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1. INTRODUCTION

First, we summarize some result notions of Schwratz space and tempered distri-
butions. The schwartz space §(R") is a topological vector space of all /' : R" — C
such that f € C°°(R") and x*9# f(x) is bounded. For every pair of multi-induces
a,B € N", we set

I llep := sup|x®d? f]|
X

which induces a family of semi-norms on §(R"”). A tempered distribution is a
continuous linear functional 7" : §(R") — C and §’(R") is the space of all tempered
distributions. D(R") is the space C°(R") endowed with the topology in which
fn — 0 means that, there is a compact set K; such that Suppf, C K (n =1,2,...)
and for each o € N, D* f, — O uniformly.

The fourier transform of a function f € §(R") is the function ? : R” — C defined
by
1

—ikx
(271)% o f(x)e dx.

fk) =

It is well known that
)" 8(R") — 8(R™) is continuous one to one.

2) 9%/ (k) = (k)" T (k).
3)(=ix)P f (k) = 9P f (k).

For regularity of Laplacian, Ma and Thompson [8], Ma [7] proved regularity, where
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f € C[0,1]. Moreover, Lee and Sim [6] proved it but for € L1(0,1). Recently,
interior regularity have studied by many mathematician:

M. Cozzi [4] studied regularity theory of weak solutions for the second order linear
elliptic differential equations —div(A(.)Vu) = f in §2, where £2 is an open bounded
subset of R” and A = [a;;] is n x n matrix uniformly elliptic, a;; € C 100’3 (£2) and
f € L?(£2). In fact, it is proved that for any 2’ CC £2, ull 22y < CUlullp2@) +
|| f1lL2(%2))- Moreover, it was shown the interior H 25—¢€ regularity for weak solutions
of some linear elliptic differential equations.

J. Siljander, J. M. Urbano [ 1 1] studied the Serrin-type interior regulatity result.

2+e€

ueLloc

(£27) = regularity

for a weak solution in the energy space L?"L)zC satisfying in appropriate vorticity
estimates for
diu+ (u.V)u+Vp =0anddivu = 0.

S. Gustafson and co authors [5] gave an interior regularity criteria for suitable weak
solutions of the 3D Navier-Stokes equations. In fact they considered the regularity
problem for a suitable weak solution (u, p) : 2 x I — R3 x R of three-dimensional
incompressible Navier-Stokes equations (NS)

ur—Au+uVyu+Vp=f in £2
divu =0 in 2x1

and proved u € L>®°(Q. ) for some By, x (t —r%,t) = Q,, S 2 x1,r > 0.
These brand of problems have potential applications to the modeling of combus-

tion, thermal explosions, nonlinear heat generation, gravitational equilibrium of poly-

tropic stars, glaciology, non-Newtonian fluids, and the flow through porous media.
In this paper, we would study the regular property of

—Agqu +Au = f, (1.1)
in D’(£2), where we define Ay 1= a1£c—22 + ... +oen£6—22 and o = (aq,...,05), (0; >
1 n
0, Vi), our aim is to show u € C°°(R").
2. RESULTS
Here, we use of ~ for equivalent norms.

Lemma 1. Suppose that m € Z, A > 0 and let u, f € 8'(R") satisfy (1.1) as
distributions. If f € W™2(R"), then u € W"™+22(R") and there exists a constant
C such that |u||wm+2.2 < C| f|lwm.2.

Proof. Taking the Fourier transform of (1.1), we have

ﬁ(_aluxlxl — . —OpUx,x, +Au) = ﬁ(f)7



REGULARITY AND ENTROPY SOLUTIONS 717

(@18 + ... + anEZ+ N F (1) = F ().
From theorem 5.2.3 of [3] for any m € Z and a,b > 0 we note to the following
equivalent norms:

WmA(R") == {u € 8'(R"): F '[(a+blE[) 2 F ()] € L2(R™)}

lullymz ~ |7 (@ +bIED)Z F )2 ue W™(RY.
By using Parseval theorem

17 (@ +bIE1) 2 F )]l 2 = ll@+bIE) 2 F ()] 2.

Thus,

l@+bEP) 2 F @)z~ [(@iE] +..+ bz + DI F @2 21D
and

(@182 4 oot anE2 + )" F (1) = (0182 + ..+ anE2 + 1) 2 F(f)

so the result follows from (2.1).

We now consider the case of a general domain 2

Theorem 1. Suppose that A € R and u, f € D'(82) satisfy the equation (1.1) in
D'(£2).
(i) If f e Wl':éz(.Q) and u € Wl';’cz(.Q) for some m > 0 and n € Z, then

u e Wl'gjz’z(.Q) and for every §2, CC §21 CC £2, there exists a constant C (de-

pending only on m, §25 and $21) such that ||[ullym+2.20,) < C(| fllwm2e,) +
[ullwn.22,))-
(i) If f € C®(2)and u € Wl';’cz(Q)for somen € Z then u € C°(£2).
Proof. We proceed in two steps.
Step 1: Consider M” cc M’ cC 2 and k € Z. If u € WF2(M’) and
f € Wk=1.2(M") solve the equation (1.1) in D'(£2), thus, u € W*+1.2(M") and
there exists C such that ||u||Wk+1.2(M//) < C(”fllwk—l.Z(M/) + ”u”Wk.Z(M/)). To
show this, consider p € C2°(R") such that p =1 on M” and supp p C M’ and define
v e D (R") by v =pu,i.e.
(v.9)p/(R),D(R") = (U, PP) D' (M"),D(M")-
Clearly v € W52(R") and ||v|lyyx.2ny < C lullyr.2arr)-
v solves the equation
AtV =T1+ T+ T; 2.2)
in O’ (R™), where the distributions 77, T», and T3 are defined by
(T1,9) o), 0@k = (f + (1 =2u, pp) o m7),D(M").
(T2,9) 5 ®"),o®R") = — (U, Aap-0) D/(M"), DM
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(T3.9) 0/(rRm), D(R") = —2(u, (. Vp)@) o' (M7), D (M)
for every ¢ € CZ°(R"), since
(=Aqv +v.9) pr(Rr), D(R?) = (A1 Vx x; — - —UnVxyx, T Vs @)D/ (RM),D(RM)
= —(a1 [, px; 2, 9) D' M7y, D7) + 20, 0x1 ©) D7 (M7, D7) + (i x1 09) D (M), DM ]
+ oo [ 3, @) D7 M7y, DM+ 20 P, @) D/ (M), DM + U - PO D/ (M7Y, DM ])
+@, p9) D/ (M), D(M’) = (—01Ux x| — o = AnlUx,x, + AU, PO) D/ (M), D(M)
—(u, (@1pxx) + - T U Pxpx)P) D/ (MY, DM — 2, (@10x; + ..o+ UnOx,)0) D/ (M), D(M)-
Thus 7; € W*=12(R") and

1T we—r2@ny < CULS lwr-r20ar) + 1 llwe2aer),

for j = 1,2,3. Applying (2.1) and lemma 1, we deduce v € W*+1.2(R") and
Ivllwe+12@ny = CULf lwe—1200r) + ullwre2arr)-

Step 2: (Conclusion) Without loss of generality, we may assume n = —f < 0. Let
§25 CC §21 CC £2. Consider a family (M} )o<j <m+e+1 of open subsets of §2, such
that

§29 =My 44941 CC ... CC Mo CC $24

(one constructs easily such a family). It follows from Step 1 that
u e Wt+12(My) and can

lullw—e+120019) < CULS Ilw—e=12¢2,) + 1ullw-e.22,))

(2.3)
= CUlf lwmz@,) + lullwn2g2,))-
(2.3) and lemma 1 imply that u € W—¢+2.2(M,) and
lullw—e+22a1,) = CULS lw—e2t0) T Il w—e+1.2(a10)) (2.4)

< Clf lwmaa)) + lullwnz@))-

Iterating the above argument, u € W™ t22(M,, 1) = W™Mt2:2(2,) and that
there exists C in which

lullwm+22(0,) < CULSf lwma@@) + 1ullwnz@g))-
Hence, property (i) satisfies since §2; and £2, are arbitrary. Property (ii) follows from
Property (i) and C*°(£2) =) W2 (2). O

m=0 ""]oc

Before paying to entropy solutions, we remember some notions:
Let f, g and ¢ be functions in L.°°(£2), u and v be the solutions of

—div(A(x)Vu)+qx)u = f in 2
% u=20 on d52 25)
e div(A*(x)Vv) +4(x)
—div(A*(x)Vv)+q(x)v=¢g inf2
{ v=20 on 052 (2.6)
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respectively, where A* is the transposed matrix of A and

A)y.y zely?. [AX)| < B 2.7
for every y € R™, 0 < o < B. It is well known that (2.5) has a weak unique solution

(Theorem 1.6.1 [1]). Since both u and v belong to HO1 (£2), u can be chosen as test
function in the formulation of weak solution for v and vice versa. One obtains

/fv =/A(x)Vu.Vv+/q(x)u.v = /A*(x)Vv.Vu+/q(x)v.u zfug

for every f,g € L°°(£2), where u and v solve the corresponding problems with data
f and g respectively. u,v € L°°(§2) (Theorem 2.3 [9]), but we remark that the two
integrals are well-defined also if f € L!(£2) and u € L'(£2) (always maintaining
the assumption that g and so v is a bounded function). This fact inspired to Guido
Stampacchia the following definition of solution for (2.5) if the datum is in L!(£2).

Definition 1. Suppose that f € L1(£2). A function u € L1(£2) is called a duality
solution with datum f if one has [ug = [ fv, forevery g € L°°(£2), where v is the

solution of
—div(A*(x)Vv)+qg(x)v=¢ in £2
v=20 on 052

Theorem 2 (Stampacchia, theorem 3.3 of [9]). For f € LY(£2) there exists a
unique duality solution with datum f. Furthermore, u € L1(82) for every q < %

Remark 1. In special case if

[y 0 0 . . . 0

0 ap 0 . . . O
A=

0 0 . . . 0 a]

and ¢(x) = A, problems (2.5) and (2.6) change to

—Agu+Au=f in £2 and —Aqu+Av=g in 2
u=20 on 082 v=20 on 92
Respectively.

Definition 2. For k > 0, set
T (s) := max{—k,min{s, k}}

and
‘E(}’z = {u : 2 —> Rmeasurable : Tj. (u) € HO1 (£2), Yk > 0},
It is well known that VT (1) = Vuyjy <k -
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Lemma 2. Suppose that u € T& ’2([2), q € L>®(82) and (2.7) valid. Then there is
a > 0 in which

a/glVTk(u)F5/QA(x)Vu.VTk(u)—i—/ﬂq(x)uTk(u).
Proof. By (2.7)

/ ACO) ViV T () + / duT () > y / VP + / 4 (T ()
2 22 22 2
zy/Q|Vu|2—/9|q(x>||u||Tk(u>|,

since | T (u)| < |ul, |¢g(x)| < b (almost every where) for a suitable » > 0 and from
Poincaré inequality

2 _ 2 2
V/Q|Vu| /Sz|q(x)||u||Tk(u>|zy[(2|Vu| /Q|q(x>||u|
zy/glwﬁ—bcqulwz=a/9|wk<u)|2,

for o := y —bCy, where Cy is multiplier in Poincaré inequality. O

Definition 3. Suposse that f € L1(£2). A function u € r&’z (£2) is called an en-
teropy solution of (2.5) if

/ AV I T —g) + [ T — ) < / fTi—g). 28
2 2 2

for every k > 0 and for every ¢ in HJ (£2) N L™®(£2).

Theorem 3. Suppose that f € L'(82). Then there exists an entropy solution u for
(2.5).

Proof. We do by approximation; Suppose that f,, = T,,(f) and by the Lax-Miligram
theorem, there exists a weak solution u,, for

—div(A(x)Vuy) +q(xX)un = fu in £2
U, =0 on d452.

Let k > 0. Taking T} (uy) as test function and using of lemma 2,
cx/;z |V Tk (up)|? < /QA(x)Vun.VTk(un) + /Qq(x)unTk(un)

:/ T (un) <kl fllLr )
2

Therefore, (Ty (uy)), is bounded in HO1 (£2) for a fixed k. This implies that there
exists a function vy € HO1 (£2) such that, up to subsequences Ty (1, ) converges to vy
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weakly in HO1 (£2) and strongly in L?(£2). From lemma 2, one can deduce that

[ 1900 —um) 1 = Cyll o= il

and since ( f,,), is a Cauchy sequence in L!(£2), so (1), is a Cauchy sequence
in Wol’q (£2) and then u, converges strongly to a suitable u € Wol’q (£2). For every
q < % Vu, converges to Vu almost everywhere in §2. Thus, T} (u,) converges
strongly to Ty (1) in L?(£2), and so vy = T (u). Therefore, by Fatou lemma,

a/ IV T () < hminfaf VT2 < K11 L1 -
0 n——+o00 0

which implies that u belongs to r(}’z. Fix k >0, ¢ in HO1 (£2)NL*®(82), and v :=
T (un — @) as test function in the weak formulation of (2.5). Then

/ ACO) VitV Ty 1t — 9) + / 4Nt T (i — ) = / FuTi(ttn— ).
2 2 2

For the right hand side we have T, — [ asn —> oo and f;, = T,,(f) — f. Thus,
fn —> f point wise in L1(2) and | f;, Ty (un — ¢)| < 2k| f|. Lebesgue theorem
implies that

n——+oo

lim LfnTk(un—¢)=/SZka(u—¢),

while the left hand side can be rewritten as

/ AC)V T (1t — 9).V Tt — ) + / AV . Ty (tn — )
2 22

4 /Q 4 (n Ty (1t — ).

The first term is non-negative, thus, the almost everywhere convergence of Vi, to
Vu follows by Fatou lemma,

/ AX)VT(u—¢).VTr(u—¢) < liminf(/ AX)VT(uy — ). VT (uy — ).
2 n—>+oo Jo

For the second, since u, converges to u in HO1 (£2) soup —¢@ tou —¢ in HO1 (£2),
then Ty (un — @) to T (u —¢) in Hy (2) ) and since —V(A(x)Vg) € H|
<=V(AX)V). Ti(up — @) >—< =V(A(x)Ve), T (u—¢) >

i.e.

/ AX)Vo. Tr(u—¢) = lim / Ax)Vo. T (up — ).
Q n—>+oo Jo
For third term since

g ()uun Tie (un — )| < 2k |qloo|ul
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by Lebesgue dominated convergence theorem

/ T (u—p) = lim [ 4 (tn Tic 2t — ).
2 n 22

—+o0

Then by cancelling equal terms:

[ Aevuvtiw—o)+ [ aoutiw-9) < [ fTitu-)
Q Q Q
S0 u is an entropy solution of (2.5). 0

Theorem 4. Let f € L1(£2) and u be an entropy solution of (2.5) with datum f.

Then u belongs to WO1 4(82) for every g < % and it is a distributional solution for

(2.5).
Proof. Taking ¢ =0 in (2.8)
a[QWTk(u)P5[QA(x)Vu.VTk(u)+/Qq(x)uTk(u>=/Qkaw)sk||f||u(m.

Proof of Theorem 4.1 in [9] shows that u € WO1 4(£2) for every g < % We now

fix & > 0 and choose ¢ = T}, (u) as test function in (2.8). Then

/ AC)VU Y T (u— T () + / 4Ty — Ty () < / Tl = Ty(u).
22 2 22

Moreover,

u—"Ty(u) —k <u—Typ(u) <k,
Tpe(u—Th(u)) = k k <u—Tyu),
—k u—Th(u) < —k,
where
0 —h<u<h,

u—Ty(u)=13 u—nh h <u,
u+h u<-—h.

Therefore, if |u| < h, then T}, (u — T} (1)) = 0. Moreover, if h —k < |u| <h+k, then
Ti(u—Ty(u)) = u—Ty(u). Thus,

A(x)Vu.VLH—/{l | h}q(x)uTk(u—Th(u))

=/ F T = Ty(u)) sk/ 1.
{lul=h} {lul=h}

Defining Ay = {|u| > h}, m(A,) — 0 as h —> oo (since u € Wol’l(.{?), thus, in
LY(£2)). From f € L1 (),

/{h—kslulsh+k}

lim |f1=0,
h—+00 J{ju|=h}
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hence by recalling (2.7)
lim [Vu|?> =0. (2.9)
h—+00 J{h—k<|u|<h+k}
For i >0, nin CO1 (£2) and ¢ = T}, (u) — 1 as test function in the entropy formulation
(2.8), where k = ||| Loo () then

[ A@vaITe= T+ + [ gt +n < [ FTiu=Tiw+ ),
By Lebesgue dominated theorem and choice of k
im [ =T+ = [ fTen=[ o
h—+o0 J 2 2
For the left hand side, using again the choice of k

/{I |<h}(A(X)Vu'VTk(u_Th(u)+n)+/ q () uTy (u— Ty (u) + 1))

{lul<h}

4 / (A ViV Tyt — T o) + 1) + / 4Tt — T () + ).
{lul=h}

{lu|=h}

Since A is bounded, so u € WOI’I(.Q) and n € CO1 (£2). For {|u| < h} we have Ty (u —
Ty () + 1) = T (n). Thus, by Lebesgue dominated theorem

lim A(X)Vu.VTi(n) = lim A(x)Vu.Vr]=/ A(x)Vu.Vn.
h—>~+00 J{|u|<h} h—>+00 J{|u|<h} Q
Similarly
[ awutiw-nia+n= [  qeunm= [ g@oun
{lu|<h} {lul<h} {lul<h}
Then
lim q(x)unz/ qg(x)un.
h—+00 J{|u|<h} 2
Since

{u—Th()+n| <k,|ul = h} S {h—2k < |u| <h+2k}
by (2.7) and choice of k

AX)Vu VT (u—Ty(u) +1n) <| / AX)Vu VT (u—Ty(u) +n)|
{lul=h} {lu|=h}

< / A Vul VT (u —=Tp(u) +n)| < B / IVul(|Vul+|Vn]).
{lul=h} {h—2k<|u|<h+2k}
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Thus by (2.9) and Holder Inequality

/ [Vul(IVul+[Vn]) < p (IVul?+|Vul.|Va)
{h—2k <[u|<h+2k} {h—2k<|u|<h+2k}

1 1
Sﬂ[/ |Vu|2]z.[/ V213 =o.
{h—2k<|u|<h+2k} {h—2k<|u|<h+2k}

Therefore,

lim (AX)Vu VT (u—Ty(u)+n) =0
h— 00 J{|u|>h}

and
lq C)uTy (u—Ty () +m)| < kllgllooful
s0 q(xX)uTy (u—Ty(u) +1n)) € L1(£2). Thus, limp_, 4 o0 f{lulzh}k||q”°°|“| =0and

/ q()uTy(u—Ty(u)+n) =0
{lul=h}

Putting together the results,
| a@vun+ g < [ o
2 2

forany n € CO1 (£2). Exchanging n with —n we obtain the reverse inequality so that u
is a distributional solution of (2.5). ]

Finally, we would show uniqueness of entropy solution.

Theorem 5. Let f € L'(£2). Then the entropy solution of (2.5) is unique.

Proof. We proceed in three steps.
Step 1 (An entropy solution is a duality solution): Consider g is in L°°(§2) and v is
a weak solution of

v=20 on 052.

According to the Stampacchia’s theorem [2], v € L°°(£2). We repeat the proof of
Theorem 4. By choosing ¢ = Tj(u) — v in the entropy formulation, for # > 0 and
k = lvllLee(e):

{ —div(A*(x)Vv)+q(x)v=g inf

/A(x)Vu.VTk(u—Th(u)+v)+/ q(x)uTk(u—Th(u)+v)§f S Te(u—Ty(u) +v).
2 2 2

Similar to theorem 4, from Lebesgue dominated theorem and choose of k,

lim /Qka(u—Th(u)+v)=/gfv,

h—+o00
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Moreover, the left hand side can be rewritten as

/ (A(x)Vu.Vv—i—q(x)uv)—l—/ AX)Vu VT (u—Ty(u) +v)
{lul<h} {lul=h}

[ T Ti +o)

{lul=h}

For the second and the third term, similar to the proof of Theorem 4 (using (2.9))
lim / A(x)Vu.VTk(u—Th(u)—I-v)—i-/ gxX)uT(u—Tyu)+v)=0,

h—+00 J{|u|>h} {lu|=h}

and the first term can be rewritten as

/ (A(x)Vu.Vu +q(x)uv) = / (A(xX)VTL(u). Vv +q(x)Ty(u)v)
{lul<h} 2

- / (A* (1) V0.9 T3 (00) +q(x) Ty () = / g Th(u).
2 2

since Tp(u) € HO1 (£2) can be chosen as test function in the problem solved by v.
Then, by Lebesgue dominated theorem,

/ (A(x)Vu.Vuo+g(x)uv) = lim (A(x)Vu.Vv+gq(x)uv) = / gu.
{lul<h} h—>+00 J{|u|<h} fos
Putting together the results, we obtain

[oos [,

Exchanging g with —g (and so v with —v, by linearity), we obtain the reverse in-
equality, therefore, u is a duality solution of (2.5).

Step 2 (An entropy solution is a solution obtained by approximation (See [10])):
Suppose that f, € L>(£2) be a sequence of functions that converges to f € L!(£2),
and suppose that u; be the solution of

—div(A*(X)Vuy) +q(X)uy = fn in 2
U, =0 on 952

Uy € HO1 (£2) N L°°(82), so that ¢ = u, is an admissible choice in the entropy for-
mulation for u. Thus,

f AC)VU I T (i) + f 4Ty — 1) < / F Tt ).
22 2 2

On the other hand, T} (u —uy) belongs to HO1 (£2) and so it can be chosen as test
function in the weak formulation for u,,. Then

[ 46V Vit =) + [ arunTiew =) = [ fiTitu=).
2 2 2
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Thus,

/ ACOV (— 1) Tt — 1) + / 4 00) () T t — 1) < / (f — fo) Tl — ).
2 2 2

By (2.7) and lemma 2
a/gWTk(u—un)FsAA(x)V(u—un).VTk<u—un)+/Qq(x)(u—un)rk(u—un)

<kl(f = f)llLrv o)

approaching n — oo , T (u —u,) —> 0 in HO1 (£2) and this implies that u, con-
verges to the entropy solution u. From solutions obtained by approximation are
unique, hence, the entropy solution u is unique.

Step 3 (There exists at most an entropy solution): Here, we follow [2]. Suppose that
u and v be two entropy solutions of (2.5), with the same datum f, and let & > k > 0.
Then ¢ = Ty (v) is admissible in the entropy formulation for u and ¢ = Ty (u) is
admissible in the entropy formulation for v. Thus,

/ AC) VUV T — T (v)) + / G COUTy (= Ty(v)) < / F T =T (),
2 2 2
and
/ AV T (v — Th(w) + f ¢ ()T (v — T () < / FTi(w—Tw)).
02 22 2

Summing these two inequalities,
| AV =T + [ gCouTiu=Tiw)

+/ A(x)Vv.VTk(v—Th(u))-l—/ q(xX)vTi (v —Ty()),
2 2

in the left hand side is less than or equal to

/Q F(Ti (= Ty (0) + T (v — T (w)))

in the right hand side. From oddness of T} (s) and Lebesgue dominated theorem,

i lim / ST (u—=Tp(v)) + T (v—Ty(u))) =0.
—>+o00J
Hence,

limsup/.Q AX)Vu.VTi(u—Ty(v)) + /9 q)uTy(u—Ty(v))

h—>+o0

+/ A(x)Vv.VTk(v—Th(u))+/ q)uTr(v—Ty(u)) <0.
2 2
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For the sake of simplicity we will suppose from now on that ¥ > 0 and v > 0, since
the proof turns out to be considerably simplified. We refer to [2] for the proof in the
general case of changing sign solutions. We set

Q={u<hv<htU{u>hv<hyU{v>h}=EIUF}UFL

and
Q={w<hu<hiU{v>hu<hU{u>hy=E}UFIUF}
Then
[, AVuI T =Ta) + [ g Tite=Ti(w)
EO EO
Z/Eg A(x)Vu.VTk(u—v)—i—/Eé’q(x)uTk(u—v).
Similarly,
[, AT =T + [ aTieto =Ty
EO EO
=/ A(x)Vv.VTk(v—u)—l—/ qg(x)vTi(v—u),
El El
On Flh,

/ AX)Vu VT (u—T,()) = A(x)Vu.V(u—v).
Fh

1

Onf{u>hv<hO<u—v<k}itvalidh<u<h+4+kandh—k <v <h,so

Lu>h,v§h,0§u—v§k}

/ AX)Vu VT (u—Ty())| < |Vul|Vu].
Fl {h<u<h+k,h—k<v<h}
By (2.9)
lim |Vul|?> =0,
h—>+o00 J{h<u<h+k}
and

lim |Vu|? =0,
h—+00 J{h—k<v<h}

Hence, by Holder inequality
lim =0;
h—+o0

/ AX)Vu VT (u—Ty(v))
Ff

and |q(x)uTy (u—Tp(v))] < kllgllolul, so g (x)uTe (u — Ty (v)) € L' (82). Thus,

fim / kllglloo ] =0,
h—+o00 F1h
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hence,
|, aemTu=Tin =0,
1
Repeating the same for F3h we have

lim
h—+o00

/ A(x)Vv.VTk(v—Th(u)) =0.
F3

and

[, 40T =Ti) =0

3
Moreover on th,

| (AT Tl =Ty 0) + (T =Ty o)

(A(x)Vu.Vu) +q(x)uu) > 0,

/{v>h,0§u<h+k}

and similarly on FJ,

/Fh (AX)Vo.VT (v =Ty () +q(x)vT (v —Th(u)))

(A(x)Vv.Vv) +¢g(x)vv) =0,

/{u>h,0§v<h+k}
Putting the results together,

limsup/Eh(A(x)V(u —0).VTir(u—v)+qx)(u—v)T(u—v)) <0,

h—+o00

which, by Fatou lemma, implies, from E(’)’ ”fills” §2 as h —> +00,

0 E/ (AX) V(@ —v). VT (u—v) +q(x)(u—v)Tx(u—v)) <0,
2
Using (2.7) and lemma 2 we have VT (u —v) = 0, thus u = v.

Remark 2. In special case if

[y 0 0 . . . 0]
0 ap 0 . . . 0
A=
(00 . . .0 a

and g(x) = A, problem (2.5) can be rewritten
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—div(A(x)Vu) +qx)u = f in £2 N —Aqu+Au=f in £2
u=0 on 082 u=20 on 052

Then above theorems are satisfied for this problem.
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