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Abstract

The aim of this paper is to study weakly symmetries of Kenmotsu man-
ifolds with respect to quarter-symmetric metric connection. We investigate
the properties of weakly symmetric, weakly Ricci-symmetric and weakly con-
circular Ricci-symmetric Kenmotsu manifolds with respect to quarter sym-
metric metric connection and obtain interesting results.
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1. Introduction

In 1924, A. Friedman and J. A. Schouten ([8, 22]) introduced the notion of a semi-
symmetric metric linear connection on a differentiable manifold. H.A. Hayden [10]
defined a metric connection with torsion on a Riemannian manifold. In 1970, K.
Yano [29] studied some curvature and derivational conditions for semi-symmetric
connections in Riemannian manifolds. In 1975, S. Golab [9] initiated the study of
quarter-symmetric linear connection on a differentiable manifold. A linear connec-
tion ∇̃ in an n-dimensional differentiable manifold is said to be a quarter-symmetric
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connection if its torsion T is of the form

T (X,Y ) = ∇̃XY − ∇̃YX − [X,Y ]

= η(Y )φX − η(X)φY, (1.1)

where η is a 1-form and φ is a tensor of type (1, 1). In addition, a quarter-symmetric
linear connection ∇̃ satisfies the condition

(∇̃Xg)(Y,Z) = 0 (1.2)

for allX,Y, Z ∈ χ(M), where χ(M) is the Lie algebra of vector fields of the manifold
M , then ∇̃ is said to be a quarter-symmetric metric connection. If we replace φX by
X and φY by Y in (1.1) then the connection is called a semi-symmetric metric con-
nection [29]. In 1980, R.S. Mishra and S. N. Pandey [15] studied quarter-symmetric
metric connection and in particular, Ricci quarter-symmetric metric connection on
Riemannian, Sasakian and Kaehlerian manifolds. Note that a quarter-symmetric
metric connection is a Hayden connection with the torsion tensor of the form (1.1).
A studies on various types of quarter-symmetric metric connection and their prop-
erties included in ([1, 5, 18, 20, 21, 30]) and others.

On the other hand K. Kenmotsu [14] defined a type of contact metric mani-
fold which is now a days called Kenmotsu manifold. It may be mentioned that a
Kenmotsu manifold is not a Sasakian manifold.

The weakly symmetric and weakly Ricci-symmetric manifolds were defined by
L. Tamássy and T. Q. Binh [26](1992, 1993) and studied by several authors (see
[3, 4, 6, 13, 16, 19, 23, 24]. The weakly concircular Ricci symmetric manifolds were
introduced by U. C. De and G. C. Ghosh (2005) [7] and these type of notion were
studied with Kenmotsu structure in [11]. Many authors investigate these manifolds
and their generalizations.

A non-flat Riemannian manifoldM(n > 2) is called a weakly symmetric if there
exist 1-forms A, B, C, D and their curvature tensor R of type (0, 4) satisfies the
condition

(∇XR)(Y, Z, V ) = A(X)R(Y,Z, V ) +B(Y )R(X,Z, V ) + C(Z)R(Y,X, V )

+D(V )R(Y,Z,X) + g(R(Y,Z, V ), X)P (1.3)

for all vector fields X,Y, Z, V ∈ χ(M), where A,B,C,D and P are not simulta-
neously zero and ∇ is the operator of covariant differentiation with respect to the
Riemannian metric g. The 1-forms are called the associated 1-forms of the mani-
fold.

A non-flat Riemannian manifold M(n > 2) is called weakly Ricci-symmetric if
there exist 1-forms α, β and γ and their Ricci tensor S of type (0, 2) satisfies the
condition

(∇XS)(Y,Z) = α(X)S(Y,Z) + β(Y )S(X,Z) + γ(Z)S(Y,X) (1.4)
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for all vector fields X,Y, Z ∈ χ(M), where α, β and γ are not simultaneously zero.
A non-flat Riemannian manifold M(n > 2) is called weakly concircular Ricci-

symmetric manifold [7] if its concircular Ricci tensor P of type (0, 2) given by

P (Y,Z) =
n∑

i=1

C̄(Y, ei, ei, Z) = S(Y,Z)− r

n
g(Y, Z) (1.5)

is not identically zero and satisfies the condition

(∇XP )(Y,Z) = α(X)P (Y,Z) + β(Y )P (X,Z) + γ(Z)P (Y,X), (1.6)

where α, β and γ are associated 1-forms (not simultaneously zero). In equation
(5.12), C̄ denotes the concircular curvature tensor defined by [28]

C̄(Y,U, V, Z) = R(Y,U, V, Z)− r

n(n− 1)
[g(U, V )g(Y,Z)− g(Y, V )g(U,Z)],

where r is the scalar curvature of the manifold.
The paper is organized as follows: In section 2, we give a brief account of Ken-

motsu manifolds. In section 3 we give the relation between Levi-Civita connection
∇ and quarter-symmetric metric connection ∇̃ on a Kenmotsu manifold. Section 4
is devoted to the study of weakly symmetries of Kenmotsu manifolds with respect
to quarter-symmetric metric connection ∇̃. It is shown that, in a weakly symmet-
ric Kenmotsu manifold M (n > 2) with respect to the connection ∇̃, the sum of
associated 1-forms A, C and D is zero everywhere. In the last section, we study
weakly Ricci-symmetric and weakly concircular Ricci-symmetric Kenmotsu man-
ifolds with respect to quarter-symmetric metric connection ∇̃ in that we proved
the sum of associated 1-forms α, β and γ is zero everywhere. Also, it is proved
that, if the weakly Ricci symmetric Kenmotsu manifold with respect to the con-
nection ∇̃ is Ricci-recurrent with respect to the connection ∇̃ then the associated
1-forms β and γ are in opposite directions. Finally, we consider weakly concircu-
lar Ricci-symmetric Kenmotsu manifold with respect to quarter-symmetric metric
connection and prove that in such a manaifold, the sum of associated 1-forms is
zero if the scalar curvature of the manifold is constant.

2. Kenmotsu manifolds

An n(= 2m+ 1)-dimensional differentiable manifold M is called an almost contact
Riemannian manifold if either its structural group can be reduced to U(n) × 1
or equivalently, there is an almost contact structure (φ, ξ, η) consisting of a (1,1)
tensor field φ, a vector field ξ and a 1-form η satisfying

φ2X = −X + η(X)ξ, η(ξ) = 1, φξ = 0, η(φX) = 0, (2.1)

Let g be a compatible Riemannian metric with (φ, ξ, η), that is

g(φX, φY ) = g(X,Y )− η(X)η(Y ) (2.2)
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or equivalently,

g(X,φY ) = −g(φX, Y ) and g(X, ξ) = η(X) (2.3)

for any vector fields X,Y on M [2].
An almost Kenmotsu manifold become a Kenmotsu manifold if

g(X,φY ) = dη(X,Y ) (2.4)

for all vector fields X, Y. If moreover

∇Xξ = X − η(X)ξ, (2.5)
(∇Xφ)(Y ) = g(φX, Y )ξ − η(Y )φX, (2.6)

for any X,Y ∈ χ(M) then (M,φ, ξ, η, g) is called an almost Kenmotsu manifold.
Here ∇ denotes the Riemannian connection of g. In a Kenmotsu manifold M the
following relations hold [14]:

R(X,Y )ξ = η(X)Y − η(Y )X, (2.7)
R(X, ξ)Y = g(X,Y )ξ − η(Y )X, (2.8)
(∇Xη)Y = g(X,Y )− η(X)η(Y ), (2.9)
S(X, ξ) = −(n− 1)η(X), (2.10)
S(ξ, ξ) = −(n− 1), (2.11)

for every vector fields X,Y on M where R and S are the Riemannian curvature
tensor and the Ricci tensor with respect to LeviCivita connection, respectively.

3. Quarter symmetric metric connection on a Ken-
motsu manifold

A quarter symmetric metric connection ∇̃ on a Kenmotsu manifold is given by [25]

∇̃XY = ∇XY − η(X)φY. (3.1)

A relation between the curvature tensor of M with respect to the quarter sym-
metric metric connection ∇̃ and the Levi-Civita connection ∇ is given by [17, 25]

R̃(X,Y )Z = R(X,Y )Z − 2dη(X,Y )φZ + [η(X)g(φY,Z)− η(Y )g(φX,Z)]ξ

+ [η(Y )φX − η(X)φY ]η(Z), (3.2)

where R̃ and R are the Riemannian curvatures of the connection ∇̃ and ∇, respec-
tively. From (3.2), it follows that

S̃(Y, Z) = S(Y, Z)− 2dη(φZ, Y ) + g(φY,Z) + ψη(Y )η(Z), (3.3)
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where S̃ and S are the Ricci tensors of the connection ∇̃ and ∇, respectively and
ψ =

∑n
i=1 g(φei, ei) = Trace of φ. Contracting (3.3), we get

r̃ = r + 2(n− 1), (3.4)

where r̃ and r are the scalar curvatures of the connection ∇̃ and ∇, respectively.
From (3.3) it is clear that in a Kenmotsu manifold the Ricci tensor with respect to
the quarter-symmetric metric connection is not symmetric.

4. Weakly symmetric Kenmotsu manifolds admit-
ting a quarter-symmetric metric connection

Analogous to the notions of weakly symmetric, weakly Ricci-symmetric and weakly
concircular Ricci-symmetric Kenmotsu manifold with respect to Levi-Civita con-
nection, in this section we define the notions of weakly symmetric, weakly Ricci-
symmetric and weakly concircular Ricci-symmetric Kenmotsu manifodls with re-
spect to quarter-symmetric metric connection. This notions have been studied by
J. P. Jaiswal [12] in the context of Sasakian manifolds.

Definition 4.1. A Kenmotsu manifold M(n > 2) is called weakly symmetric with
respect to quarter-symmetric metric connection ∇̃ if there exist 1-forms A,B,C
and D and their curvature tensor R̃ satisfies the condition

(∇̃XR̃)(Y, Z, V ) = A(X)R̃(Y,Z, V ) +B(Y )R̃(X,Z, V ) + C(Z)R̃(Y,X, V )

+D(V )R̃(Y,Z,X) + g(R̃(Y,Z, V ), X)P, (4.1)

for all vector fields X,Y, Z, V ∈ χ(M).

Let M be a weakly symmetric Kenmotsu manifold with respect to the connec-
tion ∇̃. So equation (4.1) holds. Contracting (4.1) over Y , we have

(∇̃X S̃)(Z, V ) = A(X)S̃(Z, V ) +B(R̃(X,Z, V )) + C(Z)S̃(X,V ) (4.2)

+D(V )S̃(X,Z) + E(R̃(X,V, Z))

where E is defined by E(X) = g(X,P ). Replacing V with ξ in the above equation
and then using the relations (2.7), (2.8),(2.10) and (3.3), we get

(∇̃X S̃)(Z, ξ)

= {ψ − (n− 1)}{A(X)η(Z) + C(Z)η(X)}+ η(X){B(Z)−B(φZ)} (4.3)
− η(Z){B(X)−B(φX)}+D(ξ){S(X,Z)− 2dη(φZ,X) + g(φX,Z)

+ ψη(X)η(Z)}+ E(ξ){g(X,Z)− g(φX,Z)} − η(Z){E(X)− E(φX)}.

We know that

(∇̃X S̃)(Z, ξ) = ∇̃X S̃(Z, ξ)− S̃(∇̃XZ, ξ)− S̃(Z, ∇̃Xξ). (4.4)
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By making use of (2.3), (2.5), (2.9), (3.1) and (3.3) in (4.4) we have

(∇̃X S̃)(Z, ξ) = −S(X,Z) + 2dη(φZ,X)− g(φZ,X) (4.5)
+ {ψ − (n− 1)}g(X,Z)− ψη(X)η(Z).

Applying (4.5) in (4.3), we obtain

− S(X,Z) + 2dη(φZ,X)− g(φZ,X) + {ψ − (n− 1)}g(X,Z)− ψη(X)η(Z)

= {ψ − (n− 1)}{A(X)η(Z) + C(Z)η(X)}+ η(X){B(Z) +B(φZ)}
− η(Z){B(X) +B(φX)}+D(ξ){S(X,Z)− 2dη(φZ,X) + g(φX,Z)

+ ψη(X)η(Z)}+ E(ξ){g(X,Z)− g(φX,Z)} − η(Z){E(X)− E(φX)}. (4.6)

Setting X = Z = ξ in (4.6) and using (2.1) and (2.9), we find that

{ψ − (n− 1)}{A(ξ) + C(ξ) +D(ξ)} = 0, (4.7)

which implies that (since n > 3)

A(ξ) + C(ξ) +D(ξ) = 0 (4.8)

holds on M .
Next, plugging Z with ξ in (4.2) and doing the calculations it can be shown

that

− S(X,V ) + 2dη(φV,X)− g(φV,X) + {ψ − (n− 1)}g(X,V )− ψη(X)η(V )

= {ψ − (n− 1)}{A(X)η(V ) +D(V )η(X)}+B(ξ){g(X,V )− g(φX, V )}
− η(V ){B(X)−B(φX)}+ η(X){E(V )− E(φV )} − η(V ){E(X)− E(φX)}
+ C(ξ){S(X,V )− 2dη(φV,X) + g(φX, V ) + ψη(X)η(V )} (4.9)

Setting V = ξ in (4.9) and then using the relations (2.1),(2.3)and (2.10) we get

{ψ − (n− 1)}A(X)− {B(X)−B(φX)}+ η(X)B(ξ) (4.10)
+ {ψ − (n− 1)}η(X)C(ξ) + {ψ − (n− 1)}η(X)D(ξ)

− {E(X)− E(φX)}+ η(X)E(ξ) = 0.

Similarly, if we set X = ξ in (4.9), we obtain

{ψ − (n− 1)}A(ξ)η(V ) + {ψ − (n− 1)}C(ξ)η(V ) (4.11)
+ {ψ − (n− 1)}D(V )− η(V )E(ξ) + {E(V )− E(φV )} = 0,

Replacing V with X the above equation becomes

{ψ − (n− 1)}A(ξ)η(X) + {ψ − (n− 1)}C(ξ)η(X) (4.12)
+ {ψ − (n− 1)}D(X)− η(X)E(ξ) + {E(X)− E(φX)} = 0,
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Adding (4.10) and (4.12) and using the relation (4.8) we have

{ψ − (n− 1)}{A(X) +D(X)} − {B(X)−B(φX)} (4.13)
+ η(X)B(ξ) + {ψ − (n− 1)}C(ξ)η(X) = 0.

Now putting X = ξ in the equation (4.6) and then using (2.1), (2.3) and (2.10) it
follows that

{ψ − (n− 1)}A(ξ)η(Z)− η(Z)B(ξ) + {B(Z)−B(φZ)}
+ {ψ − (n− 1)}C(Z) + {ψ − (n− 1)}η(Z)D(ξ) = 0. (4.14)

Replacing Z by X the above equation becomes

{ψ − (n− 1)}A(ξ)η(X)− η(X)B(ξ) + {B(X)−B(φX)}
+ {ψ − (n− 1)}C(X) + {ψ − (n− 1)}η(X)D(ξ) = 0. (4.15)

Adding the equation (4.13) and (4.15) and using the relation (4.8) we get

{ψ − (n− 1)}{A(X) + C(X) +D(X)} = 0, (4.16)

which implies that (since n > 3)

A(X) + C(X) +D(X) = 0,

for any X on M . Hence we are able to state the following:

Theorem 4.2. In a weakly symmetric Kenmotsu manifold M(n > 2) with respect
to quarter-symmetric metric connection, the sum of associated 1-forms A, C and
D is zero everywhere.

5. Weakly Ricci-symmetric Kenmotsu manifolds ad-
mitting a quarter-symmetric metric connection

Definition 5.1. A Kenmotsu manifoldM(n > 2) is called weakly Ricci-symmetric
with respect to quarter-symmetric metric connection if there exist 1-forms α, β and
γ and their Ricci tensor S̃ of type (0, 2) satisfies the condition

(∇̃X S̃)(Y, Z) = α(X)S̃(Y,Z) + β(Y )S̃(X,Z) + γ(Z)S̃(Y,X) (5.1)

for all vector fields X,Y, Z ∈ χ(M).

Let us consider a weakly Ricci-symmetric Kenmotsu manifold with respect to
the connection ∇̃. So by virtue of (5.1) yields for Z = ξ that

(∇̃X S̃)(Y, ξ) = α(X)S̃(Y, ξ) + β(Y )S̃(X, ξ) + γ(ξ)S̃(Y,X). (5.2)
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Equating the right hand sides of (4.5) and (5.2), it follows that

−S(X,Y )+2dη(φY,X)−g(φY,X)+{ψ−(n−1)}g(X,Y )−ψη(X)η(Y ) = α(X)S̃(Y, ξ)+β(Y )S̃(X, ξ)+γ(ξ)S̃(Y,X).

Putting X = Y = ξ in the above relation and then using the equations (2.1), (3.3)
and (2.9) we get

{ψ − (n− 1)}{α(ξ) + β(ξ) + γ(ξ)} = 0.

which implies that (since n > 3)

α(ξ) + β(ξ) + γ(ξ) = 0. (5.3)

Next, taking Y = ξ in equation (5.3) and then using relations (2.9), (3.3) and
(5.3) we get

α(X) = α(ξ)η(X). (5.4)

In a similar manner we can obtain

β(X) = β(ξ)η(X). (5.5)

and
γ(X) = γ(ξ)η(X). (5.6)

Adding (5.4), (5.5) and (5.6) and then using (5.3) we obtain

α(X) + β(X) + γ(X) = 0, (5.7)

for all vector field X on M . Thus, we state the following:

Theorem 5.2. In a weakly Ricci-symmetric Kenmotsu manifold M(n > 2) with
respect to quarter-symmetric metric connection, the sum of associated 1-forms α,
β and γ is zero everywhere.

Definition 5.3. A weakly Ricci-symmetric Kenmotsu manifold M(n > 2) with
respect to quarter symmetric metric connection ∇̃ is said to be Ricci-recurrent
with respect to connection ∇̃ if it satisfies the condition

(∇̃XS)(Y,Z) = α(X)S(Y, Z). (5.8)

Suppose a weakly Ricci-symmetric Kenmotsu manifold with respect to quarter
symmetric metric connection ∇̃ is Ricci-recurrent with respect to the connection
∇̃, then from (1.4) and definition (5.3), we have

β(Y )S̃(X,Z) + γ(Z)S̃(Y,X) = 0. (5.9)

Putting X = Y = Z = ξ in (5.9) and then using (3.3), we obtain

β(ξ) + γ(ξ) = 0 (5.10)

for ψ 6= (n− 1). Putting X = Y = ξ in (5.9), we get

γ(Z) = −{ψ − (n− 1)}β(ξ)η(Z). (5.11)
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Similarly, we have
β(Z) = −{ψ − (n− 1)}γ(ξ)η(Z).

Adding the above equation with (5.11)and using (5.10), we obtain

β(Z) + γ(Z) = 0.

for any vector field Z on M . So that β and γ are in opposite direction. Hence we
state

Theorem 5.4. If a weakly Ricci-symmetric Kenmotsu manifold M(n > 2) with
respect to quarter symmetric metric connection ∇̃ is Ricci-recurrent with respect to
the connection ∇̃, then the 1-forms β and γ are in opposite direction.

Definition 5.5. A Kenmotsu manifold M(n > 2) is called weakly concircular
Ricci-symmetric manifold with respect to quarter-symmetric metric connection ∇̃
if its concircular Ricci tensor P̃ of type (0, 2) given by

P̃ (Y,Z) =
n∑

i=1

˜̄C(Y, ei, ei, Z) = S̃(Y,Z)− r̃

n
g(Y, Z) (5.12)

is not identically zero and satisfies the condition

(∇X P̃ )(Y,Z) = α(X)P̃ (Y,Z) + β(Y )P̃ (X,Z) + γ(Z)P̃ (Y,X), (5.13)

where α, β and γ are associated 1-forms (not simultaneously zero) and ˜̄C denotes
the concircular curvature tensor with respect to the connection ∇̃.

Consider a weakly Concircular Ricci-symmetric Kenmotsu manifold M(n > 2)

with respect to the connection ∇̃, then the equation (5.13) holds on M .
In view of (5.12) and (5.13) yields

(∇̃X S̃)(Y,Z)− dr̃(X)

n
g(Y, Z) = α(X)[S̃(Y,Z)− r̃

n
g(Y,Z)] (5.14)

+ β(Y )[S̃(X,Z)− r̃

n
g(X,Z)]

+ γ(Z)[S̃(X,Y )− r̃

n
g(X,Y )].

Setting X = Y = Z = ξ in (5.14), we get the relation

α(ξ) + β(ξ) + γ(ξ) =
dr̃(ξ)

[r̃ − n{ψ − (n− 1)]} (5.15)

Next, substituting X and Y by ξ in (5.14) and using (2.10) and (5.15), we obtain

γ(Z) = γ(ξ)η(Z), r̃ − n{ψ − (n− 1)} 6= 0. (5.16)
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Setting X = Z = ξ in (5.14) and processing in a similar manner as above we get

β(Y ) = β(ξ)η(Y ), r̃ − n{ψ − (n− 1)} 6= 0. (5.17)

Again, Taking Y = Z = ξ in (5.14) and using (2.11) and (5.15), we get

α(X) =
dr̃(X)

r̃ − n{ψ − (n− 1)} +
[
α(ξ)− dr̃(ξ)

r̃ − n{ψ − (n− 1)}
]
η(X), (5.18)

provided r̃ − n{ψ − (n− 1)} 6= 0. Adding (5.16), (5.17) and (5.18) and using (3.4)
and (5.15), we get

α(X) + β(X) + γ(X) =
dr̃(X)

r̃ − n{ψ − (n− 1)} =
dr(X)

{r − nψ + (n− 1)(n+ 2)}

for any vector field X on M . This leads to the following:

Theorem 5.6. In a weakly concircular Ricci-symmetric Kenmotsu manifold
M(n > 2) with respect to quarter symmetric metric connection ∇̃, the sum of the
associated 1-forms is zero if the scalar curvature is constant and {r − nψ + (n −
1)(n+ 2)} 6= 0.
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