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Abstract

In the present article, we define the k-Narayana sequence of integer num-
bers. We study recurrence relations and some combinatorial properties of
these numbers, and of the sum of their first n terms. These properties are
derived from matrix methods. We also study some relations between the
k-Narayana sequence and convolved k-Narayana sequence, and permanents
and determinants of one type of Hessenberg matrix. Finally, we show how
these sequences arise from a family of substitutions.

Keywords: The k-Narayana Sequence, Recurrences, Generating Function,
Combinatorial Identities

MSC: 11B39, 11B83, 05A15.

1. Introduction

The Narayana sequence was introduced by the Indian mathematician Narayana in
the 14th century, while studying the following problem of a herd of cows and calves:
A cow produces one calf every year. Beginning in its fourth year, each calf produces
one calf at the beginning of each year. How many calves are there altogether after
20 years? (cf. [1]).

This problem can be solved in the same way that Fibonacci solved its problem
about rabbits (cf. [14]). If n is the year, then the Narayana problem can be modelled
by the recurrence b, 11 = by, +bp—2, with n > 2,bp = 0,b; = 1,b3 =1 (cf. [1]). The
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first few terms are 0,1,1,1,2,3,4,6,9,13,..., (sequence A000930'). This sequence
is called Narayana sequence.

In this paper, we introduce a generalization of the Narayana numbers. Specif-
ically, for any nonzero integer number k the k-Narayana sequence, say {bk,n}io:o,
is defined by the recurrence relation

bro=0, bpi1=1, byo=F and by, = kbgn_1 + b3
The first few terms are
0, 1, k, K%, K3+ 1, k* + 2k, 5+ 3k, k® +4K> +1, K" +5k* + 3k, ...
In particular:

(b1} ={0,1,1,1,2,3,4,6,9,13,19,28,41,... }, A000930, Narayana Seq.

(62,0} = {0,1,2,4,9,20,44,97,214,472,1041,2296, ...}, A008998.

(b3}, = {0,1,3,9,28,87, 270,838, 2601, 8073, 25057, ... } , A052541.
(bo1,)22 = {0,1,-1,1,0,—1,2,-2,1,1,-3,4,-3,0,4, ~7,...}, A050935.

Let Sk = Z?:l bri, n > 1, ie., Sg, is the sum of the first n terms of the
k-Narayana sequence. In this article we study the sequences {by,} and {Sk ,}. In
Section 2.1, we give a combinatorial representation of {Sy ,}. Using the methods
of [11], we find Binet-type formulae for {by ,} and {Sk,} and their generating
functions. We also study some identities involving these sequences, obtained from
matrix methods. Similar researches have been made for tribonacci numbers [6,
7, 11], Padovan numbers [25], and generalized Fibonacci and Pell numbers [12,
10]. In Section 3 we obtain some relation determinants and permanents of certain
Hessenberg matrices. In Section 4 we define the convolved k-Narayana sequences
and we show some identities. In Section 5, we show how these sequences arises
from a well known family of substitutions on an alphabet of three symbols.

2. Definitions and basic constructions

In this section, we define a new generating 3 x 3 matrix for the k-Narayana num-
bers. We also show the generating function and Binet formula for the k-Narayana
sequence and some identities of the sum of the first n terms of the k-Narayana
sequence.

For any integer number k, (k # 0), we define the following matrix:

E 0 1
Qu:=|1 0 0]. (2.1)
010

IMany integer sequences and their properties are expounded on The On-Line Encyclopedia of
Integer Sequences|22].
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By induction on n, we show that

n

E 01 bkn+1 k-1 brm
0 0| =1 bgn bin—2 bgn-1|, n>3. (2.2)
1 0

bk,n—l bk,n—3 bk,n—Q

Q)" =

Then @y is a generating matrix of the k-Narayana sequence.

Proposition 2.1. For all integers m,n such that 0 < m < n, we have the following
relations

1. bk,n = bk‘,m+1bk,n—m + bk,m—lbk,n—m—l + bk,mbk',n—m—2-
2. bk,n = bk,mbk,nfm+1 + bk,m72bk,n7m + bk,mflbk,nfmfl-

Proof. 1t is clear that Q} = Q7'Q,.~ ™. Then from Equation (2.2), we have

bk,'rH—l bk,n—l bk‘,n bk,m+1 bk,m—l bk,m
bk,n bk,n—Q bk,n—l = bk,m bk,m—Q bk,m—l
bk,n—l bk,n—3 bk,n—Q bk,m—l bk,m—S bk,m—2

bk7n7m+1 bk;nfmfl blc}nfm
X bk,n—m bk,n—m—Q bk,n—m—l . (23)
bk,n—m—l bk,n—m—?) bk,n—m—Z

Equating the (1,3)-th and (2,1)-th elements of the equation, we obtain the relations.
O

Let By(z) be the generating function of the k-Narayana numbers by ,. From
standard methods we can obtain that

z

Bi(2) = 1—kz—23"

(2.4)

Moreover, from Equation (2.4) we obtain that the k-Narayana numbers are given
by the following Binet’s formula:

b aptt . 1 . S .
B (o= B)(ak =) (B —an)(Br =) (e — an)(m — Bi)’ n_( ,)
2.5

where ay,, Bk, Vi are the zeros of characteristic equation of the k-Narayana numbers,
23 — kx? — 1 = 0. Specifically,

RS PR 2 +§/27+2k3+3\/81+12k3
T3 97 + 2k3 + 3v/31 + 123 2 ’
1 ), 2 o o] 27 + 23 + 3v/81 + 1243
Br==|k—wk +w ,
3 27 + 2k3 + 331 + 123 2
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1 2,9 5 2 3] 27 + 2k3 4 3v/81 + 12k3
e == | k+wk —w ,
3 27 + 2k3 4+ 3v/81 + 12k3 2

where w = % is the primitive cube root of unity. If & > 1, the number ay

is a Pisot number, i.e., oy is algebraic integer greater than 1, whereas its Galois
conjugates (B and ~;) have norm smaller than 1. The number «; is the fourth
smallest Pisot number (cf. [2]).

Proposition 2.2. Let n > 2 and the integers r,s, such that 0 < s < r. Then the
following equality holds

bk,rn+s =
(Oéz + ﬁ]: + 'Y]:)bk,r(nfl)+s + ((akﬂk>r + (ak’yk)r + (6k’yk)r)bk,r(n72)+s
+ (akﬂkvk)Tbk,r(n—Q)—i-sv (26)

where oy, B and 7y, are the roots of the characteristic equation of the k-Narayana
numbers.

Proof. By induction on n, we can show that for any positive integer r, the numbers

(o}, + By + 1), (o) + ()" + (Brve)” and (apfrye)” are always integers.
Then, from Binet formula Equation (2.6) follows. O

Let .
Sk,n = Zbk’i’ n Z ]., and Sk,(] =0.
i=1
By induction on n, we can proof the following identities:
e If n > 3, then Sk,n = ksk’n,1 + Sk’nfg, + 1.
o If n >4, then Sk, = (k+1)Skn—1 — kSk.n—2 + Sk,n—3 — Sk.n—a.

Since the generating function of {byn}, is Br(z), given in Equation (2.4), and
using the Cauchy product of series. We obtain the generating function of {Sj , }n:

; ' = (1—2)(1—kz—2%) (2.7)

Moreover, using similar techniques of [11], we obtain that the sum of the k-
Narayana numbers are given by the following Binet-type formula:

Sk,n =
az+2 N ’?+2
(ax =) (o — Br)(ax =) (Br — 1)(Be — ar)(Br — &)
'7121+2

e Dok — et =B Y
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On the other hand, using the results of [13] we obtain that

¥ = B, (2.9)
where
1 0 0 0 1 0 0 0
o L T e el I A e Wl EEE
0 010 Skn—1  bgn  bem—2 brn—1

Moreover, if n,m > 3, then
Sk,n+m - Sk,n + bk,n+1Sk,m+1 + bk,nflsk,m + bk,nsk,mfl' (210)

Define the diagonal matrix Dj and the matrix Vj as shown, respectively:

1 0 0 0 k 0 0 O
0 ar 0 O —1 a2 B2 A2
D, = , Vi = k k k
F= 1o 0 B 0 T ar B we
00 0 1 1 1 1

Note that AgVy = VipDy. Moreover, since the roots ag, Ok, V. are different, it
follows that det V, # 0, with k& # 0. Then we can write kalAka = Dy, so the
matrix Ay, is similar to the matrix Dy. Hence A}V;, = V3, D}'. By Equation (2.9),
we have By, Vi, = V3 Dj. By equating the (3,1)-th element of the last equation,
the result follows.

kSk,n = bk,n+l + bk,n + bk,n—l - ]-a n > 1.

2.1. Combinatorial representation of 5j,

Let C,, be a m x m matrix defined as follows:

Uy U2 Um—1 Um

1 0 0 0
C’m(ula Uz, . aunb) - O 1 0 O

0 0 1 0

This matrix, or some of its modifications, is called companion matriz of the poly-
nomial p(x) = a" Uz Fuoz™ 2+ - -4 U 12 + U, because its characteristic
polynomial is p(z).

Chen and Louck ([5]) showed the following result about the matrix power of
Cm(ul, Uug, ... ,um).
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Theorem 2.3. The (i,j)-th entry cgl)(uh...,um) in the matric

Cl (ug, ..., um) is given by the following formula:
. be At ot 4+t
cl(,.)(m,...,um): Z IR A2 S X 1t ult -t
J th+to+ -+t t1,... tm
(t1,t2,0ntm)
(2.11)

where the summation is over nonnegative integers satisfying t1 + 2to +- - - +mi,,, =
n — i+ j, the coefficient in (2.11) is defined to be 1 if n =1 — j, and

n n!
Niyeey, My, ny! oo nyy,!

is the multinomial coefficient.

Let Ry, and Wy, be the following 4 x 4 matrices

k+1 -k 1 -1 Sk,n+1 fk,n bk,n _Sk,n
! 0 0 O | Sk frm—-1 bkn—1 —Skan—1
Rk - 0 1 0 0 ’ Wk,n - Sk,n—l fk,n—Q bk,n—2 *Sk,n—Q ’
0 0 1 0 Skn—2 Jrn-3 bkn-3 —Skn-3

where fk,zn = kfxn1+ fens—k with fr_1 = 1, fro = 0,fx1 = —k, fro =
1—k— k=

Proposition 2.4. Ifn > 2, then R} = Wy .
Proof. We have

_k +1 -k 1 -1 Sk,n fk,nfl bk,nfl _Sk,nfl
. 1 0 0 0 Sk,nfl fk,n72 bk,n72 _Sk,n72
FcWien—1 = 0 1 0 0 Skn—2  feon-3 bkn—3 —Skn-3
L 0 0 1 0 Sk,nf?) fk:,n74 bk,n74 _Sk,n74
[Sknt1 fen br.n —Sk.n
Skn fk n—1 bk n—1 *Sk n—1
= ’ ’ ’ ’ =W, n-
Sk,nfl fk,n72 bk,n72 _Sk,n72 k,
[ Skn—2 fen—-3 Okn-3 —Skn—3

Then Wy, ,, = Rg—lwk,l. Finally, by direct computation follows W}, 1 = Rj,. Hence
Ry =W . O

Note that the characteristic polynomial of the matrix Ry, is pg, () = pg, («)(x—
1) = 2% — (k+1)23 + kz? — 2 + 1, where pg, (z) is the characteristic polynomial of
the matrix Q. So the roots of Ry are ay, Bk, Vi, 1.

Corollary 2.5. Let Sy, be the sums of the k-Narayana numbers. Then

t t t t

Sk =Y (1+ 2¥la 4)(—1)t2+t4(k+1)t1kt2,
t17t27t37t4

(t1,t2,t3,ta)
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where the summation is over nonnegative integers satisfying t1 + 2ty + 3tz + 4ty =
n—1.

Proof. In Theorem 2.3, we consider the (2,1)-th entry, with n = 4,u; = k +

1,us = —k,uz = 1 and uqy = —1. Then the proof follows from Proposition 2.4 by
considering the matrices Ry and Wi . ]

For example,

ti+ta+t3+t
So 5 = Z ( 1 . i . St 4) (—1)t2ttagiigt
t1+2to+3t3+4ty,=4 1,02,03,1l4

4 A 3 9 2
= — . 2
(4,0,0,0)3 (2,1,0,0)3 + (1,0,1,0)3
1 2
_ 22 = 36.
(0,0,0,1) + (0,270,0>

3. Hessenberg matrices and the k-Narayana
sequence
An upper Hessenberg matriz, Ay, is a n x n matrix, where a; ; = 0 whenever

i>j+1and ajq1,; # 0 for some j. That is, all entries bellow the superdiagonal
are 0 but the matrix is not upper triangular:

_a1,1 ai2 ars ‘- a1,n—1 a1,n ]
a1 agz2 a23 - a2 n—1 a2 n
0 azo2 azz -+  aznp-1 asn
A, = (3.1)
0 0 0 e Un—-1n—-1 Qn—1n
L 0 0 0 e Gp,n—1 Qp.n ]

We consider two types of upper Hessenberg matrix whose determinants and perma-
nents are the k-Narayana numbers. The following result about upper Hessenberg
matrices, proved in [8], will be used.

Theorem 3.1. Let ai, p; j, (i < j) be arbitrary elements of a commutative ring R,
and let the sequence ay,as,... be defined by:

n
Anp+41 :Zpi,naia (n:172a)
i=1
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If
(P11 P12 P13 Pim—1 Pin |
=1 pa2 p23 - DP2n-1 DP2.n
0 -1 p33 -+  p3n-1 DP3,n
0 0 0 t Pn—1n—1 Pn—-1n
(0 0 0 - =1 pu, |

Then Gni1 = a1 det A, forn > 1.

Let Ly, be a n-square matrix as follow

[k 0 1 0
-1 k 0 1
-1 k 0 1
Lk,n - T
-1 k 0 1
-1 k 0
0 1k

Then from the above Theorem, it is clear that
det Ly = bk,7z+1a for n > 1. (32)

Theorem 3.2 (Trudi’s formula [17]). Let m be a positive integer. Then

a; as e am
apg a1
det
0 0 - a a
0 0 - a a
= Z < 1t - m) (_ao)mfhf.uftmatll at22 . a’i;an (33)
(t1,t2,.0stm) 1 s bm

where the summation is over nonnegative integers satisfying t1 + 2to + - - - +mt,,, =
m.

From Trudi’s formula and Equation (3.2), we have
tl + tS t
b1 = Z ( )kl-
t1+3tz=n b, ts
For example,

t1 +13) . 2 4 3 6 6
bat > (tl,tg) <0,2 + 3,1 + 6,0 7

t1+3t3=6
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The permanent of a matrix is defined in a similar manner to the determinant but
all the sign used in the Laplace expansion of minors are positive. The permanent
of a m-square matrix is defined by

perd = Z Haw(i),

oeS, i=1

where the summation extends over all permutations o of the symmetric group
Sn ([16]). Let A = [a;;] be a m x n real matrix with row vectors ri,72,..., 7. We
say A is contractible on column k if column k contains exactly two nonzero entries,
in a similar manner we define contractible on row. Suppose A is contractible on
column k with a;; # 0 # a;jr and i # j. Then the (m — 1) x (n — 1) matrix A;;.
obtained from A by replacing row i with a;x7; + a;rr;, and deleting row j and
column k. The matrix A;;., is called the contraction of A on column k relative to
rows i and j. If A is contractible on row k with ay; # 0 # ay; and ¢ # 7, then the
matrix Ag.;; = [AiTj:k]T is called the contraction of A on row k relative to columns
i and j.

Brualdi and Gibson [3] proved the following result about the permanent of a
matrix.

Lemma 3.3. Let A be a nonnegative integral matriz of order n > 1 and let B be
a contraction of A. Then
perA = perB.

There are a lot of relations between determinants or permanents of matrices and
number sequences. For example, Yilmaz and Bozkurt [25] obtained some relations
between Padovan sequence and permanents of one type of Hessenberg matrix. Kilig
[11] obtained some relations between the tribonacci sequence and permanents of
one type of Hessenberg matrix. Ocal et al. [18] studied some determinantal and
permanental representations of k-generalized Fibonacci and Lucas numbers. Janji¢
[8] considered a particular upper Hessenberg matrix and showed its relations with a
generalization of the Fibonacci numbers. In [15], Li obtained three new Fibonacci-
Hessenberg matrices and studied its relations with Pell and Perrin sequence. More
examples can be found in [4, 9, 20, 21, 24].

Define the n-square Hessenberg matrix Ji(n) as follows:

(k2 1 &k 0]
1 k£ O 1
1 %k 0 1
Ji(n) = T (3.4)
1 k 0 1
1 k0
K 1k

Theorem 3.4. Let Ji(n) be a n-square matriz as in (3.4), then

perJi(n) = bg ni2, (3.5)
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where by, 1s the n-th k-Narayana number.

Proof. Let Ji »(n) be the r-th contraction of Jx(n), by construction is a n—rxn—r
matrix. By definition of the matrix Ji(n), it can be contracted on column 1, then

(k3 +1 Kk k? 0
1 k0 1
1 k 0 1
Jkyl(n):
1 k0 1
1 k 0
L0 1 k]

After contracting Ji 1(n) on the first column we have

(k* +2k k2 K3 +1 0
1 k 0 1
1 k 0 1

Jr2(n) =
1 k 0 1
1 kE 0
0 1 k

According to this procedure, the r-th contraction is

[0k rt3 bkrs1 brrio 0
1 k 0 1
1 k 0 1
Jer(n) =
1 k 0 1
1 k
0 1 k]

Hence, the (n — 3)-th contraction is

bk n bk,n—Z bk,n—l

Jen—3(n) = 1 k 0 ;
0 1 k

which, by contraction of Ji ,,—3(n) on column 1,

bi.n bk.m—
Jk7n—2(n) _ |: k,l-‘rl k,k‘ 1:| ]

Then from Lemma 3.3,

peer(n) = peer,n72(n> = kbk,nJrl + bk:;nfl = bk,n+2~ O
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4. The convolved k-Narayana numbers

The convolved k-Narayana numbers bf:j are defined by

B,(CT)(z) =(1—kz—2%""= Zb,(f,;ﬂzj, reZt.
=0

Note that

(r) _
brmt1 = > bk, jr+10k ja+1 bk 41 (4.1)
d1+iattir=m

The generating functions of the convolved k-Narayana numbers for £ = 2 and
r=23,4 are

1

2
1
3
B§)(z):m:1+6z+2422+83z3+264z4+79225+227826+~~
Dy 1 _ 2 3 4 5

Let A and C be matrices of order n x n and m x m, respectively, and B be an
n X m matrix. Since

A B
det [O C] = det Adet C,
the principal minor M () (i) of Ly, is equal to by bk n—it+1. It follows that the
principal minor M®)(iy,4s,...,4;) of the matrix Ly, » is obtained by deleting rows
and columns with indices 1 <11 < ip < -+ < 4 < e
MW (39, yiy) = bri bhig—iy ki —is 2 Den—is 41- (4.2)

Then from (4.2) we have the following theorem.

Theorem 4.1. Let Sr(f_)l, (1=0,1,2,...,n—1) be the sum of all principal minors

of Lin of order n —1. Then

(k) _ Z L (41)
Sn—l = bk,j1+1bk,j2+l LI bk,jl+1+1 == bk,n—l+1' (43)
Jitiet-+iipi=n—l

For example,

2 0 1 0 2 1 0 0

@) _ o -1 2 0 1 0 2 0 1
S, =2-det 0 -1 2 0 + det 0 -1 2 0 +

0 0o -1 2 0O 0 -1 2
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2 0 0 O 2 0 1 0

-12 1 0 -1 2 0 0| _.,_,®
det 0 0 2 0 + det 0 -1 2 1 =92 =by;.

0 0 -1 2 0 0 0 2

Since the coefficients of the characteristic polynomial of a matrix are, up to the
sign, sums of principal minors of the matrix, then we have the following.

Corollary 4.2. The convolved k-Narayana number bg:l_)lH s equal, up to the

sign, to the coefficient of 2! in the characteristic polynomial p,(z) of L .

For example, the characteristic polynomial of the matrix Lo s is 2® — 10z* +
4023 — 832 + 922 — 44. So, it is clear that the coefficient of z is bgzg) =92

5. Sequences and substitutions

In this section, we show that the k-Narayana sequence is related to a substitution
on an alphabet of 3 symbols.

A substitution or a morphism on a finite alphabet A = {1,...,r} is a map ¢
from A to the set of finite words in A, i.e., A* = U;>0A". The map ( is extended
to A* by concatenation, i.e., ((#) = 0 and ((UV) = ¢(U)¢(V), for all U, V € A*.
Let AN denote the set of one-sided infinite sequences in .A. The map ¢, is extended
to A" in the obvious way. We call u € A" a fized point of ¢ if ((u) = u and periodic
if there exists [ > 0 so that it is fixed for ¢!. To these fixed or periodic points
we can associate dynamical systems, which have been studied extensively, see for
instance [19].

We write [;(U) for the number of occurrences of the symbol ¢ in the word U and
denote the column-vector 1(U) = (I3 (U),...,1-(U))!. The incidence matriz of the
substitution ¢ is defined as the matrix M. = M = (m,;) whose entry m;; = [;({(7)),
for 1 <i,j < k. Note that M¢(1(U)) =1(¢(V)), for all U € A*.

We consider the following substitution:

1 — 1%2,
Ck: 2—>3,
3—1;

k

——
where 1% is the word 1---1, and k > 1.

The substitution (x has an unique fixed point in {1, 2,3}, and the words ¢7*(1)
are prefixes of this fixed point. The fixed point of {; (sequence A105083) starts
with the symbols:

1231121231231123112123112123123112123123112311212312311231 - - - .

Some of the dynamical and geometrical properties associated to these sequences,
have been studied in [23].
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Let ay ,, be the number of symbols of the word (}(1). So axo =1, a1 =k+1
and a2 = k%2 +k+1. For n > 3, we have

¢"(1) = ¢"HAR2) = (¢ )T H(2)
= (C"TTADRCTEB) = (TN TR ).

Hence

ag,n = kagp—1 + agn—3, formn >3.

The fist few terms of {axn}, ., are
1, k41, 24 k41, BB4k2+k+1, K3+ E2 42k 41, P4k 3+ 3K2 42k +1, . ..
In particular:

{farn} 2o =11,2,3,4,6,9,13,19,28,41,60,... } ,i.e., a1 = b1 nis for all n > 1.
(a2}, = {1,3,7,15,33,73,161, 355,783, 1727, 380, ...}, A193641.
(a2, = {1,4,13,40,124, 385, 1195, 3700, 11512, 35731, } , A098183.

By the definition of the matrix associated to the substitution, we have M, is
equal to the matrix Qg, defined in Section 2. By the recurrence of the substitution
we have that the entry (i, j)-th of the matrix M, , corresponds to the number of
occurrences of the symbol ¢ in the word ('(j), 1.e., l;(¢{(j)). Since ag,p is the
length of the word (}'(1), we have

akn = 11 (G (1)) + 12(G2 (1) + 13(¢G (1)) (5.1)
= (Qr)T1+ (Qr)T2+ (Qr)T 3
= bk,n+1 + bk,n + bk,n—l-

This identity shows the relation between the k-Narayana sequence and the sequence

{ak,n}zo:o'

If we consider the substitutions
1 — 1F—%217,
Ck,i = 2 — 3,
3—=1

with 0 <4 <k — 1. Obviously the length of the words (j!(1) and (j’;(1) coincide.
Acknowledgements. The first author was partially supported by Universidad
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