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This paper investigates new phenomena in elastic wave propagation in metamaterials, charac-
terised by long-range interactions. The kind of waves borne in this context unveil wave-stopping,
negative group velocity, instability and hypersonic or superluminal effects, both for instantaneous
and for nonlocal retarded actions. Closed form results are presented and a universal propagation
map synthesizes the expected properties of these materials. Perspectives in physics, engineering and
social dynamics are discussed.
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I. INTRODUCTION

Metamaterials are known to yield unexpected results
in many applications. For example, in electromagnetics
these are frequently related to anomalous refraction in-
dex and dissipation. Studies have demonstrated unusual
wave propagation [1] by synthesizing negative group ve-
locity, or light stopping [2–5], or fast light, using special
dissipation and diffraction properties of electromagnetic
media [6–9]. Even an acoustic setup has been proposed
in [10], where, with electronically assisted devices, wave
trains of desired spectral composition and superluminal
wave propagation have been observed [11]. Waves in plas-
mas and charged gases also represent a stimulating ex-
ample of acoustic fields controlled by long-range electrical
interactions [12–15]. In mechanics, metamaterials intro-
duced micropolar, higher-gradient and nonlocal elasticity
[16–24].
In one of the rare investigations of nonlocal dispersion re-
lationship [20], the author identifies the long-range elastic
modulus, based on Brillouin dispersion in a lattice [25],
that he compares successfully with experimental results
[26]. Even in the landscape of recent investigations of
elastic metamaterials, the correlation between waves and
nonlocality is not directly addressed [27] and the scientific
literature does not report results on anomalous elastic
wave propagation analogous to those found in electro-
magnetics. Even though nonlocal interactions have been
investigated in several areas [20, 28–32], the lack of gen-
eral results for dispersive properties in nonlocal materials
should not be surprising since theoretical investigations
in this field suggest complex integral-differential equa-
tions in space and differential in time to describe the wave
propagation. In the present paper, the dispersion rela-
tionship is analytically determined for elastic materials
with long-range and retarded constitutive relationships
yielding surprising wave propagation behaviors, namely
wave-stopping, negative and hypersonic or superluminal
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group velocity, as a direct effect of nonlocality.
Dissipation effects are also included in the model, but
it is shown they do not represent a necessary condi-
tion to produce superluminal propagation. The deriv-
ations presented here allow discussion in detail of the
wave propagation scenarios, related to the elastic long-
range interactions, unveiling the unexpected effects pre-
viously mentioned. The approach used here considers
long-range interactions by examining their connectivity
characteristics. Unlike in classical waves, which are borne
out of particle-particle connections between the closest
neighbors, unconventional effects result when one-to-all
particles connections are introduced, as in [33–38], and
when all-to-all connections appear, as in Vlasov’s the-
ory [39] or in quantum physics [40, 41], or in the case of
elastic materials investigated here.
The mechanism for wave-stopping, negative group ve-
locity and hypersonic (superluminal) propagation illus-
trated in this paper is demonstrated by simple long-
range forces. The particle-particle interaction forces in
this case rapidly decay with the distance and asymptot-
ically vanish, as in many physical forces, namely elec-
trostatic, magnetostatic or gravitational. These interac-
tion forces are represented in this paper with two families
of exponentially decaying functions, the Gauss-like and
the Laplace-like, which lead to expressions for dispersion
relationships. Three regimes of interactions are demon-
strated, according to the distance range and the intensity
of the force, quantified by the long-range elastic modulus
E∗: (i) negative group velocity and wave-stopping, (ii)
hypersonic (superluminal) group velocity and instability,
(iii) eigenstates migration.
The existence of hypersonic or superluminal waves stim-
ulated additional investigation of the retarded long-range
actions. It is shown that, even when a particle-particle
interaction is retarded because of its finite speed vf , the
group velocity can still be hypersonic (superluminal),
even with negative group velocity and the phase speed
can overcome the upper bound vf as well.
These effects are investigated in authoritative works by
Brillouin, Sommerfeld and Voigt (see [42] and citations
therein) that show they fit the framework of relativity,
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since group and phase velocities do not coincide with the
signal velocity, which indeed remains always confined be-
low the upper bound of the speed of light.
The terms hypersonic and superluminal denomination
are used in this paper for sound or light, respectively,
to indicate very fast waves that can exceed the phase or
group velocity of sound or light, respectively, depending
on the nature of the D’Alembert waveguide and on the
value of vf .

II. EQUATION OF MOTION

In this section, we analyse the case of long-range force,
additional with respect to the classical elastic interaction.
We define F(P ,Q) as the force borne on the particle at
P , because of the particle at Q (Figure 1). F should
guarantee the action-reaction principle holds:

F(P ,Q) = −F(Q,P ). (1)

Figure 1: Sketch of long-range interaction.

The force between two material elements, in the initial
reference configuration at x and ξ, respectively, can be
expressed as:

F (x+ u(x, t), ξ + u(ξ, t)) = −f(|r|)r (2)

where

r = x− ξ + u(x, t)− u(ξ, t) (3)

with u(x, t) the displacement in the elastic medium and
with the convention introduced by equation (2), it follows

f(|r|) is negative for repulsive force, and positive for the
attractive case.
Forces decaying with |r|, such that lim

|r|→∞
f(|r|)r = 0, are

here considered. This property is typical, for example, of
magnetostatic, Coulomb and gravitational forces.
Long-range characteristic leads to nonlinear integral-
differential equations to control the wave propagation.
Starting from the Navier-Cauchy formulation, for a con-
tinuous unbounded three-dimensional elastic solid, we
obtain:

ρ utt(x, t)−
E

2(1 + ν)

[
∇2u(x, t) +

1

1−2ν
∇ (∇ ·u(x, t))

]
+∫

ξ∈R3

f(|r|)r dV = 0 (4)

with ρ, E and ν the density, the Young modulus and
the Poisson ratio of the medium, respectively and ∇ the
Laplace operator.
The integral represents the sum of non-conventional long-
range forces and the focus of the present paper.
For acoustic media with long-range interactions (the
case of electrostatic approximation of low frequency
plasma [43]) the equation of motion can be simplified

as u(x, t) +

∫
ξ∈R3

f(|r|)r dV = 0. In general, analytic

solutions are not possible. However, the linearization of
the force f(|r|), with respect to ε = u(x, t)− u(ξ, t) and
for small deformation, permits, together with some addi-
tional hypotheses introduced later, to investigate closed
form solutions, providing important insights into the
wave propagation properties.
Taylor series of the force up to the first order in terms of
ε is:

f(|r|)r ∼ (x− ξ) f0 + h0ε+ f0ε (5)

where

f0 = f (|x− ξ|) (6)

h0 =
∂f

∂|r|

∣∣∣∣
0

(x− ξ)⊗ (x− ξ)

|x− ξ|
(7)

and the subscript 0 denotes quantities evaluated at ε = 0
and ⊗ is the tensor product operator.
Therefore, the linearized integral term of equation of mo-
tion (4) becomes:∫

ξ∈R3

[(x− ξ) f0 + h0ε+ f0ε] dV (8)

Separation of the static and the dynamic components of
the displacement, u(x, t) = v(x) + w(x, t), leads to:

ρwtt +
E

2(1 + ν)

[
∇2w − 1

1− 2ν
∇ (∇ ·w)

]
+ h̄0 ·w−

[h0 ∗w] + f̄0w − [f0 ∗w] = 0 (9)
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for the dynamic component, where ·̄ indicates average
over R3 and ∗ indicates the convolution operator.
In this wave-dynamics context, we are not interested in
the discussion of v(x). Indeed, for those forces that obey:∫

ξ∈R3

(x− ξ)f0 dV = 0 (10)

v(x) vanishes and w(x, t) remains the only displacement
field, the case we consider ahead.
Moreover, for special choices of the function f(|r|), equa-
tion (9) can exhibit analytical solutions, as illustrated in
the following sections.

III. ONE-DIMENSIONAL WAVEGUIDE

The one-dimensional version of (9) is analysed, intro-
ducing the Gauss-like and the Laplace-like forces (see
equations (15) and (18)), for which it simplifies as:

ρ
∂2w

∂t2
− E∂

2w

∂x2
− g(x) ∗ w(x) = 0 (11)

where g(x) = h0(x) + f0(x) and these cases h̄0 = 0 and
f̄0 = 0. Since for the aforementioned interaction forces,
g(x) = − ∂F (x)

∂x , equation (11) becomes:

ρ
∂2w

∂t2
− E∂

2w

∂x2
+ F (x) ∗ εx = 0 (12)

where εx is the strain along the axis, a form consistent
with the Eringen formulation for nonlocal elasticity in
1D [20].
Assuming:

w(x, t) =

∫∫ +∞

−∞
W (k, ω)ej(kx−ωt)dk dω (13)

or taking the Fourier transform F{·} of (11) with respect
to x and t, the dispersion relationship is obtained:

ρω2 − Ek2 +G(k) = 0 (14)

where G(k) = F{g(x)}. Gauss-like and Laplace-like
forces unveil some general properties of long-range inter-
action. These forces present three advantages: (i) they
guarantee the action-reaction principle holds, (ii) they
vanish for large x, a typical property of some long-range
forces met in physics and (iii) they admit an analytical
known Fourier transform G(k).

A. Gauss-like interaction

The Gauss-like form is:

f(r) = µe−( rβ )
2

(15)

where µ controls the intensity of the force and β (pos-
itive) is the interaction length. The sign of µ follows
the convention stipulated in section II: µ can be pos-
itive or negative, to represent attractive or repulsive
actions, respectively. Moreover, F (r) = −F (−r) and
lim
r→∞

F (r) = 0. Combining equations (15) and (11):

ρ
∂2w

∂t2
− E∂

2w

∂x2
−

µ

∫ +∞

−∞

(
1− 2

β2
ξ2

)
e−( rβ )

2

w(x− ξ)dξ = 0. (16)

For the Gauss-like force, G(k) =
µβ3

2
√

2
k2e−

β2k2

4 and

Ω = ±K
√

1− χe−K
2

4 (17)

is the dispersion relation associated to (16), where

Ω =

√
ρ

E
βω, K = βk, and χ =

µβ3

2
√

2E
are nondimen-

sional parameters.
χ is a scale factor that relates the intensity of the long-
range interaction in terms of its elastic modulus E∗ =
µβ3

2
√

2
(positive or negative) and the elastic modulus E.

As for µ, the sign of χ controls the attraction (χ > 0) or
repulsion (χ < 0) characteristic of the force.
Note that equation (17) can produce, for some wavenum-
ber and χ ranges, imaginary values. This implies the
waveguide becomes unstable with unbounded wave amp-
litudes. This happens for long-range forces of negative
equivalent stiffness larger than the classical elastic one.

B. Laplace-like interaction

In this case, f is based on the Laplace Distribution:

f(r) = µe−
|r|
β (18)

with F (r) = −F (−r) and lim
r→∞

F (r) = 0.

For G(k) =
2
√

2
πβ

3k2µ

(1 + β2k2)
2 , the associated dispersion rela-

tionship is:

Ω = ±K
√

1− 8χ
√
π(K2 + 1)

2 (19)

C. Notes on the linear approximation

The linearised approximation, discussed in section II,
implies equation (9), and consequently equation (11),
is valid under the assumption: |ε| � |x− ξ|. Since
|ε|
|x− ξ|

=
|w(x, t)− w(ξ, t)|

|x− ξ|
� 1, i.e. the strain is
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small, at least of order 10−1. A wave perturbation travels
in the system as w(x, t) = w0e

j(kx−ωt). The strain is
∂w

∂x
= jkw0e

j(kx−ωt) and the linearisation is valid if:∣∣∣∣∂w∂x
∣∣∣∣ � 1, hence |w0k| � 1. In terms of the nondi-

mensional wavenumber K = βk, it finally produces:∣∣∣∣w0K

β

∣∣∣∣� 1 and K � β

w0
.

This shows that, once the regime for K has been selec-
ted (as in the following sections), the amplitude of vibra-
tion must be compared with the characteristic interaction
length β to guarantee linearisation conditions hold.
In the following sections, it appears that for K → ∞,
the propagation characteristic collapses into the standard
D’Alembert equation. Therefore, the most typical and
interesting aspect of our investigation (wave-stopping
and hypersonic velocity) emerge at K of order ∼ 1, i.e.
the studied effects fall in the linearisation approximation
when the vibration amplitude is much smaller than the
characteristic long-interaction length β: w0 � β.

IV. WAVE SPEED

The propagation behaviour in terms of χ is discussed,
which only affects the dispersion equations (17) and (19).
From them, with the speed of sound c =

√
E
ρ , ana-

lytical forms follow for the group and phase velocity

Cg =
1

c

∂ω

∂k
=

dΩ

dK
and Cϕ =

1

c

ω

k
=

Ω

K
, respectively, as

well as for the eigenstate density
dN

dΩ
∝ 1

Cg
.

Three ranges for χ are discussed: (i) χ � −1, (ii)
−1 < χ < 1 and (iii) χ� 1.

A. Gauss-like

1. Negative group velocity (NGV) and wave-stopping,
χ� −1

The dispersion curves for χ � −1 are represented in
Figure 2 that shows both points of minimum and max-
imum, for each χ. Wave-stopping phenomena appear,
since at those points the group velocity Cg vanishes (Fig-
ure 3). Moreover, the part of the curves in Figure 2 with
a positive slope is related to a conventional dynamic be-
haviour, whilst the negative slope side leads to a negative
group velocity, denoted as NGV.
In Figure 3, the group velocity is plotted versus the
wavenumber. We observe: i) the existence of wavenum-
bers pair for which the group velocity vanishes, producing
wave-stopping, ii) the presence of a bandwidth of negat-
ive values of the group velocity, iii) larger wavenumber
bandwidth, for larger values of |χ|.
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Figure 2: Dispersion curves for the Gauss-like model for
different χ� −1.

As shown in Figure 4, the phase velocity at low frequen-
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Figure 3: Group velocity for the Gauss-like model for
different values of χ.

cies assumes values considerably higher if compared with
a conventional waveguide, characterised by first neigh-
bour interactions, and decreases with increasing the fre-
quency.
Finally, Figure 5 shows the eigenstate density that exhib-
its two peaks. These points correspond to the vanishing
group velocity.
The singularities in the eigenstate density produce an
energy storage effect into the waveguide, preventing
propagation and yielding the inception of wave-stopping.



5

0 1 2 3 4 5 6 7 8 9 10

Nondimensional wavenumber K

0

1

2

3

4

5

6

7

8

9

10

11
P

h
a
s
e
 v

e
lo

c
it

y
 

/K
Phase velocity (Gauss-like model)

D'ALEMBERT

<<-1

=-10

=
-1

0
0

Figure 4: Phase velocity for the Gauss-like model for
different values of χ.
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Figure 5: Eigenstate density for the Gauss-like model
for different values of χ.

2. Eigenstates migration, −1 < χ < 1

Wave dispersion phenomena are analysed in the range
of χ between −1 and 1 characterised by long-range
weak forces suggesting a behaviour close to the classical
D’Alembert waveguide.
Figure 6a, 6b and 6c show the trend of the dispersion

relationship, the group velocity and the eigenstate dens-
ity, respectively. Wave-stopping effects do not occur, and
the group velocity is always positive.
However, the eigenstate density, reported in Figure 6c,
shows a mode-migration effect.
For any given χ in Figure 6c, two branches of curve
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are identified: the one on the right and the one on the
left with respect to the intersection with the D’Alembert
curve that is at the folding wavenumber k0. For example,
for 0 < χ < 1,(Figure 6d), the left branch shows a higher
eigenstate density with respect to the D’Alembert case,
while the right branch a lower one. A direct inspection of
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Figure 6: Dispersion curves (a), Group velocity (b),
Eigenstate densities (c,d) for the Gauss-like model for

χ ∈ [−1, 1].

the analytical expressions of the eigenstate density shows
that:∫ k0

0

(
dN

dΩ
− 1

)
dΩ =

∫ +∞

k0

(
1− dN

dΩ

)
dΩ (20)

where
dN

dΩ
(k0) = 1. This implies that the number of the

eigenstates gained by the long-range waveguide in the re-
gion k ∈ [0, k0] equals the number of the eigenstates lost
in the bandwidth k ∈ [k0,+∞). This means an eigen-
state packet migrates from high to low frequency, folding
about k0. Analogous considerations hold for −1 < χ < 0.
For all the χ’s (see Figure 6c), the characteristic value of
k0 is about 1.4.
The region characterised by a richer eigenstate density
tends to trap the energy, slowing down its transport and
lowering the group velocity (see Figures 6b and 6c).

3. Hypersonic group velocity and instability, χ� 1

For χ � 1, the analysis of propagation enlightens the
presence of an unstable region: in it, no propagation oc-
curs and wave amplitudes become unbounded (see Fig-
ure 7). In the propagation region, the curves start with
a very high slope and the corresponding group velocity
ideally becomes infinite, hence hypersonic (superluminal)
group waves are borne.
The group velocity passes from the hypersonic (superlu-
minal) to the standard D’Alembert propagation, within
the wavenumber bandwidth k ∈ [∼ 3,∼ 6].

B. Laplace-like

Dispersion relationship, phase and group velocities
related to the Laplace-like force have a very similar
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trend with respect to the Gauss-like interaction, and
three identical regimes appear. This enforces the con-
clusion that the scenario outlined in the previous section
has a general character for long-range interaction for
those forces that satisfy the requirements as in section II.
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Figure 7: Dispersion curves (a), Group velocity (b),
Phase velocity (c) and Eigenstate density (d) for the

Gauss-like model for different values of χ.

V. SPACE-TIME VISUALISATION

Visualisation of the wave propagation in space and
time corroborates the previous theoretical findings. Con-
sistently with equation (13), waves can be represented by
the discrete approximation:

w(x, t) =

N∑
i

[
W

(1)
i sin (kix− ω(ki)t) +

W
(2)
i cos (kix− ω(ki)t)

]
(21)

where W (1)
i and W

(2)
i are coefficients depending on ini-

tial conditions, and ω(ki) is specified by the dispersion
relationships (17) and (19). Two different graphic rep-

Figure 8: 3D Surface plot of the displacement.

resentations of the wave pattern are used, derived both

from the surface w(x, t).
In Figures 10, 12 and 14, sections at different times of
this surface are shown, the red dot highlights the phase
velocity, the green square the group velocity. Dotted lines
show these points moving in space and time.

Figures 11, 13 and 15 show the surface colour plot
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Figure 9: Selection of four arches (A,B,C,D) of the
dispersion curve to generate the wavetrains shown in

Figures 10-13.
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Figure 10: Left: positive group velocity, Right: negative
group velocity.

of w over the x, t plane. This permits to simultaneously
identify the wave characteristic lines on x, t, whose in-
clination remains with the phase propagation and the
envelope peak regions by shaded bands, with inclination
proportional to the group velocity.
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Figure 11: Surface colour plot of w(x, t). Left: positive
group velocity, Right: negative group velocity.
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Figure 12: Wave-stopping effect. Left: D’Alembert
waveguide Right: Long-Range waveguide.

1. Positive and negative group velocity, wave-stopping
effects, χ� −1

In Figure 10, the waveguide response is shown for
χ = −100. On the left, a wave train packet is plot-
ted, taking a frequency bandwidth around Ω = 10 and
wavenumber about k = 1.4 (selected along the small arch
of dispersion curve about A of Figure 9, i.e. in the PGV
range). As it appears, positive group velocity is observed
with a value that is consistent with the findings of Fig-
ure 3. On the right, another wave train is considered
with same frequency bandwidth, but with wavenumbers
taken on NGV branch, along a small arch about the point
B. Figure 10 illustrates the negative group velocity ef-
fect. Phase wave speed has different values with respect
to the group velocity and they are consistent with those
predicted in Figure 4.

Figure 13: Surface colour plot of w(x, t). Left:
D’Alembert waveguide, Right: Long-Range waveguide.

Figure 11 plots the same effect, but following a different
representation. Negative slope of shaded bands corres-
ponds to negative group velocity. Phase speed character-
istic lines have different (positive) slopes, anew consist-
ently with values shown in Figure 4.
In Figures 12 and 13, a wave train packet is generated
using frequencies about Ω = 12 and wavenumber K = 2
on a small arch about the point C. The left side of Fig-
ures 12 and 13 shows standard waves, and compares
with right side, revealing that long-range effect produces
the waves envelope that does not propagate, providing a
wave-stopping phenomenon.

2. Hypersonic effect, χ� 1

Figure 14 (right) shows the hypersonic (superlu-
minal) propagation of the envelope, compared with the
D’Alembert case (left), in which the crest remains sub-
stantially close to the centerline. On the right, it also
appears that phase velocity in the long-range case is sub-
stantially vanishing according to Figure 7c.
Figure 15 shows shaded bands with high slope and a
striped texture almost horizontal for phase speed.
According to Figure 7b, Figure 15 clearly displays the

hypersonic (superluminal) effect.

VI. NONLOCAL RETARDED ACTIONS

Since the group velocity can reach, in the range χ� 1,
even unbounded values (see Figure 7b), it is natural to
ask if this effect is implied or related to the instantaneous
propagation of the long-range forces. In fact, nonlocal
elasticity assumes the force F acting on the particle at
P(x) due to the particle at Q(ξ) is transmitted without
any delay.
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w(x,0.00)

D'Alembert waveguide Long-range waveguide

w(x,4.07)

w(x,8.15)

w(x,12.22)

x

w(x,16.29)

x

Phase Line  Group Line

Group Line

Phase Line

Figure 14: Hypersonic (superluminal) effect. Left:
D’Alembert waveguide, Right: Long-Range waveguide.

Figure 15: Surface colour plot of w(x, t). Left:
D’Alembert waveguide, Right: Long-Range waveguide.

Of course, in many cases, this can be a reasonable approx-
imation when the forces are delayed of negligible times
with respect to the characteristic period of oscillation of
the particles.
However, simple considerations can enlighten the effect
of a finite speed vf of interaction propagation between

distant particles, implying the delay τ =
x− ξ
vf

of the

perturbation at Q(ξ) to reach P(x). This transforms
(11) in a delayed integral-differential equation:

ρ
∂2w(x, t)

∂t2
− E∂

2w(x, t)

∂x2
− g(x) ∗ w(x, t− τ) = 0 (22)

After some mathematics, the Fourier transform of this
equation provides:[

ρω2 − Ek2 +G

(
k +

ω

vf

)]
W (k, ω) = 0 (23)

If the Gauss-like force is considered, the associated dis-
persion relationship becomes:

Ω2 −K2 + χ

(
K +

Ω

V

)2

e−
(K+ Ω

V )
2

4 = 0 (24)

where V =
vf
c
.

For V → ∞, (24) collapses into equation (17). For
V → 0, the standard D’Alembert dispersion is obtained.
From equation (24), it is deduced that Cg and Cϕ can
be both higher than V , and that Cg can be negative
even for χ� 1.
In particular, for V = 1, i.e. when the speed of the
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Propagation Map, V=1
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Figure 16: Group velocity and Superluminal effect for a
retarded signal with V = 1.

disturbance is comparable with the speed of sound
vf = c, the map of Figure 16 is obtained. A comment
on the leap line IASA′I′. Following it from the point I
(asymptotically converging over the line χ = 0) to A, it
identifies all the points for which Cg → +∞. From A to
S, Cg has its maximum that, however, is finite. From A′

to I′, the line identifies all the points for which Cg = 0.
From A′ to S, Cg has its minimum (positive), and no
chances of wave-stopping.

VII. NOTES ON THE EFFECTS OF
DISSIPATION

Historically, the discussion about superluminal effects
first appeared in a seminal work of Brillouin[42] in the
context of wave propagation in dissipative media, show-
ing the appearance of group velocity that can exceed the
speed of light. The previous analysis shows conversely
how a loss-free elastic material but with long-range in-
teraction, can exhibit similar superluminal effects. It is
interesting to explore the combined effects of dissipation
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and nonlocality, completing equation (11) with a viscous
term:

ρ
∂2w

∂t2
+ γ

∂w

∂t
− E∂

2w

∂x2
− g(x) ∗ w(x) = 0 (25)

that leads to the nondimensional dispersion relationship:

Ω = −Γ
2
±

√
Q2 −

(
Γ

2

)2

(26)

where Γ = γβ√
ρE

, Q2 = K2[1−χφ(K)] and φ(K) = e−
K2

4 ,
φ(K) = 8

(K2+1)2 for the Gaussian and Laplace cases,
respectively. The group velocity, in this case, becomes
complex:

Cg =
∂Ω

∂K
= ± 1√

1−
(

Γ
2Q

)2

∂Q

∂K
= ± 1√

1−
(

Γ
2Q

)2
CgΓ=0

(27)
in which, interestingly, the long-range and dissipation ef-
fects appear in a factorized form.
Let us analyse the two extreme cases. In the absence of
dissipation, Γ = 0, then cg = cgΓ=0, that is the group ve-
locity discussed in the previous sections. In the absence

of long-range interactions, Q = K, then
∂Q

∂K
= 1 and the

group velocity becomes cg = ± 1√
1−

(
Γ

2Q

)2
that can be

discussed in terms of Γ to assert superluminal effects, i.e.

cg > 1, as in [42]. This happens for
√

1−
(

Γ
2Q

)2

< 1

and
√

1−
(

Γ
2Q

)2

real. When both the effects are sim-

ultaneously present, the real part of cg can be larger or
smaller than 1, depending on the choices of Γ and χ.
We conclude that in the presence of both long-range in-
teraction and dissipation, certainly superluminality can
appear. Moreover, the two effects can cooperate or com-
pete in producing superluminal effects, depending on the
considered frequency range and the intensity of both dis-
sipation and long-range forces. As a final conclusion,
dissipation is not a necessary condition to obtain su-
perluminality. This corroborates the observations con-
tained in [44], where the authors conclude "...superlu-
minal group velocity is possible...with no appreciable ab-
sorption or amplification".

VIII. PROPAGATION MAP AND
CONCLUSIONS

The present investigation defines how long-range
interactions in elastic metamaterials can produce a
variety of new effects in wave propagation.
A complete theoretical analysis is presented, based
on the two families of nonlocal interactions, named

Gauss-like and Laplace-like, respectively. They have the
merit to be rapidly decaying with the distance, to fulfill
the action-reaction principle requirement, and to be
available for closed form investigation of their dispersion
relationships. Their general nature corroborates the idea
that the properties deduced for them are representative
of a general scenario expected for a large class of elastic
metamaterials (and possibly for a class of long range
interactions in a lattice or in charged gases).
The study is conducted embedding the long-range forces
of exponential type f(r) = µe−( rβ )

2

into a conventional
elastic waveguide, and discussing the effect they produce,

based on one single dimensionless parameter χ =
E∗

E
.

It takes into account the ratio of the long-range elastic

modulus E∗ =
µβ3

2
√

2
and of the Young modulus E. E∗

can be either positive or negative, depending on the
attractive or repulsive nature of the interaction force.
Two opposite scenarios emerge for different values of
E∗: large and negative E∗ leads to wave-stopping and
negative group velocity, large and positive E∗ produces
hypersonic (superluminal) effects, at the boundary with
an unstable region. When |E∗| is close to E, none of the
previous effects is observed, but an eigenstate migration
appears that moves the system modes from higher to
lower frequency or vice versa, identifying a characteristic
folding wavenumber.

Figure 17: Propagation Map for instant long-range
interaction.

A propagation map is depicted in Figure 17 (with
equal-frequency contours), in which all the scenarios in-
vestigated in the present paper for V = +∞ are reported
for the Gauss-like case. In particular, we can identify
the NGV region, bounded by the wave-stopping curve,
and the unstable region, delimited by the hypersonic
(superluminal) curve separating from the instability
region (at Ω = 0).
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Finally, the combined effect of retarded and long-range
actions is investigated. It is shown that, even if a limit
speed vf exists for the interaction signal, still the group
and phase velocity can be higher than vf , a possibility
discussed in [42].
Finally, the effect of dissipation is investigated and it has
been demonstrated not crucial to obtain superluminality.
Long-range elastic interaction produces superluminality
even in the absence of dissipative effects.
Because of the properties of the Gauss-like force,
essentially of decaying type with the distance, we
can conjecture these map have a universal character
in describing the expected scenarios for long-range
interactions in metamaterials. Their use could represent
a reference for designing new metamaterials of desired
specific properties.

The theoretical presented background has wider
potential uses. In fact, the long-distance interaction is
a recurring challenge in physics. Statistical mechanics
of complex systems is classically based on Boltzmann
theory and the collision integral represents typical
"short-range" interactions.

The Vlasov theory attacks long-range interaction for
the evaluation of the probability density of a system
of charged particles as electrons or plasma ions. Long-
range thermodynamics [45] produces unusual effects as
negative specific heat, anomalous diffusion, ergodicity
breaking and new regimes in cold gases.
The model introduced in this paper provides, in this
respect, an interpretation of deterministic effects that
can be expected for long-range retarded interactions.
Beyond physics, the population dynamics has a very
interesting aspect that relates to the interaction range.
Recent studies in crowd dynamics [46] propose models
of social forces including repulsive or attractive actions,
and these models can be used to predict catastrophic
scenarios [47]. Traffic modeling is one of the possibilities
these models offers [48].
The mathematical model of waves generated in a popu-
lation of particles, as in the presented investigation, can
be interpreted as the collective behaviour of a population
of individuals, the mutual interactions of which produces
faster or slower social effects. The retarded action shows
the effects of communication delay between pair of indi-
viduals that affects the global response of the community.
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