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Abstract There is often a significant trade-off between formulation strength
and size in mixed integer programming (MIP). When modelling convex dis-
junctive constraints (e.g. unions of convex sets) this trade-off can be resolved
by adding auxiliary continuous variables. However, adding these variables can
result in a deterioration of the computational effectiveness of the formulation.
For this reason, there has been considerable interest in constructing strong
formulations that do not use continuous auxiliary variables. We introduce
a technique to construct formulations without these detrimental continuous
auxiliary variables. To develop this technique we introduce a natural non-
polyhedral generalization of the Cayley embedding of a family of polytopes
and show it inherits many geometric properties of the original embedding. We
then show how the associated formulation technique can be used to construct
small and strong formulation for a wide range of disjunctive constraints. In
particular, we show it can recover and generalize all known strong formulations
without continuous auxiliary variables.
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1 Introduction

Convex nonlinear mixed integer programming (MIP) adds integrality require-
ments to convex optimization problems and often arises from the need to model
disjunctive constraint of the form z € (JI_, C* where {C?}}_, C R" is a family
of closed convex sets. The two main classes of formulations for these constraints
are the so-called Big-M and convex hull formulations. Big-M formulations are
simple and small, but their continuous relaxations usually yield weak bounds,
which can hinder the performance of branch-and-bound based algorithms. In
contrast, the convex hull formulation yields the best possible relaxation bounds
for a single disjunctive constraint and normally yields strong bounds for prob-
lems with multiple constraints. Unfortunately, while convex hull formulations
are only moderately larger than Big-M formulations, their computational per-
formance is usually much worse. The folklor attributes this poor performance
to certain continuous auxiliary variables used by the convex hull formulation.
This has prompted significant interest on techniques to project out such vari-
ables (i.e. eliminate them without decreasing the formulation’s strength). The
resulting formulations can provide a significant computational advantage, but
existing techniques are limited to very specific structures (e.g. see [2,5,15,23,
25] for polyhedra and [7,9,11,21,22] for non-polyhedral sets). In this paper we
introduce a technique to project out the detrimental auxiliary variables for a
wide range of disjunctive constraints. In particular, the technique can be used
to recover and generalize all known results that use binary variables that add
to one (e.g. excluding the logarithmic formulation from [23,25]).

Our technique is based on a geometric characterization of the projection
of the convex hull formulation that conects it to a natural non-polyhedral
generalization of an object known as the Cayley embedding of a family of
polytopes. To obtain this characterization we generalize to the non-polyhedral
setting some known properties of the Cayley embedding and use it to obtain a
valid formulation of the disjunctive constraint. We then give simple sufficient
conditions for this formulation to be equal to the projection of the convex hull
formulation. Using these conditions we then recover and generalize all known
techniques to project the convex hull formulation. We also provide precise
necessary and sufficient conditions to obtain the projection and comment on
the practical implementation of the formulations. In particular, we evaluate
the representation of the projection from an algebraic geometry perspective.

The paper is organized as follows. In Section 2 we introduce a geomet-
ric abstraction that unifies all known formulations in common framework. In
Section 3 we introduce the geometric characterization and describe the pro-
jected convex hull formulation for two simple cases. In Section 4 we present
the generalized properties of the Cayley embedding and the simple sufficient
conditions. We then use these conditions to recover and generalize all existing
formulations in Section 5. In particular, we give guidance on how to apply the
technique, comment on its practical implementation and present the algebraic
geometry result. Finally, in Section 6 we give detailed neccessary and sufficient
conditions for the technique. Ommited proofs are included in Section 7.
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We use the following notation. For a function f : R"™ — R U {oco} we let
its epigraph be epi(f) := {(z,2) € R""! : f(z) < z}. For a set S C R™ we
denote its topological closure, its convex hull, its conic hull and its affine hull
by cl(S), conv (S), cone(S) and aff (S). For a closed convex set we let its
recession cone be Co,. We let [k] := {1,...,k}, e € R" be the i-th canonical
vector, 1 € R™ be the all ones vector and 0 € R" be the all zeros vector (the
specific dimension will be apparent from the context). For a closed convex cone
K we let K* be its polar cone. Finally, we let Z be the set of integers.

2 MIP formulations for unions of convex sets

Definition 1 Let {C'}F ; C R™ be a finite family of closed convex sets and
Q C R"™P+F be a closed convex set. We say (z,2,y) € Q, y € ZF is a MIP

formulation of z € (J'_, C* if and only if

k i k
cel) O & 3(zy) R xZF st (r,2,9) €Q. (1)

We refer to Q) as the continuous relaxzation of the MIP formulation and say the
formulation is ideal if and only if for any minimal face F of @ and (z, z,y) € F
we have y € ZF.

Existing formulations dependend on specific set-representations. For in-
stance, Balas, Jeroslow and Lowe give linear MIP formulations for polyhedra
(e.g. [24, Section 5]), Ben-Tal, Helton, Nemirovski and Nie give conic MIP
formulations for conic representable sets [3,10] and Ceria, Merhotra, Soares
and Stubs give perspective function formulations for function level sets [8,20].
To abstract the representation we use the gauge of a convex set (e.g. [13]).

Definition 2 Let C' C R" be a closed convex with 0 € C. The gauge of C is
the function y¢ : R — R U {00} defined by ¢ () :=inf {A >0 : z € A\C}.
In particular, if z ¢ AC for all A > 0, then ¢ (z) = oo.

Lemma 1 For any closed convexr set C C R™ such that 0 € C we have that
Yo s conver and positively homogeneous, {x € R™ : vo (z) <r} = rC, and
{z € R" : y¢ (2) <0} = Cx. Furthermore, if C C R™ is a closed convex set
and b e C, then C ={z € R" : vo_p (x —b) < 1}.

Using gauge functions we can construct a generic versions of standard
formulations for convex sets that satisfy the following assumption.

Definition 3 We say C := {Ci}le € C, if and only if C* C R" is a non-

empty closed convex set for all i € [k] and C? = CZ_ for all 4,5 € [n].
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Theorem 1 Let {b'}; | CR" and C:= {C'};_, € C, be such that b’ € C"
for all i € [k], then an ideal formulation for Ule C' is given by

. . k
Yo (a8 =by) Sy, Vielk], Y wi=1 ye{o1}". (2
k

Zi:l =1, (2b)

In particular, if ext (C*) # 0 for all i € [k], then the continuous relazation of
(2) is line-free and all of its extreme points have integral y components.

The proof of Theorem 1 is analogous to existing formulations, but for
completeness we include a proof in Section 7.1.

A key to obtain the relatively simple and small ideal formulation (2) is
the use of the k copies x! of the original variables z. Unfortunately, these
variable copies can detrimentally affect the performance of MIP solvers. For
this reason, simpler Big-M formulations are often preferred in practice, even
though they usually fail to be ideal. We can abstract the specific structure of
such Big-M formulations using gauge functions as follows.

Theorem 2 Let {b"}f:1 C R"™ and C := {C’i}le € C,, be such that b* € C*
for all i € [k], and M € R*** be such that M;; = 1 for all i € [k] and
CJ C {x ER™ 1 voi_pi (:z: — bi) < M”} foralli,j € [k]. Then a formulation
for Ule C' is given by

. k k
Yoi—p (z—b") < ijl M; jy;, Vi€ [k], Zi:l yi=1,ye{0,1}*. (3)

The strength of this formulation depended on M with the strongest formulation
being obtained for the smallest valid coefficients.

The abstraction provided by the use of gauge functions allow us to focus
on the geometric structure of the formulations. However, it does not provide
an explicit representation of the formulations that can be easily fed to a MIP
solver. Fortunately, we can use known properties of gauge functions to obtain
practical representation of various classes and recover existing formulations.

Lemma 2 Let C C R" be closed and convex with0 € C and E C R" xR be a
closed convex cone. Then E = epi (y¢) if and only if C = {x € R™ : (z,1) € £}
and Coo = {z € R™ : (2,0) € E}. In particular,

1. IfC:={x € R" : 3z € R? s.t. Az + Bz+ c € K} for a closed convex cone
K C R™, matrices A € R™*" and B € R™*P, and vector ¢ € R™, then
epi (k) = {(x,y) eR"! 32 €RP s.t. Ax+Bzt+ceyec K, y> O},

2. if f: R" = RU {oc} is a closed convex function, (cl f)(z,y) is the clo-

sure of the perspective function of f, and C := {x eR?: f(x) < O}, then

epi(ve) = {(z,y) € RY xRy : (cl f)(z,y) < 0},

if b e C, then epi(yo—p) = {(m,y) ER™ i yo(z+by) < y}, and

4. If 0 € Ct N C? then, epi(Yoinc2) = epi (Vo1 ) Nepi (Yo2).

o
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The following example illustrates Lemma 2 and Theorems 1 and 2.

Erample 1 Let C' = {z € R : (2—s121) (2— soxp) > 1 Vs € {-1,1}%}
and C? = [-5/4,5/4]%. Using standard conic representability results for the
cone L™ := {(z,z0) € R™™ : |z||, < x0} (e.g. [3]) we have

ct = {:L' eR? . 12, s1z1 — s2wa)||y <4 — s121 — S22 Vs € {—1, 1}2}.
Using Lemma 2 we have o1 () < y if and only if

|2y, s121 — s222) |y < 4y — 5121 — 520 Vs € {—1, 1}?

Similarly ye2 (x) <y if and only if — (5/4)y < x; < (5/4)y  Vj € [2]. Then
Theorem 1 yields the ideal formulation for U?:l C" given by

[ (2y1, 5121 — s223) ||, < 4on — s1z] — sowh Vs € {—1,1}°  (4a)
—(5/4) y2 < a3 < (5/4) y2 vj e [2] (4b)
st +at=x, yptp=1 ye{01}’. (4c)

Alternatively, we can use Theorem 2 to obtain the formulation given by

12 (y1 + Mi2y2) , 5121 — s222) ||, < 4 (y1 + M1 2y2)

— 8171 — S2T2 Vs e {-1, 1}2 (5a)
—Msoayr — (5/4) y2 < x; < Moyr + (5/4)y2 Vi€ [2] (5b)
nty=1, ye{01}°. (5¢)

The smallest Big-M values that make this formulation valid are M; » = 5/4
and M, 1 = 3/2. Unfortunately, we can check that for all ¢ € (0, 1) the point
(2(6), (1)) with 7(t) = ((5+1)/4, (5/4)(5— t)(t — 1)/(3t — 5)) and g(t) =
(t,1 —1t) is an extreme point of the continuous relaxation of (5) with frac-
tional y components. Furthermore, Z(t) ¢ conv (C* U C?) for all t € (0,1). O

An ideal formulation without the variable copies can be obtained by pro-
jecting (2) onto the the x and y variables, but characterizing such projection
can be challenging. However, an effective characterization can lead to sig-
nificant computational improvements [7,9,11,23,25]. Unfortunately, there are
only few general techniques to obtain these characterizations. One of the most
general results by Balas, Blair and Jeroslow [2,5,15] considers unions of poly-
hedra with a common geometric structure (See Proposition 5 in Section 5.1).
In contrast, non-polyhedral results require more structure and fall into two
classes. The first class considers convex sets contained in orthogonal spaces
[22] and can be stated in our gauge notation as follows.

Theorem 3 ([22]) Let {bi}le CR", {Ci}le be a finite family of compact
convez sets in R"™ and {J;}}_, be disjoint sets such that \J;_, J; = [n] and for
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all i € [k] we have b € C* and C* C{x € R" : ; =0 Vj € [n]\ Ji}. Then
an ideal formulation for x € Ule C' is given by

. k
Yoi—pi ([x — b'yi] Ji) <y Viel[k], 22:1 yi=1, ye{o,1}". (6)
where for a € R" and J C [n] we let [a]; € R™ be such that ([a];); = a; if
j €J and ([a];); =0 otherwise.

The second class considers sets with certain monotonicity properties and gen-
eralizes “on/off” constraints [9,7,11].

Theorem 4 ([7,11]) Let G',G* C R" be a closed convexr sets such that GL_ =
R™ and G%, = R'}. Furthermore, for each i € [2], let I',u’ € R" and C* :=
{reG :li<z;<ul Vjeln]} be such that I} = min {x] cxzeC'} and
ui = max {z; : z € C’} for all j € [n], b* =11 and b? = u?. Then an ideal
formulation for x € C* U C? is given by

’ygi,bi([x — Iy — UQyQ:IJ) <y, vie[2], J C[n] (7a)
yili + y2li < x; <yruj 4 yous, Vi€ [n] (7b)
nm+p=1 ye{0,1}. (7c)

The most general known version of this result (e.g. Theorem 4 in [7]) is ob-
tained by combining Theorem 4 with Lemma 2 and noting that the result is
still valid if we flip or mirror the axes of the x variables. In fact, Theorems 4
and 3 can also be easily extended further by combining formulation (7) and
any orthogonal transformation of the x variables (i.e. axis flip plus rotation).

3 Ideal Formulations without Variable Copies

To construct the projection of formulation (2) onto the  and y variables we
use a geometric characterization introduced in [23] for the polyhedral setting.
This characterization is based on the Cayley trick or Cayley Embedding, which
is used to study Minkowski sums of polyhedra (e.g. [14,16,26]). The charac-
terization in [23] uses a generalization of the Cayley Embedding to consider
alternative uses of 0-1 variables (beyond the k variables y; that add to one used
in (2)). However, for simplicity we only generalize the standard version to the
non-polyhedral setting through the following result we prove in Section 7.1.

Proposition 1 LetC := {CZ} € C,, and Q (C) := conv (Uf:1 Ct x {ei}),
where €' is the i-th k—dzmenszonal unit vector. Then
) is a closed convez set and Q (C) ., = {(z,y) € R"* : 2 € CL, y =0},

1. Q(C
2. Q(C) is the projection of the continuous relaxation of (2 ), and
3. (z,y) € Q(C), y<€ZF is an ideal formulation of x € Ui:1 Ct.
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Proposition 1 reduces the construction of an ideal formulation to that of
the convex hull defining @ (C), which can be as challenging as the projection of
(2). Fortunately, as illustrated in the following propositions, it can sometimes
be easily constructed for specially structures. The first structure we consider is
nearly-homothetic sets that are almost translations and scalings of one another
(we replace the scaling by 0 with the common recession cone of the sets).

Proposition 2 Let C C R"™ be a closed convez set such that 0 € C, {bi}f:1 -
R" and r € RE \ {0}. If C := {Ci}le is such that C* = r;C +b" + Cw for
each i € [k], then (z,y) € Q (C) if and only if
k . k k

oo (a: - Zi:l yibl> < Zi:l T, Zi:l yi=1, y >0 Vie[k]. (8)
Proof Let @ be the continuous relaxation of (8). Then @ is convex and C? x
{e'} € Q for all i € [k], so we have Q(C) C Q. Finally, if (z,y) € Q,
then x € (Zi—;l yin) C + Zf:l yzb’ Q (Zle yﬂ”i) C + Z;C:l yibi + Coo =
S i (rC + b+ C) S Q(C). 0

The second structure we consider is a technical generalization of Theorem 3
that we later use to generalize Theorem 4. This generalization relaxes the or-
thogonality requirement of Theorem 3 by allowing sets that are the Minkowski
sum of the orthogonal sets and the non-negative orthant. This requires adding
technical restriction (9) on the sets, which generalizes the monotonicity condi-
tion of Theorem 7. We discuss this condition further in Section 9. Finally, we
explicitly consider the possible orthogonal transformation we have previously
alluded to, and which we represent through an orthonormal basis. This last
step allows for a more direct practical application of the result, but makes the
proof more technical so we postpone it to Section 7.2.

Proposition 3 Let {G’i}f:1 be closed conver sets in R™ such that 0 € G*
for all i € [k], {vj}?zl C R"™ be an orthonormal basis of R™, and {Ji}le
be disjoint sets such that [n] = Ule Ji, {bi}le C R te {-1,1}" and
M = cone ({tjvj}?:l). Finally, let {si}le C {-1,0,1}" be such that for
each i € [k] we have s = 0 for all j ¢ J;, K' = cone ({s;vj}jzl) and
Cl:=b+G'NK'+ M. If for all i € [k] we have

(G'NK") - K')YNK'=G'nK' (9)
and G* N K* is compact, then (x,y) € Q (C) if and only if

+
i [ i ko2l )
glex <Zjej,; u™? (u Iz — Zl:l b; yl> > <wy; Vielk] (10a)
, k
ti x = Wy =0 Vjel[n] (10b)

k
S w=1 w>0 Yiel]l, (10
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where (a)* = max{0,a} for any a € R and for all i,l € [k] and j € [n]
we let w7 = (=sit;)" siv7, bt = min {t;v7 -z rw € +G'NK'} and 5;’l =
max{s?vj cx:xeb 4+ G ﬂKl} ifi#l andgz-’l =uhd bl

4 Boundary Structure of the Cayley Embedding

To characterize @ (C) for more complicated unions we will use the special
structure of its boundary. It is known that if all C* are polytopes, then every
face of Q (C) is of the form conv (|J!_, F* x {e’}) where the F are faces of C"
whose normals intersect [14,16,26]. We generalize this result beyond polyhedra
using standard properties of the boundary of a closed convex set (e.g. [13]).

Definition 4 The support function of S C R™ is the function og : R" —
R U {oo} defined by og (d) :=sup{d-x : x € S}. The domain of og is the set
dom (og) :={d € R" : 05 (d) < o0}.

For a closed convex set C C R™ we denote its boundary by bd (C) =
C\ int (C), its relative boundary by rbd (C) = C \ ri(C), its affine hull by
aff (C') and the linear subspace parallel to aff (C) by L (C).

The face of C exposed by d € R" is Fo (d) :={x € C : d-x = 0¢ (d)} and
itsnormal coneat x € bd (C)is No(z) :=={d € R" : d-(y—z) <0 VYye C}.
The tangent cone T¢(x) to C at « € bd (C) is the polar of No(x).

L € Co, b1} C R be such that b €
C® for all i € [k] and A € R"™ ™ be such that L(C) := ZleL(Ci) =
{z € R" : Ax =0}. Then

Proposition 4 Let C := {C’i}i

k

(@) = {(e) € R ST w1 Ar= YL v}

i=1
In addition, let U (C) == {ue€ L(C)\ {0} : Foi(u) #0 Vie[k]}, N(C) :=
{(xi)le € szl bd (C*) : L(C)N ﬂle Nei (2%) # {O}}, and for each X :=

(:Jci)f:1 € N(C) let Q(X) := conv (Ui, {'} x {€'}). Then rbd(Q (C)) is
equal to the union of

UUGM(C) conv <Uf_1 Fei (U) X {el}) — UXGN(C) Q (X) (11)

and
k

Ui:l conv (Ug;éz CJ X {ej}) = Ule {(f,y) € Q (C) LY = 0} . (12)

We postpone the proof of Proposition 4 to Section 7.3 and instead illustrate
it in the following example.
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Ezample 2 Let C! = {1: ER? : (2—wvim)(2—v2x2) >1 Wwe{-1, 1}2} and

C? = [-5/4,5/4)% be the sets from Example 1 depicted in Figure 1(b). Let
#* = (1,—1) € bd (C?) and B! = {zeCl: (2-z)(2+z2) =1} Cbd(C")
be the boundary subsets highlighted in black in Figure 1(b) (the range of
their normals are depicted by dashed arrows). Then Ng1 (ajl) N Ng2 (a%z) #0
if and only if 2! € B! and hence by Proposition 4 we have that B =
Upiep conv (({a'} x {e'}) U ({#%} x {€*})) C rbd(Q(C)). This is illus-
trated in Figure 1(a) were we use the fact that y; +y2 = 1 for all (z,y) € Q (C)
to eliminate y2 and depict @ (C) three dimensions. In Figure 1(a) the repre-
sentations (i.e. after eliminating yo) of B! x {el} and {562} X {e2} are high-
lighted in black and B corresponds to the meshed surface. This surface is an
example of a portion of the boundary of @ (C) considered in (11). We ob-
tain another example of this portion if we let &' := (0,-3/2) € bd (C') and
B? .= {J; €C? : 29 = —5/4} C bd (02) be the boundary subsets highlighted
in white in Figure 1(b), for which Nc1 (2') N N2 (2%) # 0 if and only if
2? € B2 and B = conv ({#'} x {e'}) U (B? x {€?})) C 1bd (Q(C)). An
example of a portion considered in (12) is simply C' x {e'} whose represen-
tation is depicted by the dotted surface in Figure 1(a). O

(a) Cayley embedding with variable (b) Sets in dark gray. Boundary subsets from Exam-

y2 projected out. ple 2 in black and white, with normals as dashed ar-
rows. Supersets C*? from Example 3 in light gray.
One nonlinear inequality of C! as dotted curve.

Fig. 1 An illustration of Propositions 4 and 5 for Examples 2 and 3.

Example 2 illustrates how the characterization of bd (Q (C)) from Proposi-
tion 4 can be turned into a piecewise description composed of a finite number
of sets (e.g. B, B, O x {e'}, etc.). All sets associated to (12) have simple ex-
plicit descriptions that yield trivial valid inequalities for Q (C) (e.g. C! x {el}
yields y1 < 1 or equivalently yo > 0). In contrast, the sets associated (11)
yield non-trivial valid inequalities, but do not always have clear explicit de-
scriptions (e.g. B yields —zo < (3/2)y1 + (5/4)(1 — 1), but the non-linear
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inequality associated to B is harder to describe). Fortunately, it is sometimes
possible to directly obtain a finite piecewise description of @ (C). The first
step is to describe @ (C) as a finite intersection of similar sets, but with known
descriptions.

Proposition 5 Let C := {C’i}le € C,, ¢ = {C’j’i}le e C,, for each
je[m] and U=_, dom (o¢:)\ {0} or U =R". If

ctc it Vi € [m], i € [k] (13a)
YueU 3j€[m] st oci (u) =o0csi(u) Vielk], (13b)

then Q(€) = M}, @ (¢2

Proof Let Q = ﬂm,l ( ) Condition (13a) implies @ (C) € Q. For @ C
Q (C) we show O’Q u v) < oge) (u,v). If ogc) (u,v) = oo this holds trivially,
om

SO We assume (cg(c)). By Theorem 3.3.2 in [13] we have

oqe) (u,v) = max?’_, oci (u) + v - €. (14)

Then dom (ogc)) = (ﬂle dom (Uci)) xRF and u € dom (o) for all i € [k].
If u = 0, then og (u,v) = ogc) (v,v) = max?_; v;. For u # 0 let j € [m]
be the index from condition (13b). Combining this condition with (14) and
Theorem 3.3.2 in [13] for Q (C7) we finally have oq (u,v) < og(ci) (u,v) =
max?_, 0 (u) +v- el = oge) (u,v). O

The second step is to combine Proposition 5 with the known descriptions of
the @ (CJ). For instance, below we combine it with Proposition 2.

Corollary 1 Let C := {C'}_ € C, and for cach j € [m] let C7° C R
with 0 € €20, {1 C R, 17 € RE\ {0} and ¢ := {CF'}"_ | be such
that O = 1090 4 b1 4 CL0 for all i € [k] and j € [m]. If (13) holds for

{Cj };n:l, then an ideal formulation for x € Ule C' is given by

k k k
Yeio <$ - Zybj> <N rlyivielml, Y wi=1 ye{0.1}*. (15
i=1 =1 =1

Example 8 Let C' and C? again be the sets from Example 1 depicted in Fig-
ure 1(b). To construct an ideal formulation for z € C'UC? we divide directions
u € R2\ {0} for condition (13b) into four classes. For each s € {—1,1}” let
Coli={z eR?: (2—s121) (2—saw2) > 1, s;m; <3/2 Vie[2]}, 0% :=
{x ER? : s;x; <5/4 Vie [[ZH} and D, := {u €R?: 5121 >0, soxg> 0}.
For s = (1,—1), Figure 1(b) depicts C*! and C*? in light gray and illustrates
how condition (13) is satisfied: for each i € [2], s € {—1,1} and u € D;
we have o¢i (u) = 0¢s (u) and C* C C%%. Finally, if we let C50 = C%1,
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=1, b5 = (0,007, 75 = 0 and b*! = (51(5/4), s2(5/4))" we have C* =
riC%0 + b5 4 O30 for all i € [2] and
: 12y, s121 = s2x2)l; < 4y — s1w2 — 522,
epi (ygs0) = 3 (w,y) € R® : . :
{ sjz; < (3/2)y Vi€ [2]

Then (15) yields the ideal formulation of z € C' U C? given by

(251, s121 — s99)||5 < 41 + (5/2)ya — s129 — sowa Vs € {—1,1}°, (16a)
sj7; < (3/2)y1 + (5/4)y2 Vi€ [2], s€{-1,1}*, (16b)
ity =1, ye{0,1}”. (16c)

where we used the fact that s? = s2 = 1 for all s € {—1,1}" to simplify the
nonlinear inequalities in  and y. a

Note that the key to effectively satisfy condition (13b) was to include
s;r; < 3/2 in the definition of C*'. Indeed, as can be glimpsed from Fig-
ure 1(b) if we omitted these constraints for s = (1,—1), we would have
oc1 (0,—1) =3/2 < 2 =0¢sa1 (0,—1). Another way to understand the need for
these inequalities is by noting that for s = (1, —1) they ensure that Ngs. (:El) N
Neso2 (2%) # 0 for &' == (0,—3/2) and all 2? € B? := {z € C? : z, = —5/4}
(cf. white boundary subsets depicted in Figure 1(b) and discussed in Exam-
ple 2). This last observation can be useful to construct families {C’ };n:l that
satisfy condition (13b) (and verify that they do satisfy it) so we formalize
it in Corollary 3 of Section 6. However, we first showcase some important

applications where (13b) can be easily verified.

5 Applications of Proposition 5

While Proposition 5 and Corollary 1 are simple, together with Proposition 3
they can recover and generalize all known results from the literature.

5.1 Unions of Polyhedra

The first result that Corollary 1 can generalize is the following class of formu-
lations introduced by Balas, Blair and Jeroslow [2,5,15].

Definition 5 For any A € R™*™ and B C [m] let Ag € RIZI*™ be the sub-
matrix of A composed of the rows indexed by B. For a fixed A € R"™*" let
B ={BC[m]: |B|=rank(A4), rank(Ap)=rank(A)}, and for any B € B
and b € R™ let P(B,b) := {x € R" : Agpx <bp} and Z(B,b) € R" be an
arbitrary solution of Agz = bp.
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Theorem 5 (Theorem 2 in [5]) Let A € R™*™ and for each i € [k] let
bt € R™ andPi:{xERm : Aa:gbi}. If

VBeB (z(B,b')eP Vielk]) Vv (z(Bb)¢P Vielk]),

then an ideal formulation of x € Ule P is given by

koo k k
< by =
Ae <y by Y wi=1 ye{01}" (17a)
Corollary 1 generalizes Theorem 5 as follows.
Corollary 2 Let A € R™*" and for each i € [k] let b € R™ and P' =
{x eR™ : Az < bi}, If for all ¢ € R™ there exist B € B such that

max {c-z : v € P(B,b")} =max{c -z : z€ P} Viel[k], (18)
then (17) is an ideal formulation of x € Ule Pt

Proof For all B € B let CP := {CB’i}le be such that CB* = P (B,bi) =
P (B,0) + z (B,b") for all i € [k]. Condition (13a) is trivially satisfied and
condition (13Db) is satisfied by the corollary’s assumption. The result follows
from Corollary 1 by noting that [m] = |Jz.z B, that because epi (’YP(B_’())> =
{(m,y) ER™ 1y >0, Apzr< O} we have (z,y) € Q (CB) if and only if

k . k .
Ap <$ — Zi:lj (B,bl) yz> = Apz — Zi:l By <0
Zleyizl, yi >0 Vie[k]. 0

The sufficient condition of Theorem 5 implies that of Corollary 2, but the
following example adapted from [24] shows that the converse may not hold.

Ezxample 4 Consider

10 1 1 2
-1 01 R > |2
A=l o1 1| "= 2] "7 |1
0-1 1 2 1

We can check that By := {1,2,3} € B, :E(Bl,bl) = (0,1,1) € P! and
z (B1,b%) = (0,—1,2) ¢ P2. Furthermore,

max{aﬁg, T x € P(Bl,bz)} =2>1 :max{xg T x € PQ}.
Then, neither Theorem 5 nor Corollary 2 are applicable and indeed formulation

(17) for these matrix/vectors is not ideal (x = (0,0,3/2) and y = (1/2,1/2)
is an extreme point of its LP relaxation). However, if we augment A, b! and
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b? with the redundant inequality z3 < 1 (i.e. let the fifth row of A be (0,0,1)
and b = b2 = 1) we have that By := {1,2,5} € B and

max{xg : xGP(BQ,b2)} :1:max{:c3 : xGPQ}.

Moreover, with this additional inequality /row we have that for any u € R3
condition (18) either holds trivially (i.e. with 400 on both sides) or for a
basis of the form B = {4, j,5} for i,5 € [4]. Hence, Corollary 2 shows that
(17) for this augmented matrix/vectors does yield an ideal formulation for
x € P' U P2. In contrast, we still have (Bl,bl) € P! and 7 (Bl,bQ) ¢ P2
for the augmented matrix/vectors so Theorem 5 cannot be used to prove that
this formulation is ideal. |

Theorem 5 and Corollary 2 are based on exploiting a common tangent
structure of the P’. This can also be useful to (partially) satisfy condition
(13) for non-polyhedral sets so we give one formalization of the approach.

Lemma 3 Let C = {C'}}_ € Cy, {a7}7" C bd (C?) for all i € [K],

Cl = {C’j’i}f:1 € C,, for all j € [m] and C79 C R™ be a closed convex cone
for all j € [m]. If C9" = Tei (29%) = 29" + €90 for all i € [k] and j € [m],
then {Cj};n:l satisfies (13) for U = Jj., (C70)*,

Proof Direct from o¢ (u) = 01y (u) for all z € bd (C) and u € T (x)*. O

5.2 Common tangent structure through Minkowski sum

Example 3 uses a “nearly-homothetic” variant of “conic” tangents of Lemma 3.
For instance, as illustrated in Figure 1(b) for s = (1, —1) and z = (5/4, —5/4),
we have that C*2 = 2+ C30 is the cone tangent to C? at Z, but no translation
of 5 is tangent to C* at some z € bd (C*). However, C*! = C'+C5 serves
the same role as the translation of C%;° through the following property.

Lemma 4 Let C CR" be a closed convex set and K C R™ be a closed convex
cone. Then oc (u) = ootk (u) for allu € K*.

Proof By Theorem C.3.3.2 in [13] o¢4 i (u) = 0¢ (u)+ 0k (u) and ok (u) =0
for all u € K*. O

The following example further illustrates this approach to guide the con-
struction of {CJ };n:1 to use Corollary 1 for non-polyhedral sets with k,n > 2.
m

It also illustrates how redundancy in {C7}'"  can simplify verification of (13).

j=1

Example 5 Let b= 2 —1,r € R, {si}le c{o, 1}2, {(pg,pi)}le C R+
G = {(xo,x) eR™ ||z, 87)]], < si (\/5— 1) + 14 (-Dlxy Vi€ [[2]]}

and C* = (pj,p') + r;G" for all i € [k]. Family C := {Cl}f

_, 1s depicted in
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Figure2 fork =2,n=1,r = (1,1), s* = (1,0), s' = (0,1) and (pf),pi) = (0,0)
for all i € [2]. Let {C }5:1 be such that for each j € [2]

70 = {(wo,2) € R+ (2, 1), < V24 (~1Vao, ol <1+ (~1) o}

and C9 = (pé —(=1)¥(1 - sé)?‘i,pi) + mséCiVO for all i € [k]. Then C%° =
—CLY = {(zg,2z) € R"*! : ||z||, < 20} and for all j € [2] and i € [k] we have
Cit = T (ph — (=1)7,p') if 8;‘. =0 and C7" = C' 4 010 if s; = 1. Then
{ci }5:1 satisfies (13) for U = (C;o)* U (C’go)* Furthermore, for each j € [2]

Iz 9l <y +1) + (—1)%0,}

epi (yes0) = § (zo, z,y) € R*T2 - :
{ zlly <y+ (1) o

: . . . . ]
by = rish — (=1)7py + (1 — s4)r;. Because C* = C’ll*Z N C?% formulation (15)
for yields the valid formulation of (zg,z) € Ule C"* given by

For all i € [k] and j € [2] let ¢f = risiv2 — (=1)7p} + (1 — s%)r; and

k ) k ) k , 4
_ i, . i 1\ )
H (l‘ Zi:lp Yi, Zizl 7“15]?/1) H2 < Zi:l q;Yi + ( 1) T, V] c [[2]] (193)
k k ) . .
v Zi:lplyz , = Zizl Ryi + (=1)7wo, Vj € [2] (19Db)
F k
21:1 yvi=1, ye{0,1}". (19¢)

*

We have (C;o)*u (C2)" = C2,UCL strictly contained in ﬂle dom (o¢i)\{0},
so Corollary 1 does not imply idealness of (19). To check that it is indeed ideal
let C® be such that C*° := {(zo,z) € R"** : ||zfl, <14z, |zll, <1—a0}
and C** = (pj,p') + r;,C*° for all i € [k]. Then for all i € [k] and u €
R™\ (CZ UCL) we have C* C C*" and 0¢s.i (u) = o¢i (u). Finally, we have
epi (yo2) = {(w0,2,y) € R"*? + |lzll, <y + w0, |lolly <y — o}

We can now use Corollary 1 for {Cj }:;:1 to construct an ideal formulation
of (zg,x) € Ule C'® that corresponds to (19) plus the inequalities associated
to C3. However, these additional inequalities are precisely (19b). a

Fig. 2 Sets from Example 5.
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Note that in Example 3 the approach based on Lemma 4 of adding C%°
to C! in the definition of C*! (or equivalently including s;z; < 3/2 in the
definition of C*!) was enough to yield an ideal formulation and to verify
property (13). In contrast, in Example 5 this approach was enough to yield
an ideal formulation, but not to verify the property. We further discuss this
in Section 6 where the boundary subsets highlighted in white in Figure 2 will
play a similar role to those in Figure 1(b).

5.3 Constraints from power systems applications

A very clever technique to extend the applicability of Theorem 4 was intro-
duced by [4] in the context of power systems. The following example illustrates
how this technique relates to the use of Lemma 4 and Corollary 1.

Ezample 6 Let C' := [-1,1] x {0}, K (l,u) := {z € [[,u] x [0,1] : 2} <z}
and C? := K (—1,1). We have that {C?}7_; does not satisfy the assump-
tions of Theorem 4. However, [4] notes that if C> = K (—1,0) or C? =
K (0,1), then (after a rotation) {C", C?} does satisfy the assumptions. Hence,
Theorem 4 can characterize Q' := conv ((C? x {e'}) U (K (—1,0) x {e?}))
and Q? := conv ((C? x {e'}) U (K (0,1) x {€?})). Then [4] further notes
conv ((C’1 X {el}) U (K (=1,1) x {ez})) = conv (Ql U QQ) and using the con-
struction of the @ from Theorem 4 shows that Q' U Q? convex and

€T — < X s 0 S €T S 5 + = 17

QluQQ _ (%y) cRY - 1= 91> 2Y2 2>Y2, YrTlY2 .
—T1 — Y1 < /@2y, —1<x <1, Y1,92 >0

To instead construct a formulation using Corollary 1 let {Cj }jzl be such that
30 = {z € B2 ¢ (((—1) 21)*)? < s, 22 <1}, €31 = (1)) 4080 = {x €
R? : (=1)x; <1, 23 =0} and C7? = C7° for each j € [2]. Then CL0 =
{z eR?: (-1)' 2, <0, 29 =0},C"' =Tei((—1)’,0) and 72 = C?+ 020
for all j € [2]. Then {C7 }321 satisfies (13) for U = R?. Furthermore, for each
j € [2] we have epi(yeio) = {(z,y) €R® : (1) 21)")> <y 22, 22< y},
so Corollary 1 yields the ideal formulation of x € C* U C? given by

, 2 .
(=121 —y) )" <yaraaVj € [2], 22 < g2, y1+y2 = 1, y € {0,1}%. (20)
The continuous relaxation of this formulation is identical to Q' U Q2. O

The quadratic set considered [4] was an approximation of a trigonometric
set [4,12]. The following example shows that the Lemma 4 and Corollary 1
can also be applied directly to such sets.

Ezample 7 Let C? := {x € [r,27] x [0,1] : sin(z1) + 1 < x2}, C' = [, 27] x
{0}, f1 (z) = 1—2x9+max {sin (max {—x1 + 37,37/2}), 7 —x1} and f5 (1) =
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1 — z9 + max {sin (max {x1,37/2}), 21 — 27}. Finally, for each j € [2] let
CI0 = {m ER?: fi(x)<0, (-1 ay<(-1Yj-m 0<ay< 1}. Then

i yfi(z/y) _ y>0
(clfi)(z,y) =Sy —a2+ (1) z1)T y=0
o0 y <0

and epi (ves0) = {(2,y) € B = (lfi)(2,y) <0, (=1 a1 < (=1)j 7y,
0 < 29 < y}. Then by a reasoning analog to Example 6 we can then use
Corollary 1 to obtain the ideal formulation of z € C' U C? given by

(lel) (.’E] - 7Ty27$27y1) S 07 (C1f2) (1’1 - 27Ty2,$273/1) S 07
T<w<2m, 0<z<ys, ym+ypa=1 ye{0,1}°. U

5.4 Generalization of Theorem 4

Lemma 4 and Proposition 5 can also be used to generalize Theorem 4 by

combining them with Proposition 3.

Theorem 6 Let {vj };:1 C R™ be an orthonormal basis of R™ and for each

s€{-1,0,1}" let K* = cone ({sjvj};;l). In addition, let {Gi}le be closed

convez sets in R™ such that 0 € G* for all i € [k], {si}le C {-1,1}" and

D' =G'NK*" for each i € [k] be such that

1. (Di - Ksi) NKs' = D' and is compact for all i € [k],

2. for allt € {—1,1}" there exist disjoint sets {Jf}le such that J! C [n] for
all i € [k] and D' + K* = D* N span ({vj}jeJ§> + Kt Vie[k].!

Finally, let {bi}le and for all i,1 € [k] and j € [n] let C* := D! + b,

. A . . —i,i . . .
v"hJ ::‘sévj, b; = max {v’ij -x € Cl} for 1 ;é‘l, by = v b, LY =
min {UJ T X € Cl} and U} := max {UJ X I x € C’}. Then an ideal formu-

lation for x € Ule C' is given by

0o no g NT
Vi (Zj_lv” (U” T = 2121 bj,lyl) ) <y Vie[k] (21a)

koo , P .
Zi:l Ljyz' <vl.x< Zi:1iji Vj e [[n]] (21b)
k
S wi=1 ye{ok (21c)
In particular. if G* = {”” EH' v (v+b) B, Vje [[n]]} for a closed

convex set H* C R™, then we can replace yg: by Ygi in (21a).

1 with span (0) = {0}.
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Proof Foreacht € {—1,1}" and i € [k] let C*% := C*+ K' = D'+ K'+b'. We
trivially have C* C C%¢ for all t € {—1,1}" and i € [k]. Furthermore, for all
te{-1,1}" and u € —K" we have o¢s.i (u) = o¢i (u) for all i € [k] because
(K" = —K* and C" is compact. Then, because R" = Useg_1,1y» K and

Proposition 5 we have Q (C) = (;c(_1.1y» @ (C?) for C* := {Ct’i}le. Noting
that C*" := C* + K* = D' + Kt + b" = D' N span ({vj}jeﬁ) + Kt + b and
using D' = G' N K*" we can use Proposition 3 to describe @ (C*). Noting that

ubd = v if sé = —t; and u®J = 0 other wise we have that this description is
equal to
(S (9= B ) )< vicw @)
Yai A G b <y Vi a
tjvj N Z;:l bé»yl >0 Vje(n] (22b)
k
Yo wi=Ll y=0 Vie[k], (22¢)

where for all i,1 € [k] and j € [n], J! = {j € J! : st = —t;} and

bl = min {tjvj -z 2 € b' 4+ D' Nspan <{Uj}jeJ;)}
:min{tjvj -z @ x€b + D' Nspan ({Uj}jeﬁ> +Kt}
:min{tjvj-ac : xebi—FDi—i—Kt} :min{tjvj-x : J;Ebi—i-Di},

where the first and last equality follow from ¢;v7 being a ray of K and the sec-
ond follows from the theorem’s assumptions. Because C? = b*+D? we have that
(22b) for all t € {—1,1}" is equivalent to (21b). To show that (22a) for all ¢t €
{—1,1}" is equivalent to (21a) it suffices to note that if 4 € R’ and A € R} are

such that p; < \; for all j € [n] then yg: (2?21 ,ujvi’j) < e (2?21 )\jvi=j).
For that assume for a contradiction that the reverse inequality holds for
some p and A. Then we can scale p and A so that Z;‘L:1 vt ¢ G and
doi_1 Ajut € G However, 307 Aot YU pjvtd € K*' so doiog vt =

C oAb = ST (N — vt € ' — K*') N K*"), which contradicts
Si A = (O — et € (D= k) n K, which dict
the the theorem’s assumptions. The final statement by noting that epi (yg:) =

{(m,y) € epi (yg:) = v - (sc + biy) < B;-’iy, Vj e [[nﬂ} ]

Theorem 6 generalizes Theorem 4 in two ways. First by allowing unions
of more than two sets. Second by relaxing the monotonicity requirement on the
sets from a condition of the form G%, = R™ to one of the form (G* "R — R%)N
R? = G*NR’. An example of a set that satisfies the later condition, but not
the former is the Euclidean ball. Theorem 6 achieves this by using a repre-
sentation of the Minkowski sum based on the operation (-)* (cf. Lemma 5),
which can have some practical implications that we explore next.
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5.5 Minkowski sum, formulation size and constraint representation

It is noted in [11] that formulation (7) from Theorem 6 might include an expo-
nential (in n) number of nonlinear inequalities (7a) for each i € [2]. However,
to the best of our knowledge there is no explicit example where all these in-
equalities are needed to obtain an ideal formulation. In fact, formulation (21)
from Theorem 6 only requires one nonlinear inequality (21a) for each i € [k]
to be ideal. We now study this seeming paradox starting with an example that
shows how and when an exponential number of inequalities (7a) are needed.

Ezample 8 Let G! := {xER” 1, 2—25) > 1, 2, <2Vje [[n]]}, G* =

Jj=1
—2-1+4+RY, r=2-271" <220 ¢l = GLn[0,7r]" and C? =
G*N[-2, 0]” By Theorem 4 an ideal formulatlon for z € C' UC? is given by
o (@) <w WIS (28)
2y <ay<ry, Vi€[n], mty=1 ye{0,1}°, (23b)

where we omitted g2 ([z] ;) < y2 as they are redundant because epi (yg2) =
{(z,y) : z; > 2y Vi 6 ﬂnj} Alternatively, if for any a € R” we let [a]" € R”
be such that [a then by Theorem 6 an ideal formulation is given
by

gles ([$]+) <y (24a)
2y <x; <7y, Vie[n]l, wi+ye=1, ye{0,1}°, (24b)

where we again removed a redundant inequality associated to vg2. Finally,

epi (ya1) = {(x,y) eR" xR, : H(Qy*xj) >y x; <2yVje Hn]]}. (25)

Now, by the selection of r we have that for any J C [n] such that |[J| <n—1,
having —2ys < z; < ry; for all j € [n] implies

n1J1 =11 e s grors(F-m1) o
2 My 2y = g) >y >y,

Hence replacing (23a) or (24a) by vg1 (z) < y1 also yields an ideal formulation.

In contrast, if we instead let » = 2, the replacement of (23a) or (24a) results
in a valid, but not ideal formulation. Indeed, for any J C [n] such that |J| <
n—1, let (z,y) € R"*2 given by y; = yo = 1/2, x; = 1 —277/I71(3/2)(1/I=n)/7
for j € J and x; = —1/2 for j ¢ J. Then (z,y) is feasible for the continuous
relaxation of (23b)/(24b) and g1 (z) < y1, but violates vg1 ([z] ;) < y1 and
v ([z]7) < y1. Hence, in this case formulation (23) from Theorem 4 requires
an exponential number of inequalities, while formulation (24) from Theorem 6
only requires a linear number of inequalities. However, the non-polyhedral na-
ture of the inequalities makes such accounting a subtle matter. For instance,
(23a) is equivalent to the single inequality max;cp,) e ([2];) < y1 and in
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fact max jcpnyyer ([2],) = v ([2]T). Then (23a) or (24a) are different rep-
resentations of the same convex constraint. Further insight into this can be
gained by noting that (24a) (i.e. v ([2]7) < w1) is equivalent to

Yor (2) <wyi, x;<zj, 0<z; Vje[n]. (26)

Hence, (24a) can be thought of as the implicit description of linear sized ex-
tended formulation (26) of the exponential number of inequalities (23a). O

A detailed study of the size evaluation challenges illustrated in Example 8 is
beyond the scope of this paper, but we make two observations about it.

The first concerns explicit formulation representations that can be fed to
a MIP solver. Formulation (24a) can be explicitly represented using operation
()" or through extended formulation (26). The former could cause numerical
issues due to the non-differentiability of (-)T, while the auxiliary variables z
of the later could have a similar detrimental effect as variable copies z? of
formulation (2) from Theorem 1. In addition, we can use representation (25)
of vg1 or use standard second order cone (SOC) representations of the geo-
metric mean that use additional auxiliary variables (e.g. [3]). In contrast to
variable copies z’, the auxiliary variables of such SOC representations have
been shown to have a significant positive performance effect [17,18]. Hence,
these implementation alternatives must be carefully compared to ensure the
potential performance gain of the significantly smaller formulation (24a) over
(23b) (or even formulations based on Theorem 1) is achieved in practice. Sim-
ilarly, the computational advantage of formulating trigonometric sets directly
(as in Example 7) instead of a quadratic approximation (as in Example 7) is
uncertain because of the high quality of the approximation from [4,12].

The second observation concerns the existence of linear-sized formulations
that do not use operation (-)* or additional continuous auxiliary variables
z. As noted in Example 8 this question is meaningless unless we give pre-
cise restrictions on the class of nonlinear inequalities we allow. Restricting to
polynomial inequalities is not enough to achieve this goal, but the following
example shows that it can still lead to interesting results and insights.

Ezxample 9 The sets considered in Examples 1-3, in Example 5 and in Exam-
ple 6 can be described by a finite number of polynomial inequalities. Such sets
are usually denoted basic semi-algebraic and unions of such sets are usually
denoted semi-algebraic sets. It is known that the convex hull of the union
of basic semi-algebraic sets is semi-algebraic, but not necessarily basic semi-
algebraic. Hence, if C := {Ci}le is a finite family of basic semi-algebraic sets,
then @ (C) may or may not be basic semi-algebraic as it is the convex hull
of particularly structured sets. The continuous relaxations of (16) and (19)
show that @ (C) is basic semi-algebraic for the sets in Examples 1-3 and in
Example 5. However, we now show that it is not basic semi-algebraic for the
sets in Example 6. For that take the affine section of the continuous relaxation
of (20) obtained by fixing y; = y2 = 1/2 and which is given by

M = {x cR? : (((—1)3'351 - 1/2)*)2 <z/2 Vje[2], x:2< 1/2}.
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This set is depicted in Figure 3 in gray where we can confirm that it is semi-
algebraic (it is the convex hull of portions of two parabolas). However, we can
check that the Zariski closure of its boundary (smallest algebraic variety that
contains this boundary) is given by

oo (1) 30 ) (1))

and depicted in black in Figure 3. We can also check that Z Nint (M) # 0,

which is a known impediment for a set to be basic semi-algebraic [1,6]. O
1A V /
2
X2
0
-1 0 1
L1

Fig. 3 Set M from Example 9 and its Zariski closure.

Note that for the sets in Examples 1-3 and in Example 5 the description
of the Minkoswki sum from Lemma 4 does not require the operation (-)*
and @ (C) is basic semi-algebraic. In contrast, the operation is required for
Example 6 and @ (C) is not basic semi-algebraic. This shows that operation
()" can affect the properties of @ (C) and that this is strongly tied to the
Minkoswki sum operation. In fact, using Proposition 6 below, Example 9 yields
C':=[-1,1] x {0} and C? := {z € [-1,1] x [0,1] : 2} < x2} as examples of
basic semi-algebraic sets whose Mikowski sum is not basic semi-algebraic.

6 Necessary and Sufficient Conditions for Piecewise Formulations

Example 5 shows how condition (13b) of Proposition 5 may not be necessary
to obtain an ideal formulation. We now give necessary and sufficient strength
conditions through a variant of (13a) that guarantees formulation validity.

Definition 6 Let C := {Ci}le € C,, and 7 := {Cj’i}le € C, for j € [m]
be such that C? = Nz, C%% for all i € [k] so that a valid formulation of
S Ule C' is given by

@) eQ(@) vielnl. Y w. vefon'. @)
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We say (27) is ideal if its continuous relaxation is equal to @ (C) and sharp if the

projection of this relaxation onto the x variables is equal to conv (Ule C’i).

Being sharp is a weaker strength requirement than being ideal (e.g. by
Proposition 6 bellow, if (27) is ideal, then it is sharp), but can still result in
good computational performance (e.g. [24, Section 2.2]). In fact, the polyhedral
work of Balas, Blair and Jeroslow [2,5,15] considered in Section 5.1 focused
on constructing sharp formulations and resulted in necessary conditions that
can be stated in the context of Definition 6 as follows.

Theorem 7 (Theorem 3 in [5]) Let A € R™*™ and for each i € [k] let

bt € R™ and P' = {m eR™ : Az < bi}, for each B € B let CB := {C’B’i}le
be such that C%* = P (B,b') for alli € [k] and {C7}7" | = {CP} . If (27)

is not sharp then

i=1

O'COHV( k Ci) (u) = 0¢B,i1 (’Ll,)7

AB € B, i1,is € [k], u € R" s.t. (28)

Teonv(UE_, C7) (u) < oemiy (u).

i=

To extend Theorem 7 we use the following generalization to non-polyhedral
sets of a known relation between the Cayley embedding and the Minkowski
sum of polytopes [14,16,26]. We present a proof in Section 7.3.

Proposition 6 Let AF := {)\ € Rf_ : Zle A = 1}, C = {C’i}le e C,,
Q CR™"* be a closed convex set such that Q@ C R™ x AF and

() eQN(R"xZ") & 3Jie{l,... .k} st.y=€e" AxeC’ (29
and Q (y) :={z € R" : (z,9) € Q}. Then Q(C) € Q, Cxx = Q(C),,
vieAr g€ Z:;l 7C0 = (1,9)€Q. (30)

and the following are equivalent

1 Q=) |
2.VgeAr (1) eQ = zeXl 5l

3. (z,11)e@Q = zelyl C.

Theorem 8 For the {Cj};.nzl from Definition 6 and for any A € AF let
Q™) =N, Zle XiCPt. Formulation (27) is sharp if and only if

max?_, o¢i (u) = maxyecan ogmn (u)  Yu € R™

Formulation (27) is ideal if and only if

k
2'71 Aioci (u) = ogmy) (u) YA€ AR u e R™,
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or equivalently if and only if
k
(l/k’) Zi:l oci (u) = 0Qm((1/k)1) (U) Yu € R™.

Finally, the equivalences can be written as a function of ocs.i by noting that

aQm(N) (U) = lim infﬁau inf {Z:L_l Zle )\1'00.7’,1’ (uj) : Zmzl uj = ’U,} .

J
In particular, formulation (27) is ideal if and only if for all u € R™

k

Zi:l oci (u) = hmlnf inf {ZJ ) Zz e iy - Z:;l W o= u} . (31)

Proof By Theorem C.3.3.2 in [13] we obtain the characterization of ogm(y)
and that for all w € R™ we have that Teonv(UL, C1) (u) = maxt_, oc: (u),

k
osr e (W) =300 Aiogs (u) and oy, gr(y) (u) = maxyear ogm(y) (u)
The result for being sharp follows from Proposition 6 implying ﬂ;nzl Q (CJ) =
Usear @™ () x {A} and hence that its projection onto the x variables is
Uxear @™ (A). The results for being ideal follow from Proposition 6 implying

that (72, Q (C7) = Q (C) if and only if Q™ (\) = SF  NC for all A € AF or
equivalently if Q™ ((1/k)1) = (1/k) ¢, €. O

The conditions for formulation (27) being ideal and sharp from Theorem 8 can
be contrasted by noting that for all v € R™

k
maxle oci (u) = maxycak Zi:l /\Z‘O'Cz > Z 1/]<; GCL ) .

Hence, being sharp requires matching the maximum weighted average of the
support functions while being ideal requires matching all weighted averages or
equivalently the equal weight average or simply the sum.

The necessary and sufficient condition (31) for being ideal of Theorem 8
can in turn be contrasted with condition (13b) of Proposition 5 which requires

Yu € R™ 3j € [m] s.t. ogi () = 0gsi (u) Vi € [K].

For instance, condition (31) can be simplified to replace condition (13b) with
the slightly weaker condition

u= ijl u,
oci (u) = Zm L OCi (w) Vie[k].

Jj=

Vu e R" 3 {uj} CR"™ s.t.

j=1 =

(32)

We can check that sets {C7 }§=1 in the first part of Example 5 satisfy condition
(32), but only if we add recession cone CZ? following Lemma 4 (cf. the left side
of Figure 2 where the dotted curve describes C1'! if we do not add the cone).
Similarly to the comments after Example 3, one way to interpret the need



Small and Strong Formulations for Unions of Convex Sets 23

to satisfy condition (32) for Example 5 is to ensure that there is a non-zero
intersection of the normals to {C1*}2_; at the portions of the boundary high-
lighted in white in Figure 2. The following corollary formalized this idea into
a sufficient condition that can be useful to verify that formulation (27) is ideal
and/or to guide the construction of {C’ 74 to obtain an ideal formulation.

Corollary 3 Let the {Cj};n:l from Definition 6 be such that aff (Q (C)) C

ﬂ;ﬁ:lQ(Cj), and for D = {Di}le in R" let L(D) := ZleL(Di) and

N (D) = {(:ci)le € X" bd (DY) : L(D)NNY, Np (2) # {0}}. Then for-

mulation (27) is ideal if and only if
" j
N(C) C szl N (¢7). (33)

Proof We have that Q (C) = U/, Q (C7) if and only if their affine hulls and rel-
ative boundaries match. Under the assumptions we have @ (C) C ﬂ;n:l Q (¢9),
aff (Q(C)) C ﬂ;n:l Q(C7) and y; > 0 for all i € [n] and (z,y) € ﬂ;-”:l Q(C7).
Hence, Q (C) = UT:l Q (Cj) if and only if portion (12) of the boundary char-
acterization of @ (C) from Proposition 4 is equal to the union of the same
portions for the @ (Cj ), which is equivalent to (33). O

We can check that sets {C7 }le in the first part of Example 5 also satisfy
condition (33) and redundant sets C* are not needed to show formulation (19)
is ideal. Now, in this case the redundancy of C® needed for Proposition 5
only resulted in easy to recognize duplicate inequalities in (19). However, the
following example shows how using Corollary 3 instead of Proposition 5 can
avoid more consequential redundancies.

Example 10 Consider again the sets from Example 8 given by C' = G1N|[0, r]"
for Gt := {x eR [ 2—z5) > 1, z; <2Vj € ﬂnﬂ}, and C? = [-2,0]".
The first version of these sets takes r = 2—271/" and is depicted in Figure 4 for
n = 3. The redundancy analysis in the example yielded the simplified version
of the formulation from Theorems 4 and 6 for € C* U C? given by

Yor (@) <y, —2y2 <xj <ry, Vien], ;i +y2 =1, ye {0,117,  (34)

An alternative way to get this formulation is by noting that the boundary of
C' has a polyhedral portion associated to the variable bounds and a non-
polyhedral portion associated to G'. This non-polyhedral portion is high-
lighted dark gray in Figure 4(a) for n = 3, and for all n it can be sub-divided
into bd (G') N (0,7)" and bd (G') Nbd ([0,r]"). If z* € bd (G*) N (0,r)" we
have that Ne (xl) is contained in the strictly positive orthant. Hence for
all 1 € bd (G') N (0,7)" we have (z',2%) € N (C) if and if z? = 0, which
is also highlighted in dark gray in Figure 4(b). In contrast, because of the
choice of r we have that if 2! € bd (G') Nbd ([0,7]") then there exist J C [n]
such that z* € {z € bd (G') : z; =r Vj e J} and (2!, 2?) € N (C) if and if
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z? € Ujes {z € [=2,0]" : ; = 0}. Then condition (33) is satisfied for {ci }jzl
given by C11 :=[0,7]", C12 .= [-2,0]", C?! = G, C?? = R". In particular,
the key for satisfying the condition is that for all (wl, x2) € N (C) such that
2! € bd (G*)Nbd ([0, r]™) we have that (z!,z?) € N (C'). Finally, Corollary 3
with this decomposition yields precisely (34). O

1.0

(a) Set C1.

Fig. 4 Sets for Example 10.

Our final example illustrates how Corollary 3 can be used to show Theo-
rem 4 and give a geometric interpretation of the associated formulation.

Example 11 Consider now the second version of the sets from Example 8
which corresponds to the same sets in Example 10, but with r = 2. These
sets depicted in Figure 5 for n = 3. We can again use {Cj }5:1 given by
ctt = [0,r]", CY2 = [-2,0]", C*! = G', C?? = R" to get valid for-
mulation (34). However, from Example 8 we know that for this choice of
r this formulation is no longer ideal. Indeed, condition (33) of Corollary 3
is no longer satisfied because we no longer have (z',2%) € N (C') for all
(z',2%) € N (C) such that ' € bd (G') Nbd ([0, s]"). For instance, if z* €
D' := bd (G') N ((0,5)""* x {0}) (highlighted in dark gray in Figure 5(a))
and 2% € D? := bd (C?) N ({0}" " x [=r,0]) (highlighted in dark gray in
Figure 5(b)) we have that (2',2%) € N (C), but ' ¢ bd (C"!). This spe-
cific case can be resolved by adding C* such that C*! := G' + span ({e"})
and C*? := GL_ + span ({e"}) = (—o0,0]" ! x {0} (C*! is depicted in Fig-
ure 5(a) by the transparent meshed surface), as (z',2%) € N (C*) for all

(z',2?) € D' x D2 Similarly, we can resolve all additional cases and sat-
isfy condition (33) by adding C’ such that C/! := G 4 span ({ej }j€J> and
C7? .= Gl +span ({ej}jeJ) for all J C [n] with |J| < n— 1. By noting that
Yo (2) = g ([#] ), we have that the formulation obtained from Corollary 3

for {C”7} JCln] is precisely formulation (23) obtained from Theorem 4. O
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Fig. 5 Sets for Example 11.

7 Omitted Proofs
7.1 Theorem 1 and Proposition 1

Proof (of Theorem 1) Validity is direct from Lemma 1, Ci_ = (C* — ai)oo and
C € C,,. For idealness, let @ be the continuous relaxation of (2) and assume
for a contradiction that there exist a minimal face F' of @ and (x,y) € F with
y ¢ {0, 1}k. Without loss of generality y1,y2 € (0,1). Let ¢ = min{y1,y2,1 —
yi,1 =y} € (0,1), y =P =y +e Yy, =91 =y2—¢,y, =7 =y for
all i ¢ {1,2}, 2* = (yz/yl)m’ and 7' = (y,;/y;)x* for i € {1,2}, 2' =7 =
o for all i ¢ {1,2}, z = Y5z’ and T = Y | 7. Then (z,y) # (%,7),
(z,y) = (1/2)(z,y) + (1/2)(F,y). Multiplying yeoi_p (2" = b'y;) < y; for i €
{1,2} by y./y; or §;/y; and using the positive homogeneity of yoi_pi we have
(z,v), (T,7) € Q. Hence, (z,7), (Z,7) € F. Furthermore, by construction either
Y, ;1,%:0,@1:Oory;: LIfy =1 then {(z,y) €F : y1 =1} C F'is
a face of the continuous relaxation of (2), which contradicts the minimality of
F. All other three cases are analogous. The final statement follows from the
recession cone of the continuous relaxation of (2) being equal to all (z,y) such
that z € CL, y = 0 and 2 € CL for all i € [K]. O

Proof (of Proposition 1) Part 1 follow directly from Corollary 9.8.1 in [19]
by noting that if {Ci}le € C, then {C’i X {ei}}le € C,,41. For part 2 note
that we have that (z,y) € Q (C) if and only if y € R% Zle y; =1 and

-k k . k .
~i 4 _ &
3@"),_, e X i C*st.ox= E L v (35)
The result follows directly if (35) is equivalent to

Lk ) k . . .
3 (ml)izl eR" stz = 24:1 z' and yoi_pi (2 — b'y;) < i (36)
To show this equivalence first note that &' € C* if and only if yci_p (2% — b%) <
1, and if y; > 0 this last condition is in turn equivalent to 7t = 2% /y; for some
z' € R™ such that yoi_pi (2 — b'y;) < y;. Then note that if y; = 0, then
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Yoip (2 — b’yl) < y; if and only if 2 € CL,. To show that (35) implies
(36) simply let 2* = y;Z*. For the reverse implication assume without loss of
generality that y; > 0 and let Iy = {i € [k] : y; = 0}. Then 7' = 2'/y; +

Zielo zt € O' by {C’i}f:1 € C,,. Finally, the implication follows because
' =1'/y; € C" for all i € [k] \ Io. Part 3 follows directly from part 2. |

7.2 Proof of Proposition 3

n

Lemma 5 Let C' C R" be a closed convexr set containing 0, {vj} 1 -

R™ be an orthonormal basis of R", s € {—1,0,1}", t € {-1,1}", K =
cone ({sjvj};zl), M = cone ({tjvj};l:l) and v = (—s;t;)Ts;v7 for all
j€n]. If CNK is compact and ((CNK)—K)NK =CNK then (z,y) €
epi (Yorx 1) if and only if

se (27w (w0 2)") < (1= Issl)+ (s5t) tge? o = 05 € [ (37)

Proof Let E be the region described by (37). We have that F is a closed convex
cone such that y > 0 for all (x,y) € E so by Lemma 2 we just need to show
that (z,0) € E is equivalent to x € (CNK + M) = M and that (z,1) € E
is equivalent to x € CN K + M.

For the first implication of both equivalence let y € {0,1}, C; = C, Cp =
Cw, (z,y) € E, J = {jE [n] : w ~910>0}7 ¢ = Ejerjvj~x and zM =

Yjepep\s V7 - @. Because {vj}?zl
x = ¢ + M. Furthermore, Y27 w/(v/ - )t = YU viv/ - 29 = 2 so
z¢ € Cy, and s;07 -2 > 0 for all j € J and s;v7 -2 =0 for all j € [n]\ J so
¢ € K. Finally, if j € [n] \ J, then either (i) s = —t and t;v7 - @ > 0, or (ii)
s € {0,t}. In the second case the linear inequalities of (37) imply ¢;07 -z > 0.
Then t;v7 - 2™ >0 for all j € [n] \ J and t;07 - 2™ = 0 for all j € J. Hence,
2™ € M and for y = 1 we have x € C N K + M. Similarly for y = 0 we have
z€CNK+M=(CNK)_+ M= M (cf. Proposition A.2.2.5 in [13]).
For the reverse implication of the first equivalence note that if x € M, then

C R™ is an orthonormal basis we have

(z,0) € E because  satisfies the linear inequalities of (37) and (u? - x)+ =0
for all j € [n]. For the second equivalence let = 2¢+2™ with x¢ € CNK and
2™ € M. Then x satisfies the linear inequalities of (37) because both ¢ and
a™ satisfy them. Now let J := {j € [n] : s; = —t;, s;v7 - (2 +2M) > 0}
and & = 30 p\g V0 - € +3 . 07 (—v/aM). By the definition of
J and because 2™ € M and 2¢ € K we have & € K and 2° — & =
Zjejvjvj-(mc—l—xM) € K. Then 2 — 3 € ((C N K) — K)N K and hence by
the assumption on C' and K we have 2¢ — # € C. Then z satisfies non-
linear inequality of (37) because J = {j € [n] : v/ - (2 +2™) >0} and
hence 29 — & =33, ;00 - (2€ +2M) =0 W (W - (2€ +2M))T O

Proof (of Proposition 3) The result will follow from Proposition 1 by showing
that (10) is the projection of the continuous relaxation of (2) for the considered
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sets. Noting that (—0¢)T0 =0 for all t € {—1,1} we can use Lemma 5 to show
that the continuous relaxation of (2) is given by

gled (Zjeh uhd (uh - (2 - biyi))+) <y Vi€ k] (38a)
(L= |s5]) + (shtj) )07 - (2" —b'y) >0 Vie[k] je[n] (38b)
k : k

Zi:l =17 Zi:l Yi = 17 Yi Z O V’L € [[k']] . (38c)

Now, for all i € [k] and j € [n] such that s; = 0 or s; = t; we have b, = t;v7-bf,
so (38b) is dominated by t;v7 - 2® — bly; > 0 for all i € [k] and j € [n] (the
additional inequalities for case s; = t; are clearly valid). To show that (10)
is contained in the projection of (38) let (z,y) be feasible for (10) and for all
i € [k] let N} := y;t;b; if j € [n] \ J; and A\ =0 -2 — D iR\ {i} Aoif j e J;.
Finally, for all i € [k] let 2" = 377 Ajv/. We can check that (x, (asi)le ,y) is
feasible for (38). In particular, (,y) feasible for (10a) implies (2, y;) is feasible
for (38b) because u™/ = 0if s’ # —t; and if s; = —t;, then (_S'Z]'-tj)Jr sit; = —1,
by = —by', and hfnce ubd - (af = by) = ub - (= b)Y e gy il =
ubd - — Zlegz-’ yi. The reverse inclusion follows from validity of (10) plus
y € ZF as a formulation for = € Ule ct. 0

7.3 Proof of Proposition 4

Proposition 7 For a closed conver set C C R™ we have that tbd (C) =
Udennr(o) Fe (d) for D = L(C)\ {0} or D = L(C) Ndom (0¢) \ {0}. In
addition, if u € R™ and w € L(C)*, then Fo(u) = Fo(u — w).

Proof The proof of the first statement is identical to that of Proposition C.3.1.5
in [13]. For the second note that by Definition C.2.1.4 and Proposition C.1.1.7
we have that o¢(w) = o¢(—w) and oc(u — w) = o¢(u) + oc(—w). Further-
more, —w - & = o¢(—w) for all z € C. Then for any = € C we have

re€Foc(u)su-z=0cu)Su-x—w-z=o0c(u)+oc(—w)
& u—w) - z=0c(u—w)eze Fo(u—w). O

Lemma 6 Let C := {Ci}le €C,, u€R” and v € R*. Then oqe) (u,v) =
max?_, oci (u) + v - € and Fgc) (u,v) = conv (UieI(WJ) Fei (u) x ei) for

I(u,v) :={i€[k] : oci (W) +v e =g (u,v)}.

Proof The characterization of o) (u,v) is direct from Theorem C.3.3.2 in
[13]. For the characterization of the face of @ (C) exposed by (u,v) note that
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(z,y) € Fgc) (u,v) if and only if there exist A € AF := {)\ eRE . Zle A = 1}

and z¢ € C for i € [[k] such that z = Zf:l Nty = Zf;l Aiet and

k , .
. . — . . t . ? _=
u-r+v-y Zi:l Ai(u-a'+v-e') =oge (u,v). (39)
By the definition of o and the characterization of ¢ for all i € [k]
u-z'+v-e <ooi(u)+v-e’ <ogey (u,v). (40)

So if A; > 0in (39) for ¢ € [k] then both inequalities in (40) hold as equalities
for i. Then (39) holds if and only if for all i € [k] with A; > 0 we have (i) u-a* =
oci (u) or equivalently z' € Fei (u), and (i) oci (u) +v-e' = oge) (u,v). O

Proof (of Proposition /) Let E = {(x,y) € R*"F . Zle y = 1, Ax =
¥ | Ab'y;}. The inclusion aff (Q (C)) C E follows by noting that aff (C?) C
{z e R™ : Az = Ab'} and hence (z,€e') € E for all z € C. For the reverse

inclusion let (x,y) € E and T = (a? - Zle b’yl) Then AT =0,s0Z € L(C)

and hence there exist z' € L (C?) for i € [k] such that z = Zle z'. For any
i € [k] and A # 0 we have z'/X € L(C?), z'/\ + b’ € aff (C?) and hence
(/X +b',e') € aff (C? x {e'}) C aff (Q(C)). In particular, for any any i €
[k] we have (z°,0) = (z'/2+ b',e')—(—z'/2 + b',e') € L(Q(C)) and if y; # 0
we have (z'/y; + b, e') € aff (Q (C)). Then, letting Iy = {i € [k] : y; = 0} and
Iy = [n]\Io we have x = Y., i (Z'/y; + b', ) +> i, (z,0) € aff (Q(C)).

Then by Proposition 7 we have rbd (Q (C)) = U,.vyerc) (o1 Fare) (4 v).
The result will follow by refining the right hand side of this inclusion to include
only the Fg(cy (u,v) that are maximal with respect to inclusion.

We begin by showing that (11) corresponds to the maximal faces when u €
U (C). Indeed, from Lemma 6 we only need to show that for all & € U (C) there
exist (u,v) € L(C) \ {0} such that I (u,v) = [k] and Fgi () = Fei (u) for all
i € [k]. For that first let & € R¥ be such that 71 = —+ S=% , (001 (@) — 0 (@)
and 7 = o¢1 (@) — 00 (@) — L S8, (001 (@) — o¢i(@)) for all j e [k] \ {1}.
Then, I (a,0) = [k] and Y0 5 = 0. If @ — Y5, b5, € L(C) we are
done by letting (u,v) = (@, o). If not, there exist w € L(C)" such that
u— Zlebivi € L(C) for u = 4 —w and v = v. Now, for any ¢ € [k] we
have w € L(C)" C L (C’i)l‘ and hence by Proposition 7 we have Fgi (4) =
Foi (a —w) = Fei (u). In particular, for all ¢ € [k] there exist 2° € Fgi (u)
such that o¢i (a—w) = 2% (@ — w) and o¢: (@) = 2°-4. Then o1 () — o (4) =
oc1 (@ —w) — oci (@ — w) for all ¢ € [n] and hence I (u,v) = [k] and Zle v; =
0 by the definition of ¥ = v and u = u — w.

We can also check that (12) corresponds to the maximal faces exposed by
(0,v) for v € R¥, which are precisely those exposed when there exist i € [n]]
such that v; =1 — k and v; = 1 for i # j.

The last case is w € L(C) \ {0} and there exist § # I C [k] such that
Fei(u) = 0 for ¢ € I and Fgi (u) # 0 for i € [n] \ I. An analog argument
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to case u € U (C) shows that the maximal faces here correspond to (u,v) €
L(C)\ {0} such that I (u,v) = [n] \ I. However, those faces are contained in
conv (Uj# CI x {ej}) for any i € I, which are already included in (12).

The alternative characterizations for (11)/(12) follow from the fact that
x € Fo (u) if and only if u € N¢ (x) (e.g. Proposition C.3.1.4 in [13]). O

7.4 Proof of Proposition 6

Proof (of Proposition 6) Property (29) implies Ule C' x {ei} C @ which
shows Q (C) C Q, Q(C),, € Qe and (30). Q C R™"x A* implies Qo C R™x{0}
and Q (e') = C" x {e'} further implies that Qo € CL x {0} = Q (C) .

Part 1 implies Part 2 is direct from the definition of @ (C), which together
with (30) shows their equivalence. Part 2 implies 3 is direct.

For 3 implies 1 we show that if @ (C) € @, then there exist Z € R”"
such that (Z,11) € Q and & ¢ %Ele C*. For this we first claim that if
(z,7) € Q\ Q(C) then there exist a € R”, b € RF and ¢ € R that satisfy the
following three separation conditions: (i) a-Z+b-3§ > ¢, (il)a-x+b-y < c for
all (z,y) € Q (C), and (iii) for all i € [k] and & > 0 there exist Z* (¢) € C* such
that a -z () + b- e’ > ¢ — . Indeed the first two follow from the separation
theorem for closed convex sets. If the third condition does not hold for some
i € [k] then max{a-z : # € C'} < c—b; and because § > 0 we can decrease
b; to achieve the equality while still satisfying the first two conditions.

Now, because of (30) for @ = @ (C) and separation condition (ii) we have

axt (WY bi<e Yee (/WY O (41)

Additionally, because § € AF there exist (Ao, A) € ATl with Ay > 0 such
that Aoy + S0 Aie = L1 If S Ay = 0, then A\g = 1, § = 11 and
(z,+1) € Q. Hence, because of separation condition (i) and (41) we have
T ¢ %Zle C*. If instead we have Zle Ai > 0, then there exist € > 0 such
that Ao (a-Z+b-5—c¢)/ (Zle )\i) > ¢ because of separation condition (i).
For such (Ao, A) and ¢ let (,5) = Ao (Z,9) + iy Ai (7 (€),¢'). Because
(z' (e),¢") € Q for each i € [k] we then have that (Z, %1) € Q. Furthermore,
because separation conditions (i) and (iii), and the condition on € we have
a-Z+ 1 Zle b; > c and hence by (41) we have & ¢ ¢ Zle C". O
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