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ABSTRACT. In this paper, the existence of regular pullback attractors as well as
their upper semicontinuous behaviour in H!-norm are analysed for a paramet-
erized family of non-autonomous nonlocal reaction-diffusion equations without
uniqueness, improving previous results [Nonlinear Dyn. 84 (2016), 35-50].

1. Introduction and existence results. Many nonlocal problems have been ana-
lysed in the last few decades due to their usefulness in real applications (e.g. cf.
[23, 4, 25, 40, 3]). Namely, many authors have been interested in studying the
nonlocal parabolic equation

ou
5 a(l(u))Au = f,

where a is a continuous function and [ € (L3(Q))’, i.e.

1) = 1y(0) = [ g(o)ula)da.

From a biological point of view, the function u might represent the density of a
population. Additional assumptions could be imposed on the function a to better
reflect the behaviour of the community. For instance, to model species with a
tendency to leave crowded zones, a natural assumption would be to assume that a
is an increasing function of its argument. On the other hand, if we are dealing with
species attracted by growing population, one would assume a to decrease. This
equation has been used in epidemic theory and from a physical point of view, to
study the heat propagation (for more details cf. [13, 14]).

It is worth highlighting that the above equation is not a trivial perturbation of
the heat equation and serious difficulties arise in different contexts. For instance,
the existence of a Lyapunov function is not guaranteed in a general framework. Ad-
ditional requirements (see [14] for more details) or more specific nonlocal operators,
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which are strongly related to the diffusion terms (see [17, 15]), are needed to build
this structure.

Many authors have been interested in studying the asymptotic behaviour of the
solutions to problems of the same kind as the one presented above. For instance,
in [13] Chipot and Lovat establish a comparison result between two stationary
solutions and the solution of the evolution problem. Then, using this result, they
prove the convergence of the solution of the evolution problem towards a stationary
solution. Later, Chipot and Molinet [14] generalise the results obtained in [13]
dealing with a continuum of steady states, making use of dynamical systems. In
[16] Chipot and Siegwart consider a more general elliptic operator to study the
long-time behaviour of the solutions. Chang and Chipot [11] analyse the same
kind of results as in [13], however, in this case the authors deal with two nonlocal
operators. Another interesting study is the one by Chipot and Zheng in [18], where
the authors analyse the convergence of the solution of the evolution problem to
one of the equilibria without assuming uniqueness of stationary solutions. Among
several other results, Andami Ovono [1] analyses the existence of the compact global
attractor in L2(2).

If f also depends on the unknown wu, the study of the stationary solutions is
not trivial at all, and the natural generalization for the analysis of the long-time
behaviour of the solutions is to consider the theory of attractors. Although an
autonomous approach is almost new in this setting, it might be meaningful (and
more general) to consider time-dependent terms in the model and then there are
several approaches from the point of view of non-autonomous dynamical systems,
like skew-product flows (see Sell [38]), uniform attractors and their kernel sections
(cf. Chepyzhov and Vishik [12]) and pullback attractors (see Kloeden and Schmalfuf}
[30, 31] and Kloeden [28], also related to random dynamical systems [21]). This
last approach allows us to minimize the assumptions on the forcing terms and the
resultant objects are strictly invariant in a suitable non-autonomous-dynamical-
system sense, unlike what happens with uniform attractors. Furthermore, pullback
attractors let us study the behaviour of the current system considering initial times
that come from the past (e.g. cf. [29] for more details). Many new results have
appeared over the last years related to pullback attractors. Some authors have
been interested in studying the pullback attractor in the classical sense, i.e. the
pullback attractor of solutions starting in fixed bounded sets. Others, though, have
employed the concept of attraction related to a class of families, called universe
D, which is made up of sets which are allowed to move in time and are usually
defined in terms of a tempered condition (e.g. cf. [19, 9, 10]). This last approach
has been used recently to study nonlocal problems (cf. [5, 7]). For instance, in [5]
the existence of pullback attractors in L?(2) and H}(f2) is established for a non-
autonomous parabolic equation with nonlocal diffusion and sublinear terms. Later
in [7], continuing in a single-valued framework (the nonlocal viscosity is locally
Lipschitz), the existence of these families is analysed for a non-autonomous nonlocal
reaction-diffusion equation.

In addition, in [6] the existence of pullback attractors in L?(Q) is analysed in a
multi-valued framework for the non-autonomous nonlocal reaction-diffusion prob-
lem

a—:: — (1 =¢e)all(u))Au = f(u) +eh(t) in Q x (1,00),

u=0 on JN x (1,00),
u(z,7) = ur(x) in Q,
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where € € [0, 1] and no locally Lipschitz assumption on the function a or monoton-
icity on the nonlinearity f are imposed (so lack of uniqueness). Moreover, the upper
semicontinuous behaviour of attractors in L2-norm is studied. Namely, it is proved
that the family of pullback attractors converges to the compact global attractor as-
sociated to the autonomous problem when € goes to 0. [Do not confuse this notion,
the upper-semicontinuous behaviour of attractors, with upper-semicontinuous pro-
cess (see Definition 4). While being an upper-semicontinuous multi-valued process is
a property only related with a two-parameter semigroup, the upper-semicontinuous
behaviour of attractors takes into account all the processes indexed by the para-
meter in which it is taken the limit and it analyses an asymptotic property of a
whole family of problems.]

In this paper we improve the results given in [6], analysing existence of pullback
attractors in H{(£2) as well as their upper semicontinuous behaviour in H!-norm.
According to [6, Section 6] we consider the parameterized family (e € [0,1]) of
non-autonomous nonlocal reaction-diffusion problems

% —g1(e)al(u)Au = g1(e) f(u) + go(e)h(t) in £ x (7,00),
(P)4 =0 on 90 x (1,00),

u(z,7) =u-(z) inQ,

where Q is a bounded open subset of RY of class C*', 7 € R, the nonlocal diffusion
term fulfils that there exists m > 0 such that

a € C(R; [m,0)), (1)
le (L3(Q)). (2)

Concerning the family of perturbed coefficients, varying with the parameter ¢,
suppose that

g1 € C([07 1}; (0’ OO))’ gl € C([Oa 1]; [07 OO))’ go € C([07 1]) (3)

Actually, at some stages of the paper —mot from the very beginning— it will be
imposed that ¢1(0) = §1(0) =1 and ¢o(0) = 0 (the values of ¢g; and §; at 0 are just
for the sake of simplicity when dealing with the limit problem —see Theorems 7 and
8—; indeed any other values can be, after rearrangement, easily translated to this
situation).

Regarding the nonlinearity, we assume that the function f € C'(R) (cf. Remark
4 for a more general setting) and there exist positive constants a1, as and k, n > 0
and p > 2 such that

—k—ai|s|P < f(s)s <k —azls|P VseR. (4)
fl(s)<n VseR, (5)

From (4) we deduce that there exists § > 0 such that
[f(s) < B(IslP! +1) VseR (6)

The structure of this paper is as follows. In the rest of this Section 1, the setting
of the problem is established as well as the existence of strong solutions and the
regularising effect of the equation. Section 2 is devoted to providing abstract results
on multi-valued non-autonomous dynamical systems which are essential to prove
the existence of pullback attractors in L?(Q2) and Hg () in the last two sections.
Namely, in Section 3 we generalise some results of [6], which guarantee the existence
of pullback attractors in L?(Q2) and will be crucial in what follows. In Section 4,
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we show the existence of pullback attractors in H'-norm and analyse their upper
semicontinuity with respect to the parameter. Indeed, we prove that both families
of attractors, those given in L2(Q2) and H}(), converge to the compact global
attractor associated to the autonomous problem (P) in H'-norm when & goes to
0.

Regarding the notation, the inner product in L?(f2) is represented by (-,-) and
its associated norm by | -| (since no confusion arises, this also denotes the Lebesgue
measure of a subset of RY). The inner product in H{(f2), given by the product
of the gradients in (L?(£2))%, is represented by ((,-)), and by || - || the associated
norm. The duality product between H~1(Q2) and H{ () is denoted by (-,-) and
by || - ||+, the norm in H~1(Q). Identifying L?(2) with its dual, the usual chain of
dense and compact embeddings H} () € L?(2) ¢ H~1(Q) holds. Observe that,
by the Riesz theorem, we can obtain | € L?(Q) with (Lw) L2y L2 = (Z, w);
here on, thanks to the identification (L2(Q))’ = L2(Q), we just use [ instead of I,
but at the same time we keep the usual notation in the existing previous literature
[(u). The duality product between LP(92) and L%(2), where p and ¢ are conjugate
exponents, is denoted by (-, -) and the norm in LP(€Q) is represented by |-|,. Finally,
|l - [+ ;x) denotes the norm in L*(7,T;X) where s > 1 and X is a separable
Banach space.

To start with the weak-solution framework, we assume that u, € L?(2) and
he L? (R; H-1()).

loc

Definition 1. A weak solution to problem (P.) is a function u that belongs to
L (7, T; L2(Q)) N L2(7, T; HY(Q)) N LP (7, T; LP(Q2)) for all T > 7, with u(r) = u,,
and such that for all v € H (2) N LP(Q)

%(U(t% v) +g1(e)all(u(t)))(u(t),v)) = g1(e)(f(u(t)),v) + go(e){h(t),v),  (7)
where the previous equation must be understood in the sense of D' (1, 00).

When v is a weak solution to (P:), making use of the continuity of the function
a, (2), (6) and (7), it holds that v’ € L?(r,T; H=Y(Q)) + L4(r,T; L4(Q2)) for any
T > 7. Therefore, u € C([r,00); L?(2)) and the initial datum in (P.) makes sense.
Furthermore, the following energy equality holds

u(OF +20:(0) [ aliCutr))u(r) Par
— Ju(s)? + 241 (e) / (F(u(r)), u(r))dr + 2go(e) / () u(r)dr  (8)

for all 7 < s <t (cf. [22, Théoreme 2, p. 575] or [41, Lemma 3.2, p. 71]).

The existence of weak solutions to (P.) has been proved in [6, Theorem 1] (as
commented in the introduction, the lack of Lipschitz character on the function a
does not allow to ensure uniqueness).

Theorem 1. Assume that (1)-(4) hold and h € L% (R; H=1(Q)). Then, for any

loc
ur € L*(Q), there exists at least one weak solution to (P:).

Now, in a more regular framework, we will show the regularising effect of the
equation and the existence of strong solutions. In order to do that we assume that
the function f also fulfils (5) (anyway this assumption can be weakened, see Remark
4 for more details), and h € L2 (R; L?(12)).

loc
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Definition 2. A strong solution to (FP:) is a weak solution which also belongs to
L3(1,T; D(=A)) NL* (7, T; HY () for all T > 7.

Now we show the regularising effect of the equation for any ¢ and the existence
of strong solutions.

Theorem 2. Assume that (1)-(5) hold and h € L}, (R; L*(Q)). Then, for any u, €
L2(2), each weak solution u belongs to L>°(7 + €, T; H}(Q)) N L*(7 + ¢, T; D(—A))
for every € > 0 and T > 7 + €. In addition, if the initial datum u, € HZ (), then

the weak solutions to (P-) are in fact strong solutions.
Proof. We split the proof into two steps.

Step 1. Regularising effect.
Fix a weak solution u(+; 7, u, ) to (P:), for short denoted by u(-). Then, we consider
the problem

S (Oall@)Ay = 51(2) (1) + g&h(e) in 2 (r,0),

t
(P&U) y:o on 89 X (T,OO),
y(:r,T) = uT(I') in Q

Observe that there exists a unique solution to (P ,) thanks to the monotonicity
of the Laplacian and the assumption (5) made on f (cf. [33, Chapter II]). Thus,
more regular (a posteriori) estimates as well as using the Galerkin approximations
make complete sense. Moreover, it holds that y = u since u solves (P:), and (P: )
possesses a unique solution.

Now, making use of spectral theory and regularity results (cf. [39, 32]), consider
a sequence {w;};>1 of eigenfunctions of —A in H}(Q), which is a Hilbert basis of
L?(Q). For each integer n > 1, we define the function w, (t;7,u,) = Z;L:1 ©n; (t)w;
(un(t) for short), which is the local solution to

d

7 n(t), wy)+ g(e)a(l(u())) (un(t), ;) = (g1 () f (un(t)) +90(£)A(2), w))
t € (1,00),
(un(T)ij):(uﬂwj)7 7=1,...,n.

(9)

Multiplying (9) by ¢,;(t) and summing from j = 1 until n, we deduce
1d -
5 77/t (O + g1(@)al@®)llun@®)I* = §1()(f (wn (1)), un(t)) + go(e) (A(t), un(t)
ae. te (r,T).

Integrating the previous expression between 7 and T, and making use of (1) and
(4), we obtain

T

T
\un(T)|2+291(€)m/ lun (8)]dt < IUT|2+2§1(8)(T*T)H|QI+290(€)/(h(t)wn(t))df-
Using the Cauchy inequality,

L BN 10 Lo IR 1) N A
o < e+ G oo . B

On the other hand, multiplying (9) by A;¢n;(t), summing from j = 1 until n and
using (1), we have

5 5 O +91 (€)= (1) = 31 ().~ Bt () +90(2) (1), ~ At (1)
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a.e. te (1,T).
Applying (5) and the Cauchy inequality, it holds
191(£)£(0) + go()h(t)[?
g1(e)m

%Hun(t)||2+91(6)m|*Aun(t)l2 < 291 (e)llun ()1 + (11)

a.e. t € (1,T).
Integrating between s and ¢, with 7 < s <t < T, we obtain

lun (D2 + g1 ()m / = Ay (1)

<l ) +20 (e [ () P+

Now, integrating w.r.t. s between 7 and ¢, we have in particular
(t = 7)llun(®)]?

<(1+25,()(T — 7)) /

T

T
/ 131(£) £(0) + go(e)h(r)*dr.

o () P+ = [ (€ £0) + au(eh(r) e

for all t € [t +¢,T] with € € (0,7 — 7).

Then, from this and making use of (10), it holds that the sequence {u,} is
bounded in L (1 + ¢, T; H}(Q)) NL2(1 + ¢, T; D(—A)). Therefore, by the unique-
ness of weak solution to (P ,), it fulfils

U, = u  weakly-star in (1 + ¢, T; H}(Q)),
up — u  weakly in L?(1 + &, T; D(—A)).

Step 2. Strong solution. Assume that u, € H}(Q2). We will see that u €
Lo (1, T; HY(Q)) N L3(7,T; D(—A)) and actually also u' € Li(7,T; L4()) for all
T>T.

Integrating (11) between 7 and ¢ € [1,T], we obtain

[|un ()] +gl(s)m/ | — Auy, (r)|2dr
T 1

<||lu: || + 2G1 (¢ / wun ()| 2dr +
el + 20 | ()Pl +

/ 1G1(2) £(0) + go(e)h(r)[*dr.

Then, taking into account that {u,} is bounded in L?(7,T; H}(9)), we deduce
that {u,} is bounded in L>°(7,T; H}(2))NL?(7,T; D(—A)). Thanks to the unique-
ness of weak solution to (P ), we have

U, —u  weakly-star in L>°(7,T; H}(Q)),
up — u  weakly in L?(7,T; D(—A)).
On the other hand, since
ou - .
o~ 9r(e)all(w)Au = gi(e)f(u) + gole)h(t) in L(r, T; LU(12)),
it holds that u’ € LI(r,T; LI(Q)). O
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2. Set-valued non-autonomous dynamical systems and pullback attract-
ors. In this section, we provide abstract results on multi-valued non-autonomous
dynamical systems (cf. [37, 8, 36, 2]) which are crucial to prove the existence
of minimal pullback attractors. Furthermore, results which establish relationships
between the families of pullback attractors are also stated (cf. [36]).

To set our abstract framework, we consider a metric space (X,dx) and the set
RZ = {(t,s) € R? : t > s}. In addition, let us denote by P(X) the family of all
nonempty subsets of X and consider a universe D, which is a nonempty class of
families parameterized in time D = {D(t) : t € R} C P(X).

Definition 3. A multi-valued map U : R x X — P(X) is a multi-valued process
on X (also called multi-valued non-autonomous dynamical system) if it fulfils

(i) U(r,m)r={z} VreR VzelX,

(i) U, n)z Cc Ut s)(U(s,7)x) Vr<s<t VaeX, where

U, 7)W := U Ut,T)y VW C X.
yew
When the relationship established in (ii) is an equality instead of an inclusion, the
multi-valued process U is called strict.

Definition 4. A multi-valued process U on X is upper-semicontinuous if for all
(t,7) € R2, the mapping U(t,7) is upper-semicontinuous from X into P(X), that
is, for each € X and any neighbourhood N (U(t,7)x) of U(t, 7)x, there exists a
neighbourhood M of x such that U(t,7)y C N(U(t, 7)) for any y € M.

Definition 5. A universe D is called inclusion-closed if given two families D and
D’ such that De D and D' = {D'(¢) : t € R} C P(X) with D'(¢t) C D(¢) for all
t € R, it fulfils that D’ € D.

Now, we consider a family of nonempty sets Dy = {Do(t) : t € R} C P(X).
We do not require any additional condition on these sets such as compactness or
boundedness.

Definition 6. The family Dy = {Do(t) : t IS R} is pullback D-absorbing for a
multi-valued process U if for any ¢ € R and De D, there exists T(D t) <t such
that R

U(t,7)D(7) C Do(t) V7 <7(D,t).

Definition 7. Given a family Dy = {Dy(t) : ¢ € R}, a multi-valued process U on
X is said to be pullback ﬁo—asymptotically compact if for any ¢t € R, every sequence
{mn} C (=00, t] such that 7, — —oo and any sequence {z,} C X with z,, € Do(7)
for all n € N, it fulfils that any sequence {y,}, with each y, € U(t,7)n, is
relatively compact in X.

Given a universe D, a multi-valued process U on X is said to be pullback D-
asymptotically compact if it is pullback D- asymptotically compact for any DeD.

Definition 8. A family Ap = {Ap(t) : t € R} C P(X) is called the minimal

pullback D-attractor for a multi-valued process U if the following properties are
fulfilled:
1. Ap(t) is a nonempty compact subset of X for any t € R,
2. Ap is pullback D-attracting, i.e. lim,_,_ distx(U(t,7)D(7), Ap(t)) = 0 for
alDeDandt e R, where distx (-, -) denotes the Hausdorff semi-distance in
X between two subsets of X,
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3. Ap is negatively invariant, i.e. Ap(t) C U(t,7)Ap(7) for all (¢,7) € R,
4. For any family of closed sets C = {C(t) : t € R} which is pullback D-
attracting, the relationship Ap(t) C C(t) holds for all ¢ € R.

To continue our analysis, we define the omega limit of the family D in time ¢ by
N

AD,t)y=JUt7)D(r) VteR,

s<tT<s

— X
where {...}  denotes the closure in X.

Now, we have the main result of this section, which ensures the existence of the
minimal pullback D-attractor for a multi-valued process U (cf. [6, Theorem 2]).

Theorem 3. Consider an upper-semicontinuous muAlti—valued process U which has
closed values, a pullback D-absorbing family called Dy = {Dy(t) : t € R} C P(X)

and also assume that U 1is pullback Bo-asymptotically compact. Then, the family
Ap = {Ap(t) : t € R} defined by

X
Ap(t)= |J A(D,t) VteR
DeD
is the minimal pullback D-attractor and Ap(t) C Do(t)X for allt € R. In addition,

if Dy € D, each Dy(t) is closed and the universe D is inclusion-closed, then the
family Ap € D. Moreover, when U is strict, the family Ap is invariant under the
multi-valued process U, i.e. Ap(t) = U(t,7)Ap(7) for all (t,7) € R4

Now, we are going to establish relationships between pullback attractors (cf.
[36]), but first we need to introduce some notation. We denote by Dx the universe
of fixed nonempty bounded subsets of X, i.e. the class of all families D of the form
D ={D(t) = B : t € R}, where B is a fixed nonempty bounded subset of X.

Corollary 1. Under the assumptions of Theorem 3, if Dx C D, then the following
relationship holds
ADfé (t) C Ap(t) VteR,

where
X

Apx(t)=|J ABt) VteR
B bounded
is the minimal pullback D% -attractor for the multi-valued process U.
In addition, if there exists T € R such that the set \J, Do(t) is bounded in X,
then Apx (t) = Ap(t) for allt <T. -

Thanks to the following result, we can compare two attractors for a process (see
[24, Theorem 3.15] for a proof in the single-valued framework).

Theorem 4. Suppose that {(X;,dx,)}i=1,2 are two metric spaces such that X1 C
Xo with continuous injection, D; is a universe in P(X;) fori= 1,2, and D1 C Ds.
Assume that U is a multi-valued map that acts as a multi-valued process in both
cases, i.e. U :R2x X; — P(X;) fori = 1,2 is a multi-valued process. For each
teR,

7

—/\X
Aity= |J MDit)  i=1.2,

D;eD;
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where the subscript i in the symbol of the omega-limit set A; is used to denote the
dependence on the respective topology. Then, Ay (t) C Ax(t) for allt € R.
If moreover

(i) Ai(t) is a compact subset of Xy for allt € R,
(ii) for any Dy € Dy and t € R, there exist a family D1 € Dy and a t5  such that
1

U is pullback ﬁl—asymptotically compact, and for any s < t*ﬁ there exists a
1
Ts < 8 such that U(s,7)Da(1) C D1(s) for all T < 74,
then Ay (t) = Ax(t) for allt € R.

3. Previous results on the asymptotic behaviour in L?-norm. In [6] the ex-
istence of pullback attractors to (P.) in L?(2) is analysed. Namely, in what follows
we will recall the main results that guarantee the existence of these families. This is
the first step in order to state our regularity results in H}(Q) in Section 4. Observe
that the results are provided without proofs since (P;) is a slight generalization of
the one analysed in [6]. However, we include the (adapted) statements here for the
sake of clarity when reading the next section.
Thanks to the existence of weak solutions to (P:) (cf.

define a multi-valued map U® : R2 x L?(Q) — P(L?*(Q)) as

Us(t, Tur = {u(t) : u e ®°(1,ur)}, 7 ur € L*(9),

<t,
where ®°(7, u,) denotes the set of weak solutions to (P:) in [r, c0) with initial datum
u, € L2(9).
The following result is the natural generalization of [6, Lemma 1, Proposition 2]
to this setting.

Proposition 1. Assume that (1)-(4) hold and h € L? (R; H=1(Q)). Then, U® :

loc
R2 x L2(Q2) — P(L?(R)) is a strict upper-semicontinuous multi-valued process with

closed values for all € € [0,1].

~—

cf. [6, Theorem 1]), we can

—~

From now on, for any p > 0, the class of all families of nonempty subsets D=
{D(t) : t € R} € P(L*(Q2)) such that

lim (e* sup |v*]| =0
T——0 veED(T)

is denoted by ’Dﬁ2. It is worth noting that ’Dfﬂz C Dﬁz and Dﬁz is inclusion-closed.
From now on, we assume a condition to simplify the exposition and the form of
the limit problem (Pp), namely
g91(0) = 1. (12)
To prove the existence of a pullback absorbing family, we assume that there exists
i € (0,2X\1m) such that

0
/ e || h(s)||2ds < oc. (13)

—0o0

Remark 1. From the continuity of ¢g; and (12) it is immediate to deduce that
there exists € € (0,1] such that @ < 2g1(e)A\ym for all € € [0,Z]. Indeed, this last
condition will be used in the sequel to construct the absorbing families in suitable
universes Dﬁ: Furthermore, it is consistent with the final goal of studying the
limit of problems (P:) when & goes to 0. In what follows the parameter p. is taken
in [, 2g1(e)A\1m) since (13) also holds with the weight e** replaced by et<® and
D};Z C Dﬁj, so a larger class of objects will be attracted.
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Then, it holds the following result (cf. [6, Proposition 4] for a similar proof).
Proposition 2. Assume that (1)-(4) and (12) hold, and h € L% _(R; H~(Q))

loc
fulfils (13) for some p € (0,2A\ym). Then, there exists £ € (0,1] such that for
any € € [0,&] and pe € [,2g1(e)A\im) the family D5 = {D§(t) : t € R} defined
by D§(t) = Brz2(0, (R52(t))Y2), the closed ball in L*(Q) of center zero and radius

(R, (t)Y/2, where

291 (e)x1€Y " (go(e))%et<! /t

He 2g1(e)m — A\ e J— oo
is pullback Dﬁj—absorbing for the multi-valued process U¢ : R2x L2(Q) — P(L3()).
Besides, 135 € Dﬁ:

12(t) =1+ e'*|h(s)3ds,  (14)

Now to prove the pullback asymptotic compactness we first establish the following
estimates (cf. [6, Lemma 2] for an analogous proof).
Lemma 1. Under the assumptions of Proposition 2, there exists £ € (0,1] such
that for any ¢ € [0,&], t € R, u. € [@,2q1(e)A\1m) and D € Dﬁ:, there exists
Tl(ﬁ,t) < t—2, such that for any T < Tl(ﬁ,t) and any ur € D(7), the solutions to
(P-) satisfy
‘U(T;T7u7’)|2 Spi(t) Vr e [t_27t]7

/ llu(s; T, ur)||?ds < p5(t) Vr e[t —1,1,
r—1

/ lu(s; 7, ur)[Dds < Mpg(t) Vrelt—1,1,
r—1

~ 20261(¢)
where

251()sIY |, (g0(e))%e (2 / 2
pi(t) =1+ + — e*<*||h(s)]||;ds,
1(1) e 2o E@m = ) 1A ()

1 - (90(2))? /r 2 )
5(t) = ——— | p1(t) + 261 (e)k|Q + —— ma h(s)||zds | .
il = o (s + 20 + BOL [ o)

The proof of the following result is very close to that of [6, Proposition 5] under
minor modifications.

Corollary 2. Under the assumptions and notation of Lemma 1, the multi-valued
process U® s pullback Dﬁj -asymptotically compact for any ¢ € [0,&] and p. €
72, 2g1(g) Aym).

Now the existence of pullback attractors in L?(Q) is guaranteed.

Theorem 5. Assume that (1)-(4) and (12) hold, and h € L? (R; H=*(Q)) ful-

loc

fils (13) for some i € (0,2X\1m). Then, there exists € € (0,1] such that for any

e € [0,¢] and p. € [f,2g1(e)A\1m), the process U® possesses the minimal pullback

DIL,2 -attractor A2, = {AZ 2 (t) : t € R} and the minimal pullback Dﬁ: -attractor
F

L2
DF

AEDL2 = {A% ,(t) : t € R}, which is strictly U®-invariant.

L2
Dﬂe

In addition, the family -A%Lz belongs to Dﬁ: and the following relationships hold
He

Ay (1) © ALy (1) € Bra(0, (Rpa(1)'/?) Ve R Ve € 0.,
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Moreover, if there exists some i € (0,2 A1m) such that h fulfils

sup (e—ﬁs / eﬂ9||h(9)|zd9> < o0, (15)

s<0 —0o0
then there exists & € (0,1] such that for any € € [0,€], A . (t) = A7 2 (t) for all
F L
teR.

4. Existence of pullback attractors and their upper semicontinuous be-
haviour in H'-norm. Now, we are ready to analyse the existence of pullback
attractors in H} (). Observe that D(—A) = H?(Q) N H (), thanks to the as-
sumptions made on the domain € (indeed C'! is a sufficient condition, and it can
be weaken, e.g. cf. [26, Theorem 9.15, p. 241]). Therefore, in what follows we
will use either the norm of D(—A) or the norm of H?(Q) N H}(Q) since both are
equivalent.

Under the assumptions imposed in Theorem 2, it does not seem possible to
guarantee that u € C([r, T]; H}(2)) due to the fact that it is unknown whether or
not u’ belongs to L?(7,T; L?*(Q2)). To ensure a positive answer to this question, we
will make the most of the known regularity for strong solutions, interpolation results
(cf. [42, Lemma II.4.1, p. 72]) and a certain growth condition on the nonlinearity
f. Namely, we assume that

[f()] < CA+s"™) Vs eR, (16)
where vy =4 when N =3,y =2 when N =4 and v = 4/(N —2) when N > 5. This
way, given u € L>(7,T; HY(Q))N L?(7,T; H*(Q) N H(£2)), we obtain

T
[ [ 15t opPasd ")
T JQ

T
§2/ /02 (1+ |u(z,t)|**"?) dadt
T Q

§202|Q|(T - 7—) + 202||u| iboc(,r T,Lp(N,Hcl))) ”u' il;(q—’T;LP(N,HQ))

§2C2|:‘Q|(T - T)+(CH3 (]V))Q})(C’I‘I2 (N))2b||uH%bM(T,T;Hé(Q)) ||uH%bZ(T,T;H2(Q)ﬁHé(Q)) ’

where b= (1 —60)(y+1), b= 0(y+ 1), Cpa(N) and Cy2(N) are the constants of
the continuous embeddings of Hi(2) and H?(Q) into LP-spaces respectively and
g € [0, 1].

Remark 2. Observe that condition (16) only concerns dimensions N > 3. The
cases N = 1, 2 do not require any additional restriction since Hg(2) C L¥*(Q) for
all p < 0o, and in view of (6) and the fact that u € L (7, T; H}(Q)), it is immediate
that f(u) € L?(1,T; L*(Q)).

Then, under the previous assumptions it fulfils that ' € L?(r, T; L?(Q2)). There-
fore, it satisfies that u € C([r,T]; H}(2)) and it holds

a1+ 201(2) [ au(r)))] - Au(r) Par
()| + 241 (¢) / (F(u(r)), —Au(r))dr + 2go(e) / (h(r), —Au(r))dr.  (18)
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Thanks to Theorem 2, the restriction of U¢ to R? x H () defines a strict multi-
valued process into H} (€2). Since no confusion arises, we will not modify the notation
and continue denoting this process by U®.

Now to prove that the multi-valued process U¢ is upper-semicontinuous with
closed values in H}(Q) for any ¢ fixed, we first provided the following auxiliary
result.

Proposition 3. Assume that (1)-(5) and (16) hold, and h € L} (R; L*(2)). Then,
if {u”} C HE(Q) is such that u® — wu, strongly in Hg(SY), for any sequence {u™}
with u™ € ®°(7,ul) for all n > 1, there exist a subsequence of {u™} (relabeled the

same) and u € ®°(7,u,) such that
u™(t) — u(t) strongly in HX(Q) VYt > 7. (19)
Proof. Consider fixed 7 < T'. In view of the energy equality (8) and (1), we deduce

L @) + gr@mlu (O] < 51 () (F(0), " (1)) + g0(e) ((E), ™ (1)
a.e. t € (1,T). Then, bearing in mind
(f(u"(2)),u" (1)) < £[Q| = agfu™(B)[7

P’

an(e) ) o)) < LRy 2O e

we have

2
D OF + g1 @mlu O + 20050 Ol < 251 wi2 + LD 2

gi(e)m
a.e. t € (1,T). Integrating between 7 and t € (7, T,
t t
WP + 0@ [ ©)lPds + 20201(0) [ 0" ()]s
~ (90(¢))* / ’ 2
< Ju? 4 241 (e)k|QUT — 7) + A2 h(s)|ids.
|ur| 1(e)[Q( ) n@m |- [ ()]l
From the previous inequality, we obtain that the sequence {u™} is bounded in
Loo(1, Ty L2()) N L2(7, T; HY(Q)) N LP (1, T; LP(Q)). Taking this into account to-

gether with the fact that each u™ € C([r,T]; L?(Q?)), we deduce that there exists a
constant C, > 0 such that

[u"(t)| < Co Vte[r,T] Vn>1.

Now, since the function a € C(R;[0,00)) and [ € L?(Q2), there exists a constant
Mc.. > 0 such that

a(l(u™(t))) < M¢c,, Vte|r,T] VYn>1. (20)

Now, making use of (5) and the Cauchy inequality in the energy equality (18)
for the Galerkin approximations associated to the problems (P ,»), integrating
between 7 and t € [7,T] and passing to the limit, we have

[ (@) + g1 (e)m / | Au(s)|2ds

<+ 20 [ o) s+ [DETOLEBERDE G o)
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Therefore, taking into account that {u"} is bounded in L?(r,T; H}(Q)), it is
also bounded in L?(r,T; H2(2) N H}(2)). Bearing this in mind together with
(20), we deduce that {—a(l(u™))Au"} is bounded in L?(7,T; L*(R2)). In addition,
{f(u™)} is bounded in L?(7,T; L?(f2)), thanks to (16). As a consequence, {(u™)'}
is bounded in L?(7,T; L?(R2)). Then, applying the Aubin-Lions lemma, there exist
a subsequence of {u"} (relabeled the same) and an element u € L (7, T; H}(Q)) N
L3(7,T; H*(Q) N H () with «/ € L(7,T; L*(Q)), such that

u™ > u  weakly-star in L=(7, T; H} (Q)),
u™ —u  weakly in L?(7,T; H*(Q) N HZ(Q)),
u" — u  strongly in L?(r,T; H} (1)),
u”(s) — u(s) strongly in H}(Q) a.e. (1,7T), (22)
(u™) — v’ weakly in L?(1,T; L?(2)),
f"™) — f(u) weakly in L*(7,T; L?(%2)),
—a(l(u™)Au™ — —a(l(u))Au  weakly in L2(1,T; L?(12)),

where the limits of the last two convergences have been identified using [33, Lemma
1.3, p. 12].

Making use of the previous convergences, it holds that w fulfils (7) in the interval
(1,T) and u(7) = u,. Therefore, u € (7, u,).

Now, we are ready to prove the convergence (19).

On the one hand, observe that the sequence {u"} is equicontinuous in L?(2) on
[7,T], thanks to the boundedness of {(u™)'} in L?(7,T; L*(2)). In addition, since
the sequence {u"} is bounded in C([r,T]; H}(Q2)) and the embedding HE(Q) —
L?(Q) is compact, making use of the Ascoli-Arzeld Theorem, it holds for another
subsequence (relabeled again the same) the following convergence

u™ — u  strongly in C([r,T]; L*(2)). (23)
Furthermore, using the boundedness of {u"} in C([r,T]; H}(Q)), we have
u™(t) — u(t) weakly in H}(Q) Vt € [r,T], (24)

where (23) has been used to identify the weak limit.
Now, we define the following continuous functions on [, T

5(0) = WO =230 [ )far — [ 2ELDEHEN)

2¢g1(e)m
t t 2
N 0) + go(e)h(r)|
(0 = [ =24 [ )~ [ e r
Observe that all the functions J,, are non-increasing on [, T'| thanks to the energy
equality (18) for u™. In addition, from (22), we deduce

Ja(t) = J(t) ae. te(r,T).

2

dr,

In fact, taking this into account together the continuity of J on [r,T] and the
non-increasing character of all J,, it holds

Jn(t) = J(t) Vtern,T].
Then, bearing in mind the definitions of J and J,,, we deduce

limsup |u™(t)|* < |u(t)]* ¥t € [r,T).
n— o0
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From this and (24), (19) holds in |7, T]. Successive iterations of this procedure in
[7,T+1], [1,T + 2], and so on, and a diagonal argument, yield (19) for all t > 7 for
a suitable subsequence. O

As a consequence of the previous result, we obtain the following result (cf. [6,
Proposition 2]).

Proposition 4. Under the assumptions of Proposition 3, the multi-valued process
U is upper-semicontinuous with closed values in H}(Q) for all € € [0,1].

Now we introduce new universes that involve more regularity.

Definition 9. For each p > 0, Dﬁz’Hé denotes the class of all families of nonempty
subsets Dpy = {D(t) N HE(Q) : t € R}, where D = {D(t) : t € R} € DL’

2 1
Observe that DHO C DL 5 and Dﬁ 0 s inclusion-closed.

Thanks to the regularlsmg effect of the equation (cf. Theorem 2) and the exist-

ence of a pullback Dﬁ:—absorbing family (cf. Proposition 2), it holds the following
result.

Proposition 5. Assume that (1)-(5), (12) and (16) hold, and h € L? (R; L*(Q))
satisfies (13) for some i € (0,2A1m). Then, there exists € € (0,1] such that for any
e € [0,&] and any ue € [f, 2g1(e)A\1m), the family

D s = {Bra (0, (R52(1)"/?) N HY(Q) : ¢ € R},

2 1 ~
where R3 , is given in (14), belongs to Dﬁs Ho , and for anyt € R and any D € Dﬁ:,
there exists T5(D,t) < t such that

U(t,7)D(7) C D§ pa(t) V7 < (D, t).

Proof. Take € € (0 1] as in Remark 1 and therefore p. € [, 2¢1(e)A\1m). Let us fix
teRand D e DL By Proposition 2, there exists 75(D,t) < t such that

lu(t; T,ur)|* < R52(t) Yu € ®°(1,u,) VYu, € D(t) V1< (D, t).

Moreover, thanks to the regularising effect of the equation (cf. Theorem 2), when
ur € L*(Q), it fulfils that u(-;7,u,) € C((1,00); Hi(Q)). As a result, u(t;,u,) €
H}(Q) if t > 7. Therefore,

U(t,7)D(r) C Hy() N BL2(0, (Rga(1))'/?) V7 < (D, 1).
O
To prove that the process U¢ : RS x H(Q) — P(H(Q)) is pullback asymptot-
ically compact, we previously establish some uniform estimates of the solutions in
a finite-time interval up to ¢ when the initial datum is shifted pullback far enough.

To clarify the statement of the following result, we introduce the next two
amounts

[(pi)ezt}(t) =14 2§1(€)H|Q| + (gO(E))zefuf(tfg)

e 291(e)m — Ay e

t
/ ehe5 [h(s) 2ds, (25)

[(p5)]() = — ([(pi)ext](t)+2§1(€)fflﬂ+go max / IIh()3d8>-

q1(e)m g1(e)m reft—2,1]
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Lemma 2. Under the assumptions of Proposition 5, there exists € € (0,1] such
that for any ¢ € [0,&], pe € [i21()A\m), t € R and D € Dﬁ:, there exists
73(D,t) < t — 3 such that for any 7 < 73(D,t) and any u, € D(7), the following
estimates hold

lu(rsmour ) < p5(E) Vr e [t —2,4],

/ | — Au(s;T,u,)|?ds < p5(t) Vr e[t —1,1],
r—1

| wtsmanfas < o) veele—1,
with

) = (2@ N0 + o max [ 30+ @) P,

1
gi1(e)m

(ﬁi () + 251 ()n[(p5)= (1)

R / |§1(€)f(0)+go(6)h(8)l2d8>,

g1(e)m reft-1.4 Jr_y

pa(t) =

p5(t) = 3(M(p5)e=t)(1))*(91(€))* 5 () + 3(go())* max / [h(s)[*ds

reft—1,t)),_1
+6(31(2))*C?[1Qf + (Cpg (N)* (Ca2 (N))* (55 (4))(75(1))"],
where l;, l~)7 Cy and M(pz)eat)(r) are positive constants.

Proof. Take € € (0,1] as in Remark 1, and u. as given in the statement. Let us
firstly observe that we may obtain uniform estimates for solutions in a time-interval
longer than the one established in Lemma 1. Namely, there exists 73(D,t) < ¢ — 3,

such that for any 7 < Tg(ﬁ, t) and any u, € D(7), we have that for any u solution
to (P.) it holds

u(r; 7w )| < [(p7)°](8)  Vr € [t = 3,1, (27)
/71 (€ 7,un)|PdE < [(p3)°1(t) V€ [t — 2,1,

where {[(p$)®**]}i=12 are given in (25). Observe that these estimates also hold for
the Galerkin approximations u, (-; 7, ur ).

In addition, from the continuity of the function a, the fact that I € L?(2) and
the first inequality in (27), we deduce that there exits a constant M e)est)(s) > 0
such that

a(l(un(r))) < M([(pﬁi‘)e:ct](t)J) Vr e [t — 3,t]. (28)

Fix a solution u to (P.) and consider the problem (P ,) stated in Theorem 2.
Multiplying by A;j¢n; in (9), summing from j = 1 to n and making use of (1), (5)
and the Cauchy inequality, we deduce

d%||un<f>||2+gl<e>m|—Aun<§>|2 < 21 ()nllun )P+

1

n@m 191(€) £(0)+g0(e) (&)

(29)
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a.e. & > 7. Integrating between r and s with 7 < r—1 < s < r, we obtain in
particular

Jan )P <l )P + 2006600 [l (O

i m(i)m 191() £(0) + go(e)h(€)|*d.

Integrating the last inequality w.r.t. s between r — 1 and r,

a1 < 142006 [ o)+ o [ 1300 £0) + o6 e

forall m <r—1.
Therefore, making use of the estimate on the solutions given by (p§)¢*, it fulfils
for any n > 1

|l (75 7, uT)||2 <pi(t) Vrelt—2,t] Yur, € D(r) Vr< Tg(ﬁ,t), (30)

where 55 (t) is given in the statement. Now, taking limit inferior in (30) and using
the well-known fact that u,, converge to u(+;7,u,) € C([t — 2,t]; H}(Q)) weakly-star
in L°°(t — 2,t; H: () (cf. Theorem 2), the first inequality in (26) holds.

Then integrating between » — 1 and 7 in (29), we obtain in particular for any
n>1

/ 1= A <

(1ot = DI + 2000 [ (@

g(ﬁ / 191(2)£(0) + go<s>h<5>|2d5)

1
q1(e)m

for all 7 < r — 1. Then,
/ = Aup(E)2de < ja(t) Vre[t—1,6] Yu. € D(r) ¥r<m(D,), (31)
r—1

where p5(t) is given in the statement. Then, taking limit inferior in (31) and
bearing in mind that u,, converge to u weakly in L?(r —1,r; H2(Q2) N Hg(2)) for all
r € [t — 1,t] (cf. Theorem 2), the second inequality in (26) holds.

Now, taking into account that f satisfies (16) (see also (17)) together with the
previous estimates, it holds

/ rl [F(un())PdE < 20210 +20%(Cpy (N) (Coaa (NP (7 (1) (35(1))" (32)

forallr € [t—1,1], u, € D(7) and 7 < 75(D, t), where b = (1—0)(y+1), b = §(y+1),
Cpa(N) and C2(IN) are the constants of the continuous embeddings of HY(Q) and
H?(Q) into LP-spaces respectively and 6 € [0, 1].

Finally, observe that for all 7 <r —1

| @ <s@e? [ 1= attun(©)dun s
30 [ 1 ©)Pde +3000(e)? [ In(©)Pde

Then, using (28), (31) and (32), we obtain for any n > 1

~

| wi@rde <) vrel-1 Yu, € D) v (Do),
r—1
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where p§ is given in the statement. Finally, taking limit inferior in the above
expression and using that u/, converge to u'(-;7,u,) weakly in L?(r — 1,7; L?(Q))
for all » € [t — 1,t], we deduce the last inequality in (26). O

Now, to prove the pullback asymptotic compactness of U in H}(Q) for the
2 1
universe DﬁE’HO, we apply an energy method which relies on the continuity of
solutions (see [27, 35, 36, 24] for more details).
Proposition 6. Under the assumptions of Proposition 5, there exists £ € (0,1]
such that for any e € [0,&] and p. € [fi,2g1(€)A\1m), the process U : RZ x H} () —
2 1

P(HL(Q)) is pullback Dﬁg o _gsymptotically compact.

Proof. According to Proposition 5 let us fix ¢ € [0,&], ue € [g,2¢1(e)A\1m), t € R,
a family ﬁH(% € ’DﬁE’HO7 sequences {7,} C (—o0,t — 3] with 7,, - —oo and {ul}
with «” € D(7,) for all n. We aim to prove that any sequence {y,}, where y,, €
Us(t, 7 )u® for all n, is relatively compact in H}(€2). In fact, since y™ € U (¢, 1, )u?,
there exists u™ € ®°(7,, u?) such that y™ = u"(t). Therefore, we will show that the
sequence {u"(t)} is relatively compact in H} ().

As a consequence of Lemma 2, there exists 73(D,t) < t — 3, such that 7,, <
73(D,t) for all n > ny, the sequence {u™}, >, is bounded in L>(t — 2,t; H}(Q)) N
L2(t = 2,6 H*(Q)), and {—a(l(u")Au"}bnzp,, {f(u")}n>n, and {(u") }n>n, are
bounded in L?(t — 2,t; L?(Q2)). Then, using the Aubin-Lions lemma, there exists
w € Lt —2,t; HH Q)N L2(t — 2, H2(Q) N HE(Q)) with o’ € L?(t — 2,t; L2()),
such that for a subsequence (relabeled the same) it holds

u™ = u weakly-star in L°(t — 2,t; H} (Q)),
u™ —u  weakly in L2(t — 2,t; H2(Q) N H (),
(u™) — v’ weakly in L2(t — 2,t; L3(Q)),
u™ — u  strongly in L2(t — 2,¢; H}(Q)), (33)
u™(s) — u(s) strongly in H} () a.e. s€ (t—2,t),
fu™) — f(u) weakly in L2(t — 2,t; L*(Q)),
—a(l(u™)Au"™ — —a(l(u))Au  weakly in L2(t — 2,t; L*(Q)),

where the last two convergences have been identified using [33, Lemma 1.3, p. 12].
Then we deduce that u € C([t — 2,t]; H}(Q)) and fulfils (7) in the interval (¢t —2,t).
Moreover, since {(u") },>n, is bounded in L2(t — 2,t; L3(Q)), it satisfies that
{u"},>n, is equicontinuous in L?(Q) on [t — 2,t]. From this and taking into ac-
count that {u"},>,, is bounded in L*>(t —2,¢; H}(£2)) and the compactness of the
embedding H{ (2) — L?(Q), applying the Ascoli-Arzeld Theorem we obtain

u” = u strongly in C([t — 2,t]; L*(Q2)). (34)

On the other hand, using that {u"},>,, is bounded in C([t — 2,t]; H}(Q)), we
have that for any sequence {s,,} C [t — 2,t] with s, — s,

u"(s,) — u(s.) weakly in Hj(Q), (35)

where (34) has been used to identify the weak limit.
If we prove

u™ — u  strongly in C([t — 1,t]; H3 (Q)), (36)
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in particular, we will deduce that the sequence {u™(¢)} is relatively compact in
H(€2). To that end, we argue by contradiction. We suppose that there exist ¢ > 0,
a sequence {t,} C [t — 1,t], without loss of generality converging to some t,, with
lu"(tn) — u(te)] = e VYn>1. (37)
From (35), it holds
l[u(t)| < lim inf [Ju" (&)
n—oo

It is not difficult to prove, making use of the Galerkin approximations, that
[[u”(s)[1* <[lu"(r)]|* — 2@1(6)77/ [[u™ ()12 d¢
1 S
—— [ g 0 h(€)|*d 38
st [ (@ 0)+ mleh(e) e (39)

forallt—2<r<s<t.
Then, we define the following continuous functions on [t — 2, ¢

56) = W @I~ 2 [ o= g | (@10 + @) P,
56) = @) = 20166 [ Julr) P [ 1310 + go(hr) P

Observe that thanks to (38), all the functions J,, are non-increasing on the in-
terval [t — 2,t]. In addition, taking into account the definition of .J,, and (33), it
holds

Jn(s) = J(s) ae. s€ (t—2,t).

Hence, there exists a sequence {f} C (t — 2,t,) such that #;, — ¢, when k — oo
and

Consider fixed € > 0. Since the function J is continuous on [t — 2, t], there exists
k(e) > 1 such that
T () — J(t)] < g Vk > k(e).
Now, we consider n(e) > 1 such that
- - - €
tn >t and |Jn(tk(€)) - J(tk(e))‘ < 3 Vn > n(e).
Since all the functions J,, are non-increasing, for all n > n(e)
Jnltn) = J(t2) < Tulivge) — J(t.)
< |Jn(£k(e)) - J(t*)|
< [ntie) = I (tre) | + [ (i) — J (&)
P
22" ©

Then, limsup,, ., Jn(tn) < J(t.). Thus, it satisfies that limsup,,_, [[u™(tn)] <
||lu(ts)]] which, together with (35), allow us to prove that {u"(t,)} converges to
u(t.) strongly in H}(Q), in contradiction with (37). Therefore, (36) holds. O

The following result shows the existence of pullback attractors in H}(2) as well
as some relationships between them.
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Theorem 6. Assume that (1)-(5), (12) and (16) hold, and that h € L? (R; L?(Q2))

loc

satisfies (13) for some i € (0,2A1m). Then, there exists € € (0,1] such that for any
1
e € 10,8 and pe € (i, 291(e)A1m), there exist the minimal pullback D?" -attractor

Af . and the minimal pullback Dﬁ:’H‘% -attractor A° , e for the multi-valued pro-
DF DHE’
cess U® : R2 x HH(Q) — P(HF(Q)). Furthermore, it fulfils
A;Hé (t) C Az () C AS 2 (t) = AEDLQYH(% (t) VteR Veel0,g. (39)

2 2
DL DL
F F fre he

In particular, for any De Dﬁ:, the following pullback attraction in HE () holds
lim disty: (US(¢,7)D(7), AL () =0 VteER. (40)
T——00 0 e

Finally, if there exists some fi € (0,2A1m) such that

sup (eﬂs / ) eﬂrh(r)|2dr> < o0, (41)

SSO — 00
then there exists € € (0, 1] such that
A;Ifé (t) = ;éz (t) = EDgz (t) = A;‘ezﬂé (t) VteR Vee|0,£].
In addition,
lim_distpy (U(t,7)B, A2 (1) =0 VieR VB eDE veel0,d.  (42)
T —0o0 F
Proof. Asin the previous results, for e € [0,] and p. € [, 291 (€)A\1m), the existence

of A° P and A° , w3 18 @ consequence of Corollary 1. Indeed, the process U® is
D, Dy

He
1
upper-semicontinuous with closed values (cf. Proposition 4), the relation D?O C

2 1
Dﬁa Ho i fulfilled, and the existence of an absorbing family (cf. Proposition 5) and
the asymptotic compactness (cf. Proposition 6) hold.

The chain of inclusions (39) follows from Corollary 1 and Theorem 4. In fact, the

equality for all ¢ € R between A7 . () and A° . a} (t) is also due to Theorem 4,
ne Dy,
using Proposition 5. Then, (40) obviously holds.
After (41), the equality A° i (t) = A% 2 (t) is again due to Theorem 4, making
Dp F
use of the first estimate appearing in Lemma 2. Therefore, (42) is straightforward.

O

Till now, in the previous results the problem (FPp) could be non-autonomous.
However we aim to consider (as done in [6]) the case of (Py) being autonomous,
approached by perturbed problems coming from some noise that affects the coeffi-
cients and in particular it includes time-dependent forces (i.e. h). So in the sequel
we assume that

90(0) = 0. (43)
Furthermore, for the sake of simplicity in the formulation of the limit problem, we
also assume that

g1(0) = 1. (44)

Remark 3. (i) Under the new assumption (43), problem (P,) becomes autonomous.

Since the above results also hold for (FPp), its associated pullback attractors are in

fact the global compact attractor .AODL2 in L2(Q) for the multi-valued semiflow
F
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S, where S(t — 7) = U%(t,7). Namely, it can be seen as a pullback attractor
for the universes Dfﬂz and Dﬁj with uog = 2A\ym (cf. Proposition 2). Indeed,

AOD% (t) = Aopgg holds for all t € R.
(ii) Analogously there exists the compact global attractor A° ay I H(Q). This
. Hj o L2 H}
set can be seen as pullback attractor for the universes Dy° and Dy, °. Namely,
A0

(t)y=A° , forallt € R,
DFU

2 1l
L2, H}
)

Finally, the upper semicontinuous behaviour of the pullback attractors AED 2 (t) =

A;LQ,H[% (t) in H'-norm as € goes to 0 for all t € R is analysed. As done in [6], to

He
prove these properties we first establish the following continuity (in €) result of

solutions to (P.) toward solutions of the limit problem

% —a(l(u)Au = f(u) in Q x (7,00),
(Fo) Y w=0 onadQx (r,00),
u(x, 7-) = 'u,T(x) in Q.

Theorem 7. Assume that (1)-(5), (12), (16), (43) and (44) hold, h € L}, (R; L*(2))
and consider sequences {e,} with lim, &, = 0 and {u?} C L*(Q) such that u™ — u,
weakly in L*(Y). Then, there exist a subsequence of {u™} (relabeled the same), a

sequence {u"}, with u* € & (1,u"), and u® € ®°(7,u,) such that
u (t) — u®(t)  strongly in H3(Q) for all t > 7. (45)

Proof. Let {u”} C L?(2) be a sequence such that u? — wu, weakly in L?((Q).
Consider arbitrary values T > 7 and 6 € (0,7 — 7).

Consider u° a weak solution to (P, ) in [, T]. Making use of the energy equality
and (1), we obtain
1d -
5 75w ()P + gr(En)mlum ()17 < gu(en) (f (w (5)),u" () + go(en) (Als), u (s)
a.e. se[r,T]

Now, define v := min, {g1(¢,,)} € (0,1]. Then, taking this into account together
with (4) and the Cauchy inequality, we have

(go(en))? | 1(s)II2

ym

d - -
2 [T ()7 + yml[u ()| + 20281 (en) [u™ (5) ] < 201(en) 810 +

a.e. s € [1,T]. Then, integrating between 7 and ¢t with ¢ € [, T], we deduce
t t
w0 +m [ e (5)[Pds + 2021(e0) [ e (s)gas

2 T
<lrl? + 2 el = 1)+ L [ pnoas,

Therefore, {u"} is bounded in L (7, T; L*(Q))NL?(7, T; H(Q)) NLP(,T; LP(£2)).
In addition, since each u®" € C([r,T]; L*(Q)) for all n, it holds

s ()] < Cos W€ [1,T] Y > 1,

where Cy, is a positive constant independent of ,. Now, as | € L?*(Q) and a €
C(R;[0,00)), there exists Mc_ > 0 such that

a(l(u® (1)) < M¢e,, Vte[r,T] Vn>1.
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Then, it is standard to deduce that there exist a subsequence of {u°"} (relabeled
the same) and u® € C([r,T]; L*(Q)) N L?(r,T; H(Q)) N LP (7, T; LP(12)), solution
to (Py) with u%(7) = u,.

On the other hand, making use of the strong energy equality (18) for the Galerkin
approximations to problems (P, ,ex ), applying (1) and (5), and passing to the limit,
we obtain

t
o OF +grenm || = A ()P < Ju (7 4+
T+

t

2t [ o [ ()0 + ol )

T+
for all 6 € (0,t — 7).

Taking this into account together with Theorem 2, the sequence {u®"} is bounded
in Lo°(746, T; HE(Q))NLA(T + 6, T; H2(2) N HY(Q)). Then from (20), the sequence
{—a(l(u®"))Aus"} is bounded in L?(7 + 4, T; L?(f2)). From (16) and the previous
boundedness of {u®"}, we deduce that {f(u")} is bounded in L?(7 + 6, T; L?(£2)).
Finally, bearing in mind the above estimates and the problems (P:, ) we obtain that
{(uf")'} is bounded in L?(7 + 6, T; L*(12)).

Then, we gain that the limit u® € L (746, T; H}(Q))NL2(7+6, T; H2(Q)NHE ()
with (u®) € L3(7 +§,T; L*(Q)). Now using the Aubin-Lions lemma, there exists a
subsequence of {u®} (relabeled the same) such that

ut S u®  weakly-star in L®(7 + 6, T; HA (),
utr —u®  weakly in L2(1 + 0, T; H*(Q)),
ut — u®  strongly in L2(1 + 0, T; H} (Q)),
u(t) — u’(t) strongly in H}(Q) ae. te (r+6,T), (46)
(ufm)" — (u®)  weakly in L(7 4 6, T; L*(Q)),
Gr(en) fun) = f(u0) weakly in I2(r + 6, T; L*(©),
—g1(en)a(l(u)) Autr — —a(l(u®))Au®  weakly in L?(7 + 6, T; L(Q2)),

where the limits of the last two convergences have been identified using [33, Lemma
1.3, p. 12]. In fact, we may now repeat the arguments in the intervals (7446/2, T+1),
(1 4+9/3,T + 2), etcetera, and making use of a diagonal argument, (46) holds in
(1 +0,T) for all T > 7 and any € (0,T — 7).

Now, we complete the proof by showing (45). Given ¢ > 7, consider T > t and
de(0,T—r).

On the one hand, taking into account that the sequences {u"} and {(u®")'}
are bounded in C([r + §,T); H}(Q)) and L%(t + §,T; L?*(Q2)) respectively, and the
compactness of the embedding H{ (2) < L?(Q), the Ascoli-Arzeld Theorem implies
that

u™ — u”  strongly in C([7 + 6, T]; L*(Q)). (47)
In fact, since {u®"} is bounded in C([r + 6, T]; H3(£2)), we obtain
u(s) = u’(s) weakly in H}(Q) Vs € [r+6,T], (48)

where (47) has been used to identify the weak limit.
On the other hand, again from the energy equality (18) for the Galerkin approx-
imations for (P, uen ), applying (1) and (5) and passing to the limit, we have for
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all7+0<r<s<T

o )17 <l )P +23n (et [ e (©)IPde

T+
+2gl(sn>mJ(M'gl(g")f((’)*go<6n)h<§) de. (49)

Now, we define the following continuous functions on [7 + 6, T

S

Je, (s) =[lu™(s)|* = 2@1(%)?7/ [[us ()| d¢

T+8

191 () £(0) + go(en) h(E)[2d,

s 9 . (r
Jo(s) =[lu’(s)|I* = 2n /+5 [0 (€)1 2de — (f0)*[[s — (7 + 8)]

2m

1 S
2g1(en)m Jrys

Observe that from (49) we deduce that all the functions J,, are non-increasing on
[T + 6, T]. Furthermore, since u®"(t) — u®(t) strongly in H}(Q) a.e. t € (1 +6,T),
J is continuous in [7 4 ¢, T] and all J,, are non-increasing in [t + 4, T}, it holds

Je, (8) = Jo(s) Vse€[r+4,T].
From this, we deduce
Tim [l (s)]2 = [u(s)][2 Vs € [ +6,7].
Taking this into account, together with (48), (45) holds. O

In order to prove the upper semicontinuous behaviour of attractors in H} () we
introduce a last condition relating some terms involved in the formula for I3, when
€ goes to 0, namely we assume that

(go (6))2 (50)

lim sup < 00,

es0 2g1(e)m — A7 pe
where p. are chosen in [fi, 2g1 () A\1m).

Observe that in [6] we did not specify how to choose u.. Actually we just said
that they could be taken equal to p.,. In this paper, condition (50) provides how
close to zero the amount 2g;(¢)m — A] *pe can be such that the whole fraction in
(50) is O(1). This fact will be essential in the proof of our main result.

Theorem 8. Assume that (1)-(5), (12), (16), (43), (44) and (50) hold, and h €
L2 (R; L*(Q)) satisfies (13) for some fi € (0,2A\1m). Then, there exists £ € (0,1]
such that for any € € [0,€] and any p. € [ii,2g1()\im), the family { A (t)}ee(0,9

L2
/DNE

converges upper semicontinuously to AODg2 in H}(Q) as & goes to 0, i.e.

(t),A%,.) =0 VtecR. (51)

g
DLz
Proof. As in previous results, denote & € (0,1] such that & < 2g1(e)A\;m for any

e € [0,¢] and take pe € [fi, 2g1 () A\1m). Without loss of generality, from (50) consider
a constant C' > 0 such that

(90(¢))”

2g1(e)m — Al_lue

<C Vee|0,g].
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We prove (51) arguing by contradiction. Suppose that there exist € > 0, t € R
and a sequence {ep }n>1 C (0,&] with lim,_,o €, = 0 such that
dist g (A2 (t),A%,.)>e VneN.
fr

Le

DL?

Since the pullback attractors are negatively invariant (cf. Definition 8), there exists
a sequence of solutions {u®" },>1 with u(t) € A7,> (¢) such that
u

€n

dpgp (u (1), .ADLz) >e¢ VneN, (52)

where the distance in H{ (€2) makes complete sense thanks to the regularising effect
of the equation (cf. Theorem 2) and the fact that A° A° a3 thanks to the
DF

L27

cited regularising effect.

Observe that .Aa”ysn( ) C D0 HA

n € Nand ¢t € R, and Dg”Hl( ) = Br2(0, (R7:(t)Y?) N H{ (), where we remind
that

(t) (cf. Theorem 2 and Proposition 5) for all

231 (e,)K|Q )2 Hent t
Ri’;(t) —14 91(5 )H| | + (90(5 )) 6_1 / eHE"SHh(S)”idS.
/’[’En 291(511) - >\1 ,U/sn —0o0
Taking into account (50), pie, € [f,2g1(€n)A1m), and denoting M = max(o 1) [91(-)],
we obtain that

25 M |Q2 5 t
<2(t) < RO:(t) := 1+“u|+060<t>/ e“O|h(s)|2ds VteR Vee (0,4,
where

~\ | &s if s <0,

Cls) = { 2 A1ms if s > 0.
In particular, observe that for t < 0 we have that

26 M|Q £
Rou() =1+ "M' e [ e ugs)as,

— 00

whence it is obvious that the family
~ J— 2 1
DYy = {D% () := Bra(0, (R (£)/?) N Hy(Q) 1 t € R} € Dy 130
From the above inclusions and definition we deduce that

o2 () CDju(t) VeeR Yn>1. (53)

Hen

On the other hand, since DH1 belongs to D2)\ s there exists 7(t, DHl, €) <t
such that

dist 1y (U°(t,7) Dy (7), ADLz) <5 VT <7(t,Diye). (54)

[N e

From (53), we deduce that the sequence {u"(7(, DH17 €)) tn>1 is bounded and

possesses a subsequence (relabeled the same) such that u®n(7(¢, DO o € €) — ur
weakly in L?(Q).

Now, applying Theorem 7, we deduce that there exists u® € ®°(7,u,) and a sub-
sequence of {e;, } ,>1 (relabeled the same) such that (45) holds for all ¢ > 7(¢, DY o€ €).
Thus, we deduce that there exists ng > 1 such that

Ju(t) = @) < 5 ¥n = no. (55)
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which is contradictory with (52). O

Remark 4. (i) The results concerning weak solutions and L?-attractors only make
use of f continuous and fulfilling (4) (cf. [6]). However, in the strong framework,
assumption (5) is used. Therefore, to avoid confusion in the exposition this regu-
larity has been imposed from the beginning. Nevertheless, this last condition (5)
can be replaced by the weaker one

(f(s) = f(r)(s —r) <n(s —1)* Vs,r€R,

with f just continuous. To that end, just simply considering mollifiers ps, which
implies that f5 = ps * f fulfils (5), and compactness arguments.

(ii) The values that v takes in assumption (16) are larger if the interpolation
result is applied not only to L (7, T; H}(Q)) N L2(, T; H?(Q) N H(Q)), but also
to L°(1,T; H3 (Q))NLP (7, T; LP(Q)) and L*(r, T; H2(Q)NHL(Q))NLP (7, T; LP(L2)).
Then, the improved values of ~y are

max{4,p22} if N =3,
-2
¥ = maX{Z,p2} if N =4,
4 p-=2 .
_ f N >5.
maX{N_2, 2 } i >5

Bearing in mind that the proofs are completely analogous with these new values of
7, we have decided to use just L*°(r,T; H}(Q)) N L?(7,T; H*(Q) N H(Q)) along
the paper for the sake of clarity and simplicity.
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