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Novel quadratic Bézier triangular and tetrahedral elements using
existing mesh generators: Extension to nearly incompressible implicit

and explicit elastodynamics in finite strains
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Swansea Academy of Advanced Computing,

Swansea University, Bay Campus, Swansea SA1 8EN, Wales, UK.
(c.kadapa@swansea.ac.uk)

Abstract

We present a novel unified finite element framework for performing computationally efficient large strain
implicit and explicit elastodynamic simulations using triangular and tetrahedral meshes that can be generated
using the existing mesh generators. For the development of a unified framework, we use Bézier triangular
and tetrahedral elements which are directly amenable for explicit schemes using lumped mass matrices,
and employ a mixed displacement-pressure formulation for dealing with the numerical issues arising due
to volumetric and shear locking. We demonstrate the accuracy of the proposed scheme by studying sev-
eral challenging benchmark problems in finite strain elastostatics and nonlinear elastodynamics modelled
with nearly incompressible hyperelastic and von Mises elastoplastic material models. We show that Bézier
elements, in combination with the mixed formulation, help in developing a simple unified finite element
formulation that is accurate, robust and computationally very efficient for performing a wide variety of
challenging nonlinear elastostatic and implicit and explicit elastodynamic simulations.

1 Introduction
Finite element method (FEM) has been a highly successful numerical scheme for the computer simula-
tion of solid mechanics problems over the past few decades. Today, FEM is one of the well-established
numerical techniques with a strong mathematical foundation and a plethora of open-source and commer-
cial software suites with simulation capabilities for a wide range of solid and fluid mechanics problems.
Among the various schemes in the paradigm of finite element methods, those based on the triangular and
tetrahedral elements receive considerable attention from the simulation engineers. This interest is because
of the ease of mesh generation with triangular and tetrahedral elements even for highly intricate and com-
plex real-world geometries. The ease of mesh generation with triangular/tetrahedral elements has driven the
development of many numerical techniques for performing simulations using these elements. While numer-
ous established finite element schemes that are accurate and efficient in overcoming volumetric-locking and
shear-locking using implicit formulations are available today, such schemes are still a scarcity for explicit
dynamic simulations which find many useful applications in Engineering. Few such applications are im-
pact and crashworthiness simulations in the transportation industry, simulation of manufacturing processes
such as deep drawing in the manufacturing industry and complex geomechanics simulations in geotechnical
engineering.

Notwithstanding the tremendous amount of research that gone into the development of finite element
techniques for the simulation of complex engineering problems, unified finite element formulations that are
accurate, robust and computationally efficient, and, more importantly, that are applicable for elastostatic and
implicit elastodynamic as well as explicit elastodynamic simulations of problems modelled with nearly in-
compressible hyperelastic and elastoplastic material models, are still lacking. This deficiency is mainly due
to a few disadvantages of triangular/tetrahedral Lagrange elements that limit their applicability to explicit
elastodynamic simulations consisting of nearly incompressible elastic and elastoplastic material models.
These disadvantages are:

• Despite their straightforward applicability to explicit schemes, the performance of linear triangu-
lar/tetrahedral Lagrange elements is quite poor, even for compressible materials, using the pure dis-
placement formulation, and they are practically useless for nearly incompressible and elastoplastic
material models.
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• Although higher-order Lagrange elements are less prone to volumetric- and shear-locking, they pose
serious issues when used with the explicit schemes.

To overcome the above-discussed issues and perform accurate numerical simulations using explicit
schemes with triangular/tetrahedral meshes, various numerical schemes have been proposed over the past
few decades. The discussion of all such numerical schemes is beyond the scope of the present work. We
discuss only some important contributions and refer the reader to the references therein for further details.

Some notable contributions towards finite element schemes for performing the simulations of problems
modelled with nearly incompressible and elastoplastic material models using triangular/tetrahedral elements
are: fractional-step based projection schemes by Zienkiewicz and collaborators [1]; averaged nodal pressure
approach by Bonet et al. [2]; node-based uniform strain elements by Dohrmann et al. [3]; stabilised nodally
integrated elements by Puso and Solberg [4]; smoothed finite element method by Liu et al. [5]; F-bar
patch for triangular and tetrahedral elements by de Souza Neto et al. [6]; 15-node tetrahedral element with
reduced-order integration by Danielson [7]; mean-strain 10-node tetrahedral with energy-sampling stabil-
isation by Pakravan et al. [8, 9]; discontinuous Galerkin methods by Hansbo and Larson [10], Noels and
Radovitzky [11] and Nguyen and Peraire [12]; mixed-stabilised formulations for solid mechanics problems
by by Franca et al. [13], Maniatty and collaborators [14, 15, 16], Masud and Xia [17, 18], Chiumenti and
Cervera group [19, 20, 21, 22] and Scovazzi et al. [23, 24, 25, 26, 27]; and schemes based on first-order
conservation laws by Bonet, Gil and co-workers [28, 29].

Even though the above-discussed schemes address the difficulties in modelling nearly incompressible
materials to varying degrees of success, they do pose certain limitations in developing a unified finite ele-
ment framework that is accurate, robust and computationally efficient for performing elastostatic and im-
plicit elastodynamic as well as explicit elastodynamic simulations. The author believes that this deficiency
is mainly due to the long-lasting reliance of the majority of the finite element schemes on the Lagrange
family of elements which, due to some inherent disadvantages, do not offer a suitable framework for the
development of unified finite element formulations. Although the discontinuous Galerkin methods offer a
suitable framework for the explicit schemes, the introduction of additional solution variables, for example,
deformation gradient or stress, together with the computational cost incurred for the storage and the in-
version of element-wise consistent mass matrices, makes these schemes computationally less attractive for
large-scale simulations. Furthermore, higher-order Lagrange elements pose additional numerical difficulties
for contact-impact problems.

Towards addressing the issues associated with modelling nearly incompressible material models using
triangular and tetrahedral elements, especially, for explicit elastodynamics, and developing unified finite
element formulations, we have recently proposed a novel finite element framework by adapting the Bern-
stein polynomials from the paradigm of isogeometric analysis, see [30], and exploiting the existing mesh
generators for the Lagrange elements. In Kadapa [31], we have extended the B-bar formulation to quadratic
Bézier triangular/tetrahedral elements and demonstrated that the combination of the B-bar formulation and
Bézier elements yields a unified framework for elastostatic and implicit and explicit elastodynamics. In [31],
we have also proposed mapping techniques for generating the finite element meshes with Bézier elements
from the corresponding Lagrange elements. The present work is the extension of our previous effort [31] to
solid mechanics problems in finite strains. In particular, we focus on nearly incompressible Neo-Hookean
hyperelastic models and finite strain von Mises elastoplasticity.

In this work, we adopt the mixed displacement-pressure formulation which has been studied extensively
for solid mechanics problems, see [32, 33, 34]. In particular, in this work, we approximate the displacement
field using quadratic Bernstein polynomials and the pressure field either as an element-wise discontinuous
function or a linear Bernstein polynomials. These displacement-pressure combinations are tantamount to
the P2/P0 and P2/P1 elements in the finite element literature. By studying several challenging benchmark
examples, we demonstrate that this simple finite element framework is sufficient enough for performing
accurate and computationally efficient elastostatic as well as implicit and explicit elastodynamic simulations
of problems modelled with nearly incompressible hyperelastic and von Mises elastoplastic material models.
It is worth pointing out that the proposed work, especially, the explicit scheme, is not limited to quadratic
Bézier elements; it is also applicable for any suitable displacement-pressure combinations for which mass
matrices can be approximated as lumped mass matrices. Quadratic Bézier elements are used in this work
because of the ease of mesh generation by exploiting the existing mesh generators.

The outline of the paper is as follows. The governing equations and the finite element formulations
used in the present work are discussed in Section 2. First, the accuracy of the proposed work is assessed
by studying several elastostatic benchmark examples in Section 3. Later, the proposed scheme is applied
to study several challenging benchmark examples in nonlinear elastodynamics in Section 4. The paper is
concluded with Section 5 with a summary of the observations made and conclusions drawn.
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2 Finite element formulation for finite strains
The finite element formulations used in the present work are already well established in the finite element
literature. Therefore, we present only the important aspects of the formulations and refer the reader to any
of the standards textbooks on nonlinear finite element analysis, for example, Zienkiewicz and Taylor [32] or
Bathe [35] or de Souza Neto et al. [36] or Bonet and Wood [37], for the comprehensive details.

2.1 Governing equations
Consider an arbitrary solid body with Ω as its reference configuration. Under the influence of external forces,
the body assumes a new configuration, say ω. The new configuration can be represented with a mapping
φ : Ω → ω that takes a point X ∈ Ω to a point x ∈ ω. Following this, the new configuration, ω, can be
identified by a displacement field from the initial configuration, Ω. The displacement field is defined as

u(X) := φ(X)−X = x−X. (1)

Now, using the definition of the displacement field in (1), and for a given strain energy function W ,
several important strain and stress measures for the finite strain continuum mechanics are defined as

Deformation gradient, F := ∂x
∂X = I + ∂u

∂X , (2)

Right Cauchy-Green deformation tensor, C := FTF, (3)
Left Cauchy-Green deformation tensor, b := FFT, (4)

Green-Lagrange strain tensor, E := 1
2 (C− I) , (5)

Determinant of deformation gradient, J := det(F), (6)

First Piola-Kirchhoff stress tensor, P := ∂W

∂F = F S, (7)

Second Piola-Kirchhoff stress tensor, S := 2∂W
∂C = ∂W

∂E , (8)

Cauchy stress tensor, σ := 1
J

F S FT. (9)

Following the above definitions, the equations governing the elastodynamics in the finite strain regime,
in the original configuration, are

ρ0(X, t)a(X, t)−∇X ·P(X, t) = f0(X, t) ∀X ∈ Ω, t ∈ [0, T ] (10a)
u(x, t) = g0(X, t) ∀X ∈ ΓD, t ∈ [0, T ] (10b)

P(X, t) ·N = t0(X, t) ∀X ∈ ΓN, t ∈ [0, T ] (10c)
u(X, 0) = u0(X) ∀X ∈ Ω (10d)
v(X, 0) = v0(X) ∀X ∈ Ω (10e)

where T is the total time span; ρ0 is initial the density of the solid; u is the displacement vector; v(= du
dt )

is the velocity vector; a(= d2u
dt2 ) is the acceleration vector; u0 is the initial displacement vector; v0 is

the initial velocity vector; N is the unit outward normal on the boundary, Γ, of Ω; f0 is body force in
the initial configuration; g0 is prescribed displacement field on the Dirichlet boundary ΓD; and t0 is the
prescribed traction forces on the Neumann boundary ΓN. The Dirichlet and Neumann boundaries are such
that Γ = ΓD ∪ ΓN and ΓD ∩ ΓN = ∅.

2.2 Displacement formulation
For a given stored energy function, W , the total energy functional, Π, in the reference configuration, Ω, is
given by

Π(u) =
∫

Ω
W (C) dΩ − Πext (11)

where Πext is the energy contribution from the body and traction forces. Πext is given as

Πext =
∫

Ω
uTf0 dΩ +

∫
ΓN

uT t0 dΓ (12)
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Following the principle of variation and taking approximations for the displacement field, u, as

u = Nuu, (13)

the semi-discrete equations for displacement formulation may be written as

Muu a+ Fint,disp = Fext, (14)

where the mass matrix, Muu, the vector of external forces, Fext, and the vector of internal forces, Fint,disp,
are given by

Muu =
∫

Ω
ρ0 NT

u Nu dΩ, (15)

Fint,disp =
∫
ω

BT σ dω, (16)

Fext =
∫

Ω
NT
u f0 dΩ +

∫
ΓN

NT
u t0 dΓ. (17)

The semi-discrete equations for the displacement formulation in equation (14) can now be solved in time
using either explicit or implicit time integration schemes as discussed in the following subsections.

2.2.1 Implicit time integration
To obtain the implicit solutions in the present work, the generalised-α scheme of Kadapa et al. [38] is used.
Following [38], we get

Muu an+αm + Fint,disp(un+αf ) = Fext
n+αf (18)

where,

an+αm = αm an+1 + (1− αm) an (19)
un+αf = αf un+1 + (1− αf ) un (20)
Fext
n+αf = αf Fext

n+1 + (1− αf ) Fext
n (21)

vn+1 = αm
αfγ∆t (un+1 − un) + (αf − 1)

αf
vn + (γ − αm)

γαf
u̇n (22)

an+1 = αm
αfγ2∆t2 (un+1 − un)− 1

αfγ∆t vn + γ − 1
γ

an + (γ − αm)
αfγ2∆t u̇n (23)

u̇n+1 = 1
γ∆t (un+1 − un) + γ − 1

γ
u̇n (24)

and

Fext
(·) =

∫
Ω

NT
u f0(·) dΩ +

∫
ΓN

NT
u t0(·) dΓ. (25)

The parameters αf , αm and γ must be computed as

αf = 1
1 + ρ∞

; αm = 3− ρ∞
2(1 + ρ∞) ; γ = 1

2 + αm − αf ; for 0 ≤ ρ∞ ≤ 1, (26)

such that the time integration scheme is unconditionally stable and second-order accurate. For further details
on the characteristics of the scheme, we refer the reader to [38].

At this point, it is to be pointed out that the implicit scheme considered in this work is only second-
order in time while the convergence rate of the displacement field for the quadratic elements is third-order
accurate in space. This, however, is neither a disadvantage nor a limitation of the proposed work. To achieve
equal-order accuracy in space and time, the time integration scheme can be replaced with the backward
differentiation formula with the third-order accuracy, popularly known as the BDF3 scheme.

Using the Newton-Raphson scheme to solve the set of nonlinear equations (18), we get

Kdisp
uu ∆u = −Rdisp

u , (27)
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where Kdisp
uu is the effective stiffness matrix, Rdisp

u is the residual and ∆u is the incremental displacement,
at iteration k + 1. Assuming deformation-independent loads, the effective stiffness matrix and the residual
are given as

Kdisp
uu = α2

m

αfγ2∆t2 Muu + αfKM + αfKG, (28)

Rdisp
u = Muu akn+αm + Fint,disp(ukn+αf )− Fext

n+αf . (29)

Here, KM and KG are the material stiffness and geometric stiffness matrices, respectively, and are given as

KM =
∫
ω

BTDB dω and KG =
∫
ω

GTΣG dω, (30)

where B and G are the strain-displacement and gradient-displacement matrices with respect to the current
configuration, and Σ is a fourth-order tensor that is defined as a function of the Cauchy stress as, Σijkl =
σjlδik. The nodal DOF values ukn+αf and akn+αm are computed using the relations

ukn+αf = αf ukn+1 + (1− αf ) un, (31)

akn+αm = αm akn+1 + (1− αm) an. (32)

2.2.2 Explicit time integration
By adapting the explicit scheme of [39] to the semi-discrete equation (14), we get

Muu an+1 = Fext
n − Fint, disp(un) (33a)

un+1 = un + ∆tvn + ∆t2
[(

1
2 − β

)
an + β an+1

]
(33b)

vn+1 = vn + ∆t [(1− γ) an + γ an+1] . (33c)

Following [31], the parameters are chosen as γ = 3/2 and β = 13
12 such that scheme is third-order

accurate in time for the undamped linear spring-mass system, and for the efficient solution of the equation
(33a) the lumped-mass matrices are used. Using the row-sum-lumping technique, the lumped-mass matrices
for the quadratic Bézier triangular and tetrahedral elements become

Me,tria = ρ V e0
6 diag[16 16] (34)

Me,tetra = ρ V e0
10 diag[110 110 110] (35)

where V e0 is the volume of the element in the original configuration, 16 = [1 1 1 1 1 1] and 110 =
[1 1 1 1 1 1 1 1 1 1]. It is important to mention at this point that the mass matrices used for
the implicit scheme are the consistent mass matrices, unless specified otherwise. However, for the sake of
brevity, the global mass matrix in both the implicit and explicit schemes is represented as Muu.

2.3 Two-field mixed formulation
For modelling nearly incompressible material models in finite strains, the deformation gradient, F, is de-
composed into deviatoric and volumetric components as

F = Fvol Fdev; with Fvol := J1/3I, and Fdev := J−1/3F. (36)

Using the above definitions, modified stress and strain measures are defined as

Modified deformation gradient, F := J−1/3 F (37)

Modified right Cauchy-Green deformation tensor, C := FT F (38)

Modified left Cauchy-Green deformation tensor, b := F FT (39)

Modified Green-Lagrange strain tensor, E := 1
2
(
C− I

)
(40)

Modified second Piola-Kirchhoff stress tensor, S := ∂W (E)/∂E (41)
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For the purpose of mixed formulation, we define the Cauchy stress tensor as

σ̂(u, p) = σdev(u) + pm (42)

where

σdev(u) = σ(u)− pm (43)

with

p = 1
3mTσ(u) and m =

[
1 1 1 0 0 0

]T
, (44)

and p is the hydrostatic pressure which, for nearly incompressible material models in finite strains, is given
by

p = ∂U

∂J
, (45)

where U = U(J) is the volumetric energy function. For all the material models considered in this work, the
stored energy function, W , is assumed to be split into deviatoric part, W (J,C), and volumetric part, U(J),
as

W = W (J,C) + U(J). (46)

Now, considering displacement, u and pressure, p, as independent variables, and taking their approxi-
mations as

u = Nu u and p = Np p, (47)

the semi-discrete equations for the mixed formulation may be written as

Muu a + Fint,mixed = Fext, (48a)
Rp = 0, (48b)

where the vector of internal forces, Fint,mixed, and the residual of pressure equation (45), Rp, are given by

Fint,mixed =
∫
ω

BT σ̂ dω, (49)

Rp =
∫

Ω

1
κ

NT
p

(
∂U

∂J
− p
)

dΩ. (50)

2.3.1 Displacement-pressure combinations — accuracy and inf-sup stability
It is now an established fact that for the mixed displacement-pressure formulation, the combination of ap-
proximation spaces for the displacement and pressure fields should be chosen such that they satisfy the
inf-sup stability condition. In the Lagrange family of elements, Taylor-Hood elements are the widely used
inf-sup stable elements. For comprehensive details on inf-sup stability and the commonly used inf-sup stable
elements for solid mechanics problems, we refer the reader to [32, 35, 40, 41]. Despite the widespread use
of Taylor-Hood elements for elastostatic and implicit elastodynamic schemes, they are not ideally suited for
explicit dynamic simulations due to the obvious difficulties posed by the higher order Lagrange elements
for explicit schemes. Therefore, in this work, we use Bézier triangular and tetrahedral elements which
are proven to be well suited for explicit schemes, see [31]. Following the established wisdom on inf-sup
stable elements for solid mechanics problems, we can choose quadratic Bernstein functions for the displace-
ment field and either linear or constant basis functions for the pressure field, resulting in the combinations
BT2/BT1 and BT2/BT0, with BT0, BT1 and BT2 referring to the constant, linear and quadratic Bézier
triangular or tetrahedral elements.

The inf-sup stability characteristics and spatial convergence rates of these combinations are illustrated,
respectively, in Figures 1 and 2 using numerical examples with manufactured solutions. The inf-sup con-
stants are evaluated by following the numerical procedure outlined in Chapelle and Bathe [42], and the error
norms are evaluated using the mixed displacement-pressure formulation in small-strain studied previously
in [33, 34]. From these graphs, it can be observed that

• The combination BT2/BT1 is not only inf-sup stable in both two and three dimensions but also con-
verges with superoptimal convergence rates in the displacement as well as stress fields.
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• The combination BT2/BT0 is inf-sup stable in 2D but not in 3D. Moreover, for the 2D problem,
the convergence rates obtained with the combination BT2/BT0 are one order lower than those of the
combination BT2/BT1, and the convergence rates become even worse for the 3D problem.

These observations are consistent with the characteristics of corresponding Lagrange elements, P2/P0 and
P2/P1, presented in the literature on mixed elements, for example, Brezzi and Fortin and [41] Gmeiner et
al. [43] and also with the findings from the numerical experiments carried out using the P2/P0 and P2/P1
elements during this work.
Remark: It is observed that optimal convergence rates for both the displacement (O(h3)) and stress (O(h2))
fields are obtained using the BT2/BT0 element when the pressure field is constant throughout the domain.

0.1 0.4 0.7 1.0 1.3
-log(h)

−2.5

−2.0

−1.5

−1.0

−0.5

0.0
lo
g(
β h

)

BT2/BT0 (2D)
BT2/BT0 (3D)
BT2/BT1 (2D)
BT2/BT1 (3D)

Figure 1: Example with the manufacturing solution: numerical inf-sup constant with respect to mesh
refinement for BT2/BT0 and BT2/BT1 elements. The domain is of unit size in each direction and
Dirichlet boundary conditions are applied on all the boundary nodes.

From the above observations, it is evident that BT2/BT1 element is superior to BT2/BT0 element both in
terms of accuracy and stability. The only disadvantage of BT2/BT1 element is its increased computational
effort because of the increased size of the global matrix system. However, since the number linear tetrahe-
dron is usually about fives times the number of nodes in a given mesh, the number of additional nodal DOFs
for the pressure field for BT2/BT1 element is about five times lower than that of BT2/BT0 element. The
overall increase in the size of the global matrix system for the BT2/BT1 element can be shown to be about
4-5% when compared with the BT2 element, i.e., quadratic tetrahedron element with pure displacement
formulation. The increased computational effort for this slight increase in the size of the global system is
worth the cost, especially considering the superior accuracy of the computed numerical solutions.

On the other hand, even though BT2/BT0 might appear to be a poor element because of its substandard
convergence and stability properties, it has a unique advantage over BT2/BT1 that the global matrix system
can be condensed into an effective system of equations consisting only of displacement degrees of free-
dom, thus, enabling its implementation into the existing finite element codes based on pure displacement
DOFs. Moreover, despite its instability and poor convergence rate, BT2/BT0 element does indeed produce
reasonably accurate results as demonstrated with the numerical examples in Sections. 3 and 4.

Thus, with varying degrees of accuracy, stability and computational cost, the elements, BT2/BT1 and
BT2/BT0 offer flexibility in choosing a displacement-pressure combination depending upon one’s require-
ments on the accuracy and computational efficiency. Furthermore, both the combinations can be used for the
development of explicit schemes without the need for transforming the governing equations into the rate-
form. Thus, the elements BT2/BT1 and BT2/BT0 facilitate the development of a unified mixed formulation
that can perform elastostatic, implicit elastodynamic as well as explicit elastodynamic simulations.
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(b) Error norms for the 3D problem

Figure 2: Example with the manufacturing solution: the domain is of unit size in each di-
rection. The material parameters are: E = 100 and ν = 0.499. The analytical solution
for the 2D problem is: ux = 0.001 sin(πx) cos(πy), uy = 0.001 cos(πx) sin(πy) and for the
3D problem is: ux = 0.001 sin(πx) cos(πy) sin(πz), uy = 0.001 cos(πx) sin(πy) sin(πz), uz =
0.001 cos(πx) cos(πy) cos(πz). Body force is computing from the analytical solution and the Dirichlet
boundary conditions are applied on all the boundary nodes.

2.3.2 Implicit time integration
By adapting the scheme of [38] to obtain the implicit solutions of Eq. (48) and using the Newton-Raphson
scheme to solve the resulting nonlinear equations, we get the following discrete matrix system for the incre-
mental displacements, ∆u, and incremental pressure, ∆p,[

Kmixed
uu Kup

Kpu −Kpp

]{
∆u
∆p

}
= −

{
Rmixed
u

Rp

}
(51)

where

Kmixed
uu = α2

m

αfγ2∆t2 Muu + αfK̂M + αfK̂G (52)

Kup = αf

∫
ω

BT mNp dω (53)

Kpu = αf

∫
ω

1
κ

∂2U

∂J2

∣∣∣∣
ukn+αf

NT
p mTB dω (54)

Kpp = αf

∫
Ω

1
κ

NT
pNp dΩ (55)

Rmixed
u = Muu akn+αm + Fint,mixed(ukn+αf ,p

k
n+αf )− Fext

n+αf . (56)

The matrices, K̂M and K̂G, are computed using

K̂M =
∫
ω

BT D̂ B dω, and K̂G =
∫
ω

GT Σ̂ G dω. (57)

where Σ̂ijkl = σ̂jlδik, and the material tangent matrix, D̂, is computed using

D̂ = IdevDIdev −
2
3
(
mσT

dev + σdevmT) + 2 (p̄− p) I0 −
(

2
3 p̄− p

)
mmT. (58)

Matrix condensation for BT2/BT0 element: For computationally efficient solution of cou-
pled matrix system (51) when using BT2/BT0 element, it can be rewritten as[

Kmixed
uu + Kup K−1

pp Kpu

]
∆u = −Ru −Kup K−1

pp Rp (59)
Kpp ∆p = Kpu ∆u + Rp (60)
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By exploiting the constant-discontinuous approximation used for the pressure field, i.e., Np = 1,
for the BT2/BT0 element, the additional stiffness term, Kup K−1

pp Kpu, and the additional force term,
Kup K−1

pp Rp, can be evaluated element-wise before assembling into the global matrix and vector. Now,
the condensed equation (59) can be solved first for the incremental displacements, ∆u, and then the incre-
mental pressure, ∆p, can be evaluated element-wise as

∆pe = κ

αf V e0

[
Ke
pu ∆ue +Rep

]
. (61)

The crucial steps involved in the mixed formulation with the implicit scheme using BT2/BT1 element are
presented as pseudocode in Algorithm 1. The pseudocode for the implicit scheme using BT2/BT0 element
is analogous to the Algorithm 1 but with minor modifications in the assembly and solution phases.

Algorithm 1 Algorithm for the mixed formulation with implicit scheme
1: Set: Parameters αm, αf , γ and tolerance, ε
2: Initialise: u0, v0, p0, u̇0 and a0 = M−1

uu (Fext
0 − Fint

0 )
3: for t ≤ tfinal do
4: Compute: Fext

n+αf

5: Predict: u(1)
n+1 = un, p(1)

n+1 = pn
6: for k=1 to max-iter do
7: Compute: v(k)

n+1, a(k)
n+1, u(k)

n+αf
, v(k)

n+αf
, a(k)

n+αm
and p(k)

n+αf

8: Compute: Kmixed,e
uu , Ke

up, Ke
pu, Ke

pp, Re
u, Rep

9: Assemble: RHS and LHS in (51)
10: if | − {Rmixed

u Rp}T| ≤ ε then
11: Converged, exit iteration loop
12: end if
13: Solve: For ∆u and ∆p in (51)
14: Update: u(k+1)

n+1 = u(k)
n+1 + ∆u; p(k+1)

n+1 = p(k)
n+1 + ∆p

15: end for
16: Compute: u̇n+1 from (24)
17: Update: (un,vn,an, u̇n,pn)← (un+1,vn+1,an+1, u̇n+1,pn+1)
18: end for

2.3.3 Explicit time integration
The fully discrete system of equations for the explicit scheme for the mixed formulation (48) can be written
as

Muu an+1 = Fext
n − Fint,mixed

n (62a)

un+1 = un + ∆tvn + ∆t2
[(

1
2 − β

)
an + β an+1

]
(62b)

vn+1 = vn + ∆t [(1− γ) an + γ an+1] (62c)

Mpp pn+1 =
∫

Ω
NT
p

∂U

∂J

∣∣∣∣
un+1

dΩ. (62d)

Here, Fint,mixed
n is the internal force vector given by Eq. (49) and evaluated using the known solution (un,pn)

at time instant tn, and Mpp is the mass matrix for the pressure field and it is given as

Mpp =
∫

Ω
NT
p Np dΩ. (63)

Now, similar to the explicit scheme for the displacement formulation, equation (62a) is solved for the
accelerations, an+1, using the lumped matrix approximation of Muu, followed by updates to the displace-
ments and velocities using equations (62b) and (62c), respectively. Finally, pressure degrees of freedom are
updated by solving (62d). The solution of pressure field using equation (62d) poses no computational diffi-
culties for BT2/BT0 element due to the fact that the matrix Mpp for BT2/BT0 element is already diagonal
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with each diagonal entry being the volume of the element in the original configuration. For the computation-
ally efficient solution of pressure field when using BT2/BT1 element, equation (62d) is solved using lumped
mass matrix approximation for Mpp. The pseudocode for the explicit scheme for the mixed formulation is
presented in Algorithm. 2.

At this point, it is important to point out the significance of equation (62d) which can be interpreted as a
least-squares solution of the relation between hydrostatic pressure and the volumetric energy function given
in (45). The success of the proposed explicit scheme stems from the fact that the pressure DOFs in equation
(62d) can be evaluated element-wise for BT2/BT0 element, and using a lumped mass matrix for BT2/BT1
element, once the displacement DOFs are computed using equation (62b). Thus, both the combinations
BT2/BT1 and BT2/BT0 help to develop a unified finite element framework that can perform elastostatic,
implicit elastodynamic as well as explicit elastodynamic simulations using a single finite element formula-
tion that does not require any sophisticated modifications and/or additional stabilisations.

Algorithm 2 Algorithm for the mixed formulation with explicit scheme
1: Set: Parameters γ, β and CFL
2: Compute: Muu and Mpp as lumped mass matrices
3: Initialise: u0, v0, v0 and a0 = M−1

uu (Fext
0 − Fint,mixed

0 )
4: for t ≤ tfinal do
5: Compute: Fext

n and Fint,mixed
n

6: Compute: characteristic length, h
7: Compute: ∆t = CFLh

c
8: Solve: Muu an+1 = Fext

n − Fint,mixed
n

9: Compute: un+1 = un + ∆tvn + ∆t2
[(

1
2 − β

)
an + β an+1

]
10: Compute: vn+1 = vn + ∆t [(1− γ) an + γ an+1]
11: Solve: Mpp pn+1 =

∫
Ω NT

p
∂U
∂J

∣∣∣
un+1

dΩ
12: Update: (un,vn,an,pn)← (un+1,vn+1,an+1,pn+1)
13: end for

3 Numerical examples - static problems
Before presenting the examples on elastodynamics, the spatial convergence of the proposed scheme is estab-
lished by studying some well-known elastostatic benchmark examples in this section. All the meshes used in
the present work are obtained by applying a mapping technique over the corresponding quadratic Lagrange
elements generated using HyperMesh [44]. We refer the reader to [31] for the discussion on the mapping
techniques for the mesh generation and application of Dirichlet boundary conditions for the quadratic Bézier
elements.

The stiffness matrix and internal force vectors are evaluated using 3-point Gauss quadrature rule for
triangular elements and 4-point rule for tetrahedral elements, and the consistent mass matrix is evaluated
using 7-point quadrature rule for the triangular elements and 11-point quadrature rule for the tetrahedron
element. All the applied external traction loads are assumed to be dead loads, meaning that the force
vectors due to the applied tractions are evaluated in the original configuration of the domain.

It has been observed that, for elastostatic and implicit elastodynamic simulations, numerical results ob-
tained with the P2/P0 and P2/P1 elements are identical to those obtained, respectively, with the BT2/BT0
and BT2/BT1 elements. Therefore, for the sake of clarity and, more importantly, since higher-order La-
grange elements are not amenable for explicit schemes, numerical results obtained using Lagrange elements
are not included in this paper. Nevertheless, numerical results obtained in this work are compared with
those obtained with subdivision-stabilised mixed formulation using quadratic NURBS proposed in Kadapa
et al. [34]; thus, providing the relative performance of the proposed elements in the context of isogeometric
analysis. For convenience in the discussion of results, various elements considered in this work are denoted
using the following abbreviations:

Material models:
• For the examples with purely elastic material, the material model is assumed to be a nearly incom-

pressible Neo-Hookean material model with the strain energy density given by the following function,
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BT2 — Element with pure displacement formulation with quadratic Bézier triangle for
2D problems and quadratic Bézier tetrahedron for 3D problems.

BT2/BT0 — Element with mixed formulation with quadratic Bézier triangle/tetrahedron for
displacement and element-wise constant value for pressure.

BT2/BT1 — Element with mixed formulation with quadratic Bézier triangle/tetrahedron for
displacement and linear Bézier triangle/tetrahedron for pressure.

Q2/Q2-SD — Element with subdivision-stabilised mixed formulation with quadratic NURBS.

unless otherwise stated.

W (J, C̄) = 1
2µ (IC̄ − 3) + 1

2κ
(

1
2(J2 − 1)− lnJ

)
(64)

where κ = E/3(1 − 2ν) is the Bulk modulus and µ = E/2(1 + ν) is the shear modulus, with E as
the Young’s modulus and ν as the Poisson’s ratio.

• For the examples with elastoplastic materials, the material model is assumed to the hyperelastic exten-
sion of the J2-flow theory with an uncoupled stored energy function which consists of Neo-Hookean
model (64) for the elastic deformations and a plasticity model with associative flow rule based on the
von Mises yield criterion with isotropic nonlinear hardening/softening for given by

k(α) = σy + (σ∞ − σy) [1− exp(−δα)] +Hα,with δ > 0 (65)

for the plastic portion. Here, α is the equivalent plastic strain, σy is the initial yield stress, σ∞ is the
saturation yield stress, δ is the saturation exponent andH is the linear hardening/softening coefficient.
For the in-depth discussion on the theoretical aspects and computer implementation of elastoplastic
models in finite strains, we refer the reader to the works of Simo and Hughes [45] and de Souza Neto
et al. [36].

3.1 Cook’s membrane in two dimensions
In this example, the bending behaviour of the proposed elements is assessed using the example of Cook’s
membrane modelled with the Neo-Hookean hyperelastic and von Mises elastoplastic material models. The
geometry and boundary conditions of the problem and a set of successively refined meshes are shown in
Figure 3.

For the Neo-Hookean model, Young’s modulus and Poisson’s ratio are assumed to be E = 240.565
MPa and ν = 0.4999, respectively, and the applied traction force is, F = 100 N/mm. The plot of vertical
displacement of point A against the number of elements per side shown in Figure 4a illustrates the apparent
convergence of the proposed elements and proves that the results obtained with the present work match well
with the reference solution. The contour plots of pressure presented in Figure 5 show that the pressure field
obtained with both the mixed elements is free from spurious oscillations.

For the von Mises elastoplastic material model, the material properties are: bulk modulus, κ = 164.21
GPa; shear modulus, µ = 80.1938 GPa; initial yield stress, σy = 0.450 GPa; saturation yield stress,
σ∞ = 0.715 GPa; saturation exponent, δ = 16.93; and linear hardening coefficient, H = 0.12924 GPa.
The analysis is performed for a load value of F = 20 kN/mm. The vertical displacement of point A
shown in Figure 4b demonstrates the clear convergence of the proposed formulation towards the reference
solution. While the difference between the contour plots of equivalent plastic strain obtained with all the
three elements is negligible, as shown in Figure 6, the pressure field obtained with both the mixed elements
is free from spurious oscillations, as presented in Figure 7.

The convergence graphs in Figure 4 illustrate that the solution obtained with BT2/BT0 element con-
verges from above while that of BT2/BT1 convergences from below, and the results obtained with the
coarse meshes indicate that BT2/BT0 element is softer and BT2/BT1 element is stiffer when compared with
the Q2/Q2-SD element. Most importantly, these graphs demonstrate that accurate numerical results can
be obtained with the proposed elements using very coarse meshes. The quality of results obtained using
BT2/BT0 element is also quite remarkable, considering especially that the spatial convergence rates for this
element are one order lower than those of BT2/BT1 element. It is this ability of the proposed work to
compute accurate numerical results using very coarse meshes that makes it very computationally appealing.
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Figure 3: Cook’s membrane: (a) geometry and boundary conditions and (b) first four meshes used
for the analysis.
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(a) Neo-Hookean material

0 10 20 30 40 50 60 70
Number of elements per side

0

2

4

6

8

10
Y-

di
sp

la
ce

m
en

t o
f p

oi
nt

 A

Reference
BT2
BT2/BT0
BT2/BT1
Q2/Q2-SD

(b) Elastoplastic material

Figure 4: Cook’s membrane: convergence of vertical displacement of point A with (a) Neo-Hookean
hyperelastic material model and (b) elastoplastic material model. The reference solution is from [34].

3.2 Compression of a plane-strain block
This problem is proposed by Reese et al. [46], and it serves as an excellent benchmark example to assess
the performance of numerical formulations for two-dimensional problems undergoing large compressive
deformations. The geometry and boundary conditions of the problem are as shown in Figure 8. Due to the
symmetry of geometry, boundary conditions and the applied pressure load, only a half portion of the model
is considered for the analysis. The analysis is performed for the maximum loading condition of p/p0=60
with p0 = 20, over a set of structured and unstructured meshes shown, respectively, in Figures 9 and 10, in
order to assess the accuracy and robustness of the proposed elements over arbitrarily oriented meshes under
severe compressive deformations.

The accuracy of the numerical results is assessed by studying the vertical displacement of point A as the
mesh is refined. Plots of percentage compression presented in Figure 11 illustrate that present results are in
good agreement with the reference solution. These graphs also indicate that the results obtained with the
pure displacement formulation also match well with the reference solution. Contour plots of the pressure
field presented in Figures 12 and 13 illustrate that the pressure field obtained with the mixed formulation is
completely free from spurious oscillations, and the pressure field obtained with the displacement formulation
is also not wholly unacceptable. However, the displacement formulation has been found to be computation-
ally very expensive; the displacement formulation requires 120 load steps for the successful completion of
the simulation while the mixed formulation with BT2/BT0 or BT2/BT1 element requires only six load steps.
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Figure 5: Cook’s membrane: contour plots of pressure with Neo-Hookean material with (32× 32)× 2
mesh.
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Figure 6: Cook’s membrane: contour plots of equivalent plastic strain with (32× 32)× 2 mesh.

3.3 Compression of a block in 3D
This benchmark problem, proposed by Reese et al. [47], is a 3D extension of the previous example. Due
to the symmetry and boundary conditions, only a quarter portion of the model, as shown in Figure 14a, is
considered for the analysis. For this problem, a nearly incompressible Neo-Hookean material model whose
strain energy density function is given as

W (J, C̄) = 1
2µ (IC̄ − 3) + λ

2 (ln J)2 (66)

with λ = 400888.2 MPa and µ = 80.19 MPa, is considered. Simulations are performed over five finite
element meshes shown in Figure 15 using both the displacement and mixed formulations for a maximum
load value of p/p0 = 80 with p0 = 4 N/mm2.

The accuracy of numerical results is assessed using Z-displacement of point A, as shown in Figure 14a,
in terms of the percentage of compression against the number of elements per side. This graph shows that
the difference between the results obtained with the proposed mixed elements and theQ2/Q2-SD element is
negligible for all the discretisations except for the first mesh in the sequence. This graphs also illustrates that
both the formulations produce accurate displacement solutions even for the very coarse meshes. However,
it is important to point out that, even though the displacement solutions obtained with BT2 elements are not
entirely far off from the reference solution, the disadvantage of BT2 elements is that they not only produce
erratic stress fields, as shown in Figures 16 and 17, but also are computationally more expensive since they
require a substantially higher number of load steps for the successful completion of the simulation. On the
contrary, in addition to producing smooth fields, BT2/BT0 and BT2/BT1 elements require fewer load steps.
For this example, BT2 elements require 40 load steps whereas both the mixed elements require only five
load steps. It is also important to highlight the accuracy of the results obtained with the BT2/BT0 element
in spite of its instability with respect to the inf-sup condition and poor spatial convergence rate for the linear
problem.

Thus, with the ability to obtain accurate numerical results with fewer load steps using very coarse
structured/unstructured tetrahedral element meshes that can be readily generated using the existing mesh
generators, the proposed work offers significant benefits in performing the simulations of complex, large-
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Figure 7: Cook’s membrane: contour plots of pressure with elastoplastic material with (32× 32)× 2
mesh.
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Figure 8: Plane-strain block: geometry and boundary conditions.

scale problems encountered in the industry.

3.4 Thin semi-cylindrical shell with a point load
This example is concerned with the study of one of the popular shell benchmarks. The problem consists
of a thin semi-cylindrical shell that is fixed at one end and pinched with a radially inward point load at its
free end. The geometry and boundary conditions of the problem are depicted schematically in Figure 18,
together with two of the meshes used for the analysis. The dimensions of the shell are: length, L = 3.048;
radius of the center circle, R = 1.016; and thickness, h = 0.03. The material properties are: modulus of
elasticity, E = 2.0685 × 107 and Poisson’s ratio, ν = 0.3. The magnitude of the point load is, P = 2000.
Due to the symmetry of geometry and loading conditions, only a half portion of the domain is considered
for the analysis.

The evolution of radial displacement of point A with respect to the load factor is plotted in Figure
19. These load-deflection curves obtained with the proposed elements match very well with the reference
solution. Figure 20 shows the final deformed configurations of the shell overlaid with the contour plots of
element-wise stresses. The results obtained for this example demonstrate the ability of the present work in
successfully overcoming the issue of shear locking frequently encountered with the lower-order elements in
modelling shell structures. Thus, this example illustrate the applicability of the present work to a wide range
of challenging problems in solid mechanics.

4 Numerical examples - dynamic problems
For the implicit scheme, the spectral radius is chosen as ρ∞ = 0 so that all the high-frequency modes are
damped, and the time step is chosen to be uniform and sufficiently small enough. For the explicit scheme,
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Figure 9: Plane-strain block: structured meshes.

(a) Mesh M1-unstru (b) Mesh M2-unstru (c) Mesh M3-unstru (d) Mesh M4-unstru

Figure 10: Plane-strain block: unstructured meshes.

the time step is computed as

∆t = CFLh
c

with c =

√
κ+ 4µ/3

ρ
, (67)

where c is the bulk wave speed, CFL is the Courant-Friedrichs-Lewy number, and h is the characteristic
length which is taken as the half of the minimum edge length. CFL number is taken as 0.75 in all the
example presented in this work. The characteristic length is evaluated at the configuration corresponding to
the previous time instant. The main motivation behind using the adaptive time step is that it improves the
computational efficiency for the problems which experience significant deformations.

4.1 2D beam excited with initial velocity
In this example, we study the dynamic behaviour of a 2D beam problem studied in [28]. The beam is of size
1m × 6m, and it is clamped at its bottom edge and excited with a uniform initial velocity of 10 m/s in the
X direction. The Young’s modulus of the material is E = 17 MPa, and its density is ρ = 1100 kg/m3. The
material model for this example is Neo-Hookean hyperelastic. The numerical experiments carried out for
this example reveal that the BT2 elements are sufficient enough to obtain accurate numerical results for the
values of Poisson’s ratio up to 0.48, which is in accordance with the convergence studies presented in [31];
therefore, we consider ν = 0.499 in this example to demonstrate the true benefits of the mixed formulation.
We consider three uniform and structured meshes, M1, M2 and M3, which consists of 2, 4 and 8 elements,
respectively, across the thickness of the beam.

The evolution of X-displacement of the midpoint of the free end of the beam, referred to as point A
henceforth, shows clear convergence with respect to mesh refinement for both the displacement and mixed
formulations as shown in Figure 21; the superior convergence of BT2/BT1 elements is attributed to their
optimal spatial convergence rates. The graphs presented in Figure 22 illustrate that solutions obtained with
the explicit scheme match well with the corresponding values obtained with the implicit scheme. Contour
plots shown in Figures 23 and 24 demonstrate that the pressure field obtained with the mixed elements
(BT2/BT0 and BT2/BT1) is free from spurious oscillations, while the pressure field obtained with the BT2
elements is not completely unacceptable.

4.2 Twisting of a column
In this example, we assess the performance of the proposed finite element scheme under extremely large
deformations by studying the problem of twisting of a column studied in [29]. The geometry of the problem
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Figure 11: Plane-strain block: percentage of compression of point A. The reference solution is taken
from [34].
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Figure 12: Plane-strain block: contours of pressure obtained with the M3-stru mesh for p/p0 = 60.

and the finite element meshes used for the analysis are shown in Figure 25. The column is clamped at its
bottom face and excited with an initial velocity, v = (z, 0,−x) 100.0 sin(π y/12). The material model for
this example is assumed as Neo-Hookean hyperelastic with Young’s modulus,E = 17 MPa; Poisson’s ratio,
ν = 0.499; and density, ρ = 1100 kg/m3.

It has been observed from the numerical results that the difference between the short-term displacement
response obtained with BT2, BT2/BT0 and BT2/BT1 elements is negligible for all the meshes considered
and that the difference in the long-term response vanishes as the mesh is refined, as shown in Figure 26
using the solutions obtained with M1 and M2 meshes and the implicit scheme.

The evolution of Y-displacement of point A shown in Figure 27 for the M1 mesh indicates that the
solutions obtained with the implicit and explicit schemes follow the same trend; the difference between the
explicit solution and implicit solution is due to the use of lumped mass matrix in the explicit scheme and
consistent mass matrix in the implicit scheme, as can be verified with the implicit solution obtained the
lumped mass matrices. Figure 28 illustrates the convergence of the proposed method as the mesh is refined,
which can also be substantiated with the comparison of deformed shapes presented in Figures 29 and 30.
Contour plots in Figures 31 and 32 show that the pressure field obtained with both the mixed elements
is completely free from spurious oscillations. From these plots, it can also be observed that the pressure
field obtained with the proposed scheme is in excellent agreement with the reference solution. From these
results, it is also worth pointing out that the quality of results obtained with the BT2/BT0 element is quite
remarkable in spite of its instability and poor convergence rate.

4.3 Taylor impact test
In this example, we apply the proposed scheme to study another well-known benchmark, the Taylor impact
test. The test consists of an impact a cylindrical bar of length 0.0324 m and diameter 0.0032 m against a rigid
frictionless wall. The speed of impact of the bar is 227 m/s. Due to the symmetry of geometry, boundary
and loading conditions, only a quarter portion of the domain is considered for the analysis. Simulations are
performed using the two finite element meshes shown in Figure 33. The symmetry boundary condition is
enforced on the flat faces parallel to the axis of the bar, and roller boundary condition is enforced on the
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Figure 13: Plane-strain block: contours of pressure obtained with the M3-unstru mesh for p/p0 = 60.
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Figure 14: Block compression in 3D: (a) geometry and boundary conditions and (b) compression level
of point A. Reference solution is obtained with the higher-order NURBS based isogeometric analysis
of [33].

circular flat face located at the leftmost end of the bar shown in Figure 33. The material model is elastoplastic
with modulus of elasticity, E = 117 GPa; Poisson’s ratio, ν = 0.35; yield stress, σy = σ∞ = 0.4 GPa;
hardening modulus, H = 0.1 GPa; and density, ρ0 = 8930 kg/m3.

Following the published literature for this example, simulations are performed for the duration of 80
microseconds for both the meshes using all the three proposed elements and the evolution of radius of the
bar at the contact surface is plotted in Figure 34. These graphs show that the present results match very
well with the reference solution. The results obtained with the coarse mesh M1 with all the formulations are
also not completely far off from the reference solution. As shown in Figure 35, the final deformed shapes
obtained with mesh M2 using implicit and explicit schemes with BT2, BT2/BT0 and BT2/BT1 elements
have a negligible difference with respect to each other. Contour plots of equivalent plastic strain presented
in Figure 36 show that there is not a pronounced difference in the values of equivalent plastic strain obtained
with different formulations. Contour of the pressure field shown in Figure 37 indicate that the only drawback
of the BT2 element is the localised oscillatory pressure field in the vicinity of the highly deformed elements
and that the mixed elements certainly help in getting rid of these oscillations in the pressure field.

These results demonstrate the ability of the proposed work to perform accurate implicit as well as ex-
plicit simulations of very challenging nonlinear elastodynamic problems using such coarse meshes as used
for this very challenging example showcases the true potential of the present work in making a genuinely
significant impact in performing the simulations of complex industrial problems. The fact that the explicit
time integration scheme used in this work is only of single-step, besides being third-order accurate, unlike
the explicit Runge-Kutta methods which require multi-step evaluations for higher-order accuracy, makes the
proposed work even more computationally appealing.

4.4 Impulsively loaded elastoplastic cylindrical panel
This example, taken from [49], consists of a 120o cylindrical panel loaded impulsively with an initial inward
radial velocity of 5650 in/sec. The geometry and boundary conditions of the problem and the finite element

17



(a) Mesh M1 (b) Mesh M2 (c) Mesh M3 (d) Mesh M4 (e) Mesh M5

Figure 15: Block compression in 3D: meshes used for the analysis. The meshes M1, M2, M3, M4 and
M5 have 2, 4, 8, 12 and 16 elements along each edge of the cube.
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Figure 16: Block compression in 3D: nodal contour plots of pressure with mesh M4.

mesh used for the analysis are as shown in Figure 38. Only half a portion of the domain is considered
for the analysis due to the symmetry of geometry and loading conditions. The material is assumed to be
elastic-perfectly-plastic with Young’s modulus, E = 1.05× 107 psi; Poisson’s ratio, ν = 0.33; yield stress,
σy = 4.4×104 psi; and density, ρ = 2.5×10−4 lb-s2/in4. Simulations are performed only with the explicit
schemes.

The evolution of the radial displacement of the centre point of the panel is plotted in Figure 39 along
with the reference values from published literature, shows that the results obtained with the proposed scheme
are in good agreement with the reference solutions. Contour plots of equivalent plastic strain and pressure
presented in Figure 40 illustrate that the difference between the equivalent plastic strain obtained with the
displacement and mixed elements is not significant and that the mixed formulation certainly filters out the
spurious oscillations in the pressure field; these observations are in analogous with those made in the Taylor
impact test example. Results presented for this example showcase, once again, the capability of the proposed
scheme in performing accurate explicit simulations of a wider variety of challenging problems in nonlinear
elastodynamics.
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Figure 17: Block compression in 3D: element-wise contour plots of pressure with mesh M4.
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Figure 21: 2D beam: evolution of X-displacement of point A obtained with the explicit scheme.
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Figure 22: 2D beam: evolution of X-displacement of point A using BT2/BT0 elements.
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Figure 23: 2D beam: contour plots of pressure at t = 0.5 obtained with the mesh M2.
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Figure 24: 2D beam: contour plots of pressure at t = 1.0 obtained with the mesh M2.
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Figure 25: Twisting column: geometry and meshes used for the analysis. Mesh M4 is used to obtain
the solution with Q2/Q2-SD elements.
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Figure 26: Twisting column: evolution of Y-displacement of point A using the implicit scheme.
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Figure 27: Twisting column: evolution of Y-displacement of point A with mesh M1.
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Figure 28: Twisting column: evolution of Y-displacement of point A with different meshes using
implicit and explicit formulations. The reference solution is obtained with mesh M4 using Q2/Q2-SD
elements and the implicit scheme.
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Figure 29: Twisting column: deformed shapes at (a) t = 0.1 and (b) t = 0.3, obtained with M1, M2
and M3 meshes using implicit (green) and explicit (purple) schemes with BT2/BT0 elements.
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Figure 30: Twisting column: deformed shapes obtained with the implicit and explicit schemes with
BT2/BT1 elements with the meshes M1 (green), M2 (blue), M3 (red) and M4 (gray).
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Figure 31: Twisting column: contour plots of pressure at t = 0.1 and t = 0.3. In each subfigure, (i)
mesh M4 with Q2/Q2-SD elements and implicit scheme, (ii) mesh M1 with BT2 elements and explicit
scheme, (iii) mesh M1 with BT2/BT0 elements and explicit scheme and (iv) mesh M1 with BT2/BT1
elements and explicit scheme.
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Figure 32: Twisting column: contour plots of pressure at t = 0.1 and t = 0.3. In each subfigure, (i)
mesh M4 with Q2/Q2-SD elements and implicit scheme, (ii) mesh M3 with BT2 elements and explicit
scheme, (iii) mesh M3 with BT2/BT0 elements and explicit scheme and (iv) mesh M3 with BT2/BT1
elements and explicit scheme.
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Figure 33: Taylor impact test: meshes used for the finite element analysis.
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Figure 34: Taylor impact test: evolution of radius of the bar at the impact face. The reference solution
is from Zienkiewicz et al. [1].
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Figure 35: Taylor impact test: deformed shapes at t = 80µs obtained with mesh M2: (a) BT2 -
implicit, (b) BT2 - explicit, (c) BT2/BT0 - implicit, (d) BT2/BT0 - explicit, (e) BT2/BT1 - implicit
and (f) BT2/BT1 - explicit
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Figure 36: Taylor impact test: contour plots of equivalent plastic strain at t = 80µs obtained with
mesh M2 using the explicit scheme.
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Figure 37: Taylor impact test: contour plots of pressure at t = 80µs obtained with mesh M2 using
the explicit scheme.
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Figure 38: Impulsively loaded cylindrical panel: (a) geometry and boundary conditions and (b) finite
element mesh used for the analysis. The initial velocity is applied only to the portion of the domain
that is bounded by the blue lines.
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Figure 39: Impulsively loaded cylindrical panel: evolution of radial displacement. The reference
solutions for the Belytschko-Tsay shell and NURBS shell models are taken from [50].

  0.04

  0.08

  0.12

  0.16

  0.00

  0.20

epstrain

(a) BT2

-1.00e+04

0.00e+00

1.00e+04

2.00e+04

-2.00e+04

3.00e+04

pressure

(b) BT2

  0.04

  0.08

  0.12

  0.16

  0.00

  0.20

epstrain

(c) BT2/BT0

-1.00e+04

0.00e+00

1.00e+04

2.00e+04

-2.00e+04

3.00e+04

pressure

(d) BT2/BT0

  0.04

  0.08

  0.12

  0.16

  0.00

  0.20

epstrain

(e) BT2/BT1

-1.00e+04

0.00e+00

1.00e+04

2.00e+04

-2.00e+04

3.00e+04

pressure

(f) BT2/BT1

Figure 40: Impulsively loaded cylindrical panel: contour plots of equivalent plastic strain and pressure
at t = 0.4 ms.
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5 Summary and Conclusions
We have presented a simple, accurate and computationally efficient unified finite element framework for the
computer simulation of finite strain problems in solid mechanics. The finite element formulation consid-
ered for dealing with volumetric and shear locking is the mixed displacement-pressure formulation. The
novel contributions of the present work are the extension of the mixed displacement-pressure formulation
to quadratic Bézier triangular and tetrahedral elements and the development of a unified finite element
framework that allows for computationally efficient explicit simulations of nonlinear elastodynamics. The
elements proposed in this work are abbreviated as BT2, BT2/BT0 and BT2/BT1 to distinguish them from
the corresponding Lagrange elements, P2, P2/P0 and P2/P1.

The accuracy of the proposed scheme and its ability to produce accurate numerical results using coarse
structured or unstructured triangular/tetrahedral meshes that can be readily generated using existing mesh
generators, is demonstrated by studying several challenging elastostatic and elastodynamics benchmark
examples in finite strains. The important features of the proposed work are:

• Versatility: The versatile nature of the proposed work is due to its ability to (a) perform either elas-
tostatic or implicit elastodynamic or explicit elastodynamic simulations using a single finite element
framework, and (b) efficiently deal with volumetric-locking as well as shear-locking.

• Computational efficiency: The computational efficiency of the proposed scheme is the combined
result of (a) quadratic polynomials for the displacement field, (b) significantly fewer additional DOFs
for the pressure field, (c) the ability to obtain accurate numerical results using coarse meshes, (d) the
capability to complete simulations using fewer load steps in elastostatic simulations, and (e) single-
step time integration schemes for elastodynamic simulations.

• Robustness: The robustness of the proposed work is due to the fact that it is completely free from any
ad-hoc parameters that control the accuracy and stability.

• Ease of mesh generation: The finite element discretisations for the proposed work can be generated
by applying a simple linear mapping, see [31], to the Lagrange elements that can be generated using
the existing mesh generators.

• Implementability into existing FE codes: The mapping techniques proposed in [31], facilitate a rela-
tively straightforward implementation of the proposed work into the existing finite element codes.

In conclusion, the above-listed features of the proposed work make it a very promising finite element
framework for the computer simulation of a wide range of problems in solid mechanics. In particular,
the present work has the potential to extend the capability of today’s finite element codes to performing
computationally efficient explicit simulations of challenging large-scale nonlinear elastodynamic problems
involving nearly incompressible and elastoplastic material models.

As the future work, a straightforward extension of the proposed work would be to contact-impact sim-
ulations. Furthermore, the primary ingredients of the proposed finite element framework can be extended
to develop computationally efficient explicit schemes for other challenging problems in solid and fluid me-
chanics.
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