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ABSTRACT. In this paper we study a quasi-linear evolution equation with non-
linear dynamical boundary conditions in a three dimensional fractal cylindrical
domain @, whose lateral boundary is a fractal surface S. We consider suitable
approximating pre-fractal problems in the corresponding pre-fractal varying
domains. After proving existence and uniqueness results via standard semi-
group approach, we prove density results for the domains of energy functionals
defined on @ and S. Then we prove that the pre-fractal solutions converge in a
suitable sense to the limit fractal one via the Mosco convergence of the energy
functionals.

1. Introduction. Recently there has been a growing interest in the study of par-
ticular boundary value problems, taking place in irregular (e.g. fractal) domains.
This is due to the fact that many industrial processes and natural phenomena occur
across irregular media, and fractal geometries are a useful tool in order to model
these geometries (see [43], [44]).

Evolution problems with dynamical boundary conditions on domains with fractal
boundaries are known in literature as Venttsel’ problems (see [47] and [2]). This
kind of boundary conditions is of great interest in applications, since they arise in
problems such phase-transition phenomena, fluid diffusion, climatology and non-
linear cooling effects on the boundary (see for example [15, 16, 19, 42] and the
references listed in). There is a huge literature on linear and nonlinear Venttsel’
problems, see [14], [28], [27], [35, 30, 31, 34, 32, 33] (see also [10], [11] and [12] for
the numerical approximation). The goal of this paper is to adapt the framework
of [26] in order to extend the convergence results in [14] for a quasilinear Venttsel’
problem to the three dimensional case. In the two dimensional case, one considers
a fractal nonlinear energy functional and its natural approximating pre-fractal en-
ergy functionals. By using the notion of Mosco convergence (see [39, 40]) of energy
functionals adapted by Tolle to the nonlinear framework in varying Hilbert spaces
(see [45]), the authors are able to prove the convergence of the pre-fractal solutions
to the limit fractal one. The problem when passing to the three dimensional case
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is twofold. First, since we consider the case of the p-Laplace operator for p > 2, in
two dimensions from Sobolev embedding theorem we have the immersion of WP
in the space of continuous functions; in dimension three, this does not hold any-
more. Secondly, in two dimensions a complete characterization of the energy space
on the fractal curve in terms of Lipschitz spaces holds; in particular, these spaces
are subsets of the set of Holder continuous functions on the fractal (see [18], [36]
and [9]). In the three dimensional case, to our knowledge, this characterization does
not hold anymore. Therefore functions in the domain of the energy functional have
to be approximated in an appropriate way by smoother functions. We then prove
density results which will turn crucial in order to prove the M-convergence of the
energy functionals.

More precisely, we consider a cylindrical fractal surface S = F' x I, where F' is the
Koch snowflake and I = [0, 1], and for every h € N its natural pre-fractal approxi-
mation S, = Fj, X I. We denote by @ the three-dimensional open bounded cylinder
having as lateral boundary S and, for every h € N, by @} the approximating pre-
fractal domains which are an increasing sequence exhausting ). We introduce the
energy functionals ®, and @;h) on the fractal and pre-fractal sets respectively, and
we denote by V(Q, S) the domain of the fractal energy form. These functionals are
proper, convex and weakly lower semicontinuous. We preliminary prove that we
can approximate functions in V(Q, S) with functions in V(Q, S) N C(Q) (see Theo-
rem 6.4). The key result is the M-convergence of the pre-fractal energy functionals
<I>1(,h) to the fractal energy functional ®,. This is equivalent to the G-convergence
of the subdifferrentials of pre-fractal functionals (which we denote by Ap) to the
subdifferential of the fractal functional (denoted by .A); moreover, also the nonlinear
semigroups generated by —A; converge to the nonlinear semigroup associated to
—A.

We consider then the following two abstract Cauchy problems, for 7' > 0 fixed:

(P){ dun 4 Auy 30, te[0,T]

un(0) = uy”,

du 4 Au30, tel0,T)
(p) { JEO) = Uo,

and we give existence and uniqueness results for such problems. We give a charac-
terization of A and Ay, in order to prove that the solutions of problems (Py) and
(P) solve in a suitable sense a homogeneous parabolic equation for the p-Laplace
operator with nonlinear Venttsel’ boundary conditions (see problems (P;,) and (P)
below). We point out that the existence and uniqueness of strong solutions for
problems (P;,) and (P) can be proved also for the nonhomogeneous problems (see
Theorem 2.7 in [28] for the fractal case in two dimensions), but in this case the
asymptotic behavior of the solutions is still an open problem. In the homogeneous
case, we are able to prove that the solutions of the pre-fractal problems converge to
the limit fractal one.

The plan of the paper is the following. In Section 2 we introduce some notions on
fractal sets. In Section 3 we present some properties of Sobolev spaces and Besov
spaces. In Section 4 we give the definition of varying Hilbert spaces. In Section 5
we introduce the energy functionals in both the pre-fractal and the fractal case. In
Section 6 we prove some density results. In Section 7 we prove the M-convergence
of the functionals. In Section 8 we introduce the nonlinear Venttsel’ boundary value
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problems in the pre-fractal and fractal case, we give existence and uniqueness results
and we prove the convergence of the pre-fractal solutions to the fractal solution.

2. The fractal and pre-fractal sets. In this paper we denote by |P — FPy| the
Euclidean distance in R™ and by B(Py,r) ={P € R" : |P—Py| <r}, Pp € R",r >
0, the euclidean ball.

By the Koch snowflake F', we denote the union of three com-planar Koch curves
K1, K5 and K3 (see [17]). We assume that the junction points A;, A3 and Aj are
the vertices of a regular triangle with unit side length, i.e. |[A; — As| = |A; — A5| =
|As — As| = 1. K is the uniquely determined self-similar set with respect to a
family W' of four suitable contractions ¢§1)7 e wil), with respect to the same ratio
% (see [18]). Let Vo(l) = {A1, Az}, Wiy iy =i 00 0y, Vl(ll)lh = 1/)511.)“”’(‘/0(1))
and

(1) Ly
V= U V;l...i,;
i1.in=1

We set i|h = (i, i2,...,in), Vi) := UpsoV". It holds that K; = ViV, Now let
K denote the unit segment whose endpoints are A; and As. We set K;, ;, =
VYiy iy (Ko) and V(K 4,) = Vi, iy

In a similar way, it is possible to approximate K5, K3 by the sequences (Vh(Q)) h>0,
(Vh(S))hzo, and denote their limits by *(2), *(3).

In order to approximate F', we define the increasing sequence of finite sets of
points V" := U3, V" h > 1 and V, := Uy, V. Tt holds that V, = US_, V") and
F=Y,.
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FIGURE 1. The pre-fractal curve Fj for h = 3.

The Hausdorff dimension of the Koch snowflake is given by Dy = %.
One can define, in a natural way, a finite Borel measure p supported on F' by

WF = i1+ p2 + pa, (2.1)

where ; denotes the normalized Dy-dimensional Hausdorff measure, restricted to
K;,i=1,2,3.
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FIGURE 2. The fractal domain Q.

In the following we denote by

3
Fpyr = U KM (2.2)

i=1

the closed polygonal curve approximating F at the (h + 1)-th step.

We define Sj, = F}, x I, where I = [0,1]. By Q;, C R? we denote the open bounded
set having as boundary Fj. We denote by @ the three-dimensional cylindrical
domain having S, as “lateral surface” and the sets 2, x {0} and Qp, x {1} as bases.

In an analogous way, we define the cylindrical-type surface S = F' x I and we
denote by €2 the open bounded two-dimensional domain with boundary F. As
above, by @ we denote the open cylindrical domain having S as lateral surface and
the sets 2 x {0} and 2 x {1} as bases (see Figure 2).

We denote the points of S and S}, by the couple P = (z,y), where x = (x1,x2)
are the coordinates of the orthogonal projection of P on the plain containing F' and
F}, respectively (for S and S;,) and y is the coordinate of the orthogonal projection
of P on the interval [0, 1], that is (z1,22) € F (or (z1,22) € F}, for the pre-fractal
case) and y € 1.

We introduce on S the measure

dg = d/J,F X dﬁl, (23)

where d£; is the one-dimensional Lebesgue measure on I.
By R we denote the open equilateral triangle whose midpoints are the vertices
Ay, A3, As, and by T the open prism R x [0, 1] with bases R x {0} and R x {1}.

3. Functional spaces. By L?(-) we denote the Lebesgue space with respect to the
Lebesgue measure d£3 on subsets of R?, which will be left to the context whenever
that does not create ambiguity. Let T be a closed set of R?, by C(T') we denote the
space of continuous functions on 7' and C%#(T) is the space of Holder continuous
functions on 7', 0 < 3 < 1. Let G be an open set of R?, by W*?(G), where s € RT,
we denote the (possibly fractional) Sobolev spaces (see [41]). D(G) is the space of
infinitely differentiable functions with compact support on G.

By ¢ we denote the arc-length coordinate on each edge F} and we introduce the
coordinates x1 = x1(¢), 2 = x2(¢), y = y on every affine face S,(Lj) of Sp,. By df we



CONVERGENCE AND DENSITY RESULTS 69

denote the one-dimensional measure given by the arc-length ¢ and by
do =dl x dL;

we denote the measure on S,(Lj )
In the following, we will make use of trace spaces on polygonal and polyhedral
boundaries. By W1P(F},) we denote (see [7]) the set

{ue C(Fy) ul . € WD)}

In the sequel, we consider W1P(F},) with the norm
1
P

lllwroceny = (el g, + DU, )

By W™P(Fy),0 < r < 1 we denote the Sobolev space on Fj, defined by local
Lipschitz charts as in [41].

We denote by WP(S),) the Sobolev space (on the polyhedral domain S;) of
functions for which the norm

lullZys.as,) = / (Wl ) + 1Dl ) + 1Dyl ) ) AL
is finite [41].
We now introduce the notions of d-set and trace.
Definition 3.1. A closed set M is a d-set in R3 (0 < d < 3) if there exist a Borel
measure u with supp g = M and two positive constants ¢; and ¢y such that
eird < u(B(P,r)\ M) < cord VP € M.

We point out that, from Definition 3.1, it follows that F' is a Dy-set, the measure
pr is a Dy-measure, S is a (Dy + 1)-set and the measure g defined in (2.3) is a
(Ds + 1)-measure.

Definition 3.2. For f € W*(G) we define

L
Yof(P) = 50 |B(P,7) ﬂGI/PrmG

at every point P € G where the limit exists.

(P)dLs,

It is known that the limit exists at quasi every P € G with respect to the (s, p)-
capacity (see [1]).

Proposition 3.3. Let Qy, and Sy, be as above. Let%} <s< 1+%. Then Ws_%’p(Sh)
is the trace space to S, of W*P(Qy) in the following sense:

1. v is a continuous and linear operator from W*P(Qp) to WS_%’p(Sh);

2. there exists a continuous linear operator Ext from sti’p(Sh) to W=P(Qp)
such that vo o Ext is the identity operator in WS_%’p(Sh).

From now on, we set § =1 — 2-Ds  We now define the Besov space on S only

for this particular £, which is the case of our interest. For a general treatment see

[22].

Definition 3.4. We say that f € BE¥(S) if f € LP(S,g) and it holds

1fllBr7(s) < oo,
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where

PP ’
||f||B;’P(s = HfHLP (S,9) T (//P i<l \P P’|2D(fﬂ? 1d9(P)d9(P/)> (3-1)

We now recall a trace theorem.

Theorem 3.5. Let I' denote S, Q x {0} and Q2 x {1}. BEP(T') is the trace space of
WLP(Q) that is:
1. There exists a linear and continuous operator vy : WHP(Q) — BEP(T).
2. There exists a linear and continuous operator Ext : B2P(T') — W1P(Q), such
that vo o Ext is the identity operator on BPP(T'), that is

Yo o Ext = Idpgp.» 1y
For the proof we refer to Theorem 1 of Chapter VII in [22], see also [46]. In the
case I' = S, then the smoothness index « is equal to 1 — %. Ifr =Qx {0}
orI' =Q x {1}, then a =1 — %; we point out that in this case the Besov space
BYP, (T') coincides with the fractional Sobolev space Wlf%’p(l’).

In the following we denote by u|s and u|g, the trace of u on S and S}, respectively.
Sometimes we will omit the trace subscript and the interpretation will be left to the
context.

The following theorem characterizes the trace on S, of a function in W#?(R?)
(see [1] for a general treatment of Sobolev spaces).

Theorem 3.6. Letu € WB”’(R‘?’) and 8y, = (3)h = (31-P1)". Then, for Lop<3,

C:
Ll

p
||uHLP(Sh — 5 WBp ]R3)

where CB is independent of h.

Proof. We point out that every u € Wwhwp (R?) can be expressed in the following
way:

u=Gzxg, geLP(R?),

where G is the Bessel kernel of order 3 (see [22]). Then by Hoélder inequality we

have
s = [ urdo = [ ][ Gae - igtn)dy
Sh Sp /RS

([ ieste=nrar ar) (165t -0 dy) do.

where 0 < a < 1 will be chosen later. Now, by using Lemma 1 on page 104 in [22],
we get

p
do <

/ Gl — )| dy < &,
R3

with C; independent of h, if
(3-B)(1—a)p <3. (3.3)

Moreover, since Sy, is a 2-set with constant co = C3 5,;1 (see Definition 3.1), again
from Lemma 1 on page 104 in [22] we get
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/S \GB(:E —y)|*?do < C45}71,

with Cy4 again independent of h, if

(3 - B)ap < 2. (3.4)
Hence, by choosing a in order to satisfy (3.3) and (3.4), by using Fubini’s Theorem

we get
olfps < &1 [ ([ 165 =0 sl ay) ao =
S, \JRs
o [ ([ 166 =i o) s ay < 410, ol e, =
h
G 67 Tl
where CB is a constant independent of h. O

The following theorem is a consequence of Theorem 1 in Chapter V of [22].

Theorem 3.7. Let u € WBvP(R?’), Then, for Df < B,

hull? s, < C3lull? (3.5)

Wh.p(R3)’

It is possible to prove that the domains @, are (£, ) domains with parameters e
and J independent of the (increasing) number of sides of Sj,. Thus by the extension
theorem for (g, §) domains due to Jones (Theorem 1 in [20]) we obtain the following
Theorem 3.8, which provides an extension operator from W1P(Q}) to the space
W1P(R?) whose norm is independent of h.

Theorem 3.8. There exists a bounded linear extension operator Ext; : WHP(Qp)
— WLP(R3), such that

[Ext.s vl[fyp (R3) < CJHU||€V14)(Q,L) (3.6)
with Cy independent of h.

Theorem 3.9. There exists a linear extension operator Ext such that, for any
B>0Ext: WHP(Q) — WHP(R3),

|Ext o]l < Cslolly (3.7)

Whr(R3) = wir(Q)

with C’@ depending on B.
4. Convergence of Hilbert spaces. We introduce the notion of convergent
Hilbert spaces that we will use in the next sections. For further details and proofs

of the theorems see [24] and [23].
The Hilbert spaces we consider are real and separable.

Definition 4.1. A sequence of Hilbert spaces {Hp},y converges to a Hilbert
space H if there exists a dense subspace C' C H and a sequence {Zj}, o of linear
operators Zy: C C H — Hy, such that

hli_)nol<> | Znull g, = l|ullg for any u € C.

We define the space H = {Up Hp} U H and define strong and weak convergence
in H. From now on we assume {Hp},y, H and {Z},},y are as in Definition 4.1.
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Definition 4.2 (Strong convergence in ). A sequence of vectors {up };cy strongly
converges to v in H if up, € Hy, u € H and there exists a sequence {ﬂm}meN eC
tending to w in H such that

i Tm ([ 2y, — up g, =0

Definition 4.3 (Weak convergence in ). A sequence of vectors {up},y weakly
converges to v in H if up € Hp, u € H and
(uh, vh)Hh, - (u7 U)H

for every sequence {vp} heN strongly tending to v in H.

Remark 1. We note that the strong convergence implies the weak convergence
(see [24]).

Lemma 4.4. Let {up},y be a sequence weakly converging to u in H. Then

sup [lunlly, <oo, ully < lim [lusly, -
h—o00 h— o0

Moreover, up, — u strongly if and only if ||ul|g = lim ||up| m, -
h—o0
Let us recall some characterizations of the strong convergence of a sequence of
vectors {up }j,cy in H.

Lemma 4.5. Let u € H and let {un}),cy be a sequence of vector uyp, € Hy. Then
{un}pen strongly converges to w in H if and only if

(un, vn)m, — (U, 0)H
for every sequence {vp}),cn with v, € Hy, weakly converging to a vector v in H.

Lemma 4.6. A sequence of vectors {up},cy with up € Hy, strongly converges to a
vector u in H if and only if

lunlly, —  lully — and
(un, Zn(e))a, — (u,p)mg for every ¢ € C.
Lemma 4.7. Let {up},y be a sequence with w, € Hy. If ||up||m, is uniformly

bounded, then there exists a subsequence of {up},cy which weakly converges in H.

Lemma 4.8. For every u € H there exists a sequence {un},cy, un € Hy, strongly
converging to u in H.
We now define the G-convergence of operators (see Definition 7.20 in [45]).

Definition 4.9. Let n € N, A,,: H,, — 28~ A: H — 27 be multivalued operators.

We say that A, G-converges to A, A, =N A, if for every [z,y] € A (i.e. x € D(A)
and y € A(x)) there exists [x,,yn] € Apn, n € N such that z,, = = and y, — y
strongly in H.

In the following we denote by L?(Q,m) the Lesbegue space with respect to the
measure m with

dm = dLs +dg, (4.1)

where g is the measure defined in (2.3), and by the space L?(Q,ms) the Lebesgue
space with respect to the measure my with

dmy, = XQ,Ldf,g + Xsh5hd0, (4.2)

where xq, and xg, denote the characteristic function of @)y, and S}, respectively.
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Throughout the paper we consider H = L?(Q, m) where m is the measure in
(4.1), and the sequence {Hp}, oy with Hy = {L*(Q) N L?(Q, my)} where my, is the
measure in (4.2) with norms

lullr = llulZzq) + lulsliZa(s.g) Nullf, = lullizq,) + luls, IZ2(s, 500

Proposition 4.10. Let 6, = (%)h. Then the sequence {Hp}, o converges in the
sense of Definition 4.1 to H.

For the proof, see Proposition 4.1 in [35], where C and Zj, in Definition 4.1 are
respectively C(Q) and the identity operator on C(Q).

5. Energy functionals. From now on, let p > 2 (for the case p = 2, we refer to
[26] and [27]). By proceeding as in [8], we construct a p-energy form on F (which
has the role of Euclidean p-Lagrangian d£(u,v) = |Vu|P~2VuVuvdL3) by defining
a p-Lagrangian measure £%, on F. The corresponding p-energy form on F is given

by
Er(u,v) = / dLh (u,v)
with domain D(F) = {u € LP(F, ur) : 5F[I;] < 400} dense in LP(F, up).
Proposition 5.1. D(F) is a Banach space equipped with the following norm
lellogr = ([ully o m) + Erlul) 7. (5.1)
As in [9] the following result can be proved.

Proposition 5.2. For p > 1, D(F) is embedded in C%"(F), with
In4
=(1-2=
g ( ) In3’
Remark 2. We point out that, for p > m, the Holder exponent 7 in Proposi-

tion 5.2 is greater than one. In this case, for the Koch snowflake F', from Corollary
4.2 in [9], the space C%"(F) does not degenerate to the space of constant functions.

We now define the energy form on S:
1 1
Eglu] = f/EF[u}dﬁl + 7/ /\Dyu|pd£1dup (5.2)
pJr PJrJI
with domain D(S) defined as

D(S) = C(S) N L7([0, 1: D)) n WHo(0, 1 L (E) ™, (5.3)
where || - [[p(s) is the intrinsic norm
lullpgsy = (Eslul + ull} 5.7 (5.4)

We now give an embedding result for the domain D(S). Unlike the two dimensional
case where there is a characterization of the functions in D(F) in terms of the
so-called Lipschitz spaces (see Theorem 4.1 in [9]), for D(S) we do not have such
characterization, but the following result holds.

Proposition 5.3. D(S) is continuously embedded in Bg’p(S), for any 0 < B < 1.

Proof. We follow the proof in [25], adapted to our case.
We recall that
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D(S) := C(S) N L*([0, 1]; D(F)) N Wr([0, 1]; LP<F>)H~HD<S>_

Following [37], we define Bgf_al(S) = LP([0,1]; BPD’?_E(F)) OAW?Le([0,1]; LP(F))
for e > 0.

From Theorem 4.1 in [9] and Proposition 3, Chapter V in [22], it holds that
D(F) = B%;C(F) Moreover, this last space is continuously embedded in B%’?_E(F)
for £ > 0 (see Proposition 5, Chapter VIII in [22]). Hence, from the definition of
D(S), we deduce that D(S) C BRY_, ;(S). Moreover, the embedding is continuous,

i.e. there exists a positive constant C' such that
lull Bz (s) < Cllullps).- (5.5)

From the definition of BE7__ ,(S)-norm we get

1
ol o= [ (Wil oy + Dl + Dyl ) ) <
c / (mnw Bl + Dyl ) ) s <

c / ully ey + Il ey + 1Dyl ) AL

From the definition of Eg and of the norm in D(F), we get
gz 5) < CBslud + ) = Cllullys),

i.e. the thesis. ~
For any Banach space X and for any 0 < 8 < 1

wr([0,1]; X) ¢ WP2((o,1]; X).
Moreover if 3 is not integer, it holds
WPr((0,1); X) = BE" ([0, 1]; X).
Hence if 0 < § < 1
By _c1(8) C LP([0,1]; BT _(F)) N BZ"(0,1; LP(F)) C
LP([0,1); BE*(F)) N BEP([0,1]; LP(F)) = BEF(S),

where the last equivalence can be proved following [37]. We now prove that there
exists a positive constant C' such for every 0 < 3 < 1

l[ullz > sy < Cllullns)- (5.6)

Indeed, from the above remarks, we get

1
sy <O ([ Wiy 4210+ Wl ) =

CUlZo o,y 57y + 1l5.0 g0, 11520 ) <

C(HUHZZP([OJ];BQ;LS(F)) + ||u||€vl,p([071];Lp(F))) = C||u||zj)5eg]{'7€’1(s)'

From (5.5) we get (5.6). Hence the theorem is proved. O
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Now we introduce the energy functional on ). Let us consider the space
V(Q,8)={ueW"P(Q) : uls € D(5), ulg =0}, (5.7)

where Q := (2 x {0}) U (Q x {1}).
Let b be a continuous and strictly positive function on . We consider the energy
functional ®, defined as follows:

| %/ |Du|P dL3 + Esluls] + %/ blulPdg  ifueV(Q,S5),
= Q s
+o0 ifue H\V(Q,S).

Dy [u (5.8)

From now on we denote by LP(Q, m) the Lebesgue space with respect to the measure
defined in (4.1).

Proposition 5.4. ®, is a weakly lower semicontinuous, proper and convex func-
tional in H.

For the proof see Proposition 2.3 in [28§].
We now set

1-p
E{M[u] = ‘5'17/ (/ |Du|w> d£1+5—h/ </Dyupd£1> de, (5.9)
p I F, P Jr, I

with domain
D(E{M) = WP (S),).
We introduce the energy functional on the pre-fractal domain:

;/@mhmuwdzg + 2 ) blul’ do + ESMV[u] if u € V(Q, Sp),
h

+00 iquHh\V(Q,Sh),
(5.10)

hY ] .
<I>§7 )Nu) ==

with
V(Q.Sn) = {ue WH(Q) : ul,, € D), ulg, =0},
where we define €, := (Q4 x {0}) U (2, x {1}).

By proceeding as in Proposition 2.3 in [28], we can prove the following result.

Proposition 5.5. <I>1(,h) 1s a weakly lower semicontinuous, proper and convex func-
tional in Hy,.

6. Density theorems. In the notations of [37, page 8], we introduce the following
space:

W(0,1) == LP([0,1]; D(F)) [ WP([0,1]; LP(F)). (6.1)
This is a Banach space equipped with the norm
1
[ullw,1) = (‘|U||Z£p([o,1];p(}r)) + ||Dyu||ip([o71];Lp(F)))p- (6.2)
The following results hold.

Proposition 6.1. The space D([0,1]; D(F)) is densely embedded in W(0,1), that
18

DO, ;D(F)) ™ = w(0,1) (6.3)
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Proof. One can easily adapt the proof of Theorem 2.1 page 11 in [37] to the case of
Banach spaces, by replacing all the L? spaces with the corresponding L? spaces. [J

Proposition 6.2. D([0,1]; D(F)) C C(S5).
Proof. See Proposition 5.2 in [206]. O

Theorem 6.3. The space D([0,1]; D(F)) is dense in D(S) with respect to the in-
trinsic norm || - [|p(s)-

Proof. One can adapt the proof of Theorem 5.3 in [26] with small suitable changes.
O

We now state the main Theorem of the section.

Theorem 6.4. Let Q, S and V(Q,S) be defined as in Section 2 and Section 5
respectively. For every u € V(Q, S), there exists 1, € V(Q,S) (N C(Q) such that:
(1) ¥ — ullwrr(gy — 0, for n — oo;
(2) [[¥n — ullpo@my — 0, for n— oo;
(3) Es[tp, —u] — 0, for n — oo.
In order to prove this Theorem, we need a preliminary proposition on trace and
extension operators.

Proposition 6.5. Let 8 be as in Section 3. Let vy and Ext be the trace and the
extension operator defined in Theorem 3.5 respectively. Then

(1) Ifuc C(R®)\WHP(R?) then you € C(S) (B (S).

(2) If ue C(S)N BEP(S) then Ext(u) € C(R?) \WHP(R?).
Proof. One can adapt the proof of Proposition 5.5 in [26] with the obvious changes
when considering the case p > 2 instead of p = 2. O

We are now ready to prove Theorem 6.4.

Proof. We follow the spirit of the proof of Theorem 5.4 in [26]. We start by proving
(1). Let us consider u € V(Q, S), then u|g € D(S). From Theorem 6.3 there exists
{¢n} € D(0,1;D(F)) such that

ln — uls|lpes)y — 0 when n — oo.

. u|g on S,
10 ondQ\ S,
where 0Q \ S = (2 x {0}) U (2 x {1}). We point out that u|g € BEP(S) for every

0 < a < 1 from Proposition 5.3. We denote by BZ;*’(K) the Besov space on a
closed set K C R™ as defined in [21, page 356]. Since u|g belongs to B2P(S) for

every 0 < a < 1, we have that @ belongs to Bg’p(aQ) for every v < % +a. In

particular, there exists € > 0 such that u € Bffs(ﬁQ). Since 0Q is a closed set in

R3, from Theorem 1 in [21] we have that there exists an extension operator Extag
from BYP_(0Q) to W'TeP(R?). If we set

‘We now set

ﬂ = (EXtaQﬂ”Q,

this function in particular belongs to W?(Q).
Let now &, := Ext(¢,). Then from Proposition 6.5 (see [22])
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Pn €WHP(Q)NC(Q).
We now prove that ||@, — @llw1r(g) — 0. Indeed, from Theorem 3.5 and the
inclusion of D(S) in BE¥(S) (see Proposition 5.3),
10 = tllwrrq) < Cillen —ulslipyr(s) < llen —ulsllps) =0

from the density Theorem 6.3.

Now let us consider the function u — @. This function belongs to W?(Q) and it
is such that (u — @)|ag = 0, then u — & € W, ?(Q) (see Theorem 3 in [48]). There
exists {7 tmen C CL(Q) such that

[7m = (u =) [lwrrq) = 0 (6.4)
Let {t¢, m } denote the doubly indexed sequence of function {@,,—n,, }. The sequence
{%nm} belongs to WLP(Q)(NC(Q). From Corollary 1.16 in [3] we deduce that
{tmn} converges to u in WP(Q) as n — oo. In fact there exists an increasing
mapping n — m(n), tending to co as n — oo, such that
T e =t iy [wrr @) = 1im [lu =& = Ty lwrr () <

i ([lu =@ = Doy lwre(@) + 18n — dllwre@))-

n—oo

Hence by applying Corollary 1.16 in [3] to the right hand side of the above inequality
it follows that

lim [[u = Y m(myllwrr@) < lm lim {lu =@ = gmllwir) +1@n — @llwrr)}-

n—oo m—00 Nn—roo
The two terms in the sum tend to zero when m,n — oo, then
i ) — wllwrngg) = 0, (6.5)

and also lim {9y, 1 (n) — ullw1.r(g) = 0. Hence we conclude that
n—oo

||¢n,m(n) - UHWL@(Q) — 0 when n — oo.

From now on we denote by 1, = 9y, m(n). We now prove (2), that is

[¥n = ullLe@um) = 1¥n — ullLr(@) + [1¥n — ullLr(s) = 0. (6.6)
The first term in (6.6) tends to zero when n — oo since

[¥n = ullLr@) < ¥n = ullwrr(q)-
We now prove that also the second term in (6.6) tends to zero:
190 — ullLr(sy = [Pnls = Mals — ulsllLe(s)
= [len — ulsllzes) < llen — ulsllpes),
and the last quantity tends to zero from the density of D(0,1;D(F)) in D(S). This
proves that 1, — u in LP(Q,m).
We now prove (3):
Es[(u —n)|s] = Esluls — ¥nls] = Esluls — ¢n] < |luls — ¢nllpis)y — 0.

Hence the theorem is proved. O

We remark that we can prove a result similar to Theorem 6.4 also for the pre-
fractal case. We define the space

W (0,1) = LP([0, 1; WHP(E,)) 0 WP ([0, 1); LP ().



78 SIMONE CREO AND VALERIO REGIS DURANTE

Similarly to Proposition 6.1, we can prove that D(0, 1; WP (F},)) is dense in W ") (0,
1). But it turns out that

W (0,1) = W'P(Sy).

We also point out that we can prove as in Theorem 6.2 that D(0,1; WYP(F)) C
C(Sh). Hence the following result holds.

Theorem 6.6. For every u € V(Q,Sy,) there exists 1, € V(Q,Sy) N C(Q) such
that:

(1) 1Y — ullwrr(g)y = 0 for n — oo;
(2) [I¥n = ullLr(@my) — 0 for n — oo;
(3) E1(7h)[¢n —u] = 0 for n — co.

Proof. Let u € V(Q,Sy), hence u|s, € D(Ez(,h)) = WLP(S},). From the density of
D(0,1; WYP(Fy,)) in WEP(S),), there exists a sequence {¢,} C D(0,1; WHP(Fy,))
such that

lon — ullwrrcs,) — 0 for n — oc.

Since {p,} C D(0,1; WbHP(F},)), in particular it belongs to Wlf%’p(Sh). From
the trace Theorem 3.3 there exists an extension ¢, belonging to W?(Q},); then,
from Theorem 3.8, there exists an extension @, € WYP(R3). We point out that,
since ¢, € C(Sh), as in Proposition 6.5 we can prove that the extension of ¢, is
continuous on Q. We set 1, := @y|q, hence 1, € WHP(Q). From Theorem 3.8 and
Theorem 3.3 we get

[t — ullwrr(q) < Cilldn — ullwrems) < Coll@n — ullwir(q,) <
Csllon — UHWl_%’p(Sh) < Callpn — UHWLP(S;I)»
and the last quantity tends to 0 for n — oo from the density of D(0,1; WP (Fy))
in WLP(Sh).
As to (2), the following holds from (1) and the density of D(0,1; WYP(F},)) in
Wl,p(Sh):

[¢on — UHip(Q,mh) = |lvn — uHZ[),P(Qh) + Onllen — uHip(sh) <
Cillem — u||€vl,p(Q) + Callon — “H];Vl,p(sh) — 0.

We now come to (3):
h
E1(7 )[wn - u] < CH‘Pn - UH%/LI;(S,L) — 0.
Hence the thesis follows. O
Remark 3. The results obtained so far in this paper still hold if we consider
the more general case of fractal miztures. Since our aim is to prove convergence
results (see Sections 7 and 8), we have to consider the equilateral case instead of

the mixture, since for the mixture case we are not able to make an appropriate
triangulation of the domain and this tool is crucial to prove the M-convergence.
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7. M-Convergence of the functionals. We recall the definition of M-conver-
gence introduced by Mosco [39], extended to the case of proper convex functionals
in Banach spaces by Tolle (see Section 7.5, Definition 7.26 in [45]).

Let Hj be a sequence of Hilbert spaces converging to a Hilbert space H in the
sense of Definition 4.1.

Definition 7.1. A sequence of proper and convex functionals {@éh)} defined in
Hj, M-converges to a functional ®, defined in H if the following hold:
a) for every {v,} € Hj, weakly converging to u € H in H,

lim & [vy] > @[],

h—o0

b) for every u € H there exists {wp, }, with wy, € Hj, strongly converging to u in H
such that
Tim (" [wy] < @pul.

h—o0

The main theorem of this section is the following.

Theorem 7.2. Let &, = (31747)" = (%)h. Let ®, and @,()h) be defined as in (5.8)

and (5.10) respectively. Then <I>1(,h) M-converges to the functional ®,.
We preliminary state the following propositions.

Proposition 7.3. If {vp}, oy weakly converges to a vector u in H, then {vp},cy
weakly converges to u in L*(Q) and lim 5h/
h—o0

o s
Q).
For the proof see Proposition 6.6 in [27].

pvpdo = / pudg for every ¢ €
h S

Proposition 7.4. Let vy, — u in WHP(Q), b € C(Q). Then
5h/ b|vh|pda—>/b|u|pdg

Proof. The proof follows from Proposition 3.7 in [14]. O
We are now ready to prove Theorem 7.2.

Proof. We prove conditions a) and b) in Definition 7.1.
Proof of condition a). Let v, € Hj be a weakly converging sequence in H to
u € H. We can suppose that v, € V(Q, Sy) and

lim fI)(h) [vp] < o0

h—00
(otherwise the thesis follows trivially). Then there exists a ¢ independent of h such
that

1 5"
p/ XQh|D’Uh|pd£3+*/ bl’l}h|pd0+

0
/ |Dup |P da+—h/ |Dyvp|Pdo < c.
Sh p Sh

(7.1)
Let us suppose that v, is continuous on @Q. From (7.1), in particular we have that
lvnllwir(q,) < c. For every h € N from Theorem 3.8 there exists a bounded linear
operator Ext: WP(Qy,) — WHP(R3) such that

|IExt ’UhHWl,p(R?’) <C ||'UhHW1,p(Qh) <cC,
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with C' independent of h.

We now set 9, = Extup|g. Then 0, € WHP(Q) and [|0p]|wrr(g) < ¢C, hence
there exists a subsequence, still denoted by 7, weakly converging to ¢ in W1?(Q).
We point out that o, strongly converges to @ in LP(Q) and also in L?(Q) since
p > 2. From Proposition 7.3, v, weakly converges to u in L?(Q). We prove that
U =u Lg-a.e., that is

/Q(ﬁ—u)godﬁg, =0

for each ¢ € L?(Q). Indeed, we can write

/ (0 —u)pdLs = / (0 —op + 0p, —u)pdLs
@ @ (7.2)

= / (0 —op)pdLs + / (vp, —u)pdLs + / (Op, —u)pdLs.
Q Qn Q\Qn

For every € > 0 there exists h € N such that each term in the sum of the right-hand
side of (7.2) is less than €/3. Since 95, — 9 in L?(Q) and v, — u in L*(Q) we deduce
our claim for the first two terms. As to fQ\Qh (O, —u)p dL3, from Holder inequality
we deduce that

/Q\Q |0 = w)pldLs < [lollL2@\@u) (19nllL2 (@) + llull2(@)) < €/3,
h

since |Q \ @Qn| — 0 as h — oo.
We now prove that

lim [ xq,|Duvs|PdLs > / |Dul? dLs. (7.3)
Q Q

h—o0
It is enough to prove that xg, Dvy, — Du in L?(Q), from here the claim will follow
from the semicontinuity of the norm. Since xq, Dvy, = x@, D0p, this amounts to
prove that fQ XQ, DippdLs — fQ Dug dLs for every ¢ € L (Q).
It holds that
/ DupdLs —/ DippdLs = / (Du — Dop)pdLs —/ DoppdLs.
Q h Q Q\Qn

The first term vanishes as h — oo since D9, — Du in LP(Q). Now we estimate the
second term [, [Ding|dLs. We have

/ Ding dLs < 119l 1o @non DI r(@) — 0.
Q\Qn

Hence (7.3) holds.
Moreover, the following

6P 1
lim -2 / |[Dop|Pdo > - /Ep[u] dLq
h—oco P Sh PJr

holds as a consequence of Theorem 3.5 in [14] and Fatou Lemma. We are left to
prove that
lim 6—h/ |Dyvp|P do > 1/ |DyulP dg. (7.4)
h—oo P Js), pbJs
First we point out that, since v;, weakly converges to u in W1?(Q), it follows that
vy, strongly converges to u in WP(Q) for every s € (0,1). Hence, from Theorem
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3.5, vp|s strongly converges to u|s in BPP,_, (S), so in particular vy|s strongly
s

f

P
converges to ulg in LP(S).

We now set wy, := Dyuy, € LP(Q). In order to prove (7.4), we preliminary prove
that

lwn | zres) < c

From the density of C*°(Q) in W'(Q) (see [38, Theorem 2, page 28]), there exists
a sequence {wj }, € C*°(Q) such that w}} —— wy, in LP(Sy). We want to prove
n—oo

that [|wy|[zr(s) < c

By proceeding as in the proof of Theorem 4.5 in [29], since w} is continuous on
S, we can estimate the above norm in terms of the corresponding Darbouz sums,
and we get

/ o P dg < 8, / ]| do (7.5)
S Sh

Passing to the upper limit as n — oo, since w} strongly converges to wy, in LP(S}),
from (7.1) we get

- s <
Jim [lwpLes) < e

Since wj is bounded in LP(S), there exists a subsequence (still denoted by w})
weakly converging to a function wj in LP(S) for n — co. Moreover, from the lower
semicontinuity of the norm, we have

lwy |l zees) < c

The above inequality implies that there exists a subsequence of w;, again denoted
by wj}, weakly converging to a function w* in LP(S). By using again the lower
semicontinuity of the norm, we get

0 lrcs) < Jim /S wilPdg < lim lm [ [uf|Pdg <
— 00

h—ocon—o0 J S

lim lim §y, |wi|Pdo = lim &, |wp|P do = lim & |Dyup|? do,
h— 00 n—00 Sh h—o0 Sh h— o0 Sh
where in the last inequality we used (7.5). Hence (7.4) follows if we prove that
w* =Dyu a.e. in LP(S).
By using the definition of weak convergence and distributional derivative, we get
Ve LP(S)

/w pdg = hm /whapdg— lim lim wﬁgodg:hlim /whapdg:
— 00 S

h—o00 n—>00 S

lim / yUnpdg = — lim / vpDypdg = —/ uDypdg = / Dyuepdg,

h—o00 S h— o0 S S S

i.e. the thesis. We conclude the proof taking into account the liminf properties of

the sum and Proposition 7.4. B
If vy, is not continuous on Q, from Theorem 6.6 there exists wy, € V(Q, S,)NC(Q)

h h

such that ||vy —wp ||w1r Q) < 7, Lo, — whlLe(Qmn) < 7 L and CIJ( )[ n) < (I>1() )[vh]+%.

By triangle inequality we easﬂy have that wy, tends to u weakly in H. Hence from

the previous step we have
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. . 1 .
(M [u] < lim @ [wp] < lim (®;h>[vh] + h) = lim ®{"[vy],

h—o0 h—o0 h—o0
i.e. the thesis.

Proof of condition b). We have to prove that for every uw € H there exists
{whn }),en strongly converging to u in H such that

D, [u] > h@@éh) [wr].

We can suppose that v € V(Q, S). Indeed, if u ¢ V(Q,S) then ®,[u] = +oco0 and
from Lemma 4.8 it follows that there exists a sequence {vy, }), oy converging to u in
H and hence hm M [up] < ®p[u] = +00.
—00
Let then u € V(Q,9), i.e. u € WHP(Q) and u|r € D(S). For the case p = 2, we
refer to [27]. Here we investigate the case p > 2. We have to consider two cases.

Step 1. We suppose that v € C(Q), hence u € H. We extend by continuity u to
T and we put u this extension. Following the same approach of [30] and [29], we
introduce a quasi uniform triangulation 7, of 7 made by equilateral tetrahedron Tf;
such that the vertices of the pre-fractal surface Sj, are nodes of the triangulation at
the h-th level. Let S;, be the space of all the functions being continuous on 7~ and
affine on the tetrahedrons of 7,. We indicate by M}, the nodes of 73, that is the
set of the vertices of all T} . For a given continuous function u, we denote by Iju
the function which is affine on every T,Z € 1, and which interpolates u in the nodes
Pj; € MpN Q. We set wy, = I and we prove that {wy,} strongly converges to u
in H, which is equivalent to prove that (see Lemma 4.5) (wp,vp)m, — (u,v)y for
every sequence {vp, } weakly converging to a vector v in H.
We know that

lwn = ull o) =0 (7.6)
as h goes to oo (see [13]) and hence [Jwn — ul|y1.0g) — 0.
From Theorem 3.6, there exists a constant ¢ independent of h such that
[[wn — U”LZ(S;L) <cdy,? Jlwn — u||W1-,p(Q) .

Then we have

0< |(’wh,’l)h)1r17}L — (U,U)H| = /whvhdﬁg +5h/whvhdaf/uvd£3 —/uvdg
Qn Sh Q S

= |(wp, — Uavh)LQ(Qh) + dp, /(wh —u)vpdo + (u,vp)m, — (u,v)g| <
Sh

< |(wn = w,vn) L2(Qu) | + ‘(\/a(wh —u), V/hvn)£2(s,)

< Jlwn — U||L2(Q) th”m(Q) +Von [[wn — UHLZ(S,L) v on ||”hHL2(s,L)

+ 1w, vn) gy, — (w,0)m|

The claim follows since v, — v in H, therefore sup ||vs ||z, < oo, and
h

+ [(u, o) 1, — (u,0) | <

Von lwn — ullp2s,) < cllwn — ull g g -
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We now prove condition b) for the sequence wy. We note that from Proposition
74
lim 0, | blwy|Pdo = / blulP dg.
Sh s

h—o00

‘We have that
/ Dun|? dLs < / Duy [P AL,
Qn Q

then, by taking the limit for h — oo, we have the thesis (since ||D(wn—u)||Lr(g) — 0
for h — 0).
We have only to prove that

lim B [w] < Esluls].

h—o0

Since wy, = I 4, we have that
wp =mil+ny+q; 1€l lial, y € Y vivls
where [; = (j —1)3 " and y; = (i —1)37" for j=1,...,3N,i=1,..., M. Hence

we get
61—p 1 —p M 3N
. /dy/ \th|pdf_ ZZ (L = ) (Yitr —wi) <
p I Fy, i=1 j=1
4(;0 1)h M 3N
ZZ wh ;+1 z+1 (Pj,i))p:
i=1 j=1
Alp—1)h M 3N
30 lPriain) —u(P)) < [ Erluldss.
i=1j=1

Passing to the upper limit, we get

/dy/ |th|pdé§/5F[u]d£1.
h—o0 p F, T

In the same way one can prove that

lim —/ dy/ D, wh\pd€</ /\D ulPdLydpp.
h—o00 D F,

Taking into account the limsup property of the sum the conclusion of the theorem
follows.

Step 2. If u € V(Q,S), but u is not continuous, from Theorem 6.4 there exists

Un € V(Q,S)NC(Q) such that ¢, — u in H and |[¢o, — ul|v(g,s) — 0. Let n € N

fixed such that |[¢, — ullv(gs) < % and [ — ullg < L. By Y we denote a
continuous extension in 7.
From Step 1 we have that for every fixed n € N [ nibn strongly converges to i,

in H, Iy, converges to 1, in WLP(T) when h — oo and

hm (I) [Ihwn} < o an]
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Passing to the upper limit for n — oo to both sides of the above inequality we
obtain
i (o (1]) < T 0,000] = @l

n—oo \ h—oo

We now want to apply Corollary 1.16 in [3] for proving that there exists an increasing
mapping h — n(h) such that, denoting by wy, = Invy 1), we have that wy, converges

to u in H and hm <I>1(,h) [wp] < ®,[u]. To this aim we have to prove that
—00

lim  lim |[(whp, v0)H, — (w,0)E| <0
n—00 h— oo

for every {vp,} weakly converging to v in H. Indeed we have

|(wh,n7vh)Hh t (u,'U)H| S J(wh,nvvh)Hh - (7/;71’ U)H + (@[;n - u~7 U)H| S
[(Wh,ns V), — (Pns V) |+ [0 — ullgllvlla < [(Whn,vi)E, — (n,v)e| + 5

Passing to the upper limit for A — oo, we obtain
m |(wh’n7vh)Hh — (’U,,?))H| — 0.
h—o0
Then Corollary 1.16 in [3] provides the thesis. O

In the following Theorem we deduce the G-convergence of the associated subd-
ifferentials.

Theorem 7.5. <I>§,h) M-converges to ®, in H if and only if 8<I>]([,h) G-converges to

0%,.

For the proof see Theorem 7.46 in [45]. This result will be crucial for the con-
vergence of the solutions of the nonlinear abstract Cauchy problems.

8. Convergence of the solutions. We now consider the abstract homogeneous
Cauchy problem
<P>{ du t Aus0, te(0,T]
’U,(O) = Uo,

where A is the subdifferential of ®,, T is a fixed positive number, and ug is a given
function. We now recall some results on the properties of nonlinear semigroups gen-
erated by the (opposite of) subdifferential of a proper convex lower semicontinuous
functional on a real Hilbert space (see Theorem 1 and Remark 2 in [6], see also [5]).

According to [5, Section 2.1, chapter II], we say that a function w : [0,T] — H
is a strong solution of (P) if u € C([0,T); H), u(t) is differentiable a.e. in (0,7,
u(t) € D(—A) a.e and 9% + Au > 0 for a.e. t € [0, 7).

Theorem 8.1. Let ¢ : H — (—00,+00] be a proper, convez, lower semicontinuous
functional on a real Hilbert space H, with effective domain D(yp). The subdifferential
Dy is a mazimal monotone m-accretive operator. Moreover, D(p) = D(dp). —d¢
generates a (nonlinear) Co-semigroup {T'(t)}i>0 on D(p) in the following sense:
for each uy € D(p), the function u := T(-)ug is the unique strong solution of the

problem

ue C(Ry; H)NWE™((0,00); H) and u(t) € D(p) a.e.,

loc

d
(%—I—@go(u) 50 a.e on Ry,

u(0,2) = up(x).
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In addition, —0yp generates a (nonlinear) semigroup {T(t)}s>0 on H, where for ev-
eryt >0, T(t) is the composition of the semigroup T(t) on D(p) with the projection
on the convex set D(yp).

In our case it turns out that, from Theorem 8.1, the subdifferentials 0®, and

8<I>§,h) are maximal, monotone and m-accretive operators on H and H}, respectively.
Then, if we denote with T,,(¢) and T, ;h) (t) the nonlinear semigroups generated by

—0®,, and —8<I>1()h) respectively, these semigroups are strongly continuous and con-
tractive on H and H}, (see Proposition 2.5 in [28] for the fractal case).
Theorem 2.7 in [28] states the following result.

Theorem 8.2. Ifug € D(—A), then (P) has a unique strong solution u € C([0,T];
H) defined as u = Tp(-)ug such that uw € WH2((6,T); H) for every § € (0,T).
Moreover u € D(—A) a.e. fort € (0,T), VtSt € L2(0,T; H) and ®,[u] € L'(0,T).

Moreover, from Theorem 2.6 in [28] it can be proved that the solution u of
problem (P) solves the following problem (P) on @ for ¢t € (0,7] in the following
weak sense:

. ’
du — Ayu =0, in LP (Q)
du ou —2
du Uy, |P
< dt? >L2(s,dg),L2(s,dg) + <8"‘ u‘ ’w>(3gvp(s))’,3g~”(s)

(P){ (blulP~2u, ) + Es(u,) =0 for every ¢ € D(S5),

LP' (S,dg),LP(S,dg)
u=0 in W?’p(ﬁ),
'LL(O, P) = 'LLO(P) in L2(@7 m)7

where we recall that Q = (Q x {0}) U (Q x {1}).
We now come to the pre-fractal case. For each h € N fixed, we consider the
abstract homogeneous Cauchy problem

duh

Sh 4 Ayup 0, tel0,T

(Pn)4 9 _h(:) 0.7
uh(o)_an

where Aj, is the subdifferential of <I>1(,h), T is a fixed positive number, and uéh) is a
given function.

Before stating existence and uniqueness results we give a characterization of Aj.
We recall that Qp, = (25 x {0}) U (Qp, x {1}).

Theorem 8.3. Let uy(t) belong to V(Q,Sy) for a.e. t € (0,T], and f be in Hy,.
Then f € 6<I>,(;h) [ur] if and only if

—Apup = f n Lp/(Qh)’
(Bmpupo) (bl
(Ph) —6;1Lip <Apuha ¢>

w P s w e P (sy)
—0p (A, yu
WL (5,) WP (sy,) n (Bpytin, ¥)
= (5h <f7 w>L2(Sh)‘L2(Sh)
1 ~
up =0 i W P(Qp),

LP' (51,),LP(Sp)

_ ’
w—LPl(sp), WP (sy)

for every 1 € WHP(Sy,),

where g%z denotes the normal derivative across S, and A, , = div(|D,[P72D,).
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Proof. Let f € 8<I>1(,h)[uh], ie. @,()h)[v] - q)z()h)[uh] > (f,v —up)m, for every v €
V(sth):

flo—up)dLs+0n | flv—up)do <

Qn Sh
> [ xau (Do = DunPy Ly + % [ oo~ fulydo o+
pJqg D Js,
6P On
[ (o = DusPydo + % [ (D~ Dyl s)
p Sh p Js,

By choosing v = up, + ¢, with ¢ € V(Q, S) and 0 < t <1 in (8.1), we obtain

t fudLs + toy, fvdo <
Sh

Qn
1 )
f/ Xan (ID(un + )P — DupP) dLs + = [ b(jun + ty]P — [un|?) do+
P JqQ D Js,
67

0
[ D+ ) = sl o+ 2 [ (D, an + )7 [Dyunl?) dor (82)
p S;, p S}L
Now, if ¢ € D(Qp,), from (8.2) we have that

fodLs < ;/Q ([Pl + 0l = [Dunl?) o

Qn
Then, by passing to the limit for ¢ — 07, we get

fwdcgg/ |Duy, [P~?Duy, Dy dLs.
Qn Qn

By taking —% in (8.2) we obtain the opposite inequality, and hence we get

fdLs = / Dy, [P~?Duy,Dep dLs.
Qn

h

In order to apply Green formula for Lipschitz domains (see [7] and [4])
-2 Ou -2
|[DuP™*DuDvy dLs = ( =— |DulP™=,%|s, +
h anh ’ .

sp.w e Fsy)

Apm/) d£3

s P
w

ou _
<8nh|Du|p 2,7ZJQ,L> -

1 ’ 1
7P TP .
w P (@), wr (@)

|
S

we ask that w := |Dup|[P~2Duy, € (Lﬁ;v(Qh))3 = {w e (LP(Qp))? : divw €
Li"'(Qh)}. Since p > 2, then p’ < 2, therefore if we choose f € L?(Qy) in particular
fer (Qn). Hence, taking into account that ¢ € D(Qp), it holds that —Apup = f
in L” (Qy,) (in particular —Apuy, = f in L2(Qy)) then it holds a.e. in Qp,.

We go back to (8.2). Dividing by ¢ > 0 and passing to the limit for ¢ — 0%, we
get

f¢d£3+5h/ fq/)dag/ |Duh|p’2Duthd£3+5h/ blun|P~2up v do
Qn Sh Qn

h

+5f1;p/ IDup [P~*Duy Dy d0+5h/ [Dyun[P"*DyunDyy do.
Sh s

h
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As above, by taking —i we obtain the opposite inequality, hence we get the
equality. Then, by using Green formula for Lipschitz domains and since —Apuy = f
in L (Qp,), we have

5h f'l/) do
Sh

:/ (5h b\uh|p72uh P+ 5}1;1) |Duh|p72DuhD¢ + oy |Dyuh|p72DyuhDyw) do

Sh
Sh>
w

0
+ <uh|Duh|p_2,¢|Qh>

8nh

8uh

—2

+ 7|Duh|p ,¢
8nh

.p’ Lp

(Sp),wP (Sh)

S

’ 1
7

p P
(Qp), WP

(€p)

(8.3)

We can define A, as a variational operator A,: W, ?(Sy) — W1 (S,) in the
following way:

/S |Dz|P?DzDwdo = — < A, z,w > W -1 (8),), WL (Sh) (8.4)
h

for z,w € Wol’p(S’h). We can do the same thing for the last integral in (8.3) where
the gradients with respect to y appear, by introducing the operator A, (i.e. the
p-Laplace operator with respect to y). Then from (8.3) we have that

_ _ ou _
Onf = Onblunl”2un — 6,7 A + 5 D2 = 68y (8.5)

holds in W_i’p/(Sh) and uy, = 0 in Wﬁ’p(()h).
We want now to prove the converse. Let then uy € D(d)](gh)) be the weak solution
of problem (P},). We have then to prove that q)z(,h) [v] — <I>,()h) [ur] > (f,v —up) g, for

every v € D(@Z(,h)). By using the inequality

1
];(Ial” —[b]”) > [b["~*b(a — b) (8.6)
one gets
oM [v] — & [up] > / |Dup [P ~2Duy Do dLs — / Dup|PdLs  +
Qn Qn

5’11—1’/ |Duh\p72DuhDvda—6,11_p/s [DupPdo +
h

Sh,
St

IDyun|P~?DyupDyvdo — 6h/ DyupPdo +
Sh

h

5h/ b\uh|p*2uhv do — 5h/ b|uh\p do. (87)
Sh Sh
Since uy, is the weak solution of (P},), by using as test functions v and wuj, we have

q)z()h) [’U] - (I)z(;h) [uh] > (f? U)Hh - (f» uh)Hh,7
i.e. the thesis. O
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By proceeding as in Theorem 2.6 and Theorem 2.7 in [28] one can prove the
following result.

Theorem 8.4. If u(()h) € D(—Ap), then (Py) has a unique strong solution up €
C([0,T); Hp) defined as up, = Tlgh)()uéh) such that up, € WY2((8,T); Hy,) for every
5 € (0,T). Moreover u, € D(—Ay) a.e. fort e (0,T), Vtie € L2(0,T; Hy) and
M [uy] € L1(0,7).

Moreover it follows that the solution wy of problem (P},) solves for each h € N
the following problem (P,) on @y, for ¢ € (0,T] in the following weak sense:

dun — Ajup, =0, in L' (Qp)

du ou -2
On (Gt h>L2(Sh),L2(Sh)+<BTZ|Duh|p 77/1h>

1 w7 (50w (s
~ 55, (blup|P~2 -0, (A
(Ph) +oh < |Uh| Hh: wh>LPl(Sh),LP(Sh) h < pUh ¢h>W*lyp’(sh),leP(sh)
_6h <Ap,yuh7w> =0 Vv 1/% S WLP(Sh)a

wLp (5,),WhP(Sp)

up =0 in Wﬁ’p(ﬁh%
un(0,P) =ul"(P)  in L3(Q) N L*(Q,my)

Theorem 7.2, Theorem 7.5 and Theorem 7.24 in [45] allow us to deduce that the
pre-fractal solutions converge in a suitable sense to the limit fractal one.

Theorem 8.5. Let Hy, H, @éh), ®,, and oy, be as in Theorem 7.2. Let ngh) (1),
T,(t), uéh) and uy be as in Theorems 8.2 and 8.4. If uéh) — ug strongly in H, then

h h
T (1) " ——— Ty(t) uo
strongly in H for every t > 0.
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