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ABSTRACT

Keywords: Research interest within membrane computing is becoming increasingly interdisciplinary.
Fuzzy k“OWI?dge representation In particular, one of the latest applications is fault diagnosis. The underlying mechanism
Fuzzy reasoning was conceived by bridging spiking neural P systems with fuzzy rule-based reasoning
Spiking neural P systems systems. Despite having a number of publications associated with it, this research line still

Fault diagnosis lacks a proper formalization of the foundations.

1. Introduction

Spiking neural P systems (SN P systems), since first presented in 2006 [1], have proved to be versatile devices for several
practical applications. More recently, a variant of SN P systems, the so-called Fuzzy Reasoning Spiking Neural P systems (FRSN P
systems, for short) were defined in [2], providing interesting features that make them suitable for modeling fault diagnosis
systems, usually including a number of elements and relations involving different types of uncertainty. These aspects imply
the need of handling fuzzy knowledge and reasoning when dealing with fault diagnosis applications.

The mechanisms provided within FRSN P systems to aid in the study of this kind of fault diagnosis problems set a bridge
between spiking neural P systems and fuzzy rule-based reasoning systems. However, despite the emergence of a number
of publications about this topic [2-4], a more in-depth theoretical study was necessary to provide a proper formalization of
the foundations.

The present work aims to provide a solid formalization of FRSN P systems. More specifically, it formalizes the first
variant presented in [2], dealing with real numbers. Latter variants of these systems might be addressed by future works.
The structure of the paper is as follows. First, Section 2 includes some general definitions used in the rest of the text,
in order to make this document self-contained. Second, the formalization of FRSN P systems is given in Section 3. Third,
Section 4 provides an explanation about the process to build an FRSN P system from a fuzzy reasoning knowledge base.
Then, the process is illustrated in Section 5 through a practical example of fault diagnosis expert system from literature.
Finally, Section 6 summarizes the main conclusions of this paper, while outlining some possible research lines of future
work.
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2. Preliminaries
2.1. Fuzzy production systems

Expert systems are computer programs designed to emulate the thinking patterns of an expert. In this paper we restrict
our attention to the so-called production systems, which employ rules of the type “IF (the data meet certain specified condi-
tions) THEN (perform the specified actions)” (see e.g. [5] for more details). The “IF” part of the rule is called the antecedent
and the “THEN” part is the consequent.

There are many sources of uncertainty in data: imprecision in numerical measurements, uncertainty with respect to
facts, ambiguous terms, etc. One way to deal with those uncertainties is representing them by real numbers (usually, but
not always, between 0 and 1) expressing in some sense how confident we are about the data. Such numbers are called the
truth values associated with the data.

Rules in fuzzy production systems are expressed by means of propositions involving linguistic variables. The antecedent
(resp. the consequent) of a rule can be formally seen as a set of linguistic terms, each of them having associated a membership
function, allowing to derive from the values of the variables a truth value for the proposition. For example, the variable
Speed could consist of the terms s1low, medium and fast. Then, these terms could have associated membership functions
such that, for a speed of 50, the proposition Speed is slow would have a truth value of 0, the proposition Speed is
medium a truth value of 0.6 and the proposition Speed is fast a truth value of 0.25.

Linguistic terms can be affected by hedges, which are adjectives or adverbs that modify the truth value of a proposition.
For example, the truth value of the proposition Speed is very fast would be 0.0625, since we assume that the effect
of the hedge very is to square the truth value.

In fuzzy logic the truth value of the classical not, and and or connectives can be computed using the Zadeh operators
as follows (note that other operators are possible):

e Truth value of NOT ¢: 1 — truth value of ¢.
e Truth value of ¢ AND ¢ : min{truth value of ¢, truth value of }.
e Truth value of ¢ OR v : max{truth value of @, truth value of v}.

In the literature, IF-THEN rules can be classified in various ways. We recall here the classification into five elementary
types given in [5].

e Type 1: simple fuzzy production rules of the form
IF ¢ THEN ¢
e Type 2: composite fuzzy conjunctive rules in the antecedent (a.k.a. AND-rules) of the form

IF @1 AND --- AND ¢, THEN ¥

Type 3: composite fuzzy conjunctive rules in the consequent of the form

IF  THEN @1 AND --- AND @y

Type 4: composite fuzzy disjunctive rules in the antecedent (a.k.a. OR-rules) of the form

IF @1 OR --- OR @, THEN ¥/

Type 5: composite fuzzy disjunctive rules in the consequent of the form

IF Y THEN ¢1 OR --- OR @

where each ¢; and  are propositions involving linguistic variables.

The initial motivation for this paper is to present a formalization for the seminal definition of FRSN P systems (|2]). This
is a deterministic model, using real numbers to represent truth values associated with propositions. Therefore, rules of type
5 fall out of the scope of the formalization presented here, since it is not straightforward to capture their effect in this
context.

In what follows, for the sake of simplicity and without loss of generality, we will only refer to two kinds of fuzzy
production rules, namely AND-rules and OR-rules. Note that, on the one hand, elementary rules of type 1 can be seen
as a particular case of an AND-rule. On the other hand, any rule of type 3 can be replaced by a set of elementary rules
(one for each proposition in the consequent), and the resulting system will be equivalent from a reasoning point of view.

To account for the uncertainty we may have about the correctness of the implications represented by the rules, we
associate with them confidence factors, which are real numbers between 0 and 1. We can then make a process of inference
to derive truth values from available data as follows: given a rule with confidence factor T and with truth value «; for each
proposition ¢; in its antecedent,



e If the rule is an AND-rule, then the truth value derived for v is
min{oq,...,p}- T
e If the rule is an OR-rule, then the truth value derived for v is

max{oq,...,0n} - T

Fuzzy production systems are data-driven, that is, all rules compatible with the available data are applied at the same
time, instead of sequentially. This means that the final truth value for proposition ¢ should be computed as

max{oy,, ..., 0, }

where rq, ..., 1, are all the rules with consequent ¢ and o, ..., ay, are the truth values for ¢ derived from them.

m

2.2. Spiking neural P systems

In this section we briefly present a variant of computing models in Membrane Computing called Spiking neural P systems
(SN P systems, for short) introduced by Ionescu et al. [1] (for further details see also [6]). This variant incorporates ideas of
spiking neurons, a promising research line in Neural Computing [7,8].

Spiking neural P systems mimic the way that neurons communicate with each other by means of short electrical im-
pulses, identical in shape (voltage), but emitted at precise moments of time. The underlying structure of these systems is a
directed graph whose nodes represent neurons, and arcs represent synapses. The impulses are described by the multiplicity
of an object a from a singleton alphabet. Object a is called spike and it abstracts a quantum of energy. Neurons can send
spikes along its outgoing synapses according to a protocol: depending on their current number of spikes, the neurons either
fire sending impulses (a certain number of spikes) to the neighboring neurons, or forget the spikes they have. There is a
distinguished neuron called output neuron, whose outdegree is 0, that can send spikes to the environment. Consequently,
in the environment we get a sequence of spikes, leaving the system at specific moments of time.

A spiking neural P system of degree q > 1, is a tuple (O, syn, o1, ..., 0g, iour), Where:

e O ={a} is the singleton alphabet;
e syn=(V,E) is a directed graph such that V ={o1,...,04} and (0j,07) ¢ E for 1 <i <q;
e 0j,1<i<q,is of the form o; = (n;, R;) where n; >0 and R; is a finite set of rules of the following two forms:
(1) E/a“ — at; d, being E a regular expression over {a}, c > ¢ > 1, and d > 0 (firing rules);
(2) a®* — A, for some s > 1, with the restriction that for each rule E/a“ — a®’; d of type (1) from R;, we have a’ ¢ L(E)
(forgetting rules);
e igy €{1,2,...,q} such that outdegree(i,y;) = 0.

A spiking neural P system of degree q > 1 can be viewed as a set of g neurons {07, ..., 04} interconnected by the arcs of
a directed graph syn, called synapse graph. There is a distinguished neuron i, called output neuron, which communicates
with the environment.

If a neuron o; contains k spikes at an instant t, and a* € L(E), k > c, then the rule E/a° — a;d can be applied. By the
application of that rule c spikes are removed from neuron o; and the neuron fires producing ¢’ spikes after d time units. If
d =0, then the spikes are emitted immediately. If the rule is used in step t and d > 1, then in steps t,t+1,t+2,...,t+d—1
the neuron is closed, so that it cannot receive new spikes. In step t + d, the neuron spikes and becomes again open, so that
it can receive spikes (which can be used in step t +d + 1). The spikes produced by a neuron o; are received for all open
neuron o; such that (oj,0;) € E. If 0; is the output neuron then the spikes are sent to the environment.

The rules of type (2) are forgetting rules, and they are applied as follows: If neuron o; contains exactly s spikes, then the
rule a®* — XA from R; can be applied. By the application of this rule all s spikes are removed from oj.

In spiking neural P systems, a global clock is assumed, marking the time for the whole system. There exist a number
of variants of these systems with different syntactic and semantic ingredients, but their detailed description is out of the
scope of this paper. For those interested in their study an overview is provided at [9].

3. Formalization of FRSN P systems
Definition 1. A fuzzy reasoning spiking neural P system (FRSN P system, for short) of degree g > 1 is a tuple

M= (A,o01,...,0q,syn, IN,OUT, PN, RNaxp, RNog, P, C)

where:

e A ={a} is a singleton alphabet.



o (V,syn) is a directed graph being V = {01, ..., 04} such that
Vo €V (indegree(o) > 0V outdegree(o) > 0)

each arc in syn has a function y from [0, 1] onto [0, 1] associated with it.
e IN,OUT are the nonempty subsets of V: IN ={o € PN |indegree(c) =0} and OUT = {0 € PN | outdegree(o) = 0}.
e {PN, RNayp, RNogr} is a partition of the set V such that

V(o,0')esyn[(c e PNAc’'eRN)Vv (c e RN Ac’ € PN)]
being RN = RNayxp U RNeg.

e P,C are tuples of real numbers: P = (p1,...,pq) and C = (cy,...,¢q), with pj,c; €[0,1], 1< j<gq, and ¢; > 0 if
o; € RN.

e Each node o € V is a triple (&5}, Cj, Fo;) such that
- Qg; € [0, 1].

- If oj € IN then Fg; is the identity function on [0, 1].
- If indegree(oj) = ng; >0 then Fo; is the total function from [0, 1]"% onto [0, 1] defined as follows:

Foj()q,...,xn(,j):
max{y1(x1), ..., ynaj (xngj)}, if ojePN
max{y1(x1), ..., Vi, (xnaj)} -cj, if ojeRNog
min{y1(x1), ..., Vag, (xn(,j)} -cj, if o0jeRNayp

where y; is the function associated with the i-th incoming arc of o;.

A fuzzy reasoning spiking neural P system of degree q > 1 can be viewed as a set of q neurons oy, ...,0q4 arranged
in a structure given by a directed graph (V,syn) (called synapse graph) such that V = {0y, ..., 0q}. There are two types
of neurons: proposition neurons (neurons in the set PN) and rule neurons (neurons in the set RN). Among the proposition
neurons, some of them belong to two distinguished types: those receiving no spikes (input neurons) and those sending no
spikes (output neurons). With respect to rule neurons, we partition them into AND-type rule neurons (neurons in the set
RNayp) and OR-type rule neurons (neurons in the set RNggr). Each synapse (arc of the synapse graph) connects either a
proposition neuron with a rule neuron or vice versa, and the function associated with it indicates whether the proposition
appears in the rule as a positive or negative literal. More precisely, the associated function is y (x) = x for the positive case,
and y(x) =1 — x for the negative case. For each neuron o we consider the sets Presyn(c) ={oc’ €V | (¢’,0) € syn} and
Postsyn(o) ={o’ eV | (0,0’) € syn}.

The system handles information by exciting neurons which fire sending “electrical impulses” (identical in shape, called
spikes, denoted by the symbol a of the singleton alphabet) to their post-synaptic neurons according to specific mechanisms.
Each neuron o has three parameters Qoj, Cj, Fo; associated with it, where

e a,; €[0, 1] represents the fuzzy potential/pulse value of the spike contained in neuron oj.

e cj €[0, 1] represents either the fuzzy truth value (in the case o € PN) or the confidence factor (in the case o € RN).

e Fg; is a function introduced in the previous definition. This function allows us to compute the pulse value of the spike
to be sent out by means of the synapses.

Definition 2. Let o be a neuron of a FRSN P system. The state of o at instant t > 0, denoted by s(o,t), is a tuple
(0o (t), fo(t), Go(t)) where:

e o (t) is a real number in [0, 1] representing the (potential) pulse value of the spike contained in neuron o at instant t.

e fs(t) is a Boolean value that represents if the neuron at instant ¢ is ready to fire.

e G, (t) is a real number in [0, 1] that represents the pulse value of the spike that neuron o will send along its outgoing
synapses at instant t.

Definition 3. Let IT1 = (A, 01, ...,0¢,syn, IN,OUT, PN, RNayp, RNog, P, C) be a fuzzy reasoning spiking neural P system of
degree g > 1.

o A configuration C; of IT at moment of time t > 0 is the tuple (s(o1,t), ..., s(og, t)), where s(cj,t) denotes the state of
neuron o at instant t.
e The initial configuration of IT is the tuple Co = (s(01,0), ..., s(0q, 0)), where

(pj.1,pj), ifojelN

s(0j,0) = .
(pj,0,0), ifojeV\IN



Definition 4. For each t > 0, configuration C; yields configuration C;y1 in one transition step if the following holds:

(pj,l,pj) ift<tp
(pj,0,0) ift>tp

where tp is the maximum length of a simple path from a neuron in IN to a neuron in OUT.
o If 0j € V\IN then

e If 0j € IN then s(oj,t +1) = {

aaj (t + 1) =
max{y'(Gy (t)) | 6" € Presyn(oj) A for(t) =1}, ifoj € PNURNor
min{y’(Gs/(t)) | 6" € Presyn(oj) A for(t) =1}, ifoj € RNanp

where y’ denotes the function associated with the arc (0’, o), for each o’ € Presyn(o;).
fgj (t+1)=1ifand only if 0; ¢ OUT and fs (t) =1, for all o’ € Presyn(c;).

0, if faj(t—f—l):O
CojE+D =1 Fy (Goa (0., G no; (), i fo,t+1)=1
J o;

Ng .
%j

being Presyn(cj) = {o},.. Lo )

Note that a neuron o € V \ IN cannot fire unless all neurons in Presyn(o) have simultaneously fired in the previous
step. If we allow that neurons may receive inputs from branches having different depths (w.r.t. the neurons in IN), then at
some point one of the incoming arcs will provide its spike, while another arc will remain idle, because the spike traveling
through the corresponding branch still needs some more steps to reach such arc. Instead of making the neuron wait until
all input spikes are collected (removing the condition of simultaneous firing), we propose an alternative: input neurons will
keep spiking repeatedly during a number tp of steps, until we can guarantee that all neurons in the graph have the chance
to receive their message.

A computation of a fuzzy reasoning spiking neural P system IT is a (finite or infinite) sequence of configurations such
that: (a) the first term of the sequence is the initial configuration Co of the system; (b) each non-initial configuration
of the sequence is obtained from the previous configuration by applying one transition step; and (c) if the sequence is
finite with n + 1 terms (called halting computation) then the last term C, of the sequence is a halting configuration, that is,
a configuration such that f5;(n) =0, for each j, 1 <j <q.

In such systems, all computations start from an initial configuration and proceed as stated above; only halting computa-
tions give a result, which is encoded by the pulse values of the spikes contained in the output neurons at the last step of
the computation (in the halting configuration).

4. FRSN P systems based on fuzzy production systems

This section is devoted to explain how to build an FRSN P system for a given fuzzy reasoning case study, assuming
we already have a fuzzy production system designed for it. Let {rq,...,r;} be the set of rules of the production system
(composed of AND-rules and OR-rules), and let {¢1,...,¢n,} be the set of propositions present in the production
system (i.e. at either the antecedent or the consequent of any rule).

We shall describe next how to build the corresponding FRSN P system of degree g =nj, +n;, I1 = (A, 01, ..., 04, syn, IN,
OUT, PN, RNayp, RNog, P, ©).

e The symbol representing the spike is defined as usual, A = {a}.
e We include the following neurons in IT:

- One neuron o for each proposition ¢;, 1< j <n,.

- One neuron oy, 1 associated with each rule r; of the production system, 1 <i <n,.
e We include the following arcs in syn, for each rule r;:

- (0}, On,+i), for each proposition ¢; included in the antecedent.

= (On,+is Ok), for the proposition ¢y included in the consequent.

e PN={01,...,0n,}, RNanp = {On,+j | Tj is an AND-rule} and RNog = {On,+j | j is an OR-rule}.
e The sets IN and OUT are defined according to the arcs in syn. IN ={o € PN | indegree(c) =0} and OUT = {0 € PN |
outdegree(o) = 0}. Note that, by definition, every proposition in {¢1,...,¢n,} appears in at least one rule. Therefore,

the condition Vo € V (indegree(o) > 0 Vv outdegree(o) > 0) is satisfied.
e P is defined as follows:

- pj is the initial truth value of proposition ¢j, for 1 < j <n.

- pi =0, for every i > np.



o C is defined as follows:
- cj=pj,for 1 <j<np.
- Cn,+i Is the confidence factor associated with rule r;.

Let us illustrate the above described method with a simple example.

Example 1. Consider a fuzzy production rule, R, of the form
IF 91 AND ... AND ¢ THEN ¢y (CF =1)

where t € [0, 1] is its confidence factor, ¢1, ..., px+1 are propositions. Suppose that the truth value of proposition ¢; is p;,
for 1 <i <k, then the truth value of proposition @y, is evaluated as min{pi, ..., px}- 7. Such a rule can be modeled by
the following FRSN P system of degree k + 2

[Ig = (A, 01,..., 0k Oky1,0R, syn, IN, OUT, PN, RNanp, RNog, P, C)

where
o A={a}.
o syn={(0j,0R)) |1 <i <k}U{(oR, Ok1}-
e IN={oj|1<i<k}and OUT = {0}+1}-
e PN={0j|1<i<k+1}, RNaxp ={0or} and RNog = ¥.
e P=(p1,...,pk,0,0) and C=(0,...,0, 7).

It is easy to check that the system is defined according to Definition 1. The maximum length of a path is tp = 2.
The initial configuration of IT is the tuple

Co=((p1,1,p1),.... (Pk, 1, Pi), (0,0, 0), (0,0,0))

At t =1 configuration Cg yields configuration

C1=(p1,1,p1),-.., (Pks 1, Pi), (0,0, 0), (@oy, 1, 0ty - T))

where o, =min{p1, ..., pk}.
Computation proceeds as follows

CZ = ((pla 17 p])a LX) (pka 13 pk)a (aO'R T, Os O)s (aO'Ra lvaO'R : T))
C3=((p1,0,0), ..., (pk, 0,0), (o - 7,0,0), (Ao, 1, A - T))
C4=((p1,0,0),..., (Pk, 0,0), (o - 7, 0,0), (o, 0, 0))

being the last one a halting configuration. The result obtained by the system is o, - T =min{p1,..., px} - T, the value of
the spike in the output neuron, as expected.

5. Application on fault diagnosis

This section illustrates with an example how the method given above can be generalized in order to obtain a FRSN
P system to model a general fault diagnosis expert system.

Let us consider the expert system given in [10] which is composed by the following propositions. For some of them the
corresponding initial truth value is known.

@1: Cross section area of turbine’s path is too large, p; = 0.6.
¢2: Efficiency of assembling unit is too low, p; = 1.
@3: Ventilation side of the guider’s blade of turbine wears and tears.
@4: Inlet gas temperature of turbine is too low, ps =0.
@s: Pressurization ratio of the compressor is too low, ps =0.2.
@s: Flow path of the combustor wears and tears.
@7: Flow rate of the fuel in the combustor is too high, p; =0.
@g: Higher pressure level’s spray head of the turbine is broken.
@g9: Outlet gas temperature of turbine is too high, pg =0.2.
@10: Efficiency of turbine is too low, p1p =0.9.
@11: Flow coefficient of turbine is too low, p;; =0.
@12: Blade of the turbine scales.
@13: Power of assembling unit is too low, p13 =0.8.
@14: Blade of the turbine wears and tears.
@15: Inlet gas temperature of turbine is too high, p15 =0.2.



®1 Ry P3

Fig. 1. Example of an FRSN P system. The initial available truth values associated with the propositions are indicated inside the corresponding IN neurons
while the rest of neurons are shown empty. Arcs marked in bold have y (x) =1 — x as their associated function, i.e. they correspond to negative literals.

¢16: Blade of the turbine burns down.

@17: Flow path of compressor wears and tears.

@18: Compressor is in turbulence.

¢19: Blade of compressor breaks down, p19 =0.

@20: Conversion flow of the compressor is too low, pyg =0.

@21: Fuel consumption of assembling unit is too high, py; =0.3.

@22 Inlet of compressor freezes.

@23 Uniform entropy compression efficiency of compressor is too low, py3 =0.
@24: Compressor has a problem.

@25: Spray head of turbine is broken.

In order to estimate the unknown truth values the expert system relies on the following fuzzy production rules, given
with their corresponding confidence factors.

Rq: IF 1 AND ©2 THEN @3, T1 = 0.8.

Ry: IF @25 AND —¢@7 THEN gg, 72 =0.8.

R3: IF @25 AND ©»7 THEN @g, T3 = 0.8.

Rys: IF (] AND ®10 AND »11 THEN P12, T4 = 0.8.
R5Z IF ®»10 AND »13 AND ©2 THEN P14, T5 = 0.8.



Fig. 2. Initial steps of the computation. Nodes marked in gray are those having f, (t) = 1. The value of & (t) is shown inside each neuron.

: IF ¢ AND ¢15 THEN ¢16, T6 = 0.8.

. IF »17 THEN Q18, T7 = 0.9.

. IF @19 THEN @13, 78 = 1.

1 IF @0 AND ¢5 AND ¢4 THEN ¢33, 79 = 0.8.

. IF ©2 AND 021 AND @15 THEN ©24, T10 = 1.

. IF ¢5 AND @23 THEN @12, 711 =0.9.

: IF —¢y0 AND —¢s5 AND @4 THEN @17, 712 =0.8.
. IF ¢4 AND ¢ AND @5 THEN @35, 713 =0.8.



Fig. 3. Configuration at instant t = 6.

This fuzzy production system can be modeled by the following FRSN P system of degree 38:
N=(A,o01,...,038,syn,IN,OUT, PN, RNaxp, RNog, P, C)

o A=/{a}.
e The neurons of the system are:
- 01,...,025 associated with propositions ¢1, ..., @2s.
- 02, ...,03g associated with rules Ry, ..., Ry3.
e The arcs in syn are depicted in Fig. 1.
e PN= {O’], . 0’25}, RNaxp = {0'25, ey 033} and RNor = A.
In Fig. 1, PN nodes are labeled with their corresponding proposition and RN nodes are labeled with their corresponding
rule.
e IN = {01, 02,04,05,07, 09, 010, 011, 013, 015, 019, 020, 021, 023} and OUT = {03, 06, 03, 012, 014, 016, 022}
e P=(p1,...,p38) Where p; is the initial known truth value (if available) and 0 otherwise. C =(0,...,0, 71,..., T13).

The initial steps of the computation are illustrated in Fig. 2. After 6 steps (see configuration Cg in Fig. 3), all neurons
have processed all their inputs, and the estimation of the truth values of all propositions in OUT have been updated. Since
tp = 6 for this graph, in the next step IN neurons will stop spiking, and the system will halt in four more steps, when all
neurons get their fy(t) = 0. However, o (t) values will not change anymore.

In the last configuration, the output neuron o with the highest o value is 014 (@4, = 0.64), so its corresponding
proposition @14 = ‘Blade of the turbine wears and tears’ is the most likely fault.



6. Conclusions

This work has provided a complete formalization of FRSN P systems, as initially presented in [2], and illustrated its use
through a practical application to a fault diagnosis system.
The chosen example presented in Section 5 includes several interesting features:

e Some propositions appear as negative literals on the rules.
e There exist paths of different lengths connecting IN and OUT neurons.
e Initial truth values 0.0 are allowed for neurons in IN.

Future studies could be conducted to properly formalize other variants of FRSN P systems possibly dealing with different
approaches, as trapezoidal numbers instead of real numbers or additional ingredients as weights, among others. We believe
that this can be achieved by adjusting the functions F (associated with each neuron) and y (associated with each arc).
Hence, no major change to the formalization presented in this paper seems to be required.
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