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ON HOMOLOGICAL MIRROR SYMMETRY OF TORIC
CALABI-YAU THREEFOLDS

MARK GROSS AND DIEGO MATESSI

ABSTRACT. We use Lagrangian torus fibrations on the mirror X of a toric
Calabi-Yau threefold X to construct Lagrangian sections and various La-
grangian spheres on X. We then propose an explicit correspondence between
the sections and line bundles on X and between spheres and sheaves sup-
ported on the toric divisors of X. We conjecture that these correspondences
induce an embedding of the relevant derived Fukaya category of X inside the
derived category of coherent sheaves on X.
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1. INTRODUCTION

An example of mirror symmetry which has been studied a great deal in recent
years is so-called local mirror symmetry of (open) toric Calabi-Yau manifolds.
If X is a smooth toric Calabi-Yau manifold, then a construction of its mirror
X appeared first in the physics literature in various articles, see for instance
[29] or [16]. Later, in [21] and [22], the first author proved that X and X admit
dual torus fibrations f : X — R” and f : X — R”. This suggests that they are
mirror to each other in the sense of the SYZ conjecture [35]. The construction
in [21] implies that f is special Lagrangian; moreover, using the results in [7],
we can assume that f is Lagrangian (see also [3] for another construction of a
Lagrangian fibration on X'). More recently, mirror symmetry of X and X has
been proved at deeper levels and in various other aspects, see for instance [3],
[11], [10], [27].

In this article we consider a toric Calabi-Yau threefold X and we give rather
explicit constructions of Lagrangian sections of f : X — R3 and Lagrangian
3-spheres in X. The Lagrangian spheres we construct represent a homology
class which we show can be described via a difference of sections which coincide
outside a compact set. Sections of Lagrangian fibrations have long been ex-
pected to correspond to line bundles on X, and our construction of the sections
naturally suggests a precise such correspondence. Moreover the relationship
between the Lagrangian spheres and different sections then suggests an ex-
plicit correspondence between the spheres and line bundles supported on the
compact toric divisors of X. We conjecture that this correspondence induces
an embedding of a suitable derived Fukaya category generated by the spheres
and the sections into the derived category of coherent sheaves of X. The two-
dimensional version of this conjecture has been partially proved by Chan and
Chan-Ueda respectively in [I4] and [I5]. We then prove some results which
support our conjecture. For instance, we show that by studying the differential
topology of the intersection points between a sphere and a section one finds
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numbers of intersection points agreeing with the dimension of the morphism
space between the corresponding line bundle and sheaf. In some special cases
(when there are no Floer differentials for degree reasons), we can show that the
intersection between a sphere and a section is transverse and that the Floer
homology group between the section and the sphere coincides with the group
of morphisms between the line bundle and the sheaf. We have not attempted
to carry out a detailed analysis of Floer cohomology in this paper.

We apply our results to study the mirror symmetry of Ay i-singularities in
dimension 3. In particular we describe the vanishing cycles in a smoothing of an
Asq_1-singularity using our construction of Lagrangian spheres. Then we prove
that in the mirror, our correspondence gives an A,,_1-configuration of spherical
objects, in the sense of Seidel and Thomas [32]. This refines and makes more
explicit a conjecture of Seidel and Thomas in [32].

1.1. Local mirror symmetry. Let N = Z" ! be a lattice and M its dual.
Let Ng = N ®z R and Mr = M ®z R. If P C Ny is a convex lattice polytope,
let C(P) C R x Ng be the cone over {1} x P. A subdivision of P in smaller
lattice polytopes gives a subdivision of C'(P), i.e., a fan denoted X, and hence
a toric variety Vs of dimension n. If P is subdivided in elementary simplices,
then V5 is a smooth Calabi-Yau variety of dimension n, in the sense that it
has trivial canonical bundle. These toric Calabi-Yau varieties are called semi-
projective in [17], p.332 and are those whose fan has convex support. The
variety X is obtained by removing from V4, a principal divisor which does not
intersect the compact toric divisors of V. The mirror X is an affine variety
defined in (2.2)). We consider the 3-dimensional case (n = 3). The discriminant
locus of the Lagrangian fibration f : X — R? can be thought as (a thickening
of) the tropical curve I' defined by P and its subdivision (see Figures [5| and @
showing some examples). The critical locus of f is a submanifold S C X of real
dimension 2 which maps to I'. We have that X has a Hamiltonian S'-action,
preserving the fibres of f, with moment map u such that S C p=*(0) and S is
the fixed point set of this action. It turns out that we can (partially) identify
the reduced space p~1(0)/S! with Ng x (Mg/M), with its standard symplectic
form.

1.2. Lagrangian sections and spheres. We now describe the construction of
the sections and of the spheres. From toric geometry it follows that a line bundle
on X is described by a piecewise integral affine function ¢ : P — R, called a
support function, whose domains of affineness are unions of the polytopes in the
subdivision. Using such a function we construct a Lagrangian section of f as
follows. First we extend ¢ in a piecewise affine way to all of Ng, then we smooth
¢ by convoluting it with a “mollifier” (see (3.11]) and for the definition
of a mollifier and of the convolution product). This gives a smooth function
b., which essentially is ¢ with its “corners” smoothed out. The graph of the
differential of ¢, gives a Lagrangian section of the reduced space Ng x (Mg /M).
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We then argue that this section can be lifted and extended to give a section of
f. This is essentially the content of Theorem |3.15|

The construction of spheres is similar. The complement of the tropical curve
I' in Ni has a finite number of bounded connected components and there is a
one-to-one correspondence between these connected components and the inte-
rior vertices in the subdivision of P. We denote by C' a connected component
and by ve the corresponding vertex. Moreover, interior vertices are in one-to-
one correspondence with compact toric divisors of X, which we denote by De.
The tangent wedges to the polytopes containing the vertex ve of the subdi-
vision form a fan ¢ which is the fan of the toric divisor Do. We define the
notion of a semi-integral support function (see Definition , i.e., a contin-
uous function ¥ : |Xc| — R which is linear on the cones of ¥ and satisfies
a certain compatibility condition (4.3). Then let Y. be a smoothing of ¥ (ob-
tained by convolution with a mollifier). We interpret . as a real function on
C. It then turns out that the graph of the differential of J. defines a map
A C — Ng x (Mg/M) which maps the boundary of C' to the critical surface
S. Then a~}(A(C)) gives the Lagrangian sphere, where « is the quotient map
a: X — X/S', and the reduced space is identified with x~1(0)/S* € X/S!. In
other words, the sphere is an S*-fibration over C, with the circles degenerating
to points over the boundary of C. This is the content of Theorem

It is worth pointing out that our construction of Lagrangian spheres is rather
general and also works in the case of compact Calabi-Yau threefolds with the
Lagrangian fibrations constructed in [7]. In Example we show how to
construct Lagrangian spheres inside the quintic threefold in P*.

In [2], M. Abouzaid studied homological mirror symmetry of a compact toric
variety Y. The mirror of Y is a Landau-Ginzburg model ((C*)", W), where
W : (C*)" — C is a Laurent polynomial. Abouzaid proves that the bounded
derived category of coherent sheaves on Y embeds as a full subcategory inside
the derived Fukaya category of ((C*)",W). He defines such a Fukaya category
by considering certain Lagrangian submanifolds with boundary on W~1(0).
Abouzaid’s construction is similar to ours and it is likely that his correspondence
is strongly related to the one we propose.

1.3. The correspondence. The correspondence between Lagrangian sections
of f: X — R? and line bundles of X is stated in Conjecture E Essentially,
given the piecewise affine function ¢ : P — R, the section constructed from ¢
as described above should correspond to the line bundle given by the function
—¢. In order to decide which sheaves should correspond to the Lagrangian
spheres we proceed as follows. Suppose we have a pair of sections o and o’
which coincide outside a compact set K homeomorphic to a 3-ball, then we say
that o is compactly supported with respect to o’. We can view a (topological)
sphere as two copies of K glued along their boundaries. A map from this sphere
to X is constructed by defining it to be o on one copy of K and ¢’ on the other
copy. This map defines a homology class in H3(X,Z) which we denote by [o0].
If this homology class is represented by a Lagrangian sphere L, then we expect
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the sheaf &7, corresponding to L to fit in a short exact sequence of the type
0— % — % — & — 0.

The motivation for this is that it seems reasonable to expect that o can be
obtained as the Lagrangian connected sum o’#L. Then a general argument in
mirror symmetry (see [4], Section 3.3.2) suggests that £, should be an extension
of .,%U/ by & I-

In Section [5| we investigate which pairs of sections ¢ and ¢’ can be assumed
(up to isotopy) to coincide outside some compact set K and we determine
the Lagrangian sphere whose homology class coincides with [oo’]. This is the
content of Proposition and Theorem [5.6]

Using the above arguments, the outcome of our proposed correspondence
is as follows (see the beginning of Section . Given a semi-integral support
function ¥ on ¢, let ¥k, : |Ec| — R be the support function corresponding
to the canonical bundle of D¢. Define 9 as

b= ste — .

Then the sheaf corresponding to the sphere defined by 1 is the line bundle sup-
ported on D¢ defined by . This is the correspondence stated in Conjecture
. We point out that in dimension two, in [I4], Chan constructs the same cor-
respondence as ours between spheres and sheaves supported on compact toric
divisors. Then he proves that this correspondence defines an embedding of the
derived Fukaya category generated by the spheres inside the derived category
of coherent sheaves of the mirror. Similarly, in [I5], Chan and Ueda construct,
in the two-dimensional case, a correspondence between Lagrangian sections of
f and line bundles on X and prove that it gives an embedding of derived cat-
egories. Chan, Ueda and Pomerleano obtained similar results in [I3] in the
three-dimensional example of the conifold. Moreover in [12] the same authors
propose a similar construction of Lagrangian sections and mirror correspon-
dence with line bundles and they prove that the wrapped Floer homology ring
of the zero section is isomorphic to the algebra of functions on X (we thank the
authors for sending us a preliminary version of their work). We also point out
the result of P. Seidel [33] where, in the case X is the total space of the canon-
ical bundle of a smooth toric del Pezzo surface Y, he finds a full embedding of
triangulated categories between the bounded derived category of sheaves sup-
ported on Y and the derived Fukaya category of the mirror X. Seidel’s method
is based on the “suspension” of Lefschetz fibrations. We do not know what is
the relation between our proposed correspondence and Seidel’s result.

1.4. Other results. We obtain some results which support our conjectures.
For instance, in the case that a semi-integral support function ) (or its opposite
—1) is strictly convex, we prove that the sphere corresponding to ¢ intersects
the zero section transversely (see Corollary .

This implies that the Floer homology group between the zero section and
the sphere is isomorphic to the group of morphisms between the corresponding
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sheaves (see Remark . In fact in this case we argue that for topological
reasons the Floer differential must be zero. Thus the dimension of the Floer
homology group coincides with the number of intersection points. Then we
show that these are in one-to-one correspondence with the integral points in
the interior of a convex polytope with vertices on the half lattice %M (see Figure
for some examples). It is not hard to show that the number of such points
is precisely the dimension of H?*(D¢,-%,) (or respectively H°(D¢, %)), where
Zy is the line bundle on D¢ corresponding to the support function 1 defined
above.

More generally, in Theorem [7.4] we prove that given any 1, the differential
topology of the intersection points between the zero section and the sphere
corresponding to 1 allows us to recover the morphism groups between the cor-
responding sheaves. More precisely, the half-integral support function ¢ de-
fines a piecewise linear closed curve in M. We prove that the dimension of
H* (D¢, %£y) is the number of integral points which have positive winding
number with respect to this curve. Moreover, the dimension of H°(D¢, %)
is obtained as minus the sum of the winding numbers (with respect to this
curve) of all integral points whose winding number is negative.

1.5. Asy_i-singularities. In Section [§| we study the mirror symmetry of Asy_
singularities in dimension 3. In fact, the mirror of a smoothing of an Ay 4
singularity in dimension 3 is a toric Calabi-Yau. We can view the 2d — 1
vanishing cycles using our construction above. For instance, in the case d = 3,
the smoothing X has a Lagrangian fibration with discriminant locus the tropical
curve I' as in Figure [6] Then, the complement of I' has two bounded regions.
We obtain one vanishing cycle for each of these bounded regions. There are
another three vanishing cycles constructed over some one dimensional edges of
[ (see . Our correspondence gives us the conjectural mirror objects.

In Proposition we prove that the mirror objects form an A,y 1-sequence
in the sense of Seidel and Thomas [32].

Acknowledgments. The authors would like to thank Mohammed Abouzaid,
Ricardo Castano-Bernard and Bernd Siebert for many useful conversations.
Mark Gross was partially supported by the NSF grant DMS-1105871. Diego
Matessi was partially supported by the grant FIRB 2012 “Moduli spaces and
their applications” and by the national research project “Geometria delle varieta
proiettive” PRIN 2010-11. Both authors were supported by the NSF grant
DMS-0854987.

2. LOCAL MIRROR SYMMETRY AND TORUS FIBRATIONS

2.1. Local mirror symmetry of toric singularities. Let N = Z""! be a
lattice and M = Hom(N,Z) its dual lattice. Let Ng = N ®z R and My =
M ®z R. Identify (Z & N) ® R with R x Ng. We also denote by Tj; the
complex algebraic torus M ® C*. Given a convex lattice polytope P C Ng, let
C(P) C R x Ng be the cone over {1} x P and let Vp be the n-dimensional toric
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variety defined by C'(P). In general Vp is singular with an isolated Gorenstein
singularity. Given a subdivision of P in convex lattice polytopes P, ..., Py, we
obtain a fan ¥ by considering the cones over the faces of the P;’s . Let V5 be the
toric variety associated to this fan. When the subdivision of P is smooth, i.e.,
all P;’s are elementary simplices, then Vs is a smooth Calabi-Yau, providing a
crepant resolution of Vp. We will always assume that the subdivision is smooth.
The lattice point (1,0) € Z x M defines a regular monomial (1% : V5 — C.
Define

(2.1) X =Vg — {00 =1},

A mirror of X was first predicted by phycists, e.g. in [29] or [16]. In general
it will be a family of varieties roughly parameterized by the Kéahler moduli
space of X. Because we will only be concerned about the symplectic geometry
of the mirror, we define a convenient one-real parameter sub-family, as follows.
Consider a function v : P — R which is piecewise affine and strictly convex
with respect to the given subdivision of P (i.e., the domains of linearity coincide
precisely with the polytopes P;). Assume also that v, restricted to P N N, has
integer values. Elements j € N correspond to monomials, or characters, on the
torus Ty which we denote by 2z/. For t € Ry, consider the family of Laurent

polynomials
hy = Z a2,
jEPNN
where the coefficients a; € C*. We will construct the mirror of X by fixing ¢
and taking the n-dimensional variety
(2.2) X = {(z,y,2) € C* x Ty | zy = hy(2)}

We will typically be interested in the case that ¢ is very close to 0. It can be
shown that X is Calabi-Yau, i.e. it has trivial canononical bundle (see [21] for
an explicit global holomorphic n-form).

2.2. The tropical hypersurface I'. Let v : P — R be the function defined
above. Then it extends to a piecewise linear strictly convex function 7 : |¥| —
R, by defining #(1,v) = v(v) for all v € P and extending linearly. The function
U also corresponds to a choice of ample line bundle on Vs, whose Newton
polyhedron o is given by
(2.3) o={(t,m) e Rx Mg| ((1,v),(t,m)) +v(v) >0, for allv € PN N}.
Now, over Mg, define the following piecewise affine function
(2.4) v(m) = min{(v,m) + v(v), v € PN N}.
This function is the discrete Legendre transform of v. Clearly

o={(t,m) e Rx Mg|t>—p(m)}.

The subset of Mk where  fails to be smooth is a polyhedral complex I' whose
maximal cells have dimension n — 2 and lie on affine subspaces of rational slope.
The complex I' is also called the non-archimedean amoeba of the polynomial h;
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or the tropical hypersurface defined by h;. In the case n = 2, I' is just a finite
set of points. In the case n = 3, I' is a tropical curve, topologically a graph
with trivalent vertices.

We have that I' defines a polyhedral subdivision of Mg, whose maximal cells
are the closures of the connected components of Mz — I'. This subdivision is
dual to the subdivision of P, in the sense that there is a one-to-one, inclusion
reversing correspondence between k-dimensional cells in the subdivision of P
and codimension k cells in the subdivision of Mg. In particular, there is a one-
to-one correspondence between connected components of Mr — I' and vertices
of the subdivision of P. If C'is a connected component of Mg —I', we denote by
ve the corresponding vertex. Vertices on the boundary (resp. in the interior)
of P correspond to unbounded (resp. bounded) components.

In this paper we will mostly consider the case dim Mg = 2, i.e., n = 3, so let
us fix some notation for this case. An edge € in the subdivision of P corresponds
to an edge e of I'. If vo and v are the vertices of €, then e is the common
edge of C' and C". Clearly e is an infinite ray if and only if v and ver both lie
on the boundary of P. If n, € My is a primitive integral tangent vector to e
and ng is a primitive integral tangent vector to € then

(2.5) (ne,neg) = 0.
For every edge ¢ in the subdivision of P, we fix the following choices:

a) we fix ns and n,., primitive integral tangent vectors to ¢ and e respec-
tively;

b) if € is an interior edge, we label the two 2-dimensional simplices con-
taining ¢ by P} and P, , so that for every ¢© € P and ¢~ € P, we
have

(ne,qt —q7) > 0;
c) if é is a boundary edge, we label by P, the unique simplex containing é.

Observe that if pf is the vertex of I" corresponding to P and p_ is the vertex
corresponding to P, then n, points outward from p! in the direction of p; .
This can be deduced from the definition of I

Given a vertex p of I', the following balancing condition holds

(2.6) D eene =0,

pEe

where €, = 1 if n, points outward from p, otherwise ¢, = —1. The fact that this
holds for such a choice of ¢, follows from the fact that all edges of P are affine
length 1, as the subdivision of P is smooth. Moreover, for any pair of edges
e1 and ey emanating from p, n., and n., form a basis of M, again because the
subdivision of P is smooth.

2.3. Torus fibrations. In the following we restrict to dimension n = 2 or 3.
The claim that X and X are mirror to each other has been proved to various
degrees of precision in the literature. See for instance [11], [10], [3], [27]. In
[21], the first author shows that X and X admit torus fibrations which are dual
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to each other in the sense of the SYZ-conjecture, as refined in [22]. For our
purposes we will only need the fibration on X, so we give a description of this
fibration only. In fact we will give three constructions.

Choosing an isomorphism M 2 Z"! identifies the torus Ty, with (C*)"~!,
We denote by (z1,...,2,-1) the standard coordinates on (C*)"~1. On C? x
(C*)"! consider the symplectic form

. n—1
dz; N\ dz;
(2.7) w:%(dx/\di:—i-dy/\dgjﬂLZ%)
=t 7

and restrict it to X. We have a Hamiltonian S'-action on X given by

0

¢’ (w,y,2) = (¢"z,e7y, 2)

with moment map
jz* — |y
5 :
Consider the (n — 1)-torus fibration Log : (C*)"~! — R""! defined by

(x,y,2) —

LOgZ = (lOg ‘Zl|7 ce 710g |Zn71|>'
Then the fibration f: X — R x R is defined by

(28) f(x,y,z) = (|SE|2 - |y|27LOg Z)'

When n > 3 this fibration is not Lagrangian, but later we will describe a
different construction in dimension n = 3 of an equivalent fibration which is
Lagrangian (after [7]). In this article we will not use this model of fibration but
its simple and explicit form motivates the other constructions.

Let Y = X/S*. Notice that Y = R x (C*)"~! and f is the composition of
the projection o : X — Y with the map R x (C*)"! — R x R"! given by
(s,2) — (s,Logz). The fixed point locus of the S'-action is the set of points
where x = y = 0. So, let S; C (C*)"~! be the zero set of the polynomial h; and
let Y =Y — ({0} x S;). Then o : o~ }(Y’) — Y forms a principal S'-bundle.
The Chern class of this bundle is described as follows. The relative cohomology
exact sequence yields

0— H*Y,Z) = H*Y',Z) = H*(Y, Y\ S,,Z) = Z — 0

which is split by choosing a fibre 7"! C Y of R x (C*)"! — R x R"! disjoint
from S; and using the composition H*(Y',Z) — H*(T"',Z) = H*(Y,Z). Then
the Chern class of a is (0, +1) € H*(Y',Z) 2 H*(Y,Z) ® Z. Let

A = Log(S;).

Then the singular fibres of f lie over the set {0} x A. The set A is called the
amoeba of S; (in dimension n = 2 it is just a finite set of points).
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2.4. The complex tropical model. We now describe a topological model of
a fibration similar to the one given above. Since the total space of this fibration
is homeomorphic to X, we will continue to denote it by X, although it is
constructed in a different way. Here we consider only the cases n = 2 or 3. Let
I' C Mg be the tropical hypersurface defined in (2.2)). One can identify (C*)"~*
with Mg x (Mg/M), where Log becomes the projection onto Mg. Suppose
that S C Mg x (Mg/M) is a 2n — 4-dimensional real submanifold such that
Log(S) = I'. The first author, in [22], makes the following construction. Let
Y =Rx Mg x (Mg/M)andY' =Y — ({0} x 5). If ¢ : X’ — Y is a principal
St-bundle over Y’ with Chern class (0,+1) € H*(Y',Z) = H*(Y,Z) & Z as
before, then there is a topological manifold X containing X’ and a commutative
diagram
X — X

o &

Y — Y

such that « is proper and the S'-action on X’ extends to an S'-action on X
with a~1({0} x S) = S, i.e., such that S coincides with the fixed point locus
of the S'-action. Now a fibration f : X — R x My is defined by composing
a: X — Y with the T" !-fibration R x Mg X (Mg/M) — R x M.

In the two-dimensional case S is just a finite set of points. If Log maps S
bijectively to I', then the singular fibres of f are just once pinched 2-tori.

Let us treat the case n = 3 and construct a suitable surface S as follows. We
use the notation of For an edge e of I', consider the circle in Mg/M given
by

(2.9) b = {[m] € Mg/M| (ns,m) = % mod Z}.

Observe that from ([2.5)) it follows that the slope of 4. is n.. Then consider the
following cylinder inside Mg x (Mg/M):

(2.10) Se =€ X b.

Clearly Log(S.) = e. Now we want to glue together all these cylinders to form
a topological surface S. We do this by filling in what is left out at the vertices.
More precisely, identifying Hy(Mg/M,7Z) with M, for every vertex p € I" and
edge e containing p, orient the circle S, N Log_l(p) in the direction of €.n.,
where ¢, = 1 if n, points outward from p and ¢, = —1 otherwise. Then the
circle S, N Log ™' (p) represents the class e.n.. It then follows from that
there is a suitable 2-chain T}, in Log™'(p) such that

0T, = J Se nLog™'(p).
pee
The topological surface .S is then defined as

S=Js.u | 7.

edges vertices
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Clearly Log(S) =T.

We have that X is homeomorphic to the space defined in (2.2) and the
fibration f constructed here is isotopic to the map defined in (2.8]). In the
two-dimensional case this is straight forward. In dimension 3, this can be
proved using Mikhalkin’s results in [30]. The argument is as follows. Let
Log, : (C*)? — R? be the map Log,(2) = (log, |21], log, |22|) and define

A = Log,(S).
Then, using Viro’s patchworking technique [38], Mikhalkin proves the following
Theorem 2.1. The sets A; converge in the Hausdorff topology to I" as t — 0.

In fact, it is true that for small ¢, there is a C? isotopy of (C*)? which takes S;
to S. It does not appear that there is a good reference for this in the literature;
however, it can be shown using techniques of [37]. See [5] for a complete proof
of this fact.

Remark 2.2. Let us identify Mg x (Mg/M) with (C*)? = R? x T%. Let v and
v" be the vertices of the edge é¢. We then have that J., as defined in (2.9)), is
the projection onto T? of the subset of (C*)? given by the equation

242 =0,
Similarly, every vertex p € I' corresponds to a simplex P; of the subdivision of
P. Suppose that vy, v; and vy are the vertices of P;, then it can be verified that
a 2-chain T), is given by the closure of the projection onto 72 of the set defined
by the equation
2904 2" 4 22 = 0.
Figure |1| depicts the set T, when vy = (0,0), v; = (1,0) and vy = (0,1). The

FIGURE 1. A 2-chain T}, = SN Log ' (p) for a vertex p € I.

surface S resulting from this construction is also called the complex tropical
curve associated to the polynomial h:, when all coefficients a; = 1 (see [31]).

2.5. Affine manifolds with singularities. Gross and Siebert have developed
a program where mirror symmetry can be understood in terms of a duality of so-
called affine manifolds with singularities (see [25], [26] or [23] for a survey). We
show here how these manifolds can be used to construct mirror symmetric torus
fibrations. In fact these fibrations can be made into Lagrangian torus fibrations,
as shown in [7]. An integral affine structure ./ on a topological manifold is an
atlas of charts whose change of coordinate maps are affine maps with integral
linear part, i.e., elements of R” xSL,(Z). Observe that an affine manifold comes
with a natural flat connection V. If (zy,...,z,) are affine coordinates, then
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the tangent vectors 0,,,...,0,, form a basis of parallel sections of the tangent
bundle, while the parallel one-forms dzq, ..., dz, yield the dual basis. The Z-
span of the vectors d,, forms a well-defined maximal lattice A C T'M (this is
due to integrality of the affine structure). The dual lattice A* C T*M is the
Z-span of the forms dx;. The basic idea of the construction is to start with an
integral affine manifold with singularities, (B, A, /), where B is a topological
n-manifold and A is a closed set such that By = B — A is dense and has an
integral affine structure /. The set A is called the discriminant locus and we
require that it has codimension 2. Then we have a symplectic manifold X, (B)
defined by the exact sequence

The symplectic form on Xy(B) is induced from the standard symplectic form on
T*By. This gives us a Lagrangian T" bundle f; : Xo(B) — By. Under certain
hypotheses on A and on the affine structure one can (partially) compactify
Xo(B), in the sense that one can find a smooth 2n-manifold X (B) and a proper
surjective map f : X(B) — B such that there is commutative diagram

Xo(B) = X(B)
(211) ) !
By — B

where the upper arrow is an open embedding and the lower arrow is the inclu-
sion. Gross and Siebert define the notion of positive and simple integral affine
manifold with singularities. These conditions are equivalent (in dimension 2 and
3) to certain restrictions on A and on the monodromy of A around A. With
this assumption, a topological compactification was found by the first author
in [22]. In [7], the second author and R. Castano-Bernard found a symplectic
compactification of Xy(B), i.e., a symplectic structure on X (B) which extends
the standard one on Xy(B) and such that f is a Lagrangian fibration. In fact,
in dimension n = 3 the precise statement of the result is slightly more compli-
cated. In dimension n = 2, A consists of a finite collection of points and the
symplectic compactification of X,(B) is achieved by gluing a standard model
of a Lagrangian fibration over a disc with a nodal central fibre; this model is
known in symplectic geometry as a simple focus-focus fibration. This construc-
tion gives compact symplectic 4-manifolds with Lagrangian 2-torus fibrations
(e.g., a K3 surface). In dimension n = 3, the positive and simple assump-
tions imply that A is a graph with trivalent vertices, labeled either positive or
negative. In this case the affine structure around edges, positive, and negative
vertices is isomorphic to the one induced on the base of three different models
of local Lagrangian fibrations: respectively the so-called generic, positive and
negative fibrations. The models for generic and positive fibrations can be re-
garded as 3-dimensional analogues of focus-focus fibrations; in particular, they
have a T?-symmetry, they have codimension 2 discriminant and are given by
smooth fibration maps. On the other hand, the model for a negative fibration
is Sl-invariant, the fibration is piecewise smooth and its discriminant locus has
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mixed codimension 1 and 2. This model can be regarded as a perturbation
Gross’s topological version of the negative fibration used in [22]. These diffi-
culties require us to redefine A by locally fattening the graph near negative
vertices (see Figure [2) so that it has codimension 1. As a consequence, the
result in [7] must be formulated as follows:

Theorem 2.3. Let (B, A, o/) be a three-dimensional integral affine manifold
with singularities which is positive and simple. For every negative vertex
v~ € A there is a small embedded 2-disc D,- C B, containing a neighbor-
hood of v~ in A, such that if we let Ay = (U,- Do) UA, By = B — A,
and Xy(B) = T*Bs/A*, then we can find a symplectic X(B) and a proper
surjective Lagrangian fibration f : X(B) — B such that diagram holds

if we replace By with By and Xo(B) with X¢(B). Moreover f is smooth over
X(B) - 7' (U,- Dv-).
Notice that outside the discs D,- the discriminant locus is codimension 2.

We refer to [7] for a more detailed description of these discs D,- and the
construction of the local models.

FiGURE 2. The discs D,- containing the codimension 1 part of
A at negative vertices. Outside these discs the fibration is
smooth.

An important invariant of integral affine manifolds with singularities is the
monodromy representation of the fundamental group of By. In fact the exis-
tence of the flat connection and integrality gives a representation of

p- 7T1(B(),p> — GL<AP> = GL(Z,H)

Similarly we have the dual representation p* : 71 (Bo, p) — GL(A}).

In [25] and [26], Gross and Siebert describe how, in certain cases, from an
affine manifold with singularities (B, A, .o/) one can construct a mirror one,
denoted (B, A, 7). The associated spaces X (B) and X (B) are mirror to each
other. We do not wish to go into the details of the general construction, but
only give ad hoc constructions for the examples we need.

2.6. The Lagrangian model. Here we define a mirror pair of affine mani-
folds with singularities whose spaces X (B) and X (B) from Theorem are
homeomorphic, respectively, to X and X and whose Lagrangian fibrations are
equivalent to the ones already described.
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Ezample 2.4. (X(B) = X) We describe (B, A, A). Let B = R x Mg. Consider
the function 7 defined in (2.4) and the associated tropical hypersurface I'. Then
A = {0} x I'. Define open subsets of B:

U"=B—(RsoxT) and U™ = B — (Rgy x I
Let ¢~ : U~ — R x Mg be the inclusion and define ¢ : UT — R x Mg by
¢ (t,m) = (t +w(m),m),
where ¢ € R and m € Mg. The charts (UT,¢™) and (U™, ¢~) define an integral
affine structure on B — A. Notice that at every point p € By, we can identify
T;BO with R x Ng and we write a 1-form as adt + v, where a € R and v € Ng.
The space of monodromy invariant one-forms with respect to the monodromy
representation p* can be identified with {0} x Ng. All vertices of A are of

positive type (see Example below). Tt follows from [22], §3, that X (B) is
homeomorphic to X.

Ezample 2.5. (X(B) = X). Let us now describe (B, A, 7). Here B = R X Ng.
The discriminant locus A C {0} x Ng is constructed as follows. When n = 2,
A is just the set of barycenters of the segments P; forming the subdivision of
P. When n = 3, then A is the union of the following segments and straight
rays. For every interior edge € in the subdivision of P, take the two segments
from the barycenter of é to the barycenters of P;” and P, respectively (see
end of for notation). The union of these two segments forms an edge of A
which we denote by e. For every boundary edge € in the subdivision of P, take
the straight ray emanating from the barycenter of P, and passing through the

barycenter of é (see Figure . Also in this case we denote this ray by e.

v

FIGURE 3. The polytope P, its subdivision and the set A.

Observe that A is homeomorphic to the tropical curve I', and moreover it
shares with I'" the same combinatorial relationship with the subdivision of P.
Every connected component C' of Ng — A contains precisely one vertex of the
subdivision of P which we denote by ve. For every C, form the following open
set of B:

Vo =CU{(t,v) € R x Ng | t # 0},

and on Vi define the map

q)c(t, U) = {

(t,v) t<0
(t,v+tve) t>0.
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The charts (Vi, ®¢) define an integral affine structure on B — A. We now
compute monodromy. Given the point p = (0,v¢) € By, we can identify T By
with R x Mg and denote 1-forms by adt + m, with a € R and m € Mgr. Now
let
Vt={t>0} and V- = {t < 0}.

Consider an edge e of A. It passes through the barycenter of the edge é. If v
and v’ are the vertices of é such that ng; = v" — v, consider a path ~, going from
v’ to v passing inside VT and then going back to v’ passing inside V. It can
then be calculated that

(2.12) P (7e)  adt +m — (a — (m,ng))dt + m.

Then we have that the p*(7.)-invariant one-forms are of type adt + m, where
m € ker(ng). All trivalent vertices of A are of negative type.

Ezample 2.6. Let P =[0,1] CR and v : P — R the zero map. Then
v(x) = min{0, z}

and I' = {0}. Applying the constructions of Examples and to this case
we obtain isomorphic affine manifolds with singularities with only one singular
point. These are called focus-focus models and all points of A or A in the
2-dimensional versions of Examples [2.4] and [2.5] are locally isomorphic to this
example. Notice that at every point p € By, the space of monodromy invariant
tangent vectors is one-dimensional and the distribution of monodromy invariant
tangent vectors is integrable. We call the integral lines of this distribution
eigenlines. Notice that there is one eigenline passing through the singular point.
When A has more than one point, each point has its own eigenlines given by
local monodromy around it.

Ezample 2.7. Suppose that P is the standard simplex in R? with vertices (0, 0),
(1,0) and (0,1), and let v : P — R the zero map. Then we have

v(x,y) = min{0, z,y}
and I is the set
['={(—t,—t), t >0} U{(t,0), t >0} U{(0,t), t >0}.

Applying the construction of Example to this case, we obtain A with a ver-
tex of positive type. The corresponding Lagrangian torus fibration f : X (B) —
R? has a positive singular fibre over the vertex of A; see for example [20], Ex-
ample 1.2 for a full analysis of this fibration. The fibres over the edges of A are
of generic type. Applying the construction of Example [2.5] we obtain a vertex
of negative type.

When the subdivision of P is maximal, then all vertices of A (resp. A) arising
from Example[2.4) (resp. Example[2.5)) are of positive type (resp. negative type).
The fibration f : X(B) — B constructed from Example [2.5 via Theorem

has the following properties:
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a) There is a Hamiltonian S'-action on X (B) whose fixed point set co-
incides with Crit f. Let u : X(B) — R be the moment map of this
action. Then, for all ¢t € R, f restricted to p~!(¢) is the composition of
the quotient map « : p~!(t) — p~(t)/S! with a regular T fibration
f:u Yt)/St — {t} x Ng C B. Moreover Crit f C u~*(0).

b) Also Xy(B) has an S'-action given by translations in the dt direction,
ie., ¥ . (b, [n]) = (b,[n + sdt]), for all b € By and n € Ty By. The
restriction of this action to X¢(B) coincides with the restriction of the
Sl action on X (B) in point (a).

c¢) There exists a smooth Lagrangian section oy : B — X (B) which extends
the zero section on Xy (B).

Notice that from (b) it follows that p restricted to X¢(B) is just the coordinate
t. Let us denote

X(B)rea = 1¢7(0)/8" and  Xo(B)rea = (17 (0) N Xo(B))/S".
It follows from (b) that
(2.13) Xo(B)rea = (Ng — A) x Mg /M

and the fibration f : Xo(B)rea — {0} X Ng is just the projection. Inside X (B)eq
define the surface

S = a(Crit f).
Via symplectic reduction X (B)yeq comes with a reduced symplectic form which
blows up along S. The section ¢ induces a reduced section g : Ng — X (B)req

given by 7 (b) = a(0¢(0,b)). Since oy is a section, it must avoid Crit f, therefore
5'0(NR) ﬂ S — Q)

Remark 2.8. As mentioned, X (B) is homeomorphic to X as defined in (2.2).
We also believe that it is symplectomorphic to it with the standard symplectic
form , but this has not been proved yet. Abouzaid, Auroux and Katzarkov
[3] use a different method to construct a piecewise smooth Lagrangian fibration
on X with the standard symplectic form and in all dimensions. Their fibration
is a perturbation of the one in . It is possible that one can generalize
our results to all dimensions using their Lagrangian fibration, but this requires
some additional work since it does not yet give a detailed enough description to
obtain our strongest results. One important advantage of our method is that
it can be more easily generalized to construct Lagrangian spheres and sections

in compact Calabi-Yau 3-folds, see Example [4.10]

2.7. Examples. Let us discuss some simple 2-dimensional examples.

Ezample 2.9. Let P = [0, 1] and choose v = 0. Then
X=C*—{5n2—-1=0}

and there is a Lagrangian torus fibration on X given by

v en by
Flers ) = (10gaz - 11 LS LY,
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This fibration is just a standard example of focus-focus fibration, with a singular
fibre over (0,0) having the topology of a pinched torus (see [20], [21], and [7]).
The mirror is

X ={zy=2+1}
The fibration on X is
floy,2) = (|2 = [y[*,log 2]) .
Ezample 2.10. Now let P = [0, m] for some positive integer m, with the maximal
subdivision where P; = [j,j + 1], for all j =0,...,m — 1. Consider the unique

piecewise affine strictly convex function defined by v(k) = Z?:o g for all k €
P NZ. Then the affine toric variety associated to the cone over P is

Vp = {ay = 2"},

which is a singular variety with a 2-dimensional A,,-singularity. The toric
variety Vy associated to the subdivision of P is a crepant resolution of this
singularity. We have that X is obtained by removing a principal divisor from
Vs (as in formula ) For instance, when m = 2, then X is an open set of
Op:(—2). Notice that

k
ﬁ(t):min{kt—l—Zj, kzO,...,m}.

J=0

On the mirror side, we have

X = {xy = Zt”(j)zj} .
=0

Notice that X is a smoothing of the singularity Xp. If oy (t),. .., am(t) are the
complex roots of the polynomial, let r;(t) = log |c;(¢)|. Then the discriminant
locus of f is the set of points A = {(0,7;(t))|j =1,...,m} (see Figure 4.

FI1GURE 4. The base of the Lagrangian fibration on X.

Let us now do some 3-dimensional examples.

Ezample 2.11. Let P = Conv{(—1,—-1),(1,0),(0,1)} with its unique maximal
subdivision (see Figure . Then X is an open set in the total space of the
canonical bundle of P?. Let v be the unique piecewise affine strictly convex
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FIGURE 5. The polytope P (left), the tropical curve I'" and the
amoeba (right).

function such that v(—1,—1) = v(1,0) = v(0,1) = 1 and v(0,0) = 0. Then we
have
v(s,t) =min{0,—s —t+1,s+1,t + 1}
and the corresponding tropical curve I is as in Figure [5] The mirror is
X={oy=tey'25" +tz; +tzn + 1}

and the discriminant locus of f : Xy, — R3 is a thickening of T

FI1GURE 6. The polytope P and the corresponding tropical curve.

Ezxample 2.12. For some positive integer d, let
(2.14) P = Conv{(0,0), (0,2), (2d,0)}

together with some maximal subdivision and a piecewise affine strictly convex
function v (see Figure |§| for an example when d = 3). We then have X as an
open set in the corresponding toric variety. Its mirror X has equation

jePNZ?

Notice that X is a smoothing of the As; ;-singularity whose equation is given
by zy = 22 + w?e,
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3. LAGRANGIAN SECTIONS AND LINE BUNDLES

In this section we give a precise and explicit classification of the space of
sections, up to isotopy, of the torus fibration f : X — R™ and we construct a
Lagrangian representative for each class. We then give a conjectural homolog-
ical mirror symmetry correspondence between sections of f and line bundles
on Xy. In dimension 2, Chan and Ueda [I5] construct a wrapped Fukaya cat-
egory generated by these sections and prove that the correspondence gives an
embedding of the category into the derived category of coherent sheaves of X.

3.1. Line bundles on X. Line bundles on toric varieties correspond to support
functions modulo linear functions. Recall that a support function is an integral
piecewise linear function ¢ : |¥| — R defined on the support |X| of the fan.
Denote by (1) the set of 1-dimensional cones of ¥ and for every p € (1),
let u, be the primitive integral generator of p and let D, be the toric divisor
corresponding to p. Then ¢ gives the Cartier divisor

(3.1) Dy=3 6(u)D,.

peEX(1)

Here we use a sign convention which is opposite to the one in [I8] and [I7]. We
denote the line bundle corresponding to Dy by L.

Two support functions define the same line bundle if and only if their dif-
ference is a linear function. In our case, where the fan 3> in R x Ny is defined
from a convex lattice polytope P C Nr and a smooth subdivision of P, support
functions on ¥ are in a one-to-one correspondence with integral piecewise affine
maps on P, whose domains of affineness are unions of the simplices P; of the
subdivision. In fact, given a piecewise affine map ¢ : P — R, the corresponding
support function is defined as ¢(t,tp) = to(p) for all p € P. Vice versa, given
qB, we have that ¢ = <5|{1}X p is piecewise affine. By slight abuse of notation we
will continue to call a piecewise affine function ¢ on P a support function.

Definition 3.1. In the two-dimensional case, P = [0, m] with P; = [j,j + 1] for
j=0,...,m—1. Given a support function ¢ on P, let k; € Z be the difference
between the slopes of ¢|p, and ¢|p,_, for j =1,...,m—1. Then the m —1-tuple
K = (k1,...,kn_1) uniquely determines the function ¢ up to addition of an
affine function. In dimension 3, let ¢ be a support function on P and let é be
an interior edge in the subdivision of P. Let m},m_ € M be the linear parts
of ¢|p+ and ¢|p- respectively (see for notation). Then
<m;r — me_,né> =0,
i.e., we must have that

(3.2) m —m, = kene

for some k. € Z. Notice also that k. does not depend on the sign of n.. We call
k. the kink of ¢ along é. If we let & be the collection of all bounded edges of T',
we then have a collection of integer numbers K = (k.).cs. We call a collection

K of integer numbers associated to a support function on P the kinks of ¢.
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In dimension 2, every interior point j = 1,...,m — 1 of P corresponds to
toric divisors D; = P! of X. Let L be the line bundle on X corresponding to
K = (ki,...,kyn_1). Then we have

(3.3) Lx|p; = Om (k).

Similarly, in dimension 3, every vertex in the subdivision of P corresponds
to a toric divisor of X and every interior edge ¢ corresponds to a compact 1-
dimensional toric stratum, which we denote by PL. If D and D’ are the two toric
divisors corresponding to the vertices of ¢, then P = DN D'. If K = (ke)eee
is the set of kinks of a support function ¢ and Ly is the corresponding line
bundle, then
LK|IP% = Op1 (k).

So the kinks k. are the intersection numbers of the line bundle £ with one-
dimensional strata.

Let € be the set of bounded components of Mg — I'. Clearly C' € ¥ if and
only if v¢ is an interior vertex of the subdivision of P. Notice also that e is an
edge of OC if and only if v¢ is a vertex of é. Fix an orientation of C. If (ke)ces
is a set of kinks of a support function ¢, then we must have

(3.4) > eckene =0,

eCoC

where €, = 1 if n, agrees with the orientation of dC, otherwise ¢, = —1. For
every C' € € define the map ¢¢ : Z¢ — M by

¢C<<ke>e€£’) - Z €e ke Ne.

eCaC
Now define ® : Z¢ — M? by
(3'5) ¢ = (¢C)Ce%’-

Lemma 3.2. The group Pic(X) is isomorphic to ker ®.

Proof. Given a support function ¢, from (3.4]) it follows that its kinks (k.)ece
belong to ker ®. Moreover if we add to ¢ an affine function, these numbers
do not change. On the other hand, given a collection (k.)cce in ker @, fix a
simplex Py in the subdivision and set ¢|p, = 0. Then equations uniquely
determine a support function ¢. O

3.2. The space of sections on X. We have given three slightly different
constructions of the space X and the fibration f: through the formulas
and (2.8)), the complex tropical model of or the Lagrangian model X (B)
in Example 2.5 We will freely switch from one construction to the other.

Let us consider the Lagrangian model f : X(B) — B from Example [2.5|
Denote by ¢ : By — B the inclusion. It can be shown that the space of sections
of f, up to isotopy, is classified by H'(B,:,A*). This can be seen as follows. Let
{U;} be a good cover of B. If ¢ is a section, we can locally lift o]y, to a section
o; of T*B. Then, on overlaps, s;; = 0; — 0; defines a cocycle [o] € H' (B, t.A*)
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(see [20], §3). Moreover [o] = 0 if and only if ¢ is isotopic to the zero section.
Indeed, let o, be an isotopy such that oq is the zero section. Locally we can
lift to an isotopy o;, of sections of T*B so that 0;9 = 0. Since ¢, A is discrete,
o1 — 0j. is constant in ¢ and thus equal to zero for all ¢. Hence [o7] = 0. On
the other hand if [¢] = 0, then o, — 0; = A\; — A; for local sections \; and A,
of t,A. Then o has a global lift 5 : B — T*B defined by &|y, = 0; — A\;. An
isotopy with the zero section is then defined by &, = t& projected to T*B/A.
We now explicitly compute H'(B,:,A*) in the cases dim Mr = 1 and 2.
Observe that ¢,A* has a globally defined section, namely dt, corresponding to
the fact that X (B) has an S'-action. Let us take the quotient by the constant
subsheaf spanned by this section (= Z), i.e., we have a short exact sequence

0=-7Z— 1, N"—=6-=0

for some sheaf §. Now notice that at a vertex p of A, G, = 0, since ¢, A*
has stalk Z at p. Therefore H°(B,G) = 0. The long exact sequence in the
cohomology of sheaves gives

HY(B,u.\*)~ HY(B,9).

We now show how to compute H'(B,§). Let us construct a constructible
sheaf §’ on B, supported over I', as follows. Assume first dim Mr = 2. On a
small neighborhood U of a vertex of I'; §'(U) = M. When U is a neighborhood
of a point in the interior of an edge e, then §(U) = M/Zn.. Restriction
functions are just projections to the quotients. We set G’ to be zero outside of
I When dim Mr = 1 and A has k points, then we let § be M = Z at the
points of A and 0 away from them. We have the following:

Lemma 3.3. In both cases, dim Mg = 1 or 2, there is a short exact sequence
(3.6) 0— M — H°(Y,B) — H(G,B) — 0.

Proof. It can be easily seen, from the expression of monodromy , that
G|, can be identified with the constant sheaf M. If dim Mr = 2, recall that A
is homeomorphic the tropical curve I' C Mg. It is convenient here to identify
A with T'. Tt follows from the monodromy formula , that over a small
neighborhood U of a point in the interior of e, §(U) = Zn,. Therefore we have
a short exact sequence

0-G—>M-—>G—=0.

The corresponding long exact sequence gives (3.6). When dim Mg = 1 and ¢’
is defined as above, then the same sequence also holds. O

It is clear that when M = Z and A has k points, then H°(§, B) = Z*. So
we conclude that H'(B,t,A*) = 7+ 1,

Example 3.4. Tt is easy to compute H'(B,t,A*) in the case B is constructed
from Example [2.11] Observe that in this case R?> — I" has only one bounded
component, which we denote C. Let e; = (1,0), e = (—1,1) and e3 = (0, —1)
be integral primitive tangent vectors to the edges of I' which bound C'. Let
p1=(—1,-1), po = (2,—1) and p3 = (—1,2) be the vertices of I'. Elements of



22 M. GROSS AND D. MATESSI

H°(B,9) can be found as follows. For every vertex p; of I' choose an element
m; € Z* pj — m;. Then, these choices give an element of H(B,g') if and
only if there exist n; € Z such that

miy1 — MMy =nNje;, ] = 1,2,3

and the indices are assumed cyclic. It is clear that such a system has solutions
if and only if

3
E n;e; = O,
j=1

which holds if and only if ny = ny = n3 = k for some k € Z. Once this condition
is satisfied, then we have a unique solution for each choice of £ and initial choice
my € Z*. So H°(B,S') = Z3, corresponding to a choice of k and of m;. We
conclude, from Lemma [3.3] that for this example

HY(B,1,\*) = Z.

The argument of the previous example can be generalized as follows. Let
® : Z¢ — M? be the map defined in (3.5). Then we have

Lemma 3.5. When (B, A, A) is as in Example then
HY(B, 1,A*) = ker ®.

This establishes a one-to-one correspondence between isomorphism classes of
line bundles on X and isotopy classes of sections of X.

The proof uses the same argument as in Example (3.4

3.3. Topological construction of sections. We give an explicit construction
of the sections, which will also explain the result of the last lemma. For this
purpose we use the complex tropical model. Recall that the fibration f: X —
R x My was defined as the composition of o : X — Y and the 77! fibration
Y — R x Mg, where Y = R x Mg x (Mg/M). The map « is the projection on
the quotient with respect to an S'-action. The fixed point set of the action is a
set S, which is a finite set of points in dimension n = 2 or a surface in dimension
n = 3. The strategy for the construction of a section of f is as follows. First
construct a section & of Log : Mg x (Mg/M) — My such that (Mg) NS = (),
then extend it to a section oy of ¥ — R x My which coincides with & on
{0} x Mg. Finally lift oy to a section ox of f. Notice that the last two steps
are easy. In fact, to extend & to oy one can define oy (t,q) = (t,7(q)). Moreover
any two extensions are isotopic (outside of {0} x Mg there is no constraint on
oy). Notice that « restricted to the image of oy is a trivial S'-bundle, since the
image of oy avoids {0} x S. Then a lift ox exists and any two lifts are isotopic.
In the following we will denote by & the section of Log and by o the final section
of f,ie., 0 = ox. We call & the reduced section. So let us construct sections
7 : My — Mg x (Mg/M) such that d(Mg) NS = (.
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3.4. Sections in dimension 2. In dimension 2, assume M = Z. Then we have
Y = RxRxS%. Let T = {0,1,...,m} C Rand S = {(0,),..., (m,i)} C RxS"
(we think of S' C C). We construct reduced sections ¢ : R — R x S' avoiding
S. For every m-tuple of integers K = (ki, ..., k;,) define

_ (s,e®rmis)y  p —1<s<7r, r=1,...,m
(s,1) otherwise.

Then Gy is a well-defined section such that gx(R) NS = @ (see Figure
for a picture of a section). In the case K = (0,...,0), we will consider the
corresponding section as the zero section and denote it by 5. We will call the

numbers K the twisting numbers of the section. Two sections ox and ok are
isotopic if and only if K = K’ (see discussion below).

\ \
\ \ \
I \ 1
/ \
= -
™

FIGURE 7. The section ¢ (red line) and the set S (blue crosses).

3.5. Sections in dimension 3. We consider the surface S C Mg x (Mg/M)
as constructed in §2.4 The zero section o : Mg — Mg x (Mg/M) does not
intersect S. In fact neither the circles é. nor the 2-chains 7, contain 0 € Mg/M.
To construct a general section proceed as follows. For every bounded edge
e C T', choose an integer k.. If p*, p~ are the two vertices of e corresponding to
P} and P, respectively, then define

(3.7) (L =t)p" +tp7) = (1 = t)p" +tp~, —[kenet]),

so that &, wraps —k. times around the cycle n, in the fibre Mg/M. Clearly
a(e) NS = . Tt is also clear that n, is the only cycle around which 7|, can
wrap non-trivially if we want g(e) NS = (). When e is an unbounded edge,
simply let | be the zero section. Clearly this gives a well-defined section
g : T — Mg X Mg /M, which we want to extend to all of Mg. If C'is a bounded
component of Mg —I', then an extension of & to ¢ : C'— Mg x (Mg/M) exists
if and only if

(3.8) > echkene=0.

eCoC

where ¢, = 1 if n. agrees with a fixed orientation of C, otherwise ¢, = —1. It is
now clear that an extension of & to all of My exists if and only if the set of choices
(ke)ecs € ker @ as in Lemma [3.5] We call the collection K = (ke)ees € ker @

the twisting numbers of the section.
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Lemma 3.6. Let ¢ and ¢’ be two sections of the Log map constructed as
above from the twisting numbers (ke)eces and (k.)ece respectively. Then the
two corresponding sections o and ¢’ of f are isotopic if and only if

<3'9) (ke)eeé’ = (k;)ee(f-

Proof. 1t is easy to show that an isotopy of sections between o and o’ exists if
and only if there exists an isotopy a*, ¢ € [0, 1] between the reduced sections &
and ¢’ such that

(3.10) 7' (Mg)NS =0, foralltel01].

If holds, then an isotopy &' can be constructed as follows. Given &, let
T, : Mg — Mg/M be such that 6(p) = (p, 7»(p)) and denote by 7, : Mg — Mg
a lift of 7, to the universal cover. Condition (3.9)) implies that 7,|r = 7,/|r, in
particular we can assume that also 7,|r = 7,/|r. Now define the isotopy o' (p) =
(p, [t7o(p) + (1 — t)7,(p)]). We have that holds since 7'|r = a|r = &'|r
for all ¢ € [0, 1].

On the other hand suppose o' exists, satisfying . Fix a bounded edge
e C I' and let 4, be the 1-cycle defined in . Condition implies that
Tot(€) C T? — 6, for all t € [0,1] and all edges e C I'. Now assume that lifts
Tot, T, and 7, have been chosen so that 7,: is an isotopy between 7, and 7,.
Consider a bounded component C' of My — I'. Then 7,(9C) (resp. 7,,(9C)) is

N \'

FIGURE 8. The lift 7,(0C) (continuous line) and the lifts of §, (dashed).

a closed polygonal curve in My with vertices in M and with an edge parallel
to n. and of length |k,| (resp. |k’|), for every edge e C OC. Suppose that
doesn’t hold. Then there must be at least one bounded edge e of I' such
that 7,(e) and 7,/(e) lie on parallel but distinct lines in Mg with slope n, and
containing integral points. Notice that lifts of d, are also parallel lines with
slope n., but never intersecting M. Figure |8 depicts this situation when C' is
a standard simplex. It can now be seen that if 7,(e) and 7,/(e) lie on parallel
but distinct lines, then 7,:(e) must intersect a lift of J, at some point, for some
value of ¢. This is a contradiction and thus we have proved the lemma. O

Thus the isotopy class of a section is uniquely determined by the twisting
numbers K = (k.)ees € ker &. We denote by 7 the reduced section and by
ok the corresponding section of f.
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3.6. Lagrangian sections. Let f : X(B) — B be the Lagrangian model of the
fibration given in Example 2.5] Here we will construct an explicit Lagrangian
representative for any class [o] of a section in the space H'(B,t,A*). We point
out that X (B), as constructed in [7], does not contain the full Xy(B), but the
slightly smaller subset Xo(B). Nevertheless our sections will be constructed so
that they coincide with the fixed zero section on a neighborhood of the disks
D,- containing the vertices of A, so that we will never have to worry about
the technicalities of the fibration near a vertex of A. For this reason, in what
follows, we will continue to work on Xy(B) instead of the smaller set X¢(B).
We will also work with the S'-actions and the reduced spaces X (B),q and
Xo(B)rea described at the end of .

Let K = (ke)eecs € ker @ be a set of twisting numbers determining the isotopy
class of a section in H'(B,t,A*). These numbers also determine the support
function ¢x : P — R of a line bundle on X. Since we now fix the support
function, in the following we set ¢ := ¢x.

Lemma 3.7. The function ¢ can be extended, as a continuous piecewise affine
map, to the whole of Ng.

Proof. First we define a subdivision of Ng. Fix some euclidean metric on Ny
and orientation of P. For every edge E of P, let n); € Ng be a non-zero vector
which is orthogonal to F and points outside of P . If F'is another edge of P
and v € EN F is a vertex of P, let ), be the infinite polyhedron bounded by
the two rays emanating from v in the direction of n’; and n’.. If € is an edge in
the subdivision of P contained in an edge F of P, define the infinite polyhedron

Qe={p+ink, pee t>0}

Clearly the polyhedra @), and Q)., together with the polyhedra of the subdivision
of P, define a subdivision of Ng. Notice that @), and ). are not necessarily
integral polyhedra, but this will not matter. Let us extend ¢ as follows. On
the polyhedron @, define ¢ to be the constant function equal to ¢(v). On Q.
define it to be

d(p + tn'y) = &(p).

This defines an extension of ¢. OJ

Remark 3.8. Given the above subdivision of Nk and the extension of ¢, we can
extend the definitions of P (see the end of §2.2), and the definitions of m¥ and
k. (see Definition also to the boundary edges in the subdivision of P. The
only difference is that in the case P is one of the unbounded polyhedra, then
mZ and k. are not necessarily integral. In fact, if € is an edge in the subdivision
of P contained in the boundary edge F and P;” = @Q., then the construction
above implies that m} maps n; to some integer and n'y to zero. Since ns and
n’z do not necessarily form a basis of N, m_ is not necessarily integral (e.g. we
could have ng = (1,1) and ny, = (1, —1), if ns is mapped to 1 then mJ is not
integral). This, however, will not be a problem in the following construction.
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We now want to define suitable smooth approximations gge of ¢ depending
on € > 0 and then define the reduced section as the graph of d¢.. The main
idea is to modify ¢ only near the 1-skeleton of the subdivision of Ng, i.e. we
only smooth out the corners of ¢, so that sufficiently away from the 1-skeleton it
remains affine. This implies that the reduced section will coincide with the zero
section on a neighborhood of the negative vertices of the discriminant locus A.
This is convenient since it automatically implies that it extends to all singular
fibres in this neighborhood, without further work. The most technical part will
be to show that the section extends to singular fibres over the edges of A, this
is proved in Lemma [3.14]

A standard way to smooth a function is to use the convolution product with
a so-called “mollifier”. Choose on Ny an auxiliary inner product, giving a norm
|| - ||. Define the following smooth, compactly supported function on Ng:

A ), if <€
(31].) ,U,E(x) — { e €Xp (HxH e > 1 ||JI|| €

0, otherwise.

where A, is some constant chosen so that f Ny He = 1. This is an example of a
mollifier.

Now recall that the convolution product of p. with a continuous function
h : Ng — R is defined by

(3.12) hox pie(z) = /N hy)pe(z — y)dy = /N h(z — y)pe(y)dy.

It is well known that h * p. is smooth and converges to h in the C°-topology
on every compact subset of Nz as € — (0. We also have the following easy fact
whose proof we leave to the reader:

Lemma 3.9. If h is affine, then h % u. = h.

We now define

¢6:¢*M5'

These functions define smooth approximations to ¢.

Definition 3.10. We will denote by Skel; the 1-skeleton of the subdivision of
Ng described Lemma [3.7] and by

V. = e-neighborhood of Skel; .
Then we have
Lemma 3.11. The function ¢, coincides with ¢ outside V..

Proof. 1t is clear from the definition of p and of the convolution product that
¢c(x) only depends on the values of ¢ in an e-ball centered in x. If the distance
between x and Skel; is greater than e then ¢ is affine on an e-ball centered at

. Therefore ¢.(x) = ¢(x) by Lemma . O
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For x € Ng and € > 0 denote by B.(z) the open ball of radius € centered at
x. Given an edge é of the subdivision of P, let

(3.13) U. = {z € Ng| B.(z) is contained in the interior of P." U P, },
where P and P, are as in (see also Remark .

Lemma 3.12. If € is such that U, is not empty, then

(3.14) doe|u, (ne) = (mf ne) ={(m_ ney,

where m* are as in Deﬁnition (see also Remark . In particular, for every

e

x €U, (d(ﬁe)x is a point in the affine line
{m e Mg | (m —m}, n:) =0}.

Proof. Since (m} —m_,n;) = 0, we have that ¢ — mJ is constant along the

edge é. Moreover, the directional derivative of ¢ in the direction ngs is well-
defined on the subset P U P, and it is equal to (m},ns). In particular it is
well-defined and equal to (m},ng) on Be(x) for every € U.. Therefore for
every x € U,:

(doe)w(ne) = O(x — y + tn) e (y)dy

i [
= [ (mdne) pey)dy = (m e,
Nr
where the second equality follows since we can assume z —y € B(z). O

At the end of Example [2.5| we observed that the one-forms in a fibre 77 B /A’
which are monodromy invariant with respect to monodromy around e are of the
form [adt + m], where m € kern;. As explained in point (b) at the end of
translations in the dt direction generate the S'-action, so we can view ker n; as
the quotient by the S!-action of the space of monodromy invariant one forms
around e. Notice also that [d(¢. — m),] naturally lives in the quotient by the
St-action (i.e. mod dt). So we have:

Corollary 3.13. Let U, be the open set defined in (3.13). Then for every
r € U, [d(¢pc — m),] is contained in kerng , i.e. in the quotient by the S*-
action of the space of monodromy invariant one-forms around e.

We now fix € so that:

i) for every edge e of A, e C U,;
ii) the closure Va. of V5. does not contain any vertex of A. For every vertex
p € A, we let W, be the connected component of Ng — V. containing p.

We can also assume the following

iii) the disks D,- of Theorem , where f fails to be smooth, are contained
in Ng — Vs, which is a closed set inside the union of the W,’s (see also

7).
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From ([2.13)) it follows that the map
5'¢ : NR —-A— XO(B)red

= (2, [(do.)s])

defines a Lagrangian section, which we call the graph of d¢.. Notice also that
the same section is defined by the graph of d(¢. — m).

Lemma 3.14. With the assumptions (i)-(iii) above, the Lagrangian section
s Ng — A — Xo(B)rea €xtends to a smooth Lagrangian section g, : Ng —
X (B)rea such that

a4(Ng)N S = 0.

Proof. On every connected component of Ng — V¢, we have that the map z —
(d¢e), is constant and it maps x to the slope of ¢. This follows from Lemma
B.11] since ¢ is affine on every connected component of Ng — V. Moreover, if
x is in a bounded component of Ng — V¢, then (d¢.), € M. This implies that
on bounded components of Ng — V., ¢ coincides with the reduced zero section
0o. Therefore, on bounded components of Ng — V,, i.e., those which contain
the vertices of A, 74 extends as required. We need to show that o, extends
also over A NV, and on unbounded components of Ng — V..

Consider an edge e of A. It follows from (i)-(iii) above that, inside R X
Ng, there is an open neighborhood U of the closure of e NV, over which the
Lagrangian fibration f is smooth and such that U N ({0} x Ng) is contained in
Ue. Let us restrict our attention to the fibration fy := f|s-1(). The singular
fibres of fi; are of the type which are called generic-singular in [7]. This means
we can describe f as is done in Section 3 of [6]. Namely, let D C C be the unit
disc. Then, by taking a smaller U if necessary, we can assume U = D x (0, 1)
and ANU = {0} x (0,1). Let b = by +iby be a coordinate on D and r € (0, 1),
then (b,r) are coordinates on U. The periods of the fibration fy are given by
the multivalued one-forms

A1 = —log |b|dby + Arg(b)dby + dH,
(3.15) Ag = 2mdbs,
/\3 = dT,

where H is a smooth function on U. Now let A* = span,(\;, A2, A3). Notice
that Ay blows up over A. Therefore, A* has rank 2 over A. There is a fibre
preserving symplectomorphism between T*U/A* and f~'(U) — Crit fyy. The
Sl-action corresponds to translation along \,. Therefore, in these coordinates
the moment map is given by by. The space of monodromy invariant one-forms is
spanned by s and A3. Now let us consider the function ¢, in these coordinates.
First of all it is defined only on the slice {b, = 0}, so it depends on b; and r.
Then Corollary implies that

d(¢pe —mT) = h(r)dr

e

for some function h(r). This section clearly extends over A to a section which
avoids Crit fyy. Since unbounded components of Ng — V, only contain parts of
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unbounded edges of A over which the fibration is smooth, the same argument
shows that 74 extends also here. OJ

Finally we can prove the following

Theorem 3.15. Let K = (k.).ce be a collection of integers representing a class
(0] in the space of smooth sections H!(B,,A*). Then this class has a smooth
Lagrangian representative.

Proof. Using a smooth approximation gz~5€ of the support function ¢ associated
to K, we have constructed in Lemma a section Gy : Ng — X (B)rea Of the
reduced fibration f. Any lift o4 : Ng — p~1(0) of G4 to the S'-fibres of the
S'-action defines a 2-dimensional isotropic submanifold of X (B). Using the
isotropic neighborhood theorem it is easy to show that this lift can be extended
to a genuine section o, : R x Ng — X (B).

We need to show that o4 is in the class represented by K. Let C' be some
bounded component of Ng — A and let e be an edge in the boundary of C,

whose vertices are p* € P and p~ € P,. By construction m}, m_, k. and n,

satisfy (3.2). Lemmas and imply that as x moves along a curve in U,
from a point in W,- to a point in W+, (d¢.), moves on a straight line with

slope n. from the point m_ to the point m;. In other words, along this curve,
the section 7,4 winds k. times around the cycle n.. O

3.7. The mirror correspondence. We have seen that line bundles on X and
Lagrangian sections on X are both characterized by an (m—1)-tuple of numbers
K = (ki,...,ky_1) in the 2-dimensional case or by a collection K = (k¢)cecs in
ker @ in the 3-dimensional case. We conjecture the following:

Congecture 3.16. The Lagrangian sections generate a suitable derived Fukaya
category such that the correspondence which maps the sections ok to the line
bundle .Z_x induces an embedding of this category in D*Coh(X).

In the two-dimensional case, this conjecture has been proved by Chan and
Ueda [15], where the morphisms in the Fukaya category are defined using a
wrapped Floer homology.

Here are some examples.

Example 3.17. In the two dimensional case (Examplesand , let m = 2,
then X is the total space of Opi(—2) with only one compact divisor D. Then
the Picard group of X is Z. The zero section corresponds to structure sheaf
Ox. Line bundles of the type O3 (ID) correspond to sections oy .

Example 3.18. Consider P as in Example m, where X is an open set in the
total space of Op2(—3). Then Pic(X) is Z as well as the group of sections
(cfr. Example . Let e;, eo and ez be the integral tangent vectors to the
bounded edges of I' chosen as in Example A support function ¢ on P, up
to the sum of a linear function, is uniquely determined by an integer k. Let
Ly, be the corresponding line bundle on X. The corresponding section of X is

determined by twisting numbers k., = ke, = ke, = —k. Letting D = P? be
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the only compact toric divisor of X, the line bundles on X of the type O (ID)
correspond to k = —3l.

Fxample 3.19. Let us consider the case of the smoothing of Ass-singularities
of Example . Here the polytope P is given by and the smoothing
X is given by equation . In this case a simplicial subdivision of P has
d — 1 interior points, which we denote c;. Hence X has d — 1 compact toric
divisors Dy, ..., D4_;. Notice that the subdivision can be chosen so that D;
is isomorphic to the one point blowup of the Hirzebruch surface 3;, e.g., as in
Figure [6] for the case d = 3. Using Lemmas [3.2] and [3.5] one can show that the
group of sections on X and Pic(X) are isomorphic to Z3¢. Let Cy,...,Cy_1 be
the bounded components of Mg —I'. Label the edges of C; by €;1,...,¢;5 asin
Figure @ and orient them in anticlockwise order. Clearly we have e;; = e(j_1)4
for j = 2,...d—1. Bundles on X of the type O (ID;) correspond to the support

6]‘2
€j3
€j1
6]‘4
€5
Figure 9.

function ¢ on P such that ¢(c;) = [ and ¢ is zero on all other vertices of the
subdivision. A calculation shows that these line bundles have the following
intersection numbers:

kin=—2), kipg=kjs=—1l, ku=—-(+ 1), kjz=-2I
kii—uys = kG—1s = 1, kg2 = ks = L.
All other intersection numbers are zero.

3.8. Translation by a section. Notice that the sections constructed in The-
orem have the property that they all coincide with the zero section in
a neighborhood of every negative vertex. In Theorem 1.2 of [§] it was proved
that a Lagrangian section ¢ with this property induces a unique fibre-preserving
symplectomorphism 7}, : X — X which maps the zero section to o. We call this
symplectomorphism “translation by a section”, since it behaves as a translation
on smooth fibres, in particular we have that

TUKUK’ = OK+K'
for all pairs of twisting numbers K and K'.

It has been conjectured that translation by a section should be mirror to ten-
soring by the corresponding line bundle. Theorem 1.6 of [§] gives some evidence
of this by showing that there is only one autoequivalence of the bounded de-
rived category of coherent sheaves which preserves skyscraper sheaves (mirror
to fibres) and which sends the structure sheaf to a line bundle.
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4. LAGRANGIAN SPHERES

In this section we will construct families of Lagrangian spheres in X. As
in the case of sections, we first give a topological construction. In this case
it is convenient to use the complex tropical model ( of the fibration f :
X — R x Mg. Let C be a bounded connected component of Mr — I' and let
A :C — Mg x (Mg/M) be a section of Log such that A(9C) C S. Then we
define

(4.1) Ly =a"'(MC))

where « : X — Y is the projection over the S' quotient and we think of
Mg x (Mg/M) as {0} x Mg x (Mg/M) C R x Mg x (Mg/M) =Y. Since C is
homeomorphic to an (n — 1)-ball and the fibres of o[, are circles collapsing
to points at the boundary of C', we have that L, is homeomorphic to S™. This
construction was also suggested by Chan in [14].

4.1. Spheres in dimension 2. We look at the case where X is an open set in
the total space of Opi(—2) and we use the notation of §3.41 Let C' = [0, 1] and
for some k € Z define

Ae(s) = <87€(2k8+é>7ri>

Then we have that A(9C') C S and Ly, = S%. We simplify notation by renaming
Ly, by Ly and we call k the twisting number of the sphere. If we view X as in
equation and deform the polynomial h; so that it acquires a double root,
then X becomes singular with an ordinary double point. As a consequence, the
singular points of the S'-action come to coincide and the sphere Ly vanishes,
i.e., it represents a vanishing cycle. The other spheres L, are twists of the
vanishing cycle. It is not difficult to show that if 7, denotes translation by the
a section o, (see §3.8)), then we have

(4.2) T,,(Ly) = Lise.

We also point out that this construction automatically gives Lagrangian spheres.

4.2. Spheres in dimension 3. We use the same notation as in §2.4 We
fix a bounded component C' of Mg — I'. Let vc be the unique vertex in the
decomposition of P corresponding to C'. The tangent wedges to the simplices
in the decomposition of P which contain vo form a complete fan X in Ng. An
edge e C OC corresponds to an edge ¢ which emanates from vc.

Definition 4.1. For every edge é emanating from ve, let €; € {1, —1} be such
that e; ng points outward from ve. A continuous function ¥ : [Y¢| — R is said
to be a semi-integral support function if its restriction to every maximal cone
of ¥¢ is linear and for every edge é emanating from v we have

(4.3) I(esne) — % mod Z.
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Recall that every bounded edge e of I' bounding a connected component C
of My — T represents a 1-dimensional toric stratum P! of X which is also a
subvariety of the divisor D¢ corresponding to C'.

Definition 4.2. A set of twisting numbers for the bounded component C' is a
collection ¢ := ({.).cpc given by assigning to every edge e bounding C' an integer
£, such that

a) l. has the same parity as the self-intersection number of P! inside D¢;
b) the numbers ¢, satisfy the following balancing condition

(44) Z €e ge Ne = 07

ecoC

where €, = 1 if n. coincides with a fixed orientation of C, otherwise
€. = —1.

To any semi-integral support function ¥, we can associate its set of kinks
as follows. For every edge ¢ emanating from ve, denote by 6 and 67 the
restriction of ¥ to the tangent wedges of Pt and P, respectively. Then there

exists an integer /., the kink of 9 at €, such that

L,
(45) 9: — (9; = gne.
We have the following:

Proposition 4.3. The kinks (¢.).-sc of a semi-integral support function on ¢
define a set of twisting numbers for C'. Moreover any set of twisting numbers
(le)ecoc determines a semi-integral support function on 3¢ which is unique up
to adding an integral linear function.

Proof. Assume for simplicity that for all edges € emanating from v, ns points
outward from vec. Fix an edge ¢ emanating from ve. Let ¢ and ¢~ be the edges
of P and P, respectively, different from ¢, which emanate from vo. Denote
by b, the self-intersection number of P! inside D¢. Then, from toric geometry,

it follows that

(4.6) Ng— = —MNet+ — beNe.

Moreover, since {ne, ne+ } form a basis of N and n, is primitive, we have
(4.7) (e, e+ ) = £1.

Now let 8+ and 6 be linear functions such that (4.5) holds for some integer /..

Assume also that 0 satisfies
1

(4.8) <0~:,né+> = % mod Z and <9~j,n6> =3 mod Z.

Then we claim that ¢, and b. have the same parity if and only if ég satisfies

(4.9) <§;,né—> = % mod Z and <§;,né> = % mod Z.
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The second equality of (4.9)) follows directly from the second equality of (4.8)
and from (4.5). From (4.5)), (4.6) and (4.7)) it follows that

(4.10) <§;né—> - <9N€+ - %ne, —ner — bené>

. _ ‘,
= — <9:,né+> — be <8:, né> Z|: 5

If b, and /. have the same parity, then this equality and equation (4.8]) imply

(4.9). On the other hand, if (4.9) holds, then this equality and equation ({4.8])

imply that /. and b, have the same parity.

In particular we have proved that the kinks of a semi-integral support function
must satisfy (a) of Definition [4.2] Point (b) follows from ({L.5).

FIGURE 10. The cyclic indexing of vertices and edges of 9C.

Given a set of twisting numbers (¢.).cc, we construct a semi-integral support
function as follows. Let us fix a cyclic, anti-clockwise ordering of the maximal
cones of Y. Let us label the j-th maximal cone by v;, with j € 1,...,7 and
by €; the edge in the common intersection of v; and v, (see Figure [10)). Let

0, € Mg be a linear function such that
- 1 ~ 1
4.11 f1,ns. ) == mod Z and 01,ns ) = = mod Z.
" 2 ! 2

Now define inductively

1 ~
(412) 0j+1 = 566][@]'”@]- + 0]‘,

e

to P, otherwise €., = —1. By the balancing condition |D 0,41 = 0,. Define
9 :]3c] — R by

where €., = 1 if vj4 is the tangent wedge to PJ]T and v; is the tangent wedge

79‘1/]' - é]
By the argument above, 9 is a semi-integral support function and it is unique
up to adding a linear function. O
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Finally, given a set of twisting numbers (/,).csc for C, we explain how to
construct a sphere. Here we use the complex tropical model of the fibration
(. First let us define A : 9C' — Mg x (Mg/M) so that A(OC) C S. Let ¢,
¢t and €~ be edges emanating from vg defined as in the proof of the previous
proposition and let e, e and e~ be the dual edges in dC. Let pT and p~ be the
vertices of C which are dual to P and P respectively. Clearly p* =ene*

e

and p~ = eNe . See Figure

Figure 11.

Recall equation (2.9) defining the cycles d, used to construct S. Consider the
unique points in Mg /M given by

(4.13) O+ =0 N+ and Oyp- = 0, NI

Now define A|. as follows

(A14)  A((1—Bp* +tp) = ((1 Ottt — Eﬁenet} 4 e,,+) |

Notice that A|.(e) C S. (cfr. (2.10)). Moreover, it follows from (4.6) and the
fact that ¢, and b, have the same parity that

Ale(p™) = (7, 0p-)-
In particular, we have that A\(0C) C S.

The balancing condition ensures that A can be extended to a section
A :C — Mg x (Mg/M). Hence for every set of twisting numbers ¢ = (£,).coc
we have an embedded 3-sphere constructed over C'; which we denote L,. It is
not difficult to see that L, and L, are isotopic if and only if £ = ¢'.

It is clear from the construction that the spheres L, constructed over the
same component C' are related via a translation by a section (see . In fact
suppose o, is a section with twisting numbers £ = (k¢)ccs, then we have the
following formula

(4.15) Ty, (Le) = Lpyog,
where Ly o, is a sphere with twisting numbers ¢, + 2k, for all e C 9C.

Ezxample 4.4. Let us look at the case when P is as in Example In this case
there is just one bounded connected component C' whose corresponding divisor
in X is P2. Thus for every edge e bounding C' the self-intersection number of
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P! is 1. We thus have a family of Lagrangian spheres L, with ¢ an odd integer.
Figure |12 shows the 2-chains 7T}, at all vertices of I'. From their shape it is clear
why Al has to wind an odd multiple of n./2 around S,. In fact suppose A|sa
starts at point 1 (black dot), then continues to wind along the cylinder over the
horizontal edge. When it reaches the next vertex, it has to go to point 2, so
that it can start winding along the diagonal edge. In order to move from point
1 to point 2 it has to wind an odd multiple of n,./2.

AN

1 N

N —

FIGURE 12. The 2-chains 7, at the vertices of I' and the con-
struction of L,.

4.3. Lagrangian spheres. For every semi-integral support function ¢ of ¥,
with kinks ¢ = (£.).cc, we construct a Lagrangian sphere in X (B), represent-
ing the isotopy class of the sphere L,. In this case we need to use the Lagrangian
model of the fibration in §2.6] In particular here the discriminant locus A is
locally codimension 1 near negative vertices (see Figure . In the following we
use the same notations as in and §3.6] Notice that in this case C' will be
a bounded component of Ng — A and e will be an edge of A. The main idea
is to construct a Lagrangian section A : C' — X (B).q such that A\(0C) C S.
Then Ly = o~ 1(A(C)) is a Lagrangian 3-sphere.

We define smooth approximations to ¢} using convolution, as in §3.6| For
€ >0, let

D =0 % e,
where y and * are defined in (3.11)) and (3.12). Since C' C |Z¢|, we regard 9.

as defined on C'. We can now define a Lagrangian section as
At C = Xo(B)rea
b (b, [(dVe)s)).

The goal of this section is to prove:

(4.16)

Theorem 4.5. For ¢ > 0 sufficiently small, the section A\, : €' — Xo(B)red
constructed above extends by continuity to a map A, : C' — X (B),eq such that

a) A(0C) C 8;
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b) the smooth Lagrangian sphere Ly, = a~}(\(C)) is in the same isotopy
class of the sphere L, constructed in §4.2]

The difficulty here is to analyze the behavior of A, near the discriminant
locus. Near the (negative) vertices, the main observation is that the image of
Ae coincides with some canonical subset, i.e., the fixed point set of the anti-
symplectic involution constructed in [§]. So, even though the discriminant is
fattened around these points, we do not have to worry about the behavior of
A, since it is controlled by this canonical set. Near edges of A one needs to
work with the local model and check that A\, behaves as desired.

Recall that Skel; is the 1-skeleton of the subdivision of Nr constructed in
Lemma and that V, is its e-neighborhood (see Definition [3.10). We choose
€ so that conditions (i)-(iii) listed after Corollary hold. We also let

W, = (=6,6) x W,
be a thickening of W, inside B, for some § > 0.

It is convenient here to use the fact, proved in [§], that on X (B) there exists
a unique antisymplectic involution ¢ : X (B) — X (B) such that fo: = f and
which leaves the zero section fixed, i.e., Loy = 0y. Here, antisymplectic means
that t*w = —w. On Xy(B), ¢ is simply the map

<b> [U]) = <b> _[77])

for all b € By and n € Ty By. In particular this implies that every smooth fibre
f7(b) contains eight fixed points, one of which is the intersection between the
fibre and the zero section. Let J be the fixed point locus of ¢, i.e.,

J={q€X(B)|uq) = q}.

We have that J is a Lagrangian submanifold of X (B) such that f|;: J — B is
a degree 8 branched covering of B which branches over A. The branching locus
is J N Crit f. It also follows from the construction in [8] that ¢ is compatible
with the S'-action, in the sense that

We” - q) = e u(q)
for all ¢ € S* and ¢ € X(B).
We have the following

Lemma 4.6. For every vertex p € A, the set f~!(W,) N J has five connected
components. Two of these are mapped one-to-one onto Wp by f and three of
them are mapped two-to-one. For every edge e of A emanating from p, there
is a unique connected component of f _I(Wp) N J, which we denote by J., such
that

a) for every small simple loop 7, C Wp around e, f~1(v.) N J, consists of
two disjoint loops; 3

b) if €' is another edge of A emanating from p and 7. C W, is a small
simple loop around €', then f~!(v.) N J, is a circle which is mapped
two-to-one to v by f.
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Proof. The fibration f around the vertex p is of negative type. The first two
assertions are proved in [§] (in particular in Example 3.10 the five connected
components are computed explicitly). Let e, e’ and €’ be the three edges of A
emanating from p. The monodromy formula implies that, given b € Wp,
there exists a basis of Aj with respect to which the monodromy transformations
associated to simple loops 7., 7o and 7. around the three edges are given
respectively by

1 10 1 0 1 1 -1 -1
o010, lo1o], [0 1 o
0 01 0 01 0O 0 1
The eight points of f~!(b) = Ty B/A* which are fixed by ¢ are given, with

respect to this basis, by

1 1 1 1
(07070)7 (57070) ) (07075) ) (5707 5) )
1 11 11 111
(07 57()) 3 (5757(]) ) (07 57 5) ’ (5757 5) .

The first two points are invariant with respect to all three matrices, and there-
fore they belong to the two connected components of f _1(Wp) N J which are
mapped one-to-one onto Wp. The two points in the second pair are fixed by
the first matrix and are exchanged by the second and third one. This implies
that they belong to the same connected component of f~!(W,) N J, which we
denote by J.. Notice that f~'(v.) N J. must be a pair of disjoint circles. On
the other hand, f~!(7.) N J. is a single circle which covers 7. twice, since the
pair of points is exchanged by monodromy as we move around ~... The same
happens for f~'(yer) N J.. Therefore J, satisfies (a) and (b) and clearly it is

the unique connected component satisfying them. 0

Given a cyclic, anti-clockwise ordering of the maximal cones of 3¢, let p; be
the vertex of C which is contained in the j-th cone (see also Figure [10]). Let
e’; denote the edge of A emanating from p; which is not contained in 9C. Then

Lemma 4.7. The set A(W,, N C) C Xo(B)yea is contained a(p™'(0) N Jer),

where J. is the connected component of f‘l(Wp) N J described in
Lemma L6,

Proof. Lemma (3.11] applied to ¥, instead of gz~5€, implies that ¥, coincides with
¢ on W, NC, ie., with 0;, the restriction of ¥ to the j-th cone. Therefore, for
allbe W, NC

Ac(b) = (b, [(dde)]) = (b,165]) = (b, 6y,),
where 6, is defined as in equation (£.13). A point (b, [m]) € Xo(B)rea is in
a(p=(0) N J) if and only if m € LM. It follows from 1} that 6; € M, so
that (b,6,) € a(u~'(0) N J). Moreover, and (4.3) imply that 6, , seen

as an element in 7 B/A}, is not invariant with respect to monodromy around
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ej—1 and e;. From the characterization of Je;. given in Lemma this implies
that (b,0,,) € a(u=(0) N Je;) and therefore the lemma.

Corollary 4.8. We have that )\elijmc : Wy, NC — Xo(B)rea can be extended
by continuity to W,, N C so that A (W, NdC) C S.

Proof. The branching locus of Je; is Je;, N Crit f and is mapped by f homeo-
morphically onto W, N OC. This can be checked explicitly in the local models
(e.g., in Example 3.10 of [§]). Therefore, since A (W,, N C) is contained in
a(p=H(0) N J), as b € W, N C approaches a point in W, N IC, A(b) ap-
proaches the i]mage by a of a branching point of J,., i.e., a point on S. This
proves the corollary. ’ O

Proof of Theorem[/.5 To extend ). it remains to show that A, extends also to
points of 3C'NV,. Given an edge e; of 9C, let us consider an open neighborhood
U of e; N V.. We can assume that U N ({0} x Ng) C U, and that fi := f|;11
is smooth. Just as in Lemma [3.12 we have that

v, () = <9~j7”é]~> -

We proceed as in Lemma[3.14 Welet U = D x (0,1) and ANU = {0} x (0,1)
and define A* C T*U as the Z-linear span of the periods . Then T*U/A*
and f~1(U) — Crit fy are fibrewise symplectomorphic. Assume also that the
coordinates have been chosen so that

COU:{b2:0,61>0}.

(4.17) dv.

In Sections 3.1 and 3.2 of [§] we gave an explicit description of an antisymplectic
involution over a neighborhood of an edge. We review it here. Without loss of
generality we can assume that in these coordinates the zero section oy is given
by o0(u) = (u, 3[dH]), where H is the smooth function appearing in equation
for the periods. Then the antisymplectic involution that fixes oy is

vi(us[n]) = (u, [dH — 7))

for all w € U and n € T;;U. The fixed points of ¢ which are not monodromy
invariant around A are given by the graphs of the following 1-forms:

1 1
§(dH+>\1), §(dH+>\1+)\2)

%(dH—i-)\l + A3), %(dH+A1+A2+A3)
The first two forms are interchanged by monodromy around A, similarly the
last two. Therefore the first and second pair define two connected components
which map 2 to 1 over U. Since the S'-action corresponds to translations by
multiples of Ay, the first two forms (resp. the last two) have the same image in
the quotient by the S'-action. Therefore, in these coordinates, we have that 9~j
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is either equal to the first form or to the third one, modulo A\s. Let us assume,
without loss of generality, that

1
9]' = 5 (dH + )\1) mod )\2.
Then equation (4.17) and Corollary imply that over C' N U we have
~ 1
di. = 5 (dH + A1) + h(r)dr

for some smooth function h. The above expression is defined for points u =
(by,7) € U, with by > 0 (since it is defined on C N U). When b; = 0, A; blows
up. This suggests that as by — 0 the points (u, [(d@e)u]) might converge to
points in Crit fi;. This is precisely what happens:

Lemma 4.9. Viewing the points (u, [(dV.),]), for u = (by,r) € CNU, as points
in f~1(U) — Crit fy we have that
lim (u, [(d0.).]) € Crit fy

bl —0

Proof. To prove this we need to describe how T*U/A* is compactified by gluing
in Crit fyy. This was done in [6]. We follow the exposition given in Sections 3.1
and 3.2 of [8]. Let

Y = {(21, 20, w) € C* x C*||2122] <1 and log|w| € (0,1)}

with symplectic form induced from the standard one on C? x C*. Then the
map

q:Y —-U
q: (21, 22, w) — (2129, log |w)|)
is a Lagrangian fibration whose general fibres are isomorphic to 72 x R. We
have that
Critq={z1 =2, =0} = 5" x (0,1)
and ¢(Critq) = A = {0} x (0,1). Define the following two sections of ¢:
Y1(b,7) = (1,b,€")
Yo(b,r) = (b,1,€")
where b = by +iby € D and r € (0,1). We also have a C* x S'-action on Y’
given by
(7,€") - (21, 20, w) = (T21,7 ‘29, € w).
We use the sections and the action to define the following maps
& (C*xSHYxU—=Y
() u) = (7,€") - j(u)
Now consider the following open subsets of (C* x S') x U
Vi={((r,e”), (b,r)) € (C*x SH x U||b] < |7| < 1}
Vo = {((1,€"), (b,r)) € (C*x SH X U|1 < |7| < |b|7'}
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and define
Z; = &(Vy)-
These are open subsets of Y and
= Z1UZQUCI'ltq

is a neighborhood of Critgq.

We define a similar structure on 7*U/A*. Let Ly and Ly be the Lagrangian
sections which are defined as the graphs respectively of the one-form dH and
of the zero 1-form. Define the following C* x S*-action on T*U/A*:

(7, €)Y - (u, [n]) = (u, [n — log |7|db; + Arg T dby + sdr]).
Then the sections and the action are used to define maps
¢ (C*x SYx U — T*U/A*

((r,€"),u) = (7,€™) - Lj(u).

We then define the open subsets
75 = G(V;).
It is not difficult to show that the map ¢ : 2} U Z}), — Z; U Z; given by
gl =& oG

defines a fibre-preserving symplectomorphism. It is proved in [6] that f~1(U)
is symplectomorphic to the symplectic manifold obtained by gluing 7*U/A* to
Z via g. Under this identification we have that Crit fyy = Crit q.

We now want to compute the points g(u, [(dV.),]) for all u = (by,r) € CNU.
Notice that

(u, [(dD).]) = (u [%(Al +dH) + h(r)dr])

1
= <u7 [—5 log |by|dby + dH + h(r)dr])

= Cl((\/b_b eih(r)>> (bh T))
Therefore
g(u, [(d0e)u]) = & ((Vbr, e™), (by, 7))
= (\/b_lv eih(r)) ' El(bb T)
_ (\/a’ \/b_la 6r+ih(r))

It is now clear that

lim g(u, [(dY.).]) € Critq

b1~>0

and this proves the lemma. O
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This lemma completes the proof of point (a) of Theorem .
To prove part (b), we observe that equation (4.17) implies that for all u €
Ue, NC, (die), is a point on the affine line

{m € Mg| <m—§j,néj> = 0}.

Moreover, if u € Wy, N C then (dV), = 6; and if u € Wy,.i N C then
(d9.)y = 0,11 It follows that, as u moves from Wy, N C to W,,,, NC in-
side U, (d¥,),, moves along a line of slope ne,; from 0~j to 0~j+1. Then (4.12])
implies that it winds %Eej times around the cycle n,,. This proves point (b) of

the theorem. O

Example 4.10. The method for constructing Lagrangian spheres described in
this section is quite general and also applies to examples of compact Calabi-
Yau’s with Lagrangian fibrations. Consider for example the quintic hypersur-
face in P*. In Section 19.3 of [24], the first author described an integral affine
manifold with singularities B whose associated manifold X (B) is homeomor-
phic to the quintic. Applying [7], we also have a symplectic form on X (B) and
a Lagrangian fibration f : X(B) — B. Here B is the boundary of a (suitably
rescaled) standard 4-simplex. The discriminant locus intersected with a 2-face
of B is represented by the honeycomb pattern in Figure[L3] The (blue) triangles

faavaavaavanvan

FiGURE 13. Lagrangian spheres in the quintic are constructed
over the shaded hexagon.

come from a polyhedral subdivision giving B the structure of a simple affine
manifold with singularities. The fibration restricted to a neighborhood of the
interior of a 2-face has the properties (a)-(c) listed at the end of §2.6, Here Ng
is the affine space spanned by the 2-face. The S action is given by translations
in the direction of the 1-dimensional subspace of T* By which is monodromy
invariant around the discriminant locus inside the two face. We can construct
Lagrangian spheres in X (B) which map over the shaded hexagon in Figure
as follows. The polyhedral subdivision (restricted to the 2-face) defines a 2-
dimensional fan at the vertex contained in the hexagon. We may thus consider
a semi-integral support function ¥ with respect to this fan. The results of this
section then show that the graph of the differential of a smoothing of ¥ extends
and lifts to a Lagrangian sphere in X (B).
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4.4. Spheres over edges. There is another type of construction of vanishing
cycles. Let

P = Conv{(0,0),(1,0),(0,1),(1,1)}
and subdivide it by adding the diagonal from (1,0) to (0,1). If we let v be
the unique piecewise affine function such that v(1,1) = 1 and zero at all other
vertices, then I looks like the tropical curves shown in Figure [14]

FIGURE 14. I and the curves v, and 73 inside Log ' (p) and Log ' (p’).

Here X is a small resolution of an ordinary double point (with equation
xy — wz = 0), while X is a smoothing of this singularity (hence given by
equation zy — wz = t). The transformation from X to X is also known as a
conifold transition and it is of independent interest (see [34] and [9] for more
information on this vanishing cycle). For every integer k, we construct a curve
A : ST — S which can be extended to an embedding )\, : D?* — Mg x Mg /M,
where D? is the unit disc, such that A\,(D?) NS = A\ (S'). Then, as before, we
define

Lk = a_l(/\k(D2)).
The curve )\, is defined as follows. Let e be the edge joining the two vertices
p and p’ of T'. Let 6 and 1 be two distinct (but close) points on T2 lying on
the 1-cycle d.. Let 7, be an oriented curve inside Log™'(p) going from (p, ) to
(p,0) drawn and oriented as in Figure In particular 7, is contained in T,.
Let v : [0,1] — S, be defined as

Y2(s) = (1 = s)p + sp/, [knes] 4 0).

Clearly Log(12([0,1])) = e. Define 73 to be an oriented curve inside Log™" (p')
going from (p/,6) to (p/,¢) drawn and oriented as in Figure [14 Finally let
74 : [0,1] — S. be defined by

Y4(s) = (1 — s)p’ + sp, [—knes] + ).

We define \;, : S! — S as the concatenation of the curves 7, 72, 73 and ~,.
Clearly )\ can be extended to a map Ay, : D? — Mg x Mg /M, this follows from
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Figure 15.

the fact that the concatenation of ~q,...,~, is trivial in homology. Figure
depicts Xy : S' — S projected to the torus and lifted to its universal cover.
It also suggests a way to extend ), to an embedding of D?: the dashed lines
are the fibres of Log o). A Lagrangian version of a sphere of this type will be
given elsewhere. We will use this sphere in Section [8.3

5. COMPACTLY SUPPORTED SECTIONS

In this section we will determine the isotopy classes of pairs of sections o and
o' of f: X — R™ which coincide outside some compact set. In this case we say
that o is compactly supported with respect to o’. When ¢’ is the zero section
we just say that o is compactly supported. The closure of the set where the
two sections differ is called the support of o (relative to o’).

Definition 5.1. Suppose that o coincides with ¢’ outside of a compact set K C
R™ homeomorphic to an n-ball. Denote by Kt a copy of K with an orientation
induced from a fixed orientation of R™ and by K~ a copy of K with the opposite
orientation. Then we can glue K™ and K~ along their boundary to form an
oriented n-sphere. Define a map from this sphere to X by defining it to be
equal to o on K* and equal to ¢/ on K~. Denote the image of this map by
oo’. It defines a class in H, (X, Z) which we denote by [o0’].

We will determine when [o0’] coincides with the class of one of the spheres
L, constructed in the previous section.

5.1. The two-dimensional case. Assume we are as in §3.4] with only two
singular fibres corresponding to S = {(0,4),(1,4)}. Figure [16] depicts two re-
duced sections (the continuous (blue) line and the dotted (red) line) which can
be extended and then lifted to a pair of sections of f : X — R? which coincide
outside a compact set. We prove this in the following.
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Figure 16.

Proposition 5.2. In dimension 2, let f : X — R? be as in with only two
singular fibres. Then, for every integer k, the sections oyo and oy defined in
are isotopic to a pair of sections which coincide outside some compact set.

Proof. We consider the case k£ = —1, the other cases are obtained after trans-
lation by a section. It can be easily seen that the reduced sections ¢_; and
o1 defined in §3.4] are isotopic (in (R x S') — S) to a pair of sections which
can be depicted as in Figure [L6, the continuous (blue) line representing &_;
and the dotted (red) line representing ;. The two sections coincide outside
a compact set containing I' = {0,1}. As in let Y = R x R x S, which
contains R x S as the slice {0} x R x S'. We must show that the sections can
be extended and then lifted to a pair of sections of f which coincide outside a
compact set. The two sections can be extended to sections of ¥ — R? in such
a way that they coincide outside a compact set K homeomorphic to a 2-disk.
This can be done by unwinding both sections as we move away from the slice
{0} x R x S" so that they both become flat (coinciding with the zero section).
Denote by o1 and o; the two sections after the extension. We now show that
there are lifts of both sections to the circle fibration o : X — Y which coincide
outside of K. As explained at the beginning of this section, we can construct
amap & o, 1 5% — Y, where S? is formed by gluing two copies of K along
the boundary and &, ,,, = 0_1 on one copy of K and &,_,,, = o1 on the other
copy. Pull back the S'-fibration a : X — Y to S? via &,_,,,. We claim that
the pull back fibration is a trivial S* bundle over S2. Recall that « satisfies
the following property. There exists an orientation on Y such that the first
Chern class of «, evaluated on the boundary of a small ball centered at any
one of the two points of S (and not containing the other one), is equal to 1.
Notice that the complement of o_; U oy inside Y consists of three connected
components. One of them is unbounded and the other two are two open balls,
each one containing one of the points of S. The intersections of these latter
components with {0} x R x S! are the shaded regions in Figure[16] The union
of the boundaries of these two regions coincides with the image &,_,,, (S?). One
region induces an orientation agreeing with the orientation on S2, but the other
one induces the opposite orientation. This implies that the first Chern class of
a evaluated on &,_,,,(S?) is zero and therefore the pullback bundle on S? is
trivial. This shows that we can lift _1|x and 01|k to the fibration « in such a
way that the lifts coincide on the boundary of K. Then they can be extended
outside of K so that they coincide. O

Let Ly be the sphere constructed in with twisting number k.
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Theorem 5.3. In Hy(X,Z), up to some choice of orientation of Ly, we have

[Ok120%] = [Lis1]

Proof. We do the case k = —1, the other cases follow after translation by a
section. Let us consider o_; and oy as sections of Y — R? (i.e., before they
have been lifted to sections of X'). Then let Z be the closure of the union of
the two bounded components of Y — (o0_; U oy). The intersection of Z with
{0} x R x S! is the shaded area in Figure[16] We can write Z = Z; U Z,, where
Z1 and Zy are the closures of the two bounded components. We can assume
that Z; N Zs is homeomorphic to the interval [0, 1] C R and that Z; and Z, are
both homeomorphic to a 3-ball. Now let W = a~(Z) and W; = o~ '(Z;). We
have that W, is homeomorphic to a 4-ball. We can view [070_;] as an element
of Hy(W,Z). Notice that also [Lg] can be viewed as an element of Hy(W,Z).
In fact let I be the segment joining the two points of S depicted by the (green)
dashed line in Figure[16] Notice that I C Z. Then Ly = o~ (1) C W.

The Mayer-Vietoris sequence for the homology of W with decomposition
W = W; U W, gives the isomorphism

Moreover Wy N Wy = [0,1] x ST so that H (W, N Wy; Z) = Z. To prove the
statement of the theorem it is enough to show that [oy0_1] and [Lg] are both
mapped to a generator of Hy(W; N Wy;Z). This is obvious for [Lg], since
Lo N (W N Ws) is a fibre of o whose class generates Hy (W) N Wa; Z). We now
show that this is true also for [oy0_1].

Let B4 and Bs be the balls of radius 1 centered at the origin respectively in
C? and in R x C. Let B} and Bj be the two balls minus their origin. Then the
map

O{/ZB4—>Bg

(51) (e,9) = (2 — |y, 229)

is surjective and oz" B Bj; — Bj is a principal S! bundle with first Chern class
1 € Z = H*(B3,Z). The fibration o : By — Bj is fibrewise isomorphic to
oy, : Wy — Z;. We have S* = 0B, and S* = 0Bs. Given a point * € S?, let
St = o/71(x). Then we have isomorphisms

Hy(S3,8%7) —2 H\(SL7Z)~7Z

o/*l

HQ(SQ, * Z)

where 0 is the boundary map. The map of pairs o/ : (53,5 — (5% %) is
clearly homotopy equivalent to the map o : (OW;, W1 N Wa) — (0Z;, Z1 N Zy).
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So we also have the diagram of isomorphisms:

Hy(OW;, Wy N Wa Z) —2— Hy (Wi N Wy Z) 2 7
(5.2) “*l

Hy(0Z;, Zy N Zy; Z).

Notice that [o10_1] can be viewed as an element in Ho(OW;Z) and oy0_; N
OW; gives an element of Hy(OW;, Wi N Wa;Z). Since o1 and o_; are sections,
a.Joro_1 N OWj| is a generator of Hy(0Z;, Z1 N Zy;Z). This implies that also
Oloro_1 NOW;| = o101 N (W1 N Ws)] is a generator of Hy(W; N Wa;Z). This
concludes the proof. O

5.2. The three-dimensional case. Let n = 3. We consider the complex
tropical fibration f : X — R x Mg and the construction of sections given
in Let C be a bounded connected component of Mg — I'. Recall that
C' corresponds to a toric divisor D¢ in X. Moreover, every edge e in 0C
corresponds to a toric boundary divisor of D¢ which we denote P!

Definition 5.4. Denote by ¢k, : P — R a support function for the line bundle
Ox(Dc¢) on X. We fix a choice of ¢k, such that it satisfies ¢, (ve) = 0 and

¢x.(v) = —1 for all other vertices v in the subdivision of P. The corresponding
kinks Ko = (ke)ees of ¢k, satisfy the following. If e is an edge of OC, then
k., = —b. — 2, where b, is the self-intersection number of ]P); inside Do € X. If

e is an edge which emanates from a vertex of C, but is not in dC, then k, = 1.
In all other cases k. = 0.

The numbers K¢ also identify an isotopy class of sections of f.

Now let R C Mg be a convex compact set whose interior contains C' and
which does not intersect other edges of I' except the ones emanating from the
vertices of C'. Let

R:=[—€¢ X R,

for some € € (0,1). Let oy be the zero section.

Proposition 5.5. An isotopy class K € ker @ of sections of f has a represen-
tative o whose support is contained in R if and only if K = aK¢, for some
a € 2.

Proof. Suppose that a section ¢ in the isotopy class K = (k¢)ece has support
contained in R. Let & : Mg — Mg x Mg/M be the reduced section. Then &
coincides with &y outside R. If e is an edge which does not emanate from a
vertex of C', then k. = 0, since R does not intersect e.

Now let e be an edge of C. Let p* and p~ be the vertices of e corresponding
respectively to the simplex P+ and P.. Let et and e~ be the edges 9C,

adjacent to e, which emanate respectively from p™ and p~. Let d* and d~ be
the remaining edges emanating respectively from p™ and p~ (see Figure .
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By choosing appropriate integral affine coordinates, we may assume that

net = (0, —1),
(53) e = (170)7
Ne— = (—be, 1).

The balancing condition implies
Ng+ = Ne+ — Ne = (—1,—1), Ng- = Ne — Ne— = (1 + be, —1).

Let C’" be the other component of Mr — I' adjacent to e. In the case C' is a
bounded component then condition (3.8)) holds and becomes

(5.4) ka+ (ne — ne+) + kene + kg (ne - ne*) =0.
This imposes the following necessary conditions:
kg+ = kg-

ke = —kg+ (be + 2).

If we prove that these conditions hold also when C” is not bounded, then the first
equation of implies that all numbers attached to edges emanating from a
vertex of C' but not contained in OC' coincide with a fixed number a € Z, which
implies that K = aKo. Thus, assuming C’ is not bounded, we interpret kg+
and k4 as the number of times & winds along d* and d~. If we choose two
points ¢t and ¢, respectively on d* and d~, and sufficiently far from C, then
7 is constant along the segment joining ¢+ and ¢, since it coincides with the
zero section. Now consider the convex hull of p™, p~, ¢* and ¢~ (i.e. the region
labeled by (). in Figure , then the fact that its boundary must be mapped
by & to a homologically trivial loop implies that must hold and hence also
(65).

On the other hand, let us show that there exists a section representing the
class aK¢ whose support is contained in R. For later use, we will construct
a piecewise linear section. First let us construct a map ¢ : Mr — Mg with
support inside R such that the reduced section & : Mg — Mg X Mg/M can be
defined as

(5.6) (b) = (b, [a(b)])-

Fix some point pc in the interior of C. Let e be an edge of C and let p™,
p~, e", e, dt and d~ be as above. Choose points ¢+ and ¢~ on d* and d~
respectively which are also in R. Denote by Q7 the convex hull of pc, p*
and p~ and by Q. the convex hull of p*, p~, ¢* and ¢~ (see Figure . Let
Q.= QrUQ;. Since R is convex, Q. is contained in R.

Let ¢, be the support function of Definition [5.4] Denote by mJ (resp. m;)
the linear part of ¢k, restricted to P (resp. to P, ). Assuming that n.+, n.
and n.- are as in (5.3)), one computes that m = n.+ —n, and m; = n, — n.-.
Given a point b € @QF, there are unique positive real numbers ¢, o and t3,
satisfying > t; = 1, such that we can write b = t;pc + top™ + t3p~. Define

5(b) = a(tam} + tzm_).

(5.5)
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In particular ¢(pc) =0, 6(p™) = am} and 6(p~) = am,_ . Let us now define &
on @, . On the segment from p* to ¢ define ¢ by

(5.7) (1 —s)p™ +sq") =a(l —s)m

Similarly, on the segment from p~ to ¢~
ag((1=s)p” +s¢)=a(l —s)m,.

Define & on the segment from ¢* to ¢~ to be zero. By construction & extends
to the interior of Q). (see Figure [17|for a picture of the image of Q. under 7).
We do this for every edge e C 9C' and we define & to be zero on the rest of Mg.
Define the reduced section & by (5.6). By construction we have 5(Mg) NS = 0.

We now show that we can extend ¢ to a section o : R x Mg — X with
support inside R. First extend it to a section oy : R X Mg — Y, where
Y = R x Mg x Mgr/M by defining oy (t,p) = ((¢,p), [p(t)5(p)]), where p is a
suitable bump function with values in the interval [0,1] and vanishing outside
[—¢, €. In fact we can also choose p with values in the smaller interval [0, 1 — ¢]
for small ¢; this choice will be more convenient later. Clearly oy coincides
with the zero section outside R. We have to show that we can lift oy to the S!
fibration o : X — Y, so that it coincides with the lift of the zero section outside
R. Notice that R is homeomorphic to a 3-ball. If we consider a 3-sphere as two
copies of R glued along its boundary, then oy on one copy of R and the zero
section on the other copy give a continuous map from S® to Y. The pull-back
of o via this map is trivial, since all S'-bundles are trivial on S3. Therefore
the map can be lifted to the S'-bundle. This gives lifts of oy and of the zero
section which coincide on the boundary of R. This ends the construction of
sections with compact support. 0

Observe that the line bundle on X corresponding to a Lagrangian section of
the type 0.k, via the correspondence of Conjecture is Ox(—aD¢).

bc
et -m, = (07 1) _m;r =(1,1)

FI1GURE 17. The picture on the right shows the image of Q.
under ¢ in the case b, = —1 and a = —1 (shaded region). The
dark line is 5(0C). The dashed (red) line is A(0C).

A compactly supported section ¢ and the zero section, as explained in the
beginning of this section, define a homology class in H3(X,Z) denoted by [o0oy].
Now, given a bounded connected component C' of My — I, consider the sphere
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Ly defined by the numbers ¢, = b, + 2 for every edge e bounding C' and denote
it by L_g,. We then have

Theorem 5.6. Up to some choice of orientation on L_g, we have
[U*KC’O—O] = [L*Kc]'
Proof. We use the map ¢ : Mg — Mg constructed in the proof of Proposi-
tion with a = —1. Define A : C' — My by
1

(5.8) A= 50l

and \(D) = (b, [\(b)]) for all b € C' (see also Figure |L7] for a picture of AOC)).
It can then be checked that A(OC') C S and

L_x, = a ' (A(0)).

Step 1: definition of a set Z containing A(C). We construct a subset Z

containing A(C') which generalizes the set Z constructed in the proof of Theorem
(.3l Intuitively Z looks like the shaded area depicted in Figure after it is
spun around its center and then thickened in the extra dimension. The center
corresponds to the point pe chosen in the proof of Proposition |5.5] The singular
points (i.e., the crosses in Figure span A\(9C).

In the following we assume that the function p used in the construction of
oy in Proposition [5.5 has values in the interval [0,1 — ¢] and that p(0) = 1 —e.
Given an edge e of 9C', let (), be the neighborhood of e defined in the proof of
Proposition [5.5( and let

Q=] @

ecoC
Q=[—¢€¢xQCR x Mg
Now define the set
Z ={(t:;b,[rp(t)a(®)]) | (t,b) € Q and r € [0,1]} C Y,

where, as usual, Y = R x Mg x Mg /M. Essentially, Z fills the space between
the zero section and the section oy. In particular the two sections, restricted
to @, form the boundary of Z. Notice also that A\(C') C Z.

For any p € 0C, consider the ray p, in My which starts at pc and passes
through p and let p, = p, X [—¢, €]. Now let

Zy=2N Log_l(ﬁp).

We have that Z, is homeomorphic to a closed 3-ball. Moreover

zZ=J 2,

pedC

Step 2: properties of Z,. We now prove that
(5.9) ZNnS =0,
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and in particular that, for all p € 9C,
(5.10) Z,NS = \p).

Since Log(Z) = Q, we only have to study Z N SN Log_l(Q). Suppose first
that p is a point in the interior of an edge e of C. Recall that the part of
the surface S that is mapped to the interior of e is the cylinder S, defined
in equation , where 6. is the cycle defined in . We can write p as
p=(1—s)p" +sp~, with s € (0,1). Then the intersection of Z with the fibre
Log *(p) = Mg/M is

ZNLog ™ (p) = {[-r(1 — &)((1 = s)mS +sm)]|r € [0,1]}

The points in ZNLog™'(p) which lie on S, correspond to the values of r € [0, 1]
such that

1
(—=r(1—€)((1 = s)mS + sm_ ), ne) = 3 mod Z.
By definition we have that (m},n:) = (m_,n:) = —1. So the above equation
becomes )
1—e)=-
-9 =1,
since r(1 — €) € [0,1]. We conclude that for any p in the interior of e,
1
ZNS,NLog ' (p) = —5((1 —s)mI +sm_)| = \p).

Suppose now that p is a vertex of e, e.g. p = p*. Then, in appropriate affine
coordinates, we can assume that equations (5.3) hold. In these coordinates
mt = (—1,—1), therefore

Z0Log™ (p) = {[~r(L = )(~L,—1)] | r € [0,1]}.

Moreover, S N Log™*(p) is the set T, described in Remark . In these coordi-
nates it has the shape depicted in Figure [l Then we see that

ZNnSNLog ' (p) = (ZNLog ' (p) NT, = [(1/2,1/2)] = A(p).

Finally we have to check that Z does not intersect S over the interior of the edges
d™ and d~. Let ¢ € d be the point defined in the proof of Proposition
We just need to check what happens over a point p = (1 — s)p™ + sqt with
s € (0,1]. Using formula we see that in this case

ZNLog™'(p) = {[-r(1 = &)(1 = s)m]]|r € [0, 1]}.
On the other hand, points of this type are also on Sy+ if they satisfy
1
(—r(1—e)(1 —s)m},ng ) = 3 mod Z.

Using the fact that ng = +(ns; —ne+) and (mF,ne) = (mF,ne+) = —1, we can
see that the above equation is never satisfied. Thus we have
Z N Sz NLog (p) = 0.

This proves (5.9) and (/5.10)).
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Step 3: conclusion. For every p € OC define
Wy = O‘_I(Zp)
and let
W =a'2).
Notice that since Z,, is homeomorphic to a 3-ball and is transversal to S at A\(p),
it can be viewed as a 3-ball in the normal bundle to S at A(p). This implies
that the fibration alw, : W, = Z, is always fibrewise isomorphic to the map o
given in (5.1). In particular W, is homeomorphic to a 4-ball.

The classes [0_k, 00| and [L_k,| can be viewed as classes in H3(W,Z). We
must show that they define the same class. Consider the set

1= Z=l-edx{pc} x {0} C Y.

pcaC
Now define

W={(pq)edCxX|qgeW,}, Z={(p.q)€dCxY|qeZ,)}.

These spaces are sort of (real) blow ups along the set I of W and Z respectively.
Clearly there is an S'-action on W and a quotient map @ : W — Z inducing
the commutative diagram

W
|

N — N

W —
where El\le vertical arrows are the projections. We also have the other projection
maps W — 9C and Z — 0C. These are respectively a 4-ball and a 3-ball
bundle over dC. We claim that they are trivial bundles. In fact, the latter
can be viewed as the unit 3-ball bundle inside the normal bundle of S in Y,
restricted to the curve A\(9C). Since S and Y are oriented, the normal bundle to
S is orientable, therefore it becomes trivial when restricted to A(OC). Similarly
W can be viewed as the unit 4-ball bundle of the normal bundle of S inside X ,

so it is also trivial. We denote by OW and 97 the corresponding 3-sphere and
2-sphere bundles respectively. In particular we have

(5.11)  Hs3(W,Z) = Hy(W,Z) =0, Hy(0W,Z) =7, Hy(0Z,7)=Z.
In the last two groups, a generator is given by the ﬁbre

Now let I C Z be the preimage of I C Z. We have 12 0C x [—¢,¢|. Notice
that the projections Z — I — Z — [ and W — @ ) — W —a (1) are
homeomorphisms. Thus, excision implies that

Hy(W, a7} (1) 2) = Hy(W. a7 (1): 2).
Notice that a™(I) = S' x [—¢, €], so that its second and third homology vanish.
This gives
Hy(W3Z) = Hy(W, " (I); Z).
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Therefore we can view the classes [0_g.0¢] and [L_k_| inside H;;(W, a~1(I)).

Notice that @ (1) = dC x S' x [—¢,¢]. The long exact sequence in relative
homology and ({5.11]) gives an isomorphism

Hy(W,a Y(1);2) -2 Hy@ (1) 2) = Z.

The goal is to show that both classes [0_k.00] and [L_k,| are mapped to a
generator by the above isomorphism. We proceed in a similar way to Theorem
m. First of all notice that by construction [L_g_] is mapped to a generator by

0. Moreover [o_k,0p] can be viewed as a class inside Hg(aﬁ/\, aL(1):7). We
have the diagram

*

0 —— H3y(0W,Z) — Hy(oW,a '(1);2) —2= Hy@'(1);Z) — 0

~

Hy(07,1.7)
which is analogous to diagram (5.2). Notice that Hs(0Z,1;Z) = H3(0Z;Z) =

Z. Since [0_g.00] is constructed by lifting sections, we have that a.[o_k_.00]

is a generator of Hg(@Z\ ; ). Moreover, since the generator of H3(8W, Z) is the
fibre of the sphere bundle and & on the fibres is just the Hopf map, we have that

a, restricted to Hg(aW, Z) is zero. Thus a, must descend to an isomorphism
of the quotient:
Q. : Hy(0oW,a Y (1);Z)/H3(0W, Z) — H3(0Z,1: 7).
Then [0_k.00] must descend to a generator of
Hy(0W, 67" (1): Z)/ H3(0W , Z),
i.e. of Hg(a_l(f); Z). This concludes the proof. O

Clearly by translating with respect to an arbitrary section o, we can describe
other spheres as difference of sections. Applying formula (4.15)) we have

Corollary 5.7. We have

[U_Kc_i_,gO'H] - [L—Kc+2n} )

where L_f 12, denotes the sphere whose twisting numbers are given by b, +
2 + 2k, for all edges e C OC.

6. INTERSECTIONS

Recall, from formula , that a sphere L, is constructed as the union of
the S'-fibers over all points of a section A of the Log map, defined over C.
Clearly, if o is a section, the intersection points between L, and ¢ are in one-
to-one correspondence with the intersection points between A\(C) and &, where
7 : Ng — X(B)req is the reduced section. Therefore o N L, is in one-to-one

correspondence with the set {b € C'| A\(b) = 5(b)}. Since A\(OC) C S, this set is
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all contained in C, i.e., there are no intersection points on the boundary of C'.
Up to translation by a section, we can assume that o is the zero section oy.
We now consider A constructed as in §4.3} i.e., as the graph of the differential
of the smooth function 9. (see formula). Recall that 9. is a smoothing
of a semi-integral support function ¢ : |X¢| — R whose kinks are the twisting
numbers /.
For convenience let us define the following map

D¥ . é — Mg
b— (di,).
We then have the one-to-one correspondence

00N Ly +— | (D0) ™ (m).

meM

(6.1)

We will call a point b in the right-hand set an intersection point. We wish to
study transversality of intersections and to count intersection points. It is easy
to see that an intersection point b € C' corresponds to a transversal intersection
point if and only if the Hessian (Hessv,), is non-degenerate. Now define the
curve v, : 9C — My by setting

(6.2) Ve = DVsc.

It follows from the results of §3.6] and that ~, is a closed polygonal line
joining the points 9} defined in @b Fix an orientation on Ng, and the
induced orientation on Mg. Then we have an anticlockwise cyclic indexing of
two-dimensional cones of X (see Figure [10] and the proof of Proposition
for our conventions).

Definition 6.1. Recall that the winding number of the curve 7, around a point
m € Mg, with m ¢ ~,(9C), is the degree of the map 9C — S! given by

b %EZ%:% Since for all m € M, m ¢ 7,(0C), the winding number of ~,

around m is well defined for every m € M. Denote it by w,(m).

If m € My is a regular value of DY and m ¢ ~,(0C), then the degree of DV
at m equals the winding number of v, around m. In particular, if the winding
number is not zero, m is in the image of Dv.

We have the following:

Theorem 6.2. If the semi-integral support function ¥ : |Xc| — R, (resp. its
opposite —1), is strictly convex and e > 0 is sufficiently small, then for any
b e C, either (dv.), € v or (Hessd,), is positive (resp. negative) definite. In
particular the image of D4 is the closed convex polygon whose boundary is 7.

Before proving the theorem let us study a one-dimensional version of the
problem. Let h : R — R be a continuous function which is piecewise affine,
i.e., it is locally affine except at a finite number of points in R. We call a point
t € R a non-smooth point if h is not locally affine at ¢. At a non-smooth point
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t, let m;” and m; be the slopes of h respectively on the right and on the left of

t. The function h is convex if at every non-smooth point ¢t we have
m; —m, > 0.

Now let n : R — R be an even C* function, whose support is [—6, 4] and
such that n(t) > 0 for all £ € (-0, ). Define

h=hsxn.

Lemma 6.3. In the above situation, we have h”(t) > 0 and equality holds if
and only if the interval (¢ — d,t 4+ 0) does not contain non-smooth points.

Proof. By the definition of the convolution product we have

Bt = /R h(s)n"(t — s)ds.

Assume, without loss of generality, that t = 0. Then

0
K" (0) :/Rh(s)n”(—s)dSZ/ h(s)n"(—s)ds.

-3
Now suppose that (—d,0) contains r non-smooth points {t1,...,¢.}. Define
to = —0 and t,41 = 0. Suppose, moreover, that on the interval [t;_4,t;], h
coincides with the affine function m;(t) = ¢;t + ¢;. By convexity
(6.3) ¢+1—q; > 0.
We have

r+1 tj

(6.4) R(0) = / m;(s)n" (—s)ds.
j=1“ti—1

Integration by parts gives

t
/ my(s)n"(=s)ds = my(t;—)n'(—tj-1) — m;(t;)n' (—t;)
tj,:[
= q;(n(=t;) = n(=t;-1)).
Using the fact that 7 is even we obtain
tj
| o (=s)ds =m0/ (6) s 11

ti—1
—q;(n(t;) —n(tj-1))-
Continuity of A implies that
m(t)n' () = my (E)n' (t5).
Moreover we have

n(te) = 1'(te) = n(tr41) = 7' (trg1) = 0.
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Using these facts, equation (6.4) becomes

1'(0) = (gj41 — gi)n(t;) > 0.
j=1
The last inequality follows from (6.3) and the fact that ¢; € (—9,6), where
n is strictly positive. Clearly, if~(—5, ) does not contain non-smooth points,
integration by parts shows that h”(0) =0 O

Proof of Theorem [6.9. Let e satisfy conditions (i)-(iii) listed after Corollary [3.13]
Let e; be the edge of OC whose vertices are p; and p;y;. As we have already
discussed (see the end of the proof of Theorem , as b moves inside U, from a

point in W, to a point in W), ., then (d@e)b moves inside the line passing from

X i1
0; and 6;,;. Using convexity of ¥ and Lemma one can refine the argument

to show that for all b € Uej, (dﬁe)b belongs to the segment from 6; to 6;,. Now

let
Ue=J U
eCoC
The above argument shows that for any b € Ug, (d@e)b € v.. We now prove
that if b € C' — U then (Hess?),), is positive definite. Thus we need to show
that for any v € Ng,
(6.5) <(Hess ﬁe)bv,v> > 0.

0
ox1 "

N 8241,
<(Hess 195)bv,v> = /R (/R ﬁ(ml,xg)w(bl —21,by — xg)dxl) dxo
1

We claim that

0.
(66) /19(931,@)—2(61 — l‘l,bz — 1’2) d(L’1 Z 0
R Oy

We can choose linear coordinates (z1,x2) on Ng so that v = In this case

and that if b = (by,by) € C' — Ug, then the inequality is strict for some values
of z5. This would imply (6.5)). For fixed x9, define the functions

h(s) = 0(s,22),  n(s) = pre(s, by — z2).
Notice that h is a continuous, convex, piecewise affine function on R. On the
other hand, 1 is identically zero if |zo — by| > €, but when |xo — by| < € it is
smooth, even and its support is an interval (—6,,,d,,) with d,, > 0. Moreover
n(s) > 0 for all s € (=04, 0y, )-

The integral on the left hand side of coincides with (h * n)”(b;) and
therefore the inequality follows from Lemma [6.3] This lemma also implies that
the integral in is strictly positive for zo € (by — €, by + €), if in the interval
(by — 0y, b1 + 04,) there exists a non-smooth point of h. We prove that this
is true for some x5 € (by — €,by + €). The condition b € C' — Uz implies that
the e-ball around b intersects at least two non parallel edges of Skel; emanating
from the vertex ve of the subdivision. In particular, we can find a point (Z1, Z2)
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in the e-ball around b which lies on an edge of Skel; not parallel to the x;-axis.
This implies that the line in Ng given by {(s,Z2) | s € R} intersects this edge
transversally in the point (Z1,Z2). Thus Z; is a non-smooth point for i defined
by setting zo = To; moreover Ty € (by — €,by + €) and Ty € (by — dzy, b1 + 0z,)
since (71, Z2) lies in the e-ball around b.

The last statement follows easily. In fact, by the previous argument, if m ¢
7(0C) and m = DY(b) for some b € C, then m is a regular value of D and
its degree must be positive. Moreover, strict convexity of ¥ implies that ~,(0C)
is an embedded simple curve which encloses a convex bounded polygon. So
we(m) is 1 if m is inside this polygon and zero if m is outside. This implies the
last claim of the theorem. O

We have the following

Corollary 6.4. If 9 : [Y¢| — R, or its opposite —1, is strictly convex and
€ > 0 is sufficiently small, the corresponding Lagrangian sphere L, intersects
the zero section transversally and

#(00 N L) = #(DI(C) N M)

Proof. The previous theorem implies that all points of m € DY(C) N M are
regular values of D and that every point in the preimage of m contributes +1
to the degree. Since m has degree 1, it has only one preimage. 0

More generally, suppose that we have an arbitrary section o,. Then the
number of intersection points between o, and L, is the same as between the
zero section and the translate of Ly, by o_, i.e., using formula (4.15)):

#(On N LZ) = #(00 N L€72Ii)

Example 6.5. In the case of Example [2.11], the spheres L,, are labeled by odd
numbers n. In Figure |18 we picture some of the spheres and their intersection
points with the zero section. Clearly in this case we have the formula

(6.7 #(00 1 L) = @‘

Notice that L; and L_; are the only spheres which do not intersect the zero
section.

L1 and L_1 —

Figure 18.



ON HMS OF TORIC CALABI-YAU THREEFOLDS 57

Example 6.6. Let us look at the case of Example [2.12] Assume that a subdivi-
sion of P has been chosen so that every compact toric divisor in X is a one point
blow up of a Hirzebruch surface (e.g., as in Figure @ for the case d = 3). Then
we can orient and number the bounding edges of each component C; as in Ex-
ample Let us then construct the spheres of type L, over each component.
Notice that when j is odd, then ¢ must be of type (odd,odd, odd, even, even)
and when j is even then it must be of type (even,odd,odd,odd,even). Let us
assume j is odd, as the even case is similar. There are two spheres with minimal
twisting numbers, these are given by numbers (—1,1,—1,0,0) or (1,—1,1,0,0).
Let us denote them respectively by LT and L~. These spheres are vanishing
cycles with respect to the degeneration to the Asy_; singularity. Notice that
LT and L~ do not intersect the zero section. Another interesting sphere over
C; is given by numbers (—j +2,1,1,7 + 1,2). In fact these correspond to the
spheres L_ Ke, described in Theorem as a difference of sections.

Let us now discuss the general case where neither ¥ nor — are convex. In
this case the polyhedral curve ~, can have a more complicated behavior. Let
us define the following numbers

(L) == Y w(m),

meM, we(m)<0

heven<L€> = Z wg(m)

meM, wp(m)>0

(6.8)

Conjecture 6.7. We conjecture that for ¢ > 0 sufficiently small, m &
DY(C) N M if and only if we(m) # 0. Moreover, given b € (DY)~"(m), then
(Hess ¥.)p is non-degenerate and the following holds

i) wy(m) < 0 implies that (Hess 155)1) has signature (1,1);

ii) we(m) > 0, implies that (Hess?,), has signature (2,0) or (0, 2).
In particular we have that L, intersects oy transversally and

#(0’0 N Lg) = hOdd(Lg) + heven(Lz)'
Remark 6.8. If the above conjecture is true, then it should not be difficult to
prove the following isomorphism of C-vector spaces
HF1(007 LZ) = ChOdd(LZ)a

H Feven(09, L) = C* (0,

Let us sketch how one could prove this. Every intersection point b € oo N Ly
corresponds to an intersection point b between the section A (i.e. the graph of
dd.) and the zero section d, in the reduced space. Moreover we have

(6.9)

Lemma 6.9. If X admits an w-compatible almost complex structure J and an
S' invariant (3,0)-form Q with Q A Q > 0, then there are gradings 0, 6, v and
Y of 7y, 09, A and L, respectively such that for every b € oq N L, the Maslov
degree computed with respect to these gradings satisfy

dego’o,Le (b) = degﬁ'o,)\ (b) .
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Proof. Here we compute the Maslov degree of a point with the method suggested
in [36]. Let n be the vector field generating the S! action, normalized so that
In| = 1 with respect to the metric given by w and J. We can define a reduced
(2,0) form Qeq on Xyeq = p1(0)/St as follows. If oy and vy are two tangent
vectors on X,.q and vy, vy are a choice of lifts to u~1(0) let
Qrea(V1, U2) = Q(n, v1,v2).

We have that €.q induces an almost complex structure which is compatible
with the reduced symplectic form on X,eq (see [19] or [21]). We also have that
if H denotes the complex vector subspace generated by n and Jn, then its
orthogonal complement H~ is contained in the tangent space of ;~1(0) and is
mapped to the tangent space of X,.q via a complex isometry.

Now let § and 1) be gradings of 5y and A defined using Qeq, i.e. real functions
such that ) )

Qredlzo = re'™ Vols, and  Qeq|n = ¢e™ Vol,

for positive real functions r and g on g and A respectively. Now we can choose
an orthonormal basis {€;, &} of T;50 and {fi, fo} of T3\ such that

f] — eiwajéj
for numbers a; € (0,1). Then we have
degy, 1 (b) = a1 + g + 0(b) — (D).

Let us define the grading on L,. Let {fi, fo} be a lift of {f1, f2} to T,u~1(0)
which is orthogonal to . Then {n, fi1, fo} is an orthonormal basis of T}, L,. We
have

Q(na f17 f2> = Qred(fla f2) = qemw'
Thus we can define a grading of L, to be ¢ = 1.

Let us now define the grading on gy. Define S to be the tangent bundle to
oo N~ 1(0). Tt can be shown that since o is Lagrangian and transversal to 7
we have

TX=HoS®JS.
Now let ey be a unitary vector field along oo N p~1(0), which is tangent to oy
and orthogonal to oo N ~'(0). We can decompose ey = e) + ef where e, € H
and €] € S @ JS. In particular, since e is transversal to p~*(0), there is a
function ag : p1(0)Nog — (0,1) such that e = fe~™y for some positive real
function ¢. For any frame {e;, e5} tangent to oo N p~1(0) and lifting {é;, éx} we
have

9(607 €1, 62) = Q(@g, €1, 62) = Ee—iﬂ'aoQ(n’ €1, 62)
= le "™ Oeq(E1,8) = freim(@—ao),

Thus we can define a grading of o to be 8 = 0 — «y.

Let us now compute the Maslov degree at an intersection point b. We claim
that up to a hamiltonian deformation of oy, we can assume that at each in-
tersection point b, the tangent space to oo N u~1(0) is orthogonal to 7, i.e.
S, C H*. Indeed, given any smooth function h on X, the hamiltonian vector
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field of h - u restricted to p=*(0) is hAn. Thus we can locally choose h near an
intersection so that the hamiltonian flow of Ap will twist the tangent of space
of oo N p™1(0) so that it becomes orthogonal to 7.

In particular, if ey, ey € Sy are the lifts of é,é, and fi, fo are lifts of fi, fo
so that {n, f1, f2} is an orthonormal basis of T},L,, we have that f; = e"™e;,
since all these vectors are in H-. Moreover we must have eo(b) € H, i.e.
eo(b) = e~ ™0y, Therefore

deg,, 1,(b) = ap + a1 + ag + 0(b) — ()
=]+ oy + é(b) - &(b) = deg507)\(b).
O

In order to use this lemma in our situation one should prove the existence
of the Sl-invariant form . Now, recall that in the case of the cotangent
bundle of a smooth n-dimensional manifold, the Maslov degree at a transversal
intersection point b between the zero section and the graph of an exact one form
d¢ is n — Ind(¢,b), where Ind(¢,b) denotes the Morse index of ¢ at b. Since
the reduced space is a cotangent bundle (modulo a lattice), the above formula
holds in the reduced space. Hence, the above lemma would give

deg,, 1,(b) = 2 — Ind(J,, b).

Now, observe that J-holomorphic strips connecting two intersection
points b and b with boundary on ¢y and L, may exist only if DJ(b) = DI(V').
This is true for topological reasons. Indeed, a strip is a topological disc with
half of the boundary on o and the other half on L,. Assume DJ(b) =m € M.
Then the first half of the boundary gives a path (5(t), m), with 5(0) = b and
B(1) = b and the second half gives a path from (b, DJ(b)) to (b, DY(V')) in
Nr x Mg along the graph of Dv. If the disc exists with this boundary in the
quotient Ng X Mg/M, then the latter path must close up, i.e., we must have
DY(b) = DY(V).

We then have that in computing the Floer differential, cancellations may
happen only between points in (D¥)~!(m). Point (i) of the conjecture implies
that if wy(m) < 0, then all preimages of m have Maslov degree 1, therefore
there can be no cancellations, i.e., every point in the preimage of m contributes
1 to the dimension of HFi(op, Ly). In the case wy(m) > 0, then point (ii)
implies that every point in the preimage of m contributes 1 to the degree of
m, i.e., to wy(m). We will see in the next section that if wy(m) > 0, then
necessarily wy(m) = 1. In particular every point m with w,(m) > 0 contributes
one either to the dimension of H Fy(0y, L) or to the dimension of H Fy(cyg, Ly).
In particular, Theorem and Corollary imply that the conjecture is true
in the case 1 is strictly convex, so we have that

HFl(O'(), Lg) = HF()(O'(), Lg) =0

(6.10) ¥ strictly convex = {HFQ(JO, L) & CHDICM)
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and similarily

HFI(O'O,Lg) = HFQ(O'O,Lg) =0

(6.11)  —19 strictly convex =— {HFO(UO, L) & CHDICIM),

where the above isomorphisms are as vector spaces over C. Even if the above
conjecture is not true, we still believe that equalities are true, but it may
be harder to prove them. We believe that these can be proved with methods
similar to those of Abouzaid [I], [2].

7. HOMOLOGICAL MIRROR SYMMETRY CORRESPONDENCE

If o is a compactly supported section and L is one of the spheres constructed

above such that
[ooo] = [L],
then we can guess the sheaf &7, on X associated to L as follows. Letting .Z,
be the line bundle on X associated to o, then we should have a short exact
sequence
005y =%, — & —0.

In particular, Conjecture and Proposition (respectively imply that
0_k, (resp. oq) is a compactly supported section and its mirror line bundle is
O (D¢) where D¢ is the divisor corresponding to C (respectively Do = P! C
X). We have a short exact sequence

0— 0% — 0x(D¢) = O%(De)|p. — 0,

where the second arrow is given by tensoring with a section vanishing on D¢.
Using Theorem [5.6| (resp. Theorem [5.3)) we conclude that we should have

(7.1) &y, = 0x(Dc)|pes  (resp. &1, = O (PH|p1).

More generally, from formula (4.15)) (resp. (4.2])) and the fact that translation
by a section should be mirror to tensoring with the corresponding line bundle,
we should have

(7.2)  ELyepion = ZLw @ 0x(Do)|pe  (vesp. &y, =L @ O0x(P)[pr).
See also Corollary [5.7]

In the three-dimensional case, let us formulate this as a conjecture

Conjecture 7.1. The Lagrangian sections of f : X — R" and the Lagran-
gian spheres of type L, defined on each bounded connected component C' of
Ngr — A generate the derived partially wrapped Fukaya category of X and the
correspondence which maps a section to a line bundle over X as in Conjecture
and a sphere L, to the sheaf &7, supported on the divisor D¢ C X given
by

(7.3) EL, = .Z% |De

induces an embedding of the derived partially wrapped Fukaya category in
D Coh(X).
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In dimension 2, in [I4] Chan proves this conjecture for the part concerning
the spheres and in [I5] Chan and Ueda prove this conjecture for the sections.
They do not seem to discuss whether the two correspondences, i.e., the one
concerning the spheres and the one concerning the sections, are compatible
with each other. We now look at examples in more detail and discuss some first
simple evidence supporting the above conjecture.

Ezample 7.2. When X is the total space of Op1(—2), formulas (7.1)) and (7.2))

give
Er, = O0p(—=2) and &, = LAk ®Op(—2) = Op(—k —1).
Notice that oy intersects L; at only one point, so we must have:
HF*(0¢, L) ® C = C.
This corresponds well with the fact that

C forj=1,

J 3 (= ~ 17j (Pl (= =
Homﬂbcoh(i()<OX’O]P> (=2)) = H/(P", Op:(-2)) {O otherwise.

More generally, # (o9 N L) = |k| and all intersections have the same Maslov
degree, hence

HF* (09, L) @ C = CH.
This corresponds to the fact that
Homy o 5y (O, Oz (—k = 1)) = H*(X, Op1 (—k — 1)) = CI

Notice that as line bundles on P!, &, _, = &} ®wp1, s0 &, and &, are related
by Serre duality on P!. This matches the fact that # (oo N L_1) = #(0¢ N Ly)

Ezample 7.3. In dimension 3, when X is an open set in the total space of

Op2(—3) as in Examples and we have
lo500] = Ls.
Then, since Ko = —3, formula becomes
ElLgpyr = Lk—2lp> = Op2(—k — 2).
Formula and the observations and imply
HF*(09, Logs1) ®2 C = CI"51,
This matches the fact that
Hom, o (O, Oz (—k — 2)) 2 H* (P, 0pa(—k — 2)) = €175,

Notice also in this case, that &7,_,,,,, = Op2(k—1) and &7, , = Opz2(—k—2) are
related by Serre duality on P?. This matches the fact that # (oo N L_(211)) =
#(00 N Lopy1).
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7.1. Lagrangian spheres and cohomology of line bundles. In this section
we gather some more evidence supporting Conjecture [7.1] In particular we will
prove the following:

Theorem 7.4. For all Lagrangian spheres L, in X over C, we have the following

Homy, e ) (O, Lt p,) = CHH 0
(7.4) 2

Homgfgoh(x)(o)g, ZKCT4 |Dc) o~ Cheve"(Lz)

where h°44(L,) and hev*"(L,) are defined in (6.8).

Remark 7.5. In the case the semi-integral support function ¥ with kinks ¢ (or its
opposite —1) is strictly convex, the above theorem, together with observations
(6.10) and (6.11)), implies

Hom%)bCoh(X)(oX’ g@ |DC) = HFl(O-Oa LZ) =0,

HOm%\fgoh(X)(OX, g% ’DC) & HFeven<0,0’ Lg)

(7.5)

We have
Hom*ﬂbcoh()z)(o)bg@bc) = H*(DQ«XK%—E |De)-

Recall that D¢ is a toric surface given by the fan ¥ whose cones are the
tangent wedges to the simplices containing ve € C. Let us denote by X¢(1)
the one-dimensional cones of Y. If € is an edge emanating from v, its tangent
wedge is a one-dimensional cone of ¥, so by slight abuse of notation we write
¢ € Yc(1). We also assume that for every é € (1) the tangent vector ng
points outward from vg, so that ng is a primitive integral generator of the
one-dimensional cone é.

We now describe a support function on |X¢| corresponding to the line bundle
Lrc—t|py. Let Yk, be a support function for the canonical bundle on D¢. In

2

particular we require that

(7.6) Yre(ne) = —1

for all ¢ € ¥ (1). It can be easily verified that a support function for the line
bundle Zx.-¢|p, on D¢ is given by
2

(7.7) ¢:%%%—ﬁ,

where 9 is the semi-integral support function whose kinks are £/2.
Cohomology of line bundles on a toric variety can be computed in terms of
support functions as explained in Section 3.5 of Fulton’s book [I8] (or in Chapter
9 of the book by Cox, Little and Schenk [I7]). Recall that our convention for
support functions is opposite to the one used by Fulton (op. cit.) or by Cox,
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Little and Schenk (op. cit.). In our case |X¢| = Ng = R?, so we proceed as
follows. For every m € M let

Z(m) ={n € Ng| (m,n) +¢(n) > 0}.
For every 7, consider the relative cohomology groups:
H'(¢,m) := H'(Ng, Ng — Z(m); C).

Then the cohomology of the line bundle .Z), over D¢, given by the support
function 1, is computed by

H'(De, %) = €D H'(v,m

meM
Now let
Qo={m e M|Z(m) = Ng},
Q1 ={me M|[{0} € Z(m) & Nr},
Qs ={me M|Z(m) = {0}}.
Furthermore, for every m € @)1, let
hy(m) = bo(Ni — Z(m)) — 1,
where by denotes the 0-th Betti number. Then one can show that
H(D¢, £,) = C*,
(7.8) H'(Do, ) = P €,

meQ1
H?*(De¢, %) = C#Q2,
Letting v be given by , we have the following:
Lemma 7.6. For every é € ¥¢(1) and every m € M, we have
(m,ne) +1(ng) >0 <= (m,ng) —J(ne) > 0,
(myneg) +1(ng) <0 <= (m,né) —9J(ng) < 0.
Proof. Both equivalences follow from ([7.6) and (7.7). In fact,

(m,ne) +1(ng) >0 < (m,ng) — ¥ (ng) > %

On the other hand recall that 9(n;) = %

5 mod Z for every ¢ € X¢(1). Therefore

1

(m,ng) —d(ne) >0 = (m,ng) — I ng) > 5
Hence applying (7.6)) and (7.7]) gives the first equivalence. The second equiva-
lence follows immediately since we cannot have (m,ng) — J(ng) = 0. O

Let
W(m) = {n € Na| {m,n) — d(n) = 0},
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Lemma 7.7. For every m € M we have
Z(m) = Ng <= W(m) = Np,
Z(m)={0} <= W(m) = {0}.
Moreover, for all m € Qq,
bo(Ng — Z(m)) = bo(Ng — W(m)).

Proof. We have that Z(m) = Ng if and only if (m,ns) + 1(ns) > 0 for all
¢ € 3¢(1). Similarly Z(m) = {0} if and only if (m,n:) + ¥(ns) < 0 for all
¢ € ¥c(1). Therefore the first two equivalences follow from Lemma [7.6]

Label a cone of ¥, of any dimension, with a “+” if it is entirely contained
in Z(m) and denote by Z*(m) the union of the cones of ¥ which are labeled
with a “+”. Observe that a two-dimensional cone is labeled with a “4” if and
only if both its boundary edges are labeled with a “+”. It can be easily proved
that Ng — Z(m) is a deformation retract of Ng — Z*(m). Therefore

bo(Ng — Z(m)) = by(Ng — Z1(m)).

We can also consider a different labeling. Label a cone with a “+47 if it is
entirely contained in W (m) and denote by W (m) the union of the cones of
Y which are labeled with a “+”. Again, one can show that Ng — W (m) is a
deformation retract of Ng — W7 (m), so that

bo(NR — W(m)) = b()(N]R — W+(m))

On the other hand Lemma |7.6| implies that Z*(m) = W*(m). This completes
the proof of the Lemma. O

This lemma implies that we can compute the cohomology of .Z,, by replacing
the subsets Z(m) with the subsets W (m).

Given an oriented curve v and a point m ¢ 7, the winding number of ~
around m (see Definition coincides with the intersection number between
~v and a generic straight ray p emanating from m, oriented outward from m.
We write this as

(7.9) w.(m) =p-7.

If v is smooth (or piecewise smooth) the generic ray p intersects v transversely,
so p -y is defined by counting each intersection point with a sign depending on
orientations.

Let us now study the case v = 7,, where 7, is defined in . With some
abuse of notation we will denote by 7, its image in Mg. We will say that an
index j € 1,...,r corresponds to a non-degenerate edge of ~y, if 6,11 — 6; # 0.
Choose some m € Mg, m # 0 and consider the ray

pim(t) =m+tm, t>0.

If m is generic we can assume that every intersection point between p; and ~,
is in the relative interior of some non-degenerate edge of 7, . Moreover, we can
also assume that

(m,ng;) #0, Vje{l,...,r}.
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Definition 7.8. For every p € psm Ny, and j € {1,...,r}, let 6(p, j) be defined
as follows. If p does not belong to the segment from QNj to §j+1, then d(p,j) = 0.
If p belongs to the segment from éj to 9~j+1 then 0(p,j) =1 (resp. d(p,j) = —1)
if {m,0;,1 — 0;} is a positively (resp. negatively) oriented basis of M. Define

S(p) = Zé(p,j)-

Then formula (7.9)) for w., becomes
w,(m) = Z o(p)-

PEPmMYe

Lemma 7.9. If p € ps N, belongs to the edge from éj to éjH, then, for any
n in the interior of the cone v;,

0(p. 7) = = sign((fy41 = Bj,m ) (m, e, ).

Proof. Recall that é; is the common intersection between the cones v; and v 4.
For any n in the interior of v;, we have that {n,ne,} is a positively oriented

basis of Ng, therefore {m, §j+1 - é]} is a positively oriented basis of My if

<0~j+1 — éj,néj> (m,n) — <0~j+1 — éj,n> (m, néj> > 0,

otherwise it is negatively oriented. On the other hand, by definition of the
support function, we have

<0~j+1 — éj,néj> = 0.
Therefore the claim follows. OJ
Now let S C Ng be a circle centered at the origin and define semicircles
St=85n{ne€ Ng| (m,n) >0}, S =Sn{neNg| (mn)<0}.
Consider the function 7" : S~ U ST — R given by

(m, q)
We now prove that the intersections between p; and 7, are in correspondence

with local maxima and minima of T'(q).
We have the following:

T(q) =

Lemma 7.10. For a generic choice of m we have that a point ¢ € ST U S~ is
a local maximum or minimum of 7" if and only if ¢ € é; for some j € {1,...,7}
corresponding to some non-degenerate edge of 7, and m+T'(q)m is on the edge
joining 0~j and §j+1.
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Proof. Let us first show that if ¢ is a local maximum or minimum of 7', then ¢
is not linear in a neighborhood of ¢. By definition T'(q) satisfies

(7.10) (m +T(q)m, q) —9(q) = 0.
We assume that g € S7, the case ¢ € ST is analogous. In particular we have
(m,q) <0.

If ¢ is a local minimum of 7" on S~ then ¢ is also a local minimum of 7" restricted
to the line which is tangent to S~ at g. Write this line as ¢ — ¢ + t¢*, where
¢* is a tangent vector to S~ at ¢ and ¢ € R. If ¥ is linear in a neighborhood of

q then it is easy to see that for small values of |t| we must have

a—+ bt
T(Q+th) - c+dt

for some real numbers a,b, c,d. From the genericity assumption of m we can
also assume that this function is not constant. Then this function in ¢ does not
have a local minimum in ¢ = 0. So ¢ cannot be a local minimum (or maximum)
of T"on S™. Hence we must have g € ¢; for some j such that §j+1 — 0~j # 0.

We now prove that m + T'(¢)m is on the segment joining 9~j and §j+1. We
assume that ¢ is a local minimum, the local maximum case being similar. We
have that for all ¢ € v, ;1 NS~

T(q) <T(q)
and for all ¢" € v; NS~
T(q) <T(q")
hence
(7.11) T(q) (m.q") = T(d) (m.q") ., T(q){m,q") =T (¢") (m,q").
If we add (m, ¢') to both sides of the first inequality, we apply to ¢ and
we observe that ¥(¢') = <§j+1, q’> we get

(7.12) (m+T(q)m,q) > <§j+1, q’> :
Similarly from the second inequality of ([7.11]) we get
(7.13) (m+T(q)m,q") > <9j, q”> :

Equation ([7.10)) implies that
<m + T(q)m,né].> = <0~j+1,néj> = <§j,néj> )

This implies that m + T'(q)m = s(8,1 — ;) + 6; for some s € R. Let us show
that s € [0,1]. Using m + T(q)m = s(f;41 — ;) + 0, in inequalities (7.12) and
(7.13]) we obtain

(7.14) (s —1) <§j+1 - éj,q'> >0 and s <9~j+1 - éj,q”> > 0.
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Since <§j+1 — éj, néj> = 0 only the following two things can happen:

(7.15) <9~j+1 — éj,q’> <0 and <§j+1 — éj,q”> >0

or

<éj+1 — éj, q/> >0 and <0~j+1 — éj, q”> < 0.
The latter inequalities and ([7.14)) cannot hold together, while the former in-
equalities and ([7.14)) imply that s € [0,1]. We conclude that if ¢ is a local
minimum of 7'(q), i.e. (7.14) holds, then the former inequalities must be satis-
fied and s € [0, 1]. The converse is also true and we leave it to the reader. [

This lemma implies that if p € pz N, then
p=m+T(q)m

for some ¢ € ST U S™, with T'(q) > 0 and ¢ is a local maximum or minimum.
Notice that this may happen for more than one value of ¢. In this case p belongs
to more than one edge, i.e., it is a multiple intersection. We have the following

Lemma 7.11. If p € ps Ny, and p = m + T(q)m for some ¢ € é;, then

, 1 if ¢ is a local minimum of 7',
o(p,j) =

—1 if ¢ is a local maximum of 7.

Proof. Let us assume first that ¢ € S~ and that ¢ is a local minimum. In
particular

(7.16) (m,ng,) <0

since ng, is a positive multiple of g. Moreover, since ¢ is a local minimum, we
saw in the proof of Lemma q that for any ¢” € S™ Ny, the second inequality
in holds. Hence Lemma (7.9 applied with n = ¢” gives d(p,j) = 1.
Similarly we can reason in the cases where ¢ € S7, but it is a maximum;
¢’ € ST and it is a minimum; ¢” € St and it is a maximum. O

Corollary 7.12. Let Maxy> be the set of local maxima ¢ of 7" such that
T(q) > 0 and let Miny>( be the set of local minima g of T" such that T'(¢) > 0,
then

(717) W-, (m) = # MinTZO - # MaXTZO .
Proof of Theorem[7.4) Let us first prove that
(7.18) m € Qp = w,,(m) = 1.

It follows from Lemma [7.7) that m € Q) if and only if
(m,ny —9J(n) >0, VYne Nr—{0}.

Therefore if m € Qq, then T|s- > 0 and T|s+ < 0. We then have that all
points of Maxy>g and Minyso must be in S7. Now let ¢_, and g1~ be the two
boundary points of S~ (and of S*). We have that

lim T(q) = q_l)igl T(q) =400

d—q+o00
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where the limits are taken for ¢ € S~. Then (see Figure [19)), it can be easily
seen that

# MiHTzo = # MaXTzo +1.

+

FiGURE 19. The fan and the graph of T" in the case m € Q.

Now follows from Corollary . Similarly one can show
(7.19) m € Q = w,,(m) = 1.
In fact in this case m € @) if and only if
(m,n) —v(n) <0, Vne Ng—{0}.

Then the same proof holds replacing S~ with S*.
We now prove that

(7.20) m € Q1 = w,,(m) =1—by(Ng — W(m)).

If m € @4, the set W (m) is a union of a finite number of closed angular sectors
(which may also be non-convex). We only consider maximal sectors, i.e., those
which are not contained in strictly larger sectors which are also contained in
W(m). We call these sectors “white sectors”. The complement Ng — W (m) is
also a union of open angular sectors, i.e., its connected components. We call
these sectors “black sectors”. Clearly by(Ng — W (m)) is either the number of
white sectors or of black sectors. We call the intersection of a white sector
(resp. black sector) with ST or S~ a white arc (resp. black arc). It can be
easily seen that T is non-negative on white arcs contained in S~ or on black
arcs contained in S*. Vice versa T is negative on black arcs contained in S~
or on white arcs contained in ST. It is clear that an arc in S, either black or
white, can be of three types: i) it coincides with S7; ii) its boundary consists
of a point in S~ and one of the points ¢i.; iii) both its boundary points are in
S~. Similarly we classify arcs in ST. The number of local minima of T inside
a white arc in S~ of type (i) is one plus the number of local maxima inside
the same arc. Therefore, from formula , a white arc in S~ of type (i)
contributes 1 to the computation of w,,(m). Similarly we can say the same of
a black arc in ST of type (i). On the other hand, the number of local minima
of T inside a white arc in S~ of type (ii) is the same as the number of local
maxima inside the same arc (see Figure . So that a white arc in S~ of type
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(ii) does not contribute at all to the computation of w,,(m). Similarly we can
say the same of a black arc in ST of type (ii). Finally, the number of local
minima of 7" inside a white arc in S~ of type (iii) is one less than the number
of local maxima inside the same arc (see Figure . Similarly we can say of a
black arc in ST of type (iii). Therefore a white arc in S™, or black arc in S,
of type (iii) contributes —1 to the computation of w.,(m).

_ ++
- T
Y ad)
s- \
+
+ S+
+

F1GURE 20. The fan and the graph of T when m € ();. Black
sectors are shaded. In this case S~ has one white arc of type (iii)
and one of type (ii).

The final step of the proof is just a simple combinatorial problem. Let w™
and w~ be the number of white arcs of type (iii) respectively in S* and in S~.
Similarly let b* and b~ be the number of black arcs of type (iii) respectively in
St and S™. If S~ consists of one white arc of type (i), then all black arcs in
ST are of type (iii) and, from the previous considerations, we have

w,,(m) =1—10b".
It can be seen that b = wt + 1 and that
bo(Ng = W(m)) =1+w" =0b",

which implies ([7.20)). Similarly one deals with the case when S consists of one
black arc.
Now suppose all white arcs of S~ are of type (iii) and w™ > 1. Then we have

w,,(m) = —w™ —b*,
V(Ng —W(m)) =b" +b" +2.
Moreover w~ = b~ + 1. Therefore we obtain (7.20). The case where all black
arcs of ST are of type (iii) and b~ > 1 is similar.

We do the case when S~ has one white arc of type (ii) and one black arc of
type (ii). In this case the same is true for ST. So we have

{4

BO(Ng — W(m)) = b~ + b + 1.

Wy,
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Moreover b~ = w™, which gives . The last cases to consider is when S™
does not contain white arcs or ST does not contain black arcs. We leave these
to the reader.

In particular this shows that if m € @, then either w,,(m) is zero or it
is negative and equal to —hy(m). Therefore w,,(m) is positive if and only if
m € Qp or m € @2, in which case w,,(m) = 1. The conclusion of the theorem
now follows from ([7.8]). 0J

Ezample 7.13. Let X be the total space of the canonical bundle of the one-point
blowup of P2. It is obtained from the polytope

P = Conv{(0,1), (~1,1), (=1,0), (1, 1)}

with the subdivision whose interior edges connect each vertex of P with the
unique interior integral point (0,0). Then Mg — I" has just one bounded com-
ponent C' corresponding to ve = (0,0). Clearly D¢ is the one point blowup of
P2, The fan ¢ has one-dimensional cones generated respectively by 7 = (0, 1),
ny = (—1,1), n3 = (—1,0), 7y = (1, —1). Then consider the twisting numbers

(= (—14,5,—14, —9).

The curve v, is pictured in Figure[21} There are 10 integral points with winding
number 1 and 3 points with winding number —1. We have

KC = (_2a _1a _2a _3)a

and K 0
o —
= (6,-3,6,3).
2
ﬁg ny
/ (J
oo
- o O 0 O
n3 o D o
A\ AV U
oD o 1
\ A%
. €
n4
Figure 21.

According to Conjecture these four numbers are the intersection numbers
of the sheaf &7, corresponding to L, with the curves on the toric boundary of
D¢. If we denote by H the hyperplane section in Do and by E the exceptional
curve of the blowup, one can see that

&, = Op.(3H + 3E).
We have
H°(D¢,&,) =C",  HY(D¢,&,) =C* H*(Dc¢,&L,) = 0.
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8. SPHERICAL OBJECTS AND A,,-CONFIGURATIONS

In this section we will use the results of the previous sections to find sheaves
which, according to our Conjecture[7.1] are mirror to the Ayy_;-configuration of
vanishing cycles in a smoothing of a Ay 1-singularity. This refines a conjecture
of Seidel and Thomas [32].

8.1. Definitions and examples. When L is an embedded Lagrangian sphere
of dimension n > 2, the Floer homology H F*(L, L) ®g C is isomorphic to the
standard cohomology of the sphere with C coefficients, i.e., it is C in degrees
0 and n and 0 elsewhere. So morphisms of the mirror object € should satisfy
the same property. This justifies the following definition of Seidel and Thomas
[32]:

Definition 8.1. Given a Calabi-Yau manifold X, an object & € D*Coh(X) is
spherical if HomT@bCoh(X)(E? €) is C when r = 0 or n, and zero in all other
degrees.

Now suppose we have a chain of embedded Lagrangian spheres Lq,..., L,
such that L; intersects L; transversely in one point if |[i —j| = 1 and L;NL; = ()
if |i—j| > 1. Then we have that HF*(L;, L;) ®gC is C when |i—j| = 1 and zero
when |i — j| > 1. Such a configuration of spheres is called an A,,-configuration.
This justifies the following:

Definition 8.2. Given a Calabi-Yau manifold X and m > 1, an A,, configuration
in D°Coh(X) is a collection of spherical objects &1,. .., &, such that

1 li—jl=1,

dime Homiy e, xy (€45 €5) = {o i—j|>1

Let X be an n-dimensional Calabi-Yau manifold. Assuming that X is com-
pact, a simple class of spherical objects in D®Coh(X) is given by line bundles.
More generally consider a submanifold ¥ C X and sheaves supported on Y.
We denote by ¢ : Y < X the inclusion. If £ is a sheaf on Y, by slight abuse of
notation we will denote by £ also the sheaf on X given by ¢,£. We have the
following (see Lemma 3.7 of [32] for a proof):

Lemma 8.3. Let X be an n-dimensional quasi-projective smooth variety and
Y C X a connected compact submanifold of codimension r, whose normal
bundle v satisfies H (Y, A\’ v) = 0 when 0 < i + j < n. Then Oy € D°Coh(X)
is spherical.

More generally we have

Corollary 8.4. With the same hypothesis of Lemma(8.3] let £ be a line bundle
on X and Ly = £ ® Oy. Then Ly € D*Coh(X) is spherical.

Proof. If follows from the fact that Ext’ (Ly,Ly) = Exth(Oy, Oy) (see [28],
Proposition 6.7, pg. 235). OJ
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Observe that when Y is a hypersurface in a Calabi-Yau manifold X, then
the condition on the cohomology of the normal bundle of Y becomes
(8.1) H(Y,0y)=0,i=1,...,n—1.
Indeed, this is clearly the necessary condition for 7 = 0, and for j = 1, one
needs H'(Y,wy) = 0 for 0 < i+ 1 < n, or by Serre duality H" (Y, 0y) = 0
for 0 < i+ 1 < n, which is equivalent to the above condition. In the case X is
a 3-fold, these conditions hold when Y C X is a rational surface.

In the case of a rational curve C' in a 3-fold X, then we must have that
(8.2) v = OC(_].) S7) Oc(—l).
These are called (—1, —1)-curves.

Let us now give some examples of A,,-configurations.

Lemma 8.5. Let X be a quasi-projective Calabi-Yau 3-fold, Y a smooth,
compact, embedded surface in X satisfying and C' an embedded rational
curve satisfying . Assume that C' and Y intersect transversely at a point.
Given a line bundle £ on X, let £€; = £y and &, = O¢. Then &; and &, form
an A,-configuration of objects in D*Coh(X).

This is a simple calculation which we leave to the reader. Another possible
configuration is the following:

Lemma 8.6. Let X be a quasi-projective Calabi-Yau 3-fold, Y a smooth,
compact, embedded surface in X satisfying (8.1) and C' an embedded rational
curve satisfying (8.2)). Assume that C' is contained in Y and that it has self-
intersection —1 in Y. Given a line bundle £ on X, let £&; = Ly and & = O¢.
Then &; and &, form an As-configuration of objects in DbCOh(X ) if and only
if
£|C = OC or Oc(l)
Proof. Consider the standard locally free resolution of Oy
(8.3) 0— Ox(=Y) 25 0y — Oy — 0,

where s is a section of Ox(Y') vanishing along Y. Now apply Hom(-, O¢) to
the sequence and we obtain the complex calculating Ext*(Oy, O¢):
(8.4) 0 — Hom(Ox,0c) — Hom(Ox(=Y),0¢).
Now
Hom(O0x,0¢0) = O¢
and
Hom(Ox(=Y),00) = 0x(Y)|c = wylc

= Vo ®@we = 0c(=1).

where v¢jy denotes the normal bundle of C' inside Y. Since there is no non-

trivial map from O¢ to O¢(—1), the second map in (8.4)) is zero, hence the only
non-trivial Ext sheaves are

ext’(Oy,0c) = Oc,  &at'(Oy,O0¢) = Oc(—1).



ON HMS OF TORIC CALABI-YAU THREEFOLDS 73

Hence the E5 page of the local-global spectral sequence computing Ext groups
(ie., By = H{(X,Ext! (Oy, O¢)) is non-zero at By = C. Hence & = Oy and
€y = O¢ form an A,-configuration since Ext’(Oy, O¢) = C and Ext"(Oy, O¢) =
0 when r > 0. In the case & = Ly, then a resolution of £y is obtained by
tensoring by L£. Then the same calculation leads to the following non-
trivial Ext sheaves

Ext’(L,00) = L1 ® Oc = Oc(—k),
Ext'(L,00) = L7 ® Oc(—1) = Oc(—1 — k)
using L|c = O¢(k). The spectral sequence then gives that
Hompconx) (Ly, Oy)
is only one-dimensional in the cases k =0, 1. 0

We will also need the following:

Lemma 8.7. Let X be a quasi-projective Calabi-Yau 3-fold, Y; and Y5 a pair
of smooth, connected, compact, embedded surfaces in X. Assume that Y7 and
Y, intersect transversely along an embedded rational curve C' and let m be the
self-intersection number of C' inside Y;. Given a line bundle £ on X, suppose
that

Llc = O¢(k).
Then dim(Hompsgyx)(Ovi, £v;)) = 0 if and only if

k+m=—1.

Proof. Consider the sequence (8.3 applied to Y; and take Hom(-, Ly,). We
have the complex

0— J’COm(Ox,LYQ> — J’COm(Ox<—1/1),£y2)

which becomes
0— Ly2 — OX(}/l) X Lyz
where the first map is tensoring with a section s of Ox(Y;) vanishing on Y;. In
particular the first map is injective. So the cohomology of the complex gives
Ext’(Oy,, Ly,) =0
and
8:13‘t1<(9y1,£zy2) = VC|y, (29 L’C = Oc(k + m)

Then, dim(Hompucox)(Ovi: £y;)) = 0 if and only if Oc(k + m) has no coho-
mology, i.e., if and only if k +m = —1. U

In particular, let Y7, Y5 and C' = Y; NY; be as in the above lemma, such that
Y] and Y5 satisfy and C' satisfies . If C has self-intersection —1 inside
Ys, then € = Oy,, €5 = O¢ and €5 = Oy, form an As-configuration.

There are other possibilities, for instance suppose that Y7, Y5, £ and C are
as in the Lemma above, with k +m = —1. Suppose C’ is another embedded
rational curve contained as a —1 curve inside Y5 and intersecting Y] transversely
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in one point. If Y7 and Y5 satisfy (8.1) and C” satisfies (8.2), then &; = Oy,
€y = Ll and €3 = Ly, also form an As-configuration.

8.2. Agg_p-singularities. A,,-configurations of Lagrangian spheres appear nat-
urally as vanishing cycles of certain singularities. In fact consider the singularity
defined by the equation

(8.5) % 4+ y? 4wt 4 0? = 0.

This singularity is said to be of type Asy_1. If X is the smoothing of this
singularity given by equation

(8.6) Pyttt =e

then X contains 2d — 1 Lagrangian spheres Ly, ..., Loy 1 representing vanish-
ing cycles in H3(X) and forming an As;_j-configuration of Lagrangian spheres.
Seidel and Thomas propose a possible mirror manifold X and make a guess at
what the corresponding Asq 1 configuration of objects in X might look like.
They propose that X is a Calabi-Yau manifold which should contain embedded
smooth surfaces So, 54, ..., 542 and curves C1,Cs, ..,
(C54-1 such that the following holds

1) each Sy; is isomorphic to P? with two points blown up;

2) Sgiﬂng:@if ’Z—j‘ > 1;

3) Sai_2 and Sy; are transverse and intersect in Cy;_1, which is a rational
curve and has self-intersection —1 both in Sy;_o and in Sy;.

Let €y = Og,; and €31 = Oc,,_,. Then it follows from the discussion in the
previous section that &€1,...,E5; 1 do indeed form an Asy ;-configuration of

objects in D*Coh(X).

8.3. Mirror Ay,;_; configurations. Here we use our results to make a different
and more precise proposal than the one by Seidel and Thomas described above.
First we describe the vanishing cycles using the constructions of Sections and
4.4] then we use Conjecture to find their mirror objects in D°Coh(X) and
we prove that they form an Ay configuration. As in Example 2.12] let X be
given by equation . We observed that X is a smoothing of the singularity
ry = 22 + w?, which is equivalent to the one in by a simple change of
coordinates. Here we choose a subdivision of P such that every compact toric
divisor of X is a one point blow-up of a Hirzebruch surface (see Figure |§| for the
case d = 3). The fibration f : X — R? has as discriminant locus a fattening
of the tropical curve in Figure |§| (for the case d = 3). The Lagrangian spheres
will be of two types. First we will have d — 1 spheres which are of the type
constructed over the d — 1 bounded regions Cf, ..., Cy_; of the complement of
[ (as in . Let us denote these by M, ..., M, (see next paragraph for a
precise definition). For j = 1,...,d, consider the edge, in the subdivision of P,
which connects the point (7 —1,1) to the point (j,0). The dual to this edge in
" is an edge over which we can construct spheres as in §4.4] Over every such
edge we take the sphere constructed with £ = 0. Let us denote these spheres
by Ni,..., Ng. The divisor D; in X corresponding to C; is isomorphic to the
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one point blowup of a Hirzebruch surface of type j. Let us label and order the
edges of C; as in Figure[9] According to this ordering we have

Ko, =(j—2,-1,-1,—j —1,-2).

Recall that a sphere over C; is determined by numbers ¢; = ({;1,...,¢;5)
whose entries have the same parity as the corresponding entries in K¢;.

Let us consider spheres with minimal twisting numbers, i.e., such that the
entries of ¢; are either 0 or 1. So we can define

~ J(~=1,1,-1,0,0) when j is odd,
7 1(0,-1,1,—1,0) when j is even,

see Example . It can be easily checked that the above choices satisfy .
We define M; = Ly,. It is not hard to see that M; M), = () when j # k. This is
clear if |k — j| > 2. In the case k = j+ 1, this is because the only possible place
where they could intersect is along the common edge of C; and C} 4, but along
this edge the twisting numbers are the same for both spheres. This implies that
along this edge the image of the maps A; and A;;1, defining the spheres over
C; and Cj4; respectively, can run parallel to each other without intersecting.

We now use Conjecture to construct the sheaves which are mirror to the
spheres M;. If we let
s Ke, — fj,

2

then formula ([7.3)) tells us that

&1, = Zl,.

{4

We have that

(5.7) . {Li—La—“%—n when j is odd,
. j -

(52,0,—1,—%,—1) when j is even.

It is not hard to see that #(N; N M;) = #(N;+1 N M;) = 1. Figure
shows how these spheres intersect. It is clear that #(N; N M) = 0 when
Jj—k # 0,1 and that #(N; N N;) = 0 when j # k. The fact that #(M; N
M) = 0 when j # k is explained above. Therefore the collection of spheres
(Ny, My, ..., My 1, Ng) gives an Ayy_j-configuration of objects of D’Fuk(X).
One can also show that the Lagrangian spheres can be constructed so that the
intersections are transversal.

Now observe that the edge in the subdivision of P connecting (7 — 1,1) to
(7,0) corresponds to a rational curve in X satisfying . Denote this curve
by ]P’Jl-. As mirror to the spheres Nj, let us propose the sheaf

We have the following

Proposition 8.8. The collection of sheaves (&n,, &y, - - -5 En,_,» Er,) defines
an Ayg_-configuration of objects of D*Coh(X).
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FIGURE 22. The picture shows the intersection of IN; with the
surface S and the spheres M; and M,;; (shaded areas). The
intersection points of N; with M, and M, are the two black
dots.

Proof. Since the divisors D; are one-point blow-up of Hirzebruch surfaces, they
all satisfy . As we said, the curves le- all satisfy . Therefore Lemma
and Corollary imply that the sheaves &, and are spherical objects.

Observe that IP’; and D; intersect transversely at one pomt therefore Lemma
implies that, for every j, &y, and &, form an As-configuration of objects. The
curve P}, is contained in D; and has self-intersection —1 inside D;. Observe
that P! 11 corresponds to the edge e;3 of Figure his implies that &y, |JP’}+1 is

8.7

determined by the third entry of x; in formula (8.7)), i.e., we have

Op1. . when j is odd,
Evilpr = | = i+
EAREES| wj 1P

O]P;H(—l) when j is even.
Now let .# be any line bundle on X such that Z|P;+1 = OP;+1(1). We have
HOIH@Z,C 5 X)((ng 7@(0N ) HomeC h(X (ngM ,Opl (—1))
:HomeC h(v ((gaM@g Opl 1(—1)®$>
= HomeC h (é(’M ®.,§/ﬂ O]P;l )
Now observe that

OP}H(l) when j is odd,

OPLH when 7 is even.
J

éan ® g‘P}Jrl = {

It follows from Lemma that &y, ® £ and OP}H form an As-configuration
0

of objects, therefore also &y, and &y,
It remains to show that

(8.8) dim (Hom*DbCOh(X)(gMj7£Mj+l)) =0.
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Notice that D; and D;;, intersect in a rational curve () corresponding to the
edge ejy of C;, which also coincides with the edge e(j;1); of Cj41. We have that

Hom%bcah(X)((ggMj’ £M7+1) = Hom;)bcoh(X)(ODwg—ﬂj ® ZHJ‘H |Dj+1>'
Observe that we always have —r;4 + K(j41)1 = j. This implies
"g_"‘?j ®$fij+1|Q = OQ(j)'

Considering that the self-intersection of ) inside D; 4 is —(j+1), equality (8.8)
follows from Lemma [8.7] This completes the proof. O

Recall that a Hirzebruch surface of type j is defined as £; = P(Op1 & Op1(j)).
The second cohomology H?*(X;,C) is spanned by divisors B and F, where
B = P(Op:(j)) C X; and F is the fibre of the projection onto P'. The one
point blowup of ; has second cohomology spanned by B, F' and the exceptional
curve E. We have

BZZ_]', F?=0, E*=—-1, B-F=1, E-F=E-B=0.

In our picture for D; (in Figure @, the divisor B corresponds to the edge e;ji,
F corresponds to ej5 and E to ej3. Using these facts, it is easy to show that

- ,
—B—IHp j odd,

En, .
M ~B-12F 1 B jeven

J

:Zﬁj|Dj =
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