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Abstract. An axiomatization of classical propositional logic is provided by means of Boolean
algebras which are term equivalent to Boolean rings. This is important because rings form a
classical part of algebra whose tools can be used for the investigations. The Lukasiewicz many-
valued logic was axiomatized via so-called M V-algebras by C. C. Chang in 1950’s. M V-algebras
are successfully applied in the logic of quantum mechanics and hence they are considered as
quantum structures. It is a natural question if also MV-algebras have their alter ego among
classical structures. For this reason the so-called Lukasiewicz semirings were introduced by
the first author and his collaborators in [3] — [4]. As shown, Lukasiewicz semirings are term
equivalent to MV-algebras and we can use with advantage several developed tools for their study.
In particular, we investigate derivations in semirings which were introduced formerly but here
these semirings are enriched by an involution.
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1. INTRODUCTION

The concept of derivation in rings was introduced already in the 1960’s. For semir-
ings, it was defined in J. S. Golan’s book ([9]). However, derivations were studied
also in lattices (see e.g. [7] and [11]). Let us note that bounded distributive lattices
are special semirings. Starting with 2010, several authors extended the study of de-
rivations to certain algebras forming an algebraic semantic for non-classical logics
including the logic of quantum mechanics. In this context let us mention the papers
[1] and [10]. It was shown in [5] that every M V-algebra can be converted into a so-
called Lukasiewicz semiring. The advantage of this approach is that we can apply
also methods from the theory of semirings. This was done by the authors in [6].

The main difference between our approach to derivations in L.ukasiewicz semirings
and the approach by J. S. Golan in [9] is that in Lukasiewicz semirings we have a
unary operation such that addition can be expressed by both multiplication and this
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unary operation. Moreover, Lukasiewicz semirings are additively idempotent and
ordered by the induced semilattice ordering, see [1] — [4]. On the other hand, these
semirings are not lattices and hence we cannot use results and methods from [7] or

[11].
2. LUKASIEWICZ SEMIRINGS
We start with the following definition:

Definition 1. A Lukasiewicz semiring is an algebra R = (R, +,-,’,0,1) of type

(2,2,1, 0,0) such that

e (R,+,0) is a commutative monoid,

e (R,-,1) is a commutative monoid,

e (x+y)z~x-z+y-z,

e x-0~0,

e x+x~xandx+1~1,

o (xXy)ym~(yx)x,

e x <y implies y’ < x/,

o (x') ~x.
Analgebra (R, +,-,0,1) of type (2,2,0,0) satisfying the first four conditions is called
a commutative semiring. So (R,+) can be considered a join-semilattice and we
denote by < its corresponding partial order relation. We call it the induced order of
R. Put

XAy = ()
for all x,y € R. Since (R,+,0,1) is a bounded join-semilattice and ’ is an antitone
involution on (R, <), (R, 4+, A,0, 1) is a bounded lattice.
Example 1. The algebra R = ([0, 1],V,®,’,0,1) with
XV y:=max(x,y),
xOy:i=(x+y-1Vvo0,
x'i=1-x
for all x,y € [0, 1] is a Lukasiewicz semiring. Here [0, 1] denotes the unit interval of
the real numbers.
Example 2. For every positive integer n the algebra R, = ({0,1,2,...,n},Vv, O,
’,0,n) with
XV y:=max(x,y),
Xy =x+y—n)Vvo,
x'i=n—x

for all x,y =0,...,n is a Lukasiewicz semiring. Note that in this case the greatest
element is 7.
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Example 3. Every Boolean algebraB = (B, V, A,’,0,1) is a Lukasiewicz semiring.

Lemma 1. Let R = (R, +,-,”,0,1) be a tukasiewicz semiring and a,b,c € R.
Then
1) 0=1landl =0,
(il) a-a’ =0,
(iii) a < b impliesa-c < b-c, and hence a-b <a A b, especially, a-a < a,
(iv) a-(a+b) =0,
V) a+b=((a-b')-b),
(vi) a < b ifand only ifa-b’' = 0.

Proof.
(i) This follows immediately from the fact that O is the smallest and 1 the greatest
element of (R, <) and that’ is an antitone involution of (R, <).
(ii) According to (i) we have a-a’ = (1-a’)’-a’ = (a-0)'-0 =0.
(iii) a <bimpliesa+b =b whencea-c+b-c =(a+b)-c=b-c,ie.a-c <b-c.
Sincea-b<a-l1=aanda-b<1-b=>b,wehavea-b<aAb.
(iv) According to (iii) and (ii) we have a-(a +b) < (a+b)-(a +b) = 0 and
hence a-(a +b) = 0.
(v) According to (iv), (i) and (ii) we have

a+b=((a-(a+b)) -(a+b)) =((a+b)-a')-a') = ((b-a")-a") = ((a-b")"-b")".

(vi) If a < b then according to (iii) and (ii) we have a-b" < b-b" = 0 showing

a-b’ = 0. If, conversely a-b" = 0 then according to (v) and (i) we have
a<a+b=a-b)-b) =b.

O

An element a of R is called Boolean if a-a = a. This is equivalentto a +a’ = 1
and to a Aa’ = 0. Hence, a is Boolean if and only if a’ has this property. The
mentioned equivalence can be seen as follows: If a-a = a thena +a’ = ((a- (a’)") -
@)Y =WUWa-a)-a) = (@ -a) =0 = 1. If, conversely, a +a’ = 1 then a-a =
a-a+0=a-a+a-a’ =a-(a+d)=a-1=a. Let BoolR denote the set of all
Boolean elements of R. It is easy to see that Bool R is a subuniverse of (R,-,’,0,1).

An MV-algebra is an algebra (A4, ®,—,0) of type (2, 1,0) satisfying the following
identities:

x®y)Dzrx®(yD2),
xXby~yodx,
xP0~x,
x®l~1,
—(—x) ~ x,
“(x@y) By~ (-ydx)Bx.
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Here and in the following 1 := —0. We define

XQy:=—(-x®—y),

xVy:==(-x®y)®y.

XAY:i==(-xV-y)
for all x,y € A. Then ® is distributive with respect to V. Moreover, for x,y € A
we define x < y if -x @ y = 1. Then (4, V,A,0,1) is a bounded distributive lattice
whose induced order coincides with <. Moreover x < y implies =y < —x (x,y € A).

It is known that Lukasiewicz semirings are in a natural one-to-one correspondence

with MV-algebras (cf. e.g. [2], [3] and [8]). For the convenience of the reader we
provide a short direct proof.

Theorem 1. IfR = (R, +,-,",0,1) is a Lukasiewicz semiring and
x@y ="y

for all x,y € R then M(R) := (R, ®,’,0) is an MV-algebra. If, conversely, A =
(A,®,—,0) isan MV-algebra then R(A) := (A,V,®,—,0,1) is a Lukasiewicz semir-
ing. This correspondence is one-to-one.

Proof. First assume R = (R, +,-,”,0, 1) to be a Lukasiewicz semiring and define
x@®y:=(x'-y’) forall x,y € R. Then we have

x@®y) @z~ (())) -2 =~ ()2 = (- 0-2) ~
~ (O 2))) mx @ (y®2),
x®y~ @Y 0 x) xyer,
x®0~ (x"-0) ~(x'-1) ~ () ~ x,
x®lr 1Y ~x-0)~0~1,
(x") ~ x,
'@y ey~ () -y))) ) ~ () -y)-y) =~ (O x)x) ~
~ (O -x))) X =~ (' &x) @x.
Hence M(R) = (R, ®,’,0) is an MV-algebra. Conversely, let A = (A, @, —,0) be an
MV-algebra. Then (4, Vv,0) is a commutative monoid. Moreover,

xRz~ = (=(=(=xP—y)P-2)~~((—xD—-y)D—2) ~
~o(Cx@(my @) R (mx @ ~(—(-y @) 2 xQ (Y ®2),
XQ®y~=(-x@-y)x=(-my@—x)xy®ux,
xRl ~-(—x®—-1)~-(—xP0) ~ —~(—x) =~ x.

Hence, (4, ®, 1) is a commutative monoid, too. It is clear that the partial order rela-
tions in A and R(A) coincide. Now for a,b € A, a < b implies —b < —a. Moreover,
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we have
(xVy)®z=(x®2)V(y®2z),
X®0~-(—xP®—-0)~—-(—xP1l)~—-1=0,
XVX =X,
xvlal,

—(x®y)®y ~ (= (=(=(=(=x) &) @ —y) & ~(=(=(=x) @ ~y) @ —~y) &
~ 2(2(=(=y) & —x) & ~x) & 2 (= (=(—(=(—y) & X)) & —x) &
~-(CYR®X)RX.

This shows that R(A) = (4,Vv,®,—,0,1) is a FLukasiewicz semiring.  If

R=(R,+,-,0,1) is a Lukasiewicz semiring, M(R) := (R, ®,’,0) and R(M(R)) =

(R,Vv,®,’,0,0') then

xvy~ @ ey) oy~ () -y))) ) ~((x-y)- ) =x+y.
x@y~ @ ey) =((x)-())) ~x-y,
0~1,

ie. R(IM(R)) = R. If, finally, A = (4,9¢,—,0) is an MV-algebra,

R(A) :=(4,V,®,—,0, 1) and M(R(A)) = ((4,P1,—,0) then

x@1y~2(x@-y) & (=(=(x) @ ~(—y) XDy

and hence M(R(A)) = A. O

Due to this correspondence, for every Lukasiewicz semiring R = (R, +,-,7,0,1),

(R,4+.A,0,1) is a bounded distributive lattice.
We are going to show when an interval in a L.ukasiewicz semiring can be converted
into a bounded lattice with an antitone involution.

Lemma 2. Let R = (R, +,-,”,0,1) be a Lukasiewicz semiring and b € Bool R and
put

x*:=x"Ab,
xNy:=(x*4+y"*

for all x,y € [0,b]. Then ([0,b],4,N,%*,0,b) is a bounded lattice with an antitone
involution.

Proof. Since b € BoolR, i.e. b Ab’" = 0, we have
X =X A Ab=(x+b)Ab=(xAb)+ B Ab)=x+0=x

for all x € [0,b]. Obviously, * is antitone. The rest of the proof is clear. O
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Lemma 3. Let R = (R, +,-,/,0,1) be a Lukasiewicz semiring and a € Bool R and
put
x*:=x"+a,
xNy:=x*+y**
forall x,y € [a,1]. Then ([a,1],4+,N,*,a,1) is a bounded lattice with an antitone
involution.

Proof. Since a € BoolR, i.e. a +a’ = 1, we have
"= 4+a)+a=xrd)ra=x+a)Ad +a)=xA1=x
for all x € [a, 1]. Obviously, * is antitone. The rest of the proof is clear. O

Theorem 2. Let R = (R, +,-,”,0,1) be a Lukasiewicz semiring and a,b € BoolR,
assume a < b and put

x*:=(x"+a)Ab,
xNy:=(x"+y**
forall x,y € [a,b]. Then ([a,b],+,N,*,a,b) is a bounded lattice with an antitone
involution.

Proof. This follows from the fact that (R, 4, A) is a distributive lattice. O

Remark 1. Theorem 2 remains valid if one defines x* := (x’ Ab) +a for all x €
[a,b]. Note that (x’ Ab) +a < (x"+a)Ab forall x € R.

3. DERIVATIONS

Although Lukasiewicz semirings are in a one-to-one correspondence with MV-
algebras, we do not define derivations like in [1] or [10] since there the MV-operation
@ is used instead of 4. Hence also our results differ essentially from those obtained
in the mentioned papers.

Now we can adopt the definition of a derivation from [9].

Definition 2. Let R = (R, +,-,’,0,1) be a Lukasiewicz semiring. A derivation on
R is a mapping d from R to R satisfying the following identities:

dx+y)~dx+dy,
d(x-y)~ (dx)-y+x-(dy).

Let DerR denote the set of all derivations on R, for every a € R let d, denote the
mapping from R to R defined by d,(x) := a-x for all x € R and let id denote the
identical mapping from R to R. We call a derivation d on R principal if it is of the
form d, for some a € R. Hence 0 = dg and id = d; are principal derivations. For
any mapping d from R to R define Fixd := {x € R | dx = x}.
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Here and in the following we write dx instead of d(x) if no confusion can arise.

Lemma 4. Let R = (R,+,-,7,0,1) be a Ltukasiewicz semiring, a,b € R and
d,dl,dz € DerR. Then
() d, € DerR,
(i) d0 =0,
(iii) da <a,
(iv) a < b implies da < db,
v) a-(dl) <da,
(vi) d1 =1 ifand only if d = id,
(vii) (dya)-(dab) + (d1b)-(dra) < (dyodar)(a-b) where o denotes the composi-
tion of mappings,
(viii) d1 o do € DerR if and only if for all x,y € R we have
(d1x)-(d2y) + (d1y)-(d2x) < ((d10d2)x)-y + x-((d1od2)y).

Proof.
(i) This is clear.
(i) We have d0 =d(0-0) =(d0)-0+0-(d0) =0.
(iii) According to (ii) and Lemma 1 (ii) we have
(da)-a’ <d(a-a’)=d0=0
and hence (da)-a’ = 0 whence da < a according to Lemma 1 (vi).
(iv) a < b implies da <da+db =d(a+b) =db.
(v) Wehavea-(dl) <d(a-1) =da.
(vi) Ifdl =1thena =a-(dl) <d(a-1) = da < a according to (iii) showing
d = id. The converse is trivial.
(vii) We have
(dra)-(d2b) + (d1b) - (d2a) =
< (dia)-(d2b)+ (d1b)-(dra)+ ((d1odz)a)-b+a-((d1od2)b) =
= (d1(d2a))-b+ (d2a)-(d1b) + (d1a) - (d2D) +a - (d1(d2D)) =
=di((dra)-b) +di(a-(d2b)) =d1((dra)-b+a-(d2b)) =di(d2(a-b)) =
= (d1od>)(a-b).
(viii) According to the proof of (vii) we have
(diodr)(a-b) = (di1a)-(d2b) + (d1D)-(dra) + ((d1odr)a)-b+a-((dy odr)b).
g

Lemma 5. Let R = (R, +,-,/,0,1) be a Lukasiewicz semiring and d € DerR.
Then the following are equivalent:

(1) d is principal, )
(ii) dx =x-(dl) forall x € R, i.e. d = d ;.
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Moreover, if x A(d1) < x-(d]1) for all x € R then d is principal.

Proof. The equivalence of (i) and (ii) is clear. If, finally, x A (d1) < x-(d1) for all
Xx € R then

dx <xA(dl)<x-(dl)<d(x-1)=dx
forall x € R and hence d = d. U

Lemma 5 shows that the Lukasiewicz semiring from Example 3 has only principal
derivations since in this semiring multiplication coincides with lattice meet.

It was shown in [ 10], Lemma 5, that basic algebras have only principal derivations.
We are going to show that this is not the case for Lukasiewicz semirings. In these
semirings there exist non-principal derivations, see the following example.

/

Example 4. Consider the Lukasiewicz semiring R = ({0,a,b,c,1},4+,-,7,0,1) with
the following operations:

+10 a b ¢ 1 -0 a b ¢ 1
0 a b ¢ 1 0/0 000 O
ala a b ¢ 1 al0 0 0 0 a x|0 a b ¢ 1
bbb b c 1 b|0 0 0 a b X1 ¢ b a1l
clec ¢ ¢ ¢ 1 c|0 0 a b c
111 1 1 1 1 110 a b ¢ 1
The principal derivations look as follows:
x |0 a b ¢ 1
dox |0 0 0 0 O
dax |0 0 0 0 a
dpx |0 0 0 a b
dx|0 0 a b ¢
dix|0 a b ¢ 1

However, there exists a derivation d of R which is not principal, namely the follow-
ing:

X ‘ 0 a b c 1

dx ‘ 0 0 0 a a

The Lukasiewicz semiring considered in Example 4 is isomorphic to the Luka-
siewicz semiring R4 from Example 2. The following proposition shows that the
situation described in Example 4 can be generalized to R,, for arbitrary n > 1.

Proposition 1. For each n > 1 the Lukasiewicz semiring Ry, has the non-principal
derivation d defined by

0 ifx<n—1
1 otherwise.

d(x):=
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Proof. Leta,b €{0,...,n}. Then d(aVv b) = (da)V (db) since ({0,1,...,n}, <
is a chain. Moreover,

0 ifa+b<2n-—1
d(a@b)_{ 1 otherwise,
0 ifa<n—lorb<n
(da)@b—{ 1 ifa>n—1andb =n,
0 ifa<norb<n-—1
a@(db)—{ 1 ifa=nandb>n-—1.
Hence d € DerR,,. Since
= 0 ifb<n-—a
da(b) = % b—(n—a) otherwise,
d is not principal. O

For the unary operation’, we can prove the following theorem:

Theorem 3. Let R = (R, +,-,”,0,1) be a Lukasiewicz semiring and d € DerR.
Then
(1) dx' = (dx) forall x € R if and only if d = id,
(i) (dx)-(dx") ~ x-(dx") ~ x'-(dx) ~ 0 and hence dx' < (dx)' for all x € R,
(iii) ifa € BoolR then da +da’ = d1,
(iv) d((d1)’) < (d1) A(d1),
(v) ifd1 € BoolR then d((d1)’-x) = 0 for each x € R.

Proof.

(1) If dx’ = (dx)’ for all x € R then for all x € R we have x = (x')' < (dx’) =
((dx)") = dx < x according to Lemma 4 (iii) and hence d = id.
(ii) Due to Lemma 4 (iii) and Lemma 1 (iii) and (ii) we have (dx)(dx’) < x -
(dx") <x-x'"=0and x"-(dx) <x’-x =0 forall x € R. By Lemma 1 (vi),
dx" < (dx)' forall x € R.
(iii) If a € BoolR then da +da’ = d(a+ad") = d1.
(iv) Since (d1)’ <1, we have d((d1)’) < d1 by Lemma 4 (iv). According to
Lemma 4 (iii) we have d((d1)") < (d1)’. This shows d((d1)") < (d1) A(d1)'.
(v) If d1 € BoolR then by (iv), Lemma 4 (iv) and Lemma 1 (ii) we have d((d1)’-
x) = (d({(d1)))-x+(dl) -(dx) =0-x + (d1) - (dx) = (dx)-(d1) <
(d1)(d1) =0forall x € R.
O
Theorem 4. Let R = (R, +,-,,0,1) be a Lukasiewicz semiring, a € R and d €
DerR. Then

(i) (DerR,+) is a join-semilattice with the least element do and the greatest
element 1d,
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(ii) Fixd is a subuniverse of (R, +,-,0),
(iii) (Fixd) Nd~"({0}) = {0},

(iv) if a € BoolR then d, € End(R, +,-,0).
Proof.

(i) Ttis easy to see that DerR is closed with respect to +. Hence (DerR, +) is a
semilattice which is considered as a join-semilattice. We then have d 1= dy if
and only if dix < d,x for all x € R. Obviously, dgy,id € DerR and dj is the
smallest element of (DerR, <). Because of Lemma 4 (iii), id is the greatest
element of (DerR, <).

(ii) Ifa,b e Fixd thend(a+b) =da+db =a + b and

da-b)y=(da)-b+a-(db)=a-b+a-b=a-b.
Moreover, d0 = 0 according to Lemma 4 (ii).
(iii) a € (Fixd)Nd~1({0}) implies a = da = 0.
(iv) This can be proved by a straightforward computation.
O

For Lukasiewicz semirings we adopt the concept of an ideal as introduced for
semirings in [9]. Hence, we define

Definition 3. Let R = (R, +,-,7,0, 1) be a Lukasiewicz semiring. An ideal of R
is a subset I of R satisfying
0el,
ifx,yelthenx+yel,
ifxelandye Rthenx-y € I.

Let IdR denote the set of all ideals of R.

It is well known and easy to prove that (IdR, C) is a complete lattice the with the
smallest element {0} and the greatest element R.

Proposition 2. Let R = (R, +,-,”,0,1) be a Lukasiewicz semiring, d € DerR and
I €IdR. Then
(i) d7'({0}) € 1dR,
(i) d7Y(I):={x € R|dx € I} is a subuniverse of (R, +,-,0).
Proof.

(i) We have 0 € d—1({0}). Moreover, d~1({0}) is closed with respect to +.
Ifa e d=1({0}) and b € R then d(a-b) < d(a-1) = da = 0 according to
Lemma | (iii) and Lemma 4 (iv) and hence d(a-b) =0 ,i.e.a-b € d~1({0}).

(i1) The proof is straightforward.

d
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Let R = (R,+,-,/,0,1) be a Lukasiewicz semiring and ® € ConR. Denote by
[0]® the class of 0 with respect to @, the so-called kernel of ®. It is well-known
that in any semiring, the kernel of any congruence is an ideal, but not every ideal is a
kernel of some congruence, see e.g. [9]. Now let d € DerR. We are interested in the
question if d ~1([0]®@) € IdR.

Theorem 5. Let R = (R, +,-,”,0,1) be a Lukasiewicz semiring, ® € ConR and
d € DerR. Then
() d71([0]®) :={x € R | dx € [0]®} e IdR,
(i1) d([0]®) C [0]® and d([0]®) is a subuniverse of (R, +,0).

Proof.
() If I :=d~'([0]®),a.b €I and ¢ € R then da,db € [0]® and hence
d(a+b)=da+db e [0]O,
da-c)=d(@-c)+0€ld(a-c)+dal® = [da]® = [0]O®

according to Lemma 1 (iii) and Lemma 4 (iv) showing a +b,a-c € I.
(ii) Clearly, 0 = d0 € d([0]®). If a,b € d([0]®) then there exist ¢, e € [0]® with
dc = a and de = b and hence

a=dc=dc+0¢e[dc+c]O =][c]® =][0]O,
a+b=dc+de=d(c+e)ecd(0]®)
according to Lemma 4 (iii).

0

Theorem 6. Let R = (R, +,-,”,0,1) be a tukasiewicz semiring, d € DerR, as-
sume d1 € BoolR, put

x*:=x"n(d1),
xNy:=(x*"+y"*

forall x,y € d(R) and assume x* € d(R) for all x € d(R). Then (d(R),+,N,*,0,d1)
is a bounded lattice with an antitone involution.

Proof. Since d1 € BoolR, i.e. (d1) A(d1)' =0, we have
(xH* ="' AdD) Adl) = (x+(d1))A(d])
=(xAdD)+ (@) A1) =x+0=x
for all x € d(R). Obviously, * is antitone. The rest of the proof is clear. O

Theorem 7. LetR = (R, +,-,/,0,1) and S = (S, +,-,”,0,1) be Lukasiewicz semi-
rings. Then Der(R x S) = DerR x DerS.
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Proof. Clearly, DerR x DerS C Der(R x S). In order to prove the converse inclu-
sion, let d € Der(R x S). Then for each x € R we have d(x,0) < (x,0) according
to Lemma 4 (iii) and hence there exists some mapping d; from R to R satisfying
(d1x,0) = d(x,0) for all x € R. Analogously, there exists some mapping d» from S
to S satisfying (0,d»y) = d(0,y) forall y € S. Now leta,b € R and c € S. Then

(di(@a+b),0) =d(a+b,0)=d((a,0)+ (b,0)) =d(a,0)+d(b,0) =
= (d1a,0) + (d1b,0) = (d1a + d1b,0),
i.e.di(a+b) =dia+dib. Moreover,
(di(a-b),0)=d(a-b,0) = d((a.0)-(b,0)) = (d(a.0))-(b,0) + (a.0)-(d(b,0)) =
= (d1a,0)-(b,0)+ (a,0)-(d15,0) = ((d1a)-b,0) + (a-(d1h),0) =
= ((dra)-b+a-(d1)).0),
ie.di(a-b) = (d1a)-b+a-(d1b). This shows d; € DerR. Analogously, d» € DerS.
Finally,
d(a,c) =d((a,0)+(0,c)) =d(a,0)+d(0,c) = (d1a,0) + (0,drc) = (dya,drc)
proving d € DerR x DerS. Hence Der(R x S) € DerR x DerS completing the proof
of the theorem. g

Progosition 3. LetR=(R,+,-,”,0,1) be a Lukasiewicz semiring and a € Bool R.
Then (dg(R),+,-,0,a) is a commutative semiring satisfying x +x ~ x and x +a ~
a.

_Proof. Since 6;a(x +y) = ‘;ax +_07ay, Ja(x‘Y) =a- ()_CY) =(a-x)- (a_'Y) =
(dgx)-(dgy) for all x,y € Rand dg0 =a-0=0and dgl =a-1=a, dsis a
homomorphism from (R, +,-,0, 1) onto (d,;(R),+,-,0,a). OJ

4. (f,g)-DERIVATIONS

The concept of an ( £, g)-derivation is mentioned in the monograph [9]. For Lukasi-
ewicz semirings, it is specified as follows:

Definition 4. LetR = (R, +,-,’,0, 1) be a Lukasiewicz semiring and f, g € EndR.
An (f, g)-derivation on R is a mapping d from R to R satisfying the following
identities:

dix+y)~dx+dy,
d(x-y)~(dx)- f(y)+g(x)-(dy).
Let Ders¢ R denote the set of all ( f, g)-derivations on R. Especially, Derig,ja R =
DerR.

The following example shows that there exist ( f, g)-derivations on f.ukasiewicz
semirings which are not derivations.
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Example 5. Let M be a set with [M| > 1 and put R := 2™ ,u,n,’, @, M). If
/ € EndR then f € Dery, r R since

f(AUB) = f(A)U f(B).
JANB) = f(ANB)U f(ANB) = (f(A)N f(B)U(f(A)N f(B))

forall A, B € 2M . Now leta € M and g denote the mapping from 2 to 2M defined
by

M ifaeA,

g(4) = @ otherwise

(A€ oM ). Then g € EndR (and hence g € Derg ¢ R) as can be seen from the follow-
ing table:

A | B |g(A)|g(B) | g(AUB) | g(ANB) | g(A)
>a|3a| M M M M ]
Sa|Fa| M %) M %) %)
Ja|sda| @ M M 1%} M
Fa|Fa| @ %) %) %) M

But g ¢ DerR since
glaynix}) =@ # {x} = (g({ap) N{xH U ({a} Ng{x}))
forall x € M \ {a}.

Lemma 6. LetR = (R, +,-,’,0, 1) be a Lukasiewicz semiring, f,g € EndR, a,b €
Rand d,dy,d> € Derg g R. Then

(i) do € Ders R,
(i) d0 =0,
(iii) da < f(a) A g(a),
(iv) a < b implies da < db,
V) (f(a)+g(a))-(d1) =da,
(i) dl =1lifandonlyifd = f = g,
(vii) (d1(g(a)))- f(d2b) + (d1(f(b)))-g(d2a) < (d1od2)(a-D),
(viii) if fo f = f and gog = g then dy od, € Deryg R if and only if for all
x,y € Rwe have (d1(g(x)))- f(d2y) + (d1(f(¥)))-g(d2x) = ((dy0d2)x)-
f)+8(x)-((diod2)y).

Proof.

(1) This is clear.
(i) We have d0 =d(0-0) = (d0)- f(0)+ g(0)-(d0) = (d0)-0+0-(d0) =0.
(iii) According to (ii) and Lemma 1 (ii) we have

(da)-(f(a))' = (da)- f(d') <d(a-a") =d0=0



782 IVAN CHAJDA AND HELMUT LANGER

and hence (da)-(f(a))’ = 0 whence da < f(a) according to Lemma 1 (vi).
Analogously, according to (ii) and Lemma 1 (ii) we have

(da)-(g(a)) = g(a)-(da) <d(a’-a) =d0=0

and hence (da)-(g(a))’ = 0 whence da < g(a) according to Lemma 1 (vi).
(iv) can be proved exactly as Lemma 4 (iv).
(v) We have

(f(a)+g(a)-(dl)=(d1)- f(a)+g(a)-(dl)<d(1-a)+d(a-1)=da+da=da.
(vi) If d1 =1 then

fla)=(d1)- f(a) =d(1-a) =da < f(a),
gla)=g(a)-(dl)=d(a-1) =da < g(a)
according to (iii) showing d = f = g. The converse is trivial.
(vii) We have

(d1(g(a)))- f(d2b) + (d1(f(D)))-g(d2a) <

< (d1(g(@)))- f(d2b) + (d1(f(]))) - g(d2a)+

+ ((d1odz)a)- f(f (D)) +g(g(a))-(d1od2)b) =

= (d1(d2a))- f(f(D)) + g(d2a)-(d1(f(b))+

+ (d1(g(a))) - f(d2b) +g(g(a)) - (d1(d2b)) =

= d1((d2a)- (b)) +d1(g(a) - (d2b)) = d1((d2a) - [ (D) + g(a) - (d2b)) =

=d1(dz2(a-b)) = (d1odz)(a-D).

(viii) If fo f = f and go g = g then according to the proof of (vii) we have

(dyody)(a-b) = (d1(g(a)))- f(d2b) + (d1(f(D)))-g(dra)+
+((d1odz)a)- f(b) + g(a)-((d1 od2)b).

For the unary operation ’, we can prove the following theorem:

Theorem 8. Let R = (R, +,-,",0,1) be a Lukasiewicz semiring, f,g € EndR and
d € Dery g R. Then
(i) dx’ = (dx) forall x € Rifand only ifd = f = g,
(ii) (dx)-(dx") ~ f(x)-(dx") = f(x')-(dx) ~ g(x)-(dx') =~ g(x) - (dx) =~ 0
and hence dx' < (dx)’ for all x € R,
(iii) ifa € BoolR then da +da’ = d1.

Proof.
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(i) If dx" = (dx)’ for all x € R then for all x € R we have

fx) = (f(xN) = (dx") =dx < f(x),
g(x) = (g(x") = (dx") = dx <g(x)
according to Lemma 6 (iii) and hence d = f = g.
(i1)) Due to Lemma 6 (iii) and Lemma 1 (iii) and (ii) we have
(dx)-(dx") < f(x)-(dx') < f(x)- f(x)) = f(x-x") = f(0) =0,
SN -(dx) < f(X) f(x) = flx-x") = f(0)=0
for all x € R. The proof for g is analogous. By Lemma 1 (vi), dx’ < (dx)’

for all x € R.
(iii) can be proved exactly as Theorem 3 (iii).

0

Theorem 9. Let R = (R, +,-,",0,1) be a Lukasiewicz semiring, f,g € EndR and
d € Dery g R. Then

(i) (Deryq R, +) is a join-semilattice with the least element do,
(i) (Fixd)Nd~1({0}) = {0}.

Proof.

(i) Itis easy to see that Dery , Ris closed with respect to +. Hence (Dery, ¢ R, +)
is a semilattice which is considered as a join-semilattice. We then have di =<
d> if and only if d1x < d>x for all x € R. Obviously, do € Ders,, R and dg
is the smallest element of (Dery,, R, <).

(i1) can be proved exactly as Theorem 4 (iii).

O

It is clear that Proposition 2, Theorem 5 (i) and Theorem 6 remain valid for ( £, g)-
derivations, too.

Theorem 10. Let R = (R, +,-,”,0,1) and S = (S, +,-,/,0,1) be Lukasiewicz
semirings, f1,g21 € EndR and f>,g> € EndS. Then (f1, f2),(g1,g2) € End(R x S)
and

Der( £, £5),(21.22) RxS) = Dery, ¢, RxDery, ¢, S.
Proof. Clearly, (f1, f2),(g1,£2) € End(R x S) and
Dery, ¢, RxDery, ¢, Sc Der( £, £5),(21.22) (RxS).

In order to prove the converse inclusion, let d € Der(y,, £,),(g,,2.) R X S). Then for
each x € R we have d(x,0) < (f1(x),0) according to Lemma 6 (iii) and hence there
exists some mapping d; from R to R satisfying (d1x,0) = d(x,0) for all x € R.
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Analogously, there exists some mapping d5 from S to S satisfying (0,d>y) = d (0, y)
forall y € S. Now leta,b € R and ¢ € S. Then

(di(a+b),0) =d(a+b,0) =d((a,0)+ (b,0)) =d(a,0)+d(b,0) =
= (d1a,0) 4+ (d1b,0) = (d1a + d1b,0),
i.e.di(a+b) =dia+dyb. Moreover,
(di(a-b),0) =d(a-b,0) =d((a,0)-(b,0)) =

= (d(a,0))-(f1(),0) + (g1(a),0)- (d(b.0)) =

= (d1a,0)-(f1(0).0) + (g1(a),0)- (d15,0) =

= ((d1a)- f1(0),0) + (g1(a) - (d1b).0) =

= ((d1a)- f1(b) + g1(a)-(d1h),0),
ie. dy(a-b) = (dra)- f1(D) + g1(a)-(d1D). This shows d; € Dery, , R. Analog-
ously, d> € Dery, ¢, S. Finally,
d(a,c)=d((a,0)+(0,¢)) =d(a,0)+d(0,c) = (d1a,0) + (0,drc) = (d1a,d>c)
proving d € Dery, o, RxDery, ¢, S. Hence

Derfy, £2).(g1.42) (R XS) S Deryy o, RxDery, ¢, 8

completing the proof of the theorem. O
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