE (2.1), and

pl0 P
Under Assumption 1, the process Da} (v) satisfies the SDE
aDa (v) = (b, (wf, ult) Dap (v) + b, (a1, u())o(t) )t

+ (0; (2}, u(t)) Dai (v) + o, (x?,u(t))v(t))th, Dxy(v) =0. (3.14)

Notice that one can resort to the above equation to get J'(u), however, this would in-
volve very complicate numerical schemes for solving (3.14) (see e.g. [7]). To overcome
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this, we shall introduce a pair of adjoint processes (p*,¢*) that solves the following
backward stochastic differential equation (BSDE):

—dp} = f (=, p},q',u(t))dt — ¢t AWy, pp = g(z) = K (27), (3.15)

where f is defined as

f(@.p,q,u) = W (z) + pbi(z,u) + g o (z, u).

Notice that by the standard BSDE theory, under Assumption 1, the BSDE (3.15)
admits an unique solution (py,¢) for u € K. We remark that theoretical studies of
BSDEs has been a hot topic recently. In particular, the wellposedness of our adjoint
equation, i.e., the BSDEs (3.15), has been well discussed under mild assumptions.
One can refer to [34, 33, 29] for more details on the BSDEs theory.

We shall show in the following that by introducing the pair (p}, ¢;*), the involving
terms Dz} (v) in (3.13) will be canceled. More precisely, by Itd’s formula, we have

B (z}) Dy (v)dt

= —Da(v)dpl — (P v, (x¥, u(t)) + ¢t o', (z¥, u(t)))ng(v)dt + q* Dz (v)dW,
—d(p} Dz} (v)) + pi dDz} (v) + g} (a; (z}, u(t)) Dzf (v) + ol (2}, u(t))v(t))dt
(pt b, (x u(t)) + gt o, (2, (t)))Da:g(v)dt + g Dz (v)dW,
= —d(p} Dz} (v)) + (pt b (w, u(t)) + i o, (o}, u(t)) Jo(t)dt
+ (b1 o (e, u(®) D (v) + ot (a, u()v(t) + gi D (v) ) AW, (3.16)

Then, by inserting (3.16) into (3.13), we obtain

T
(J'(u),v) :/0 (E[pt bu(mt ,u(t)) +q; au(a:t 7u(t))] +j (u(t)))v(t)dt.
Then, we can re-define J'(u) by

J'(u)|e = Elpi by, (x1', u(t)) + qi' oy, (o', u(t) ] + 5 (u(t)).- (3.17)

Here J'(u)|; represents J'(u), as an element of U, valued at t.

To simplify the expression of J'(u), we have introduced a pair of adjoint processes
(p", q*) that satisfies the BSDE (3.15), to get rid of the term Dz} (-). Then, by solving
the BSDE (3.15), we can get the solution pair (p*, ¢*) numerically, and then further
get an approximated Jj (u) of J'(u) by using (3.17). In the next section, we shall
propose an Euler type method for solving the adjoint BSDE (3.15).

REMARK 1. We remark that the authors in [12] also introduced an adjoint e-
quation to cancel the term Dz} (-). The adjoint equation therein is an anticipating
integrand stochastic differential equation, where the solution is required to be backward-
adapted instead of the classic forward adapted. However, such a requirement is not
true in general. In other words, the wellposedness of the adjoint equation in [12] is
unclear for general situations.
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3.2. Numerical approximations for adjoint equations. By (3.15), it is no-
ticed that the solution pair (p},q}) depends on the forward process x}. Hence, we
need to solve (for ¢t € [0,7]) the following forward-backward stochastic differential
equations (FBSDEs)

{dw%‘ = b(x?,u(t))dt + U(w?,u(t))th, Ti—o = To, (3.18)

—dp} = f(z, P, g, u(t))dt — gt dWy, p4 = g(a¥).

Next, we shall discuss how to solve the above FBSDEs numerically with a given
u € K. For notation simplicity, we shall omit the superscript « in this section, such
as Ty = Ty, pr =Py, Gt = qy'-

Under mild assumptions, it is well known that the above backward equation is
wellposed [35]. Moreover, the solutions p; and ¢; have the representations

e =n(t, ), qt = U(xt, U(t))azﬂ(t7xt)a (3.19)

where 7(t,2) : [0,7] x R — R is the solution of the following parabolic PDE
(@) = —f (w,n(t,2), 0 (2, u(®) den(t,2), (), 0(T.2) = g(a),  (3.20)
with
Lo(t,x) = n(t, ) + b(w,u(t))Oun(t, z) + %J(x,u(t))zamﬁ(t, x),

The representations in (3.19) is the so called nonlinear Feynman-Kac formula [35].

We remark that numerical methods for FBSDEs is a hot topic recently, and one
can refer to [27, 28, 44, 45, 46] and references therein for variable numerical approaches.
Here in this paper, we shall introduce a simple scheme, namely the Euler scheme, for
solving the FBSDEs (3.18).

3.3. The Euler scheme for FBSDEs. We now follow closely the work [45]
and [46] to introduce the Euler method for solving the FBSDEs (3.18). The time
partition was defined in (3.7). By integrating both sides of the backward equation on
[tn, tnt1] we obtain

tn+1 tn+1
Dt, = Dt,i1 T / f(@e, pe, g, u(t)) dt — / qr dAWs. (3.21)
tn tn
Then by taking conditional expectation Ef [-| = E[-| F;,, 2, = z] on both sides of
(3.21) and applying the left-point rectangular rule, we have
pe, = B [proga] + A f (20, qf, ulty)) + Ry ., (3.22)

where

_ bnt
Rz,n = [ Etw,, [f(xt,phqtau(t))] dt — Atf(xapfn,thn’u(tn))

n

is the truncation error due to the left-point rectangular rule. Equation (3.22) is our
reference equation for solving p.

Next, we aim to deriving another reference equation for solving ¢q. To this end,
by multiplying (3.21) by AW,,41 := Wy, ., — W;, and taking conditional expectation

n+1

n
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Ef [] on both sides of the derived equation and then applying again the left-point
rectangular rule, we obtain

o _ L

4, At (Efn [pt7L+1AWn+1] + Rg’n) ) (323)

where

_ tnit1 tnt1
Ry, = / EY [f (e, pes qr, u(t)) AWypa] dt — / EY [q:] dt + At gy,
t t

n n

is again the corresponding truncation error.

By removing the error terms Rf, and R, in (3.22) and (3.23), we get the
following semi-discretization scheme for the BSDE in (3.18): impose the initial value
of p% = g(z) on z € R, and then for n = N—1,---,1,0, compute pZ = p,(z) and
q% = gn(z) with € R in a backward way by

P =E7 [poi1] + At f(2, 0%,k ultn)), (3.24)

x

1
a4, = EEZEH [Prn+1AWyi1]. (3.25)

Notice that in the above semi-discretization schemes (3.24) and (3.25), solving p? and
qr for each x € R may involve the knowledge of p,,+1 on the whole space region R. To
apply this scheme into practice, the spacial discretization of R and the approximations
of the conditional expectation Ef [-] are required.

To do this, we introduce a uniform partition Ry, of the R as

Ry = {ax|k=0,£1,+2,...}, with Az =zp11 — 2.

We shall denote I, =: [z, xk4+1]. Notice that the above partition involves infinite
grid points, however, this is unnecessary in practical applications, as we are always
interested in the final information (¢ = 0) in a finite interval. This means that we
can consider a finite partition with |k| < P with P being a positive integer (which
can be very large and problem dependent). In what follows, we shall consider a finite
partition with the parameter P. We remark that how to choose a reasonable P is not
a trivial work, and we refer to [46] for further discussions.

On the partition Ry, we introduce a continuous piece-wise linear function space
V4, the element of which v € V}, can be represented as follows

v@)= ) ok(er)dr(@), with op(z)=q 2L gefy,
|k|<P 0, otherwise.

For a continuous function f(z), we now introduce the associated interpolation oper-
ator Zj, by

Tnf(x) = Y flaw)ow(x),

|k|<P

i.e., a function in V}, is determined by its values at the grid points in Ry,.
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3.3.1. The approximation of conditional expectations. We now discuss
the approximation of conditional expectations. Let i::fl be the Euler approximation

of the state xt”’ namely,

xi"fl =z 4 b(z, u(ty)) At + o (z, u(tn)) AWpiq

(3.26)
=+ b(z, u(ty)) At + o (z, u(t,)) VAL,

where ¢ ~ N (0,1) is a normal random variable.
We choose ﬁigfl = ptwl(a?izi) = n(tnﬂ,xth) to approximate p} ", where
n(t,x) is the solution of the problem (3.19). As a result, pt is a function of zi"fl’ﬂ,
thus a function of the increment AW, ;. Therefore, the condltlonal expectation

Ef [pt,.,] (as well as EY [ps, , AW, 41]) can be written into an integral on R with
the Gaussian probability density function p(¢) = \/%e’gz/ 2. Hence we propose the

xk

Gauss-Hermite quadrature rule to approximate these conditional expectations. The
L-point Gauss-Hermite quadrature rule for a function f writes

L
N = [ 1€ = 3 g (3.27)
R =1

where {&,} and {w;} are the Gaussian-Hermite quadrature points and the associated
weights, respectively.

Consider for example the approximation of the conditional expectation Ef [py, ., ],
we have

]Etwn [ﬁtn+1] E[ptn+1(~t:f1)]
:E[ptnﬂ(x—i—b( u(t ))At—i—o(x u(t ))\/7{)}

(3.28)
NX:ptn+1 (24 b(z, u(tn)) At + o (2, u(t,)) VAL E)we
=1
We shall denote by IE ' [pt,.,.] the approximation of Ef [p;, ,,], more precisely,
) L
Ef [pt,..] = Zptn+1 T+ b(z,u(ty)) At + o (z,u(ty)) VALE)we (3.29)
=1
Similarly we denote by Efn [Pt, 1 AWy 1] the approximation of EY [py, ,, AW, 1] :
) L
EY [pt, AWny1] = z:ptn+1 :c + b(m u(t ))At + 0(3: u(t ))v &)\/ t & wy.
=1
(3.30)

In the quadrature rule (3.29), it is noticed that & = z+b(x, u(t,))At+o(z, u(t,))VALE,
may not be on the partition Rj. Therefore, we shall resort to the linear interpolation
T1 to get the desired information. To this end, we define

L

]]:'an Pt,.n] = ZIhpth (x + b(a: u(t ))At + U(x u(t ))F&) (3.31)

{=1
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Similarly, we define Ef [p;, ,, AW,41] as

L

Efn [pthrlAWnJrl Zlhptn+1 (x + b(l' u(t ))At
=1 (3.32)

+ o (@, u(tn)) VALE) VAL wp.

Notice that the approximated expectation IAE',?TL[] is a function of x. In the partition
space Ry, we denote [y [] := ]Efz” [-]. In addition, for functions f € V},, we have

Ef [f(@m")] = Ef [f(@m0),
EY [f(@5m " ) AW,ia] = EF [F(Z" ) AW, 11].

Tt +1 tnt1

Based on the above observations, we finally get the following approximations IAEfL e, ]
and EY [py, ., AWni1] of EY [py,,,] and Ef [p,,, AW,y1] :

n+1 n+1

E} [ptnid] = EF, e, + B,

. - . (3.33)
]Etn [ptn+1 AW?H*l} = Etn [ptn+1 AWnJrl] Rq,n?
where RE and RE, are the truncation errors:
Ry, =Ry, +REg,,+ RI, pns (334)

Ri = Ri o+ Ry g+ B, g
with
RI - Efn [ptn+1] - Efn [ﬁtn+1]? R;n = Efn [pt'n+1 AW"+1] - Etz" [ﬁtn+1 AWN"FI]?
RE,p, Efn [ﬁtn+1] - Efn [pt7z+l]’ RIE,q,n = Etrn [ﬁtn+1 AWn-i-l] - Efn [ptn+1 AWn+1],
th T Efn [ptn+1] - Efn [ptn+1]’ a]ch)q’n = Ezn [ptn+1AWn+l] - Efn [pthrlAWn-i-l]'

3.3.2. The fully discrete scheme. By the reference equations (3.22) and (3.23)
and the approximations of the conditional expectations in (3.31), we get the following
two equations:

pi, = ]E”” [Pein] + AL (2,07, a7, ultn)) + By Py = 9(@), (3.35)
i, = 57 (BE, ey AW,a] + Y. (3.36)
where R, and Ry, are the total truncation errors defined by

R, =R: + Rt

P,

R =R +RY, (3.37)

with RZ, and RZ  defined in (3.22) and (3.23), and Rfm and R;n defined in (3.34).

Based on the two reference equations (3.35) and (3.36), we propose a fully dis-
crete numerical scheme for solving the FBSDEs (3.18) as follows: given the terminal
condition py = Z|k\5p9(mk)¢k(') eVy,forn=N—-1,---,1,0, and each z € Ry,
solve p, € V;, and ¢, € V}, by

P =K [an] + At f (2, R, g u(tn)), (3.38)

1
qu = Al tn [pn—HAWn-H] (3.39)
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3.4. Summary of the numerical approach. We now summarize the entire
algorithm of our gradient projection method. In the fixed-point iteration (3.9), we
have introduced Jjy (-) as the approximation of J'(:). As the relation between J'(-)
and the adjoint processes (p,q) has been revealed in (3.17), it is natural to define
the approximation J (-) by replacing p, ¢ and E[-] in (3.17) with the numerical ones.
More precisely, we define

In @), =E[pab), (- utn)) + ano, (- ultn))] + ' (ultn)), (3.40)

where E[] is defined by

Eldw] = $1o,  Eldr,] = B [Be[---Br,,[60,]]), n>1 (3.41)
To make sure that Jy () € Uy, we define

N—-1
In@le =" In(w)ls, Xpx (#). (3.42)

n=0

Then, the gradient projection method is summarized in Algorithm 1.

Algorithm 1 Gradient projection method
Set the initial guess of the control uy € Ux and the error tolerance €p;
1. Set the terminal condition: p% = g(x1), 71 € Ry;

2. Forn=N—1,---,1,0, solve (pn, ¢n) by (3.38)-(3.39);

3. Compute Jy (u)l, by (3.40);

4. Update u by (3.9);

Repeat the above steps until the error ||u

+LN 5N || reaches the tolerance eg.

4. Error estimates. In this section, we shall perform a rigorous error analysis
for our gradient projection method. As concluded in Corollary 1, the first order rate
of convergence relies on the estimate ey = O(At). By observing the definition of
(3.17) and (3.40), we see that the error ey contains two parts: the numerical error
of (pF,q¥) and the approximation error of I@[] In the following sections, we shall
estimate the two parts one by one.

4.1. Preliminary results of the discrete operator I@H In this subsection,
we first show some basic properties of the approximated conditional expectations
Efj [] and E[-] which are defined in (3.31) and (3.41) respectively.

Notice that the weights of the quadrature rule {wy} are all positive and there
holds

Zo.)g =1.
¢

Moreover, the L-point Gauss-Hermite quadrature rule is exact for polynomials with
degree less than or equal to 2L — 1. We now state some basic properties of Eff [] in
the following;:

PROPOSITION 1. Given variables ¢t,,, = ¢(tnt+1,24,,,), for L =2, we have

hd E[Et7z [¢tn,+1]] = IAE[d)thrl]' R R
e If for any =, it holds ¢f ,, >0, then we have Ef*[pr,,.] =0, Elgy, ] > 0.
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o (B (b)) <SER(60.)7 Bl)? <Bl6)7),
(B (60, AW, ) < (B (B, 1)) — (B0, )2) A

The above propositions are all well known and easy to prove. It is also known
that under Assumption 1, for m > 1 it holds that

EfJz:|™] < C(|zo|™ + 1).

In the following, we shall provide a similar result for the approximated expectation

E[]. Notice that in what follows, C shall stand for a constant that is independent of
At, Az, n and k, while its value may vary from place to place.

PROPOSITION 2. Under Assumption 1, form > 2, L > 2, and Az = O(VAt), it
holds

Ellze,|™] < Cllzol™ +1).

Proof. We denote by Zy|z|™ the linear interpolation of the function |- |™ at x.
By the interpolation theory, there exists 0 € [x7, 27| (where 2= < x™ are two grid
points around z) such that for Az sufficiently small, it holds

1
Tnlz|™ < |2|™ + gm(m — 1)\0|m_2(Am)2

< lz|™+ %m(m — 1)((|m| + Az)™ + 1) (Az)?
< lz|™ + C’(|x|m + CAz(|z]™ +1) + 1)(Az)2
< (14 C(Az)?)[z[™ + C(Az)>. (4.1)

For fixed k and ¢, let a3 = x + b(xk, u(ty))At and az = o(xg, u(t,)) VAL, then
there exists 6 € [a1, a1 + as] such that

|e|™ = a1 + ag|™ = a1 |™ 4 mla: " sgn(ar)ag +m(m — 1)[0]"?(az)”

< faa|™ + mlas | sgn(ar)ag + m(m — 1)(Jax| + |az])™ *(a2)®.  (4.2)

By the assumptions on b and o, for sufficiently small At we have

m

< ((1+ CAt)|ag| + CAH)™

< (14 CAY)™|a|™ + CAL(|ay|™ + 1)
< (1 + CAb)|z|™ + CAL,

|ax| + |az| < C(lzk| + 1).

|as |

Using together (4.1)-(4.2) and the definition

o = X + bk, u(ty)) At + o(zk, u(tn))mﬁg,
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we have

EZk |xtn+1| ZIhLTk Z| We

< (1+C(Az)? M + C(Ax)?

Z 1
< (14 C(Ax)?) ((1 + CAB) k™ + CAL+ Oz ™ + l)At) + C(Ax)?
< (14 C(A2)%) (14 CAt)|ak|™ + CAL) + C(Ax)>.
Consequently, by the definition (3.41) and the assumption Az = O(v/At ), we have

B [lor,, "] = B[, (20, "]

< (1+C(An)?) ((1 + CADE[|z,, ] + cm) +C(Ax)?

< (14 C(A2)2)" (1 + capr ! (|xo|m + (n+ 1)CAt + (n + 1)C(Ax)2)
C(|zo|™ + 1).

This completes the proof. O

Next, by the variational arguments, we can easily present an approximation prop-
erty for the expectation E[-].

LEMMA 1. Assume that b,o € 05’4. For ¢; = ¢(t, ) with ¢ € 05’4, we define
Oy, (x) = EY [¢,], then it holds @y, € C*, and furthermore, we have

i

n—

El¢r,] = El¢r,] + > E[Rs.,
with Re; =E;"[®,,,] —E[®,,,], 1<i<n.

4.2. The error estimates of (p,¢~). We let

Hn = Pt,, — Pn; Vn = qt, — qn,

where (p¢, ¢+) and (pp, ¢,) are the exact solutions of the FBSDEs (3.18) and numerical
solutions of the scheme (3.38)-(3.39), respectively. Notice that

oo oo

pn(x) = Z pﬁgﬁk(x), qn(z) = Z qﬁ(bk(ﬂ?),

k=—0c0 k=—o00

where (pF,¢F) are numerical solutions by scheme (3.38)-(3.39), and for z; € R;, we
have (p, ¢%) = (pn(z1), qn(xk)). We now define

k _ T k
Mn - _p'rw Vp = qtn — -

Then, by subtracting the equation (3.38) from the equation (3.35), and the equation
(3.39) from the equation (3.36), respectively, we deduce that

= Ef* (] + ALSFE+ RE Ly = pt —pk, (4.3)

1 /-
vy = Al (Eif [tnt1 AWy 1] + Rq,n), (4.4)
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where
815 = Flan.pit gt ultn) = fonphdbultn). Ry, = Ryt Rb, =Rk
n 'I:k7ptnaq1£n7u n x/wpnyqnau nj))s DN DN q,n q,mn"

Now, we are ready to give the estimates of p* and v* in the following Lemma.
The estimates also imply the stability of the scheme (3.38)-(3.39) and will be used in
our final error estimates.

LEMMA 2. Under proposition 1, namely, assume that f(x,p,q,u) is Lipschitz
continuous with respect to p and q, uniformly in x and u, then there holds

N-1

Bl(un)?] + A 3 Bl(r)7] < CRIGun)] + - ZE pn)? + (Ryn)?].
n=0

Proof. By taking square of the equations (4.3)-(4.4), and using together Proposi-
tion 1, and the inequality (a + b)% < (1 + €)a® + (1 + 1/€)b? we get

(15)? < (1 + A8 (E2* [nga])

L 2 2 k2 E 2
+o(1+ At)(m ((ah)? + (W)?) + (R},)%)
O A:Dk A:Dk 2 C 2
)7 < g (BEF )] = (BSns))”) + 3y (Bi)
Let At < 1/7, v =4C?, and add up the above inequalities to get

(157 + (A < (14 VDD (1 0)?) + 55 E)?

o (B + (RE)?),
which yields
(Hh)? + CAHA)? < (1 CADBE ()] + 5 (B, + (RE)?).

By taking discrete expectation on the above inequality, using together property i, we
have

1 -

E[(ﬂn)2] + CAtE[(Vn)Q] < (1 + CAt)E[(Un+1)2] + EE [(Rp,n)2 + (qu)ﬂ . (4'5)

Then, we gets

N—
Bl(0)?] < OR[(u)’) + 7 Z T (Ry)?]. (4.6)

Taking the summation of (4.5) from n =0 to N — 1 we get

N—-1 N—-1
Ot Y Bl < 3 (CAE a0 + B[R + (Ry)?])
n=0 n—j) . . A
< CE[(NN)Q] + At ]E[(Rp,n)2 + (Rq,n)2]~ (4~7)
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Then, the proof is completed. 0O
We now provide with the following lemma for estimating the truncation errors,
and the proof is somehow standard using the arguments of approximation theory.
LEMMA 3. Suppose that Assumptions 1 holds, and moreover, we assume that
b(-,w),o(,w) € Cf, and f(-,-,-,w) € 05’2’2 hold uniformly in w € C, n € C’;A
Then, we have

SRRy + (Rya)?] = O((A0?) + O((A2)*/(A1)?).

Proof. As shown in (3.34), (3.35) and (3.36), R}, and R}, consist of the following
parts of errors.

k  _pk Pk
RP,TL _RP,TL—’_R +REpn+RIhpna

_ (4.8)
RF =RF +RE +RYp. . +RE ..

By the interpolation theory, we have the following estimate

RE .. =O((A2)%), RE .. =0((Az)?).

Also, by the error estimate of the Gauss quadrature rule [31], for f € C" and 0 < e < 1
we have

CLiT/2 2
< () (£)e— =€ /2| g
V2r /]R|f © d¢

where the constant C' is dependents on r while independent of L and f. Therefore,
we have that

= FEe = 3 Feps
Vo e 2 G

< Co (g, ulty)) (A1),
< Co (g, ultn)) (A2 + Co(zx, ultn))’ (A1)

| R0

| B0
Then, by Proposition 2, we have
E[(Rppn)’] = O((A1)?Y),  E[(Rpqn)’] = O((A)Y).

For Rk and R’qc n» & rough estimation follows by the Taylor expansion: by subtracting

(4.10) from (4.9) we obtain
n+1 S
Ef: [pth} = pff;l + At L ’l](tn_;_l, xk) + / / ]Etwf [E‘C W(tn+17 yr)}drdsa (49)
tn St
n+1 S
By () =9+ At Latrs,on) + [ [ B EL 0t Gr)ldrds,  (4.10)
then we can deduce that ]:Zlgn = O((At)?), where

Lot ) = b, ult)Den(t, ) + 30 (,u(0) Dran(t, o).
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Similarly, for R, we can derive that RE, = O((At)?). Finally, for the semi-
discretization error, we have

— t"+1 ¢ —
R = / / EF*[L0f(s,y,)]dsdt,
tn tn

_ tnty rt - _
Res, = / / B [£0F (s, ya) AWiss + L1 F (s, ) — £0C(s, y) ds,
tn tn

where f(t,x) = f(ac,n(t, x), ((t, a:),u(t)) Thus, by recalling that v € Uy, we have
R =O((A1)?), R =0O((At)?).
Then, the desired result follows by combining all the estimates above. O

Using together the above arguments (Lemma 1-3), we can finally get the following
error estimates for our numerical schemes:

THEOREM 2. Suppose that assumption 1 holds, and under similar assumptions

as in the above lemmas. Then, the conclusions of Lemma 2 and Lemma 3 imply

N-1

B(1n)?] + At Y E[(1a)?] = O((A)%) + O((Az)*/(At)?).

n=0

Then, we can further get

€N =sup 17/ (") — Ty ()] = O(At) + O((Az)?/At).

In particular, by taking Ax = At, we have that ey = O(At). Then, using together
Corollary 1, we have

u* —u™i| = O(At), i — 0.

Proof. Given u € Uy, we define

d)t =Dt b; (xtv u(t)) + qt 0; (xtv u(t)) + j/(u(t))a
¢ﬁ = pﬁb;(xk,u(tn)) + QfLU; (mk,u(tn)) +j/<u(tn))~

Then by the assumptions, we have ¢ € C’;A in [t,,t,11) X R, where ¢ is such that
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¢¢ = (t,x;). Moreover, J'(u)|; = E[¢y], Jy (u)lr, = E[pn]). Then, we have
17" (u) = Ty (w)]|*
I , ,
e [ k- @)+ @, - T,
n=0 ’tn
N-—1 tnt1 t 9 N—-1 R )
—cy / Tulo,)| ds)dt +oary (Bls,] - Elon)
n=0 “1n t r=s n=0
N-1 tnt1
< CAt ﬁ%(s s)]) dsdt
> /tn )
N-1
+oat Y ((Blon,] - Blor,)" + (Bler,] - Blo])?)
n=0
N—-1
< C(AL)? + C(Az)*/(A)? + CAL Y~ E[(1n)” + (vn)?]
n=0

= O((A1)?) + O((Ax)*/(A1)?).

Notice that the above estimation of ||.J'(u) — Ji (u)||?> does not depend on the choice
of u, and then, we complete the proof. O

5. Numerical experiments. In this section, we present several numerical ex-
amples to verify the efficiency of our numerical approach. In all our computations,
we need to choose a reasonable parameter p. Motivated by the error estimates in
the last section, it is noticed that the scheme admits good convergence property with
sufficiently small p. However, extremely small p would decrease the convergence rate
of the iteration. In our examples, we shall simply choose p; = 1/ Vi. And in what
follows, we shall denote by "CT” the convergence rate.

Ezample 1. Our first example has been used in [12]. The optimal control problem
is stated as

J(u*) = Zrélir} J(u)

with the cost functional

T T
1
J(u) = 7/ E[(z, — 2% (1)) dt + 7/ B(tdt, K=U,
2 Jo 2 Jo
and the controlled state equation
dxy = u(t)zy dt + oxy dW;.

Here o is a constant. The deterministic function z* and the corresponding exact
solution u* are given by

2
T—t 7t (T —t)?
u(t) = ——, x*(t) = M+1. (5.1)
1 t 1 t
— —Tt+— — —Tt+ —
Zo 2 T 2

We set zg =1, T =1 and o = 0.1, and the number of samples for approximating the
expectation is chosen as M = 10°, and we set the tolerance as ¢y = 10~°. Numerical
results by our gradient projection method are presented in Figure 1.



Gradient projection for stochastic optimal control 19

exact solution and numerical solution convergence rate

-2.5

exact —&&—error
. numerical| | | e 1st order rate

0.8

0.6

control
log(error)

04r

0.2}

0 0.2 0.4 0.6 0.8 1 e 17 1.8
t log(N)

1.9 2

Fi1G. 1. Numerical results for example 1 with solution (5.1).

The left plot shows that the numerical solution matches the exact solution very
well when N = 100. In the right plot, we have tested the error decays with N =
40,50, --- ,100, and it is clearly shown that the method admits a first order rate of
convergence.

Next, we test a different pair (z*,u*) which is given by

-T _ -t o2t _ (=T _ —t\2
wi(t) = L) =5 (T ) - (52)
—4l—et—te T —41l—et—te T
X0 Zo

We set 0 = 0.1, M = 10°, ¢g = 1075 and N = 40,50, - - - , 100. The numerical results
are given in Figure 2. Again, the numerical solution matches the exact solution very
well and first order convergence rate is observed.

0 exact solution and numerical solution a2 convergence rate
exact 3.5 —e— error
0.1 . numerical | J : O R 1st order rate
-3.3
0.2 1 -3.35
= -34
503 5 °
= $-345
- (=2}
C-04 S 35
-0.5 1 -3.55
-3.6
-0.6
-3.65
-0.7 -3.7
0 0.2 0.4 0.6 0.8 1 1.6 1.7 1.8 1.9 2
t log(N)

F1G. 2. Numerical results for example 1 with solution (5.2).

Ezample 2. Our second example is also from [12]. More precisely, we consider

J(u*) = min J(u)

ueK



20 Gong et al

with
T T
s =5 [ Bl e )a g [ on k-u
dzy = (u(t) — r(t))dt + ou(t)dW,.

Here we set r(t) = u*(t)/2, xo = 0, T = 1, and o is a constant. The deterministic
function z* and the corresponding exact solution u* are chosen as

T—t t 1 o’T +1

*t:7 *tzi_i
vO=mrogrr "W 5 i M ET o

+ 1.

In our computations, we choose 0 = 0.1, M = 10°, ¢ = 107°, and N = 40, 50, - - - , 100.
The numerical results are shown in Figure 3 Similar conclusions can be made as for
example 1. The method converge with the first order accuracy.

1 exact solution and numerical solution 28 convergence rate
exact . —— error
09 « _ numerical| -2.85 o e 1st order rate
0.8 1 -2.9
0.7 1 -2.95
__ 06 = -3
[ g
205 &-3.05
3 IS
0.4 2 31
0.3 1 -3.15
0.2 1 -3.2
0.1 -3.25
0 : : : : -3.3 : :
0 0.2 0.4 0.6 0.8 1 1.6 17 1.9 2

1.8
t log(N)
Fic. 3. Numerical results for example 2.

Example 3. The previous discussions have been focused on the deterministic con-
trol, that is, v € U. In this example, we will show that our method can also be used
to solve stochastic optimal control problems with feed back control.

This example is set to be the same as in (2.1)-(2.2), except that the control
constraint set is now a set of stochastic controls:

Kr={ucUr|u(w) €Cace. as.}. (5.3)

It follows from the stochastic optimal control theory that the optimal control is
actually a feedback control, more precisely, there exists a function @* such that
uf = u*(t,z¢), see e.g. [43, 14]. Given a feedback control u with u; = (¢, z:),
by introducing the adjoint processes (p,q) in the same way as in the deterministic
case, and by applying the [to’s formula, we can show that

J (u)y = poby, (4, ue) + quon, (xe, ug) + §' (ue)- (5.4)

Notice that u; is a function of ¢ and z;, then by (5.4) we know that J'(u); is also a
function of ¢t and x;. Therefore, due to the feedback property of the control, we can
write J'(u) pointwisely in time-space grids, namely,

J' ()i =pi by (z,altn,z) + ¢ o (@, 0ty 2)) + §' (U(ty, 2)), (5.5)
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where € Dy, and J'(u)7 denotes J'(u); valued at x; = z. In the above equation,
by introdcing our numerical solutions p, and ¢,, we get the approximated Jj (-) of

J():
JJIV(U)Z = pﬁb; (xkv a(tnv xk)) + QQU; (:L'ka 'L_L(tna xk)) + .j/ (ﬁ(tna xk)) (56)

Since the constraint K (5.3) is also pointwise in time and space, the projection problem
at the grid point (t,,), © € Dj, can be written as

u*(ty,x) = Pe(*(tn,z) — pJ' (u*)7 ).

Here we shall not compute the feedback law explicitly, however, we do compute the
values of the control at the grid point. Then u* is updated in the following way:

W (b, m) = Po (@ (tn, x1) — pid iy (u')F). (5.7)

Notice that due to the change of the space of control, we get rid of the expectation
in the computation of J'(u), meaning that we no longer need the history informa-
tion before time ¢ to compute J'(u)s, but only the information at time instance t.
Consequently, if a proper space partition {z} is obtained, and the constraint K is
pointwise in time, then we can run the algorithm in a backward manner as described
in Algorithm 2. Compared to Algorithm 1, we notice that under the same spacial

Algorithm 2 Gradient projection method

Set the initial guess of the control {@(ty,, zk)}n r and the error tolerance €o;
1. Set the terminal condition: p% = g(z1), 71 € Ry;
2. Forn=N-1,---,1,0, do
a. solve (pn,qn) by (3.38)-(3.39),
b. compute Jj (u)® by (5.6),
c. update u by (5.7),
repeat a—c until supy [0t (¢, x) — @ (tn, 21)| < €o-

partition, Algorithm 2 can save a lot restoration.

We now test Algorithm 2 for Example 3 with K defined in (5.3), and compare
the results using feedback control with the results obtained by using the deterministic
control. For the feedback control, we shall use the rectangular rule and Monte Carlo
method to compute the integral and the expectation of objective functional, respec-
tively. The numerical results are listed in the Table 1. It is shown that the use of
feedback control can indeed improve the results (produces a smaller value of objec-
tive functional), and this is reasonable as we are minimizing the objective functional
within a larger control set.

N | J(u) with Algorithm 1 | J(u) with Alogrithm 2
100 0.84833 0.62535
200 0.84797 0.64507
400 0.84777 0.65509
800 0.84770 0.66013
TABLE 1

Numerical results for example 5.3.



22 Gong et al

Ezxample 4. Our last example is a portfolio problem. We consider the following
example which has been used in [9].

J(u*) = Zrélir} J(u)

with

J(u) = %E [(zr — k)], K={ueUr; -1<u <1, ae. as.},

dxy = (Couy + r)ae dt + oupry dWy.
The parameters are chosen as
T =50, k = 1000, zp = 300, r =0.02, 0 = 0.1, { = 0.05.

We set ¢ = 107%, L = 4, p; = 0.01/4, and the space region is given by [—100,900].
The optimal value of J(u) given in [9] is 15023. To show the convergence rate, we
perform experiments with N = 1000, 2000, 4000, 8000, and choose M = N?2/10. The
corresponding numerical solutions for J(u) are listed in the Table 2. Tt is clear that
the method admits a first order rate of convergence. This example shows that the
Algorithm 2 is capable of solving some optimal control problems involving feedback
control.

N 1000 2000 4000 8000 | optimal
J(u) | 15196 | 15107 | 15069 | 15045 15023
CR - 1.0423 | 0.8688 | 1.0641

TABLE 2
Numerical results for example 5.4.

6. Conclusion. In this work, we propose a gradient projection method for solv-
ing stochastic optimal control problems. The scheme contains a fixed-point iteration
of the control, and an Euler scheme for solving the adjoint equation that is given by
BSDEs. The Euler method is used to solve the adjoint BSDEs. We rigorously prove
that our numerical method admits a first order rate of convergence. Several numerical
tests are presented to support our theoretical finding.
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